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I�JLKFMON3P3QSR TFUWVXNZYX[]\^VX_FVXNFY
NF`�_bacYX_FdWY<egf,M3h*[]YiVXj�dLN
k%l�[cmgNF`�npo"a]_qNqe

r�acoWo*[]lg`�sWNZl�Nq_�JLNFl�_�JLNtU
u�v^w^xzyZQ�{|[b}zNFM�hWl�N�P^~^~c�>QSP^x�o"ac\zNqe

�����q�b�9�W�z�^��� }zNFlgf,h7[,s5f��pUL[���e�`gJLN��2NFULeg`gl�a9���2NFULe�`gl�a9���2[b}^�]eg�>Y�ac`g`gVX_qN3h"a]e�VXe�l�Nqs5dL_F`gVX[]U�acY��
\z[]lgVi`gJWM����2�2�������(JWVX_�J�J"a]e oWl�[b}zNqsOViUp}]acYid"achWYXN�ViU¡oWdWhWYiVX_��¢�zNFf¡_FlgfpoW`�acU"acYif5egVXe£acULsOViU¡M�acU�f
[]`gJLNFl|¤"NFYXsWeb¥<R Vi}zNFU�acU/ViUp`�NF\zNFl

d
��s5ViMONFULegVX[]U"acY%Y�ac`g`gVX_qN>h"a]egVXe �(JWVX_�J�}zNq_F`�[]l�e J"aq}zN>UL[]lgMOe

e�M�acYiYXNFl�`gJ"acU
B
���2�2�¦[]dW`goWdW`�e�a§e�[c��_bacYiYXNqs¨�2�2�*�¢l�Nqs5dL_qNqs©h"a]egVXe>ViUª`gViMON

O(d6 log3 B)
�

dLe�ViUW\©aclgVi`gJWMONF`gVX_D[]o*NFl�ac`gVX[]ULeA[]U¦ViUp`�NF\zNFl�e§[c«>hWVi`#�¢YXNFUW\^`gJ
O(d log B)

¥(I�JWVXe¬�£[]l�e�`#��_ba]e�N
_q[]M¡oWYXN�5Vi`�fAVXe�oWl�[]hWYXNFM�ac`gVX_�«�[]l�Y�ac`g`gVX_qNqe|aclgVXe�ViUW\�ViU�_FlgfpoW`�acU"acYif5egVXe��(JLNFl�N

d
[]l¯®]acULs

log Bacl�N�[c«B`�NFU°Y�aclg\zN^¥�±|e�a¬l�NqegdWYi`b�2`gJLN�[]lgVi\^ViU"acY��2�2�²VXe�acYiMO[^eg`�ULNF}zNFl�dLe�Nqs�ViU°oWl�a]_F`gVX_qN^¥�³´U5�
e�`�Nba]sµ�
[]ULN¡acoWoWYiVXNqe�¶"[zac`gViUW\]�¢o7[]ViUp`Z}]aclgV�acUp`�eZ[c«£�2�2���
�(JLNFl�N�`gJLN�YX[]UW\]�¢ViU�`�NF\zNFl3aclgVi`gJWMONF`gVX_
l�NqjpdWVil�Nqs�h�f�R l�acM>�·n,_�JWM¡VXs5`�[]lg`gJL[]\z[]U"acYiVXe�ac`gVX[]U���_qNFU�`gl�acY5ViU¡�2�2����VXe�l�NFoWY�a]_qNqs>h�fZ¶"[zac`gViUW\]�
o*[]ViU�` aclgVi`gJWMONF`gVX_^¥
¸�U5«¹[]lg`gdWU"ac`�NFYifz�L`gJWVXe�VXe��pUL[��(UA`�[¡h*NZdWULeg`�achWYXN3ViU¬`gJLNº��[]l�eg`#��_ba]e�N^»"`gJLN
dLe�d"acY2¶"[zac`gViUW\]�¢o*[]ViU�`Z�2�2�¼VXe�UL[]`�NF}zNFU�\^d"acl�acU�`�NqNqs�`�[O`�NFlgM¡ViU"ac`�N^�*acULsA`gJLN�[]dW`goWdW`�h"a]e�VXe
M�abf¬UL[]`�h*N3�<�2�*�¢l�Nqs5dL_qNqs�ac`ZacYiY¢¥
³´UA`gJWVXe aclg`gVX_FYXN^�"��N3ViUp`gl�[ps5dL_qN�`gJLN��2�2� 2 acYi\z[]lgVi`gJWM¬�µa
ULNF�½acULs�U"ac`gdWl�acY*¶"[zac`gViUW\]�¢o*[]ViU�`�}]aclgV�acUp`�[c«��<�2���(JWVX_�J¾oWl�[b}^achWYif�[]dW`goWdW`�e��2�2�*�¢l�Nqs5dL_qNqs
h"a]e�Nqe2ViU3o*[]Yif,UL[]M¡V�acYp`gViMON

O(d5(d+log B) log B)
¥9I�JWVXe<VXe<`gJLN%¤Ll�eg`��2�2�¾acYi\z[]lgVi`gJWM��(JWVX_�J

lgdWUWUWViUW\A`gViMON¡oWl�[b}^achWYif/\^l�[b��e3[]UWYif/jpd"a]s5l�ac`gVX_bacYiYif��(Vi`gJDl�Nqego7Nq_F`Z`�[
log B

�(Vi`gJL[]dW`º«¹a]eg`
ViUp`�NF\zNFl|aclgVi`gJWMONF`gVX_^�"YiVi�zNZ`gJLN «¢acMO[]dLe�RZacdLe�egV�acUAacULs � dL_FYiVXsWNbacU/acYi\z[]lgVi`gJWMOe�¥LI�JLNZ\^l�[b�(`gJ
VXe�_FdWhWVX_ «�[]l�acYiY2[]`gJLNFl|�2�2�¼acYi\z[]lgVi`gJWMOe��,UL[b�(U2¥
¿¬ÀzÁ*Â�Ã�Ä �9Å��^� �2�2� �
�<ac`g`gVX_qNZl�Nqs5dL_F`gVX[]U2�*Æ�[]M¡oWYXN�,Vi`´fz�"k%dWhWYiVX_���ÇZNFf§Æ£lgf,oW`�acU"acYif,e�VXeb¥
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	�� � � I<[]dW`(YXN|MO[]ULsWNZ_q[]UWU"a
X`(Y�� acYi\z[]lgVi`gJWMONºsWN �2NFULeg`gl�a5�W�<NFULeg`gl�a>NF`(�2[b}^�]eg�O���2�2���
o*[]dWl(l�Tqs5dWVil�NºYXNqe�h"a]e�Nqe�sWN l�Tqe�Nbacd5 � dL_FYiVXs5VXNFULeb�"j�dWV2e�� Nqe�`�aq}zTFl�TZ«¹[]lg`(dW`gViYXNZo*[]dWl(YXNqe�_Flgf,o5�
`�acU"acYif5e�Nqe�sWNO_FlgfpoW`�[^e�f,eg`�KFMONqe��¾_FYXTOoWdWhWYiVXjpdLN�NF`�sLacULe3sWNOUL[]M�hWl�NFd5°acdW`gl�Nqe�sW[]M�acViULNqe�¥
� `�acU�`�sW[]UWULTqN�dWULN�h"a]e�N���_q[,N���_FVXNFU�`�e�NFU�`gVXNFl�eOs�� dWU l�Tqe�NbacdªsWN¾s5ViMONFULe�VX[]U

d
aq}zNq_¬sWNqe

}zNq_F`�NFdWl�e|sWNZUL[]lgMONqe�oWYidLe�o*NF`gVi`�Nqe�jpdLN
B
�"�2�2�¼_bacYX_FdWYXNºdWULNZh"a]e�N3�2�2�*�¢l�Tqs5dWVi`�N>NFU¬`�NFM¡oLe

o*[]Yif,UL[]M¡V�acY
O(d6 log3 B)

��NFU¨dW`gViYiVXe¯acU�`�sWNqe¡[]o*TFl�ac`gVX[]ULe�aclgVi`gJWMOTF`gVXjpdLNqe�e�dWlOsWNqeONFU�`gVXNFl�e
sWNº`�acViYiYXN

O(d log B)
¥7Æ�NF`g`�Nº_q[]M¡oWYXN�,Vi`�T�sLacULe�YXN3_ba]e�YXNZoWVil�NºNqe�`�oWl�[]hWYXTFM�ac`gVXj�dLN�o*[]dWl�YXNqe

l�Tqe�Nbacd5�jpdLN£Y�� []U¡l�NFUL_q[]Up`gl�N�NFU¡_FlgfpoW`�acU"acYif5e�N([��
d
NF`¯®c[]d

log B
e�[]U�` e�[]dW}zNFUp`%`gl�Kqe�\^l�acULsWeb¥

k�acl3_q[]ULe�TqjpdLNFU�`b�<Y�� acYi\z[]lgVi`gJWMON��2�<� []lgVi\^ViU"acY U�� Nqe�`ºoWl�Nqe�jpdLN|mgacM�acVXeZdW`gViYiVXe�TONFU�oWl�ac`gVXjpdLN^¥
� Y�a3oWY�a]_qN^��[]U�e�N�e�NFlg`�sWN�}^aclgV�acU�`�Nqe£¶"[]`g`�acUp`�Nqe�sWN��2�2� �5[���Y�� aclgVi`gJWMOTF`gVXj�dLN NFU�`gVXKFl�N egdWl£sWN
\^l�acULsWe3UL[]M3hWl�Nqe3l�Nqj�dWVXe�NOo"aclZYXN¡oWl�[p_qTqsWT�s�� []lg`gJL[]\z[]U"acYiVXe�ac`gVX[]U¼sWN�R l�acM>�·n,_�JWM¡VXs5`¾��_qNFU5�
`gl�acY sLacULeZ�<�2��� Nqeg`Zl�NFM¡oWY�a]_qTqNOo"aclºsWN>Y�� aclgVi`gJWMOTF`gVXj�dLN>¶"[]`g`�acUp`�N^¥��/acYiJLNFdWl�NFdLe�NFMONFU�`b��_qN
oWl�[,_qTqsWT�Nqeg`%_q[]UWUpd�_q[]M¡MON�TF`�acUp` ViULeg`�achWYXN(UpdWMOTFlgVXj�dLNFMONFUp`�sLacULe%YXN�_ba]e%YXN�oWVil�N^»^ViYLe�N�o*NFdW`
jpdLN Y�� acYi\z[]lgVi`gJWMON3�<�2��¶"[]`g`�acUp`�_FY�a]e�egVXjpdLN ULN `�NFlgM¡ViULNZo"a]eb�WNF`�jpdLN M��FMONºe�� ViYµ`�NFlgM¡ViULN^�"Y�a
h"a]e�N>l�NFU�}z[bfzTqN�ULN¡e�[]Vi`ºo"a]eZs5d�`�[]dW`º�<�2�*�¢l�Tqs5dWVi`�N^¥!  acULe3_qNF`3aclg`gVX_FYXN^�2UL[]dLeZViUp`gl�[ps5dWVXe�[]ULe
Y�� acYi\z[]lgVi`gJWMON��2�2� 2 � jpdWV�Nqeg`OdWULN¬}^aclgV�acU�`�NAUL[]dW}zNFYiYXNANF`OU"ac`gdWl�NFYiYXN�sWN¬�2�<�¦¶"[]`g`�acUp`�jpdWV
l�NFUp}z[]VXN�`�[]d]mg[]dWl�e�sWNqe%h"a]e�Nqe��2�2�µ�¢l�Tqs5dWVi`�Nqe�NFU¡`�NFM¡oLe�o7[]Yif,UL[]M¡V�acY

O(d5(d+log B) log B)
¥

³´Yµe�� ac\^Vi`�sWN Y�a�oWl�NFM¡VXKFl�N }^aclgV�acU�`�NºsWNZ�2�<�DsW[]U�`�YXN `�NFM¡oLe�s�� T�5Tq_FdW`gVX[]U§_Fl�[]VXe�e�N e�NFdWYXNFMONFU�`
sWNZ«¹a�"q[]UAjpd"a]s5l�ac`gVXjpdLNºNFU

log B
e�acULe(dW`gViYiVXe�NFl�sWNZY�� aclgVi`gJWMOTF`gVXjpdLNºl�acoWVXsWN^�
_q[]M¡MON3_#� Nqeg`�YXN

_ba]e�o*[]dWl�YXNqe(_qTFYXKFhWl�Nqe�acYi\z[]lgVi`gJWMONqe�s�� � dL_FYiVXsWN3NF`�sWNZRºacdLe�eb¥5�<a>_q[]M¡oWYXN�5Vi`�TZNqeg`�acd�MO[]ViULe
_FdWhWVXjpdLNZo*[]dWl(`�[]dW`�Nqe�YXNqe�acdW`gl�Nqe�}]aclgV�acUp`�Nqe�_q[]UWUpdLNqe�sWNº�2�<� ¥
$�Ä �b� Â �&% � �¨� �<�2� ��l�Tqs5dL_F`gVX[]U©sWNqe�l�Tqe�Nbacd5µ��_q[]M¡oWYXN�,Vi`�T^�%_Flgf,oW`�acU"acYif,e�N�sWN�_Flgf,oW`�[^egf5e#�
`�KFMONqe'�¡_FYXT oWdWhWYiVXj�dLN^¥
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�<NF`
b1, . . . , bd

h*N�YiViULNbaclgYif ViULsWNFo7NFULsWNFUp`�}zNq_F`�[]l�e<ViU
R

n �(Vi`gJ n = O(d)
¥bI�JLN e�NF`<[c«WacYiY�ViU�`�N��

\zNFl%YiViULNbacl£_q[]M3hWViU"ac`gVX[]ULe�[c«7`gJLN
bi
� e��^sWNFUL[]`�Nqs¡h�f

L[b1, . . . , bd] =
{

∑d
i=1 xibi | xi ∈ Z

} �
VXe%_bacYiYXNqs�a5�6�����
	�78�F�pacULs

[b1, . . . , bd]
VXe e�acVXs>`�[ h*N�a:9$�;��	<��[c«7`gJ"ac`%Y�ac`g`gVX_qN^¥z± Y�ac`g`gVX_qN�h"a]egVXe%VXe

dLe�d"acYiYif¡UL[]`£dWUWVXjpdLN^��hWdW`(acYiY7`gJLN�h"a]e�Nqe£J"aq}zN|`gJLN|e�acMON�UpdWM3h*NFl
d
[c«<NFYXNFMONFUp`�eb�5_bacYiYXNqs�`gJLN

#�	 =>���?��	
���3[c«2`gJLN�Y�ac`g`gVX_qN^¥p³¢«
d ≥ 2

�p`gJLNFl�N�acl�N�ViU5¤LUWVi`�NFYif¡M�acU�fOh"a]e�Nqe��^hWdW`£e�[]MON|acl�N�MO[]l�N
ViUp`�NFl�Nqeg`gViUW\¬`gJ"acU�[]`gJLNFl�eb»7`gJLNFf�acl�N>_bacYiYXNqsA@$�$#�BC78�D#^¥�r�[]dW\^JWYif§ego*Nbac�,ViUW\L�*a�l�Nqs5dL_qNqs/h"a]e�VXe
VXe¡a§h"a]egVXe>M�a]sWN�[c«�l�Nba]e�[]U"achWYif¼egJL[]lg`>}zNq_F`�[]l�e>�(JWVX_�J©acl�N¬acYiMO[^eg`¡[]lg`gJL[]\z[]U"acY¢¥FE�ViULs5ViUW\
\z[,[,sDl�Nqs5dL_qNqs¼h"a]e�Nqe�J"a]e�oWl�[b}zNqsªViUp}]acYid"achWYXN�ViU¼M�acU�fD¤"NFYXsWe¡[c«�_q[]M¡oWdW`�NFl¡e�_FVXNFUL_qN¾acULs
M�ac`gJLNFM�ac`gVX_qe¬��e�NqNHG�Ib~5�DJ(KB����o"aclg`gVX_FdWY�aclgYifDViUª_FlgfpoW`�[]YX[]\^f²��e�NqNLG P�J5��P^P(KB��¥�I�JWVXe�oWl�[]hWYXNFM VXe
�,UL[b�(U¾a]eM�6�����
	�78�N@D�$#�B?7O�
	�����acULs�_bacU�ViU�`gdWVi`gVi}zNFYif�h7N�}pVXNF��Nqs�a]e�aZ}zNq_F`�[]lgV�acY*\zNFULNFl�acYiVXe�ac`gVX[]U
[c«�\z_qs¾_q[]M¡oWdW`�ac`gVX[]ULeb¥

I�JLN�¤Ll�eg`OhWl�Nbac�,`gJWl�[]dW\^J ViU©Y�ac`g`gVX_qN¬l�Nqs5dL_F`gVX[]U sLac`�Nqe�h"a]_��¨`�[PI�Q^xCIA�(Vi`gJ©�2NFULeg`gl�a � e
_qNFYXNFhWl�ac`�Nqsª��[]lg�D[]UªViU�`�NF\zNFl¡oWl�[]\^l�acM¡M¡ViUW\PG�I�y,�OIbx(K����(JWVX_�J¨��a]eb�%acMO[]UW\�[]`gJLNFl�eb�<h"a]e�Nqs
[]UDa�UL[�}zNFY Y�ac`g`gVX_qN>l�Nqs5dL_F`gVX[]U�`�Nq_�JWUWVXjpdLNA�B�(JWVX_�J°_bacU/h7N�«¹[]dWULs/ViU/`gJLN>oWl�NFYiViM¡ViU"aclgf/}zNFl#�
e�VX[]UAG�I�yRK�[c«SG�Ibx(KB��¥µ�2NFULeg`gl�a � eºl�Nqs5dL_F`gVX[]U�`�Nq_�JWUWVXjpdLN¡��a]e3[]UWYif§o*[]YifpUL[]M¡V�acY��¢`gViMON¡«�[]l ¤WWNqs
s5ViMONFULe�VX[]U2�2�(JWVX_�J¼��a]e3JL[b��NF}zNFl>e�d ��_FVXNFU�`3ViUTG�I�yRK�¥<I�JWVXe3ViULegoWVil�NqsD�2[�}]�]e���`�[¬sWNF}zNFYX[]o¨a
o*[]Yif,UL[]M¡V�acY��¢`gViMONZ}]aclgV�acUp`�[c«�`gJLN3acYi\z[]lgVi`gJWM¬�W�(JWVX_�J§l�Nba]_�JLNqsAa>¤LU"acY*«�[]lgM ViU¬`gJLNZe�NFM¡ViU"acY
o"aco*NFlUG�I�J(K|�(JLNFl�N��<NFULeg`gl�a5���2NFULeg`gl�a¨acULs �2[b}^�]eg��acoWoWYiVXNqs²Vi`�`�[�«¢a]_F`�[]l�l�ac`gVX[]U"acYZo7[]Yifp�
UL[]M¡V�acYXe�ViU°o7[]Yif,UL[]M¡V�acY£`gViMON/�Bh"a]_��D`gJLNFU2��a¬«¹acMO[]dLe�oWl�[]hWYXNFM�����«Bl�[]M �(JWVX_�J¼`gJLN�U"acMON
�<�2�°_q[]MONqe�¥�EWdWlg`gJLNFl|l�N�¤LULNFMONFU�`�e [c«�`gJLN3�2�2�ªacYi\z[]lgVi`gJWM��£NFl�NºY�ac`�NFl�oWl�[]o7[^e�Nqsµ�LUL[]`�achWYif
hpf�n,_�JWUL[]lglVG P�Q5��w^~(K�¥µ�2�<� acULs§[]`gJLNFl l�Nqs5dL_F`gVX[]U�acYi\z[]lgVi`gJWMOe J"aq}zN¡aclg\^d"achWYifAh*Nq_q[]MON�`gJLN
MO[^e�`�o*[]oWdWY�acl�`�[p[]Y5ViU�oWdWhWYiVX_��¢�zNFf�_Flgf,oW`�acU"acYif,e�VXe���e�NqNMG P�J(KB��¥^³´U�`gJLN£o"a]eg`�`���NFU�`´f��¹¤L}zN(fzNbacl�e��
`gJLNFf�J"ab}zN�h7NqNFU°dLe�NqsD`�[AhWl�Nbac��M�acU�fDoWdWhWYiVX_��¢�zNFfD_FlgfpoW`�[^e�f,eg`�NFMOe��<ViUL_FYidLs5ViUW\��pU"acoLe¯a]_��
_Flgf,oW`�[^egf5eg`�NFMOeVG PzyRK��µr|n,±tViU�o"aclg`gVX_FdWY�acl�e�NF`g`gViUW\zeVG y,��v5�#��K��� Zn,± acULs�egViM¡ViY�aclºegVi\^U"ac`gdWl�Nqe
ViU¾o"aclg`gVX_FdWY�acl|e�NF`g`gViUW\zeWG�I�I^��Pc��K��LMO[^eg`�Y�ac`g`gVX_qN��¢h"a]e�Nqs¬_Flgf,oW`�[^egf5eg`�NFMOeWG P^v5��P^w(K����X�47RY

