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� he]ns�gvt�XEa���hla*X$ÔGbrW �G�pX_cUGX�dEbls`Xhr�|b¢�/XEt�XDsz_ca`gvbr]¾hea�bA�ngpd�§;d��iX-a`gvt�X�a*X� ehl�p Rgp]Gq¢gp]'br]'�na`�nbl]
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br_)_`UGX��Ga`gvd$X�hl�	gp]nd�a`XDbls`gi]Gqj_cUGX�t�XEqlacX�X�hr�	_`UGX�a`XDs��G�i_`gp]Gq�/hl�p§;]GhlW gvbr�>¤x[^]9_`UGX�qlX�]nX�ambr�Üd�bes�X�gi_|�)gp�i�
�/Xt�g �d��G�i_Ë_chÄbl]nbr�p§�s�X*_`UnX*];�GW*�LXEa�hr��bet�W gpscs�gp�G�pXjs`hl�p��_cgihe]nsËhr��s`�ndmU b�s`X$_�hr���Lhe�i§;]GheWjgvbr�vs � � �>¤
Ò|�¦_cUGhl�nqlU-gp]-�nacbedf_`gvd$X�_`UGXDs�XË�Lhe�i§;]GheW gpbl�ps��)gi�p�C�LX�s`hl�p lXEt©�ns�gp]Gq*]R�nWjXEa`gvd�bl�LW X�_`UGh�tGsEo�s��ndmUÄblsH_`UGX
�|X���_chl]AW X$_cUGh�t¢��hea|¥n]Lt�gi]nq�ach;hr_cs|hr��s`X$_ms|hl�x�Lhe�i§;]GheW gpbl�psEoCg¦_�gpsËd$ac�nd�gpbl�=_ch-�/Xjbl�G�iX�_`hÄsz_mb�_`Xjgp]
bet� �br]nd�XË_`UGX�X�Ô�bedf_)];�GW��/X�a)hl���Gambld$_`gvd�bl�(s�he�i��_cgihe]nsE¤
Ì¡XÄtGX�]Ghl_`X�_`UGXDs�X9s�X�_cs*hr�Ês`hl�p��_cgihe]ns��;§

(α(i), β(i), λ(i))
¤¾T�UGXE§'bracX-gp]'_`UnX�gp]R_`X�ac �br�vs

[α0 −
π, α0 + π]

o
[β0 − π, β0 + π]

br]nt���X�W*�ns�_�Unb5 lX
λ > 0

¤ �;hj�²bra|��X�d$he]ns`gpt�XEa`XDt©_cUGX�W hes�_)qlX�]nX�ambr�
dEbls`Xl¤	Ì�X�br]Lbr�p§;s`X|gp]�tGX$_cblgi�Cbjs�gpW �G�igi¥nXDt©�nbl]�kS_cgi�i_)t�X� ;gvd$XÊbl]nt©��XÊs`UGh�� _cUnb�_�gi]-_`UGgvs�d�bes�X|_`UGXEa`XÊgps
bj�G]ngpÍR�GX�s`hl�p��_`gphl]=¤	Ì¡X�d$he]nd$�p�nt�XË_cUnb�_)_cUGX�qlXE]GX�ambr�Üd�bes�X�bl�ps`hjbet�W g¦_ms�bj�G]GgvÍR�GX�s�he�i�G_`gphl](¤

��� � � �
!$� ����� ��% � � � � � % ���
� � !$#�%&���

[^]-_`UGX�d�bes�XÊ�)UGX�acXÊ_`UGXË�nbr]Äbr]nt_`gp�¦_�b�Ô�XDs�bla`XÊW���_c�nbr�p�i§hea�_cUGhlqehl]nbl�G_cUGXÊÑ;gp]GX�Wbr_`gvd|W h�t�X��Chl�(_`UGX
tGX� ;gpd�X gps�s`gpWj�n�igi¥nXEt(o�bls�tGXEscd$acgi�/XEt�gi]¾bl�G�LXE]nt�giÔ �Ë¤ �Ghea�_`UGX�n�Ga`�/hes`X hr��br]¾br�pqlXE�Gacblgpd*br]nbl�i§�s`gps
bl]nt��)g¦_cUGhl��_��phescs�hr�	qlXE]GX�ambr�pg¦_z§eo;hl]GX�Wb5§©dmUGh;hes`X

