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p!mog#{lsqg#dfkq` t `¤kq{ i.}�`Uw+kqmxdr{l`Us¯p!mxgG{ t `Us8squ@svkq^U_;`Us�£�ix�x{ i~n#�xdr`�nGs�svmog#_;drs�� t `Us8w+mxnNkq{ i~drnokl`Us�g#n#drhri~k��U{lixhf`Hs
sli~nGs2�¢{lm~kqkq`�_;`UnoklsU¦ £�� i~nGixhfuesq` t `Qsvkli~�Gdfhrdfk���kqdr`�nok�w+mo_;pekq` t `Us¨iosvp!`Hw�klsª]@u@�#{qd t `Hsª`+k¨nGmxn�{����og#hfdr`�{ s
t g6sques�kl^�_;`Q�!mogGw+h��x¦�¹¥`Qkl{liJ�.i~drh8�¢mxg#{ln#d«k t `Us t �+k i~drhrs�sqg#{ hji¬{lmx�#gGsvkq`Hsqsq` t `Qkl`�hjs�w+mxnNkq{��xhr`�g#{ s§�@drs��
���[�@djs t `UsQdrnGw+`U{vkld«klg t `HsQsqg#{Qhr`UsQpGi~{ i~_;^�kq{l`Us t g _;m t ^�hr` t u@nGix_;d��Ng#`o­|�Ndjs������[�@djs t � g#n#`�_�ixg#�.ixdrsq`
w�mxn#nGixdrslsqixnGw+` t `�hriQp!mNsvdfkqdrmxn t `�hri;w�mxnokl{lixdfnNkq`o­e`+k2`�n! Bn��@djs"�#�$� �@drs t g��#{qgGd«k t `�_Q`HsvgG{q`o¦
% ¶ �U� ´ �'& � ��� ¹¥monokl{lixdfnNkq` ¸ n#drhji.k��U{lixhf`o­~º(�Hw�i~nGd��Ng#`,�ªmxn!�Ù�)���og#hrdf^U{q`o­~ceu@svkq^U_;`,¼ªuN�G{qd t `x­oc@kli~�Gdfhrd«k��
t `�£¯uoixp#g#n#m.�
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\,]#`Q�¢m#w+gGs mx�¤kl]#drs�pGixp!`�{ djs¨kq]G`Qkl{liowl @drn#��w�mxnNkq{lmxh*m~�,i�w+hjixsls¨m~��n#mxnBsv_;m@mxkq]W�¢g#hrhfu¡iow�kqgBi.kq` t £�i$�
�o{lixn#�xdji~n;sques�kl`�_�s¤sqg#�e}�`Uw�k¥klm��¢{ldrw+kqdrmxn#hr`Usls|g#nGdfhji.kl`�{ i~hBw�mxnGsvkq{ i~drnok sXmon;kq]G`ªp!mosqdfkqdrmxn¯¦Xc@gGw ]�sques�kl`�_�s
_�iJu2�435-
�6��-
�
`��xmxhr�x`¨drn�kq]#{l`�` t d87R`�{l`�nNk2p#]Gixsq`Us,m~�8_;mxkqdrmxn:9

;�<*= �¢{l`�` _;m~kldrmxn�p#]Giosv`o­
;#;�<>= p!`�{l_�i~n#`Unoklhfu¬w+mxnBs�kl{lixdfn#` t p#]Gixsq` ��dfkq]²iQn#mxn ��?�`U{qm;w+monok ixw�k,�¢mo{lw�`x­
;#;6;@<A= kl{lixnGsvdfkqdrmxn�p#]Gixsq` ��]#mosq` �xmNi~hRdjs�klm�svkli~�GdfhrdB?U`¨kq]#`�sques�kl`�_-mxn�sqmx_;`�w+mxnGsvkl{lixdfnNk�sqg#{v�Æiow+`x¦

\,]#`Ww+monokl{qmohfhr`�{®gGsq` t drn»kl]#drs�pGixp!`�{���ixs��¢g#hrhfu t `+k i~drhf` t dfnDCf��E ¦ \,]#`Wp#{l`Usq`�nok�pGixp!`�{��xdr�x`Us
n@g#_;`�{qdjw�ixh
{l`UsvgGh«k s,mxn¬kq]G`�{qmo�#gGsvkqn#`Usls�mx��kÙ��m;pGiosqsqdf�@dfk�u��Bixsq` t w+mxnNkq{lmxhrhf`U{lsU¦

FHG.F IKJ�L�MHNPO.QSR
£�`+k

X ∈ IRn t `�n#mxkq`�kl]#`®�x`Hw�kqmo{�m~���x`�nG`�{ i~hrdB?U` t w+memx{ t dfnBi.kq`Hs�¦¬\,]G`�svuesvkq`U_;s��¥`�svkqg t u©drn6kq]#djs
pGixp!`�{2i~{l` w+mo_;p#hf`U_;`�nok i~{ld«k�u�£�i~�x{ i~n#�xdji~n¬squ@svkl`�_�s�¦X\,]G` t u@nGix_;drwUs,drsT9











M(X)Ẍ + C(X, Ẋ)Ẋ + G(X) = u + ∇F (X)λX

F (X) ≥ 0, F (X)T λX = 0, λX ≥ 0
¹¥mxhrhrdrsqdrmxn¬{lg#hf`

U �"V

��]#`U{q`
M(X)

drs(kq]#`�p!mNsvdfkqdr�x` t `	 GnGd«kl`�drn#`�{qkqdji�_�i~kq{ld«y
­
F (X) ∈ IRm {l`�p#{l`Usq`�nNkls�kl]#` t djs�k i~nGw�`

klm�kq]#`;w�mxnGsvkq{ i~drnok s�­
λX ∈ IRm i~{l`�kq]G`Q£�i~�o{li~nG�xdri~n²_�g#hfkqdrp#hrdf`U{ls iosqsqmew+dji.kl` t klm�kq]G`;w+mxnGsvkq{ i~drnok sU­

u ∈ IRn drs�kq]#`®�x`Hw�klmx{�mx�,�x`�nG`�{lixhrdB?U` t klmx{ �Ng#`;drn#p#gek s�­
C(X, Ẋ)

drs�kq]#`®_�i.kl{qdfy¡m~�ª¹¥mo{qdrmxhrdrs�i~n t
w�`�nokl{qdrp!`+k i~hR�¢mo{lw�`UsU­

G(X)
w+mxnNkli~drnGs�w�mxnGsq`�{l�.i.kldf�x`§�¢mx{ w+`UsU¦

∇
t `�n#mxkq`Hs�kq]G`XW|gGw+hrd t `Uixn��o{li t df`UnokH¦

\,]#`�dr_;pGixw+k;kldf_;`Us���drhrh��!` t `�nGm~kq` t �o`�n#`�{ldjw�i~hrhru ixs
tk

drn kq]G`��ìmohrhfm.��dfnG�G¦�\,]#`²i t _;drslsqdf�#hr`
t mo_�i~drn

Φ
drs�i�w�hfmNsv` t¡t mo_�i~drn©dfn©kq]G`®w+mon! G�xg#{ i.kldrmxn¡sqpGiow+`;��]#`�{l`Qkq]G`®svuesvkq`U_ÕwUi~n©`��xmohf�x`o­¯d[¦ `x¦

Φ = {X|F (X) ≥ 0}
¦¬\,]#`��!mog#n t ix{qu�mx�

Φ
djs t `�n#mxkq` t ixs

∂Φ
¦ = w+mohfhrdjsvdrmxn©{lg#hf`�djs�n#`�` t ` t klm

drnokl`��x{ i.kl`�kl]#`Qsvuesvkq`�_ dfn U ��V2ixn t kqm¬{q`Un t `�{ªkq]G`(sq`+k
Φ

drnN�.ix{qdji~nNkU¦ � n²kq]#djs§�¥mo{q R­Bdfk¨drs¨wl]Gmosq`�n�ios
drnYC Z�E�9

Ẋ(t+k ) = −enẊ(t−k ) + (1 + en) arg min
z∈TΦ(X(tk))