R|Vi}zNFU�a]e2ViUWoWdW`�acUºViU�`�NF\zNFl
d
��s5ViMONFULegVX[]U"acY,Y�ac`g`gVX_qN h"a]egVXe2[c«5}zNq_F`�[]l�e��(Vi`gJºUL[]lgMOe<egM�acYiYXNFl

`gJ"acU
B
�9�<�2�¬[]dW`goWdW`�e�a�e�[c��_bacYiYXNqs¡�2�2�µ�¢l�Nqs5dL_qNqsOh"a]egVXe�ViU>`gViMON

O(d6 log3 B)
�9dLe�ViUW\ZaclgVi`gJ5�

MONF`gVX_§[]o7NFl�ac`gVX[]ULe�[]U ViU�`�NF\zNFl�e�[c«ZhWVi`#�¢YXNFUW\^`gJ
O(d log B)

¥�I�JWVXe��£[]l�eg`#��_ba]e�NA_q[]M¡oWYXN�5Vi`�f
`gdWlgULe�[]dW`�`�[¡h*N oWl�[]hWYXNFM�ac`gVX_ºViU¾oWl�a]_F`gVX_qN^�"Nqe�o7Nq_FV�acYiYif�«�[]l�Y�ac`g`gVX_qNqe�aclgVXegViUW\¡ViUA_Flgf,oW`�acU"acYifp�
e�VXe(�(JLNFl�N

d
[]l¯®]acULs

log B
acl�Nº[c«�`�NFU¬Y�aclg\zN^¥ZEL[]l�ViULeg`�acUL_qN^�"ViU§a>`´fpoWVX_bacY�r|n,± acoWoWYiVX_bac`gVX[]U

[c«�Æ�[]oWo*NFl�egM¡Vi`gJ�� e�Y�ac`g`gVX_qN��¢h"a]e�Nqs�`gJLNq[]l�NFM[G yRK��,�£N�M�aqf�ULNqNqs�`�[�l�Nqs5dL_qNZa\Jc�]��s5ViMONFULegVX[]U"acY
Y�ac`g`gVX_qNº�(Vi`gJ¬}zNq_F`�[]l�e�J"ab}pViUW\�r|n,±��¢`�f,o7NZ_q[,N���_FVXNFU�`�e>�]Ib~^Pc�]�¢hWVi`¯���LViU¬�(JWVX_�J§_ba]e�N `gJLN3_q[]M>�
oWYXN�5Vi`�f¡h*Nq_q[]MONqe�^

d6 log3 B = 266 _ ¥,±�e�aZl�NqegdWYi`b�p`gJLN�[]lgVi\^ViU"acY*�2�2��acYi\z[]lgVi`gJWM VXe£e�NFYXsW[]M
dLe�Nqs¬ViU�oWl�a]_F`gVX_qN^¥
³´ULeg`�Nba]sµ�7[]ULN�acoWoWYiVXNqe�¶"[zac`gViUW\]�¢o7[]ViUp`��a`4bL��}^aclgV�acU�`�e [c«��2�2� �
�(JLNFl�N�`gJLN
YX[]UW\]�¢ViUp`�NF\zNFl aclgVi`gJWMONF`gVX_3l�Nqj�dWVil�Nqs¬h�f¬R|l�acM>�·n,_�JWM¡VXs5` []lg`gJL[]\z[]U"acYiVXe�ac`gVX[]U¨�B�(JWVX_�JAoWY�abf,e|a

c�ced�fhg!i!jXk
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_qNFUp`gl�acY l�[]YXN¡ViU��2�<���|VXeZl�NFoWY�a]_qNqs�hpfA¶"[zac`gViUW\]�¢o*[]ViU�`>aclgVi`gJWMONF`gVX_§�a`"bC���|[]U�M�dL_�J°e�M�acYiYXNFl
UpdWM3h*NFl�eb¥zI�JLN�dLe�N�[c«2`4bC�(ViUO�2�2�¾\z[,Nqe%h"a]_���`�[|`gJLN(NbaclgYif�NFVi\^Jp`gVXNqe �(JLNFUO�2�<�¬��a]e dLe�Nqs>`�[
e�[]Yi}zNZYX[b����sWNFULegVi`´f¬�,U"acoLe�a]_��5e\G�IF��K�¥
¸�U5«¹[]lg`gdWU"ac`�NFYifz�,`"bC�3M�aqf�YXNba]s¬`�[�eg`�achWViYiVi`�f¾oWl�[]hWYXNFMOe��
h*[]`gJDViU°`gJLNq[]lgfDacULs�oWl�a]_F`gVX_qN^��Nqego*Nq_FV�acYiYif��(JLNFUD`gJLN�s5ViMONFULe�VX[]U°ViUL_Fl�Nba]e�Nqe�»2`gJLN�lgdWUWUWViUW\
`gViMON�[c«F`4b�}^aclgV�acU�`�e>[c«��2�2� egdL_�J¼a]e¡n,_�JWUL[]lgl#� � dL_�JWULNFl�� eHG w^P(K£VXe�UL[]`3\^d"acl�acUp`�NqNqsª`�[¬h*N
o*[]Yif,UL[]M¡V�acYWUL[]l�NF}zNFU>¤LUWVi`�N^�zacULs>`gJLN�[]dW`goWdW` h"a]e�VXe�M�abf�UL[]`%h*N��2�2�*�¢l�Nqs5dL_qNqs�ac` acYiY¢¥^I�JWVXe
oWJLNFUL[]MONFUL[]UªVXe��£NFYiY��¢�,UL[b�(U¨`�[��2�2�²oWl�a]_F`gVi`gVX[]ULNFl�eb¥.E"[]l�ViULeg`�acUL_qN^��N�5o7NFlgViMONFUp`�acY�oWl�[]h5�
YXNFMOe�acl�[^e�N�s5dWlgViUW\�`gJLN�_Flgf,oW`�acU"acYif,e�NqeMG P^v5��P^w(K��p�(JWVX_�J�YXNqs¡`�[3_q[]ULe�VXsWNFl�achWYXN�ViM¡oWl�[�}zNFMONFU�`�e
ViU§npJL[]dWo�� e�{�I(�DYiVihWl�aclgfUG w�J(K�¥

I�JLNFl�N/VXe�JL[��£NF}zNFlA[]ULN�oWl�[�}]achWYXN `"b��¢}^aclgV�acU�`¾[c«��<�2� �(s5dLN�`�[ n,_�JWUL[]lgl G w^~(K����(JWVX_�J
e�Vi\^UWV�¤"_bacU�`gYifOViM¡oWl�[�}zNqe��<�2� � e��£[]l�eg`#��_ba]e�N�_q[]M¡oWYXN�5Vi`�fz¥Wn,_�JWUL[]lgl�� e�}^aclgV�acU�`�[]dW`goWdW`�e�acU�aco5�
oWl�[b,ViM�ac`�NA�2�2�*�¢l�Nqs5dL_qNqs©h"a]egVXe>ViUª`gViMON

O(d4 log B(d + log B)2)
��dLegViUW\

O(d + log B)oWl�Nq_FVXe�VX[]U\`"b>UpdWM3h*NFl�eb¥���[��£NF}zNFlb�,`gJWVXe(acYi\z[]lgVi`gJWM VXe£MO[^eg`gYifO[c«2`gJLNq[]l�NF`gVX_bacY*ViU�`�NFl�Nqeg`(acULs�VXe
UL[]`�ViM¡oWYXNFMONFU�`�Nqs/ViU�acU�f¬[c« `gJLN�M�acViU�_q[]M¡oWdW`�ac`gVX[]U"acY�YiVihWl�aclgVXNqe G w�J5��P^~5��P5�OI�Q(K�¥µI�JWVXe|_bacU
h*N�N�5oWY�acViULNqs�h�f�ac`�YXNba]e�`£`gJWl�NqN�l�Nba]e�[]ULeb»�Vi`�VXe£UL[]`�_FYXNbacl£�(JWVX_�J `4b?���¢MO[psWNFY7VXe£dLe�Nqsµ�z`gJLN|acY��
\z[]lgVi`gJWMtVXe%s5V ��_FdWYi` `�[ZsWNqe�_FlgVih*N^�zacULs>`gJLN�JWVXsWsWNFU�_q[]M¡oWYXN�,Vi`´f¡_q[]ULeg`�acU�`�e�acl�N�l�ac`gJLNFl�Y�aclg\zN^¥
��[]l�N�oWl�Nq_FVXe�NFYifz��`gJLN%l�Nqj�dWVil�NqsºoWl�Nq_FVXegVX[]U3[c«�`4b�UpdWM3h*NFl�e<ViU G w^~(K�VXeµJWVi\^JLNFl2`gJ"acU

12d+7 log B
¥

����������������� � ¥"!�N/oWl�Nqe�NFU�`A`gJLN��<�2� 2 acYi\z[]lgVi`gJWM¬��a°ULNF� acULs egViM¡oWYXN `"b��¢}^aclgV�acU�`¬[c«
�<�2� ViU°a�e�`�acULsLacl�s `"bC���¢MO[,sWNFY ��Y�a¾³ � � � �·y]vc�L�<�(JWVX_�JDoWl�[�}]achWYif�[]dW`goWdW`�e��2�2�*�¢l�Nqs5dL_qNqs
h"a]e�Nqe�ViU²o7[]Yif,UL[]M¡V�acY `gViMON^¥£�<�2� 2 _q[]MONqe�ViU `´�£[°¶
aq}z[]l�eb¥�I�JLNA¤Ll�eg`�[]ULNAM�ac`�_�JLNqe�`gJLN
_q[]M¡oWYXN�5Vi`�f

O(d4 log B(d + log B)2)
[c« G w^~(K���hWdW`¡Vi`¡VXe>M3dL_�J egViM¡oWYXNFl�acULsªJ"a]e>h7NF`g`�NFl

_q[]ULe�`�acU�`�eb»µU"acMONFYifz�<`gJLN>l�Nqj�dWVil�Nqs�oWl�Nq_FVXegVX[]U°sWNq_Fl�Nba]e�NqeZ«Bl�[]M
12d + 7 log B

`�[
1.812d +

log B
¥9I�JLN£e�Nq_q[]ULs�}zNFl�egVX[]U>[c«"�2�2� 2 VXe�NF}zNFU�MO[]l�N�ViUp`�NFl�Nqeg`gViUW\L»cVi`�e�_q[]M¡oWYXN�5Vi`�f�VXe O(d5(d+

log B) log B)
dLegViUW\�[]UWYif¬a

1.6d
�¢hWVi`|oWl�Nq_FVXegVX[]U2�L`gJ"ac`�VXe��5ViULsWNFo7NFULsWNFUp`gYif¬[c«

log B
¥WI�JWVXe�VXe

`gJLN¬¤Ll�eg`��2�<���(JWVX_�J©lgdWUWUWViUW\¼`gViMON¬\^l�[���e�[]UWYif¨jpd"a]s5l�ac`gVX_bacYiYif �(Vi`gJ©l�Nqego*Nq_F`O`�[
log B�BJLNFUL_qN�`gJLN§U"acMON/�2�2� 2 ���£�(JLNFl�Nba]e�`gJLN§\^l�[b�(`gJ VXe�_FdWhWVX_A«¹[]l¾acYiY|[]`gJLNFl�oWl�[b}^achWYXN/�2�2�

acYi\z[]lgVi`gJWMOe �pUL[��(U2¥^³�Up`�NFl�Nqeg`gViUW\^Yifz�^�2�2�§_bacU�h*N�}pVXNF��Nqs¡a]e a�\zNFULNFl�acYiVXe¯ac`gVX[]U�[c«"`gJLN�«¢acMO[]dLe
RºacdLe�egV�acU¬acULs � dL_FYiVXsWNbacU§acYi\z[]lgVi`gJWMOe��(JWVX_�JA_q[]M¡oWYXN�5Vi`gVXNqe�acl�NZjpd"a]s5l�ac`gVX_^�5UL[]`�_FdWhWVX_ YiVi�zN
`gJLNZ[]lgVi\^ViU"acY��2�2� ¥
I�JWVXe�aclg\^d"achWYif�M�ac�zNqe��2�<� 2 `gJLNZMO[^eg`(U"ac`gdWl�acY<}zNFl�egVX[]UA[c«%�2�2� ¥

I�JLN£ULNF�¨�2�<� 2 acYi\z[]lgVi`gJWM VXe�h"a]e�Nqs�[]U>e�NF}zNFl�acY5ViM¡oWl�[b}zNFMONFUp`�eb�^h*[]`gJ>ViU�`gJLN��2�2�§acYi\z[c�
lgVi`gJWM Vi`�e�NFY�«<acULs�MO[]l�N�ViM¡o*[]lg`�acU�`gYif�ViU�Vi`�e£acU"acYif5egVXeb¥�EWl�[]M acU�acYi\z[]lgVi`gJWM¡VX_|o7[]ViUp`�[c«µ},VXNF�º�
��NºViM¡oWl�[�}zN�`gJLN�a]_q_FdWl�a]_Ff¬[c«%`gJLN3dLegd"acY�R|l�acM>�·n,_�JWM¡VXs5`º_q[]M¡oWdW`�ac`gVX[]ULe|h�fAa�egf5eg`�NFM�ac`gVX_
dLe�Nº[c«�`gJLN>R|l�acM M�ac`glgV�µ�"acULs¬��N3a]sLacoW`$#(ach"acV�� e�ULNbacl�Nqeg`�oWY�acULN�acYi\z[]lgVi`gJWM G�I�K<`�[S`"bC�3ViU
[]l�sWNFl�`�[§e�`�achWViYiVi�bNO`gJLN�e�[c��_bacYiYXNqsDegVi�bN��¢l�Nqs5dL_F`gVX[]UªoWl�[,_qNqe�e�N�,`�NFULegVi}zNFYif�dLe�Nqs�ViU°�<�2� ¥%!�N
\^Vi}zN `gVi\^Jp`�h*[]dWULsWe�[]U¬`gJLNºa]_q_FdWl�a]_Ff¾[c«%R|l�acM>�·n,_�JWM¡VXs5`|_q[]M¡oWdW`�ac`gVX[]ULe�`�[¡oWl�[b}zNº`gJLNZ_q[]l#�
l�Nq_F`gULNqe�e�[c«��2�2� 2 ¥,I�JLNZacU"acYif,e�VXe£YXNba]sWe�`�[�`gJLN s5VXe�_q[b}zNFlgf�[c«�egdWlgoWlgVXegViUW\^YifOh"a]s�Y�ac`g`gVX_qNqeb»p«¹[]l
ViULe�`�acUL_qN^�p��N�«¹[]dWULs�a�v^v9��s5ViMONFULegVX[]U"acYµY�ac`g`gVX_qN|�(Vi`gJUIb~^~9�¢hWVi`�}zNq_F`�[]l�e��(JWVX_�J�M�ac�zNqe({�I(� � e