α0 = β0 = 0
¤8T�UGX�Wb�_ca`gvd$XDs��LXDd$hlW X �

�
1 =







cosβ 0 sin β t11
0 1 0 t12

− sinβ 0 cosβ t13
0 0 0 1
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�
2 =







1 0 0 t21
0 cosα − sinα t22
0 sin α cosα t23
0 0 0 1
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[À_)��he�i�ph���s�_`Unbr_�XEÍ/¤(ÎS�l�eÏ��/XEd$heW XEs��




cosβ 0 sin β
0 1 0

− sinβ 0 cosβ









p1

p2

p3



 +





t11
t12
t13





+





1 0 0
0 cosα sin α
0 − sinα cosα









t21
t22
t23



 =





0
λ2 sin α
λ2 cosα





�)UGgvdmU9§;giXE�ptGs�_cUGX���hl�p�ph��)gi]Gq XDÍe�Lb�_`gphl]Ls�gp]
tan β

2 = tβ
o
tan α

2 = tα
onbr]Lt

λ = λ2
�

(t11 + t21 − p1) t2β + 2p3 tβ + (t11 + t21 + p1) = 0

(t12 − t22 + p2) t2α + 2(t23 − λ) tα + (t12 + t22 + p2) = 0

(1 + t2α)((t13 − p3) t2β − 2p1 tβ + p3 + t13) +

(1 + t2β)((λ − t23) t2α − 2t22 tα − (λ − t23)) = 0

ï�ï�ý�� �"!�#%$
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T�UGXË¥nams�_�XEÍR�nbr_`gphl]�Unbls�_z��h�acXEbr�Cs`hl�p��_`gphl]nsH��hla
tβ
¤�[^]nt�XEXEtÜo�gi_cs�t�gvscd$acgiW gp]nbr]R_�gps��

∆ = (p3)
2 +

(p1)
2 − (t11 + t21)

2 ¤H}Ê�; Rgphl�Ls��p§�_cUGX�d$h;hlamt�gp]nb�_cXEsxhl�= lXDdf_chla p
ULb5 lX|�vbracqlXEax �br�p�GXEsH_`ULbr]

t11 + t21
¤8Ì�X

acXEdEbr�p��_`ULb�_� eXEd$_`hla
p
acX��na`XDs�XE]e_ms�_`UnX|d$h;hlamt�gp]nb�_cXEs8hl�C_`UGXÊhl�ns`X�ac lXDt*�/hlgp]R_

M
gi]©_`UGX�¨EX�achrkÀa`X���X�acX�]nd�X

dEbrW X�amb-��acblWjXe¤T�UGX�acX$��hea`X
∆ > 0

br]LtA_cUGX�acXbracX*_z��h¢s�he�i�G_`gphl]nsË��hea
β
gp]¡_`UGXgp]R_`XEa` �br�

[−π, π]
¤

}Ê]n�i§ hl]nXÊhl�(_`UGXDs�X�s`hl�p��_`gphl]ns�d�bl]-�/XËbedmUGgpX� lXDtgp]-�Gambld$_`gvd$XloRg>¤ Xe¤io��)UGXE]©_cUGXÊhe�ns`X�ac lXEt©�Lhegi]R_��igpXEs�gp]
��achl]R_Ëhr�x_cUGXjdEbrW X�ambG¤�T�h�d$he]nd$�p�nt�Xeo/_`UGX*¥namsz_�XEÍR�nbr_`gphl]£bl�i��b5§�s�blt�W gi_csÊ_z��h�s`hl�p��_`gphl]nsËbr]Lt¢hl]G�p§
he]GX�s�he�i�G_`gphl]Ägps)bedmUGgiXE �br�G�pX�gi]9�Gambld$_`gvd$Xl¤
T�UGXÄs�XDd$he]nt XEÍR�nbr_`gphl]¾Unbes�_z��hAacXEbr��s�he�i��_cgihe]ns���hea

tα
bls���XE�i�>¤A[^]nt�XEXEt¾gi_csjt�gvs`d�a`gpW gi]Lbr]R_�gvs��

∆ = (t23 − λ)2 − (p2)
2 + (t22 − t12)

