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M/M/1 � n~\7nZ\{rso~�.ikXZ\zgji�r}ik\{ms�Bi�XZ\{[+mh�hnZ£qrAi�p�oZ�.^�v�o~gjik\Ip�oh ¢¡{X~£�\IoC�H\Ilt¤.|Zv�mfl7\Ig�g7¬s�V\{gkXZmA�¬n~o~�h\7vRikXZ\�rsg�gjnZ[+|hi�p�mJo+ikX~r}iFikX~\�gk\7v��s\7v>vtrAi�\�p©gR�V\3r}¤f£©e(|H\7vkiknZv��B\3�+�fe(i�XZ\��hp�¥§n~gjp©mso�|~vkmhl�\3gkgI¬}i�X~rAi

i�XZ\*|ZvkmJ�Z£©\7[²l7rso=�B\+gkms£©�s\I�,�fpqr	r	|B\Ivji�nZvk�BrAikp©mso%r}o~rs£�ehgkp©gzm}�Vr�gj\I£¦�¯ ¢rs�8wxmJp�oCi`ms|H\7vtrAikmJv��h\7«~oZ\3�=p©o
rso�rJ�h\ � n~r}ik\T³{p©£©�B\Ivji	gk|~rsl7\sªµ´¶\�i�XZ\7oµ|H\7vk�msv�[·r��h\�itr}p©£�\3�µr}o~rs£�ehgkp©g*��XZ\Io¸i�XZ\T|H\7vkiknZv��~rAi�p�mJo�n~o~l�i�p�mJo�p©gV£©p�oZ\3r}v3¬JoBr}[+\7£©e+m}�¹ikX~\{�msv�[

φ(x) = 1− εx
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M/M/1 � nZ\InZ\`��XZmJgk\`gk\7v��s\IvRvtrAi�\�pqgVikp©[*\��Ar}v�efp�o~�~ª�´%\�gj|H\Il7p¦«Hl7r}£©£©erJgkgknZ[+\�ikXBrAi{i�XZ\.gk\7v��s\Iv�v�r}ik\��h\I|B\Io~�Zg{n~|BmJo�r+v�rso~�hmJ[ |Zv�mhl�\Ig�g
(X(t))

gjm+i�X~rAizikXZ\*gj\Ivk�J\7v�vtrAik\
r}i>ikp©[+\

t
pqg
φ(X(t))

�mJvRgjmJ[+\V�n~o~l�i�p�mJo
φ
ª&W�XZ\{gjikn~�he*m}�HikX~p©g>[+mh�h\I£Zp©gF[*msikp©�ArAik\3�*�Ce(ikXZ\��mJ£�£©mA�� 

p©oZ��|~vkmJ�Z£�\I[�v�\7£qrAi�\I��ikm��~r}oB�h��p©�hikX�gkX~r}v�p©oZ��p�o,i�\7£©\Il7ms[+[(nZo~p©lIrAikp©msoTo~\�ix�¨msv�¤fgIª{]Vmso~gkp©�Z\7v�r�£�p©oZ¤
lIr}v�vkefp©oZ�*\7£qrsgjikpql`ikvtr�&�ll�mJvkv�\Igk|BmJo~�hp©oZ�.ikm�£©msoZ�*«~£©\i�v�rso~gx�\Iv�g¨i�ms�J\�ikX~\7v���p�ikX=r�gk[+rs£�£�|ZvkmJ|BmJvji�p�mJo
ms��i�v�r�&�ls¬h��XZpqltX,�ZmC\3g�oZm}izrJ�Zr}|Zi¨i�m*ikXZ\£©\7�J\7£®ms��l�mJoZ�s\3gxi�p�mJo	ms��i�XZ\oZ\�ix�¨msv�¤§¬fvk\7�\7v�vk\3��i�m+rJg�nZoh 
v�\Igk|Hmso~gkp��J\�ikvtr�&�l}ªF^�o�i�XZ\zmJoZ\zX~rso~�¹¬C£�mJoZ�¼~mA�{gVr}v�\{n~gkn~r}£©£©e*l7msoCikv�ms£©£�\3�+�fe*Wz]Vu&¬f��XZpqltX	rs�Zrs|hi�g
i�XZ\{i�v�rso~gk[*pqg�gjp©mso�vtrAi�\{m}�®£©msoZ��¼~mA�{gRrJl7l�mJv��Zp�oZ��ikmi�XZ\�£©\7�J\7£Bm}��l�mJoZ�s\3gxi�p�mJo�m}�¹i�XZ\zoZ\7ix�VmJvk¤§ª('Î�®�V\
l7mso~gkpq�h\7v�ikXZ\+�Hm}ikik£©\7oZ\3lt¤=£�p©oZ¤§¬¹i�XZ\7o�r�vk\3rsgkmso~rs�Z£�\.rsg�gjnZ[+|hi�p�mJo%l7mso~gkp©gji�g`ms�Vn~gkp�o~�	i�XZ\+|Zvkmhl7\Ig�gjmJv
gkX~rsvkp©oZ�,�hp©g�l�p©|Z£©p�o~\.�mJv�[*mh�h\I£�p©oZ�,XZmA� �~r}o~�Z��p©�fi�X%pqggkX~r}v�\I�%r}[+msoZ��£©msoZ��«~£©\*ikvtr}o~gj�\7vtg7ª*_Tmsv�\� 
mA�J\7v3¬J£©mso~�(¼~mA�{g�rsvk\�rsg�gjn~[*\3��i�m+rsvkv�p©�s\�rJl7l7msvt�hp�o~��ikm�r.u&mspqgkgkmso�|Zvkmhl7\Ig�g7ª>¡{oB�h\7v�i�XZ\Igk\`l7£©rJgkgkpql7r}£
[+mh�h\I£�p©oZ�Trsg�gjn~[*|Zikp©mso~gI¬®�¨\.i�Xfn~gX~r8�J\*rso

M/G/1
|Zv�mhl�\3gkgkmsvgkX~r}v�p�o~� � nZ\InZ\*)âgk\7\*�msvp©o~gji�r}oBl�\_�rsg�gjmJnZ£�p ��r}o~�,y�mJ�B\Ivjitg,+.-8�0/21�ª

^�oTi�XZ\*m}ikX~\7vzXBr}o~�¹¬§nZo~vk\3gj|Hmso~gkp©�s\i�v�r�&�l(p©g�n~gkn~r}£©£©e��hn~\(i�m�gkXZmsvki{«~£©\�i�v�rso~gx�\Iv�gI¬H��XZp©ltX%r}v�\
i�mfm¸gk[+rs£�£zikmµrsltXZp©\7�J\=gjmJ[+\��~rso~�h��pq�fikX½gjX~rsvkp©oZ����p�ikXZp©o�i�XZ\¶oZ\�ix�¨msv�¤§ª3'Îi�pqg�XZmA�V\I�s\Iv��VmJvji�X
o~m}ikp©oZ�%ikX~r}i*��p�ikX¸ikX~\�\I[+\7v��s\7oBl�\	ms�z[(n~£¦i�p�[+\I�Zp©r¶r}|Z|~£�pql7r}ikp©mso~g*p©o»ikX~\4'¢oCi�\7v�oZ\�i3¬FnZoZv�\Igk|BmJo~gkp��J\
i�v�r�&�l.[�r8e=rs£©gkm,�B\��J\7oZ\Iv�r}ik\I���fe�gxi�vk\3r}[+p©oZ��rs|Z|Z£©p©lIrAi�p�mJo~g7ª�W�XZpqg`ixef|B\�ms�Ri�v�r�&�l*pqgl7rsvkv�p�\3�=�fe
i�XZ\`nZo~l�mJoCikv�ms£©£�\3��¡z��u¸|~vkmsikmhl�mJ£:¬C��XZpqltX	pqgVo~m}i�r}�Z£©\zi�m.rJ�Zr}|hi¨ikm*oZ\7ix�VmJvk¤+l�mJo~�hp�ikp©mso~gIª � gV�âr}v�rsg
v�\Igk|Hmso~gkp��J\�¼~mA�{g{rsvk\�l7mso~l7\7v�oZ\I�¹¬B\7�J\7v�eJi�XZp©oZ��X~r}|~|B\Io~gzrJg{p��>ikXZ\i�v�rso~gk[*pqg�gjp©msoTl7rs|~rsl7p¦ixe�gj\I\7oT�fe
v�\Igk|Hmso~gkp��J\�£©mso~�.¼BmA�{gV�¨\7v�\�vk\3�hn~l7\I��nZ|�ikm*ikXZ\�rs�s�Jvk\I�JrAi�\I���~p¦i{vtrAi�\`ms�&gkXZmJvji�¼~mA�{gIª

5 nZ\InZ\7p©oZ�µgjehgjik\I[+g���p�ikX ikp©[+\%�Ar}v�efp�o~��gk\7v��s\Iv	vtrAik\¶X~r8�J\��H\7\7o gjikn~�hp©\I� p�o ikX~\¶£©p�ik\7vtrAi�nZv�\
p©o [�rsoCe �hp�¥§\7v�\7oCi,gkp�ikn~r}ikp©mso~gIª6'¢o87:9<;Z\7±7  5 n~\7p wjrOr}oB�>=¨m8ºh[+r>+.-0?�/Î¬{ikX~\�rsnhikX~msvtg	l�mJo~gkp©�h\Iv�r
� nZ\InZ\7p©oZ�(gkehgxi�\7[ ��XZ\Ivk\{|~vkp©msv�p¦ixe*pqgR�Jp��J\7o+ikm.gjmJ[*\z¼~mA�{gR�Zvkp©�s\Io��Ce+_=rsvk¤JmA�._Tmh�hnZ£qrAi�\I��u&mJp©g�gjmJouRvkmhl�\3gkgk\Ig�)â_=_=uFu@1`��p�ikX=«BoZp¦i�\*gji�r}ik\+gj|Brsl�\3gzrso~�Ti�XZ\.£©mA� |Zv�p�mJvkp�ixe�¼~mA�{g�gkX~rsvk\(ikXZ\*vk\I[�r}p©oZp�o~�
gk\7v��s\Iv¨lIr}|~rJl�p�ixe�rslIl�msvt�hp©oZ��i�m*ikXZ\�|Zv�mhl�\Ig�gkmsv�gjX~rsvkp©oZ�+�hpqgkl7p�|Z£©p©oZ\sªA=¨e�rsg�gknZ[+p�oZ�.ikXBrAizr}v�v�p��Ar}£qg¨r}v�\
u&mJp©g�gjmJo�r}o~��gk\7v��fp©l7\+ikp©[*\3g.rsvk\�\7ºh|BmJoZ\7oCikpqr}£©£©e¶�hpqgjikv�p��ZnZik\I�®¬�i�XZ\�rsnhikX~msvtg�gjmJ£��J\+ikXZ\�gjehgjik\7[ �fp©r
r�[�rAi�vkp�º=r}o~rs£�ehgkp©gIª�cfp�[+p©£©rsv�[*mh�h\I£©g`X~r8�J\(�H\7\Io�p©oC�J\Igjikp©�Jr}ik\I�=p�oB7�9<;~\7±�  5 nZ\Ip wjrC+.-I�Z¬D-3�0/>�fe=gjikp©£�£
nBgjp©oZ��i�XZ\ � n~rJgjp� Î�Zp�vkikX=rso~�=�h\3rAi�X=|Zv�mfl7\Ig�gzrJgkgkmhl�pqrAik\3����p¦i�X=ikX~\.gkefgjik\I[²r}o~�=r	[�rAikv�p�º,rso~r}£©ehgjpqg7ªW�X~\�p�oCik\I�svtrAi�p�mJo*ms�H\I£©rJgxi�p©l�rso~��gjikv�\Ir}[+p©oZ�`¼~mA�{g>X~rJg>�H\7\7o�gjiknB�hp�\3�+�fe*��\7£ql�mJp��JoZ\E���D���F+�G0/Î¬J��X~\7v�\
gjikmhltX~rJgxi�p©l¨�HmsnZoB�Zg��msv&i�XZ\�[+\Ir}o+ofnZ[.�B\Iv>m}�¹rsl�i�p��J\¨¼~mA�{g&X~r8�s\¨�H\7\7o+\3gxitr}�Z£©p©gkXZ\3�¹ª�_=msv�\¨v�\Il7\7oCik£©es¬
|~vkp©msv�p¦ixe � nZ\7nZ\Ip�o~��gjehgjik\I[+g(��p¦i�X��ârsgji.�hefo~rs[+p©lIg7¬&��XZpqltX»l7rso��B\��h\Ig�l�v�p��H\I���fe¶[+\Ir}oBg�m}� � n~rJgjp�~p�vkikX�r}o~���h\Ir}ikX�|Zvkmhl7\Ig�gj\3g7¬CX~r8�s\`�H\7\7o,gjikn~�hp©\I���fp©r*r.|B\Ivji�nZvk�BrAikp©mso�r}o~rs£�ehgkp©gVm}��r._=rsvk¤JmA�*ltXBr}p©o
�fe � £¦i�[�r}oH���I���@+ ��/5ª

'¢o(ikXZpqg�|~r}|H\7v3¬8�V\¨rsg�gjnZ[+\RikX~r}i�i�XZ\V|~vkmhl�\3gkg�[+mf�ZnZ£©r}ikp©oZ��ikXZ\¨gj\Ivk�J\7v�vtrAi�\Rpqg�r��hp�¥Hn~gkp©mso(|~vkmhl�\3gkg
rso~��[+msv�\`|~vk\3l�pqgj\I£�e	rso�^�vko~gjik\Ip�oZ Î¡zXZ£�\Iof�B\3lt¤C)5^`¡J1�|Zv�mfl7\Ig�g7ªFW�X~p©g{rJgkgknZ[+|hi�p�mJo�pqg�[+m}i�p��Ar}ik\I���fe
i�XZ\��ms£©£©mA��p�oZ�.�ârsl�i�gIª
-sª � o�^`¡�|Zv�mhl�\3gkgzvk\3rsgkmso~rs�Z£�e�vk\I|Zv�\Igk\7oCi�g{ikXZ\+r}�J�sv�\7�Jr}ik\3���~p¦i�v�r}ik\.m}�>ikX~\*gknZ|H\7v�|BmCgjp�ikp©mso=ms�
r�£©rsvk�J\,oCn~[(�H\7v�ms�gkXZmJvji+¼~mA�{gIª>'¢o |~rsvji�p©l7nZ£qr}v3¬R��XZ\IoµikXZmCgj\,¼~mA�{g+XBr8�s\T\�ºh|HmsoZ\IoCikpqr}£©£�e
�hpqgxi�vkp©�Znhi�\I� �hnZvtrAi�p�mJo®¬Fi�XZ\7o \7ºZrsl�i�XZ\3r8�fe�ikvtr�&�l�vk\3gjn~£¦itg�gjXZmA� ikX~r}i�ikXZ\=rs�s�Jvk\I�JrAi�\I���~p¦i
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|Zv�ms|H\7v�£�e�vk\3gklIr}£©\I�µl�mJof�s\7v��s\3g+p�o��Zp©gjikv�p��~nhikp©mso i�mOr}o ^`¡²|Zv�mfl7\Ig�g7¬�gk\7\ '¢�J£�\IX~r}vkiC+ -I��/��msv
\�ºZr}[+|Z£©\sª
�hª � o¶^`¡ |Zvkmhl7\Ig�g�X~rsgzmsoZ£©e�ix�Vm�|Br}vtr}[+\�i�\7vtg )o~rs[*\I£�e�ikX~\([+\Irso=r}o~��i�XZ\(�Ar}v�pqr}o~l7\01�¬B��XZpqltX
l7rso��H\�\7[+|Zp©vkpql7rs£�£©e�p©�Z\7oCikp�«~\I��p©o�|Zvtrsl�ikpql7rs£§gkp�ikn~r}ikp©mso~gIª>°ZnZvkikXZ\Ivk[+mJvk\J¬Ji�XZ\�p�[+|~rJl�i�m}��ikXZ\3gj\
|~r}vtr}[+\7ik\7vtg&mso+i�XZ\{|H\7vk�msv�[�r}o~l7\�m}�§ikXZ\�gjehgjik\7[ ��p©£�£B�B\{[.n~ltX�\IrJgjp©\7vFikm�nZoB�h\7vtgxitr}o~�®¬s��XZ\Io
l�mJ[*|Br}v�\I�%��p¦i�X�i�XZ\�l7rJgj\+m}��_=_TuFu \Iof�Cp©v�msoZ[+\7oCi���XZ\7v�\*ikXZ\3gj\+�Ar}v�pqr}�Z£©\Ig�r}v�\�gjmJ[+\7��X~r}i
XZpq�Z�h\7o,p©o�ikXZ\ofnZ[+\7v�msnBg�|~r}vtr}[+\�i�\7vtgRms��i�XZ\�_=_TuRu \7of�fp�v�msoZ[+\IoJi3ª

'¢o	r�«~vtgxi�gxi�\7|®¬f�¨\{\Igji�rs�Z£�pqgkX�ikXZ\`°ZmJ¤C¤J\7vk 5uR£©rso~lt¤(\ � nBrAikp©msoBgFm}�¹i�XZ\�gkehgxi�\7[ r}oB���V\`gjX~mA�¸i�X~rAii�XZ\Igk\�\ � nBrAikp©msoBgzl7rsoT�B\*gj\I\7o=rJgzr}oT\Ip��J\7of�Ar}£©nZ\�|Zv�ms�~£�\I[ �mJv�r�gk\7£��¯ ÎrJ�8wxmsp©oCizms|H\7vtrAi�msvz�Z\�«~oZ\3�Tp©ogkms[+\(rJ�h\ � n~r}ik\*³{p©£��H\7vki`gk|~rsl7\sª`W�XZp©g�£qrsgji�|Zv�ms|H\7vkixe�pqg`l�£©mJgk\7£©e�v�\7£qrAi�\I��ikm	ikXZ\.ikp©[+\� Îvk\I�s\Iv�gkp��~p�£©p¦ixe|~vkmJ|B\Ivji�p�\3g�m}�Ri�XZ\
M/M/1

mhlIl�nZ|~r}ikp©mso¶|Zv�mfl7\Ig�gr}o~�%m}�¨ikX~\�^�vko~gjik\Ip�oZ Î¡zXZ£�\Iof�B\3lt¤=|Zv�mfl7\Ig�g7ª�´¶\
i�XZ\7oµgkXZmA� ikXBrAi���XZ\IoOi�XZ\,p�oCik\Iv�rJl�i�p�mJo¸�H\�ix�¨\7\Io»ikX~\%^`¡�|~vkmhl�\3gkg+rso~�»i�XZ\

M/M/1 � nZ\7nZ\,pqg�¨\Irs¤Or}oB���Z\7|H\7o~�Zg	nZ|Hmso r�gj[�rs£�£{|Br}vtr}[+\�i�\7v
ε
¬¨ikXZ\=|~vkmJ�Z£�\I[ m}��l7ms[+|Znhi�p�oZ��i�XZ\=�J\7oZ\Iv�r}ikp©oZ�

�n~o~l�i�p�mJo¸ms�{ikXZ\,ofnZ[.�B\Iv�m}��l7n~gxi�ms[+\7vtg*p�o¸ikX~\
M/M/1 � nZ\InZ\Tl7r}o¸�B\Tgkms£©�s\3���fe»[+\Ir}oBg.ms��rv�\7�JnZ£qr}v�|B\Ivji�nZv��~rAi�p�mJo�rso~r}£©ehgjpqgIª 'Îi�p©g�|BmCgkgkp��~£�\+i�m=l�ms[+|Z£©\�i�\7£©e%l7ms[+|Znhi�\�ikXZ\�l�mf\�&�l�p©\7oCitg�m}��ikXZ\

\7ºh|~r}o~gkp©mso*p�o�|HmA�V\IvRgk\7v�p�\3g>m}�
ε
ms�§ikXZ\zgkms£©nhi�p�mJo®ª � £©gkm~¬sikXZ\zv�rJ�hp�nBg>m}�®l�mJof�s\7v��s\Io~l�\¨pqgR�h\7ik\7v�[+p�o~\I�¹ª