&('�c)&+*
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�<�2����E�k G w�J(K��¹acU>ViM¡oWl�[b}zNqs�}zNFl�egVX[]U¡[c«�G w^P(KB��YX[,[]o>«�[]l�NF}zNFlb�]�(JWVX_�JO_q[]U�`gl�a]s5VX_F`�eMG�Ibw(KL�(JLNFl�N
Vi`���a]e�_FY�acViMONqsA`gJ"ac`�sW[]dWhWYXN3oWl�Nq_FVXegVX[]UA��a]e�egd ��_FVXNFUp`�ViU G w^P(K�`�[O�2�2�*�¢l�Nqs5dL_qN�Y�ac`g`gVX_qNqe�dWo
`�[Ds5ViMONFULegVX[]U²P^v^~5¥FE�ViU"acYiYifz��`�[�Nqeg`�achWYiVXegJ a�j�d"a]s5l�ac`gVX_AlgdWUWUWViUW\D`gViMON^�%��N¬\zNFULNFl�acYiVi�bN/a
��NFYiY��¢�pUL[��(U¾_ba]e�_ba]sWN�oWJLNFUL[]MONFUL[]U�ViU�`gJLN�_q[]M¡oWYXN�,Vi`´f�acU"acYif,egVXe�[c«µ`gJLN|RZacdLe�egV�acU�acULs � d5�
_FYiVXsWNbacUAacYi\z[]lgVi`gJWMOe�¥WI�JWVXe£VXe�M�a]sWN|o*[^e�egVihWYXN�h�f�a3`gVi\^Jp`(h7[]dWULs�[]U�`gJLN _q[]M¡oWYXN�,Vi`´f�[c«�[]dWl
`"b��¢}^aclgV�acU�`�[c«%#(ach"acV�� e�acYi\z[]lgVi`gJWM¬�5�(JWVX_�J¾M�aqf�h7N [c«<ViULsWNFo*NFULsWNFU�`�ViU�`�NFl�Nqeg`b¥?EL[]l(ViULe�`�acUL_qN^�
ViU �AVX_q_FV�acUL_FVX[ � e|}^aclgV�acU�`\G PCI�K�[c«%`gJLN�RºR � _Flgf,oW`�[^egf,e�`�NFM G x(K�� #(ach"acV�� e acYi\z[]lgVi`gJWM VXe�dLe�Nqs
`�[¡sWNq_Flgf,oW`b�W�(JWVX_�JAM�aqf�h*NZ_q[]M¡oWdW`�ac`gVX[]U"acYiYif¬N�,o*NFULegVi}zN^¥
� ��� � ���������%�
	 ¥ �§dL_�J½�£[]lg� G wc�L��w^~5��wzy,�OIbP5�OIbw5��wCI�K¡J"a]e¾h7NqNFU�sWNF}z[]`�Nqs `�[¨ViM¡oWl�[b}zN
`gJLN�_q[]M¡oWYXN�5Vi`�f§[c«��<�2� �7hWdW`�UL[]ULN�ViM¡oWl�[b}zNqe `gJLN

log3 B
«¢a]_F`�[]lb¥7r�ac`gJLNFlb�
`gJLNFf¾«�[,_FdLe�[]U

`gJLN¡N�5o*[]ULNFU�`3[c«
d
ViU�`gJLNO_q[]M¡oWYXN�5Vi`�fz¥�!�NON�5o*Nq_F`ZMO[^eg`º[c«£`gJLNqe�N>ViM¡oWl�[�}zNFMONFU�`�e�`�[�h*N

a]sLacoW`�achWYXN3`�[¡�2�2� 2 ¥
E�YX[zac`gViUW\]�¢o*[]ViU�`>eg`�achWViYiVi`´f�J"a]eºYX[]UW\§h7NqNFUªa�M3f5eg`�NFlgVX[]dLe�VXe�egdLN¡ViU¼�2�2� ¥%! JLNFU°Vi`º��a]e

l�NbacYiVi�bNqs�s5dWlgViUW\¡N�5o7NFlgViMONFUp`�e�`gJ"ac`�_FY�a]e�egVX_bacYµR l�acM>�·n,_�JWM¡VXs5`�[]lg`gJL[]\z[]U"acYiVXe�ac`gVX[]U¬_q[]dWYXs�h*N
}zNFlgf¼dWULeg`�achWYXN^��Vi`¡��a]e�e�dW\^\zNqeg`�Nqs¨ViU `gJLN¾Y�ac`�N¬UWViULNF`gVXNqeO`�[�dLe�N���NFYiY��¢�pUL[��(U acYi`�NFlgU"ac`gVi}zN
`�Nq_�JWUWVXj�dLNqe¡��e�NqN G�Ibv5�DQ(KB��YiVi�zN>R|Vi}zNFULe�l�[]`�ac`gVX[]ULeO�BViM¡oWYXNFMONFU�`�Nqs/ViU�{�I(����[]l ��[]dLe�NFJL[]YXsWNFl
l�N�¶"Nq_F`gVX[]ULe��b�(JWVX_�J�acl�N%MO[]l�N N�5o7NFULegVi}zN hWdW`<e�NqNFM `�[(h*N�MO[]l�N eg`�achWYXN%ViU3oWl�a]_F`gVX_qN^¥ �|[b�£NF}zNFlb�
«�l�[]M aO`gJLNq[]l�NF`gVX_bacY�o*[]ViU�`|[c«�},VXNF�º�L`gJLN3h7Nqe�`�l�NqegdWYi`�e��,UL[b�(U/[]U¬`gJLN3�£[]l�eg`#��_ba]e�N>a]_q_FdWl�a]_Ff
[c«�R|Vi}zNFULeºl�[]`�ac`gVX[]ULe�[]l ��[]dLe�NFJL[]YXsWNFlºl�N�¶"Nq_F`gVX[]ULe�acl�N>UL[]`3e�Vi\^UWV�¤"_bacU�`gYif/h7NF`g`�NFl3`gJ"acU�`gJLN
e�[c��_bacYiYXNqs ��[ps5V�¤"Nqs¡R|l�acM>�·n,_�JWM¡VXs5`%acYi\z[]lgVi`gJWM¬¥ #�NqegVXsWNqeb�9MO[^eg`�U�dWMONFlgVX_bacY"acU"acYif5egVXe<l�Nqe�dWYi`�e
l�N�«¹NFl3`�[Ah"a]_��,��acl�sªeg`�achWViYiVi`´f°acULs�UL[]`¡a]_q_FdWl�a]_Ff7»�egdL_�J¼a¾M¡VXe�`�ac�zN�VXe3M�a]sWN�hpf�Ç�[bf¼acULs
n,_�JWUL[]lgl3ViUPG�Ibw(K��¹acULsDacYXe�[�ViUDacUDNbaclgYif§}zNFl�e�VX[]U�[c« G wCI�KB���µ�(JLNFl�N�a�`gJLNq[]l�NFM «Bl�[]M G�Ibv(K VXe
ViUL_q[]lgl�Nq_F`gYif�acoWoWYiVXNqsµ¥�±�`Z`gJLN¡MO[]MONFU�`b�<Vi`ZVXeZ`gJLNFl�N�«�[]l�N�UL[]`º_FYXNbaclºJL[b�t`�[¬N�,oWYX[]Vi`3�pUL[��(U
l�Nqe�dWYi`�e%[]UOR Vi}zNFULe�l�[]`�ac`gVX[]ULe£acULs �|[]dLe�NFJL[]YXsWNFl%l�N�¶"Nq_F`gVX[]ULe%`�[|ViM¡oWl�[�}zN��2�2�¾`gJLNq[]l�NF`gVX_bacYiYifz¥
I�JWVXe�VXe(�(J�f¾�2�2� 2 []UWYif�dLe�Nqe�a>oWl�[,_qNqe�e(_FYX[^e�NZ`�[¡_FY�a]e�e�VX_bacY�R|l�acM>�·n,_�JWM¡VXs5`b¥
��� � �� ��� ¥�I�JLN�o"aco*NFl�VXe>[]lg\�acUWVi�bNqs a]e�«¹[]YiYX[b��eb¥�³´U¨n,Nq_F`gVX[]U PA�£N�oWl�[b},VXsWN�ULNq_qNqe�e�aclgf
h"a]_��p\^l�[]dWULsA[]U¾Y�ac`g`gVX_qNqe�acULs¾�2�2��¥	!�NZsWNqe�_FlgVih*N `gJLN ULNF�¦�2�2� 2 acYi\z[]lgVi`gJWM ViU§n,Nq_F`gVX[]U§w5¥
n,Nq_F`gVX[]Uª�§oWl�[b}zNqe>`gJLN�_q[]lgl�Nq_F`gULNqe�e¡[c«��2�2� 2 �<�(JWViYXN¬n,Nq_F`gVX[]U¨v§acU"acYif,�bNqe�Vi`�e�_q[]M¡oWYXN�5Vi`�fz¥
±(sWs5Vi`gVX[]U"acY�ViU5«�[]lgM�ac`gVX[]U ��egdL_�JDa]eº_q[]M¡oWYXNF`�NOoWl�[p[c«¹eZ[c«�`�Nq_�JWUWVX_bacY�YXNFM¡M�ac`�az�|VXe oWl�[�}pVXsWNqs
ViUAacoWo*NFULs5V�µ¥

� ��� 0���� *,+�/�'�-

� �%� � �
�����)��� �2NF` ‖.‖ acULs 〈., .〉 h7NZ`gJLN � dL_FYiVXsWNbacU§UL[]lgM acULs¬ViUWULNFl�oWl�[ps5dL_F`�[c«
R

n ¥WI�JLN
UL[]`�ac`gVX[]U dxc sWNFUL[]`�Nqe�a|_FYX[^e�Nqeg`%ViU�`�NF\zNFl�`�[ x

¥ #�[]YXs>}]aclgV�achWYXNqe�acl�N�}zNq_F`�[]l�e�¥^±�YiY5`gJLN�Y�ac`g`gVX_qNqe
��Nº_q[]ULegVXsWNFl�acl�NZViUp`�NF\zNFl�Y�ac`g`gVX_qNqeb�"a]e�dLegd"acY¢¥WI�JLNº_q[]M¡oWYXN�5Vi`�f�MO[psWNFYµ��NZdLe�N VXe�`gJLNºr�±'�
MO[,sWNFY¢� acULsª`gJLN�_q[]M¡oWdW`�ac`gVX[]U"acY�_q[^eg`¡VXe>MONba]e�dWl�NqsªViU NFYXNFMONFU�`�aclgf¨[]o7NFl�ac`gVX[]ULe�[]U¨hWVi`�eb�

c�ced�fhg!i!jXk



J ���C������ Y����B�� ���	��
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�(Vi`gJL[]dW`�«¢a]eg`�ViUp`�NF\zNFlAaclgVi`gJWMONF`gVX_AG w^v(K�¥���dWl5`"bC���¢MO[,sWNFY|VXe�a°egMO[p[]`gJ N�5`�NFULegVX[]U [c«º`gJLN
³ � � � �·y]vc�§eg`�acULsLacl�sµ��a]eZoWl�[b},VXsWNqs�«¹[]l3N�LacM¡oWYXNOViU�{|I(� G w�J(K�acULs �§kFE�r G P^x(K�¥�!²Vi`gJ°a
`
�¢hWVi` �£[]lg�,ViUW\�oWl�Nq_FVXegVX[]U2�pa�`4b��¢UpdWM3h*NFl£VXe£[c«µ`gJLN(«¹[]lgM

x = ±mx ·2ex
�(JLNFl�N�`gJLN�M�acU�`gVXe�e¯a

mx ∈ [1/2, 1[
VXe

`
�¢hWVi`OYX[]UW\DacULs `gJLN¾N�,o*[]ULNFU�`

ex
VXeOacU ViU�`�NF\zNFlb¥ !�N¾N�,o*Nq_F`�acYiY(«¹[]dWl

h"a]e�VX_:`"b���[]o7NFl�ac`gVX[]ULe�`�[Dh7N§_q[]lgl�Nq_F`gYif ViM¡oWYXNFMONFU�`�Nqsµ»�`gJLN§l�NF`gdWlgULNqs©}^acYidLN
o(a

[]o
b)
«�[]l

[]o ∈ {+,−, /, ∗} VXe `gJLN>_FYX[^e�Nqeg` `"b��¢U�dWM�h7NFlº`�[
(a
[]o

b)
¥*³´U�[]dWl _q[]M¡oWYXN�5Vi`�f�acU"acYif5egVXeb�

��N�sW[¾UL[]`�_q[]ULegVXsWNFl3`gJLN�_q[^eg`3[c«�`gJLN�aclgVi`gJWMONF`gVX_�[]U�`gJLNON�5o7[]ULNFUp`�eb»2Vi`3_bacU°h7N�_�JLNq_��zNqs
`gJ"ac`�`gJLN�N�,o*[]ULNFU�`�e�acl�N(ViU�`�NF\zNFl�e�[c«*YXNFUW\^`gJ

O(log(d+log B))
�^e�[Z`gJ"ac` `gJLN�_q[^e�` VXe%ViULsWNqNqs

ULNF\^YiVi\^VihWYXN^¥
!�Nºa]e�egdWMONZ`gJLN l�Nba]sWNFl�VXe(«¹acM¡ViYiV�acl��(Vi`gJAh"a]egVX_ºacYi\z[]lgVi`gJWM¡VX_º\zNq[]MONF`glgf¾[c«�U�dWM3h*NFl�e5G P^P(K�¥
���9� � ���5�b������� �<NF`

b1, . . . , bd
h*N>}zNq_F`�[]l�eb¥)!�NOsWNFUL[]`�N¡h�f

G(b1, . . . , bd)
`gJLNFVil�R|l�acM

M�ac`glgV�µ��V¢¥ N^¥�`gJLN
d × d

egf,M¡MONF`glgVX_/M�ac`glgV�
(〈bi, bj〉)1≤i,j≤d

«¹[]lgMONqs h�f acYiY `gJLN/ViUWULNFl
oWl�[,s5dL_F`�eb¥
	 �5�q�
�B� À��
Ä % 	�� À � ± Y�ac`g`gVX_qN

L
J"a]e�ViU5¤LUWVi`�NFYif�M�acU�f�Y�ac`g`gVX_qN�h"a]e�Nqeº�(JLNFU

dim(L) ≥ 2
¥

±�U�f>`´�£[ºh"a]e�Nqe£acl�N�l�NFY�ac`�Nqs�`�[ºNba]_�J�[]`gJLNFl hpfOe�[]MON(dWUWViMO[,s5dWY�acl£M�ac`glgV�A�BViU�`�NF\^l�acY7M�ac`glgV�
[c«�sWNF`�NFlgM¡ViU"acUp` ±1

����acULs°`gJLNFl�N�«�[]l�N�`gJLN�sWNF`�NFlgM¡ViU"acUp`O[c«�`gJLN�R|l�acM M�ac`glgV�D[c«�a¾h"a]egVXe
[]UWYif>sWNFo*NFULsWe []U¡`gJLN�Y�ac`g`gVX_qN^¥zI�JLN�e�jpd"acl�N�l�[,[]`�[c«*`gJWVXe sWNF`�NFlgM¡ViU"acUp`�VXe%`gJLN �(��� B2=>�

vol(L)��[]lW#��X�"��@�=5	��Z���Z����[c«�`gJLN Y�ac`g`gVX_qN^¥
���9� � Â� ���!���BÅ<� Ä �9�
� Ä��"Ä�� � %��B�b�5�
� Ä�� � �<NF`

[b1, . . . , bd]
h7N YiViULNbaclgYif�ViULsWNFo*NFULsWNFU�`�}zNq_��

`�[]l�e�¥cI�JLN�� @$��= � � 7 � = 	
#�����@X�(�2�D,��� ��� 	 �X�,�
	
�����¢R3n��Z�
[b∗1, . . . , b

∗
d]
VXe acU¡[]lg`gJL[]\z[]U"acYW«¢acM¡ViYif

sWN�¤LULNqsAl�Nq_FdWl�egVi}zNFYifAa]e(«¹[]YiYX[b��e�»
b
∗
i

VXe�`gJLN3_q[]M¡o*[]ULNFU�` [c«
bi
[]lg`gJL[]\z[]U"acY�`�[O`gJLNºegdWhLe�o"a]_qN

e�o"acUWULNqs�h�f
b1, . . . , bi−1

¥ !�N J"ab}zN
b
∗
i = bi −

∑i−1
j=1 µi,jb

∗
j

�(JLNFl�N
µi,j = 〈bi, b

∗
j 〉/‖b∗j‖2 ¥

I�JLN¬Y�ac`g`gVX_qN
L
ego"acUWULNqs¨hpfª`gJLN

bi
� eOe�ac`gVXeg¤"Nqe

vol(L) =
∏d

i=1 ‖b∗i ‖
¥ I�JLN§Rºn�� «¢acM¡ViYif

sWNFo*NFULsWe|[]U¬`gJLN3[]l�sWNFl [c«%`gJLNº}zNq_F`�[]l�eb¥
³¢«%`gJLN
bi
� e�acl�NºViUp`�NF\zNFl�}zNq_F`�[]l�e��L`gJLN

b
∗
i

� e�acULsA`gJLN
µi,j

� e�acl�N ViU¬\zNFULNFl�acY2l�ac`gVX[]U"acY¢¥
QR � �W�z� Ä ��� ���5�
� Ä�� � I�JLNºRºn���_bacU�h*N�e�NqNFU¾a]e�`gJLN ^

R _ o"aclg`([c«<`gJLN Q ·R «¢a]_F`�[]lgVXe�ac`gVX[]U
[c«�`gJLN�M�ac`glgV�Dl�NFoWl�Nqe�NFUp`gViUW\�`gJLN�h"a]e�VXe

[b1, . . . , bd]
�2�(JLNFl�N

Q
VXe>acUª[]lg`gJL[]\z[]U"acY�M�ac`glgV�

�BV¢¥ N^¥
Q · Qt = Qt · Q = Id

��acULs
R
VXe3YX[��£NFl>`glgV�acUW\^dWY�aclb¥�I�JWVXe>sWNq_q[]M¡o7[^egVi`gVX[]Uª_bacU¼h7N

_q[]M¡oWdW`�Nqs�N^¥ \L¥*�(Vi`gJ/`gJLN�R|l�acM>�·n,_�JWM¡VXs5`�acYi\z[]lgVi`gJWM a]eZsWNqe�_FlgVih*Nqs�ach7[�}zN^¥µ³¢«
R = (ri,j)

�
«¹[]lºacU�f

i
�£N>J"ab}zN

ri,i = ‖b∗i ‖2 acULs�«¹[]l3acU�f i > j
�£N>J"ab}zN

ri,j = µi,j‖b∗j‖2 ¥µ³´U/�(J"ac`
«¹[]YiYX[b��e��5`gJLN�� ���U`X��= 	�� � sWNFUL[]`�Nqe�`gJLN

ri,j
� e�acULs

µi,j
� eb¥Ln,[]MON ViU5«¹[]lgM�ac`gVX[]U¬VXe�l�Nqs5dWULsLacU�`

ViU�VXsWNbacY
aclgVi`gJWMONF`gVX_^��hWdW`�ViUO`gJLN�_q[]Up`�N�,`�[c«*[]dWl�`4b�_bacYX_FdWY�ac`gVX[]ULe���Vi` VXe dLe�N�«BdWY"`�[ZJ"aq}zN�`gJLNFM
acYiYµ`�[OM¡ViUWViM¡Vi�bNº`gJLN U�dWM�h7NFl|[c«%aclgVi`gJWMONF`gVX_�[]o7NFl�ac`gVX[]ULe|acULs¾`gJ�dLe�`gJLN oWl�Nq_FVXegVX[]UAYX[^e�eb¥
 ��� À^Â � À Å 	��^�
� Ä�� � ±�h"a]e�VXe

[b1, . . . , bd]
VXe �!	 �R��� @$�D#�BC7!�$#��(Vi`gJ¬«¢a]_F`�[]l

η ≥ 1/2
V�«�Vi`�e Rºn��

«¢acM¡ViYif/e�ac`gVXe#¤"Nqe |µi,j| ≤ η
«�[]l3acYiY

j < i ≤ d
¥2±�U�ViULs5Vi}pVXs5d"acY�}zNq_F`�[]l

bi
VXeºegVi�bN��¢l�Nqs5dL_qNqs

V�« |µi,j | ≤ η
«�[]l�acYiY

j < i
¥�npVi�bN¡l�Nqs5dL_F`gVX[]U°dLe�d"acYiYif�l�N�«¹NFl�eº`�[

η = 1/2
acULs�VXe3`�f,oWVX_bacYiYif

a]_�JWVXNF}zNqs¬hpf�egdL_q_qNqe�egVi}zNFYif¾egVi�bN��¢l�Nqs5dL_FViUW\�ViULs5Vi},VXs5d"acY2}zNq_F`�[]l�e�hpf�ViUL_Fl�Nba]e�ViUW\�ViULsWN�
i
¥

&('�c)&+*
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	 	 	%Â � À Å!	��^�
� Ä�� � ±©h"a]egVXe
[b1, . . . , bd]

VXe%�2�2�*�¢l�Nqs5dL_qNqs��(Vi`gJ�«¹a]_F`�[]l
(δ, η)

«¹[]l
1/4 < δ ≤

1
acULs

1/2 ≤ η <
√

δ
V�«2`gJLN�h"a]e�VXe£VXe�egVi�bN��¢l�Nqs5dL_qNqs��(Vi`gJ�«¢a]_F`�[]l

η
acULs�V�«<Vi`�e�Rºn��½e�ac`gVXe#¤"Nqe

`gJLN
(d−1)

�2[b}^�]eg��_q[]ULs5Vi`gVX[]ULe
(δ−µ2

i,i−1)‖b∗i−1‖2 ≤ ‖b∗i ‖2 �]�(JWVX_�J�MONbacULe%`gJ"ac` `gJLN�R3n��
}zNq_F`�[]l�e�ULNF}zNFl�s5l�[]o°`�[p[¬M3dL_�J2¥%npdL_�J°h"a]e�NqeºJ"ab}zN�e�NF}zNFl�acY�dLe�N�«�dWY oWl�[]o*NFlg`gVXNqe���e�NqNHG�I�J5�DJ5�
P^P(KB���p`gJLN�«�[]YiYX[��(ViUW\>[]ULN�ViU�o"aclg`gVX_FdWY�aclb»p`gJLN�¤Ll�eg`�h"a]egVXe£}zNq_F`�[]l£VXe�l�NFY�ac`gVi}zNFYif�egJL[]lg`b�pU"acMONFYif*»

‖b1‖ ≤ β(d−1)/4vol(L)1/d ,
�(JLNFl�N

β = 1/(δ − η2).