1

2
[z − Ẋ(t−k )]T M(X(tk))[z − Ẋ(t−k )]

U �[V

��]#`U{q`
Ẋ(t+k )

djs�kq]#`�p!mosvk(dr_;pGixw+kQ�x`�hrmew+dfkÙuo­
Ẋ(t−k )

djs�kq]G`¬p#{l`	� df_;pGiow�k(�x`Uhfmew�d«k�uo­
TΦ(X(t))

kq]G`
k i~n#�o`�nokªw+mxnG`§klmQkl]#`�sv`�k

Φ
i~k

X(t)
i~n t

en

drs,kq]#`�{l`Usvkqdfkqg#kqdrmxn�w+me`�\®w+dr`�nNkU­
en ∈ [0, 1[

¦

FHG�] ^2J�QS_.O%Qa`bMHRdc
� n�kq]#djs2pGixp!`�{2�¥`�{q`Hs�kl{qdjw�k2mxg#{ sq`�hr�x`Us�kqm�i�svp!`Hw+d  Bw¨k ixsq !­Gmx{�kq{ i.}�`Uw+kqmx{lu59|i�sqgGw�w�`Uslsvdrmxn�mx�8�¢{q`U`�ixn t
w�mxnGsvkq{ i~drn#` t p#]Gixsq`Us

Ωkcyc

¦ � g#{ldfn#��kl]#`®kl{lixnGsvdfkldfmon6�!`�kÙ��`�`�n�i²�¢{l`�`¬i~n t i�w�mxnGsvkq{ i~drn#` t p#]Giosv`o­
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�8df�og#{q`�� 9*z|hji~nGix{ª� t mx��{lmx�!m~kldjw¨i~{l_

kl]#` t u@nGix_;drw¬squ@svkq`U_ pGixslsq`Us�drnokqm©i�kq{ i~nBsvdfkqdrmxn p#]Giosv`
Ikcyc

¦ � n�kq]#`¬kqdr_;` t mo_;ixdfn�mxn#`¬�x`�klsQi
{l`�p#{l`Usq`�nNkli.kldrmxn¬ios 9

IR+ = Ω0 ∪ I0 ∪ Ω1 ∪ Ω2 ∪ I1 ∪ ... ∪ Ω2kcyc−1 ∪ Ω2kcyc
∪ Ikcyc

∪ ...
U ��V

��]#`�{l`
Ω2kcyc

t `�n#mxkq`Us kl]#`;kldf_;`�drnokl`�{l�.ixhrs�ixslsqmew+dji.kq` t kqm��¢{q`U`	� _Qmxkqdrmxn©p#]Giosv`Hs�i~n t
Ω2kcyc+1kl]#mosq`(�¢mo{�w�mxnGsvkq{ i~drn#` t �[_;m~kldrmxnWp#]Gixsq`UsU¦;\,]#`;mo{ t `U{¨mx�¤kl]#`�p#]Gixsq`Us drs�df_;p!mx{qklixnok��#gek�kq]G`;drn#dfkqdji~h

p#]Giosv`¨_�iJu��!`
Ω0

mx{
I0

mx{
Ω1

¦X\�{ i~nGsqdfkqdrmxn��!`+k��¥`U`�n�w+mxnBs�kl{lixdfn#` t � _Qmxkqdrmxn�ixn t �¢{l`�`¨_;mxkqdrmxn t me`Us
n#mxk2sqpGiJ��n�klm�i;sqp!`Uw+d  Bw¨pG]Gixsq` �!`Uw�ixgGsq`§kl]#`�{l` djs,n#m t drslw+monokqdrn@g#d«k�u�mx��kq]#`�svkli~kq` �x`Hw�kqmo{U¦

= s�`�yep#hrixdfnG` t dfnYCf��E
kq]#`�w+monokl{qmohRs�kl{li~kq`U�xu�i~n t svklix�#drhfdfkÙu�i~nBi~hru@sqdjs¤]GiJ�x`§kqm;w+mop!`¨��d«kl]�kl]#`§�Æiow�k
kl]Gi.k;kl]#`�kldf_;`�mx�ªkl]#`  G{ svk;dr_QpBixw�kH­�i~n t kq]G`�kqdr_;`�mx� t `+k ixw ]#_;`�nNk®i~{l`�g#n# @n#m.��n¯¦»\,]#`�n �¢mxgG{
t dB7R`�{l`�nokQkq{ i.}�`Uw�klmx{ldf`Hs�ix{q`�gGsq` t dfn kl]#`�ixnGi~hruesvdjsT9%$§n�kq]G`  G{ s�kQ]Gixn t ­*kl]#`�sqdr�xnGixh

X?
d (·)

dfn kl]#`
w�mxnokl{qmoh*drn#p#gek U �8dr�G¦�� U i�V.V�¦®\,]#djs kq{ i.}�`Uw�klmx{lu²dr_;p!mosq`Us dr_QpBixw�k s ��]G`�n©kq]#`;kl{liowl @drn#��`�{l{lmx{ drs�n#m~k
?U`�{qm U dr_Qp!mNsvdrn#� dr_QpBixw�k s*dr_QpG{qm.�x`Us�kl]#`�{qmo�#gGsvkqn#`Hsqs8df�!kq]#`2w+monGs�kl{lixdrnok*p!mNsvdfkqdrmxnQ NnGmJ��hr` t �o`�drsX�Gi t V+¦
\,]#`(kl{li.}�`Hw�kqmo{qu

X?
d (·)

kl`�n t s¨kqm¬kl]#`(k i~n#�o`�nokldrixh*ixp#p#{lmoixw ] U nGm~kq` t
Xi,nc(·)

mxn&��dr�B¦
� U ��V%V§��]#`�n
kcyc → ∞

¦'$§nWkq]#`;m~kq]G`�{¨]Gixn t ­Rkl]#`;sqdr�xnGixh
Xd(·)

`�nNkq`U{ls§kq]#`�£¯uoi~pGg#n#m.���¢g#nGw�kldfmon U ��dr�G¦¯� U w"V%V)(
kl]#drs�kl{li.}�`Hw�kqmo{qu t dB7!`U{ls��¢{qmo_

X?
d (·)

�B`Hw�ixgGsv`��!`+k��¥`U`�n
B

ixn t
C

kq]#`�p!modfnNk
(q?

d, q̇?
d)

djs�nGm~kª{q`Uiowl] �
ix�#hf`o­okl]#`�n

Xd(·)
drs,sv`�k�mon®kq]#` sqg#{v�Æiow+`

∂Φ
i~�ìkq`�{�kq]#`  G{ s�k,df_;pGiow�k,m~��`Uiowl]¬w�u@w�hf`o¦X\,]#`ªkl{li.}�`Uw+kqmo{qu

Xd(·)
kq`�n t s�kqm

Xi,c(·)
U sv`U`*�8dr�G¦#� U t V%V¥��]#djw ]¬djs�kq]#`�df_;pGiow�kqhr`Usls¥kl{li.}�`Uw+kqmo{qu�m~��kl]#`�sques�kl`�_���]#`�n

kl{liowl @drn#�Qdrs�p!`�{q�¢`Uw+kU¦

+-,����X��� 	., 
0/ �21'��- (���� 3'-.
@3,���43'�53&�6/�3 ��-.
&( 	 � �b�43&���,�&	�-.���!�5
�(7/ ��	��6���&3����,	�-.���:���98:,���3;,*���!�[�����b-
	�-%��1'
<3'	 ��-
�6
�����-.
 	., 
X�'�=/ 
)> ���&�,���!��� ([
'����	@
&( ���

Xd(·) ?