=¨e+itr}¤fp�o~�.p©oCikm�rslIl�msn~oJiVikXZ\`«~vtgji�mJv��Z\7v¨msoZ£©es¬fi�XZ\r}�HmA�s\�rso~r}£©ehgjpqg¨gjXZmA�{gVi�X~rAi{r.vk\3�hn~l�\3�	gk\7v��fp©l7\
vtrAi�\�|B\Ivjitr}p©o~g7ª
W�XZpqg�|Br}|H\7v�pqgmsv��JrsoZp©±7\I�%rsg��mJ£�£©mA�{g�� '¢oOcf\Il�ikp©mso��Z¬�ikXZ\�°Zms¤f¤J\7vk 5uF£qr}oBlt¤T\ � n~rAi�p�mJo%pqg�\3gxitr}�h £©pqgjXZ\3�¹ª&W�XZp©gR\ � n~r}ikp©mso�l7rso*�H\{p©oCik\7v�|Zv�\�i�\I�+rsgFrso�\7p©�s\IoC�Ars£�nZ\�|Zv�ms�~£�\I[ �msvVr�gj\I£¦�¯ ¢rs�Awxmsp©oJiFmJ|B\Iv�r}ikmJvpqg¨�sp©�s\Io�p�o,cf\Il�ikp©mso��Zª>´ XZ\7o	ikXZ\`p©oJi�\7vtrsl�ikp©mso��H\�ix�¨\7\Io�ikX~\

M/M/1 � nZ\7n~\`rso~��i�XZ\^`¡ |Zv�mhl�\Ig�gpqgF�¨\Irs¤§¬}ikX~\{�msv�[(n~£©r}ikp©mso�rsgVr|H\7vkiknZv��~rAi�p�mJo�|Zv�ms�Z£©\7[ p©gR|Zv�\Igk\7oCik\3�+p�o�ch\Il�i�p�mJo	�h¬C��XZ\7v�\�i�XZ\�lIrsgk\
ms��r*£©p�oZ\3r}v�|H\7vkiknZv��~r}ikp©mso��nZo~l�i�p�mJo,p©g{l7ms[+|Z£©\�i�\7£©e	gjmJ£��J\I�¹ª

� � ����
����{' �A��>' ���������7���
����� �������������� "!�#%$�&�'($)�+*

´¶\+l�msoBgjpq�h\7v�r	gkp©oZ�s£©\.£©p©oZ¤,��p¦i�X�i�v�rso~gj[+pqgkgkp©mso=l7rs|~rsl7p¦ixe,\ � nBr}£�ikm�nZoZp�ixesª´¶\*gknZ|Z|HmJgk\(i�X~rAi`ix�¨ml7£©rJgkgk\Ig`ms��l7n~gxi�ms[+\7vtgr}v�\+[(nZ£�ikp©|Z£©\�ºh\I�¶mJo%i�XZpqg£�p©oZ¤¶r}o~�%ikXBrAiikX~\+«~v�gji(l�£qrsg�g�X~rJg�|Zvkp©msv�p�ixe=mA�s\Iv
i�XZ\gj\3l�mJo~��l7£©rJgkgIª>_Tmsv�\`|Zvk\3l�pqgj\I£�eJ¬fp¦��ikXZ\Ivk\rsvk\

N(t)
l7n~gxi�ms[+\7vtg¨m}��ikXZ\�«~vtgji�l7£©rJgkg¨p©o�ikXZ\gkefgjik\I[

r}i{ikp©[+\
t
¬H�V\(rJgkgknZ[+\�ikXBrAi{i�XZ\.gk\7v��fp©l7\v�r}ik\��msvzikXZ\.l�n~gjikmJ[*\Iv�g{m}�&ikXZ\*gj\3l�mJo~�,l�£qrsg�g{pqg{\ � n~rs£¹ikm

φ(N(t))
�msv�gkms[+\�nZo~l�ikp©mso

φ(x)
��XZp©ltX�p©g`�h\Il7vk\3rsgkp�o~��r}o~�=gkn~ltX,i�X~rAi

φ(0) = 1
ª�_TmJvk\ImA�s\7v3¬h�¨\

rJgkgknZ[+\.ikX~r}i`i�XZ\+ofnZ[(�H\7v�m}��l�£qrsg�g -*l7n~gxi�ms[+\7vtg`p©g�gkn	&�l�p©\7oCik£©e=£qr}v��s\*gjm�ikX~r}i�ikXZ\+|Zv�mhl�\Ig�g
N(t)|~vkmJ|B\Ivk£©e	v�\Ig�l7rs£�\3��l7msof�s\Ivk�J\Ig¨p©o��hpqgxi�vkp©�Znhi�p�mJo,ikm	rso%^`¡ |Zv�mfl7\Ig�g

(Xt)
g�rAi�p©gj�efp�o~�+ikXZ\*gxi�mfltXBrsgjikpql

�Zp¦¥§\7v�\7oCikpqr}£¹\ � n~rAi�p�mJo
dX(t) = −α(X(t) −m)dt+ σdB(t),

) -01
��X~\7v�\

(B(t))
pqg�r*gji�rso~�Zrsv��4=¨vkmA��oZpqr}o�[+m}ikp©mso,r}oB�

α
rso~�

σ
rsvk\�|HmJgkp¦i�p��J\�l7mso~gji�rsoCi�gIª

W�XZpqg	gkp�ikn~r}ikp©mso�ixef|Zp©lIr}£©£�e¸mhl7l�n~v�g+��XZ\Io�l�£qrsg�g -=l�n~gjikmJ[+\7vtg�r}v�vkp©�s\,rslIl�mJv��hp©oZ�¶ikm»r�u&mJp©g�gjmJo
|~vkmhl�\3gkg���p¦i�X v�r}ik\

u
¬�vk\ � n~p�v�\T\�ºh|HmsoZ\IoJi�p©rs£�gk\7v��fp©l7\,ikp©[*\3g���p�ikX�n~oZp¦i�[+\Ir}o�rso~�µX~r8�J\=r�|B\3r}¤�~p¦i�vtrAik\���XZpqltX¸pqg+oZ\I�s£©p��Jp��Z£©\���p¦i�X�v�\Igk|H\Il�i*ikm¶i�XZ\,£�p©oZ¤�i�v�rso~gj[+pqgkgkp©mso¸lIr}|~rJl�p�ixesª¸chp�o~l7\Tl�£qrsg�g%-
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M/M/1  �!���!� �

l7n~gjikms[+\Iv�g`X~r8�J\.|Zv�p©msv�p¦ixeTmA�J\7v�l�£qrsg�g���l7n~gxi�ms[+\7vtg�r}o~�¶l�mJoCik\7oCi�p�mJo=�msv�i�XZmJgk\�l�n~gjikmJ[+\7vtg`lIr}o¶�B\
o~\7�s£©\Il�ik\3�¹¬HikXZ\*|Zv�mfl7\Ig�g��Z\Ig�l�v�p��Zp©oZ��i�XZ\*oCn~[(�H\7v�m}�Rl7£©rJgkg�-.l7n~gxi�ms[+\7vtgzikXZ\Io%l�mJvkv�\Igk|Hmso~�Zg{ikm�ikXZ\
mhlIl�nZ|~r}ikp©mso=|~vkmhl�\3gkgzm}�Vrso

M/M/∞ � nZ\7n~\sª�´ XZ\7o u i�\7o~�~gzi�m	p©oh«~oZp�ixes¬®l7£©rJgkgkpql7r}£�XZ\Ir8�fe�ikvtr�&�lv�\IgknZ£�i�g ):gj\I\,=¨mJvkmA�f¤smA�4+ ��/®msvI'¢�J£�\IX~r}vki +.-3��/ 1VikXZ\Io�efp©\7£q�
(

N(t) − u√
u

, t ≥ 0

)

d→ (X(t), t ≥ 0),

��X~\7v�\�i�XZ\.^`¡½|Zv�mfl7\Ig�g
(X(t))

g�rAikpqgj«~\Ig¨Å � n~r}ikp©mso )�-�1¨��p¦i�X α = −1
r}o~�

σ =
√

2
ª

´ p�ikX�ikX~\�r}�HmA�s\�rsg�gjnZ[+|hi�p�mJo~gI¬fikXZ\gk\7v��s\7v�vtrAi�\z�mJv{l�£qrsg�g{�(l7n~gxi�ms[+\7vtg�pqg�r(�n~o~l�i�p�mJo�ms�
X(t)
¬

��X~p©ltX�p©g��h\IoZm}i�\I���fe
φ(X(t))

)��p�ikX
φ(0) = 1

1�ª>´%\`oZmA� rJgkgknZ[+\{i�X~rAi{l�£qrsg�g��(l7n~gxi�ms[+\7vtg¨r}v�vkp©�s\
rJl7l7msvt�hp�o~�+ikm�r�u�mJp©g�gkmsoT|Zv�mhl�\Ig�g���p�ikX%p�oCik\Io~gkp¦ixe

λ
r}o~�Tv�\ � nZp©v�\\�ºh|BmJoZ\7oCi�p©rs£�gk\7v��fp©l7\�ikp©[*\3gz��p�ikX[+\3r}o

1/µ
ªF'Î�

L(t) = l
�Z\7oZmsik\Ig¨i�XZ\ofnZ[(�H\7v�ms��l7£©rJgkg{�*l�nBgxi�ms[+\7vtg¨p�o�ikX~\�gjehgjik\7[�r}o~�

X(t) = xr}i�ikp©[*\
t
¬ZikXZ\Io�i�XZ\�ikvtr}oBgjp�ikp©mso~g�ms�

(L(t))
rsvk\��Jp��J\7o��Ce

l →
{

l + 1
��p�ikX,v�r}ik\

λ,
l − 1

��p�ikX,v�r}ik\
µφ(x).

W�X~\�|~vkmhl�\3gkg��Z\Ig�l�v�p��Zp©oZ�%ikXZ\TofnZ[.�B\Iv�m}�l�£qrsg�g��%l7n~gjikms[+\Iv�g+pqg*ikXfn~g+\ � nBr}£�ikm�i�XZ\Tmhl7l7nZ|~rAi�p�mJo|~vkmhl�\3gkg�m}�{r}o
M/M/1 � nZ\InZ\s¬&��XZpqltX»gk\7v��s\7vvtrAi�\	�h\I|B\Io~�Zg�n~|BmJo»r=�hp�¥Hn~gkp©mso�|Zv�mhl�\Ig�gIª%'¢o�i�XZ\�mJ£�£©mA��p©oZ�~¬CikX~\��nZo~l�i�p�mJo

φ(x)
��p©£�£��B\v�\��\Ivkv�\I�	ikm�rsg�|H\7vkikn~vk�~r}ikp©mso��nZo~l�ikp©mso®ª

W�XZv�msn~�sXZmJnhi�ikXZpqg�|Br}|H\7v3¬¨�¨\�rJgkgknZ[+\,ikX~r}i�ikX~\��hp�¥Hn~gkp©mso |Zv�mhl�\Ig�g
(X(t))

p©g	p�o�gji�r}ikp©mso~rsvke
v�\7�Jp�[+\Jª 'Îi�g,gji�r}ikp©mso~rsvkeµ�hpqgxi�vkp©�Znhi�p�mJo�p©g�r¸oZmsv�[�r}£��Zp©gjikv�p��~nhikp©mso���p�ikX [+\Ir}o

m
rso~� �Ar}v�pqr}o~l7\

σ2/(2α) � p¦itg{�h\Io~gjp�ixe��nZoBl�ikp©mso,mJo R
p©g�ikXZ\Ivk\7�msv�\��Jp��J\7o��Ce

p(x)
�������
=

1

σ

√

α

π
exp

(

−α(x −m)2

σ2

)

.
):� 1

��\�i�n~g�o~m}ik\`i�X~rAi�i�XZ\�gxitr}�Zp©£©p¦ixe	l7mso~�Zp¦i�p�mJo��mJv�ikXZ\�gkehgxi�\7[ v�\IrJ�Zg

ρ
�������
=

λ

µ
< E[φ(X(0))],

rso~����p©£�£H�H\�rsg�gknZ[+\I�+i�m(XZmJ£©�*i�XZvkmJnZ�sX~msnhiVikXZ\�|~r}|H\7v3ª�¡zo~�h\IvRi�XZp©g�rJgkgknZ[+|hikp©mso�¬Jp�iVpqgVgjikvtr}p©�sXCik�msvk 
��r}vt��ikm�gjXZmA�½i�XZ\(\7ºfpqgjik\7oBl�\(ms�Fr	gji�rAi�p�mJo~r}v�e	|~vkmJ�~r}�Zp©£©p¦ixe��hp©gjikv�p©�Znhikp©mso=�msv�ikXZ\*_=r}v�¤smA��|~vkmhl�\3gkg
(X(t), L(t))

ªRch\7\�_T\IeCo,r}oB��W��¨\7\I�Zp�\ + -I��/®�msv�\7ºhrs[+|Z£�\Jª
��� � 	�
�� $ *�����& ��*�����*+' !�  ��� * � $ '( & � # '���#���� '($)� *

´ X~\7o
φ(x) ≡ 1

¬hikX~\�|Zv�mfl7\Ig�gj\3g
(X(t))

r}oB�
(L(t))

rsvk\l�£©\Irsvk£©e�p©o~�h\I|B\Io~�h\7oCizmJoZ\m}�&\IrJltX,m}ikX~\7v3ª
'¢o%ikX~p©glIrsgk\s¬®rAi�\ � nZp©£©p��Zv�p©nZ[,¬¹�msv t ≥ 0

¬§i�XZ\+�8rsvkpqr}�~£�\
L(t)
X~rJg�r	�J\7ms[+\7ikv�p©l*�hpqgxi�vkp©�Znhi�p�mJo���p�ikX

|Br}vtr}[+\�i�\7v
ρ
r}o~���¨\l�msoBgj\ � n~\7oCik£©e�X~r8�J\zi�XZ\vk\I£©r}ikp©mso

E

(

uL(t)
1[x,x+dx](X(t))

)

=
(1 − ρ)

(1 − ρu)
p(x) dx.

):� 1
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� g�p�i���p©£©£z�H\%gk\7\7o p�o ch\Il�i�p�mJo��Z¬{��X~\7o
φ
pqg�oZmsi�l�mJo~gji�r}oCi3¬�p¦i�p©g	\�ºfikv�\7[+\7£©eµ�hp &�l7nZ£¦i�ikmO�s\�i

gkms[+\*\�ºh|Z£©p©l7p¦iv�\IgknZ£�i�g�mso%ikXZ\+\ � nZp©£©p��Zv�p©nZ[b�hpqgxi�vkp©�Znhi�p�mJo%ms� (L(t))
ª*°~msv`ikXZpqg�v�\Irsgkmso�¬Bi�XZpqg�|Br}|H\7v

rJ�Z�hv�\Ig�gj\3g�i�XZ\*lIrsgk\(��XZ\Io=i�XZ\ � n~\7nZ\.p©g�r}£©[+mJgji`p©o~�h\I|B\Io~�h\IoJi���p�ikX¶vk\3gj|H\Il�izikm�ikX~\�^`¡ |Zv�mfl7\Ig�g7ª_=msv�\=|Zv�\Il�pqgk\7£©es¬�p�i�pqg�rJgkgknZ[+\I��i�X~rAi�ikXZ\��nZo~l�i�p�mJo
φ(x)
pqg	�Jp��J\7o �fe

1 − εx
�msv�gkms[+\�gk[�r}£©£

ε ≥ 0
ªFW�X~\`�JmJrs£Hms��i�XZp©g{|~r}|H\7v�pqg�ikm��h\Ivkp©�s\�r}o�\�ºh|~rso~gjp©mso�m}��ikXZ\�hpqgjikv�p��ZnZikp©mso,m}��ikXZ\�gji�r}ikp©mso~rsvke

�Zp©gjikv�p��~nhikp©mso�m}�
(L(t))

��p�ikX�v�\Igk|B\3l�i¨ikm
ε
ªF'¢o	|Br}vkikpql�nZ£qr}v3¬si�XZ\`�ms£©£�mA��p©oZ�(ikXZ\Imsv�\7[ ��p©£�£§�H\�|Zv�mA�s\3�¹ª

��� ¿fÃ � ¿ ����� � ���
ε
����� �������!�����%� � ���2� �:�
	<��� ���� ��� 
 ��� ����<���<������� ��� ��	!��� ��� ��� �����2������	�����������

� �,��	!� ��� ��������� ����� 
����������
��	� ���������
(L(t))

����� ��������
��

E
(

uL
)

=
1 − ρ

1 − ρu
− ρ(1 − u)

(1 − ρu)2
mε+ o(ε).

W�XZ\Ivk\7�msv�\s¬
E[uL(t)] ∼ E[uLε ]

¬B��XZ\7v�\
Lε
X~rsg�ikXZ\�gji�r}ikp©mso~rsvke	�Zp©gjikv�p��~nhikp©mso,m}��ikX~\�ofnZ[(�H\7v{ms�

l7n~gjikms[+\Iv�g�p�o�r}o
M/M/1 � nZ\7n~\.��XZ\Io�i�XZ\�gj\Ivk�J\7v`v�r}ik\*p©g 1 − εm

ª*W�XZpqg`gkXZmA�{g�r�|Zvkp©o~l7p�|Z£©\+m}�
v�\I�Zn~l�\3��gk\7v��fp©l7\�vtrAi�\�rs|Z|Zv�m8ºhp�[�rAi�p�mJo®ª

� � �����������~� �����4$�� � � ���������(���
W�X~\R�smCr}£}ms�hikXZpqg�gj\3l�ikp©mso(p©g�ikm{\3gxitr}�Z£©pqgjXi�XZ\V°~ms¤f¤s\Ivj ÎuF£qr}o~lt¤�\ � n~r}ikp©mso��msv�ikX~\R|Zv�mhl�\Ig�g (X(t), L(t))p©o»i�XZ\,gxitrAikp©msoBr}v�e¶v�\7�Jp�[+\J¬>p:ª \sª©¬>ikX~\�\I�smJ£�nhi�p�mJo»\ � n~r}ikp©mso��mJv(i�XZ\,|Zv�ms�~rs�Zp�£©p�ixe��Z\7o~gkp¦ixe¶�nZoBl�ikp©mso
p(x, `)

�mJv
x ∈ R

rso~�
` ∈ N
ªF=Vel7mso~gjikv�n~l�i�p�mJo®¬Ap�i�pqg�\3rsgkp�£©eltXZ\Ilt¤J\I��i�X~rAi�ikX~\V|Zv�mhl�\3gkg

(X(t), L(t))pqg�r�_=rsvk¤JmA�¶|~vkmhl�\3gkg*itr}¤fp©oZ���8rs£�n~\Ig+p©o
R × N

ª�W�X~\,�ms£©£�mA��p©oZ��vk\3gjn~£¦i��sp©�s\3g+p¦itg�p©oh«~oZp�ik\3gjp©[�r}£
�J\7oZ\Iv�r}ikmJvIª
�V¿ � �»������� 	!����� ������ �

(X(t), L(t))
��� �� C��� � �!�"� � � � ���� �2�

R×N # �2�
	��2�$�A� �2� ����� � ���%� ��� ��� ��� ���
G 
 �&� ����
 
��

Gf(x, `) =
σ2

2

∂2f

∂x2
(x, `) − α(x −m)

∂f

∂x
(x, `)

+ λ[f(x, `+ 1) − f(x, `)] + µφ(x)f(x)1{`>0}[f(x, `− 1) − f(x, `)],
)� 1

����� �'������� ��	� ���������
f(x, `)

�� � �
R × N

�2�
R
� � # ���� 
�� (:��� ��� � ��� 
�� � # �2�
	 � ���)�!����� � �H��	!�*�A����

��������� 
�� �,+
� � � � ��+ � lIl�mJv��hp©oZ�Oikm�Å � n~rAi�p�mJo )�-01�¬zikXZ\�p©oh«~oZp�ik\3gjp©[�r}£��s\IoZ\7vtrAi�msv	ms�.r}o ^�vkoBgxi�\7p©oh Î¡zXZ£©\7oZ�H\Ilt¤|~vkmhl�\3gkg�rs|Z|Z£©p�\3�	i�m�gjmJ[*\`ix��pql�\�hp�¥H\Ivk\IoCikpqr}�Z£©\��nZo~l�ikp©mso

g
mso

R
pqg��sp©�s\Io��fe

σ2

2

∂2g

∂x2
(x) − α(x −m)

∂g

∂x
(x).