�<�2�*�¢l�Nqs5dL_F`gVX[]U dLegd"acYiYif l�N�«¹NFl�e�`�[D`gJLNA«¹a]_F`�[]l
(3/4, 1/2)

h*Nq_bacdLe�N§`gJWVXe���a]e�`gJLN�_�JL[]VX_qN
_q[]ULe�VXsWNFl�Nqs ViU²`gJLN/[]lgVi\^ViU"acYZo"aco*NFlUG�I�J(K�¥ #�dW`�`gJLN/_FYX[^e�NFl

δ
acULs

η
acl�N�l�Nqego*Nq_F`gVi}zNFYif²`�[

I�acULs I�®]P5��`gJLN�MO[]l�N�l�Nqs5dL_qNqsª`gJLN�h"a]egVXe�VXeb¥�I�JLN�_FY�a]e�egVX_bacY(�2�2��acYi\z[]lgVi`gJWM []hW`�acViULe¡ViU
o*[]Yif,UL[]M¡V�acY7`gViMONZa3h"a]egVXe�l�Nqs5dL_qNqs��(Vi`gJ�«¹a]_F`�[]l

(δ, 1/2)
�(JLNFl�N

δ
_bacU�h*N|aclghWVi`gl�aclgViYif�_FYX[^e�N

`�[ I^¥"I�JLNZULNF�¦�2�2� 2 acYi\z[]lgVi`gJWM �(ViYiY�a]_�JWVXNF}zN�a�«¢a]_F`�[]l�[c«
(0.998, 0.501)

¥
� � À 	 	 	 � % �
Ä �����
�!��� I�JLN�h"a]e�VX_��2�<� acYi\z[]lgVi`gJWM G�I�J(K�VXe�sWNqe�_FlgVih7Nqs°ViU E�Vi\^dWl�N I^¥<³´`
_q[]M¡oWdW`�Nqe|a¡�2�2�µ�¢l�Nqs5dL_qNqs§h"a]e�VXe(ViU§acU¬Vi`�NFl�ac`gVi}zNº«¹a]egJWVX[]U2»L`gJLNFl�NZVXe�acU¬ViULsWN�

κ
egdL_�J¬`gJ"ac`

ac`|acU�f¾eg`�ac\zNº[c«�`gJLN3acYi\z[]lgVi`gJWM¬�
`gJLNZ`glgdWUL_bac`�Nqs¬h"a]egVXe
[b1, . . . , bκ−1]

VXe��2�<�*�¢l�Nqs5dL_qNqsµ¥
±�`
Nba]_�J/YX[p[]o/Vi`�NFl�ac`gVX[]U2�

κ
VXe NFVi`gJLNFl|ViUL_Fl�NFMONFUp`�Nqs�[]l sWNq_Fl�NFMONFU�`�Nqsµ»µ`gJLN�YX[,[]o�eg`�[]oLe|�(JLNFU

κNF}zNFUp`gd"acYiYif�l�Nba]_�JLNqe�`gJLN¡}^acYidLN
d + 1

�2ViU��(JWVX_�J¼_ba]e�N¡`gJLNONFUp`gVil�NOh"a]egVXe
[b1, . . . , bd]

VXe3acY��
l�Nba]s5f¾�2�<�*�¢l�Nqs5dL_qNqsµ¥µ�2�2�°dLe�Nqe�`´�£[��pViULsWe�[c« []o7NFl�ac`gVX[]ULeb»
eg��acoLe|[c«%_q[]ULe�Nq_FdW`gVi}zN3}zNq_F`�[]l�e

�������
	�� *���������
[b1, . . . , bd]

�!d��
δ ∈]1/4, 1[ �� �
	����
	�� *��
�����! #"��%$�&'"'�(��)�����+*+�-,#.0/1��&�,#2) 

(δ, 1/2) �3 �54 2�687�$%,#"9,#.�";:;<�=?>@� � " � ��A�A�,#.�" µi,j B �C�!d�� ‖b∗

i ‖
2 B � �D � κ:=2 �%E .���A�"

κ ≤ d
�@2

i � <%��F'"��! #"��%$�&'"
bκ

$@��� d�G8HI�)��)� B �J��A�G�2) #�-,#.�6LK!M���G � D�N >@*+.@��&O.P$@7Q���R,#"'�I,#.�"S:;<@= �T � &U/
(δ − µ2

κ,κ−1)‖b
∗

κ−1‖
2 ≤ ‖b∗

κ‖
2 >@,#.@"]d κ:=κ + 1 �g � V A���";�W*I��7 bκ−1

�8d��
bκ

>%$�7Q�@�),#"X,#.@"S:;<�=Y�8d��(��"O,
κ:=

6Z�R[
(κ − 1, 2) �\ � =9$@,#7�$%, [b1, . . . , bd] �

]+^`_�acb�a�dI.�";��)����&S����� *JA�G�2) #��,#.@6 �
acULs�#(ach"acV�� e�ULNbacl�Nqeg`�oWY�acULN�acYi\z[]lgVi`gJWM G�I�K���e�NqN E�Vi\^dWl�N�Pz���L�(JWVX_�J/sW[,Nqe�ac`�MO[^eg`

d
`gl�acULe#�

Y�ac`gVX[]ULe>[c«(`gJLN�«�[]lgM
bκ:=bκ − mbi

�2�(JLNFl�N
m
VXe�e�[]MONOViUp`�NF\zNFlOacULs

i < κ
¥�np��acoLe¡acl�N

dLe�Nqs>`�[ºa]_�JWVXNF}zN��<[b}^�]eg��_q[]ULs5Vi`gVX[]ULeb�z�(JWViYXN #(ach"acV�� e�acYi\z[]lgVi`gJWM VXe%dLe�Nqs>`�[ZegVi�bN��¢l�Nqs5dL_qN�}zNq_��
`�[]l�e�¥ !²JLNFUAa>eg��aco¬[p_q_FdWl�eb�,`gJLNFl�NZVXe�UL[�ULNqNqs¬e�Vi�bN��¢l�Nqs5dL_FViUW\O`gJLN ULNF�(Yif�eg��acoWo7Nqs¬}zNq_F`�[]lb�
h*Nq_bacdLe�N Vi`�VXe�acYil�Nba]s5f�e�Vi�bN��¢l�Nqs5dL_qNqsµ»W`gJWVXe(«¢a]_F`(�(ViYiY2h*N ViM¡oWYiVX_FVi`gYif�dLe�Nqs¾ViU¬�2�2� 2 ¥

³¢«%�2�2�D`�NFlgM¡ViU"ac`�Nqeb�LVi`�VXe�_FYXNbacl�`gJ"ac`�`gJLNº[]dW`goWdW`�h"a]egVXe(VXe��2�<�*�¢l�Nqs5dL_qNqsµ¥ !²J"ac`�VXe(YXNqe�e
_FYXNbacl � b @!	���@�	£VXe��(J�f¨�2�2��J"a]eOo*[]Yif,UL[]M¡V�acY��¢`gViMONA_q[]M¡oWYXN�5Vi`�fz¥�±�e�`�acULsLacl�s aclg\^dWMONFU�`
e�JL[b��e�`gJ"ac`�Nba]_�J¼eg��aco¼sWNq_Fl�Nba]e�Nqe3`gJLN�j�d"acUp`gVi`�f

∆ =
∏d

i=1 ‖b∗i ‖2(d−i+1) hpfDac`3YXNba]eg`¡a
M�dWYi`gVioWYiVX_bac`gVi}zN «¢a]_F`�[]l

δ
�q�(JLNFl�Nba]e

∆ ≥ 1
h7Nq_bacdLe�N�`gJLN

bi
� e�acl�N�ViUp`�NF\zNFl<}zNq_F`�[]l�eb¥�I�JWVXe�acYiYX[b��e

c�ced�fhg!i!jXk



x ���C������ Y����B�� ���	��
\��= 	��X��Z�"��� ���

�'������	�� *���)�����
[b1, . . . , bd]

>��-,#�J:;<�=Y�8d��P�8d0� d��%"�[
κ �� ��	����
	�� dI.@";�������� *+.�"O #"

bκ

���+����F'"��! #"��%$�&'"��Q>��8d��(,#.@"X$�7Q�@�),#"��(:;<�= �3 � M�2) i = κ − 1
�@2�* dc,#2 3 �%2

D � bκ:=bκ − dµκ,icbi �i � M@2� 
j = 1

,#2
i
�@2

T � µκ,j :=µκ,j − dµκ,icµi,j �
]+^`_�a � a�HI������ B ��d@"��) #"'�W,C7@A �8d�"S�)A G�2� #�-,#.�6 ,#2 ����F'"O�  #"'�@$�&�"

bκ

>���2 ,#.��),
|µκ,i| ≤ 1/2

/12� 9��A�A
i < κ �

`�[�egJL[�� `gJ"ac`Z`gJLN>U�dWM�h7NFlº[c«�eg��acoLe��¹acULs/`gJLNFl�N�«¹[]l�N>`gJLN>U�dWM�h7NFlº[c«�YX[p[]o�Vi`�NFl�ac`gVX[]ULe���VXe
O(d2 log B)

�(JLNFl�N
B
VXe acU>dWoWo7NFl�h*[]dWULs>[]U¡`gJLN£UL[]lgMOe%[c«7`gJLN�ViUWoWdW`%h"a]egVXe�}zNq_F`�[]l�eb¥^³�`�l�N��

M�acViULe�`�[ Nqeg`gViM�ac`�N�`gJLN�_q[^eg`%[c«
Nba]_�J>YX[,[]o�Vi`�NFl�ac`gVX[]U2¥^I�JWVXe�_q[^eg`�`gdWlgULe�[]dW`�`�[�h*N£sW[]M¡ViU"ac`�Nqs
hpf

O(d2)
aclgVi`gJWMONF`gVX_Z[]o*NFl�ac`gVX[]ULe�[]U�`gJLNºRºn���_q[pN���_FVXNFUp`�e

µi,j
acULs ‖b∗i ‖2 �(JWVX_�J¬acl�N|l�a9�

`gVX[]U"acY7U�dWM�h7NFl�e��(Vi`gJ�U�dWMONFl�ac`�[]l�acULs�sWNFUL[]M¡ViU"ac`�[]l([c«2hWVi`#�¢YXNFUW\^`gJ
O(d log B)

¥pI�J�dLeb�p`gJLN
`�[]`�acY2_q[]M¡oWYXN�5Vi`�f¬[c«�`gJLNº�2�2�¼acYi\z[]lgVi`gJWM sWNqe�_FlgVih*Nqs�ViU E�Vi\L¥�IZ�(Vi`gJL[]dW`(«¢a]eg`�ViU�`�NF\zNFl aclgVi`gJ5�
MONF`gVX_ºVXe

O((d2 log B) · d2 · (d log B)2)) = O(d6 log3 B)
¥

	 	 	 Ã � �
��� Ä �5�
� � �LÂ�� Ä � � �A�W��� �
��� À �
�B��� I�JLN�_q[^eg`�[c«(`gJLN�h"a]egVX_��2�2�²VXe3sW[]M¡ViU"ac`�Nqs
hpfAaclgVi`gJWMONF`gVX_�[]o*NFl�ac`gVX[]ULe|[]UA`gJLN�R3n�� _q[,N���_FVXNFU�`�e|�(JWVX_�J/acl�Nºl�ac`gVX[]U"acYXe|�(Vi`gJAJpdW\zN3Upd5�
MONFl�ac`�[]l�e�acULs�sWNFUL[]M¡ViU"ac`�[]l�eb¥2³´`�VXe `gJLNFl�N�«¹[]l�N>`�NFM¡oW`gViUW\¬`�[�l�NFoWY�a]_qN¡`gJLN>N�Wa]_F`Zl�NFoWl�Nqe�NFU5�
`�ac`gVX[]U°[c«�`gJLN�Rºn�� _q[,N���_FVXNFU�`�e�h�f§¶"[zac`gViUW\]�¢o7[]ViUp`>acoWoWl�[b,ViM�ac`gVX[]ULeb¥ #�dW`3sW[]ViUW\Ae�[¬ViU°a
e�`gl�acVi\^J�`#«¹[]lg��acl�s�M�acUWULNFl3YXNba]sWe `�[�ViULeg`�achWViYiVi`�fz¥�I�JLNOacYi\z[]lgVi`gJWM VXe UL[�YX[]UW\zNFlZ\^d"acl�acU�`�NqNqs
`�[�h*N�o*[]Yif,UL[]M¡V�acY��¢`gViMON^»*Vi`�M�abf§UL[]` NF}zNFU/`�NFlgM¡ViU"ac`�N^�µh7Nq_bacdLe�N3`gJLN>jpd"acU�`gVi`�f

∆
dLe�Nqs�`�[

dWoWo*NFl3h*[]dWULs�`gJLN�_q[]M¡oWYXN�5Vi`�fD[c«��2�2�²UL[§YX[]UW\zNFl3ULNq_qNqe�e¯aclgViYif�sWNq_Fl�Nba]e�Nqe¡ac`�Nba]_�Jªeg��aco2¥
±�ULs¨V�«3NF}zNFl�`gJLN§acYi\z[]lgVi`gJWM `�NFlgM¡ViU"ac`�Nqeb��`gJLN§[]dW`goWdW`�h"a]egVXe�M�aqf¨UL[]`�h7NA�2�2�*�¢l�Nqs5dL_qNqs
ac`�acYiY¢�2s5dLN¡`�[¾o*[]`�NFU�`gV�acY�ViU"a]_q_FdWl�a]_Ff�ViU�`gJLN�Rºn�� _q[pN���_FVXNFUp`�eb¥<k%lgVX[]l�`�[¾`gJWVXeº��[]lg�7�2`gJLN
[]UWYif oWl�[b}^achWYXN `"b����2�2� ��a]e¾`gJLN/[]ULN�[c«¡n,_�JWUL[]lgl G w^~(K����(JWVX_�J¦egViM�dWY�ac`�Nqe¾`gJLN/h*NFJ"aq},VX[]l
[c«(�2�2�©dLegViUW\:`"b��´acoWoWl�[q5ViM�ac`gVX[]ULe�[c«�`gJLN¡_q[,N���_FVXNFU�`�e�[c«�`gJLN>ViUp}zNFl�e�NOM�ac`glgV��[c«�`gJLN

µi,jM�ac`glgV�µ» Vi`�_q[]M¡oWdW`�Nqe�a��<�2�*�¢l�Nqs5dL_qNqs²h"a]egVXeO�(Vi`gJ©«¹a]_F`�[]l
(0.95, 0.55)

¥(I�JLN¬U�dWM�h7NFl�[c«
YX[,[]o�Vi`�NFl�ac`gVX[]ULe>acULs�`gJLN>U�dWM�h7NFl>[c«(aclgVi`gJWMONF`gVX_�[]o7NFl�ac`gVX[]ULe��BViUDNba]_�JDYX[p[]o
�|l�NFM�acViUD`gJLN
e¯acMONAa]e��2�<� »£[]UWYifª`gJLN¬_q[^e�`�[c«ZNba]_�J aclgVi`gJWMONF`gVX_§[]o*NFl�ac`gVX[]U©VXeOsWNq_Fl�Nba]e�Nqsµ¥£³´ULeg`�Nba]s [c«
J"acULs5YiViUW\¾ViUp`�NF\zNFl�e3[c«�hWVi`#�¢YXNFUW\^`gJ

O(d log B)
� G w^~(K%dLe�Nqe `"b��¢U�dWM�h7NFl�e3�(Vi`gJ

O(d + log B)
�

hWVi`�YX[]UW\AM�acUp`gVXe�e��Z�B�(Vi`gJ¼Y�aclg\zN�JWVXsWsWNFU¼_q[]ULeg`�acU�`�eb��a]eºMONFUp`gVX[]ULNqs¼ViU�`gJLNOViUp`gl�[ps5dL_F`gVX[]U
���
�(JWVX_�J¬sWNq_Fl�Nba]e�Nqe(`gJLN|�£[]l�e�`#��_ba]e�NZ_q[]M¡oWYXN�,Vi`´f�[c«��2�2��`�[

O(d4 log B(d + log B)2)
�,�(JWVX_�J

VXe�eg`gViYiY�_FdWhWVX_�ViU
log B

¥)#�Nq_bacdLe�N�`gJWVXe>acYi\z[]lgVi`gJWM VXe�MO[^eg`gYif�[c«�`gJLNq[]l�NF`gVX_bacY(ViU�`�NFl�Nqe�`b�<`gJLN
M�acViU�_q[]M¡oWdW`�NFl�o"a]_��]ac\zNqe G w�J5��P^~5��P(K%[]UWYif¾ViM¡oWYXNFMONFU�` JLNFdWlgVXeg`gVX_M`4bp�¢}]aclgV�acUp`�e�[c«��2�<� �OY�a
n,_�JWUL[]lgl#� � dL_�JWULNFlVG w^P(K<�(JWVX_�JAegd��µNFl(«�l�[]M o7[]`�NFUp`gV�acY�eg`�achWViYiVi`´f�oWl�[]hWYXNFMOe�¥

&('�c)&+*
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!�N�UL[�� sWNqe�_FlgVih*N�`gJLN(�2�2� 2 acYi\z[]lgVi`gJWM¬�z�(JWVX_�JOVXe a|U"ac`gdWl�acY�`"b��¢}^aclgV�acU�`�[c«*�2�2� ¥zI�JLN�h"a]e�VX_
e�`gl�ac`�NF\^fOVXe�`�[��zNqNFo�\z[p[,s `"b��´acoWoWl�[q5ViM�ac`gVX[]ULe�[c«2`gJLNZRºn��½_q[pN���_FVXNFUp`�e�acULs�`�[�M�ac�zN egdWl�N
`gJ"ac`�egd ��_FVXNFU�`�a]_q_FdWl�a]_FfZVXeµoWl�Nqe�NFlg}zNqs3s5dWlgViUW\�`gJLN N�5Nq_FdW`gVX[]U�[c«,`gJLN£acYi\z[]lgVi`gJWM¬¥9I�JLNFl�N%VXe2UL[
ULNqNqsO�zNqNFoWViUW\�acU�acoWoWl�[q5ViM�ac`gVX[]U�«�[]l�acYiYL`gJLN|Rºn��²_q[pN���_FVXNFUp`�eb»zh*Nq_bacdLe�N��<�2�¬VXe%Vi`�NFl�ac`gVi}zN^�
Vi`�egd ��_qNqe�`�[�J"aq}zNZacoWoWl�[q5ViM�ac`gVX[]ULe(dWo�`�[3`gJLN�`gJWl�NqegJL[]YXs

κ
¥5±(_q_FdWl�a]_FfOVXe�}zNFlgfOViM¡o*[]lg`�acU�`

«¹[]lZegVi�bN��¢l�Nqs5dL_F`gVX[]U°acULs�«¹[]lº_�JLNq_��pViUW\A�<[b}^�]eg� � eº_q[]ULs5Vi`gVX[]ULeb¥2³�«£[]ULN>VXe UL[]`º_bacl�N�«�dWY¢�µeg��acoLe
acULs¬`gl�acULegY�ac`gVX[]ULe�M�abf�sWNq_Fl�Nba]e�NZ`gJLNºa]_q_FdWl�a]_Ff¾`�[>`gJLNZo*[]ViU�`�[c«�YX[^egViUW\Oeg`�achWViYiVi`´fz¥

� ��� ���c� � Â� � �!���BÅ���� Ä � � 	2�b�5�
� Ä�� �
³´`OVXe�ViM¡o7[]lg`�acUp`�«¹[]l��<�2� 2 `�[�J"aq}zN/a]_q_FdWl�ac`�NA«�[]lgM�dWY�a]e�«¹[]l�`gJLN§_q[]M¡oWdW`�ac`gVX[]U [c«3R3n��
_q[,N���_FVXNFU�`�e�¥L³�U G w^P(K��L`gJLN «�[]YiYX[��(ViUW\�l�Nq_FdWl�egVi}zNZ«�[]lgM�dWY�a]e��£NFl�N3dLe�Nqsµ»

µk,j =
〈bk, bj〉 −

∑j−1
i=1 µj,i · µk,i · ‖b∗i ‖2

‖b∗j‖2

acULs ‖b∗k‖2 = ‖bk‖2 −
k−1
∑

j=1

µ2
k,j · ‖b∗j‖2.