@¡`¬sv`U`®]#`�{l`;kl]#`�]Nu@�#{ld t iosvp!`Uw+k�m~�,kq]#`¬w+monN�x`�{l�x`UnGw+`®i~nGixhfuesqdrsU¦A$§n�mxn#`®]Gixn t ­*�¥`®n#`�` t kqm
�ogGi~{ i~nNkq`�`�kl]#`Qw�mxnNkqdrnNg#mogGs§w�mxn@�x`�{l�x`�nGw�` U

X(·) → Xd(·)
V+­
ixn t mxn²kl]#`(mxkq]#`U{§]Gixn t kq]#` t drslw+{l`+kl`

w�mxnN�x`U{q�o`�nGw�` U
Xd(·) → Xi,c(·)

V�mJ�x`U{�kq]G`�w+uew+hr`Us
kcyc

¦B�#{lmx_ kq]#`,gGsq`�{*p!modfnNk*mx�B�@df`U��­.kq]#`�kl{liowl @drn#�
`U{q{lmx{�djs

X(·) − Xi,c(·)
U sq`�`�sv`Hw~¦eaQ�¢mo{�dfhrhrgGs�kl{li~kqdrmxn�mxn�iQpGix{vkldrw�g#hrix{,`+y#i~_;p#hr`"V+¦
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\,]#`�w+uew+hr`Us
Ω2kcyc

∪ Ikcyc
∪ Ω2kcyc+1

t g#{li~kqdrmxn�djsQn#mxk�i~{l�#dfkq{ i~{lu6sv`�k�svdrnGw+`�dfk t `�p!`Un t sQmon
p#]Giosv`Hs

Ikcyc

t g#{ i.kqdrmxn�­
��]Gdrw ]©dfn¡klg#{ln¡_�iJu t `�p!`�n t mxn6w+mxnNkq{lmxhXi~n t p#]@u@sqdjw�i~hXpGi~{ i~_;`�kq`�{ s U sq`�`
ixn¬drhrhfgBs�kl{li~kqdrmxn¬drn²sv`Uwx¦ea�V�¦

���

�

�

�
���� � �

���

� �

�
	�� 
������

�

�

�

�
� �� � �

� �

� 	�� ��
 �����

�

����� �����

�

�

�
� �� � �

���

� �

���� �����

�

�

�

�
� �� � �

���

� �

� � �����

�

�� ��

!#"%$&�'#()'�*,+!-"%$&�'-(.'�*/+

02143�57698;:�5�<=:?>@1A5B3C<�DB:FE?G�5�<=>=G�8H8A6�I 0B143J526�8K:�5�<=:?>=1A523MLHNO69P7Q752G�R,S�Q257E�<@1AG�5
�UT7�

�8dr�xg#{l` �,9X\,]#`�w+hrmosq` t � hrm@mxp t `Usqdf{l` t kq{ i.}�`Uw�klmx{ldf`Hs

V 9(	8�������+� 	!� �J)8��/<
XW ��)ZY

\,]#`®s�k i~�#drhrd«k�u¡w+{ld«kl`�{ldfmon¡gGsv` t drn¡kl]#djs�pGi~p!`U{ djs�ixn©`+y@kq`UnGsqdfmon¡mx�¥kq]#`®£�uoi~p#g#nGmJ�Wsv`Hw+mon t _;`�kq]#m t
i t i~pekl` t klm�w+hrmosq` t hrm@mxpQ_Q`Hwl]Bi~n#djw�ixh#svuesvkq`U_ ��dfkq];g#nGdfhji.kl`�{ i~h#w+monGs�kl{lixdfnNklsXi~n t ]Gixs*�!`U`�n;p#{qmop!mosq` t
drn Cr��E�CÁ��E@ixn t C ��E ¦8£¯`�k

x(·)
t `Un#m~kl`|kq]#`�svkli.kl`¤m~�ekq]G`¥w�hfmNsv` t �[hrm@mop�svuesvkq`�_ dfn U �"V¯��dfkq](svmo_Q`|�¢`�` t �Gixw  

w�mxnokl{qmohfhr`�{
u(X, Ẋ, t)

¦
[�±7\Z] ; � ; ¶^]`_ba

Ω
´qµ(± �Kc & ³ ���H�e��& ± � ³ �U� ± � < +-, 
 3'�B���'
�(�$ �B�T�&32�
���
	@
 / �/�

Ω
$28 
��9d���� �
	@�����/
 � � ����-


&� 3;,
ε > 0

> 	�,,
�-.
>
�e����
	6�
δ(ε) > 0

�
� 3<, 	., ��	
‖ x(0) ‖≤ δ(ε) ⇒‖ x(t) ‖≤ ε

����-A��� �
t ≥ 0

>

t ∈ Ω = ∪kcyc≥0Ωkcyc
?gf �
�6/�3�	 ��	���3 8 
��9d��
	 �[�'�!���!	���, ���B(�� � � �!� �[([(��!	#�6���

x(t) −→ 0
���

t −→ +∞
>

t ∈ Ω ? � -.� 3�	���3���� 8 
&�hd �
	@�����!���!	��7,,���B(�� � ��	., 
'-.
������ �&���!� 3�
'�,	 
'-.
�( ��	
x = 0

>�8H�!	.,>-.�[(��!���
R > 0

>
����( �&� 3;, 	., ��	

x(t) ∈ B(0, R)
�
��-����!�

t ≥ T i T < +∞
>
t ∈ Ω

>
R < +∞ ?

£¯`+k�gGs t `  Gn#`
PΣI

­@kl]#`�w+hrmNsv` t �[hrm@mxp�df_;pGiow�k�z8modfnBw�i~{��§_�ixp�kq]Bi.k2w+mo{q{l`Usqp!mxn t s¤kqmQkq]#`�sq`Uw+kqdrmxn
Σ−

I = {x|Fi(X) = 0, ẊT∇Fi(X) < 0, i ∈ I}
­���]#drw ]©drs�i¬]Nu@p!`�{ sqg#{v�Æiow+`(m~�,w+m t dr_;`�nGsqdrmxn

α =

efe�Ö�g,i�ä
k
i
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&��	���� -.�����8�6��	 �

wUi~{ t
(I)

¦�£¯`�k*gGs8dfnNkq{lm t gGw�`¤kl]#`�p!mNsvdfkqdr�x` t `  Gn#dfkq`��¢g#nGw�kldfmon
V (·)

kq]Gi~k*��drhfh#sv`U{q�x`¥dfn�kl]#`,sqg#�Gsq` �Ng#`Unok
ixnGi~hruesvdjs�¦*£�`+k

VΣI

t `�n#mxkq`¨kl]#`�{l`Usvkq{ldrw+kqdrmxn¬m~�
V

kqm
ΣI

¦
[�±7\Z] ; � ; ¶^]��
a�� �U� ¶ ]�� & ³ �U�U�e� & ± � ³ �U� ± � < +-, 
>�&���
	 
)/ ��� �'���6( �
	#-.��� �[���Y�
	@�����B
>� ���	��� 
 �!	 ���
Ω
$28 
��9d��8� �
	@�����B
)>��@�!� 
 ��� 3 , ���'
��

Ikcyc

>
PΣI

���
� �[��35�b���� �
	@���'�B
'8H�!	�,�� �[�&3��b�5�� ��&�b�43'	#�6���
VΣI
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{tk}k∈IN
,,������� �,�!	 
 � 3<3'� /��b�/��	��6��� 3 ���!� 	

t∞ < +∞ ?
� n Cr��E ­*k��¥m©w+hji~dr_�s(ix{q`�p#{l`Usq`�nokl` t ��]#drw ] i~{l`�gGsv`��¢g#h�kqm¡p#{lmJ�x`®kq]G`�s�k i~�#drhrd«k�u6mx�ª£�ix�x{ i~n#�xdji~n

sques�kl`�_�s,��d«kl]�{q`Hsvp!`Uw+k,kqm;kq]#` t `  Gn#dfkqdrmxnGs���i~n t �e¦

� � )8� �ZY��+�¬7 �����(	�)*���+��
,) �J)8�(/<
XW'��)ZY

� n;kq]Gdrs¤sq`Uw+kqdrmxn;��`��#{ldr`��Gu t `��o`�hrmxpQkq]G`�kq{ ixw  @dfn#��w+mxnNkq{lmxhrhr`�{|svkq{ i.kq`U�xu�gGsv` t drn;kq]Gdrs|pBi~p!`�{H¦ = _Qmo{q`
`Uhrix�!mx{ i.kq` t `Uslw+{ldfp#kqdrmxn�drsªiH�~i~drhrix�#hr`¨drn Cf��E���dfkq]�i�w+mo_QpGhf`�kq`�svklix�#drhfdfk�u¬ixnGi~hruesvdjsU¦ � n�kl]#drsªpGi~p!`�{2�¥`
�¢mew�gGs,mon¬kq]#`�sqdf_�g#hji~kqdrmxnGs�i~n t {qmo�#gGsvkqn#`Hsqs�ixsqp!`Uw�k s�¦

� G.F ^�� L `���� _%_������ ` ��!�Q�`"!��"�
\�m�_�i~ x`�kl]#`©w+monokq{lmxhrhr`�{ t `Usqdr�xn `Uiosvdr`�{�kq]#` t u@nGix_;drwUi~h§` �NgGi~kqdrmxnGs U ��V�i~{l`Ww+monGsqd t `U{q` t drn�kl]#`
�o`�n#`�{ i~hrd/?�` t w�m@mx{ t drnGi.kl`Us,dfnNkq{lm t gGw�` t drn C ��E ¦ = �ìkl`�{2kl{lixnGsv�¢mx{l_;i~kqdrmxn�dfn�kq]G`�n#`�� w+m@mo{ t dfnGi~kq`Hs

q =
[q1, q2]

T
­
q1 = [q1

1 . . . qm
1 ]T

­
q = Q(X) ∈ IRn ­ekq]#` t u@nGix_;drwUi~h¯svuesvkq`U_�djs�ios��¢mxhrhfm.�2s 9























M11(q)q̈1 + M12(q)q̈2 + C1(q, q̇)q̇ + g1(q) = T1(q)U + λ

M21(q)q̈1 + M22(q)q̈2 + C2(q, q̇)q̇ + g2(q) = T2(q)U

qi
1 ≥ 0, qi

1λi = 0, λi ≥ 0, 1 ≤ i ≤ m
¹¥mohfhrdjsvdrmxn¬{lg#hr`

U adV

\,]#`ª�x`Hw�klmx{
q1

t `�nGm~kq`Hs|kl]#`¨w+monGs�kl{lixdfnNk¥w+memx{ t dfnBi.kq`ªixn t
q2

t `Un#m~kl`Us¤kq]#`ª�¢{l`�`§w�m@mx{ t drnGi.kl`x¦8\,]#`
w�mxnokl{qmohfhr`�{ t `��x`�hrmxp!` t dfn²kl]#drs§pGi~p!`U{ªgGsv`Hs�kl]#{q`U` t d87R`�{l`�nNk§hfm.� � hf`U�x`�h�w+monokq{lmxh�hjiH�2s��¢mo{ª`Hixw ]²p#]Gixsq`
Ω2kcyc

­
Ω2kcyc+1

i~n t
Ikcyc

9

T (q)U =























Unc = Unc(q, q
?
d, q̇, q̇?

d, q̈, q̈?
d)

Ut = Unc(q, q
?
d, q̇, q̇?

d, q̈, q̈?
d)

�!`+�¢mo{q`¨kl]#`  G{lsvk�dr_;pGixw+k

Ut = Unc(q, q
?
d, q̇, 0, q̈, 0)

i.�ìkq`U{,kq]G`  G{lsvk�dr_;pGixw�k

Uc = Unc − Pd + Kf (Pq − Pd)

U �[V

��]#`U{q`
−Pd +Kf (Pq −Pd)

djs|kl]#`2�¢mo{lw�`$#Jp!mNsvdfkqdrmxnQ�¢`�` t �Giowl Q��]Gdrw ]®djs¥i t#t ` t®t g#{qdrn#��kq]#`
Ω2kcyc+1p#]Giosv`Hs�¦ = sqg#p!`�{l�Ndjsqmx{�sv��dfklw ]#`Hs��B`�kÙ��`�`�n6kl]#`Usq`�kq]G{q`U`®w�mxnokl{qmoh|hriJ�2sU¦�\,]#`®m.�x`�{ i~hrh|s�kl{qgBw�kqgG{q`�mx�

kl]#`¡w+monokl{qmohªsvkl{li~kq`��ou�djs¬sv]GmJ��n�mon �8df�B¦¥aG¦ \,]G`�kq{ i~nGsqd«kldfmon w+mxnNkq{lmxhªhjiH�Ûw�mx{l{q`Usqp!mxn t s;klm�kl]#`
n#mon!� w�mxnGsvkq{ i~drnok mon#`;��dfkq]

q?
d(t)

�¢{lm[?U`�n U
q?
d = q̇?

d = 0
V+­8i~n t kl]#`®w+monGsvkq{ i~drnok�hriJ� w�mx{l{q`Hsvp!mxn t kqm

kl]#`�sqg#_Õm~��n#mxn!�Ùw+monGs�kl{lixdfnNk w�mxnokl{qmohXi~n t i�w�mxnNkq{lmxh*drn¡�¢mx{ w+`x¦;\,]#`�iosvu@_;peklm~kqdjwQsvklix�#dfhrdfkÙuWm~�¥kq]#djs
slwl]G`�_;`;_�i~ x`Hs¨kq]#`®sques�kl`�_Õhrixn t mxn©kq]#`®w�mxnGsvkq{ i~drnok�svg#{q�Æixw�`Us¨kli~nG�x`�nNkqdji~hrhruWi.�ìkq`U{�`Un#mxg#�o]©w�uew+hr`Us
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mx��w�mxnGsvkq{ i~drnok s #J�¢{q`U`�_;mxkqdrmxnGs U mon#`¡w+uew+hr`��
Ω2kcyc

∪ Ikcyc
∪ Ω2kcyc+1

V�¦ = squN_;peklm~kldrwUi~hrhfu kl]#`
kl{lixnGsvdfkqdrmxnBs*�!`+k��¥`U`�n;�¢{q`U`�_;m~kldfmon;p#]Gixsq`Us|ixn t p!`�{l_�i~n#`UnokqhruQw+mxnBs�kl{lixdfnNkXp#]Giosv`Hs|i~{l` t mon#`���dfkq]#mogek
ixnNu�w�mxhrhfdjsqdfmon¯¦

Supervisor

Force controlgenerator

Lagrangian
Systemcontroller

Non linear

Free motion trajectory

Transition trajectory

Constraint trajectory

Desired trajectories

� �����
	�����

� ���� �
	���� �

� � � �
	� � �
� ���
	���

������� �������� ��� ���
������� ���

� �
!#"�$ � ����%'& !("�$ � ����)+* $ � ���

� �

�8df�og#{q` a 9|cNkq{lgGw+kqg#{l` mx��kq]#`�w�mxnokl{qmohfhr`�{

= s*mx�Gsq`�{l�x` t dfn(kq]#`,dfnNkq{lm t gGw+kqdrmxn¯­xi¨w+mxnNkq{lmxh@svkq{ i.kl`��ou ��]#drw ]Qw�mxnGsqdrsvkls8m~�!i~kvklixdfnGdfn#�§kq]G`,sqg#{q�Æixw+`
∂Φ

kli~nG�x`�nNkqdji~hrhfu©ixn t ��d«kl]#mxg#k�drnGw�mx{lp!mx{ i.kqdrn#��dr_QpGiow�k s�drn6kl]#`¬s�k i~�#drhfdfk�u©ixnGi~hruesvdjsU­8w�i~nGn#m~k��¥mo{q 
drn�pG{liow�kqdjw+` t g#`�klm�dfkls§hjixw  �m~�¤{qmo�#gGsvkqn#`UslsU¦ � n��@dr`�� m~�|kq]#djs�­!kl]#`Qw+monokl{qmoh�hjiH� �¢mx{§kq]#`�kl{lixnGsvdfkqdrmon
p#]Giosv` djs t `	 Gn#` t dfn�mx{ t `�{ 9