2 ¤Ë��XEd�bl�i�=_`Unbr_ λ
acX��GacXEs`X�]R_cs�_`UGXjt�X��G_`UA��achlW�_cUGX*dEbrW X�amb _`h

_cUGX©he�ns�XEa` eXEt��Lhegi]R_�bl]nt gi] �Gambld$_`gvd�bl�Hd$he]�¥nql�nacbr_`gphl]ns
λ >> t23

br]Lt
λ >> p2

¤�T�UnX�acX$��hlacX _`Ungps
XDÍR�nb�_cgihe]¡bet�W g¦_ms�_z��hAs`hl�p��_cgihe]ns�bls���X��p�xbr]Lt��)gi_`U _cUGX-scbrW X a`XDbls`hl]Ggp]Gq9bls�bl�Lh� eX ��Xd$he]nd$�p�nt�X
_cUnb�_�he]G�p§©hl]GX�s`hl�p��_`gphl]Ägvs)bldmUGgpX� �br�n�iX�gp]Ä�nacbedf_`gvd$Xe¤

� � ���)�*��� �9��
��!��	��%�� � #=���9���	�����$���

[^] _cUGX-�na`XE Rgphl�Ls�s�XDdf_cgihe]¾��X-tGXEscd$acgi�/XEt¡_cUGX-qeX�hlW X�_`acgpdbl]nt¾W XEdmUnbl]Ggvd�br��d$hl�n�G�igp]Gq£bl�i�ph��)gp]Gq9_`UGX
bedf_cgi eXÊd�blW X�amb�_`hjachr_cbr_`XËs��ndmU-_`Unbr_�bl]-XE lX�]R_)t�X$_cXEd$_`XEt�br]nt©_`ambldmÑeXEt�)gi_`U-_`UGX�s�_cb�_cgpdËd�blW X�amb�d�bl]
�/X| ;gvs��Lbr�pgi¨EXEtb�_�b�UGgpqlUnX�aHacXEs`hl�p��_cgihe](¤�[^]-hlamt�X�a8_ch��/XÊbl�G�iX|_`hjbr]nbl�i§�s`X�_`UGgvsHXE lXE]e_�gi]-Wjhea`XÊt�X$_mbrgp�So
he]GX�W��ns�_��Gachl�/X�ac�i§gvs`hl�vb�_`X�gi_)��a`heWÆ_`UnX��nbldmÑ;qlachl�n]ntÜ¤
T�UGX�XE lX�]R_ 
5�nbedmÑRqea`he�G]nt s`X��nblacbr_`gphl]©W X$_cUGh�t-gvs��nbls`XEt-hl]-_z��hj�nbls`gvd|blscs`�GW ��_`gphl]nsE¤ �	giamsz_Do;_`UGX