³´UA`gJWVXe�«¹[]lgM3dWY�a5�7`gJLN3ViUWULNFl|oWl�[,s5dL_F`�e 〈bk, bj〉
acULs ‖bk‖2 �£NFl�N>_q[]M¡oWdW`�Nqs�ViU `4bC�z�L�(JWVX_�J

YXNba]sWe3`�[Aa�o*[]`�NFU�`gV�acY�ViU"a]_q_FdWl�a]_Ff�[c«
2−`‖bk‖‖bj‖

�2�(JWVX_�J°J"a]eZ`gJLN>«¹[]YiYX[b�(ViUW\/s5l�aq�(h"a]_��7»
`�[/NFULegdWl�N�`gJLN�h"a]egVXe>l�NF`gdWlgULNqsªhpf°`gJLN��2�<� 2 acYi\z[]lgVi`gJWM VXe>egVi�bN��¢l�Nqs5dL_qNqsµ��achLe�[]YidW`�N¾NFlgl�[]l
h*[]dWULsWeº[]U�`gJLN

µk,j
� e3acl�N>ULNqNqsWNqs��µ`gJLNFl�N�«¹[]l�N^�*V�«�`gJLN¡NFlgl�[]lZVXeZY�aclg\zNFlZ`gJ"acU

2−`‖bk‖‖bj‖
�

`gJLN oWl�Nq_FVXe�VX[]U
`
M3dLeg`(h*N

Ω(log B)
¥,I�JLNºacU"acYif5e�Nqe([c« G w^~(K��LacULsUG wCI�Kµ«�[]l�`gJLN �|[]dLe�NFJL[]YXsWNFl

[]lg`gJL[]\z[]U"acYiVXe¯ac`gVX[]U/sW[�UL[]`���[]lg�§acl�[]dWULs§`gJWVXe�o*[]ViU�`b¥ !�N3dLe�N3egYiVi\^Jp`gYif¬s5V �*NFl�NFUp`�«¹[]lgM3dWY�a]e
hpf�ViUp`gl�[ps5dL_FViUW\�«�[]l|acU�f

k ≥ j
`gJLNZjpd"acU�`gVi`´f

rk,j = µk,j · ‖b∗j‖2 = 〈bk, b
∗
j 〉
»

rk,j = 〈bk, bj〉 −
j−1
∑

i=1

µj,i · rk,i
acULs

µk,j =
rk,j

rj,j
.

±(_q_FdWl�a]_Ff¡VXe ViM¡oWl�[b}zNqs�h7Nq_bacdLe�N�`gJLN(ViUWULNFl�oWl�[,s5dL_F`�e£acl�N�N�,`gl�a]_F`�NqsO«Bl�[]M `gJLN�N�Wa]_F`�R l�acM
M�ac`glgV�3acULs3h7Nq_bacdLe�N�Nba]_�J3`�NFlgM�[c«W`gJLN egdWM¦UL[��°[]UWYif l�Nqj�dWVil�Nqe�[]ULN%M�dWYi`gVioWYiVX_bac`gVX[]U�ViULe�`�Nba]s
[c«(`´�£[W»�`gJLN¡«¹NF�£NFl>aclgVi`gJWMONF`gVX_�[]o*NFl�ac`gVX[]ULeb�<`gJLNOYXNqe�e3`gJLN�oWl�Nq_FVXegVX[]U°YX[^e�eb¥�EL[]l

k = j
�2`gJLN

¤Ll�e�`%«�[]lgM�dWY�a VXe
rk,k = ‖bk‖2−

∑k−1
i=1 µk,i ·rk,i

�]�(JWVX_�J�e�dW\^\zNqeg`�e `�[ºsWN�¤LULN
sk,j = ‖bk‖2−

∑j−1
i=1 µk,i · rk,i

«¹[]l¬acYiY
1 ≤ j ≤ k

�(e�[¼`gJ"ac` ‖b∗k‖2 = rk,k = sk,k
¥(I�JLN�jpd"acU�`gVi`gVXNqe

sk,i
�(ViYiY�h*NZdLe�N�«�dWY<`�[�a]_q_FdWl�ac`�NFYif§_�JLNq_��§�2[b}^�]eg� � e|_q[]ULs5Vi`gVX[]ULeb¥
³´ULsWNqNqsµ�7�2[b}^�]eg��_q[]ULs5Vi`gVX[]U

(δ−µ2
κ,κ−1)‖b∗κ−1‖2 ≤ ‖b∗κ‖2 _bacU�h7N�l�NF�(lgVi`g`�NFU�a]e δ‖b∗κ−1‖2 ≤ ‖b∗κ‖2 +µ2

κ,κ−1‖b∗κ−1‖2 �
`gJ"ac`�VXeb�

δrκ−1,κ−1 ≤ sκ,κ−1.

c�ced�fhg!i!jXk
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³�«�NF}zNFl3`gJ"ac`>_q[]ULs5Vi`gVX[]U°VXe�UL[]`�e¯ac`gVXe#¤"Nqsµ�<�2�<� ��[]dWYXsªeg��aco
bκ−1

acULs
bκ
��acULs�`gJLN�ULNF�

�<[b}^�]eg�3_q[]ULs5Vi`gVX[]UA`�[>h*NZ_�JLNq_��zNqsA��[]dWYXs¾h*N^»

δrκ−2,κ−2 ≤ sκ,κ−2.
I�JpdLeb��eg`�[]lgViUW\°`gJLN�}^acYidLNqe

sκ,j
� e�NFU"achWYXNqe�dLe�`�[¼_�JLNq_�� _q[]ULe�Nq_FdW`gVi}zN/�2[�}]�]e��/_q[]ULs5Vi`gVX[]ULe

�B�(JLNFU _q[]ULe�Nq_FdW`gVi}zN¬eg��acoLe�[p_q_FdWl¯�3�(Vi`gJL[]dW`�acUpfªa]sWs5Vi`gVX[]U"acY�_q[^e�`>e�ViUL_qN�`gJLNFfªacoWo*Nbacl¡ViU
`gJLN�_bacYX_FdWY�ac`gVX[]U�[c«

rk,k
¥
I�JLN>_q[]M¡oWdW`�ac`gVX[]U�[c«

rk,j
�
µk,j

acULs
sk,j

VXe|egdWM¡M�aclgVi�bNqs/ViU�`gJLN
e�[c��_bacYiYXNqsªÆ£JL[]YXNqeg�,f E"a]_F`�[]lgVXe�ac`gVX[]U¨±�Yi\z[]lgVi`gJWM �¢Æ E5±Z�º[c« E�Vi\^dWl�N�w5¥ ��«�_q[]dWl�e�N^��h*Nq_bacdLe�N

�������
	�� dI.@" :J ��6 6Z�),� #�-[ 2�/
(b1, . . . , bd) �� �
	����
	�� *JA�A ,#.�"

ri,j B �C�!d�� µi,j B �'> �)A�2�d�G *+�-,#. ,#.�" sd,j B � �3 � M@2� i = 1
,#2

d
�@2

D � M�2) 
j = 1

,#2
i
�%2

i � r
(0)
i,j :=〈bi, bj〉 �T � M�2� 

k = 1
,#2

j − 1
�%2

g � r
(k)
i,j :=r

(k−1)
i,j − r

(k−1)
j,k · µi,k �\ � &U/

i > j
>
µi,j :=r

(j−1)
i,j /r

(j−1)
j,j �k � =9$%,#7�$%, ri,j :=r

(j−1)
i,j

/12) 
i ≥ j �j � =9$%,#7�$%, µi,j

/12) 
i > j �� � =9$%,#7�$%, sd,j :=r

(j−1)
d,d

/12� 9�!d��
j �

]+^`_�a���a�dI.@" 4 .�2�A "������0M��)&�,#2� #���#�),#��2!d *JA�G�2) #��,#.@6 K 4 M * N
[]ULNºdLe�Nqe `4b?�^�W`gJLNºN�La]_F`(}]acYidLNqe�acl�NZdWUW�pUL[��(UA`�[>`gJLN3acYi\z[]lgVi`gJWM¬»"ViULeg`�Nba]sµ�L[]ULNº_q[]M¡oWdW`�Nqe
`"b��´acoWoWl�[b,ViM�ac`gVX[]ULe

r̄i,j
�
µ̄i,j

acULs
s̄k,i
¥%np`�NFoLe¡v§acULs J�acl�N�o*NFl#«�[]lgMONqs¼ViU¼`gJLNO«¹[]YiYX[b�(ViUW\

��aqf*»

r̄
(k)
i,j :=o

(

r̄
(k−1)
i,j − o

(

r̄
(k−1)
j,k · µ̄i,k

)) acULs
µ̄i,j:=o

(

r̄
(j−1)
i,j /r̄

(j−1)
j,j

)

.

!�N��(ViYiY�UL[]`¡dLe�N¾Æ E5± s5Vil�Nq_F`gYif°ViU �2�<� 2 ¥�³�ULe�`�Nba]sµ���£N��(ViYiY�dLe�N�o"aclg`�e¡[c«�`gJLNAÆ E5±
s5dWlgViUW\�`gJLN�N�WNq_FdW`gVX[]U¨[c«(`gJLN�acYi\z[]lgVi`gJWM¬»�h*Nq_bacdLe�NO`gJLN�[]lg`gJL[]\z[]U"acYiVXe�ac`gVX[]UªVXe3o*NFl#«¹[]lgMONqs
}zNq_F`�[]l�h�f }zNq_F`�[]lb�b`gJLNFl�N�VXeµUL[�ULNqNqsºl�Nq_q[]M¡oWdW`gViUW\|NF}zNFlgf,`gJWViUW\�«�l�[]M½e�_Fl�ac`�_�J3V�«W`gJLN

ri,j
� e�acULs

µi,j
� e(acl�NZacYil�Nba]s5f��,UL[b�(U�«¹[]l

i
acULs

j
h*NFYX[b� e�[]MON|`gJWl�NqegJL[]YXsµ¥5{|[]`gVX_qNZacYXe�[�`gJ"ac`�`gJLN

ri,j
� e

_bacU�h7N�dWo7sLac`�Nqs:^�ViU�oWY�a]_qN _ �,N�W_qNFoW`�«¹[]l rd,d
h*Nq_bacdLe�N�`gJLN|s5V �*NFl�NFUp`

r
(j)
d,d = sd,j

ULNqNqsOh*NFViUW\
l�NF`gdWlgULNqs�`�[�_�JLNq_����2[b}^�]eg� _q[]ULs5Vi`gVX[]ULeb¥5I�JLN��(JL[]YXNZÆ E5± �(ViYiY"oWl�[b}zN|dLe�N�«�dWY"`�[�Nqeg`gViM�ac`�N|ViU
n,Nq_F`gVX[]U��ºJL[b�©M�acU�f¡oWl�Nq_FVXegVX[]U�hWVi`�e£acl�N(l�NqjpdWVil�NqsO`�[Z\^d"acl�acUp`�NqN�`gJLN�_q[]lgl�Nq_F`gULNqe�e�[c«2�2�2� 2 ¥

� �	� � ��
 � À �c�5�
� �7À� % Ä �5�
� ���WÂ��|Ä � � ��� À �c�
� Ä�� Ä ��� �W��� ���i��� % �
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∣

∣
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∣

∣
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∣

∣

∣
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∣

∣

∣
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oWl�a]_F`gVX_qN�`gJ"ac`¾a `"b����2�<� dLegViUW\°NFVi`gJLNFl�`gJLN�_FY�a]e�egVX_bacYºR|l�acM>�·n,_�JWM¡VXs5`AacYi\z[]lgVi`gJWM []l�`gJLN
Æ£JL[]YXNqe��pf�«¹a]_F`�[]lgVXe�ac`gVX[]UAacYi\z[]lgVi`gJWM l�Nqj�dWVil�Nqe�a�oWl�Nq_FVXegVX[]UA[c«

Ω(d)
hWVi`�eb¥W³�ULsWNqNqsµ�,`gJLN oWl�[,[c«

�(JWVX_�J¾�£N�m#dLeg`�eg�zNF`�_�JLNqs¾egdW\^\zNqe�`�e�`�[�_q[]ULe�VXsWNFl(`gJLN acYil�Nba]s5f�l�Nqs5dL_qNqs�Y�ac`g`gVX_qN \^Vi}zNFU�h�f�`gJLN
l�[���e�[c«�`gJLN

d × d
l�acULsW[]M M�ac`glgV�

L
sWN�¤LULNqs¬hpf7»

Li,i = (
√

4/3)d−i

Li,j = (−1)i−j+1Li,i ·
l�acULsW[]M

[0.49, 0.5]
V�«

j > i
Li,j = 0

V�«
j < i.

I�[>[]hW`�acViU¾acU�ViU�`�NF\^l�acYµY�ac`g`gVX_qN^�5[]ULN _bacU�M3dWYi`gVioWYif
L
hpf�a3Y�aclg\zN|e�_bacYiViUW\�«¢a]_F`�[]l(acULs�l�[]dWULs

Vi`�e�NFU�`glgVXNqeb¥ {|[]`gVX_qN�`gJ"ac`O`gJWVXe¡M�ac`glgV�ªVXe¡ViULsWNqNqs �<�2�*�¢l�Nqs5dL_qNqsµ¥�! Vi`gJ sW[]dWhWYXN¾oWl�Nq_FVXe�VX[]U
_bacYX_FdWY�ac`gVX[]ULe�� V¢¥ N^¥%�(Vi`gJ

53
�¢hWVi`�M�acU�`gVXe�e�� � `gJLN¬NFlgl�[]l�[]U `gJLN

µi,j
� e¡h7Nq_q[]MONqe�egVi\^UWV�¤"_bacU�`

�BJWVi\^JLNFl>`gJ"acU
0.5
�3ViUªs5ViMONFULegVX[]U

40
¥�I�JWVXe�`´fpo*N�[c«�Y�ac`g`gVX_qNqe�e�JL[b� `gJLN�`gVi\^Jp`gULNqe�e¡[c«�[]dWl

log 3 · d h7[]dWULsµ¥	#�f�a]sWs5ViUW\�a�e�dWVi`�achWYXN l�acULsW[]M }zNq_F`�[]l(`�[>egdL_�JAa�h"a]egVXeb�,��N �£NFl�N3achWYXN `�[
M�ac�zN|`gJLN `"b����2�2��l�[]dW`gViULNZ[c«�{|I(����YX[,[]o�«�[]l�NF}zNFl(ViU¾s5ViMONFULegVX[]U

55
¥WI�JWVXe�ViUp}]acYiVXsLac`�Nqe(`gJLN

_FY�acViM�[c« G w^P5��w^w5�OIbP(K,�(JWVX_�J�eg`�ac`�Nqe<`gJ"ac`�sW[]dWhWYXN�oWl�Nq_FVXegVX[]U�e�d ��_qNqeµ«¹[]l<Y�ac`g`gVX_qNqe�[c«Ws5ViMONFULe�VX[]U
dWo¾`�[ ≈ 250

dLegViUW\�_FY�a]e�egVX_bacY�R l�acM>�·n,_�JWM¡VXs5`b¥

� �	� �>�z�&	��9�W� Á Ä ��� �W��� � �i��� À �W� À �q� � % � ��À ��% �"Ä � � �
�!�
I�[�Nqeg`gViM�ac`�N�`gJLN¬a]_q_FdWl�a]_Ffª[c«�`gJLN�Vi`�NFl�ac`gVi}zNV`"b��¢}zNFl�egVX[]U [c« #�ach"acV�� eOacYi\z[]lgVi`gJWM \^Vi}zNFU ViU
E�Vi\^dWl�N��>acULs�dLe�Nqs�ViU��<�2� 2 �p�£N�¤Ll�eg`�eg`gdLs5f�a�egViM¡oWYXNFl�`"b��¢}zNFl�egVX[]U¾sWNqe�_FlgVih*Nqs�ViU E�Vi\^dWl�NSJ5¥
I�JLNq[]l�NFM w�_bacU¨h7N�dLe�Nqs¨`�[�egJL[b� eg`�achWViYiVi`�fªoWl�[]o*NFlg`gVXNqe�[c« `gJLN #(ach"acV�acYi\z[]lgVi`gJWM «�l�[]M

�'�
���
	�� *�* 2� � � d�G 7% #"'&'������2�d
`
>
G(b1, . . . , bd)

�8d��
��� d%$@6  "� #�

r̄i,j B �9�8d�� µ̄i,j B � /`2� j ≤ i < d �� �
	�����	��
x1, . . . , xd−1 ∈ Z

�8d��
G(b1, . . . , bd−1, b

′

d)
>

*+.@"� #"
b
′

d = bd −
P

i<d xibi �3 � 4 2�687�$%,#"9,#.�" µ̄d,j B � /12) j < d
*+�-,#. < ,#"�7�� D �c\ 2�/

,#.�" 4 M * *+�-,#.	�
i = d 
 >@&��)A AQ,#.�"�6 ,#.�"

µ̄
(d)
d,j B � �D � M@2� i = d − 1

�@2�* dc,#2
1
�%2

i � &U/
|µ̄

(i+1)
d,i | ≥ 0.5005

>�,#.@"]d
xj :=bµ̄

(i+1)
d,i e

>@"'A���"
xi:=0 �T � M�2) 

j = 1
,#2

i − 1
�@2

g � µ̄
(i)
d,j :=o(µ̄

(i+1)
d,j − o(xi · µ̄i,j)) �\ � 4 2�687�$%,#"9,#.�"S:J �)6 6Z�),� #�-[Z2�/

(b1, . . . , bd−1, b
′

d) �
]+^`_�a���a�HI�)��)� B �%'9"��R #"'�W,�� A �!d@" *JA�G�2) #�-,#.�6

E�Vi\^dWl�NWJ�ViUA`gJLNZ_ba]e�Nº[c«�¶"[zac`gViUW\]�¢o7[]ViUp`|aclgVi`gJWMONF`gVX_^»
� M ���C���
� *+�-,#. ��2$��	���FX/1��&�,#2) 
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� � ÀpÄ � À � � � ��BRb,bC�;��� �(�C� 9$�;�!	 �
(b1, . . . , bd−1)

	 �������.�"@D�$#�B?78�$# �.	��(� `X� 7O�4��@
(0.998, 0.501)

�
���Z# �(�2�,� �(�C�F�	 �;�X�

r̄i,j �
�����Z#

µ̄i,j �
� ��@$� �(�2�;�����(�2�,� ����B2�6# �2���;�N9D�D�X� @D�X�
B2@!� �$#V9�� �(�C� � ���

�.	
�(� ����@��R	���WbZ@D�$7X	 �!	����
`
Y ���X�

M =
=:��


j|µd,j |
���Z#

M ′ = 1.001M + 0.5005
Y � `

`
�O���
�

	 ��� �!�
d2ρd+152−` ≤ 0.001

���(�C�5���  ��@!	
�(� = �]`M��	6�B2@D�������Z#;�S	 �Z�"�� ��@!�
x1, . . . , xd−1

��BC7��
�(�C���h`O��@W�����

i < d �

|xi| ≤ 1.503d−i+10M ′ ��� # |〈b′d, b∗i 〉|
‖b∗i ‖2

≤ 0.5005 + d2ρd+15M ′2−`.