•
\�m®_�i~ o`�kq]#`Qsvuesvkq`U_ ]#dfkªkl]#`(w�mxnGsvkq{ i~drnok§sqg#{v�Æiow+` U i~n t kl]#`�n t drslsvdrpGi~kq`�`�n#`�{l�xu t g#{qdrn#��df_ �
pGiow�k s�V�d«�8kq]#` kl{liowl @drn#�Q`�{l{lmx{�djs,nGm~k ?�`�{lmG¦

•
\�m�_�ix x`�kq]G`§squ@svkq`U_ i~p#pG{qmNixw ](kl]#`§w�mxnGsvkq{ i~drnok¥sqg#{q�Æixw�`,k i~n#�o`�nNkqdji~hrhfu U ��dfkq]#mogek�{q`U�!mxg#n t VXd«�
kl]#` kq{ ixw  @dfn#�Qdjs�pB`U{v�¢`Hw�kH¦

\,]#`Hsv`®k��¥m©svdfkqgGi~kqdrmxnGs(ix{q`¬w+mxn"�Gdrw+kqdrn#�G¦ $§n�kq]G`�mxkq]#`U{(]Gi~n t kq]#`�w�mxg#pGhfdrn#�W�!`+k��¥`�`Un
q1

i~n t
q2drn U a�V�­X_�i~ x`Us�kq]#`�ixsqu@_Qp#kqm~kldjw®s�k i~�#drhrd«k�u �Ng#dfkq` t d8\®w�g#h«kQkqmWmx�ek i~drn�df�2�x`Uhfmew�d«kldf`Hs�ix{q`�sqg#�e}Ù`Hw�k(kqm

t djslw+mxnNkqdrnNg#dfkqdr`UsT9�i~n@u �x`�hrmew�d«k�u²}�g#_;p�i~k
tk

dr_QpGhfdr`Us
σV (tk) > 0

��]#`Un
V ≡ 0

¦ ¼2`�nBw+`²d«�¨kq]G`
kl{lixnGsvdfkqdrmxn�pG]Gixsq`�djsªw�mxnGsvkq{lgGw�kl` t ��dfkq]�dr_QpBixw�k s�­BmxnG`�]Gios�kqm  Gn t i�_;ixn#n#`U{�klm®�x`�k

V (t
kcyc

f ) = 0drn²mo{ t `U{�kqm®�¢mx{ w+`�kq]#`(sques�kl`�_�kqm®{l`�_�ixdfn²mxn�kq]G` t `Usqdf{l` t kq{ i.}�`Uw+kqmx{lu
Xd(·)

U ]#`�{l`
qd(·)

V+¦2\,]#djsªdrs
n#mxk�mo�N�@dfmogGs�drn��x`�nG`�{ i~h
i~n t�t `	 GnGdfn#�

q?
d(·)

ixs t mon#` �!`Uhfm.��djs2iQ��iHu®kqm;�o`+k,kl]#`�{q`HsvgGh«kH¦

� G�] I � R�O�, L �.- `0/��21 � R�O��"�31 ` � M54 � Q�` � �bJ
� g#{ldfn#� kq]#`,kl{lixnGsvdfkqdrmxnQp#]Gixsq`�kq]G`2w+mxnNkq{lmxh#svdr�xnGixh

q?
d(t)

drs t `	 Bn#` t ixs8�¢mohfhrm.�2s U sv`U` �8dr�G¦o�ª�¢mx{
q?
1d(·)

­
��]#`U{q`

A,A′, B′, B
i~n t

C
w+mx{l{l`Usqp!mxn t klm �8df�B¦#�dV�¦|£¯`+k2gGs t `	 Bn#`[9

�
τ

kcyc

0

djs2wl]#mNsv`Un¬�@u®kq]#` t `Hsvdr�xnG`�{�ios�kq]#`�svklix{vk�m~��kl]#` kq{ i~nBsvdfkqdrmxn�p#]Gixsq`x­

efe�Ö�g,i�ä
k
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�8dr�xg#{l`�� 9X\�{li.}�`Hw�klmx{lu
q?
1d(t)

�
t
kcyc

0

drs,kq]#` kldf_;`�w�mx{l{q`Usqp!mxn t drn#��klm
q?
1d(t

kcyc

0 )
�¨�G­

�
t0

w+mo{q{l`Usqp!mxn t s¥kqmQkl]#`  G{ s�k2df_;pGiow�kU­
�

t∞
w+mo{q{l`Usqp!mxn t s¤klmQkl]#`  Gn#dfkq`�iow�w+gG_�g#hri~kqdrmxn�p!mxdrnok2m~��kl]#`�sv`��Ng#`�nGw�`

{tk}k≥0
­

�
t
kcyc

f

drs,kq]#`�`Un t mx��kq]#` kl{lixnGsqd«kldfmon¬p#]Giosv`o­
�

τ
kcyc

1

djs2svgGw ]¬kl]Gi.k
q?
1d(τ

kcyc

1 ) = −αV (τ
kcyc

0 )
i~n t

q̇?
1d(τ

kcyc

1 ) = 0
¦

�
Ω2kcyc+1 = [t

kcyc

f , t
kcyc

d ]
¦

$§n
[τ

kcyc

0 , t0)
­!�¥`�df_;p!mosq`�kq]Bi.k

q?
d(t)
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V (t)
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Uncixn t

Uc
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Ut
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T (q)U
gGsq`Usª_�ixsls
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]#`HiH�@dr`�{ U

m1 = m2 = 1.3kg
V�¦

�8dr�osU¦¨�x� �l�J��sv]GmJ� {q`HsvgGh«k s��¢mx{�kq]#`©]@uN�G{qd t zXi t `Un!�[zXi~n.}vi�slwl]#`U_Q`o­¨i~n t ��dr�osU¦¨�H�$� ��a�sq]#m.� kl]#`
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c@_�i~hrhX�.ix{qdji.kldfmonGs§m~�¥kl]#`Qkl{liowl @drn#��`�{l{qmo{¨df_;p#hru¡sv_�i~hrhX�.ix{qdji.kldfmonGs§m~�¥kl]#`�£�uoi~p#gGn#mJ�²�¢g#nGw�kldfmon
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V (t)
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σV (t0)
drs�p!mosqdfkqdr�x`"V�¦

� n¡w+mxnBw+hrgGsvdrmxn�­!�¥`Qw�ixnWsliHu�kq]Gi~k§kq]Gdrs w+monokq{lmxh8slw ]#`�_;`(drs§{lmx�GgGs�k¨��d«kl]W{l`Usqp!`Uw�k§kqm�kl]#`(g#nBw+`�{��
k i~drnok�uQmxn;kl]#` t u@nGi~_;djw�_;m t `�h[­N�#gek¥`U{q{lmx{ s*mxn;kl]#`ª_;m t `�hBdr_Qp#hru(kl]Gi.k�iosvu@_;peklm~kqdjw2w+mxn@�x`�{l�x`UnGw+`�drs
hrmosvkU¦Xc@`Uw�mxn t hrux­~kl]#`�]Nu@�#{ld t c@hrm~kldfn#`2£¯dGslw ]#`�_;`�drsX_;mx{l`�{lmx�GgGs�k*kl]Gi.kXkl]#`�]@uN�G{qd t z*i t `�n �[zXi~n.}vi,9�mon
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� n�kl]#djs,sq`Uw+kqdrmxn¯­e�¥` svkqg t u�kl]#` {qmo�#gGsvkqn#`Hsqs¥mx��kq]#`�w+monokq{lmxhrhr`�{���d«kl]¬{l`Usqp!`Uw+k¥klm(kq]#` g#nGw�`�{qklixdfnNkÙu�mon
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sqd«klgGi.kldfmonGs,_�iHu��!`�w�mxnGsqd t `�{l` t ¦