W�X~\*gk\Il7mso~��|~r}vki`ms�RÅ � n~r}ikp©mso )â� 1`l�mJvkv�\Igk|Hmso~�Zg{ikm�ikX~\.p©oh«~oZp�ik\3gjp©[�r}£>�J\7oZ\Iv�r}ikmsv�m}�VikXZ\*ofnZ[(�H\7vms�Rl�n~gjikmJ[+\7vtg�m}�Rr�l�£qrsg�gjpql7rs£
M/M/1 � nZ\InZ\(��p�ikX%r}v�vkp©�Ar}£®vtrAi�\ λ r}o~�=gk\7v��fp©l7\�vtrAik\ µφ(x)

¬¹��X~\7o
i�XZ\.^`¡½|Zv�mfl7\Ig�g�p©g�p©oTgxitrAi�\

x
ª
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���������	��
���������������������������������
M/M/1  �!���!� G

��\�i
P
�h\7oZmsik\`ikX~\�gxitrAikp©msoBr}v�e�|ZvkmJ�~r}�~p�£©p¦ixe��Zp©gjikv�p��~nhikp©mso,m}��ikXZ\�l7msnZ|~£�\

(X(t), L(t))
¬

P (x, `) = P(X ≤ x, L = `),

i�XZ\|Zv�ms�~rs�Zp©£�p�ixe��h\7oBgjp�ixe��nZoBl�ikp©mso
p(x, `)

p©g

p(x, `) =
∂P

∂x
(x, `)

rso~�	ikXZ\�J\7oZ\Iv�r}ikp©oZ�(�n~o~l�i�p�mJo�pqg��Jp��J\7o	�fe

gu(x) =
∞
∑

`=0

p(x, `)u` ):� 1

�mJv
u ∈ (0, 1)

r}o~�
x ∈ R

ª
W�XZ\\ � n~rAi�p�mJo�ms��p©oC�Arsvkpqr}oCi�[+\IrsgknZv�\z�mJv�ikXZ\�_�r}v�¤smA�+|Zv�mfl7\Ig�g (L(t), X(t))

pqg��sp©�s\Io��fe
∑

`≥0

∫

R

Gf(x, `)P (dx, `) = 0,

�mJv�rzix��pql�\��hp¦¥§\7v�\7oCi�p©rs�Z£�\V�nZo~l�ikp©mso
f
��p¦i�X(v�\Igk|B\3l�i�ikm�ikXZ\V«~vtgxi&�Ar}v�p©rs�Z£©\sª =¨e�ltXZmfmCgjp©oZ�zl7msof�s\IoZp�\IoCi

i�\Igji��nZo~l�ikp©mso~gI¬Zmso~\`v�\IrJ�hp©£�e��J\�i�g¨i�XZ\�°ZmJ¤f¤s\7vk ÎuF£©rso~lt¤�\ � n~r}ikp©mso~gIª
�V¿ � �»������� Ã����H¿ � Á
	 �â����� � ¿� ���h��� Ã �����%� � 	<�@��	� ��� �����

p(x, `)
����������� ��� �
	<�E� ���.���������

σ2

2

∂2p

∂x2
+ α(x −m)

∂p

∂x
+ αp(x, `) + λ1{`>0}p(x, `− 1)

−
(

λ+ µφ(x)1{`>0}
)

p(x, `) + µφ(x)1{`>0}p(x, `+ 1) = 0.
)�? 1

� o=\IrJgje,l�mJo~gj\ � nZ\7o~l7\�m}�&i�XZ\.rs�BmA�J\�°Zms¤f¤J\7vk 5uF£qr}oBlt¤	\ � n~r}ikp©msoTpqg�i�XZ\��mJ£�£©mA��p�o~��\ � n~r}ikp©mso��msvi�XZ\��nZo~l�ikp©mso
gu
ª

	 � Ã��RÃ ���â��� Ã � � � � 	<� � ������� �����2��� ��	� ���������
gu(x)

���,���%��	 ��	!���

σ2

2

∂2gu

∂x2
+ α(x−m)

∂gu

∂x
+

(

λ(u− 1) + α+ µ

(

1

u
− 1

)

φ(x)

)

gu(x)

= µ

(

1

u
− 1

)

φ(x)g0(x).
)�G�1

� � �%���&������ ����������¨����$ ���������������½��������� � ��������� � �7���%$ �·� � ��� ��������
����� � � ' � '($)� *

=¨e,�h\�«BoZp¦i�p�mJo®¬BikXZ\�n~o~l�i�p�mJo
gu(x)

p©gzix��p©l7\��V\3r}¤f£©e��hp�¥H\Ivk\IoCikpqr}�Z£©\���p�ikXTv�\Igk|B\3l�i{i�m�ikXZ\.�Ar}v�p©rs�Z£�\
x
rso~��p©g�rso~r}£©eCikpqlzp©o,�8rsvkpqr}�~£�\

u
p�o�ikX~\ms|H\7o�nZoZp�iz�hp©gk¤	rso~��l7msoCikp©ofnZmsnBgVp©o�ikXZ\�l7£�mCgj\3��nZoZp�iz�hpqgj¤§ª

Õ�Õ Ñ�K~êL�ó�ó



� � ������� ������� �	�2�2�.�	���2� ����
�:� 
�����

³z\7o~l7\s¬BikXZ\(�nZo~l�ikp©mso
gu(x)

lIr}oT�B\*gj\I\7o=rJgzr}oT\I£�\I[+\7oCi�ms��i�XZ\�i�\7o~gkmsv�|Zv�mf�Zn~l�i
H2(R) ⊗ S(U)

¬
��X~\7v�\

H2(R)
pqg�ikX~\chms�Hms£©\7�	gk|~rsl7\�m}���nZo~l�i�p�mJo~g���XZpqltX,rs�h[+p�izr*gk\Il7mso~��msvt�h\Iv¨�¨\Irs¤	�h\Ivkp©�ArAikp©�s\

rso~�
S(U)

pqg�ikXZ\+gk\�i�m}�F�nZoBl�ikp©msoBg���X~p©ltX�rsvk\*r}o~rs£�eCi�p©l(p�o�ikXZ\*nZoZp�i��hp©gk¤Tr}o~�%l�mJoJi�p�ofnZmJn~g�p�o�ikXZ\
l7£�mCgj\3�	n~oZp¦iz�Zp©gk¤§ª
°~vkmJ[·i�XZ\�|Zv�\7�fp©msn~g	gj\3l�ikp©mso�¬Vi�XZ\=�n~o~l�i�p�mJo

g : (u, x) → gu(x)
�Z\�«~oZ\3� �fe¸Å � nBrAikp©mso3)5� 1

g�rAi�p©gj«~\3gRi�XZ\v�\7£qrAikp©mso
Ωg(u, x) = 0��X~\7v�\

Ω
p©g�ikXZ\mJ|B\Iv�r}ikmsv��h\7«~oZ\3��rJg¨�ms£©£�mA�{g����msv{r.�nZo~l�ikp©mso

f ∈ H2(R) ⊗ S(U)

Ωf(u, x) =
σ2

2

∂2f

∂x2
+ α(x −m)

∂f

∂x

+

(

λ(u− 1) + α+ µ

(

1

u
− 1

)

φ(x)

)

f(u, x) − µ

(

1

u
− 1

)

φ(x)f(0, x).
) � 1

'¢o(ikXZ\V�ms£©£©mA��p�oZ�B¬8�V\¨vk\7«~oZ\RikXZ\��hmJ[+rsp�o(m}�B�h\7«~oZp�ikp©mso.m}�
Ω
gkm�rJg�ikmzmJ�hi�rsp�o*rzgk\7£��¯ ÎrJ�8wxmsp©oCi�mJ|B\Iv�r}ikmJv

�Z\�«~oZ\3��p�oTr}o,r}|~|ZvkmJ|Zv�p©r}ik\�³{p©£��H\7vkizgj|Brsl�\Jª
=¨e�l7mso~gjikv�n~l�ikp©mso®¬CikX~\��nZo~l�i�p�mJo

gu(x)
pqg��sp©�s\7o��fe

gu(x) =
1

σ

√

α

π
exp

(

−α(x−m)2

σ2

)

E[uL | X = x]

W�X~\��nZo~l�ikp©mso
gu(x)

m}�FikX~\(�Ar}v�p©rs�Z£©\
u
p©g`r}o~rs£�eCi�p©lp©o=i�XZ\*ms|H\7o=nZo~p¦i�hpqgj¤Tr}oB�Tp©g`l�mJoCikp©oCn~msn~g�p�o

i�XZ\�l�£©mJgk\I��nZoZp�iz�hpqgj¤§ª>_TmJvk\ImA�s\7v3¬JikXZ\��nZoBl�ikp©mso
gu(x)

p©g�gkn~ltX�ikX~r}i��msv{rs£�£ |u| ≤ 1
¬

1

σ

√

α

π

∫ ∞

−∞
gu(x)2 exp

(

α(x−m)2

σ2

)

dx ≤ 1.

W�X~p©g{l7£�\3r}v�£�e�p©[+|Z£©p�\3g�ikXBrAi��msv�«~ºf\3�
u
��p¦i�X |u| ≤ 1

¬hi�XZ\��nZo~l�ikp©mso
gu(x)

p©g�p©o�ikXZ\�³zp�£©�H\7vki�gj|Brsl�\
H
�h\7«~oZ\I���fe

H =

{

f : R → C : f exp

(

α(x−m)2

2σ2

)

∈ H2(R)

}

,
)�� 1

W�X~p©g�³zp�£©�B\Ivjizgk|~rJl�\�p©g{\ � nZp©|Z|B\3����p¦i�X�i�XZ\�g�l7r}£qr}v�|Zv�mh�hn~l�i��Z\�«~oZ\3���Ce��&�mJv{r}£©£ f, g ∈ H
¬

<f, g> =

∫ ∞

−∞
f(x)g(x) exp

(

α(x−m)2

σ2

)

dx,

��X~\7v�\
g(x)
p©g�i�XZ\l�mJ[*|~£�\7º�l�mJoAwxnZ�CrAik\`m}�

g(x) � ikXZ\o~msv�[ m}�>r}o�\7£©\7[+\7oCi f ∈ H
p©g

‖f‖ =

√

∫ ∞

−∞
|f(x)|2 exp

(

α(x −m)2

σ2

)

dx.

7zmA�¬f�msv�«Zºh\I�
x
¬Z�V\�pq�h\7oCi�p¦�e

gu(x)
��p�ikX�ikXZ\�gk\ � nZ\Io~l�\ (p(x, `), l ≥ 0)

ªD=¨e��h\7«~oZp�ikp©mso®¬

p(x, `) =
1

σ

√

α

π
exp

(

−α(x−m)2

σ2

)

P(L = ` | X = x),
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���������	��
���������������������������������
M/M/1  �!���!� �

rso~��l�£©\Ir}v�£©e
∞
∑

`=0

|p(x, `)|2 < α

πσ2
exp

(

−2α(x−m)2

σ2

)

,

p�iR�mJ£�£©mA�{g&i�X~rAiVikXZ\`gj\ � n~\7o~l7\ (p(x, `), ` ≥ 0)
p©gRp�o�ikXZ\`³{p©£��H\7vki¨gk|~rsl7\

L2(N)
l�mJ[+|BmCgj\3�+m}�®g � n~rsvk\gknZ[+[�r}�Z£©\gj\ � nZ\7o~l7\Ig�p©o C

¬fikX~r}i{p©gI¬

L2(N) =

{

f = (fn) ∈ C
N :

∞
∑

n=0

|fn|2 <∞
}

,

\ � nZp�|~|B\3����p�ikX�i�XZ\�gklIr}£qr}v�|Zv�mh�hn~l�i{�h\7«~oZ\3���fe

<f, g> =

∞
∑

n=0

fngn,
) -I� 1

�mJv�ix�Vm+\I£�\I[*\IoCi�g
f = (fn)

r}o~�
g = (gn)

ªFW�X~\oZmsv�[ m}�&r}o,\7£©\7[+\IoJi
f
m}�
L2(N)

p©g��Jp��J\7o��Ce

‖f‖ =

√

√

√

√

∞
∑

n=0

|fn|2.
) - -01

W�X~\�ms|H\7vtrAi�msv
Ω
l7rso=�H\(gj\I\7o�rJg{r}o�ms|H\7vtrAikmJv{�h\�«BoZ\I�Tp©oTi�XZ\�i�\7o~gkmsv{|~vkmh�hn~l�i

H ⊗ L2(N)
¬Hi�X~rAi

�¨\gxi�p�£©£��h\IoZm}i�\��Ce
Ω
rso~���sp©�s\7o��fe

Ω = A⊗ I + I ⊗B + V,
��X~\7v�\

�
W�XZ\�gkeC[.�BmJ£

I
�h\7o~m}ik\3g¨ikXZ\pq�h\IoJi�p¦ixe�ms|H\7vtrAi�msv�p�o�ikX~\�r}|Z|Zv�ms|~vkpqrAi�\`³zp�£©�B\Ivjizgk|~rJl�\sª

�
W�XZ\ms|H\7vtrAi�msv

A
pqg��h\�«~o~\I���fe

Af =
σ2

2

∂2f

∂x2
+ α(x−m)

∂f

∂x
+ αf ;

ikXZ\��Zms[�r}p©o�ms�&�Z\�«~oZp�ikp©mso,ms�
A
pqg{�h\7o~m}ik\3�	�fe

D(A)
rso~��p©g��Jp��J\7o��fe

D(A) =

{

f ∈ H : x2f exp

(

α(x −m)2

2σ2

)

∈ H2(R)

}

.

�
W�XZ\ms|H\7vtrAi�msv

B
pqg��h\�«~o~\I���fe�ikXZ\p©oh«~o~p¦i�\[+r}ikv�p¦º












−λ µ 0 . . .
λ −(λ+ µ) µ 0 . .
0 λ −(λ+ µ) µ 0 .
0 0 λ −(λ+ µ) µ .
. . . . . .













) -3� 1

ikXZ\��Zms[�r}p©o�ms�
B
��p©£©£®�B\�h\7ik\Ivk[+p©oZ\I��p©o�i�XZ\��ms£©£©mA��p�oZ�Bª
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�����

�
W�XZ\*ms|H\7vtrAikmJv

V
p©g�\ � n~rs£�i�m Φ ⊗ C

¬¹��XZ\Ivk\
Φ
pqg�ikXZ\*ms|H\7vtrAi�msvz�Z\�«~oZ\3�=mJo

L2(R)
�fe,ikXZ\

[(nZ£�ikp©|Z£©p©lIrAi�p�mJo��fe
φ− 1
¬hp:ª \sª

Φ(f)(x) = (φ(x) − 1)f(x),

r}o~�
C
p©g¨i�XZ\|ZnZv�\�h\Ir}ikX,ms|H\7vtrAi�msv3¬h�h\�«~o~\I���fe�ikXZ\p©oh«~o~p¦i�\[+r}ikv�p¦º













0 µ 0 . . . .
0 −µ µ 0 . . .
0 0 −µ µ 0 . .
0 0 0 −µ µ 0 .
. . . . . . .













) -I� 1

��� � ��������� � ��� � $�*+'(*��� " &�#(� & ��# '($)�� 

'¢o�i�XZp©gzgj\3l�ikp©mso�¬h�V\�\�ºZrs[*p©oZ\`ikX~\|ZvkmJ|B\Ivji�p�\3g�m}��ikXZ\mJ|B\Iv�r}ikmJv�g
A
r}o~�

B
ª>´¶\�gk|B\3l�p�«Bl7rs£�£©e��h\7ik\Ivj 

[+p©oZ\nZo~�Z\7v���XZpqltX�l7mso~�Zp¦i�p�mJo~g¨ikXZ\3gj\�mJ|B\Iv�r}ikmsvtg�r}v�\`gk\7£��¯ ¢rs�8wxmJp�oCiIª>W�XZ\�gk\7£��¯ ¢rs�8wxmJp�oCiko~\Ig�gV|~vkmJ|B\Ivjixe
��p©£©£F�B\�l7vknBl�pqr}£&p�o�gknZ�~gk\ � nZ\IoJi(gk\Il�ikp©mso~g`i�mTl7r}v�v�eTmsnhi(r�|H\7vkiknZv��~rAi�p�mJo¶rso~r}£©ehgjpqgIª+W�m,|Zv�mA�s\+gj\I£¦�¯ rJ�8wxmsp©oCikoZ\3gkgI¬3�V\FnBgj\RikXZ\Rl7£©rJgkgkpql7r}£}ikmfms£qg®ms�~gj|H\Il�ikvtr}£Jrso~r}£©ehgjpqgA):gj\I\R��rsnhikvtr8e�r}o~� ��p�mJo~gA+ ?�/Î¬}�znZoZ�msvt�
rso~�,chltXf�¨rsvji�±�+ � /Î¬~y�\7\3��rso~�,cfp�[+mJo�+ -�G0/®msv{y�n~�Zp�o�+.- � /®�mJv��~rsgkp©l�\7£©\7[+\IoJitg�m}�>gj|H\Il�ikvtr}£HikX~\7msv�e<1�ª
W�XZ\zms|H\7vtrAikmJv

B
�h\�«BoZ\I�*p©o

L2(N)
p©gFoZm}iRgkef[*[+\7ikv�p©lsª�³zmA�V\I�s\7v3¬A�fe(v�\I�hnBl�p©oZ��ikXZ\znZo~�h\Ivk£©efp�oZ�

³zp�£©�H\7vki�gk|~rsl7\s¬H�V\+l7rso=ms�Zi�r}p©o�r�gjef[+[+\�ikv�pql�ms|H\7vtrAi�msv`rsgz�ms£©£�mA�{gIª ��\�i`n~g�l�msoBgjpq�h\7vzikXZ\+³{p©£©�B\Ivji
gk|~rJl�\

L2
ρ(N)
�h\7«~oZ\I���fe

L2
ρ(N) =

{

f = (fn) ∈ C
N :

∞
∑

n=0

|fn|2ρ−n <∞
}

,

��X~\7v�\
ρ = λ/µ < 1

ªFW�XZ\g�l7rs£©rsv¨|~vkmh�hn~l�i�p�o
L2

ρ(N)
p©g��Z\�«~oZ\3���Ce

<f, g>ρ =

∞
∑

n=0

fngnρ
−n

rso~�	ikXZ\oZmJvk[ �Ce

‖f‖ρ =

√

√

√

√

∞
∑

n=0

|fn|2ρ−n.

chp�o~l7\
ρ < 1

¬�ikXZ\�gj|~rJl�\
L2

ρ(N)
pqg�l�£©\Irsvk£©e%r=gknZ�~gk|~rJl�\�m}�

L2(N)
ª=W�XZ\�ms|H\7vtrAi�msv

B
p©o~�hnBl�\Ig(p�o

L2
ρ(N)
r}o�mJ|B\Iv�r}ikmsv3¬Ai�X~rAiR�¨\{gjikp©£�£H�h\7oZmsik\{�fe

B
r}o~�*i�X~rAiVp©gF�Z\�«~oZ\3���fe�i�XZ\{p©oh«~oZp�ik\�[+r}ikv�p¦º*�sp©�s\Io

�fe�Å � n~rAi�p�mJo )�-8� 1�ª:'¢oTi�XZ\��mJ£�£©mA��p�o~�~¬BikXZ\*gjef[(�Hms£ B v�\��\Iv�g{ikm�i�X~rAi�ms|H\7vtrAi�msvz�Z\�«~oZ\3�Tp©o L2
ρ(N)�fe�i�XZ\p©oh«~oZp�ik\[�rAi�vkp�º ) -3� 1�ª

��\�i
D(B)

�h\7oZmsik\.ikXZ\��hmJ[�r}p©o%ms�FikXZ\+mJ|B\Iv�r}ikmsv
B
¬�p:ª \sª©¬¹ikX~\+gknZ�~gk\�ims�

L2
ρ(N)
l7ms[+|BmCgj\3�=ms�

i�XZmJgk\�\7£©\7[+\7oCitg
f ∈ L2

ρ(N)
gkn~ltX�ikX~r}i

Bf ∈ L2
ρ(N)
ªFW�XZ\�rJ�8wxmsp©oCi�ms��i�XZ\ms|H\7vtrAi�msv

B
p©g��Z\7oZmsik\I�
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M/M/1  �!���!� - -

�fe
B∗ r}o~�=p©g��h\�«~o~\I�T�fe��¨�msv f ∈ D(B)

rso~�
g ∈ H

�fe
<Bf, g>ρ = <f,B∗g>ρ

r}o~�
D(B∗)pqg¨ikX~\��hms[�r}p©o�m}�

B∗ ª
'¢o�ikXZ\��mJ£�£©mA��p©oZ�~¬CikX~\`mJ|B\Iv�r}ikmJv

B
pqg�gjXZmA��o	ikm+�H\�gk\7£��¯ ¢rs�8wxmJp�oCiI¬hp5ª \sª

B = B∗ ¬~��XZp©ltX�vk\ � nZp�v�\Igp©o»|~rsvji�p©l7nZ£qr}vi�X~rAi
D(B) = D(B∗)

ª�W�m��J\�i�i�XZp©g.|Zv�ms|H\7vkixe�p�i.pqg.gkn	&�l�p©\7oCi�i�m�|Zv�mA�s\+i�X~rAi.ikXZ\
mJ|B\Iv�r}ikmJv

B
pqg

a gjef[+[+\�i�vkpql �&�mJv{r}£©£
f, g ∈ D(B)

¬
<Bf, g>ρ = <f,Bg>ρ �a �BmJnZo~�h\3� �>i�XZ\ � nBr}oCikp�ixe

‖B‖ρ = inf
{

|<Bf, f>ρ| : f ∈ L2
ρ(N), ‖f‖2

ρ = 1
}

p©g�«~oZp�ik\sª
�V¿ � �»����� � 	<� � �<��� ��� ���

B
���,�� � � ������������� 
4
���	� 
 ��
 # �2�
	

‖B‖ρ ≤ (
√
λ+

√
µ)2,

) -7� 1
�
	<� ���!��� ��� ���

B
��� ����<���  �!���!����� ����� ��� � 
������2�!� +

� � � � ��+zW�X~\�gkef[+[*\7ikv�e	ms��ikX~\ms|H\7vtrAikmJv
B
p©g�gjikvtr}p©�sXCij�mJvk��r}vt�¹ª�°Zmsv

f ∈ L2
ρ(N)
¬

<Bf, f>ρ =

∞
∑

n=0

(

(λ+ µ1{n≥0})fn − λfn−1 − µfn+1

)

fnρ
−n,

l7mso~gk\ � nZ\IoCik£©e

|<Bf, f>ρ| ≤ (λ+ µ)||f ||2ρ +

∣

∣

∣

∣

∣

∞
∑

n=0

µfn+1fnρ
−n

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∞
∑

n=0

λfn−1gnρ
−n

∣

∣

∣

∣

∣

,

�fe�nBgjp©oZ��chltXf�¨rsvk±`p©oZ\ � n~rs£�p�ixes¬h�¨\��s\�i
∣

∣

∣

∣

∣

∞
∑

n=0

µfn+1fnρ
−n

∣

∣

∣

∣

∣

≤
√

λµ||f ||2ρ,
∣

∣

∣

∣

∣

∞
∑

n=0

λfn−1fnρ
−n

∣

∣

∣

∣

∣

≤
√

λµ||f ||2ρ,

rso~��Å � n~rAi�p�mJoB) -7� 1V�mJ£�£©mA�{gIª
W�XZ\�gk|H\Il�i�vkn~[

σ(B)
m}��ikXZ\mJ|B\Iv�r}ikmsv

B
pqg{�h\�«BoZ\I���fe

σ(B) = {z ∈ C : (B − zI)
pqg�oZm}i{p©of�s\Ivji�p��Z£©\ },

gkp©o~l�\
B
pqg.gk\7£��¯ ÎrJ�8wxmsp©oCiI¬

σ(B) ⊂ R
ª%_TmJvk\ImA�s\7v3¬�Å � n~rAi�p�mJo>) -7� 1(p�[+|Z£©p©\Ig(ikXZ\�vk\I£©r}ikp©mso

σ(B) ⊂
[−(

√
λ+

√
µ)2,∞]

ªFcCi�rso~�Zr}vt�	gk|H\Il�i�v�rs£HikXZ\Imsv�e�gjXZmA�{gVi�X~rAi�ikX~\�gk|H\Il�i�vkn~[
σ(B)

lIr}o��B\�h\3l�ms[* 
|HmJgk\I��rsg¨�mJ£�£©mA�{g��

σ(B) = σp(B) ∪ σc(B),
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�:� 
�����

��X~\7v�\
σp(B)

pqg¨ikXZ\l�£©mJgknZv�\�ms��i�XZ\�gj\7i{l�ms[+|HmJgk\I�	m}��i�XZ\�\7p©�s\IoC�Ars£�nZ\3g¨m}�
B
¬Zv�\��\7v�v�\I�+i�m+rJg�|BmJp�oCi

gk|H\Il�i�vkn~[�¬Cr}o~�
σc(B)

p©gFikXZ\zl7msoCikp©ofnZmsnBg>gj|H\Il�ikv�nZ[,ª&W�X~\{|BmJp�oCiVgk|H\Il�i�vkn~[ pqgF|Zn~vk\I£�e*�hp©g�l�v�\�i�\{r}o~�
z ∈ σp(B)

p���r}o~�%msoZ£©e=p��Vi�XZ\7v�\�\�ºhpqgxitggjmJ[+\
f ∈ L2

ρ(N)
gkn~ltX%ikX~r}i

Bf = zf
ª+°Zv�ms[ gk|H\Il�i�v�rs£

i�XZ\7mJvkeJ¬fikXZ\��mJ£�£©mA��p©oZ�.|~vkmJ|BmCgjp�ikp©mso�XZms£q�ZgIª
	 � Ã��RÃ ���â��� Ã � � ��� 	<��� ���� ���� �@� � �����	� �

dψ(z)
� � � ������� ��
:� �J���A�)�!� ����� ��� � �����	� � � # 	<����� ��$� �<��������

σ(B)
� ��� 
%����� � �2��� ���J�)�<� ���� {Hz}

�
z ∈ σ(B)

�A���%� 	 �
	<���

� ��	!�����2�.
�����@�)�<� �� L2
ρ(N)

���E�  �!��� � � ��	!� 
��2� �����@��� � ������	!� �)�!� ���� Hz
� �
	<��� �����

H =

∫ ⊕
Hzdψ(z),

)�-8� 1
�&+2�,+ ���������

f ∈ L2
ρ(N)

����H
� 
 ���� ���<������
4�2� � � �J��� � �2���
(fz, z ∈ σ(B))

� # 	<��� � fz ∈ Hz����
 ∫ ‖fz‖2
ρψ(z) <∞ +� C��� ��!�������

<f, g>ρ =

∫

<fz, gz>ρdψ(z).

� � 	<� � �<��� ��� ���
B
���E���%��	

(Bf)z = zfz
�����

z ∈ σ(B)
� # 	!��� � (Bf)z

�����
	<� ��� � ��� ��������� � �

(Bf)
��� ��	!� �)�!� �� Hz

+
7zm}ik\VikXBrAi

z
pqg�rso�\7p©�s\IoC�Ars£�nZ\Rm}�Zi�XZ\RmJ|B\Iv�r}ikmsv

B
p��Br}o~��msoZ£©e�p¦�

ψ({z}) > 0
r}o~��i�X~rAi�ikX~\¨gk|~rsl7\

Hz
p©g�r�gknZ�~gk\�i{m}�

L2
ρ(N)
p¦�Frso~�,msoZ£©e�p¦�

z
pqg{rsoT\7p©�s\7of�Ar}£©nZ\Jª¨W�XZ\(oZ\�ºfizv�\IgknZ£�iz�sp©�s\3g¨ikXZ\.\�ºh|Z£©p©l7p¦i

v�\7|~vk\3gj\IoJitrAi�p�mJo�m}�®i�XZ\`gk|H\Il�i�v�rs£B[+\3rsgknZvk\`r}o~��ikXZ\�gk|~rsl7\Ig Hz
rs|Z|H\Ir}v�p©oZ�(p©o���\Il7ms[+|BmCgjp�ikp©mso )�-3� 1�ª

	 � Ã��RÃ ���â��� Ã � � � � 	<��� �!������� ��� � �����	� �
dψ(x)

����� ��������
��

∫

f(x)dψ(x) = (1 − ρ)f(0)

−
√
ρ

π

∫ −(
√
λ−√

µ)2

−(
√
λ+

√
µ)2

f(x)

x

√

1 −
(

x+ λ+ µ

2
√
λµ

)2

dx,
) - ? 1

�����E��� � ����� � ��� � �����������:��� ��������� ��	� ��� �����
f
+

� 	<� ���!��� ��� ���
B

	!��� �4�	� �  �!� ��� � ��� ����� �!� ��� 0
������
%��	!� �������������� ��
*��� � ��� ��� ��� ��� ���E�$�H� � �

� �	����� ���������� ����� ����<��� ���!�D�
	<� ���  �!������ e(ρ) # 	<����� n ��	 ���.�	� ���!�@��� �  �!��� � � ρn + � 	<���)�<� � � H0
���

�
	<���)�<� �� �)�!���!� ��
 
�� ��	!� ������� ���
e(ρ)

+
� ���

z ∈ (−(
√
λ+

√
µ)2,−(

√
λ−√

µ)2)
� ��	!�E� �!� �� Hz

���,�
	<��������� ���,�)�!� ��E� �!��� ����
 
�� �
	<�
���  �!����� � (Qn(z))


 � �A� ��
 
�� ��	!� �����2�.� # �2� �4� �����	����������

Q0(z) = 1, Q1(z) = (z + λ)/µ

µQn+1(z) − (z + λ+ µ)Qn(z) + µQn−1(z) = 0, n ≥ 2.

� 	!� ���  �!��� �� (Qn(z))
�����

z ∈ (−(
√
λ+

√
µ)2,−(

√
µ−

√
λ)2)

����� �E������������	!� � ��� ��� ��� ���2� � +
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���������	��
���������������������������������
M/M/1  �!���!� -I�

� � � � ��+zW�m��h\7ik\Ivk[+p©oZ\�i�XZ\�gk|H\Il�i�vkn~[ ms��ikXZ\�ms|H\7vtrAi�msv
B
¬>�V\�l�msoBgjpq�h\7v(ikXZ\�\ � n~r}ikp©mso Bf(z) =

zf(z)
¬h��XZ\Ivk\

f(z) = (fn(z)) ∈ CN
ª =Ve�rsg�gjn~[*p©oZ�*ikXBrAi

f0(z) = 1
¬hikX~\(gj\ � nZ\7o~l7\ f(z)

gkr}ikpqgx«~\3g
i�XZ\v�\Il�n~vkv�\7o~l7\�v�\7£qrAi�p�mJo �

f0(z) = 1, f1(z) = (z + λ)/µ,

µfn+1(z) − (z + λ+ µ)fn(z) + λfn−1(z) = 0, n ≥ 2.
) -�G�1

W�X~\�r}�HmA�s\,i�XZvk\I\� 5ik\Ivk[ vk\3l�nZv�vk\Io~l�\Tv�\7£qrAi�p�mJoµp�[+|Z£©p�\3g�i�X~rAi
fn(z)

p©g�r�|Hms£©eCo~ms[+p©rs£zp©o �Ar}v�p©rs�Z£�\
z
��p¦i�X»�h\7�Jvk\I\

n
r}oB��i�X~rAi(ikXZ\�|Hms£©efoZms[+pqr}£qg

(fn(z))
�mJvk[ r}o�msvkikXZmJ�smJo~r}£&|Hms£©eCo~ms[+p©rs£Rgkefgjik\I[

gkp©o~l�\	°Br8�Ar}vt��� g.l�mJo~�hp�ikp©mso�pqg(mJ�C�fp©msn~gk£©e%g�rAikpqgj«~\I� ):gj\I\ � gk¤s\Ie¶rso~� 'xgk[�r}p©£:+ ��/V�mJv*�Z\�i�rsp�£qg1�ª�W�XZ\
mJvji�XZms�Jmso~rs£�p�ixe[+\IrJgjnZv�\�m}�§i�XZ\Igk\{|Hms£©eCo~ms[+p©rs£©gFp©gR|Zvk\3l�pqgj\I£�e(ikXZ\�gj|H\Il�ikvtr}£~[+\3rsgknZvk\�ms�Hi�XZ\zmJ|B\Iv�r}ikmJv
B
gkp©o~l�\

B
p©g�gk\7£��¯ ¢rs�8wxmJp�oCiIª

W�m»�h\�i�\7v�[+p�oZ\
dψ(x)

¬��¨\Tl�mJ[*|~nhik\,i�XZ\T£�p©[+p¦i�p�o~���8rs£�n~\=rsg
n
ik\7oB�Zg+ikm�p©oh«~o~p¦ixe¸m}�`ikXZ\TvtrA 

i�p�m
f∗

n(z)/fn(z)
¬R��XZ\7v�\

f∗
n(z)
¬
n = 0, 1, 2, . . .

r}v�\�i�XZ\�rJgkgkmhl�pqrAi�\�|BmJ£�efoZmJ[+p©rs£©gI¬>��XZpqltXOgkr}ikpqgx�e
v�\Il7nZv�vk\Io~l�\`vk\I£©r}ikp©mso�)�-�G�1¨��p¦i�X�i�XZ\p©oZp¦i�p©rs£�l�mJo~�hp�ikp©mso~g

f0(z) = 0
r}o~�

f1(z) = 1/µ.

cfikvtr}p©�sXCij�mJvk��r}vt��l�mJ[+|Znhi�r}ikp©mso~g�efp©\7£q��i�X~rAi3¬h�msv
z /∈ [−(

√
λ+

√
µ)2,−(

√
λ−√

µ)2]
¬

fn(z) =
1

Z+ − Z−

[(

λ+ z − µ+
√

δ(z)

2µ

)

Zn
+ +

(

−λ− z + µ+
√

δ(z)

2µ

)

Zn
−

]

,

��X~\7v�\
Z± =

z + λ+ µ±
√

δ(z)

2µ��p�ikX
δ(z) = (z + λ + µ)2 − 4λµ

ªz_=msv�\7mA�s\IvI¬ZikXZ\*rsg�gjmhl�pqrAi�\I��|Hms£©eCo~ms[+p©rs£©g
f∗

n(z)
r}v�\�sp©�s\7oT�fe��

�mJv
z /∈ [−(

√
λ+

√
µ)2,−(

√
λ−√

µ)2]

f∗
n(z) =

1

µ(Z+ − Z−)

[

Zn
+ − Zn

−
]

.

cCi�p�\I£¦i:wx\Ig¨i�XZ\7mJvke4+ ��/®gxitrAik\3gFi�X~rAi¨ikX~\z[+\IrJgjnZv�\
dψ(x)

X~rsg¨r(gknZ|Z|HmsvkiVp©o~l7£�n~�Z\I��p©o
(−∞, 0]

rso~�
i�X~rAi

∫ 0

−∞

dψ(x)

z − x
= χ(z),

��X~\7v�\
χ(z)
p©g�ikX~\*l7msoCikp©ofnZ\I�,�vtrsl�ikp©msoT��XZmCgj\

n
ikX¶r}|Z|Zv�m8ºhp�[�rsoJi�p©g

f∗
n(z)/fn(z)

ª�W�X~\��nZo~l�ikp©mso
χ(z)
�mJv

z /∈ (−∞, 0]
p©g��Jp��J\7o��fe

χ(z) = lim
n→∞

f∗
n(z)

fn(z)
.

'Îi{pqg�\IrJgjp©£©e	ltXZ\Ilt¤J\I��ikX~r}i��msv
z > 0
¬
Z+ > Z− > 0

r}o~��i�XZ\7o��msv
z > 0
¬

χ(z) =
2

λ+ z − µ+
√

δ(z)
.

) - � 1
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�����

W�X~\��nZo~l�ikp©mso%msoTi�XZ\.v�p©�sXCi�X~rso~�=gkp©�Z\(m}�VÅ � n~rAi�p�mJo )�- � 1{lIr}o=�H\+r}o~rs£�eCikpql7rs£�£©e,l�msoCi�p�ofnZ\3�,ikm�ikXZ\l7ms[+|Z£©\�º�|Z£qr}o~\��Z\7|Zv�p��J\I�	m}�®i�XZ\�gj\I�s[+\7oCi
[−(

√
λ+

√
µ)2,−(

√
λ−√

µ)2]
rso~��i�XZ\�msv�p��Jp�o�ª&_=msv�\

|~vk\3l�pqgj\I£�eJ¬Bi�XZ\.�nZo~l�i�p�mJo
χ(z)
X~rJg�r�nZoZp � nZ\*|BmJ£�\+rAi z = 0

r}oB�=p�i�g`vk\3gjpq�hnZ\.p©g`\ � nBr}£�ikm (1 − ρ)
ª

W�X~\�\7p©�s\IoC�J\Il�ikmsv{rJgkgkmhl�pqrAi�\I����p¦i�XTikX~\(\7p©�s\Iof�8rs£�n~\
0
p©g{ikXZ\.�s\3l�ikmJv{��XZpqltX

n
ikX�l7ms[+|BmJoZ\7oCi{pqg

ρn ª
):W�XZpqg��s\3l�ikmJv�l�£©\Ir}v�£©e��B\I£�mJoZ�Jg¨i�m

L2
ρ(N)
ª 1

°~vkmJ[ u&\Ivkv�msoh xcCi�p�\I£¦i:wx\Ig�p©of�s\Iv�gkp�mJo��msv�[(nZ£qrZ¬>gk\7\ � gj¤J\7e�r}oB� 'xgj[�rsp�£ + ��/�rso~�»³{\IoZv�p©l7p + ��/Î¬>ikXZ\
l7msoCikp©ofnZmsnBg¨gk|H\Il�i�vkn~[ m}��ikXZ\[+\3rsgknZvk\

dψ(x)
pqg��sp©�s\7o��fe

dψ(x)

dx
= lim

ε→0

1

2iπ
(χ(x− iε) − χ(x + iε)).

'Îi�pqg�\3rsgkp�£©eOltXZ\3lt¤s\I�»ikX~r}i�ikX~\=r}�HmA�s\�£�p©[+p¦i	pqg�oZmJo¸ofnZ£©£{mJoZ£�eO�msv
x
p©o�ikXZ\Tp©oCik\Ivk�Ar}£

(−(
√
λ +√

µ)2,−(
√
λ−√

µ)2)
rso~�¹¬Zp©o�ikX~r}izl7rsgk\s¬

dψ(x) = −
√
ρ

πx

√

1 − (x+ λ+ µ)2

4λµ
dx.

'Îi,pqg��¨msvkikX oZm}i�p�oZ�¸ikXBrAi
dψ(x)

pqg��J\7v�e l�£©mJgk\=ikm¸ikXBrAi�ikXZ\�l�mJvkv�\Igk|Hmso~�hp©oZ�Ogk|H\Il�i�v�rs£�[+\3rsgknZvk\
rJgkgkmhl�pqrAi�\I����p¦i�X%]VXZ\7�fehgkXZ\7��|BmJ£�efoZmJ[+p©rs£©gIª '¢o,�ârsl�i3¬~i�XZ\(|Hms£©efoZms[+pqr}£qg�nZo~�Z\7v�l7mso~gkpq�h\7vtrAi�p�mJo�XZ\Ivk\
�Zp¦¥§\7v`�v�ms[ ]VXZ\I�CehgkXZ\7�,|Hms£©efoZms[+pqr}£qgzmJoZ£�e�i�XZvkmJnZ�sX�ikXZ\*p©oZp¦i�p©rs£>l�msoB�hp¦i�p�mJo~g )âgk\7\�]VXZp©X~r}vtr +Ì�0/&�msv
rso�\7ºhX~r}n~gjikp©�s\`i�vk\3rAik[+\IoJi�ms��l�£qrsg�gkp©lIr}£§msvkikXZmJ�smJo~r}£§|Hms£©eCo~ms[+p©rs£©g1�ª

'Îi{pqg�\IrJgjp©£©e�ltXZ\Ilt¤J\I�	ikX~r}i
∫ −(

√
λ−√

µ)2

−(
√

λ+
√

µ)2
dψ(x) =

2
√
λµρ

π

∫ 1

−1

√
1 − x2

λ− 2
√
λµx+ µ

dx

=
2ρ

π

∞
∑

n=0

ρn/2

∫ 1

−1

Un(x)
√

1 − x2 dx = ρ,

��X~\7v�\
Un(x)

¬
n = 0, 1, 2, . . .

r}v�\�ikX~\�]VXZ\I�fefgkXZ\I�T|BmJ£�efoZmJ[*pqr}£qg�m}�Fi�XZ\�gj\3l�msoB�T¤fp�o~�®¬®��XZpqltX%r}v�\
mJvji�XZmso~msv�[+rs£B��p�ikX,v�\Igk|B\3l�i�i�m.i�XZ\�¨\7p©�sXCi�[*\3rsgknZv�\

w(x)dx
��p�ikX

w(x) =
√

1 − x2 1(−1,1)(x).