	 ��@$�D���;��@\	�� b?��@�`X��@�=5�
O(d2`(d + log B))

9�	
�1�!b?�X@]���
	����?� � �;�S������ �;�
` = O(d + log B)

Y
I�JLN oWl�[p[c«WVXeµ\^Vi}zNFU�ViU�acoWo7NFULs5V�µ¥b{|[]`gVX_qN%`gJ"ac`<hpf dLegViUW\�`gJLN%l�NFY�ac`gVX[]U

log M = O(d+log B)��_q[]M¡ViUW\|«�l�[]M `gJLN�«¢a]_F`�`gJ"ac`�`gJLN
d−1

¤Ll�eg`�}zNq_F`�[]l�e acl�N��<�2�*�¢l�Nqs5dL_qNqs"���^`gJWVXe�l�NqegdWYi`�ViM¡oWYiVXNqe
`gJ"ac`£`�ac�pViUW\

` = O(d+log B)
VXe�egd ��_FVXNFU�`�`�[ºM�ac�zN�`gJLN |µd,i|

� e�egM�acYiYXNFl�`gJ"acU
0.501

¥5I�JLN
s5l�ab�(h"a]_��¡[c«
`gJWVXe£acoWoWl�[za]_�JOVXe�`gJ"ac` []ULN(egJL[]dWYXs>J"ab}zN(oWl�NF},VX[]dLegYif�_q[]M¡oWdW`�Nqs¡`gJLN

ri,j
� e acULs

µi,j
� e2�(Vi`gJ3oWl�Nq_FVXegVX[]U

O(d+log B)
¥�I�JWVXe<e�NqNFMOe<YiVi�zN�acU�[�}zNFlg�pViYiYph7Nq_bacdLe�N

O(d+log M)
hWVi`�e

e�d ��_qNºacULs
M
VXe(dLe�d"acYiYif�«¢acl�egM�acYiYXNFl�`gJ"acU

B
¥5³´U¾`gJLNº_ba]e�NZ[c«�`gJLN � dL_FYiVXsWNbacU�acYi\z[]lgVi`gJWM¬�

`gJLN¾acU"acYX[]\^f¼VXe>`gJ"ac`>`gJLN¾j�dL[]`gVXNFUp`�e¡�£[]dWYXsªh*N�_q[]M¡oWdW`�Nqsªh�f¼dLegViUW\�acYiY�`gJLN�hWVi`�e¡[c«�`gJLN
l�NFM�acViULsWNFl�e��WViULeg`�Nba]s¬[c«�`gJLNZMO[^eg`�egVi\^UWV�¤"_bacUp`�[]ULNqeb¥

I�JLN�Vi`�NFl�ac`gVi}zN #(ach"acV5acYi\z[]lgVi`gJWM�«�l�[]M E�Vi\^dWl�N£��VXe�a(��abf3`�[��£[]lg��acl�[]dWULs�`gJLN�s5V ��_FdWYi`´f
`gJ"ac`

M
_bacUWUL[]`£h*N(h*[]dWULs�`gVi\^Jp`gYif¡ViU�a]s5}^acUL_qN^¥p¸|egViUW\�[]UWYif�a

O(d)
�¢hWVi`�oWl�Nq_FVXegVX[]U2�pVi` ¤LULsWe

`gJLN
xj
� e(oWl�[]\^l�Nqe�egVi}zNFYif�h�f�o7NFl#«¹[]lgM¡ViUW\�egdL_q_qNqe�e�Vi}zN #�ach"acV�eg`�NFoLeb�WNba]_�J�[]ULN M�ac�pViUW\

log MsWNq_Fl�Nba]e�N>h�f
Ω(d)

�*dWU�`gViY%�£NOl�Nba]_�J
M ≤ 0.501

¥<I�JWVXeZeg`gl�ac`�NF\^f�VXeZe�[]MONF�(J"ac`3e�ViM¡ViY�aclZ`�[
`gJLN #(ach"acV2l�[]dW`gViULN3[c«�`gJLN ¶"[zac`gViUW\]�¢o*[]ViU�`|�2�2�ªacYi\z[]lgVi`gJWM [c«%{�I(� �LViU¾�(JWVX_�J§[]ULNºacoWoWYiVXNqe
l�NFo*Nbac`�Nqs5Yif #(ach"acV�� e�acYi\z[]lgVi`gJWM dWUp`gViY<UL[]`gJWViUW\OJ"acoWo*NFULeb¥

I�JLN�Vi`�NFl�ac`gVi}zN #(ach"acVº�(ViYiYºdLe�NDaª�£[]lg�,ViUW\©oWl�Nq_FVXe�VX[]U
` = (log 3.03 + C)d + o(d)«¹[]l�acU aclghWVi`gl�aclgf

C > 0
¥ I�JLNAÆ E5±��(Vi`gJ �£[]lg�,ViUW\�oWl�Nq_FVXegVX[]U

d
\^Vi}zNqe�`gJLN¾ViUWoWdW`

r̄i,j
� e

acULs
µ̄i,j

� eb�%�(JWVX_�J©h�f I�JLNq[]l�NFM w/J"ab}zNA`gJLNFVil ≈ Cd
YXNba]s5ViUW\¼hWVi`�e�_q[]lgl�Nq_F`b¥�I�JLNFl�N�«�[]l�N^�

`gJLN
ri,j

� e�acULs
µi,j

� e�M�abf�UL[]`�h7N|�,UL[b�(U¬egd ��_FVXNFUp`gYif���NFYiYµ`�[�o7NFl#«¹[]lgM #�ach"acV�� e�acYi\z[]lgVi`gJWM
ViU¼[]ULN�egViUW\^YXN�eg`�NFo2�2hWdW`>I�JLNq[]l�NFM �A\^Vi}zNqe�`gJ"ac`3`gJLNFVil¡acoWoWl�[q5ViM�ac`gVX[]ULe¡egd ��_qNO`�[AM�ac�zN
M =

M�a9
i<κ

|〈bκ,b∗i 〉|

‖b∗

i ‖
2

sWNq_Fl�Nba]e�Nºh�f ≈ Cd
hWVi`�eb¥	#�f�M�ac�pViUW\

O
(

1 + log M
d

) egdL_�J¬_bacYiYXe�`�[
#(ach"acV�� e�acYi\z[]lgVi`gJWM¬�W`gJLN egVi�bN��¢l�Nqs5dL_F`gVX[]U¬«�[]l

κ
_bacU¾h*N a]_�JWVXNF}zNqsµ¥L³´U�oWl�a]_F`gVX_qN^�5`gJLNZ[]oW`gViM�acY

_�JL[]VX_qN>«¹[]l
C
sWNFo7NFULsWeº[]U�`gJLN�_q[]ULegVXsWNFl�Nqs�Y�ac`g`gVX_qN^»µ`gJLN>JWVi\^JLNFl

C
�7`gJLN�«�NF��NFlºYX[p[]o�Vi`�NFl�a9�

`gVX[]ULe��
hWdW` `gJLN�JWVi\^JLNFl3aclgVi`gJWMONF`gVX_¡_q[^eg`b¥*³�«�`gJLN>_q[pN���_FVXNFUp`�e
xi
� eZacl�N�\^dLNqe�e�Nqs/egM�acYiY¢�7Vi` VXe

`�NFM¡oW`gViUW\�`�[O_�JL[,[^e�N3a>egM�acYiY
C
¥
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c > 12
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(b1, . . . , bκ−1)
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� ���Z#
µ̄i,j �
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O(d2(d+
log B)(d+log M))

9�	
�.�!b?��@$���
	����?� �F�;��������:���
` = O(d)

Y 	 ��@$�$���;��@ �.�(�?�N@$�O�
B�@�� �$#
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� �
µ̄κ,j �
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[c«7`gJLN�M�acViU¡YX[p[]o2�c`gJLN(_q[]M¡oWdW`�Nqs

Xj
� e acl�N�acYiY5�bNFl�[W�]�(JWVX_�JOViM¡oWYiVXNqe�`gJ"ac`%UL[]`gJWViUW\ZJ"acoWo7NFULe

s5dWlgViUW\¬np`�NFoLe w �2J5¥"I�JWVXe�\^Vi}zNqe�`gJLN�_q[]lgl�Nq_F`gULNqe�e�[c« `gJLN3l�NF`gdWlgULNqs
r̄κ,j

� eb�
µ̄κ,j

� e�acULs
s̄κ,j

� eb¥
³´`ºacYXe�[�\^Vi}zNqeZ`gJ"ac` «¹[]l3acU�f

j < κ
� |µ̄κ,j| ≤ 0.5005

�2«�l�[]M �(JWVX_�JD�£N¡sWNFlgVi}zN |〈b′κ, b∗i 〉| ≤
0.501 · ‖b∗i ‖2 �5hpf�dLe�ViUW\�I�JLNq[]l�NFM ��acULs¾`gJLN Jpfpo*[]`gJLNqegVXe�[]U

`
¥

!�N>UL[b� _q[]ULegVXsWNFlZ`gJLN¡N �µNq_F`º[c«�[]ULN>Vi`�NFl�ac`gVX[]U�[c«�`gJLN�M�acViU�YX[p[]o�[]U
M
¥7�<NF`

M1
h*N

`gJLN\^�ULNF�
M _ a9«B`�NFlZ`gJLN>YX[,[]o�Vi`�NFl�ac`gVX[]U2¥<I�JLNq[]l�NFM �AacULs�`gJLN>J�f,o7[]`gJLNqegVXe�[]U

`
\^Vi}zN>`gJLN

ViULNqjpd"acYiVi`�f*»

M1 ≤ 0.5005 + d2ρd+15(1.001M + 0.5005)2−` ≤ 0.5007 + 21−cM.

±|e�a¡_q[]ULe�NqjpdLNFUL_qN^�W`gJLNFl�Nº_bacUAh7Nºac`(MO[^eg`
O

(

1 + log M
c−1
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npdWoWo7[^e�N�`gJ"ac`¡��N¬_�JL[,[^e�N

c = Θ(d)
¥%I�JLNq[]l�NFM �DacYXe�[/\^Vi}zNqe¡`gJ"ac`¡`gJLN¾_q[^e�`O[c«|[]ULN

YX[,[]oAVi`�NFl�ac`gVX[]U/VXe�h7[]dWULsWNqs�hpf
O(d3(d + log B))

�
h7Nq_bacdLe�N3s5dWlgViUW\�`gJLN�N�WNq_FdW`gVX[]U/[c« `gJLN
acYi\z[]lgVi`gJWM¬��`gJLN�NFUp`glgVXNqe�[c«W`gJLN£R|l�acM½M�ac`glgV�ºl�NFM�acViU3ViU�`�NF\zNFl�e�[c«WYXNFUW\^`gJ3h*[]dWULsWNqsºhpf

O(d+
log B)
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hpf

O
(

d3(d + log B)
(

1 + log M
d

))

= O(d2(d + log B)(d + log M)). ut
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³´U�`gJLNW`4b��¢}zNFl�e�VX[]UD[c« #�ach"acV�� e>acYi\z[]lgVi`gJWM¬��a�oWl�Nq_FVXegVX[]U
` > log M + 1.6d

VXeºl�NqjpdWVil�Nqs°`�[
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M
_bacUWUL[]`

h*N��pUL[��(U�ViUDa]s5}^acUL_qN^�µVi`ZVXeZU"ac`gdWl�acY `�[�l�NFoWY�a]_qN¡Vi`Zhpf/acUDdWoWo7NFlZh*[]dWULs/�(JWVX_�J°\^d"acl�acU5�
`�NqNqe�`gJ"ac`�`gJLNO�£[]lg�,ViUW\�oWl�Nq_FVXegVX[]U°�(ViYiY�egd ��_qN^¥�EL[]l3`gJWVXe�oWdWlgo*[^e�N^�<��N�dLe�NO`gJLN¡«¹[]YiYX[b�(ViUW\
ViULNqjpd"acYiVi`gVXNqeb»

M =
M�a9

j<κ
|〈bκ, b∗i 〉|
‖b∗i ‖2

≤
√

dBM¡ViU
j<κ‖b∗i ‖

≤
√

d1.34dB,

h*Nq_bacdLe�N
(b1, . . . , bκ−1)

VXe��<�2�*�¢l�Nqs5dL_qNqs¦acULs `gJLNAh"a]egVXeOVXe�ViU�`�NF\^l�acY¢¥�±|e�a�l�Nqe�dWYi`b�
` =

1.812d + log B + o(d)
VXe>egd ��_FVXNFUp`b¥%³�U°`gJWVXe¡egVi`gd"ac`gVX[]U2��`gJLN�Vi`�NFl�ac`gVi}zN #(ach"acV(acYi\z[]lgVi`gJWM

o*NFl#«¹[]lgMOe�[]UWYif¨`´�£[¼YX[p[]o Vi`�NFl�ac`gVX[]ULeb»£`gJLN¬¤Ll�eg`�[]ULN§e�Vi�bN��¢l�Nqs5dL_qNqe
bκ
� �(JLNFl�Nba]e�`gJLN�e�Nq_��

[]ULs©[]ULN�l�Nq_q[]M¡oWdW`�Nqe�`gJLN
rκ,j

� eb�
µκ,j

� e�acULs
sκ,j

� e¡MO[]l�NAa]_q_FdWl�ac`�NFYifz¥�I�JWVXe�egJL[b��e�`gJ"ac`

&('�c)&+*
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e�Vi�bN��¢l�Nqs5dL_F`gVX[]U°�(Vi`gJ¨~5¥ v^~CIOVXe�a]_�JWVXNF}zNqs°«�[]l3`gJLN��2�2� 2 [c«�I�JLNq[]l�NFM I^¥�EL[]l�`gJLN��2�<� 2 [c«
I�JLNq[]l�NFM�P5�W`gJWVXe�«¹[]YiYX[b��e�s5Vil�Nq_F`gYif�«�l�[]M I�JLNq[]l�NFM�v5¥

³�`Ol�NFM�acViULe�`�[°egJL[b� `gJ"ac`��2[�}]�]eg�/_q[]ULs5Vi`gVX[]ULe¾acl�N§acoWoWl�[b,ViM�ac`�NFYif©e¯ac`gVXe#¤"Nqsµ¥£r�Nq_bacYiY
`gJ"ac`

bκ
VXe�eg��acoWo7Nqs �(Vi`gJ

bi
«�[]l

i < κ
V�«�acULs []UWYif©V�«3«�[]l¾acU�f

j ∈ [|i, κ − 1|] ���£NJ"ab}zN
s̄κ,j ≤ 0.999r̄j,j

�zViU��(JWVX_�J¾_ba]e�N
1.001 · s̄κ,j ≤ r̄j,j

h*Nq_bacdLe�N
1/0.999 ≥ 1.001

�,�(JWVX_�J
MONbacULe�`gJ"ac`��(Vi`gJ�[]dWl%acoWoWl�[q5ViM�ac`�N��,UL[b�(YXNqs5\zN�[c«L`gJLN�R l�acM>�·n,_�JWM¡VXs5` []lg`gJL[]\z[]U"acYiVXe�ac`gVX[]U2�
��N¾`gJWViUW�ª`gJ"ac`

bκ
VXeOM3dL_�J egJL[]lg`�NFl�`gJ"acU

bj
ViU `gJLN¬ego"a]_qNAoWl�[cm#Nq_F`�Nqs©[]lg`gJL[]\z[]U"acYiYif `�[

(b1, . . . , bj−1)
¥�#�Nq_bacdLe�NZ[c«%I�JLNq[]l�NFM�w5�5�£N3[]hW`�acViUA`gJ"ac`b»

1.001(1 − d21−`)rκ,j ≤ (1 + dρd+112−`)rj,j,

`gJLNFl�N�«¹[]l�N^�za]e e�[,[]UOa]e
d2ρd+102−` ≤ 10−10 �^egdL_�J�a e���aco¡ViM¡oWYiVXNqe (1+2−10)sκ,j ≤ ‖b∗j‖2 ¥

npViM¡ViY�aclgYifz��V�«
bκ
VXe%UL[]`�e���acoWo*Nqs¡�(Vi`gJ

bi
�]`gJLNFU

1.001 · s̄κ,i ≥ r̄i,i
�^ViM¡oWYif,ViUW\ºhpf>I�JLNq[]l�NFM w

`gJ"ac`
(1 + 2−9)sκ,i ≥ ‖b∗i ‖2 ¥,I�[¡egdWM dWo2�La9«B`�NFl�a�YX[,[]o�Vi`�NFl�ac`gVX[]U§[c«�`gJLN �2�2� 2 acYi\z[]lgVi`gJWM¬�

(b1, . . . , bi, b
′
κ)
VXe �2�2�µ�¢l�Nqs5dL_qNqs��(Vi`gJ�o"acl�acMONF`�NFl�e

0.501
acULs

0.998
�,acULs

κ
VXe�e�NF`%`�[

i+1
¥

!�N�`gJ�dLe J"ab}zN�egJL[��(UO`gJ"ac`%`gJLN(h"a]egVXe%[]dW`goWdW` hpf>`gJLN(�2�2� 2 acYi\z[]lgVi`gJWMOe£[c«*I�JLNq[]l�NFMOeMI
acULs§P�VXe��2�2�*�¢l�Nqs5dL_qNqs§�(Vi`gJ¾«¢a]_F`�[]l