bedf_cgi eXÊd�blW X�amb�gps�s`�G�G�/hes`XEt _ch*achr_mb�_`XÊbrachl�G]nt-br]-brÔ;gvs��nblscs�gp]Gq�_cUGachl�GqeU_`UGX�d$XE]R_`X�a�hr�(�na`hlyzXEdf_cgihe]
hl�=gi_cs�blscs�h�d�gpbr_`XEt �ngi]GUnhl�pXÊacX��GacXEs`X�]R_mb�_`gphl]=¤ �;XDd$he]ntÜo;g¦_�gvs�bes`s`�GW XEt_`Unbr_�_cUGXÊ�LbldmÑ;qlachl�G]Lt gps�s�_cb�_cgpd
�)Ungi�pXA_cUGX£XE lX�]R_-W h� eXEs©�)gi_`UÁa`XDs��/XEd$_-_`h'_`UGX¡sz_mb�_`gvd£scd$XE]GX£he��yzXEd$_csE¤�T�UGXEa`X���hlacXlo�_`UGX�W X$_`Unh;t
tGXEscd$acgi�/XEt�gi]Ä_cUGgps|s�XDdf_`gphl]9s`hl�p lXEs���hea)�nbldmÑ;qlachl�n]nt-s`�G�ns�_`ambld$_`gphl]-�)gi_`U¢bjachr_cbr_`gp]Gqd�blWjXEacbn¤
ÌÇUGXE]bÊ�/X�ams`�LXDdf_`gp lX)dEbrW X�amb��G]Lt�X�acqlh;XEs�bËachr_cbr_`gphl]nbl�;Wjhl_`gphl]*�)g¦_cU*_cUGX)gp]nsz_mbr]R_cbl]GX�he�ns�b�Ô�gvs�hl�

achr_mb�_cgihe]��nbes`s`gi]nqÊ_cUGachl�GqeU�_cUGX�d$XE]e_cX�a8hl�L�GachryzXDdf_`gphl]=o�_`UGXEa`X�gvsxb��5k � �GachryzXEd$_`gp lX�Wbr�G�ngi]Gq��/X$_z��X�XE]
_cUGX�blscs`h;d�gpbr_`XDt-gpWbrqlXDs�o��/X$��hea`X�bl]nt9b��·_cX�a)_cUGX�W hr_`gphl] �p�E���À¤�T�Ungps)�na`he�LXEa�_z§gvs�s�_`ambrgpqlUR_���hea`��bramtgi�
he]GX�bl�G�G�pgiXDs=XDÍR�nb�_cgihe]nsHÎSYeÏ�br]nt©Î²�RÏ(_`h|_`UGX�W hr_`gphl]�hr��_`UnX�s`XEd�hl]nt�dEbrW X�amb�bl]nt��)gi_`U�_cUGX�UR§;�/hr_cUGXEs`gps
_cUnb�_)_cUGX�_`ambr]Ls��vb�_cgihe]- lXDdf_chla

t
gvs)];�G�p�So�XDÍL¤�ÎS�lÏ��)acgi_`XEs�gp]Ä_`UGgvs)d�bes�X �

mt =
Õ

2
	 t,t−1 Õ −1

2 mt−1 Î>�rYeÏ

�)UnX�acX
mt−1 br]Lt mt

t�XDs`d�a`gp�LX�_`UGXËUGhlW heqlX�]nX�hl�LsHd$h;heact�gp]nbr_`XEsHhr�=bl]©giWblqlX��/hlgp]R_�br_H_`gpW XEs
t− 1bl]nt

t
o=Wb�_ca`giÔ�	 t,t−1 t�XDs`d�a`gp�LXDsË_`UGXachr_mb�_cgihe]�hl��_cUGX©d�blWjXEacb���achlW t − 1

_`h
t
o�br]nt¡��Xt�X�]Ghl_`X

� t,t−1 =
Õ

2
	 t,t−1 Õ −1

2

¤
T�UGX�achr_mb�_cgihe]-�G]ntGX�acqlhl]nXÊgp]9�LX�_z��XEX�]

t − 1
br]nt

t
gvs�s`W bl�i�ÜXE]Ghl�nqlU9s��ndmU�_`ULb�_�_`UGX�¥Lacs�_)hlamt�X�a

T	b5§;�ihea�X�Ô��nbr]ns`gphl]jhr�LXDÍ/¤nÎz�5�lÏ�UGhl�vtGsE¤�T�UGgvs8XDÍe�Lb�_`gphl]j�)acg¦_cXEs 	 t,t−1 =
�
3×3 +φR̂t,t−1 ¤8{¢hlacX�h� eX�aDogi_�gvs�blscs��GW XDtj_`Unbr_�_cUGX���h�d�bl�L�pX�]nqr_`U-gps�d$he]nsz_mbr]R_H�/X$_z��X�XE]

t− 1
bl]nt

t
¤ ��gp]nbl�i�p§loR_`UnX|UGheWjheqlambr�GU;§

ÿ�ø	ï(ÿ·ó
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dEbr]Ä�LX��LbrambrW X$_cX�acgi¨EXEt-bes��

� t,t−1 =





1 −φt,t−1
z f tφt,t−1

y

φt,t−1
z 1 −f tφt,t−1

x

−φt,t−1
y /f t φt,t−1

x /f t 1



 =





1 −h5 h1

h5 1 h2

h3 h4 1
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[À_�gvs���hea�_cU;�)UGgi�pXË_`h ]Ghl_`gvd$XË_`Unbr_)_`UGX�scd�bl�pblacs
φx

o
φy

onbl]nt
φz

bracXÊ_cUGX��GachryzXDdf_`gphl]Ls�hl�
φk
hl]R_ch

_cUGX*_`UGacX�X d$h;hlamt�gp]nb�_cX*brÔ;XDs|hl�8_`UGXdEbrW X�amb ��ambrW XloÜ�)UGXEa`X
k
gvsÊ_`UGXj�G]Ggi_�t�gpa`XDdf_`gphl]£ lXEd$_`heaÊhl�x_`UGX

gp]ns�_cbl]e_mbr]GXEhl�ns�brÔ;gvs�hr��a`hl_cbr_`gphl]�bl]nt
φ
gvs�_`UGX�gp]nsz_mbr]R_cbl]GX�he�ns�br]Gqe�iX�hl��achr_cbr_`gphl](¤8T�UGX��vb�_`_`X�a)gvs�_`h

�/X*bed�d��Gacbr_`XE�i§©XDsz_cgiWbr_`XEtAgi]¢heact�XEa)_`hÄbr�pgiqe]Ä_`UGX*giWbrqeXEsE¤�[À_Êgvs)_`UnX�acX$��hlacX�t�g 
CX�acX�]R_�_`ULbr]9_`UnX��nbl]
bl]nt-_`gp�¦_Êbl]Gql�pXEs��)UGgvdmU9bracXËhe��_`�n��_cs)hl�=_cUGX�d�blWjXEacbjd$he]R_`achl�(t�XE Rgvd$Xe¤
T�UGX)acX��vb�_cgihe]ns`UGgi� �/X$_z��X�XE]

mt−1 br]Lt mt
br�/h� lX�gvs8 �br�pgpt*��heaxsz_mb�_`gvd)scd$X�]nX)�Lhegi]R_csE¤	[^] _`UGX)�nbesz_

_cUGgvs���bls��Ls�XDt gi]Åd�hlW*�Ggi]Lb�_`gphl] �)gi_`UÅbl]¾hl��_c�igpX�a*a`X�yzXEd$_`gphl] _`XDdmUG]GgvÍR�GX©gp]'hlamt�X�a�_`h£s`X�qeWjXE]R_�_`UGX
gpWbrqeX*gp]R_`h�_z��h9�vb5§lX�ams��|b9sz_mb�_`gvd*�pb5§eX�a�d$hlacacXEs`�Lhe]nt�gp]Gq©_ch9bÄs�_cb�_cgpdj�nbedmÑ;qlachl�G]nt£br]nt¡b�tG§R]LbrW gpd
�vb5§lXEaHd$hea`acXEs`�/hl]nt�gp]GqË_`h*W h� Rgp]Gq�he��yzXEd$_cs �b���hlacX�qea`he�G]ntÜ¤	È�h���X� eX�aDols��LdmU-b�s�_`amb�_`XEql§*gps�qlXE]GX�ambr�p�i§
�Lbls`XEt�hl]Äa`he�G�ns�_)s�_cbr_`gvsz_cgpdEbr�ÜW X$_cUGh�tGs�bl�G�G�pgiXDt©_ch©bjs`gp]Gql�pX�a`hl_cb�_cgi]nqjdEbrW X�ambG¤
ÌÇgi_`UÅ_`UGXÄd�brW XEacbAd�hl]�¥Lql�Gamb�_cgihe]¡�/X�gp]Gq��ns�XDt¾UGXEa`X-_`UGXÄs�XEqlW X�]R_cbr_`gphl]'bl�iqehlacg¦_cUGW gvs�qea`XDb�_c�i§