_o´�\,]#`¥`Usvkqdr_�i.kl` t p!mosqdfkqdrmxn U t `�nGm~kq` t �@u
q̂1c

V¯mx�ekq]#`�w+monGsvkq{ i~drnok�djs�hrm.�¥`�{�kq]Gixn�kq]G`¤{l`Uixhxp!mNsvdfkqdrmxn
U t `�n#mxkq` t �@u

q1c

V+­#d[¦ `o¦
q̂1c = q1c + c

��d«kl]
c < 0

U
c
t `�n#mxkq`Us,kq]#`�`U{q{lmx{,m~�8`Usvkqdr_�i.kldfmon V�¦

�e´�\,]#`�`Usvkqdr_�i.kl` t p!mNsvdfkqdrmxn�m~��kl]#`�w+monGs�kl{lixdfnNk,djs�ix�!mJ�x`¨kq]#`�{l`Ui~h
p!mosqdfkqdrmxn¯¦*d[¦ `x¦
c > 0

¦
���G� ± _

c < 0
� � nEkl]#djsWw�iosv`6kl]#` t `Hsvdr{q` t kq{ i.}�`Uw�klmx{ldf`Hs t `Hw+{l`Uixsq`©klmJ��ix{ t

q1d(τ
kcyc

1 ) =

−αV (τ
kcyc

0 ) − |c|
dfnGsvkl`Ui t mx�

q1d(τ
kcyc

1 ) = −αV (τ
kcyc
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V (t)
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−αV (τ

kcyc

0 )
i~n t kq]#`¨svkli~�Gdfhrd«k�u;m~�
kq]G`2kl{lixnGsqd«kldfmon�p#]Gixsq`ªdrs¥n#m~k,wl]Gixn#�x` t ¦ � g#{qdrn#��kl]#`

w�mxnGsvkq{ i~drnok�p#]Gixsq`¨kq]#`�w�mxnokl{qmohfhr`�{,djsT9

Uc = Unc − (Pd + γ1[|c| 0]T ) + Kf (Pq − Pd)
U �U�dV

\,]#`�`�{l{qmo{§kq`U{q_
γ1|c|

drs�i t#t ` t kqm�kl]#` t `Usqdf{l` t �¢mx{ w+`
Pd

ixn t w+monokq{ldr�#gekq`Hs¨kqm� x`U`�p¡kl]#`�w�mxnNklixw+k
��dfkq]�kq]G`�sqg#{q�Æixw�` t g#{ldrn#�Qkq]#`�w�mxnGsvkq{ i~drn#` t pG]Gixsq`x¦

\,]#`¨sques�kl`�_�{q`U_;ixdfnBs¥svklix�#hf`§�Ggek,dfk�hrmNsv`Us¥dfkls,ixsqu@_Qp#kqm~kldjwªsvklix�#dfhrdfkÙu59 � �¯kl]#`§kq{ ixw  @dfnG��djs�p!`�{v�¢`Hw�k
V (τ

kcyc

0 ) = 0
ixn t

q?
1d = −|c|

­Gsqm(kl]Gi.k�kq]#`�sques�kl`�_ t m@`Us,n#mxk2i~p#pG{qmNixw ]®kq]#`�sqg#{q�Æixw+`¨klixn#�x`�nNkqdji~hrhru
ixn t {q`U�!mxg#n t s�m#w�w+gG{U¦ = n�`+y#ix_;p#hf` djs t `�p#djw�kq` t mxn �8dr�osU¦
�H�$�l�"Ze¦

���G� ± �
c > 0

� � �|kl]#`�kl{liowl @drn#�®djs§p!`�{q�¢`Uw+k
V (τ

kcyc

0 ) = 0
­!kq]G` t `Hsvdr{q` t kq{ i.}�`Uw�klmx{lu t `Uw�{q`Hixsq`Us

klmJ��ix{ t
q1d = c

ixn t kq]#`¥squ@svkq`U_ n#`U�x`�{�{q`Hixw ]#`UsRkq]G`¤w+monGsvkq{ i~drnokH¦�\,]#`�{l`Xdjs¯n#mªw�mxn@�x`�{l�x`�nGw�` U sq`�` �8dr�G¦
� �¨i.�ìkl`�{|k��¥m�w�u@w�hf`Hs�V+¦ \,]#djs|p#{lmx�#hr`�_ w�i~n��!`§svmohf�x` t �NuQ_;mxn#dfkqmo{qdrn#� kl]#`2kqdr_;`ªm~�¯svkli~�GdfhrdB?Hi.kldfmon¯¦ � �
kl]#`�{l`2djs¤n#m�svklix�#dfhrd/?Ui.kldrmxn�i~�ìkq`U{¥ixn�`Usvkqdr_�i.kq` t kldf_;`

t̂∞
­okq]#`§`Us�kldr_;i~kq` t p!mosqdfkqdrmxn�m~�
kq]#`§w�mxnGsvkq{ i~drnok

djs¨{q`��¢{q`Hsv]#` t ios
q̂new
1c = q̂old

1c − ε
¦ = �ìkl`�{�i  GnGd«kl`Qn@g#_��!`�{ mx�¤dfkq`U{li~kqdrmxnGsU­Rmxn#`Q�x`�kls

q̂1c < 0
¦�\,]#`

sques�kl`�_Ûdrs¨drnWkq]#`QpG{q`U�NdrmxgBs§sqd«klgGi.kldfmon
c < 0

ixn t kq]G`;svkli~�Gdfhrd«k�u²djs§pG{q`Hsv`U{q�x` t ¦0�8df�Ns�¦*� �$���~��sv]#m.�2s
ixn�`+y#ix_QpGhf`¨m~��sq`�hf� �Ùi t }�gGsvkq_;`�nNk�m~�¯kl]#`¨`Hs�kldr_;i~kq` t p!mNsvdfkqdrmxn�mx�¯kl]#` w�mxnGsvkq{ i~drnokH¦ = k�kl]#`¨�!`U�xdrn#n#drn#�
mx�*kq]#`(sqdr_�g#hri~kqdrmxn

q̂1c

�,ixsªsq`+kªkqm
2cm

¦ª\,]#`�dfnBw+{l`�_;`�nok§mx�|w+mo{q{l`Uw+kqdrmxn
ε
djsªsq`+kªkqm

1.5cm
¦ª\,]#`�n¯­

i~k¨kl]#`;`�n t mx�¤kl]#`�sqdf_�g#hji.kldrmxn¯­¯mxnG`Q]Gios
q̂1c = 2 − 2 × 1.5 = −1cm

¦;\,]#`;`�{l{lmx{¨m~�¥`Hs�kldf_�i~kqdrmxn
�!`Uw�mx_;` n#`U�oi.kldf�x`

c = −1cm
¦

@�]#`�n�kl{liowl @drn#��drs�n#m~k¬p!`�{q�¢`Uw+k¬ixn t
αV (τ

kcyc

0 ) > c
U hfdr x` t g#{ldfn#��kl]#`� G{ s�k�kÙ�¥m w+uew+hr`Us®mx�

sqdf_�gGhri~kqdrmxnGs2mon �8df�Ns�¦��'�;i~n t � ��V+­Gkq]#`�kl{lixnGsqd«kldfmon�p#]Giosv`�drs§i~�#hr`�klm�svklix�#drhfd/?�`�kl]#`(sques�kl`�_ mxn�kl]#`
sqg#{q�¢iow+`