'Îi��mJ£�£©mA�{gVikX~r}i�ikXZ\�i�m}itr}£¹[�rsg�g�m}�
dψ(x)

p©g
∫ 0

−∞
dψ(x) = 1.

W�X~\�msvkikX~ms�smJo~r}£©p�ixeOm}�i�XZ\%gk\ � nZ\Io~l�\3g (Qn(z))
�msv

z ∈ [−(
√
λ +

√
µ)2,−(

√
λ − √

µ)2]
r}oB�

Å � nBrAikp©msoB)�-0? 1�rsvk\�ikXZ\Ivk\7�msv�\�\Igji�r}�~£�pqgjX~\I�¹ª
'ÎiRpqg>�¨msvkikX+oZmsikp©oZ��ikX~r}iFikX~\{|BmJp�oCiRgk|B\3l�i�vknZ[ m}�HikX~\{ms|H\7vtrAi�msv

B
l�mJoCi�r}p©o~g>mJoZ£©e(mso~\�|BmJp�oCiRr}oB�

i�X~rAi�i�XZ\�l�mJoCikp©oCn~msn~g�gk|B\3l�ikv�nZ[�p©g¨i�XZ\p�oCi�\7v��8rs£
(−(

√
λ+

√
µ)2,−(

√
λ−√

µ)2)
ª
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��\�i�n~g¨oZmA��\�ºZrs[*p©oZ\zikXZ\�|Zv�ms|H\7vkikp©\IgVm}�®i�XZ\`ms|H\7vtrAikmJv
A
ªFW�XZp©g¨mJ|B\Iv�r}ikmsvVp©g�l7£�mCgj\I£�e+v�\7£qrAik\3�+ikm

i�XZ\�X~r}v�[+msoZpql¨mJg�l�p©£�£qrAi�msv�p�o � n~rsoJi�nZ[ [+\IltXBr}oZpql7g )âgk\7\{y{\7\I�*r}oB�*cfp©[+mso4+.-�G /Z�mJvF�h\�itr}p©£©g1�ª('¢o~�h\I\I�¹¬�mJv
f ∈ D(A)

r}o~�
h(x) = f(x) exp[α(x−m)2/(2σ2)]

�¨\�X~r8�s\

Af = α

(

σ2

2α

∂2h

∂x2
+

(

1

2
− α(x−m)2

2σ2

)

h

)

exp

(

−α(x−m)2

2σ2

)

.

´¶\�ikX~\7o,X~r8�s\�ikX~\��ms£©£�mA��p©oZ�*vk\3gjnZ£�iI¬~��XZ\7v�\��V\�n~gk\`ikXZ\�³z\7v�[*p�ik\��n~o~l�i�p�mJo~g
Hν(x)

¬Zi�XZ\�³{\Ivk[+p�ik\
|Hms£©efoZms[+pqr}£qg

Hn(x)
¬Rrsg��V\I£�£¨rsgi�XZ\	|Br}vtr}�Hms£©p©l�l7eC£©p©o~�h\7v��nZo~l�i�p�mJo~g

Dn(x)
¬Fr}£qgjmTv�\��\Ivkv�\I�%ikm¶rsg

´ X~p¦iki�r}¤J\7v��nZoBl�ikp©msoBg7¬~gk\7\ � �Zv�rs[+mA��p¦i�±�rso~�,cCik\I�snZoB+ -�/�msv ��\7�H\I�h\I� + - -�/Îª
	 � Ã��RÃ ���â��� Ã ����� � 	<� � �<��� ��� ���

A
��� ����� ��� � 
 �����2�!�:�2�

H
+������,�)�!� ������� � ��� � �	� ��� � 
����	��� ��� � ���� � �

�!������
H� �%�
	<� �!� � 
����4� � ��	!� ����� � −2αn
�����

n ≥ 0
+ � 	<����� � ��� ������� ��� �������������� ��
 # �2�
	 ��	!�

��� � ��� �������!� −αn ��� ��	!� ��	�����������

ϕn(x) = γn exp

(

−α(x−m)2

σ2

)

Hn

(√
α(x−m)

σ

)

,
) - � 1

# 	!��� � Hn(x)
��� �
	<�

n
��	 �E��� ���2� � �!������� � � �����D����


γ2
n =

√
α

2nn!σ
√
π
.

� 	!� ���  �!��� �� (ϕn)
����� �E������������	!������� � ���(
�������E���

H
+

� � � � ��+zW�X~\�³zp�£©�H\7vki�gj|Brsl�\
H
�h\�«BoZ\I���fe�Å � n~r}ikp©mso )�� 1�rso~� H2(R)

r}v�\�mJ�C�fp©msn~gk£©e�p©gkms[+msv�|ZXZpql}ª
��\�i

κ
�h\7oZmsik\(lIr}oZmJoZpql7r}£¹pqgkms[+msv�|ZXZpqgj[ �vkmJ[

H
p©oCikm

H2(R)
ªI=¨e�l7mso~gjikv�n~l�i�p�mJo®¬Zi�XZpqg{pqgjmJ[*mJvj 

|~XZp©gk[ |Zv�\Igk\7v��s\Ig¨i�XZ\.g�l7rs£©rsv{|Zv�mh�hn~l�i3ªzW�XZ\.p�[�r}�J\�m}�>i�XZ\(mJ|B\Iv�r}ikmJv
A
�fe�ikXZ\.p©gkms[+msv�|ZXZpqgk[

κ
pqg

i�XZ\�mJ|B\Iv�r}ikmsv
α(−A + 1

2 I)
��XZ\7v�\�ikXZ\(ms|H\7vtrAikmJv A p©g�i�XZ\�X~rsvk[+mJoZp©l�mCgkl7p�£©£qrAikmJv�ms|H\7vtrAi�msv{�h\7«~oZ\I��fe

Ah = − σ2

2α

∂2h

∂x2
+
α(x −m)2

2σ2
h.

W�X~\��Zms[�r}p©o,m}���Z\�«~oZp�ikp©mso,ms��ikX~\ms|H\7vtrAikmJv A pqg

D(A) =
{

h ∈ H2(R) : x2h ∈ L2(R)
}

.

'Îi�p©gV�¨\7£©£~¤foZmA��o�i�X~rAiVikXZ\`ms|H\7vtrAi�msv A pqgVgk\7£��¯ ¢rs�8wxmJp�oCiIª>W�XZ\z�nZo~l�ikp©mso~g hn(x) = Dn(
√

2α(x−
m)/σ)

¬
n ≥ 0

¬���XZ\7v�\,ikXZ\=�nZo~l�i�p�mJo~g
Dn
rsvk\T´ X~p¦iki�r}¤J\7v�|Br}vtr}�Hms£©p©l,l�ef£©p�oB�h\7v	�nZo~l�i�p�mJo~g + - -�/5¬

g�rAi�p©gj�e
Ahn =

(

n+
1

2

)

hn

chp�o~l7\{i�XZ\z�n~o~l�i�p�mJo~g
Dn
�mJv

n ≥ 0
�msv�[ rso�msvkikX~ms�smJo~r}£~�~rsgkp©gRm}�

H2(R)
¬fikXZ\`gj|H\Il�ikv�nZ[ m}� −A pqg|~nZvk\I£�e+�hpqgkl7vk\7ik\zrso~��l�mJ[+|BmCgj\3�+m}�§ikXZ\�ofnZ[(�H\7vtg

n+1/2
�mJv

n ≥ 0
ªF'ÎiV�ms£©£�mA�{g&i�X~rAiVikXZ\�ms|H\7vtrAi�msv
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-0? � ������� ������� �	�2�2�.�	���2� ����
�:� 
�����

A
p©g�gk\7£��¯ ¢rs�8wxmJp�oCi�p©o

H
ª 'Îitg�\7p©�s\Iof�8rs£�n~\Igr}v�\+ikX~\�ofnZ[(�H\7vtg −αn ¬ n ≥ 0

r}o~�¶i�XZ\�\7p©�s\Iof�s\Il�ikmJv�g
rJgkgkmhl�pqrAi�\I����p�ikX�i�XZ\\7p©�s\IoC�Ars£�nZ\ −αn pqg

ϕ̃n(x) = exp

(

−α(x−m)2

2σ2

)

Dn(
√

2α(x−m)/σ).

=¨e+n~gkp�o~�ikXZ\`v�\7£qrAikp©mso��H\�ix�¨\7\Io�´ XZp�ijitr}¤s\IvVrso~��³{\Ivk[+p�ik\z�nZo~l�i�p�mJo~gJ+.- -}¬f|®ªh� � � /Hrso~���fe.o~msv�[+rs£¦ 
p©±7p©oZ�B¬hÅ � n~rAi�p�mJoB) - � 1V�mJ£�£©mA�{gIª
W�XZ\�[�r}p©o¸³zp�£©�B\Ivji�gk|~rsl7\ H nBgj\3�»p©o»ikX~p©g*|~rs|B\Iv.pqg+�h\�«~o~\I�OrJg�i�XZ\�ik\7oBgjmJv.|Zv�mh�hn~l�i*ms�{ikXZ\gk|~rJl�\Ig

H
r}o~�

L2
ρ(N)
¬HikXBrAi�pqgI¬ H = H ⊗ L2

ρ(N)
ª:'¢o=�fp©\7� ms��i�XZ\+r}�HmA�s\v�\IgknZ£¦itg7¬§r}oT\I£�\I[+\7oCi�ms�

i�XZpqg{³{p©£��H\7vkizgk|~rsl7\`pqg��h\7«~oZ\I���fe	r+gk\ � nZ\7oBl�\ (cn,k)
r}o~�,lIr}o��B\��v�p¦ikik\Io�rJg

∞
∑

n=0

∞
∑

k=0

cn,kϕn ⊗ ek,

��X~\7v�\
ek
p©g¨i�XZ\�gk\ � nZ\7oBl�\���p¦i�XTr}£©£¹\7£©\7[+\7oCi�g�\ � n~r}£§i�m��.\7ºZl�\7|Zi¨i�XZ\ k i�X�mJoZ\�\ � n~r}£§i�m -�rso~� ϕnpqg��h\7«~oZ\I���fe�Å � n~r}ikp©mso )�- � 1�ªW�XZ\�³zp�£©�B\IvjiFgk|~rsl7\ H pqg�\ � nZp�|~|B\3�(��p�ikX*ikX~\�g�l7rs£©rsv�|~vkmh�hn~l�i <·, ·> �h\7«~oZ\I�.�fe��®�msv f = (fn,k)rso~�

g = (gn,k)
p©o H

<f, g> =

∞
∑

n=0

∞
∑

k=0

fn,kgn,kρ
−n;

i�XZ\oZmJvk[ pqg��h\7«~oZ\I�,rJg
‖f‖2 =

∞
∑

n=0

∞
∑

k=0

|fn,k|2ρ−n.

7zm}ik\.r}£qgjm+i�X~rAi3¬Brsg�r�l�mJo~gj\ � nZ\7o~l7\m}�&uFv�ms|HmJgkp¦i�p�mJo=�h¬BrsoT\7£©\7[+\7oCi f ∈ H l7rsoTr}£qgjm��H\�v�\7|Zv�\� gk\7oCi�\I��rsg

f =
∑

n≥0

∫ −(
√

λ−√
µ)2

−(
√

λ+
√

µ)2
cn(y)ϕn ⊗Q(y) dψ(y) +

∑

n≥0

cn(0)ϕn ⊗ e(ρ),

��X~\7v�\=ikX~\�[+\IrJgjnZv�\
dψ(y)

r}o~� ikXZ\�gj\ � nZ\7o~l7\ Q(y)
rsvk\¶�h\�«BoZ\I� �fe uFv�ms|HmJgkp�ikp©mso��¸r}o~��ikXZ\

�n~o~l�i�p�mJo
cn : R → C

p©g�gkn~ltX�ikX~r}i

∑

n≥0

∫ −(
√

λ−√
µ)2

−(
√

λ+
√

µ)2
|cn(y)|2 dψ(y) <∞.

'Î�H�V\�l�mJo~gjpq�h\Iv®ikX~\¨\ � n~rAi�p�mJo (A⊗I+I⊗B)f = 0
�msv>r{oZmJoh Î±7\7v�m{�n~o~l�i�p�mJo

f
m}� H v�\7|Zv�\Igk\7oCik\3��fe

f =
∑

n≥0

cnϕn ⊗ g,
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�mJv{gjmJ[+\
g = (gn) ∈ L2

ρ(N)
rso~�

(cn)
r*gk\ � nZ\Io~l�\�ms� C ¬fikX~\7o,�V\XBr8�s\��msv{r}£©£ n ≥ 0

¬

cn(−αng +Bg) = 0.

chp�o~l7\{i�XZ\�gkp�o~�s£©\{\7p©�s\IoC�Ars£�nZ\�ms�
B
pqgR�~¬J�¨\{X~r8�J\

cn = 0
�mJv

n > 1
ªD7{mA�¬Jp¦�®�¨\z��r}oCiFi�X~rAi

c0 6= 0
¬

i�XZ\7o
g = κe(ρ)

�msv�gjmJ[*\
κ > 0

ªJ'Î�F�¨\(p©[*|HmJgk\.ikX~r}izikX~\*gknZ[ m}�>i�XZ\
gn
pqg

1
¬Bi�XZ\7o

κ = 1 − ρ
ª

W�X~p©gFgkXZmA�{g�i�X~rAi3¬}�msv
φ ≡ 1

¬}i�XZ\{nZoZp � nZ\�oZmJoh 5ofnZ£©£~gkms£©nhikp©mso.ikm�i�XZ\{\ � nBrAikp©mso (A⊗ I+ I⊗B)f = 0pqg�|Zv�ms|Hmsvkikp©mso~rs£Hikm
ϕ0 ⊗ e(ρ)

ª
W�m�l�mJo~l�£©n~�h\`ikX~p©g{gk\Il�ikp©mso®¬h£©\�i{nBg�\�ºZr}[+p©oZ\`ikXZ\|Zv�ms|H\7vkikp©\Ig�ms��i�XZ\ms|H\7vtrAi�msv

V
ª

	 � Ã��RÃ ���â��� Ã ��� � � � ��	!�D��	� ��������� |φ− 1| ���J�$� �!��� 
���	� 
 ��
 
�� � ����<��� ��� � K �F��	!��� �
	<��� �<��� ��� ���
V
����
���	� 
 ��
%��� 
 �2� �J� ��� � ||V || ≤ Kµ

+
� � � � ��+z°~msv

g ∈ L2
ρ(N)
¬
<Dg, g>ρ ≤ µ||g||2 ªF³{\Io~l�\J¬h�msv{rsoCe�\I£�\I[+\7oCi f = (fn(x)) ∈ H ¬

(V f, f) ≤
∫ ∞

−∞
|φ(x) − 1|µ

∑

n≥0

||fn(x)||2 exp

(

α(x −m)2

σ2

)

dx ≤ Kµ||f ||2,

rso~�	ikXZ\v�\IgknZ£�i¨�mJ£�£©mA�{gIª
W�XZ\{rs�BmA�J\Vv�\IgknZ£�iFp�oB�hp©lIrAi�\Ig�ikXBrAiF��XZ\Io.i�XZ\��nZo~l�ikp©mso

φ(x)−1
pqg&�BmJnZo~�h\3�¹¬JikXZ\Io.i�XZ\�ms|H\7vtrAi�msv

V
r}|Z|H\Irsv�gVrsgFr(oZp©l7\zgk\7£��¯ ÎrJ�8wxmsp©oCiR|B\Ivji�nZv��~rAi�p�mJo�m}�¹ikX~\zms|H\7vtrAi�msv

A⊗ I+ I⊗B ªA'¢o�ikX~\{�ms£©£©mA��p�oZ�B¬�¨\`X~r8�s\zikm+�h\Irs£B��p�ikX,r([+mJvk\`l�ms[+|Z£©\�º�|H\7vkikn~vk�~r}ikp©mso��n~o~l�i�p�mJo�ms�®ikXZ\`�mJvk[
φ(x) = 1− εx

ªFW�XZ\
[.nZ£�ikp©|Z£�pql7r}ikp©mso��fe

x
pqg�l�£©\Ir}v�£©e�oZm}i��HmsnZoB�h\I��p©o

H
r}oB�	i�XZ\�r}�HmA�s\`v�\IgknZ£¦i{lIr}o�oZm}i{�H\�r}|Z|~£�p©\I�¹ª

'¢oTi�XZ\*vk\I[+rsp�oB�h\7v�m}�>ikX~p©g�|~r}|H\7v3¬§r}o=\I£�\I[*\IoCi
f = (fn,k)

pqgzpq�h\7oCi�p¦«~\3�T��p�ikX=i�XZ\��n~o~l�i�p�mJo�p©o
H �h\7«~oZ\I���fe

fu(x) =

∞
∑

n=0

∞
∑

k=0

cn,ku
kϕn(x).