(0.998, 0.501)
¥

�  + ��� � ���F3�)�� 
 ' � � � ��3 � + �W) ��� �	���
2 
�� � + * 34) � �

� ��� � �W� � � � � Ä � À �9�
� À �O� � Å � � ÄµÄ � Ä � � � ÀpÄ � À � �

#�N�«¹[]l�NºoWl�[�}pViUW\�`gJLNºM�acViU§`��£[�l�NqegdWYi`�eb�"�£N�ULNqNqs§a�e�NF`�[c«�egViM¡oWYXN3oWl�[]o7NFlg`gVXNqe|e�ac`gVXe#¤"NqsAh�f
`gJLNZ�<�2� 2 acYi\z[]lgVi`gJWM¬�"�(JWVX_�JA��NZoWl�[b}zN3ViUAacoWo7NFULs5V�µ¥

� � ÀpÄ � À ��� � ���X�
[b

(0)
1 , . . . , b

(0)
d ]

� 9D�;�!	 �W�]`W�]` �V�������
	�78�
L

�	��;��� �;� 	���bZBC�F�4�>�(�?�M����� 2 Y
����@V����� �6����b�	
�"��@]�,�
	
���

t
�
[b

(t)
1 , . . . , b

(t)
d ]

# ���Z�,�"�!�5�(�C�>7XB2@!@D�����M9D�;�!	 �V�,� �(�?�>9D���	 �h��	 ��L�]`
�(�?�

t
� �(� �6�R�!b 	��"��@$���
	���� Y
	V� �2���;�

�

� � ��@S�����
i ≤ κ(t)− 1

�
b

(t)
i

	<����	 �(���"@D�$#�B?78�$# � ���Z#
[b

(t)
1 , . . . , b

(t)
κ−1]

	<�������.�"@D�$#�B?78�$# �.	��(�
`X�,7��4��@

(0.998, 0.501)
Y

� � ��@W��� �
i ≤ d

�F=:��

j≤i‖b(t)∗

j ‖ ≤ =:��

j≤i‖b(0)∗

j ‖ Y
� � ��@W��� �

i ≤ d
� ‖b(t)

i ‖2 ≤ d · =V� 

j≤i‖b(0)

i ‖2 Y
� �M��� ���$7O�4��@:�!b,bh�$��@�	 ��L#�B2@!	��� �(�C� �!	 �R��� @$�D#�BC7��
	
���A�]`

bκ(t)
	 �5�]`W� ����,�(� �!=:�������X@5�(�2���

2O(d)BO(1) Y

³�U¨n,Nq_F`gVX[]U°�L¥ w5���£N�egJL[b��Nqs¼`gJ"ac`�`gJLN�a]_q_FdWl�a]_Ff�ViU¼`gJLN�_�JLNq_��D[c«��2[�}]�]e���_q[]ULs5Vi`gVX[]ULe
��a]e�\z[p[,sµ¥�E"[]l>acUpf°�2[�}]�]eg� � e�`�Nqeg`b��NFVi`gJLNFl

κ
ViUL_Fl�Nba]e�Nqe¡[]l�sWNq_Fl�Nba]e�Nqe�hpfD[]ULN¾acULsD�(JLNFU

c�ced�fhg!i!jXk



Ibx ���C������ Y����B�� ���	��
\��= 	��X��Z�"��� ���

Vi` sWNq_Fl�Nba]e�Nqeb�7`gJLN>jpd"acU�`gVi`�f ∏d
i=1 ‖b∗i ‖2(d−i) sWNq_Fl�Nba]e�Nqe|h�f/a�«¹a]_F`�[]l [c« 1 + 2−10 h�f�n,Nq_��

`gVX[]U��L¥ w5¥z³�`%VXe�a eg`�acULsLacl�s��<�2��aclg\^dWMONFUp`�`gJ"ac`£`gJWVXe j�d"acUp`gVi`�f¡VXe�a]_F`gd"acYiYif¡acU�ViU�`�NF\zNFl|�BVi`�VXe
aºoWl�[ps5dL_F`�[c«<e�jpd"acl�NqsO}z[]YidWMONqe�[c«2ViU�`�NF\zNFl�Y�ac`g`gVX_qNqe¯���,acULs�VXe�ViUWVi`gV�acYiYif¡h*[]dWULsWNqs�h�f

BO(d2) ¥
npViUL_qN>ViU/`gJLN¡[�}zNFl�acYiY�N�5Nq_FdW`gVX[]U�[c«�`gJLN¡acYi\z[]lgVi`gJWM `gJLN¡s5V �*NFl�NFUL_qN>h*NF`���NqNFU�`gJLN�U�dWM�h7NFl�e
[c«%sWNq_Fl�Nba]e�Nqe acULs¾ViUL_Fl�Nba]e�Nqe�[c«

κ
VXe�N�La]_F`gYif

d
�W`gJLNFl�NºM�dLeg`�h*Nºac`�MO[^eg`

O(d2 log B)
YX[p[]o

Vi`�NFl�ac`gVX[]ULe�¥
I�JLNq[]l�NFM v�UL[b� ViM¡MONqs5V�ac`�NFYifª\^Vi}zNqe¡`gJLN¾_q[]M¡oWYXN�5Vi`�f

O(d4 log B(d + log B)2)
acU5�

UL[]dWUL_qNqs�ViU�I�JLNq[]l�NFM I^¥,I�JLN�l�Nqe�`£[c«2`gJWVXe�e�Nq_F`gVX[]U�VXe�sWNF}z[]`�Nqs�`�[�egJL[��(ViUW\�JL[�� `�[�a]_�JWVXNF}zN
`gJLN3_q[]M¡oWYXN�,Vi`´f

O(d5 log B(d + log B))
[c« I�JLNq[]l�NFM�P5¥"I�JWVXe�VXe�sW[]ULNZhpf¾\zNFULNFl�acYiVi�qViUW\�a

_ba]e�_ba]sWN oWJLNFUL[]MONFUL[]U��(JWVX_�J¡acoWo7Nbacl�e<ViU3`gJLN�acU"acYif5egVXe<[c«W`gJLN � dL_FYiVXsWNbacU>acULs3`gJLN�RZacdLe�egV�acU
acYi\z[]lgVi`gJWM¬¥

� �	� � �¾� � �7À � � � % Á �
�B� Ä � �
� À�� 	<�&%��BÅ À � � � % �"Ä � � �
�!�

±|e�MONFU�`gVX[]ULNqs½ViU `gJLN�ViU�`gl�[,s5dL_F`gVX[]U2��`gJLN��<�2� acYi\z[]lgVi`gJWM _bacU h7N/},VXNF�£Nqs½a]e§a¼JWVi\^J5�
s5ViMONFULe�VX[]U"acY|\zNFULNFl�acYiVXe¯ac`gVX[]U¦[c«3`gJLN � dL_FYiVXsWNbacU½acYi\z[]lgVi`gJWM `�[°_q[]M¡oWdW`�N�\z_qsWeb¥"#�dW`�[]ULN
acUWUL[�fpViUW\�«¢a]_F`|aclg\^dLNqe ac\�acViULeg`�`gJWVXe|acU"acYX[]\^f7»
`gJLN � dL_FYiVXsWNbacU�acYi\z[]lgVi`gJWM�J"a]e aOjpd"a]s5l�ac`gVX_
_q[]M¡oWYXN�5Vi`�f h*[]dWULsµ���(JLNFl�Nba]e¾`gJLN��2�2� acYi\z[]lgVi`gJWM VXe¬_FdWhWVX_�«¹[]lAacU�f ¤W5Nqs s5ViMONFULe�VX[]U2¥
!�N�_FY�acViM `gJ"ac`�`gJLN�eg`�acULsLacl�sªacU"acYif5egVXe3[c«�`gJLN��2�2� acYi\z[]lgVi`gJWM _q[]lgl�Nqe�o7[]ULsWe�`�[§a¬U"acVi}zN
acU"acYif5egVXe [c«�`gJLN � dL_FYiVXsWNbacU°acYi\z[]lgVi`gJWM �(JWVX_�J�\^Vi}zNqeZa�_FdWhWVX_>_q[]M¡oWYXN�5Vi`�fz¥2I�JLN � dL_FYiVXsWNbacU
acYi\z[]lgVi`gJWM �£[]lg�5eOa]e�«�[]YiYX[���eb»�\^Vi}zNFU©a]e>ViUWoWdW`¡`���[�ViUWVi`gV�acY(l�NFM�acViULsWNFl�e

r0 > r1 > 0
��Vi`

hWdWViYXsWe�`gJLNZe�Nqj�dLNFUL_qNqe([c«�jpdL[]`gVXNFU�`�e
qi
acULs�l�NFM�acViULsWNFl�e

ri
sWN�¤LULNqs�h�f

qi = bri−1/ric
acULs

ri+1 = ri−1−qiri
�bdWU�`gViY

rτ+1 = 0
¥�I�JLN

ri
� e�acl�N�eg`glgVX_F`gYifºsWNq_Fl�Nba]egViUW\ ViUp`�NF\zNFl�e�acULs

rτ
VXe<`gJLN

\z_qs¡[c«
r0
acULs

r1
¥^³´`�VXe �£NFYiY��¢�,UL[b�(U�`gJ"ac`%`gJLN�l�NFM�acViULsWNFl�e£sWNq_Fl�Nba]e�N�ac`%YXNba]eg`�\zNq[]MONF`glgVX_bacYiYifz�

�(JWVX_�J�ViM¡oWYiVXNqe�`gJ"ac`
τ = O(log r0)

¥,± U"acVi}zNZacU"acYif,e�VXe�[c«2`gJLN � dL_FYiVXsWNbacU¬acYi\z[]lgVi`gJWM eg`�ac`�Nqe
`gJ"ac`�`gJLN�acYi\z[]lgVi`gJWM o7NFl#«¹[]lgMOe

O(log r0)
aclgVi`gJWMONF`gVX_�[]o7NFl�ac`gVX[]ULe�[]UDViUp`�NF\zNFl�e�[c«(YXNFUW\^`gJLe

h*[]dWULsWNqs�h�f
O(log r0)

�5acULs�`gJ"ac`�`gJLN�[�}zNFl�acYiYµ_q[^eg`�VXe£h7[]dWULsWNqs�hpf
O(log3 r0)

¥ ��«<_q[]dWl�e�N^�
`gJLN�_q[]lgl�Nq_F`¡acU"acYif,egVXe�UL[]`gVX_qNqe�`gJ"ac`>`gJLN�_q[^eg`>[c«�_q[]M¡oWdW`gViUW\

qi
acULs

ri+1
VXe3h*[]dWULsWNqs°h�f

O(log ri−1 · log qi) = O(log r0 · (1 + log ri−1 − log ri))
¥ npdWM¡MONqs¨[b}zNFlOacYiY£`gJLN�eg`�NFoLe��

acYiY�hWdW`Z`´�£[¾`�NFlgMOeM^
log ri

_ }^acUWVXegJ�ViU/`gJLN¡_q[]M¡oWdW`�ac`gVX[]U2�µ\^Vi},ViUW\¾`gJLN>_FY�a]e�egVX_bacY jpd"a]s5l�ac`gVX_
O(log2 r0)

_q[]M¡oWYXN�5Vi`�f�h*[]dWULsµ¥
!�N�egJL[���ViU�`gJLN3«�[]YiYX[��(ViUW\�e�dWhLe�Nq_F`gVX[]U/JL[b��`�[�[]hW`�acViU�egdL_�J/acU�acU"acYif,e�VXe�ViU�`gJLN�_ba]e�N

[c«�`gJLN��2�2� 2 acYi\z[]lgVi`gJWM¬¥�I�JLN�s5V ��_FdWYi`´fDNqe�e�NFUp`gV�acYiYif�l�NFYiVXNqe�ViUD`gJLN�\zNFULNFl�acYiVXe�ac`gVX[]U¨[c«�`gJLN
_bacUL_qNFYiY�ac`gVX[]U�[c«�acYiY�hWdW`ºa�}zNFlgf¾«�NF��`�NFlgMOe|ViU/`gJLN�egdWM [c«�`gJLN>_q[^eg`�e|[c«£_q[]ULe�Nq_FdW`gVi}zN>YX[,[]o
Vi`�NFl�ac`gVX[]ULe�¥
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³´U�`gJWVXe(egdWhLe�Nq_F`gVX[]U¾�£N \^Vi}zN|`gJLN|oWl�[,[c«�[c«�`gJLN|M�acViU�`gJLNq[]l�NFM [c«<`gJLN|o"aco*NFlb�5`gJ"ac`�VXe(I�JLNq[c�
l�NFM�P5¥

!�N|acYil�Nba]s5fO�,UL[b� `gJ"ac`�`gJLN�UpdWM3h*NFl�[c«2YX[p[]o�Vi`�NFl�ac`gVX[]ULe�VXe
τ = O(d2 log B)

¥pI�JLN
t
�¢`gJ

YX[,[]oZVi`�NFl�ac`gVX[]U�_q[^e�`�e
O(d2(d+log B)(d+log M(t)))

�(JLNFl�N
M(t) =

M�a9
j<κ(t) |µκ(t),j(t)|

¥
#�f¾acU"acYX[]\^f��(Vi`gJ¬`gJLN � dL_FYiVXsWNbacU/acYi\z[]lgVi`gJWM¬�L�£NºM�ac�zNº`�NFlgMOe�_bacUL_qNFY��(Vi`gJANba]_�JA[]`gJLNFl�ViU
`gJLN�egdWM [b}zNFl%`gJLN�YX[,[]o>Vi`�NFl�ac`gVX[]ULe [c«"`gJLN�^

M(t)
� e _ ¥�EL[]l�`gJWVXe�oWdWlgo*[^e�N^�9�£N(sWN�¤LULN�`gJLN�ViULsWN�

α(t)
a]e�`gJLNºegM�acYiYXNqeg`�eg��acoWoWViUW\�ViULsWN�¾egViUL_qNZ`gJLNZY�a]e�`(MO[]MONFU�`

κ
��a]e�ac`�YXNba]eg`

κ(t)
¥

	�À � ��� � � ���X�
t

9D� � �����!b 	��"�X@]���
	���� Y����X�
φ(t) =

=:��

(t′ < t | κ(t′) ≥ κ(t))

	 ` 	
�
� 
�	<�X��� ���Z#

1
���(�C��@ �.	<��� �W���Z#

α(t) =
=5	��

(κ(t′) | t′ ∈ [|φ(t), t[|) − 1
Y��)�C��� �1� �2���;�

log M(t) ≤ d + log ‖b(t)
κ(t)‖ − log ‖b(t)

α(t)‖
Y

� @]���$`OY$#�NF`���NqNFU¦YX[p[]o Vi`�NFl�ac`gVX[]ULe
φ(t)

acULs
t
�

b1, . . . , bα(t)−1
l�NFM�acViU dWUL_�J"acUW\zNqs�acULs

h*Nq_bacdLe�N¾[c« `gJLN¾egVi�bN��¢l�Nqs5dL_F`gVX[]ULeb�£Nba]_�J }zNq_F`�[]l�_Fl�Nbac`�Nqs©s5dWlgViUW\�`gJLNqe�N�Vi`�NFl�ac`gVX[]ULeOVXe�egVi�bN��
l�Nqs5dL_qNqs§a]e(l�NF\�acl�s¾`�[

b1, . . . , bα(t)−1
¥WI�JWVXe�ViUL_FYidLsWNqe

b
(t)
κ(t)

¥W±�e�a¡_q[]ULe�Nqj�dLNFUL_qN^�Whpf�dLe�ViUW\
`gJLN|«¢a]_F`�`gJ"ac`

(b
(t)
1 , . . . , b

(t)
κ(t)−1)

VXe��2�2�*�¢l�Nqs5dL_qNqsµ�

M(t) ≤ 0.501 +
M�a9

i=α(t)..(κ(t)−1) |µκ(t),i| ≤ 0.501 + 1.34d/2‖b(t)
κ(t)‖/‖b

(t)
α(t)‖.

ut
!�NOacl�N>`�[¾e�dWh7s5Vi},VXsWN�`gJLN¡egdWM [c«£`gJLN\^
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α(t)
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κ(t)
ac`�`gJLN YX[,[]o¬Vi`�NFl�ac`gVX[]U
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∑

t≤τ

(d + log M(t)) ≤ d3 log B +
d−1
∑

a=1

d
∑

k=a+1

∑

t
eb¥ `b¥

α(t)=a,κ(t)=k

(log ‖b(t)
k ‖ − log ‖b(t)

a ‖).
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k − a
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k − a
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1 ≤ a < k ≤ d

��� #
t1 < . . . < tk−a
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j ≤ k − a

�
κ(tj) = k

���Z#
α(tj) = a

Y��)�C��� ‖b(t1)
a ‖ ≥

d21.342d‖b(tk−a)
k ‖ Y
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j
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κ(T ) ≥ j ≥ κ(T +1)

Y
	V� �2���;�

�

=:��

i≤j‖b(T+1)∗

i ‖ ≤ =:��

i≤j−1‖b(T )∗

i ‖ ��� # =:��

i≤j‖b(T+1)

i ‖ ≤
√

d · =:��

i≤j−1‖b(T )

i ‖.

� @]���$` �]`F���X=5=:� �
�
³�«

i ≤ j
s5V �*NFl�e<«�l�[]M

κ(T +1)−1
�
b

(T+1)
i

VXe�[]ULN�`gJLN
b

(T )
i′
� eµ«¹[]l

i′ ≤ j−
1
¥hELl�[]M egVi�bN��¢l�Nqs5dL_F`gVX[]U2�"Vi`�egd ��_qNqe�`�[�egJL[b�¦`gJ"ac` ‖b(T+1)∗

κ(T+1)−1‖ ≤ M�a9
i≤j−1‖b(T )∗

i ‖ ¥ #�N��
_bacdLe�N��<[b}^�]eg� � e%`�Nqeg`�«¢acViYXNqsOac`�YX[,[]o¡Vi`�NFl�ac`gVX[]U

T
«�[]l

κ(T +1)−1
�]�£N�J"ab}zN ‖b(T+1)∗

κ(T+1)−1‖2 ≤
‖b(T )∗

κ(T+1)−1‖2 ¥ ut� @]���$`W�]`M����= =:���
�
#�f�sWN�¤LUWVi`gVX[]U§[c«

α
�,«¹[]l�acU�f

j ∈ [|2, k − a|] �5`gJLNFl�NZN�5Vi`�e�a�¤Ll�eg`(YX[p[]oVi`�NFl�ac`gVX[]U
Tj ∈ [|tj−1, tj|[

egdL_�J�`gJ"ac`
κ(Tj) ≥ j ≥ κ(Tj +1)

¥ #�Nq_bacdLe�N|[c«<I�JLNq[]l�NFMeJ3acULs
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‖b(tk−a)
k ‖2 ≤ d · M�a9 i≤k‖b(Tk−a+1)

i ‖2 ≤ d2 · M�a9 i≤k−1‖b(Tk−a)
i ‖2.
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b1, . . . , bk−1
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tk−a−1

`�[
Tk−a

¥ npViUL_qN
κ(tk−a−1) = k
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‖b(tk−a)
k ‖2 ≤ d21.34d M�a9

i≤k−1‖b(tk−a−1)∗
i ‖2.
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M�a9
i≤k−1‖b(tk−a−1)∗

i ‖2 ≤ M�a9
i≤k−1‖b(Tk−a−1+1)∗

i ‖2 ≤ M�a9 i≤k−2‖b(Tk−a−1)∗
i ‖2

≤ M�a9
i≤k−2‖b(tk−a−2)∗

i ‖2

. . .