∂Φ
¦|��gek t g#{ldfnG�(kl]#`�w+monGsvkq{ i~drnok,pG]Gixsq`x­@kl]#`�w+monokq{lmxhrhr`�{,drsT9

Uc = Unc − (Pd − γ1[c 0]) + Kf (Pq − Pd)
U �x��V

Pd

_�gGsvk®�!`�w ]#mosq`�n�hji~{l�x`�`Un#mxgG�x]»w+mo_;pGi~{l` t klm
γ1c

klm6�!`�sqg#{l`�kq]Gi~k�kl]#`�squ@svkq`U_Î x`�`�pBsQkl]#`
w�mxnok ixw+k���d«kl]¬kl]#`�sqg#{v�Æiow+` t g#{qdrn#�Qkl]#`���]#mxhr`�w+monGsvkq{ i~drnok,p#]Bixsq`x¦
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� nQw+monGw+hrgGsqdfmon���`,w�ixn(sliHu kq]Bi.k*kq]#djs*w�mxnNkq{lmxh@slwl]G`�_;`�drs*{qmo�#gGsvk8��dfkq]Q{q`Hsvp!`Hw�k8kqm¨g#nGw�`�{qklixdfnNkÙu�mon
kl]#`2w+mxnBs�kl{lixdfnNk*p!mosqd«kldrmxn(df�!kq]#`�`Usvkqdr_�i.kl` t p!mNsvdfkqdrmxnQdrsXhrmJ�¥`U{8kl]Gi~n(kl]#`�{l`Ui~h U wUixsq`¨�,��dfkq]

c ≤ 0
V+¦ � n

kl]#`§sq`Uw�mxn t w�ixsq`x­okq]#`¨w+monokq{lmxhrhr`�{¥sqw ]#`�_;`ªdjs¤{lmx�#gGsvk¥mxn#hruQdf�¯�¥`§i t#t kqm�kl]#`¨svg#p!`U{q�@djsvmo{¤i�]#df�o]!� hf`U�x`�h
t `Hw+djsvdrmxnWhjiH� ��]Gdrw ]¡_Qmon#dfkqmx{¨df��w+monok ixw�k mew�w�g#{§mo{¨n#m~kH¦�\,]G`�n t `Uw�d t `Qdf�¤kq]#djs¨nGmxn!�Ùi.kqkq`�n t i~nGw�`�mx�
w�mxnok ixw+k�drs t g#` kqm®w+mxnGsvkl{lixdfnNk,p!mosqdfkqdrmxn�`�{l{qmo{�mx{ t g#` kqm®i~nNuNkl]#drn#�;`�hjsv`o¦
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ixn t kl]#`¨cehfmxkqdrn#`	�Ù£¯dBhjiH�»��dfkl]®n#modrsq`2hr`��x`�hBmx�
40%

¦X\,]#`Usq`2nGmxdjsv`ªhf`U�x`�hjs¤ix{q`�kl]#`ª_�i.yedr_�g#_��¢mx{¥`Uixw ]
hjiH� �!`+�¢mo{q` drnGs�k i~�#drhrd«k�uo¦

��dr�G¦@�~��sv]GmJ�2sXkq]#`ª`��xmohfgekldfmon;m~�Rkq]G`ª£�uoi~p#g#n#m.���¢gGnGw�kqdrmon�mx�
i�svdr_�g#hji.kldfmon;m~�Rkl]#`2zXi t `Un!�[zXi~n.}vi
slwl]G`�_;`§i~k¤kl]#`§hrdf_;dfk�m~�¯kq]#`¨svklix�#drhfdfk�ux­N��dfkl]¬i�n#mxdjsq`ªhf`U�x`�h!m~�

10%
¦X\,]#`¤}�g#_;pGs

σV (τ
kcyc

0 )
dfnGw�{q`Hixsq`

m.�x`�{;kq]#`Ww+uew+hr`UsU¦ \,]#djs�`+y#ix_QpGhf`�djs�n#m~k®{lmx�GgGs�k��!`Hw�ixgGsv`�dfk t me`Usqn � k��¢g#h  Gh§ixhfh2{q`��Ng#df{l`�_;`Unokls;mx�
p#{lmxp!mNsvdfkqdrmxn¡� U sq`�`�{q`U_;ix{q �mon �8df�B¦
�H�Qsq`Uw~¦#adV+¦

�#{lmx_Ûkq]#`Hsv`®svdr_�g#hji.kqdrmxnBs�­¯�¥`�w�mxnGw�hfg t `Qkq]Gi~k kq]G`;]Nu@�#{ld t c@hrmxkqdrn#`	�Ù£¯d|slwl]#`U_;`;drs _;mx{l`Q{lmx�#gGsvk
kl]Gi~n(kl]#`�]Nu@�#{ld t zXi t `Un!� z*i~n~}vi¨mxnG`x¦8��gek|mxn7�8dr�G¦x�~aG­~�¥`2sv`U`�kq]GixnQ`��x`UnQd«�!kq]#`2w�hfmNsv` t hrm@mxp;svuesvkq`�_
t me`Us�n#mxk t dr�x`�{l�x`¥��]#`�n�kl]#`�nGmxdjsv`�hf`U�x`�h@djs*sv`�k8kqm

40%
­.kl]#`�n(kq]#`�kq{ ixw  @dfn#�¨w+monokq{lmxhNdjs8�x`U{qu��Gi t ��d«kl]

sqgGw ]�n#mxdjsq`x¦ WXyep!mxnG`�nokldrixh�s�k i~�#drhfdfk�u®dr_;p#{lmJ�x`Hs�{lmx�#gGsvkqnG`Usls�m~��kl]#`�]Nu@�#{ld t c@hfmxkqdrn#`	�Ù£¯d�w+monokq{lmxhrhr`�{H¦
= n#mxkq]#`U{�df_;p!mx{qk i~nok�p!mxdrnok�kqm t `Ui~h
��dfkq]�djs�kq]#`�_�i~�on#dfkqg t ` mx��kq]#` �¢mx{ w+` w�mxnNkq{lmxh[¦ � �8kq]#` �¢mx{ w+`