� ���������	��
,�����������������������7�
'¢o=ikXZpqg�gk\Il�ikp©mso®¬H�¨\(rsg�gjn~[*\�ikX~r}izikX~\(|H\7vkiknZv��~rAi�p�mJoT�nZo~l�ikp©mso

φ
pqgzms�>ikXZ\(�msv�[

1 − εx
�msv�gjmJ[*\

ε � 1
ª	W�XZ\�mJ|B\Iv�r}ikmsv

V
i�XCnBg(r}|~|B\3r}vtg`rJg�rTgk[+rs£�£>|H\7vkikn~vk�~r}ikp©mso�m}�¨ikX~\�gj\I£¦�¯ ¢rs�8wxmJp�oCi�mJ|B\Iv�r}ikmsv

A⊗I+I⊗B ª¹´%\¨i�XZ\7o*|B\Ivj�mJvk[ r�l7£©rJgkgkp©lIr}£C|B\Ivji�nZv��~rAi�p�mJo.r}oBr}£©efgkpqg��fe(gjikn~�ZeCp©oZ��ikXZ\�[+mh�hp�«Bl7r}ikp©msoms��i�XZ\��nZo~l�ikp©mso
gu(x)

�Jp��J\7o��Ce	Å � n~rAi�p�mJoB):� 1��hn~\�ikm+ikX~\`|H\7vkikn~vk�~r}ikp©mso®ª'¢o i�XZ\=�mJ£�£©mA��p©oZ�~¬��¨\�gk\Ir}vtltXµ�msv�r»gkms£©nhikp©msoµi�m»ikX~\%°ZmJ¤f¤s\7vk ÎuF£©rso~lt¤»Å � n~r}ikp©mso ) G�1�¬{��XZpqltX�H\7£©mso~�Jgzikm�ikXZ\*vk\7�\7v�\7o~l7\.³zp�£©�B\Ivjigk|~rsl7\ H ª�´¶\�gj|H\Il7p¦«BlIr}£©£�eTrJgkgknZ[+\�i�X~rAi`ikXZ\�gkms£©nhikp©mso%l7r}o%�B\\7ºh|~r}o~�Z\I��rsg
gu,ε(x) = g(0)

u (x) + εg(1)
u (x) + ε2g(2)

u (x) + · · · , ):�s� 1
��X~\7v�\�i�XZ\�nZoBl�ikp©msoBg

g
(n)
u (x)

�msv
n ≥ 0

�H\7£©msoZ�Cg�ikm+i�XZ\�³{p©£©�B\Ivji�gk|~rJl�\ H ªRW�XZ\��nZo~l�i�p�mJo g(0)
u (x)l7msv�vk\3gj|HmsoB�ZgFi�m+ikXZ\�lIrsgk\

ε = 0
r}oB�	pqg��sp©�s\Io��fe�Å � nBrAikp©msoB):� 1�ªW�XZ\�nZ£¦i�p�[�r}ik\��JmJrs£�m}��ikXZpqg�gj\3l�ikp©msoµpqg�i�m»|Zv�mA�s\�ikX~r}i	i�XZ\=\7£©\7[+\IoJitg

g(n) X~rsg�ikmOg�rAi�p©gj�e¸rv�\Il7nZv�vk\Io~l�\*vk\I£©r}ikp©mso¶m}�VikXZ\+�mJvk[
g(n) = Θ(xg(n−1))

�msv
n ≥ 1

r}o~���msv(gkms[+\+£©p�oZ\3r}vmJ|B\Iv�r}ikmsv
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Θ
��XZmCgj\�oZmJvk[�p©g�«BoZp¦i�\sª¨W�XZp©gzgjXZmA�{g�ikX~r}i�ikXZ\�\7ºh|~r}o~gkp©msoB):�}� 1�rsl�ikn~rs£�£©e	�h\7«~oZ\Ig��msvzgkn	&�l�p©\7oCik£©e
gk[�r}£©£

ε
r}o¶\7£©\7[+\IoJi���X~p©ltX¶p©g�p©o H r}o~��ikX~r}i��fe�l�mJo~gxi�vknBl�ikp©mso�¬¹ikXZpqg�pqg�ikXZ\�n~oZp � nZ\�gkms£©nhikp©mso%ikmi�XZ\|H\7vkiknZv��B\3�,°Zms¤f¤J\7vk 5uF£qr}oBlt¤*\ � n~rAi�p�mJo®ª'¢o i�XZ\=�mJ£�£©mA��p©oZ�~¬��¨\%rJgkgknZ[+\TikXBrAi	i�XZ\�\7ºh|~r}o~gkp©mso ):�s� 1�pqg��Ars£�pq��r}oB� �V\�p�of�s\3gxi�p��CrAi�\TikXZ\

l7mso~�Zp¦i�p�mJo~g(��X~p©ltX»XBr8�s\�i�m��H\�g�rAi�p©gj«~\3���fe�ikXZ\�\7£©\7[+\7oCi�g
g(n) ª�'¢o¸r=«~v�gji�gxi�\7|®¬>�¨\�|~vkmA�J\�ikXZ\�mJ£�£©mA��p©oZ�.|~vkmJ|B\Ivjixe	g�rAi�p©gj«~\3�	�fe�i�XZ\��nZo~l�ikp©mso~g

(g
(n)
u (x))

ª
�V¿ � �»� ��� � ���

n ≥ 0
�A�
	<� ��	� ���������

g
(n)
u (x)

�2���"��!���!������ ):�s� 1 �����
�������� ������ 
4����� ���2������
�� � 
��2����� �����B� �

ϕ0
� +$+,+ �

ϕn
+ �����!�����������	� ����� �����

N > n
�

lim
x→±∞

1

xN
g(n)

u (x) exp

(

α(x −m)2

σ2

)

= 0.
):�<-01

� � � � ��+zW�X~\�|Zv�mfm}�zpqg*�fe�p�o~�Zn~l�i�p�mJo®ª¸W�XZ\,v�\IgknZ£�i*pqg.ikv�nZ\	�mJv
n = 0

gkp�o~l7\
g
(0)
u (x)

p©g+�sp©�s\Io»�fe
Å � nBrAikp©msoB)â� 1�ª'Î��ikX~\�vk\3gjnZ£�ip©gikv�nZ\+�msv

n
¬�ikXZ\Io��msv�«Zºh\I�

u
¬
gu(x)

�B\I£�mJoZ�Jg`i�m�i�XZ\��J\Il�i�msvgk|~rsl7\+gk|~rsoZoZ\I�
�fe�i�XZ\,�nZo~l�ikp©mso~g

ϕi
�msv

i = 0, . . . , n
¬¨�Z\7oZmsik\I�¸�fe

span(ϕ0, . . . , ϕn)
ª °Zv�ms[·°~ms¤f¤s\Ivj ÎuF£qr}o~lt¤

Å � nBrAikp©msoB)�G 1�¬Z�¨\�X~r8�s\
(A⊗ I + I ⊗B)g(n+1) = Ψ ⊗Dg(n),��X~\7v�\�ikXZ\`ms|H\7vtrAi�msv

Ψ
pqgRikXZ\`[(nZ£�ikp©|Z£©p©lIrAi�p�mJo��fe

x
p�o�ikXZ\�³{p©£��H\7vki�gj|~rJl�\

H
ªF=¨e+n~gkp�o~��ikX~\zv�\Il�n~vj 

v�\7oBl�\(v�\7£qrAi�p�mJo%g�rAi�p©gj«~\I���fe=³{\7v�[+p¦i�\.|Hms£©efoZms[+pqr}£qg7¬§p�ip©g`\IrJgjp©£©e=ltXZ\Ilt¤J\I�,i�X~rAi`ikXZ\+p©[�r}�s\*�fe,ikXZ\
mJ|B\Iv�r}ikmJv

Ψ
ms��ikXZ\=�J\Il�ikmsv�gj|~rJl�\

span(ϕ0, . . . , ϕn)
pqg�i�XZ\=�J\Il�i�msv	gk|~rJl�\

span(ϕ0, . . . , ϕn+1)
ª

W�X~\7v�\��msv�\s¬.gjp©o~l�\O�Ce rJgkgknZ[+|hikp©mso
g(n) �H\7£©mso~�JgTi�m span(ϕ0, . . . , ϕn) ⊗ L2

ρ(N)
¬*�V\¸p�[+[+\I�hp� 

r}ik\I£�eO�Z\I�hn~l7\,�vkmJ[ ikX~\=nZoZp � nZ\7oZ\3gkg+ms��i�XZ\=�h\3l�ms[+|HmJgkp¦i�p�mJo¸mJoOi�XZ\=�~rJgjpqg (ϕn)
i�X~rAi

g(n+1) p©gp©o
span(ϕ0, . . . , ϕn+1) ⊗ L2

ρ(N)
rso~�	ikXZ\v�\IgknZ£�i��ms£©£�mA�{gIª

����� � $�#% ' � #%��� # '"��#��

'¢o%r+«~vtgxi�gjik\I|®¬§�V\(|~r8e�gk|H\Il�pqr}£�rAikik\7oCi�p�mJoTikm�i�XZ\.�Z\7v�p��ArAi�p�mJoTm}�>i�XZ\�«~vtgjizmsvt�h\7vzik\Ivk[ �B\3l7rsn~gj\.p¦i
�Jp��J\Ig�i�XZ\*�~rsgkp©l(r}v��snZ[+\7oCitg�ikm��h\7v�p��J\�XZp©�sXZ\Iv�mJv��Z\7v�i�\7v�[+gIª�_=msv�\7mA�s\IvI¬ZikXZ\.\�ºh|Z£©p©l7p¦i��msv�[ ms�>ikXZ\
«Bv�gji�msvt�h\Iv¹ik\Ivk[ ��p©£�£C�B\Vn~gk\I�`ikm�\�ºZr}[+p©oZ\>i�XZ\R�Ar}£©pq�hp¦ixe`m}�hi�XZ\Fv�\I�hnBl�\I�(gj\Ivk�fpql�\>vtrAik\Vr}|Z|Zv�m8ºhp�[�r}ikp©mso
):gj\I\W�XZ\7mJvk\I[ - 1�ª
^�oTi�XZ\(�Brsgkp©g�ms�>ikXZ\*�hms[+p©o~rAi�p�mJoT|Zv�ms|H\7vkixe	�sp©�s\IoT�fe ��\7[+[�r��~¬H�V\(\�ºh|Z£©p©l7p¦i�£�eTl�mJ[+|Znhik\(ikXZ\

�n~o~l�i�p�mJo
g
(1)
u (x)

ª�°ZvkmJ[ Å � n~rAi�p�mJo ) G�1�¬¹p�i�p©g`\IrJgjp©£©e�ltXZ\3lt¤s\3�,ikX~r}i�i�XZ\.�nZo~l�i�p�mJo g(1)
u (x)

g�rAikpqgj«~\Ig
i�XZ\\ � n~r}ikp©mso

σ2

2

∂2g
(1)
u

∂x2
+ α(x −m)

∂g
(1)
u

∂x
+ α(ν(u) + 1)g(1)

u (x)
)5�s� 1

= µ

(

1

u
− 1

)

(

g
(1)
0 (x) − x(g

(0)
0 (x) − g(0)

u (x))
)

= µ

(

1

u
− 1

)(

g
(1)
0 (x) +

x

σ

√

α

π

ρu(1− ρ)

(1 − ρu)
exp

(

−α(x−m)2

σ2

))
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��X~\7v�\�i�XZ\�l�mJo~gji�r}oCi
ν(u)
pqg��sp©�s\7o��fe

ν(u) =
µ(1 − u)(1 − ρu)

αu
.

'¢oTr.«~vtgxizgjik\I|®¬h�V\gk\Irsv�ltX	�msvzr*|~rsvji�p©l7nZ£©rsv�gjmJ£�nhi�p�mJo	i�m*ikXZ\mJv��hp©o~rsvke��hp�¥§\7v�\7oCikpqr}£¹\ � nBrAikp©mso

σ2

2

∂2ξu
∂x2

+ α(x −m)
∂ξu
∂x

+ α(ν(u) + 1)ξu(x)

=
x

σ

√

α

π

ρµ(1 − u)(1 − ρ)

(1 − ρu)
exp

(

−α(x−m)2

σ2

)

)5�}� 1

ms��i�XZ\��msv�[
ξu(x) = (a(u) + b(u)x) exp

(

−α(x−m)2

σ2

)

.

cfikvtr}p©�sXCij�mJvk��r}vt��[�r}oZp©|ZnZ£qrAi�p�mJo~g�gkXZmA� ikXBrAi

b(u) =
1

σ

√

1

απ

ρµ(1 − u)(1 − ρ)

(ν(u) − 1)(1 − ρu)
exp

(

−α(x −m)2

σ2

) r}o~�
a(u) = − m

ν(u)
b(u).

7zm}ikp©oZ�¶ikXBrAi
ξ0(x) ≡ 0

¬Vp¦i��mJ£�£©mA�{g(ikX~r}i�p¦�`�V\,��v�p¦i�\
g
(1)
u (x) = ξu(x) + ψu(x)

¬VikXZ\Io�ikXZ\
�n~o~l�i�p�mJo

ψu(x)
p©g�gkms£©nhikp©mso�i�m.i�XZ\\ � n~r}ikp©mso

σ2

2

∂2ψu

∂x2
+ α(x−m)

∂ψu

∂x
+ α(ν(u) + 1)ψu(x) = µ

(

1

u
− 1

)

ψ0(x).
):�}� 1

=¨e�n~gjp©oZ��i�XZ\(�hmJ[+p�o~r}ikp©msoT|Zv�ms|H\7vkixe�ms� ��\7[+[�r��Z¬H�V\�lIr}o=�h\7ik\Ivk[+p©oZ\ikX~\�msv�[ ms��i�XZ\�nZoBl�ikp©mso
ψ0(x)

ª
�V¿ � �»� � � � 	<� ��	�����������

ψ0(x)
������������� 
��

ψu(x) =

(

c0 + c1

√
α(x−m)

σ

)

exp

(

−α(x −m)2

σ2

)

�����,��� � � ����!��� ���!� �
c0

����

c1
+

� � � � ��+:=¨e�p©oCikv�mh�hn~l�p©oZ�*ikX~\��nZo~l�i�p�mJo
ku(x)

�h\�«~o~\I���fe

ku(x) = exp

(

α(x −m)2

2σ2

)

ψu(x)
):�J� 1

rso~�	ikXZ\Io�i�XZ\�ltX~rsoZ�s\�m}���Ar}v�p©rs�Z£�\
z =

√
α(x −m)

σ
,

)5��? 1
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Å � nBrAikp©msoB):�}� 1¨�H\Il7ms[+\Ig

∂2ku

∂z2
+ (2ν(u) + 1 − z2)ku(z) =

2µ

α

(

1

u
− 1

)

k0(z).
):� G�1

W�X~\`X~ms[+ms�J\7oZ\Imsn~g¨\ � n~r}ikp©mso�vk\3rs�Zg

∂2ku

∂z2
+ (2ν(u) + 1 − z2)ku = 0,

��X~p©ltX�gkms£©nhikp©mso~g(r}v�\*|Br}vtr}�Hms£©p©l+l�ef£©p�oB�h\7v�n~o~l�i�p�mJo~g ):gj\I\ �®\7�H\I�Z\7� + - -�/F�msv.�h\�itr}p©£©g1�ª�W��¨mTp�oB�h\� 
|H\7oB�h\7oCigjmJ£�nhi�p�mJo~g

v1(u; z)
r}oB�

v2(u; z)
m}�>ikX~p©g`XZmJ[*mJ�s\IoZ\7mJn~g�\ � n~r}ikp©mso�rsvk\(�sp©�s\7o�p�oTi�\7v�[�gzms�³z\7v�[+p¦i�\��n~o~l�i�p�mJo~g{rsg

v1(u; z) = e−z2/2Hν(u)(z)
r}o~�

v2(u; z) = ez2/2H−ν(u)−1(iz).
):� � 1

W�X~\`´¶v�mso~gk¤fp©rso W ms��i�XZ\Igk\`ix�Vm*�nZoBl�ikp©msoBg�p©g��Jp��J\7o��fe

W(z) = e−(ν+1)πi/2.

=¨e,n~gkp�oZ�	ikXZ\.[+\�ikX~mf��m}�F�Ar}v�pqrAikp©mso,ms�F|~r}vtr}[+\�i�\7vtg7¬~ikXZ\+gkms£©nhikp©mso,i�m	Å � n~r}ikp©mso )5� G�1zp©g��sp©�s\Io�fe

ku(z) = γ1(u)v1(u; z) + γ2(u)v2(u; z)

− 2µ

α

(

1

u
− 1

)

e(ν+1)πi/2

∫ z

0

[v1(u; y)v2(u; z)− v1(u; z)v2(u; y)] k0(y) dy,

��X~\7v�\
γ1(u)

rso~�
γ2(u)

rsvk\l7mso~gji�rsoJitg7¬f��XZpqltXT�h\7|H\7oB��n~|BmJo
u
ª

W�XZ\.�nZo~l�ikp©mso
ψu(x)

\7o}w¢mAehgzikXZ\�g�r}[+\.�Zms[+p�oBrAikp©mso%|Zv�ms|H\7vkixe,rJg{�n~o~l�i�p�mJo
g
(1)
u (x)

¬®�sp©�s\Io=�fe
��\7[+[�r*�~ª>³{\Io~l�\J¬h�msv

N > 1

lim
z→±∞

1

zN
ez2/2ku(z) = 0.

):� � 1
°~vkmJ[ �®\I�B\3�h\7�C+.- -�/5¬~�V\�X~r8�J\�i�XZ\��ms£©£©mA��p�oZ�+rsgkef[+|hikmsikpql�\3gxi�p�[�r}ik\Ig

Hν(z) ∼ (2z)ν ):�s� 1
��X~\7o |z| → ∞ rso~� | arg z| ≤ 3π/4 − δ

�mJv{gjmJ[*\
δ > 0
ªF_TmJvk\ImA�s\IvI¬C��XZ\7o

z → −∞

Hν(z) ∼















√
π

Γ(−ν) |z|
−ν−1ez2

, ν /∈ N

(2z)ν , ν ∈ N.
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°~vkmJ[ i�XZ\.rs�BmA�J\(rsgkef[+|hikmsikpql\Igjikp©[�rAik\3gzrso~� �®\I[+[+rC):� � 1�¬H�V\*�h\I�Zn~l�\i�X~rAi��msv
u ∈ (0, 1)

gkn~ltX
i�X~rAi

ν(u) ∈ N
��p�ikX

ν > 1
¬h�V\XBr8�s\

γ1(u) = −2µ

α

(

1

u
− 1

)

e(ν+1)πi/2

∫ ∞

0

v2(u; y)k0(y) dy

= −2µ

α

(

1

u
− 1

)

e(ν+1)πi/2

∫ −∞

0

v2(u; y)k0(y) dy

rso~�

γ2(u) =
2µ

α

(

1

u
− 1

)

e(ν+1)πi/2

∫ ∞

0

v1(u; y)k0(y) dy

=
2µ

α

(

1

u
− 1

)

e(ν+1)πi/2

∫ −∞

0

v1(u; y)k0(y) dy.

W�XZ\£qrAikik\Iv�\ � n~rAi�p�mJo�p©[+|Z£©p�\3g�ikX~r}i��msv{rs£�£ n > 1

∫ ∞

−∞
e−y2/2k0(y)Hn(y) dy = 0,

)â�<-�1

��X~\7v�\
Hn(x)

pqg{i�XZ\
n
i�X�³{\Ivk[+p�ik\.|BmJ£�efoZmJ[*pqr}£5ªzuRvkmJ|B\IvjixeH)5� � 1zp©[*|~£�p©\IgzikX~r}izi�XZ\(�n~o~l�i�p�mJo

y →
exp(y2/2)k0(y)

p©gzp�o
L2(R, exp(−y2) dy)

¬~��XZpqltX,p©g{ikXZ\(³zp�£©�H\7vki�gj|Brsl�\�ms��i�XZ\�nZoBl�ikp©msoBg{g � n~rsvk\p©oCik\I�svtr}�Z£©\���p�ikX,v�\Igk|B\3l�i�ikm+i�XZ\[+\IrJgjnZv�\
exp(−y2) dy

¬Zp5ª \Jª�¬

L2(R, exp(−y2) dy) =

{

f :

∫ ∞

−∞
|f(y)|2e−y2

dy <∞
}

,

\ � nZp�|~|B\3����p�ikX�i�XZ\�gklIr}£qr}v�|Zv�mh�hn~l�i

<f, g>2 =

∫ ∞

−∞
f(y)g(y)e−y2

dy.

chp�o~l7\�³z\7v�[+p¦i�\�|Hms£©efoZms[+pqr}£qg��mJvk[ r}o¸msvkikXZmJ�smJo~r}£F�Brsgkp©g.p�oOikXZpqg�³{p©£©�B\Ivji�gj|Brsl�\J¬>\ � n~r}ikp©mso>):�<-01
\IoCi�r}p©£qg{i�X~rAi�ikXZ\.�nZo~l�ikp©mso

y → exp(y2/2)k0(y)
p©g`msvkikX~ms�smJo~r}£®ikm�rs£�£>³z\7v�[*p�ik\.|BmJ£�efoZmJ[+p©rs£©g

Hn��p�ikX
n > 1

r}o~�	ikX~\7o�ikX~r}i�ikXZpqg��nZo~l�ikp©mso��B\I£�mJoZ�Jg¨i�m*ikXZ\�J\Il�i�msv�gk|~rsl7\`gk|~r}o~oZ\I���fe
H0
r}o~�

H1
ª

³z\7o~l7\s¬h�n~o~l�i�p�mJo
k0(z)

gkXZmsn~£©���B\ms��i�XZ\��msv�[

k0(z) = (c0 + c1z)e
−z2/2

�mJv{gjmJ[+\�l7mso~gji�rsoCi�g
c0
r}oB�

c1
rso~��ikXZ\v�\IgknZ£�i��ms£©£�mA�{gIª

=¨e	nBgjp©oZ�*ikXZ\�rs�BmA�J\�£©\7[+[�rZ¬h�¨\�r}v�\`oZmA� rs�Z£�\`i�m�\Igji�r}�~£�pqgjX�ikX~\\�ºh|Zv�\Ig�gjp©mso�m}�
g
(1)
u (x)

ª
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	 � Ã��RÃ ���â��� Ã ��� � � 	<�@��	� ��� �����
g
(1)
u (x)

����� ������� 
��

g(1)
u (x) =

(

(u1 − 1)(ũ1 − ρu)(u− 1)

u1ũ1(u− ũ1)(1 − ρu1)(1 − ρu)2

+
(1 − ρ)(1 − u)

(u− ũ1)(1 − ρu1)(1 − ρu)
x

)

1

σ

√

α

π
eα(x−m)2/σ2

,
):�J� 1

# 	!��� � u1
��� 


ũ1
��� ���
	<�E� # � � ���� �������	�������<� � � �
	<�  �!� 
�� ��� ��� �  �!��� �����

ρu2 −
(

1 + ρ+
α

µ

)

u+ 1 = 0

# �2�
	 0 < u1 < 1 < ũ1

� � � � ��+:=¨e�itr}¤fp©oZ�+p�oCikm�rJl7l�mJnZoCi �®\7[+[�r��h¬fi�XZ\��nZo~l�ikp©mso
Ku(z)

�Z\�«~oZ\3���Ce

Ku(x) = g(1)
u (x) exp

(

α(x −m)2

2σ2

)

rso~�	ikXZ\�ltX~rsoZ�s\`m}�&�Ar}v�p©rs�Z£©\ )5��? 1�¬~g�rAikpqgj«~\Ig¨i�XZ\�\ � n~rAi�p�mJo

∂2Ku

∂z2
+ (2ν(u) + 1 − z2)Ku(z)

=
2µ

α

(

1

u
− 1

)(

c0 + c1z +
1

σ

√

α

π

ρu(1 − ρ)

1 − ρu

(

σz√
α

+m

))

e−z2/2.
):�s� 1

´¶\�gk\Ir}vtltX��mJv{r*|~r}vkikpql�nZ£qr}v�gkms£©nhikp©mso�m}��ikX~\��msv�[

Ku(z) = (a(u) + b(u)z) e−z2/2.

cfikvtr}p©�sXCij�mJvk��r}vt��l�mJ[+|Znhi�r}ikp©mso~g�efp©\7£q�

a(u) =
1

(1 − ρu)

(

c0 +
1

σ

√

α

π

ρu(1− ρ)

1 − ρu
m

)

,

b(u) =
(1 − u)

ρ(u− u1)(u− ũ1)

(

c1 +
ρu(1− ρ)√
π(1 − ρu)

)

.