≤ M�a9
i≤a‖b(t1)∗

i ‖2
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(b

(t1)
1 , . . . , b

(t1)
a )
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∑

t≤τ

log





‖b(t)
κ(t)‖

‖b(t)
α(t)‖



 ≤
∑

a

∑

k

(

(k − a) log(
√

dB) + d · |{t | κ(t) = k, α(t) = a}|
)

,

�(JWVX_�JºVXe
O(d3 log B)

�Fh7Nq_bacdLe�N acYiYz`gJLN ‖b(t)
i ‖ � e<acl�N egM�acYiYXNFl<`gJ"acU √dB

acULs
τ = O(d2 log B)
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j 〉 �7�(JLNFl�N b
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j
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b1, . . . , bk
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∗
l
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e¯ac`gVXe#«Bf,ViUW\

d2ρd+102−` ≤ 0.001
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.

�<NF`
j < d
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E"[]l�acU�f
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+
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i,k − r
(k−1)
i,k |
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(k−1)
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∣

∣

∣

∣

∣

∣

1

r
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∣
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∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣
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∣

∣

∣
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∣

∣

∣
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∣

∣

∣
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∣

∣
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∣

∣

∣
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∣

∣
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∣
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∣

∣
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∣

∣

∣
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∣
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∣
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∣

∣
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∣

∣

∣
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∣

∣
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∑

k′=k+1

|µj,k′||〈bi, b
∗
k′〉| ≤ ‖b∗j‖2

j
∑

k′=k+1

1.34j−k′ ≤ 3 · 1.34j−k · ‖b∗j‖2,
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∣
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∣

∣

∣
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i,j | + 3 · d1.34j−k′+1(1 + d21−`)‖b∗j‖2
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∑

k≤k′ ρk+101.34k′−k
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ρ

1.34
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∣

∣
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i,j

∣

∣
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d,j − r

(j−1)
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∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

≤ 2−`M + 2−`

∣

∣

∣

∣

∣

∣

r̄
(k−1)
d,k

r̄
(k−1)
k,k

−
r
(k−1)
d,k

r
(k−1)
k,k

∣

∣

∣

∣

∣

∣

+ 1.501(1 + dρk+102−`)dρk+10M2−`

≤ 1.503dρk+10M2−`,

&('�c)&+*



���������
	����������	�����������������	 �!	
�"�$# P^v

�(JWVX_�J¬ViM¡oWYiVXNqe�`gJ"ac`b»
∣

∣

∣
o
(

r̄
(k−1)
j,k · µ̄d,k

)

− r
(k−1)
j,k µd,k

∣

∣

∣

≤ 2−`|r̄(k−1)
j,k | · |µ̄d,k| + |r̄(k−1)

j,k | · |µ̄d,k − µd,k| + |µd,k| · |r̄(k−1)
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∣
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∣
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∑
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∣
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ρ

1.34
−1

dρl+11M2−` ‖b
∗

k′
‖2

1.34 .
±|e�a>_q[]ULe�NqjpdLNFUL_qN^�5«�[]l�acUpf

k′ < j < d
»

∣

∣

∣
r̄
(k′)
d,j − r

(k′)
d,j

∣

∣

∣
≤ 21−`

∑

k<k′

|r̄(k)
d,j − r

(k)
d,j | + 0.999 · dρj+10M2−` · ‖b∗j‖2.

ELl�[]M `gJWVXe(Vi`�VXe�Nba]e�f�`�[¡egJL[��¦h�f�ViULs5dL_F`gVX[]UA[]U
k′ `gJ"ac`b»

∣

∣

∣r̄
(k′)
d,j − r

(k′)
d,j

∣

∣

∣ ≤ 0.999 · dρj+10(1 + k′21−`)M2−` · ‖b∗j‖2,

�(JWVX_�JAs5Vil�Nq_F`gYif�ViM¡oWYiVXNqe�`gJLNZViULs5dL_F`gVX[]U�_FY�acViM «¹[]l
j
�Wh*Nq_bacdLe�N

0.999 · (1 + d21−t) ≤ 1
¥
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�3�W� À�Ã � À � À
bd

�B�¾�
��� ÀzÂ � À Å!	�� À Å��W�¾� À � �W�cÅ¦� Ä
(b1, . . . , bd−1)

� npViM¡ViY�aclgYifz�2�£N>J"aq}zN
`gJ"ac`b»

∣

∣

∣
r̄
(j)
d,d − r

(j)
d,d

∣

∣

∣
≤ 2−`|r(j−1)

d,d | +
∣

∣

∣
r̄
(j−1)
d,d − r

(j−1)
d,d

∣

∣

∣
(1 + 2−`) + 1.259 · dρj+102−` · ‖b∗j‖2.

#�f�dLegViUW\¡`gJLN «¢a]_F`(`gJ"ac` |r(j)
d,d| ≤ ‖bd‖2 �L�£Nº[]hW`�acViU2»

∣

∣

∣r̄
(j)
d,d − r

(j)
d,d

∣

∣

∣ ≤ 21−`
∑

k<j

|r̄(k)
d,d − r

(k)
d,d | + d2−`‖bd‖2 + 1.259d2−`‖b∗j‖2

∑

k≤j

ρk+101.34j−k

≤ 21−`
∑

k<j

|r̄(k)
d,d − r

(k)
d,d | + d2−`‖bd‖2 + 0.94 · dρd+102−` · ‖b∗j‖2.

ELl�[]M `gJWVXe(Vi`�VXe�Nba]e�f�`�[¡egJL[��¦h�f�ViULs5dL_F`gVX[]UA[]U
j
`gJ"ac`b»

∣

∣

∣r̄
(j)
d,d − r

(j)
d,d

∣

∣

∣ ≤ 0.94 · dρd+10(1 + j21−`)2−` · ‖b∗j‖2 + d(1 + j21−`)2−` · ‖bd‖2.

I�JWVXe \^Vi}zNqe%`gJ"ac` ∣

∣

∣
r̄
(j)
d,d − r

(j)
d,d

∣

∣

∣
≤ 0.95dρd+102−` ·‖b∗j‖2 +d21−` ·‖bd‖2 ¥^I�JLN(l�NqegdWYi`�«¹[]YiYX[b��e

«�l�[]M `gJLN «¢a]_F`(`gJ"ac`
bd
VXe�egVi�bN��¢l�Nqs5dL_qNqs§acULs�`gJ"ac`

(b1, . . . , bd−1)
VXe��2�<�*�¢l�Nqs5dL_qNqsµ¥

I�JLN3_q[]M¡oWYXN�,Vi`´f�h*[]dWULs¬[c«�`gJLN `gJLNq[]l�NFM VXe�[]hp}pVX[]dLe�¥ ut

� # *,+ + �\+ � �����h+ * � � �

�<NF`
µ

(i)
d,j = µd,j −

∑d−1
k=i xkµl,j

¥�!�N|e�JL[b� h�f�sWNq_Fl�NFMONFU�`�acY�ViULs5dL_F`gVX[]U¬[]U
i ∈ [|1, d|] `gJ"ac`«¹[]l�acU�f

j < i
»

|µ̄(i)
d,j| ≤ 1.503d−i+10M ′−0.5005

acULs |µ̄(i)
d,j −µ

(i)
d,j| ≤ (d+1− i)dρd+14M ′2−`. (∗)

� �XBC�,�
	
���
(∗) 	 =MbZ�a	4�!�F�(�C��9$��B2�Z#S���V�(�C� |xi| �

�
h*Nq_bacdLe�N |xi| ≤ |µ̄(i+1)
d,i |+ M�a9 (0.5005, 2−`|µ̄(i+1)

d,i |).
� �XBC�,�
	
���

(∗) 	�=MbZ�a	��!� �(�C� 9$��B��Z# ��� �(�C� 〈b′

d
,b∗

i 〉

‖b∗

i ‖
2 �

�£h*Nq_bacdLe�N|«¹[]l�acU�f
i < d

»

|〈b′d, b∗i 〉|
‖b∗i ‖2

= |µ(i+1)
d,i − bµ̄(i+1)

d,i e| ≤ |µ̄(i+1)
d,i − µ

(i+1)
d,i | + |µ̄(i+1)

d,i − bµ̄(i+1)
d,i e|

≤ d2ρd+14M ′2−` +
M�a9

(0.5005, 1.503d−i+9M ′2−`)

≤ 0.5005 + d2ρd+15M ′2−`.

&('�c)&+*
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��� YhEL[]l
j < d

��NZJ"aq}zN^»
∣

∣

∣µ̄
(d)
d,j − µ

(d)
d,j

∣

∣

∣ ≤ 1.503dρj+10M2−` ≤ dρd+11M2−`.

��[]l�Nq[b}zNFlb� |µ̄(d)
d,j | ≤ M + dρd+11M2−` ≤ 1.001M

�"h7Nq_bacdLe�NZ[c«�`gJLNZJpfpo*[]`gJLNqegVXe�[]U
`
¥

	V� � ��� bZ@]���;�:�(�C���
(∗) �2����#;�1`O��@

i
B2�Z# ��@V�(�C� � �!bC���(�C�!��	<�V�(�2��� 	
� �2����#;� `X��@ ��� �

i′ > i
Y

#�Nq_bacdLe�N |µ̄(i+1)
d,i | ≤ 1.503d−i+9M ′ − 0.5005

�<��N¡J"aq}zN�`gJ"ac` |xi| ≤ 1.503d−i+10M ′ ¥�#�f
dLe�ViUW\OI�JLNq[]l�NFM�w5�5�£N�[]hW`�acViU2»

|o(xi · µ̄i,j) − xiµi,j| ≤ 2−`|xi||µ̄i,j| + |xi||µ̄i,j − µi,j|
≤ 0.502 · 1.503d−i+10M ′2−` + 1.503d−i+10M ′ · 1.503dρj+102−`

≤ 1.504 · d1.503d−i+10ρj+10M ′2−`,

�(JWVX_�J¬\^Vi}zNqe�`gJ"ac`b»
|µ̄(i)

d,j − µ
(i)
d,j | ≤ 2−`|µ̄(i+1)

d,j | + 2−`|o(xi · µ̄i,j)| + |µ̄(i+1)
d,j − µ

(i+1)
d,j | + |o(xi · µ̄i,j) − xiµi,j|

≤ 1.503d−i+9M ′2−` + 1.504 · d1.503d−i+10ρj+10M ′(2−` + 2−2`)

+0.501 · 1.503d−i+10M ′2−` + |µ̄(i+1)
d,j − µ

(i+1)
d,j |

≤ |µ̄(i+1)
d,j − µ

(i+1)
d,j | + 1.506 · d1.503d−i+10ρj+10M ′2−` ¥

≤ (d − i)dρd+14M ′2−` + dρd+14M ′2−` �
hpf�dLe�ViUW\O`gJLN|«¹a]_F`�`gJ"ac`

j ≤ i − 1
acULs

1.506 · 1.50311 < ρ5 ¥WI�JWVXe(\^Vi}zNqe�`gJLNZe�Nq_q[]ULs¬o"aclg`
[c« � jpd"ac`gVX[]U

(∗) «�[]l i
¥�E"[]l�`gJLNº¤Ll�eg`�o"aclg`b�
�£N�dLe�NZ`gJLN3«¹a]_F`�`gJ"ac` |xk| ≤ 1.503d−k+9(1 +

2−`)M ′ «¹[]l�acU�f k ≥ i
�Le�[>`gJ"ac`��£Nº[]hW`�acViU¬«�[]l�acUpf

j < i
»

|µ̄(i)
d,j| ≤ |µ̄(i)

d,j − µ
(i)
d,j | + |µd,j| +

d−1
∑

k=i

|xk||µk,j|

≤ M + 0.501M ′(1 + 2−`)
d−1
∑

k=i

1.503d−k+9 + (d + 1 − i)dρd+14M ′2−`

≤ M + 1.001 · 0.501

0.503
· (1.503d−i+10 − 1.50310)M ′ + 0.001M ′

≤ 1.503d−i+10M ′ − 0.5.

	V� �F�Z����� �L���Z��� �
�R� �(�C� 7D����� �]`>�(�C� #�	 �M��@D�����S��@�	��(� =>�X�
	�7 �!b?�X@]���
	����?��Y�I�JLNq[]l�NFM w¬\^Vi}zNqe
`gJ"ac`<`gJLN _q[^eg`<[c«"np`�NFo>I%VXeµh*[]dWULsWNqsºhpf

O(d2`2)
¥9Æ�[]M¡o"acl�Nqsº`�[(`gJLN�_q[^eg`<[c«"np`�NFo�v5�q`gJLN _q[^e�`

[c«�np`�NFo¾w3VXe�ULNF\^YiVi\^VihWYXN^¥5I�JLNFl�NZacl�N
O(d2)

aclgVi`gJWMONF`gVX_|[]o*NFl�ac`gVX[]ULe�s5dWlgViUW\�np`�NFoLe�P �,v5�5Nba]_�J

c�ced�fhg!i!jXk
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[]ULN£J"aq},ViUW\ Vi`�e�_q[^eg`�sW[]M¡ViU"ac`�Nqs>hpfº`gJLN£M3dWYi`gVioWYiVX_bac`gVX[]U
o(xi ·µ̄i,j)

¥ #�Nq_bacdLe�N
xi = bµ̄(i+1)

d,i e �
xi
VXe�acUAViUp`�NF\zNFl�`gJ"ac`|_bacUAh*Nºl�NFoWl�Nqe�NFUp`�Nqs§[]U

O(`)
hWVi`�eb¥L±|e�a�_q[]ULe�Nqj�dLNFUL_qN^�"`gJLN3_q[^eg`|[c«

np`�NFoLe�P �,v¾VXe
O(d2`2)

¥<±�`�np`�NFoAJ5�µ�£N�J"aq}zN
O(d2)

aclgVi`gJWMONF`gVX_�[]o*NFl�ac`gVX[]ULe�[]UDViU�`�NF\zNFl�eb¥
#�f/dLegViUW\ � j�d"ac`gVX[]U

(∗) acULsD`gJLNOl�NFY�ac`gVX[]U2» |〈bi, bd〉| ≤ B(‖b∗d‖2 +
∑

i<d µ2
d,i‖b∗i ‖2)

��Vi`
VXe|Nba]egf�`�[�e�NqNº`gJ"ac` acYiY�`gJLN3ViU�}z[]Yi}zNqs/e�_bacY�acl|oWl�[ps5dL_F`�e�l�NFM�acViU§h*NFYX[b�

dB21.503d+1M ′ ≤
(B2d)O(1) ¥^I�JLN�MO[^eg` N�,o*NFULegVi}zN�aclgVi`gJWMONF`gVX_�[]o7NFl�ac`gVX[]ULe�acl�N�[c«7`gJLN��,ViULs5^

xi〈bd, bi〉 _
�zacULs

e�ViUL_qN�`gJLN
xi
� e%acl�N�[c«
egVi�bN

O(`)
�c`gJLN�_q[^eg`�[c«*np`�NFo:J�_bacU�h*N�h*[]dWULsWNqs>h�f

O(d2`(d+log B))
¥

I�JWVXe�sW[]M¡ViU"ac`�Nqe�`gJLNZ[�}zNFl�acYiY�_q[^eg`�[c«�`gJLN3acYi\z[]lgVi`gJWM¬¥ ut

 # * +�+�� + � �����h+�*� � �

Æ£Y�acViM I���J"a]e h*NqNFU/oWl�[b}zNqs�ViUDn,Nq_F`gVX[]U��L¥<Æ£Y�acViM �p��«�[]YiYX[���e|«Bl�[]M I�JLNq[]l�NFM v5¥ !�N>UL[��
_q[]ULe�VXsWNFl|Æ£Y�acViM Pz��¥  |dWlgViUW\�a>eg��aco2�W�£NºJ"aq}zNº`gJ"ac`b»

� ‖b∗new
κ−1 ‖ ≤ ‖b∗old

κ−1‖
h*Nq_bacdLe�Nº[c«%�2[�}]�]eg� � e�_q[]ULs5Vi`gVX[]U�acULs¾`gJLN3acU"acYif5egVXe�[c«�n,Nq_F`gVX[]U¬�L�

� ‖b∗new
κ ‖ ≤ ‖b∗old

κ−1‖
h*Nq_bacdLe�N

b
∗new
κ

VXe�acUA[]lg`gJL[]\z[]U"acY<oWl�[cmgNq_F`gVX[]UA[c«
b
∗old
κ−1

�
� ‖b∗new

κ ‖ ≥ ‖b∗old
κ ‖ h7Nq_bacdLe�N b

∗old
κ

VXe�acUA[]lg`gJL[]\z[]U"acY<oWl�[cmgNq_F`gVX[]UA[c«
b
∗new
κ−1

�
� ‖b∗new

κ ‖ ≥ ‖b∗old
κ ‖ h7Nq_bacdLe�N ‖b∗κ−1‖ · ‖b∗κ‖

VXe�_q[]ULeg`�acUp`b¥

Æ£Y�acViM Pz��s5Vil�Nq_F`gYif3«¹[]YiYX[b��e «Bl�[]M `gJLNqe�N�«¢a]_F`�e acULs�acU¡ViULs5dL_F`gVX[]U�[]U
t
¥^³�`%ViM¡oWYiVXNqe `gJ"ac` V�«

b
(t)
iacoWo*Nbacl�e�s5dWlgViUW\�`gJLNZN�5Nq_FdW`gVX[]UA[c«�`gJLN3acYi\z[]lgVi`gJWM acULs¾VXe�egVi�bN��¢l�Nqs5dL_qNqsµ�"�£NZJ"ab}zN^»

‖b(t)
i ‖2 ≤ d · M�a9 j≤i‖b(t)∗

j ‖2 ≤ d · M�a9 j≤i‖b(0)∗
j ‖2 ≤ d · M�a9 j≤i‖b(0)

j ‖2.

I�JWVXe�oWl�[b}zNqe�Æ£Y�acViM wz�Z«�[]l
i < κ(t)

¥�³�«
i ≥ κ(t)

���£N�_q[]ULegVXsWNFl�`gJLN�Y�a]eg`�YX[,[]oDVi`�NFl�ac`gVX[]U
t′ < t

�(JLNFl�N¡`gJLN>}zNq_F`�[]l
b

(t)
i

��a]eº_Fl�Nbac`�Nqsµ¥2³�«
t′
sW[,Nqe UL[]`ºN�,VXe�`b�
`gJLNFU�`gJWVXeº}zNq_F`�[]lZVXeºacU

ViUWVi`gV�acY
}zNq_F`�[]lb�pacULs�`gJLN�l�NqegdWYi` VXe£[]h�},VX[]dLeb¥ ��`gJLNFlg�(VXe�N^����N�J"aq}zN
b
(t)
i = b

(t′+1)
κ(t′+1)−1

�(JWVX_�J�VXe
e�Vi�bN��¢l�Nqs5dL_qNqsAac`(`gJLN

(t′ + 1)
�¢`gJ¬YX[p[]o¾Vi`�NFl�ac`gVX[]U2¥
I�JWVXe�¤LUWVXegJLNqe(`gJLN oWl�[,[c«%[c«�`gJLN `gJLNq[]l�NFM¬¥

ut
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