w�mxnokl{qmohfhr`�{¤�oi~drnGs U
kf

V¤i~n t {q`��ì`U{q`UnGw+` U
Pd

V¤i~{l`,klm@m�sq_;ixhrhL­okq]#`Un�kq]#`§n#mxdjsv`ªmxn;kl]#`ª_;`UiosvgG{q`U_Q`Unok¤mx�
kl]#`�p!mosqd«kldfmon�wUi~n�dfn t gGw+`�g#n@��i~nNkq` t�t `�kliowl]#_;`Unok t g#{ldrn#�Qkq]#`�p!`U{q_�i~nG`�noklhfu¬w+mxnBs�kl{lixdfnNk,p#]Bixsq`x¦
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\,]#`;i~dr_Ûm~�|kl]#djs¨pGi~p!`�{¨djs§kqm�svklg t u�kl]#`Q{qmo�#gGsvkqn#`Hsqs§m~�¤n#monGsq_Qmem~kq]WpGixslsqdf�@dfkÙu��Giosv` t w+mxnNkq{lmxhrhf`U{ls
��dfkq]�{l`Usqp!`Uw�k|kqm�`U{q{lmx{ s8monQkq]#` t uNnBi~_;drwUi~h#_;m t `Uh#pBi~{ i~_;`+kl`�{ s�­.kqm�kq]#`§w+mxnGsvkl{lixdfnNkXp!mosqdfkqdrmxn; @n#mJ��h �
` t �x`�i~n t kqm¡kl]#`�_Q`Hixsqg#{l`�_;`�nok;n#modrsq`x¦ @©`²s�klg t u�kl]#`�`+y@kq`UnGsvdrmxn m~�ªk��¥m©hjiJ�2s�klm¡kl]#`²w�ixsq`¬mx�
n#monGsv_;m@mxkq] t u@nGi~_;djw�9(kq]#`¬z*i t `�n z*ixn.}vi²z ��� w+monokl{qmohfhr`�{�kl]#`�c@hrm~kldfn#`¬£¯d�w�mxnokl{qmoh¤hriJ��¦�\,]#`Usq`
k��¥m²hjiH�2s�i~{l`;{qmo�#gGsvk���dfkq]�{l`UsqpB`Hw�k�kqm t u@nGix_;drwUi~h|_;m t `�h¤`�{l{qmo{ls�¦®\,]#`Uu¡ix{q`;�x`U{quW{qmo�#gGsvk�df��kl]#`
w�mxnGsvkq{ i~drnok�p!mosqd«kldfmon©drs�g#n t `�{��[`Usvkqdr_�i.kl` t ¦ � n©kq]G`®w�ixsq`;m~�,w�mxnGsvkq{ i~drnok�`Hs�kldf_�i.kl` t i~�!m.�x`(kl]#`�{q`Hi~h
p!mNsvdfkqdrmxn¯­R�¥`(p#{l`Usq`�nNk¨i¬sqmxhrgekqdrmxn�kqm¬{l`Usqmxhr�x`�kq]Gdrs t dB\�w�g#hfkÙuo¦0�8drnGi~hrhfu�kq]#`Q]Nu@�#{ld t c@hrm~kldrn#`	�Ù£¯d*w+mon!�
kl{qmohfhr`�{�drs��x`U{qu�{lmx�GgGs�k���dfkq]�{q`Hsvp!`Hw�k kqm²_;`Uiosvg#{l`�_;`Unok�n#modrsq`;��]#`U{q`Hixs§kl]#`�]@uN�G{qd t zXi t `Un!�[zXi~n.}vi
slwl]G`�_;` djs,_�gGw ]�hf`Hsqs,{lmx�GgGs�kH¦

� hfmo�Gi~hrhfu»kl]#`©]@u@�#{qd t c@hrm~kldfn#` � £�d�sqw ]#`�_;`©djs�_;mx{l`¡{lmx�#gBs�k�kq]Gixn�kq]#`6]Nu@�#{ld t z*i t `�n zXi~n.}vi
slwl]G`�_;`[9 ios¬`+yep#hji~drn#` t i~�!m.�x`x­2kq]#djs�djs t g#`¡klm�kl]#`¡�Æixw+k�kq]Gi~k²s�k i~�#drhrd«k�u w+mon t dfkqdrmxnGs�i~{l`W`Hixsqdf`U{
klm��¢g#h  Gh��¢mo{¨cehfmxkqdrn#`	�Ù£¯d U p#{qmop!mosqd«kldfmon��[V,kl]Gi~n²�¢mo{ªzXi t `Un!�[zXi~n.}vi�slwl]G`�_;` U p#{lmxp!mNsvdfkqdrmxn��"V�¦§\,]#`Usq`
{l`Usqg#hfkls�i~{l`¨�~i~hrd t i~kq` t mxn�n@g#_;`�{ldrwUi~h¯sqdf_�gGhri~kqdrmxnGsU¦
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Cr��E���mxg#{l�x`Um~kU­��B¦ º ¦f­¥��{qmo�xhrdri.klmG­X�¨¦ 9�\�{ ixw  @dfnG�¡w+mxnNkq{lmxh�m~�¨w+mx_;p#hr`�_;`Unoklix{qdfk�u�£�i~�x{ i~n#�xdji~n sques"�
kq`U_�s�¦R\,]#` � nokl`�{lnGi.kldfmonGi~h��omxg#{lnGi~h�m~�¤��d«�¢g#{ w�i~kqdrmxn�i~n t ¹¥]GixmosU­Bsqp!`Uw+djixh�djsqsqg#`�mon��ªmxnGsq_;m@m~kl]
� uNnBi~_;drwUi~h�ceu@svkq`U_�s U ixslsvmew�df` t ` t dfkqmo{��G¦ = ��{q`v}���drw'?"V�¦ _	� U ��V U �~�o�o�[V U kqm®i~p#p!`Hi~{
V

CÁ��E���{qmo�xhrdji.kqmG­x�§¦r­o�ªdjw+g#hr`Uslw+g¯­@cR¦r­ $§{q]GixnokH­~z*¦,9 $§n(kl]#`ªw+mxnNkq{lmxhemx�  Gn#dfkq` t dr_Q`UnGsqdfmonGi~h#_;`Uw ]Gi~n#djw�ixh
squ@svkl`�_�s���dfkq] g#n#drhji.kq`U{lixh¤w�mxnGsvkq{ i~drnok s�¦ � W+W W'\�{ i~nGsU¦¯mon = gekqmo_;i~kqdjw¬¹¥monokq{lmxh[¦�
 � U �[V U � � �(��V
�~�o�
�#�@�H�

C ��E���{qmo�xhrdji.kqmG­¯�¨¦r­��2djw+g#hr`Uslw+g�­8cR¦r­�º�mxnokl`�dr{qm � ºWi~{��Ng#`UsU­¯º�¦+9 $§n¡kq{ ixw  @dfn#��w�mxnNkq{lmxh*mx�,i�w+hjixsls¨mx�
w+mo_;p#hf`U_;`�nok i~{lu � sqhriowl @n#`UslsR_;`Uw ]Gixn#drwUi~hosquesvkq`�_�sU¦Hc@uesvkq`U_;s�ixn t ¹¥monokl{qmoho£¯`+kqkq`U{lsU¦ ��� U adV U �x�x�o��V
�x�o���#��Z[Z

C a�E�£�iJ��{l`�nGw�`x­�¹§¦ \ ¦r­��R]#mxg¯­��G¦ £|¦r­6\,dfklsU¦r­ = ¦ £¤¦B9������������������ �"!$#�%
&'!)(+*-,.!0/1,+(2� 314657%+��8+4	8�%6/��
9 %6:1�2� 9 %�:1�2;+,�#1%
�'!<� ��*=3#¦ U � � �x�dV

CÁ��E�º�wJ¹¥hrix_Q{lmew ]¯­@��¦f­ @6ixn#�G­ � ¦S9 �G`�` t �Gixw  ®svkli~�GdfhrdB?Hi.kldfmon¬i~n t kq{ ixw  @dfnG��mx��w�mxnGsvkq{ i~drn#` t {lmx�!mxklsU¦
� W+W W \�{ i~nGsU¦emxn = geklmx_�i~kqdjw�¹¥monokq{lmxh � � U ��V U � �x�o��V¤aG� �
�NaN��Z

C Z�E�º²mo{q`Hi~g¯­��G¦ �G¦d9 ¸ n#drhji.kl`�{lixhNw�mxnok ixw+k8ixn t�t {qu¨�¢{ldrw+kqdrmxn�dfn  Bn#d«kl`¤�¢{l`�` t mx_ t uNnBi~_;drwUs�¦J�ªmxnGsq_;m@m~kl]
º²`Hwl]Gixn#djw�s¥i~n t = p#pGhfdjw�i~kqdrmxnGsU­#¹ � ceº ¹¥mog#{ sv`Hs¤i~n t £�`Uw�klg#{l`Us¤n#m(�o�o��c@p#{ldfnG�x`�{��)>|`�{lhri~� U � �x�o��V

C �"E�z*i t `�n�­!�§¦r­GzXi~n.}viG­!��¦ 9 � hrmx�Gixhfhru¬iosvu@_;peklm~kqdjw�ixhrhfu¬svkli~�Ghf`�z �?� w+monokq{lmxhrhr`�{,�¢mo{2{lmx�!mxk�_�ixn#dfp!�
g#hji.klmx{ s�¦ � nokU¦-�G¦!¹¥mxnNkq{lmxh[¦�
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