'Îi��mJ£�£©mA�{gVikX~r}i�ikXZ\�J\7oZ\Iv�rs£¹gjmJ£�nhi�p�mJo	i�m+ikXZ\�rs�BmA�J\�\ � n~rAi�p�mJo�lIr}o��B\��v�p¦ikik\Io,rJg

Ku(z) = (a(u) + b(u)z) e−z2/2 + γ1(u)v1(u; z) + γ2(u)v2(u; z),
)â�s� 1

��X~\7v�\+ikXZ\��n~o~l�i�p�mJo~g
v1
r}o~�

v2
rsvk\��Z\�«~oZ\3���fe�Å � n~r}ikp©mso )5� � 1(r}o~�¶i�XZ\	l�mJo~gji�r}oCitg γ1(u)

r}o~�
γ2(u)

�h\I|B\Io~��nZ|Hmso
u
ª

=¨e �hp�¥H\Ivk\IoJi�p©r}ikp©oZ�»mJo~l�\=Å � nBrAikp©mso )â�}� 1���p�ikX�v�\Igk|B\3l�i�i�m z r}o~� nBgjp©oZ��i�XZ\=�ârJl�i	i�X~rAi�ikXZ\´¶v�mso~gk¤fp©rso*ms�§ikXZ\��n~o~l�i�p�mJo~g
v1(u; z)

r}o~�
v2(u; z)

p©g
exp[(ν(u)+1)πi/2]

¬C�¨\{l7r}o�\3rsgkp�£©e(\7ºh|Zvk\3gkg
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���������	��
���������������������������������
M/M/1  �!���!� �}�

γ1(u)
r}o~�

γ2(u)
�fe¸[+\Irso~g�ms�

Ku(z)
¬
a(u)
¬zrso~�

b(u)
ª W�XZpqg	gkXZmA�{g�i�X~rAi

γ1(u)
rso~�

γ2(u)rsvk\�rso~r}£©eCikpql+p�o¶ikX~\�ms|H\7o�nZo~p¦i.�Zp©gk¤%�h\I|Zv�p��J\I�%m}��ikXZ\�|Hmsp©oCi�g.�Tr}o~�
u1
ª�°~vkmJ[bi�XZ\	rsgkef[+|hikmsikpql

|~vkmJ|B\Ivji�p�\3gVg�rAi�p©gj«~\I���fe+ikXZ\`�nZoBl�ikp©msoBg
v1
r}o~�

v2
¬h�¨\�¤foZmA��ikX~r}i

γ1(u) = 0
rso~�

γ2(u) = 0
�msv

ugkn~ltX�ikX~r}i
ν(u) > 1

ª('Îi��mJ£�£©mA�{g¨ikXBrAi
γ1(u) ≡ γ2(u) ≡ 0

�mJv |u| < 1
ª

=¨eµn~gkp�oZ�¸ikX~\=�ârsl�i�i�X~rAi
g
(1)
u (x)

X~rsg	ikm¸�B\�r}o~rs£�eCi�p©l�p�o �8rsvkpqr}�~£�\
u
pqg	i�XZ\¶nZoZp�i,�hpqgk¤H¬z�V\

o~\Il�\3gkg�r}v�p©£�e�X~r8�J\
c1 = − ρu1(1 − ρ)√

π(1 − ρu1)rso~�	ikXZ\Io®¬
b(u) =

(1 − ρ)(1 − u)√
π(u− ũ1)(1 − ρu1)(1 − ρu)

.

_TmJvk\ImA�s\IvI¬fgjp©o~l7\
g
(1)
1 (x) ≡ 0

¬h�V\�X~r8�J\

c0 = − 1

σ

√

α

π
ρm

rso~�	ikXZ\Io®¬
a(u) =

1

σ

√

α

π

ρ(u− 1)

(1 − ρu)2
m.

=¨e�nBgjp©oZ�*ikXZ\\7ºh|Zvk\3gkgkp©mso~g¨m}�
a(u)
rso~�

b(u)
¬fi�XZ\vk\3gjn~£¦i��ms£©£©mA�{g7ª

��� � � $�� 
�� # � #%����# ' � # �  

´¶\�rsg�gknZ[+\�i�X~rAi
g
(n)
u (x)

l7rso��H\\�ºh|Zv�\Ig�gk\I�	rJg

g(n)
u (x) =

n
∑

k=0

cn,k(u)ϕk(x),
)â�C� 1

��X~\7v�\�i�XZ\��nZo~l�ikp©mso
ϕn
pqg��h\�«BoZ\I���fe»Å � n~r}ikp©mso )�- � 1+r}o~�OikX~\,l7mf\�&�l�p©\7oCi�g cn,k

rsvk\Trso~r}£©eCikpql
�n~o~l�i�p�mJo~gzp©oT�Ar}v�p©rs�Z£©\

u
ª{°~vkmJ[�|~vk\I�Cp©msnBgzgk\Il�i�p�mJo~gI¬ZikX~p©g�vk\I|Zv�\Igk\7oCi�r}ikp©mso,p©gz�Ar}£©p©�,�mJv

n = 0, 1
ªI'Î�

p�i{pqg��8rs£�pq���msv
n− 1
¬fikXZ\Io�i�XZ\��nZo~l�ikp©mso

g
(n)
u (x)

¬
n ≥ 1

¬~g�rAikpqgj«~\IgVikX~\\ � n~rAi�p�mJo

σ2

2

∂2g
(n)
u

∂x2
+ α(x −m)

∂g
(n)
u

∂x
+ α(ν(u) + 1)g(n)

u (x)

= µ

(

1

u
− 1

)

(

g
(n)
0 (x) − x(g

(n−1)
0 (x) − g(n−1)

u (x))
)

.
):� ? 1

°�p©v�gji{oZm}i�\`ikX~r}i{�Ce	n~gjp©oZ�*ikX~\vk\3l�nZv�vk\Io~l�\`v�\7£qrAikp©mso

Hn+1(x) − 2xHn(x) + 2nHn−1(x) = 0
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g�rAi�p©gj«~\3�	�fe	³z\7v�[*p�ik\|Hms£©efoZms[+pqr}£qg7¬fp�i{p©g{\Irsgkp©£�e	ltX~\Ilt¤s\3��i�X~rAi

x(g(n−1)
u (x) − g

(n−1)
0 (x)) =

n
∑

k=0

dn,k(u)ϕk(x),

��X~\7v�\
dn,n(u) =

σ

2
√
α

(cn−1,n−1(u) − cn−1,n−1(0)),

rso~�	�msv
0 ≤ k ≤ n− 1

¬

dn,k(u) =
σ

2
√
α

(cn−1,k−1(u) − cn−1,k−1(0)) +m(cn−1,k(u) − cn−1,k(0))

+
(k + 1)σ√

α
(cn−1,k+1(u) − cn−1,k+1(0)).

=¨e�nBgjp©oZ�*ikXZ\�rs�BmA�J\�o~m}i�r}ikp©mso®¬h�¨\X~r8�J\zi�XZ\��ms£©£�mA��p©oZ�*vk\3gjn~£¦i3ª
	 � Ã��RÃ ���â��� Ã ��� � � 	!� �� � � �������!� �

cn,k
��� �<������2� � �2� �
	<�4� � ��� ������� � ��� ����� )â�C��1 ���

g
(n)
u (x)

��� �
� � ���	������������ 
 �&� ����
 ���D�����2�.� # � � # � 	<� ���

c0,0(u) =
1

σ

√

α

π

1 − ρ

1 − ρu
,

��� 
:�����
n ≥ 1

�

cn,0(u) =
dn,0(u) − dn,0(1)

1 − ρu
,

cn,k(u) =
µ

α

(

1

u
− 1

)

dn,k(u) − dn,k(uk)

ν(u) − k
1 ≤ k ≤ n,

# 	!��� ������� k ≥ 1
�
uk

��� 

ũk

��� � ��	!� � # �4� ����F�������	�������!��� � �
	<�  �!� 
�� ������� �  �!��������� ν(u) = k
�

�&+2�$+

ρu2 −
(

1 + ρ+
kα

µ

)

u+ 1 = 0

# �2�
	 0 < uk < 1 < ũk
+

� � � � ��+ � g�p©o	i�XZ\|Zv�\7�fp�mJn~g�gk\Il�i�p�mJo®¬h�¨\�«Bv�gji{gj\3r}vtltX��msv{r�gkms£©nhi�p�mJo	i�m.i�XZ\\ � n~r}ikp©mso

σ2

2

∂2ξ
(n)
u

∂x2
+ α(x −m)

∂ξ
(n)
u

∂x
+ α(ν(u) + 1)ξ(n)

u (x)

= µ

(

1

u
− 1

)

x(g(n−1)
u (x) − g

(n−1)
0 (x)).

ÚÛ�Õ®Ú¯Ü



���������	��
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M/M/1  �!���!� �s�

� gkgknZ[+p©oZ�*ikX~r}i�ikXZ\��nZoBl�ikp©mso
ξ
(n)
u (x)

p©g�m}��ikX~\��msv�[

ξ(n)
u (x) =

n
∑

k=0

δn,k(u)ϕn(x),

rso~�,�¨\�X~r8�s\J¬Z�fe�nBgjp©oZ��i�XZ\�ârsl�izi�X~rAi{i�XZ\��n~o~l�i�p�mJo~g
ϕn(x)

rsvk\\Ip��J\7oh�nZoBl�ikp©msoBg{m}�&i�XZ\(mJ|B\Iv�r}ikmsv
A
rJgkgkmhl�pqrAik\3�T��p�ikX¶ikXZ\+\Ip��J\7of�Ar}£©nZ\Ig −αn r}o~��ikX~r}i�ikXZ\3gj\*�nZo~l�ikp©mso~grsvk\*£©p�oZ\3r}v�£�eTp©o~�h\I|B\Io~�h\IoJi3¬�mJv
k = 0, . . . , n

¬
δn,k =

µ

α

(

1

u
− 1

)

dn,k(u)

ν(u) − k
.

'Îi{pqg�\IrJgjp©£©e	ltXZ\Ilt¤J\I��ikX~r}i
ξ
(n)
0 (x) ≡ 0

ª&´%\�lIr}o�ikXZ\IoT�h\Il7ms[+|BmCgj\
g
(n)
u (x)

rsg

g(n)
u (x) = ψ(n)

u (x) + ξ(n)
u (x),

��X~\7v�\�i�XZ\��nZo~l�ikp©mso
ψ

(n)
u (x)

p©g�gkms£©nhikp©mso�ikm+i�XZ\\ � n~r}ikp©mso

σ2

2

∂2ψ
(n)
u

∂x2
+ α(x −m)

∂ψ
(n)
u

∂x
+ α(ν(u) + 1)ψ(n)

u (x) = µ

(

1

u
− 1

)

ψ0(x).

=¨eTn~gkp©oZ�	i�XZ\�g�r}[+\*rsvk�JnZ[+\7oCi�g`rsg`p©o�i�XZ\+|Zv�mCms�Rm}� �®\I[*[�r,�h¬¹�¨\�l7r}o%\IrJgjp©£�e=gkXZmA� i�X~rAi
ψ0(x)XBrsg¨ikX~\��msv�[

ψ0(x) =

n
∑

k=0

ckϕn(x),

��X~\7v�\�i�XZ\�l�mf\�&�l7p�\IoCi�g
ck ∈ C

�msv
k = 0, ..., n

ª('Îi��mJ£�£©mA�{g¨ikXBrAi�ikXZ\��n~o~l�i�p�mJo
g
(n)
u (x)

p©g{gkms£©nhi�p�mJo
i�m*ikXZ\mJv��hp©o~rsvke��hp�¥§\7v�\7oCikpqr}£¹\ � nBrAikp©mso

σ2

2

∂2g
(n)
u

∂x2
+ α(x −m)

∂g
(n)
u

∂x
+ α(ν(u) + 1)g(n)

u (x)

= µ

(

1

u
− 1

) n
∑

k=0

(ck + dn,k(u))ϕn(x).

=¨e�n~gkp�o~�=ikX~\�g�r}[+\	rsvk�JnZ[+\7oCi�g*rsg(p�oOikXZ\�|Zv�mCms�{m}�zuRvkmJ|BmCgjp�ikp©msoH?~¬F�V\�l�mJ[*\�nZ|O��p�ikXOikXZ\
l7mso~l7£�nBgjp©mso	ikX~r}i

g
(n)
u (x)

p©g�m}��ikX~\��msv�[ )â�C��1¨��p�ikX�ikXZ\�l7mf\�&�l�p©\7oCi�g
cn,k(u)

�sp©�s\7o��fe

cn,k(u) =
µ

α

(

1

u
− 1

)

ck + dn,k(u)

ν(u) − k
.

chp�o~l7\`ikXZ\��nZoBl�ikp©mso
g
(n)
u (x)

X~rJg¨ikm+�B\�rso~r}£©eCikpql`p�o�ikX~\ms|H\7o,nZoZp�iz�hpqgj¤§¬h�¨\`XBr8�s\`�msv
k ≥ 1

ck = −dn,k(uk)

'¢oTrJ�Z�hp�ikp©mso®¬Zgkp�oBl�\
g
(n)
1 (x) ≡ 0

¬h�V\�X~r8�J\
c0 = −dn,k(1)

ª
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�����

����� � � ��$ �� � � !�� *�� � # � ��*�!��
'¢o%ikX~p©g�gk\Il�i�p�mJo®¬®�¨\.\7ºZr}[+p�o~\.nZoB�h\7v��XZpqltX%l7mso~�Zp¦i�p�mJo~g�ikXZ\+\�ºh|~rso~gkp�mJo ):�s� 1`�h\�«BoZ\Igrso�\7£©\7[+\IoJi
ms� H ª '¢o=r+«~vtgxi�gjik\I|®¬HoZm}i�\ikX~r}i�rsgzr�l�mJo~gj\ � nZ\7o~l7\m}�>uFv�ms|HmJgkp¦i�p�mJoCGf¬Zi�XZ\��n~o~l�i�p�mJo g(n)

u (x)
l7r}o

�H\��v�p¦ikik\7o,rsg
g(n)

u (x) = xΘ
(

g(n−1)
u (x)

)

= Θ
(

xg(n−1)
u (x)

)

��X~\7v�\zi�XZ\ms|H\7vtrAi�msv
Θ
p©g��Z\�«~oZ\3��p�o H rJgR�mJ£�£©mA�{g����mJv f ∈ H ¬h��XZpqltX��Jp��J\Ig¨v�p©gk\zi�m*ikXZ\`�nZo~l�ikp©mso

fu(x) =

∞
∑

n=0

cn(u)ϕn(x),

i�XZ\\7£©\7[+\IoJi
h = Θf

pqg��h\�«BoZ\I���fe�ikX~\��nZo~l�i�p�mJo

hu(x) =

∞
∑

n=0

µ

(

1

u
− 1

)

cn(u) − cn(un)

ν(u) − n
ϕn(x).

'Îipqg�\Irsgkp©£�e=ltXZ\3lt¤s\3�,ikX~r}i��msv
n ≥ 0

¬
0 < un < 1 < 1/

√
ρ < ũn

ª._TmJvk\ImA�s\IvI¬BikXZ\*�nZoBl�ikp©mso
cn(u)

r}|~|B\3r}v�p�oZ�	p�o�ikXZ\+\�ºh|Zv�\Ig�gkp�mJoTm}�
fu
pqg`r}o~rs£�eCikpql�p©o=i�XZ\��hpqgj¤

Dρ = {z : |z| < 1/
√
ρ} r}o~�l7msoCikp©ofnZmsnBg�p�o,i�XZ\(l�£©mJgk\I�,�hpqgk¤

Dρ = {z : |z| ≤ 1/
√
ρ} �mJv n ≥ 0

ª¨cfp©[+p�£qr}v�£�eJ¬h�msv�r}£©£
n ≥ 0

¬Zi�XZ\
�n~o~l�i�p�mJo

u→ µ

α

(

1

u
− 1

)

cn(u) − cn(un)

ν(u) − n
ϕn(x)

pqgr}oBr}£©eJi�p©l.p©o
Dρ
rso~�%l7msoCikp©ofnZmsnBg�p�o

Dρ
ª+´ p¦i�X%i�XZ\�r}�HmA�s\*oZm}itrAi�p�mJo®¬®�¨\+lIr}o¶gxitrAik\*i�XZ\�[�r}p©o

v�\IgknZ£�i�m}��ikXZpqg�gj\3l�i�p�mJo®ª
	 � Ã��RÃ ���â��� Ã ����� � 	<� � �<��� ��� ���

Θ
��� 
���	��
 ��
 ��� 
4� �

ε < 1/(m‖Θ‖) � # 	<��� � ‖Θ‖ 
 ������� �����
	<�
� ��� � ���

Θ
�A�
	<��� �
	<�����  �!������
 � �A� ��
 
�� �  �!��������� ):�}� 1 �����2� H +

� � � � ��+���\�i
f ∈ H �B\��Z\�«~oZ\3���Ce�ikXZ\��nZoBl�ikp©mso

fu(x) =
∞
∑

n=0

cn(u)ϕn(x).

°~msv
(cn) ∈ L2

ρ(N)
rsg�gjmhl7p©r}ik\I�	��p¦i�X�ikXZ\�J\7oZ\Iv�r}ikp©oZ�(�n~o~l�i�p�mJo

c(u) =

∞
∑

n=0

cnu
n i�XZ\7o ‖c‖2

ρ =
1

2π

∫ 2π

0

∣

∣

∣

∣

c

(

1√
ρ
eiθ

)∣

∣

∣

∣

2

dθ,

rso~���h\�«~o~\�ikXZ\�gk\ � nZ\Io~l�\ (c̃n)
rsg�gjmhl�pqrAi�\I�	��p¦i�X�i�XZ\�s\IoZ\7vtrAi�p�o~�(�nZoBl�ikp©mso

c̃(u) =
µ

α

(

1

u
− 1

)

c(u) − c(un)

ν(u) − n
.

ÚÛ�Õ®Ú¯Ü
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� gkgknZ[+\`«~vtgxi�i�X~rAi
n ≥ 1

¬fi�XZ\7o

c̃(u) =
1

ρ
(1 − u)

1

u− ũn

c(u) − c(un)

u− un
.

rso~�	ikXZ\Io

‖c̃‖2
ρ ≤ 1

ρ2

(

1 +
1√
ρ

)2
1

(ũn − 1/
√
ρ)2

1

2π

∫ 2π

0

∣

∣

∣

∣

c(eiθ/
√
ρ) − c(un)

eiθ/
√
ρ− un

∣

∣

∣

∣

2

dθ.

chp�[+|Z£©\[�r}oZp©|ZnZ£qrAi�p�mJo~g�gjX~mA� ikX~r}i

1

2π

∫ 2π

0

∣

∣

∣

∣

c(eiθ/
√
ρ) − c(un)

eiθ/
√
ρ− un

∣

∣

∣

∣

2

dθ ≤ ‖c‖2
ρ

1

(1/
√
ρ− un)2

(

1 +

√

1

1− ρu2
n

)2

.

'Îi��mJ£�£©mA�{gVikX~r}i ‖c̃‖ρ ≤ κn‖c‖ρ
¬Z��XZ\7v�\

κn =
1

ρ

(

1 +
1√
ρ

)

1

(ũn − 1/
√
ρ)(1/

√
ρ− un)

(

1 +

√

1

1− ρu2
n

)

=
1 +

√
ρ

(1 −√
ρ)2 + nα

µ

(

1 +

√

1

1− ρu2
n

)

.

'Îi{pqg�\IrJgjp©£©e	ltXZ\Ilt¤J\I��ikX~r}i�ikXZ\�gk\ � nZ\Io~l�\ (κn)
�msv

n ≥ 1
pqg��h\Il7vk\3rsgkp�o~�~ª

´ XZ\Io
n = 0

¬h�¨\��Z\�«~oZ\

c̃(u) =
µ

α

(

1

u
− 1

)

c(u) − c(1)

ν(u)
=
c(u) − c(1)

1 − ρu
.

'Îi{pqg¨ikX~\7o,\IrJgjp©£�e�ltXZ\Ilt¤J\I��i�X~rAi ‖c̃‖ρ ≤ κ0‖c‖ρ
¬Z��XZ\7v�\

κ0 =
1

1 −√
ρ

(

1 +

√

1

1 − ρ

)

.

��\�«~o~\
κ = max{κ0, κ1}

ªFW�XZ\�r}�HmA�s\l�mJ[+|Znhi�r}ikp©mso~g�gkXZmA� ikX~r}i��msv{r}£©£
f ∈ L2

ρ(N)
¬ ‖Θf‖ ≤

κ‖f‖ ª 'Îi¨�ms£©£�mA�{gRikX~r}iRi�XZ\�mJ|B\Iv�r}ikmJv Θ p©gV�HmsnZo~�Z\I� � p�i�g¨oZmJvk[ p©g��h\IoZm}i�\I���fe ‖Θ‖ def.
= inf{k > 0 :

∀f ∈ H, ‖Θf‖ ≤ k‖f‖} ª&W�XZ\r}�HmA�s\�l�ms[+|ZnZi�rAi�p�mJo~g�gkXZmA�{g¨ikX~r}i

‖Θ‖ ≤ 1 +
√
ρ

(1 −√
ρ)2

(

1 +

√

1

1 − ρ

)

.

´¶\Tp�[+[+\I�Zp©r}ik\7£©eO�h\3�hn~l7\,ikX~r}i*i�XZ\=gk\ � nZ\7oBl�\ c(n) = (c
(n)
k,` )
rsg�gkmfl7p©r}ik\3�»��p�ikX�ikXZ\��nZoBl�ikp©mso

g
(n)
u (x)

¬Bp�o�ikX~\�gj\Io~gj\`i�X~rAi
g(n)

u (x) =

n
∑

k=0

∞
∑

`=0

ck,`u
`ϕk(x),
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pqg�gkn~ltX	i�X~rAi
‖c(n)‖ ≤ ‖Θ‖n‖c(0)∗n‖��X~\7v�\�i�XZ\�gk\ � nZ\7oBl�\ c(0)∗n pqg�rsg�gkmfl7p©r}ik\3����p�ikX�ikXZ\��n~o~l�i�p�mJo

1 − ρ

1 − ρu
xnp(x),

��X~\7v�\�i�XZ\��nZo~l�ikp©mso
p(x)
pqg{�h\�«BoZ\I���fe�Å � n~r}ikp©msoB):� 1�ªcCi�v�rsp��JXCij�msv���r}vt��l�mJ[*|~nhi�r}ikp©mso~g�gkXZmA��i�X~rAi

‖c(0)∗n‖2 =

(

σ

2
√
α

)2n

H2n

(√
αm

σ

)

,

��X~\7v�\
Hn(x)

pqg¨ikXZ\
n
i�X,³z\7v�[+p¦i�\|BmJ£�efoZmJ[*pqr}£5ª>¡zgkp�o~�.i�XZ\�rsgkef[+|hikmsikpql�\3gxi�p�[�r}ik\ ):�s� 1�¬Z�V\�X~r8�J\

‖c(0)∗n‖ ∼ mn

��X~\7o
n → ∞ ª4'Îi��ms£©£�mA�{g`i�X~rAi ‖c(n)‖ ≤ an

��p¦i�X
an ∼ (‖Θ‖m)n rJg n ik\7oB�Zg�ikm�p�oh«BoZp¦ixeJª%'Îi�mJ£�£©mA�{g�ikX~r}i�i�XZ\�gj\ � n~\7o~l7\¨�h\7«~oZ\3���fe�ikXZ\�\7ºf|Br}o~gkp�mJo ):�s� 1�p©g&l7msof�s\Ivk�J\7oCi®p�o H p�� ε‖Θ‖m < 1

ª
=¨e¶n~gjp©oZ��rs£�£RikXZ\�r}�HmA�s\+v�\IgknZ£¦itg7¬&�¨\	r}v�\�oZmA� vk\3rs�he�ikm=|~vkmA�J\+ikXZ\��8rs£�pq�hp�ixe%ms��ikXZ\�v�\I�Zn~l�\3�

gk\7v��fp©l7\�vtrAi�\r}|Z|Zv�m8ºhp�[�r}ikp©mso	�Jp��J\7o��Ce�W�XZ\7mJvk\I[ -sª
� � � � �E��� � 	!� ��� �	��� +{°~vkmJ[·i�XZ\�r}�HmA�s\,v�\IgknZ£�iI¬��¨\=�h\I�hnBl�\Ti�X~rAi3¬�nZo~�h\Iv�ikXZ\¶rsg�gjn~[*|Zikp©mso

ε <
1/(m‖Θ‖) ¬8ikXZ\�«Bv�gjiFmsvt�h\7v&\7ºf|Br}o~gkp�mJo.ms�Bi�XZ\{�J\7oZ\Iv�r}ikp©oZ�z�n~o~l�i�p�mJo*ms�Bi�XZ\zgji�r}ikp©mso~rsvke��hpqgjikv�p��ZnZikp©msoms�

(L(t))

E
(

uL
)

=
1 − ρ

1 − ρu
− ρ(1 − u)

(1 − ρu)2
mε+ o(ε).

X~ms£q�Zg7ª>W�XZ\Imsv�\7[ -�pqg�|Zv�mA�s\3�¹ª

� � ���4$V����"������ ���{'-�� ���
W�X~\.|H\7vkiknZv��~r}ikp©mso=v�\IgknZ£�i�g`|Zv�\Igk\7oCik\3�Tp�o�ikXZpqg�|~rs|B\Iv�X~r8�J\(�H\7\Io%mJ�hi�rsp�oZ\3�,�msvr�|~r}vkikpql�n~£©rsv{�msv�[
ms�¹ikXZ\�|B\Ivji�nZv��~rAi�p�mJo+�nZo~l�i�p�mJo

φ(x)
ª¨^z��l�mJnZvtgj\J¬}ikX~\�g�r}[+\zr}|~|ZvkmCrsltX�l�mJnZ£q���B\�\�ºfik\Io~�h\3�+ikm.[*mJvk\

l7ms[+|Z£©p©lIrAi�\I��|H\7vkikn~vk�~r}ikp©mso(�nZo~l�i�p�mJo~g&m}�BikXZ\¨�mJvk[
φ(x) = 1−εp(x) �msv>gkms[+\R�n~o~l�i�p�mJo p(x) ª&W�X~\¤J\7e�|BmJp�oCi�l�msoBgjpqgxitgzms�R�h\�i�\7v�[+p�oZp©oZ��XZmA�½ikXZ\.ms|H\7vtrAikmJv�l7msv�vk\3gj|Hmso~�Zp�oZ�+i�m�i�XZ\([.nZ£¦i�p�|~£�pql7r}ikp©mso=�fe

p(x)
rJl�itg�mso�ikXZ\�~rJgjpql��nZo~l�ikp©mso~g

ϕn
ªF°~msv{l7ms[+|Znhi�p�oZ�+\7ºf|~£�pql�p�i{\�ºh|Zv�\Ig�gjp©msoBg7¬fXZmA�¨\7�J\7v3¬si�XZ\[�r}p©o

�Zp &�l�n~£¦ixe*p©gRp�o�gjmJ£��fp©oZ��ikXZ\��hp¦¥§\7v�\7oCi�p©rs£~\ � n~r}ikp©mso~gRgkr}ikpqgx«~\3�+�fe(i�XZ\�l7mC\�&�l�p©\7oCi�g>ms�§ikXZ\�\�ºh|~r}oBgjp©mso®ª´ X~\7o
p(x)
pqg�r(|Hms£©efoZms[+pqr}£5¬hr(|~rsvji�p©l7nZ£qr}v�gjmJ£�nhi�p�mJo�i�m(i�XZ\�\ � n~rAi�p�mJo~g¨gjp©[+p�£qr}v¨ikm*Å � n~r}ikp©mso~g,)5�s� 1rso~� )â� ? 1zpqgmJ�hi�rsp�oZ\3�=p©o¶ikXZ\*�msv�[bms�¨r�|BmJ£�efoZmJ[+p©rs£�i�p�[+\3g`ikXZ\+�nZoBl�ikp©mso

exp(−α(x −m)2/σ2)rso~��p�o�ikXBrAizl7rJgj\J¬h\�ºh|Z£©p©l7p¦i{l7ms[+|ZnhitrAikp©msoBg�l7r}o��H\�l7r}v�v�p�\3�	mJnhiIª
W�XZ\z|B\Ivji�nZvk�BrAikp©mso.�nZo~l�ikp©mso

φ(x) = 1−εx l7msv�vk\3gj|HmsoB��i�m�ikXZ\zlIrsgk\���XZ\7o�nZo~vk\3gj|Hmso~gkp©�s\¨¼~mA�{gXBr8�s\�r*|H\Irs¤��Zp¦i{vtrAi�\
ε
[.n~ltX,gj[�r}£©£©\7v¨ikX~rso	i�XZ\`ikvtr}o~gk[+p©g�gkp�mJo	l7rs|~rsl7p¦ixe�ms��ikX~\`£©p©oZ¤§ªFW�XZ\�vk\3gjnZ£�i�g

ms�Ri�XZp©g�|Br}|H\7vgjX~mA� ikX~r}i�ikXZ\�v�\I�hnBl�\I�%gj\Ivk�fpql�\*v�r}ik\+r}|Z|~vkm8ºhp©[+r}ikp©mso=efp©\7£q�ZgrslIl�nZvtrAi�\(v�\IgknZ£�i�g��msv
i�XZ\|H\7vk�msv�[+rso~l�\`m}�&v�\Igk|BmJo~gjp©�s\�¼~mA�{gIª
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+.-�/_»ª � �~v�rs[*mA��p�ik±�rso~�4'�ªHcCi�\7�JnZo®ª �E����
 
�0��� ��� � ����	!� � ���������� ��	� ��� �����<��ª 7�rAi�p�mJo~r}£ =¨nZv�\Irsn
ms�>cfi�r}oB�Zr}vt�ZgI¬ � |Z|Z£©p©\I�,_=rAi�XZ\7[�r}ikpql7g{cf\Ivkp©\Ig{�J�h¬ - � G}�Zª

+ ��/�Åzª � £�ik[�r}o�¬��+ª � �fvtrsltXZ\IoZ¤smA�§¬>r}oB�OyªA7:9<;Z\7± 5 nZ\Ip wjr~ª»u&\7vkiknZv��~r}ikp©msoOrso~r}£©ehgjpqg��mJv��h\7ofnh 
[+\Iv�rs�Z£�\`[�r}v�¤smA�*ltX~r}p©o~g¨��p¦i�X�rs|Z|Z£©p©lIrAikp©mso	ikm � nZ\7nZ\Ip�o~�([+mh�h\7£qg7ª�W�\3ltXZoZpql7rs£Hv�\7|HmsvkiI¬ '�7zy�' � ¬�s�s�J�Zª>cfnZ�Z[+p�ijik\3���msv�|Zn~�Z£�pql7r}ikp©mso®ª

+ ��/y�ª � gj¤J\7eµr}o~� _�ª 'xgk[+rsp�£5ª �:�����	��� ��� �� � ���.��� �����<��� ����!���2�!�!��
 �� � ��� �����<���%����
 ������	!� � ��� ���
�!��� ����� � �������tª�_T\7[+mJp�vtgFms�Hi�XZ\ � [+\7v�p©lIr}o�_=r}ikXZ\I[+r}ikpql7rs£Bcfmhl�p©\�ixeJ¬��>mJ£�nZ[+\�� �Z¬ 7{nZ[.�B\IvV�J�s�Z¬
- � � �~ª

+ � / � ª � ª =¨mJvkmA�f¤smA�§ª ��p�[+p�i�£©r8�{g��msv � nZ\InZ\7p©oZ�,|Zv�mfl7\Ig�gj\3g`p�o¶[(nZ£�ikpqltX~rsoZoZ\7£Fgkehgxi�\7[�gIª�����
��2�� � + C��� +�� +©¬ � � � � �
	�-3�s�s�~¬<- � ? Ghª
+ ��/W�ªÌc§ªF]VXZp©X~r}vtrZª�� � �2� � � ��
��%��������� � �������
	<��� ������� �!��� ����� � �������tª�`msvt�hmJo�rso~� =¨vk\3rsltX®¬F7{\I�

�FmJvk¤§¬ - � G � ª
+ ?�/y�ªs��rsnhikvtr8e�r}oB���Bª �Rª �®p©mso~gIª�� ������������� ���
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+ G�/°~v�rso~lt¤	��\7£ql�mJp��JoZ\s¬ � £�\7ºhrso~�hv�\�uRvkmJnhikp©Y7v�\s¬Zrso~��`� �Io~r��I£§y �7�so~p �JªF_Tmh�h\7£©£�p©oZ�+p©oJi�\7�Jv�r}ikp©mso	ms�
gjikv�\Irs[+p�oZ�rso~�+�ZrAitrzi�v�r�&�l}ª<'¢o ��� �)�<���������������(��� � �2����� ��� � � ��� � � �7¬s´��Zv�±7�~nZvk�B¬�`\7v�[�r}ofes¬
�JnZ£©e��s�s�J�Zª

+ � / 7(ªh�znZoZ�msvt��r}o~���~ª W�ªfcZltXC��r}vkik±Jª��F�2� � ���,� �<��� ��� ���� � � ��� �<����� � ������	!� �����Aª '¢oCik\Iv�g�l�p©\7oBl�\s¬�- � ?s�~ª
+ ��/�u&ªh³{\IoZv�p©l7p:ª � � ��������
 ��� 
��� �����	� ��������� ��� �� �����.�� ������� �������ª!�>mJ£:ªh��´ p©£�\Ies¬	7{\I�"�Fmsv�¤H¬�- � G Ghª
+ -I��/���msoBr}£q���Rª '¢�s£©\7X~rsvji3ª+´%\3r}¤�l7msof�s\Ivk�J\7o~l7\(m}��l�mJ[*|Hmsn~o~��gxi�mfltXBrsgjikpql(|Zv�mhl�\3gkgIª '�ª#� � ��� 	<��������

� � �����������$� � ��� +©¬ - � - -%	h�<- � l7msv�vkp©�s\Io~�hnZ[,¬fp��~p©�¹ª - ) - � GA� 1�¬ - � �&	�- � ?~¬!- � GA�~ª
+ - -�/,7(ª 7(ª ��\7�H\I�h\I�Hª'� �<��������� ��	�����������!�E��� 
 ��	!���2�E� � � ��������������<��ª��zmA�J\7v�uFnZ�~£�pql7r}ikp©mso~gI¬ - � G}�hª
+ -3��/ �Rª®_=rsg�gkmsnZ£©p �*r}o~�(�~ª¹y�mJ�B\Ivjitg7ª�=¨rso~�h��pq�fikX�gkX~r}v�p�o~�%�`^��hwx\3l�i�p��J\Ig`r}o~�%r}£©�smsv�p�ikXZ[�gIª '¢o �*) �

�,+ � +  .- /�/ + � � �$		� ����!�
	0� �!�!�!���21	���2� � � ���0����� ����� � � ���
	<� � � � � � � �����	� ���J����
 � � � � � �
� ������������<�3� ��������� ������¬Z|~r}�J\Ig,-3� �J�
	�-I�J�s�~¬<- � � �~ª

+ -I��/c¹ªf_=\7efo�rso~�	yªfW��V\I\I�hp©\sª  ��� � � � � 	<���2�<����� 
 �� � ��	!����� ��� ��� � 
��2���2���AªF]Vms[+[(nZo~p©lIrAikp©msoBgRr}oB�
l7msoCikv�ms£¹\IoZ�sp©oZ\I\7v�p�oZ�+gk\7v�p�\3g7ªZcf|Zv�p©oZ�s\IvI¬ - � �s�~ª

+ -7� /�y�ª�7�9<;Z\I±�  5 nZ\7p wjrZªZcfmswxmsnZv�o�i�p�[+\3g�p©o+rz|Zv�mhl�\3gkgkmsv�gjX~rsvkp©oZ� � n~\7nZ\���p�ikX+gj\Ivk�fpql�\Rp©oCik\Ivkv�nZ|hi�p�mJo~g7ª4 �!���!���2� �0������ �	�E��¬~�s�%� �J�	-5	f� � ?Z¬C�}�s�J�Zª
+ -3��/�y�ª(7:9<;Z\7±7  5 n~\7p wjrZª=cfm}wxmJnZv�o�ikp©[*\3g�p©o»oZmJoh 5X~ms[+ms�J\7oZ\Imsn~g 5 =�� |~vkmhl�\3gkgk\Ig���p�ikXO|Zvkmhl7\Ig�gjmJv
gkX~rsvkp©oZ�~ª'��� � ��	 +� C��
 +©¬~|~rs�s\IgI?!-%	 �J�h¬h�}�J�<-Jª
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+ - ?�/�y�ª 7�9<;~\7±�  5 nZ\Ip wjr�r}o~��^.ª �~ª =¨m8ºh[+r~ª � oBr}£©efgkpqg�ms�¨r�[(nZ£�ikp� ¢gj\Ivk�J\7v � n~\7nZ\Ip�oZ�,[+mh�h\7£>ms�¨rs�ZvIª1 +!� � ��� +  C���
	 +���� � ��	 +!� ��+©¬ - - � �s� �
	f�C�A�B¬<- � � � ª
+ -�G�/�_»ªFy�\7\3�Or}oB� =`ªFcfp�[+mJo®ª  C���
	<� 
��*���  C��
 �����  C����	!� � ���������� � 		����������������� +�� � � ���	�������

� � ������������� � ��� ��� � 
������2�!��������tª&ºfº¹¬ - � G}�Zª
+ - � /`´ ªBy�n~�hp©o®ª � �	� ��� ��������� ����������������ªV_=l3`vtr8� ³{p©£©£:¬!7z\7� �Fmsv�¤§¬ - � G}�Zª
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