s`gpWj�n�igi¥nXEt(¤�[^]nt�XEXEtÜo/W h� Rgp]Gq©he��yzXEd$_csÊbracX�t�X$_cXEdf_cXEtAbes�XE lX�]R_ms�gp]¢_`UGX*giWblqlX�blscs`h;d�gpbr_`XDt9�)g¦_cU¢_`UGX
s�_cbr_`gvd*dEbrW X�ambG¤*T�UGXjdEbrW X�amb-d�hl�G�n�igp]Gq9br�p�ih���sÊ_`hÄ�GacXEt�gvdf_�_cUGX W blgi]�X� eX�]R_Ë�n]nt�X�a�gp]; lXDsz_cgiqRb�_`gphl]=o
_ch �G�pbed$XÊ_`UGX�s`XEd�hl]nt�d�blWjXEacbno�br]nt-_`hblt�yz�nsz_)gi_cs)s`X$_`_`gp]GqesEoGs��LdmU-_cUnb�_�_`Ungps)XE lXE]e_�gvs)d$X�]R_cX�acXEt©�)gi_`U
acXEs`�/XEdf_*_`h�_`UGX9bld$_`gp lXÄd�brW XEacbAd�h;hlamt�gi]Lb�_`X-��acblW Xl¤¾T�UGX�acX$��hea`Xeo8b£Wb�yzhea*bet� �br]R_cblqlX-bes`s`h�d$gvb�_`XDt
�)gi_`UÄ_cUGgps)_z��hlkÀdEbrW X�amb�d�hl]�¥nqe�Gamb�_`gphl]�gps�_cUnb�_|bjachl�G�Lsz_�s�_cb�_cgps�_`gvd�bl�ÜW X$_`Unh;t¡°v¿�´C¬�®H¯c« ��¸�°·¯`«mµ�¤xT�Ungps
gvs��/XEs�_|s�UGh��)]Ähl] �	giqe�GacX��G¤
T�UGXs`X��nblacbr_`gphl]A�/X$_z��X�XE]�bl]£X� eX�]R_�br]nt�g¦_msË�nbldmÑ;qlachl�n]nt¢gvs|_cUGX�acX$��hea`Xj�nbes�XDtAhl] Î�g·ÏËbr�pgiqe]Ggi]nq

_cUGXËgiWbrqeXEs��nbls`XEt-hl]-_`UGX�s�_cb�_cgpdÊ�nbedmÑRqea`he�G]ntbl]nt£Î²gig·Ï�hl]�d�hlW �nbla`gp]Gq�_cUGX�W9o��GgiÔ�X��Ü�;§�GgiÔ;XE�S¤8T�UGX
XE lXE]e_�t�X�_`XDdf_`gphl]Ä�/X�a`��hlacWjXDtÄ�)g¦_cU�_cUGX��ph���k>acXEs`hl�p��_`gphl]�sz_mb�_`gvdËgiWblqlX��Lh;hl_cs�_`ambr�ns�_cUGgps��na`h�d$XDs`sE¤

�na`heWÐ]Gh��Khl]¢��X�d$he]ns`gpt�XEa)_`UnX�giWblqlXEs|blscs�h�d$gvb�_cXEtÄ�)gi_`U9_`UnX*bld$_`gp lX�dEbrW X�amb br]nt9��X�blscs`�GW X
_cUnb�_ _cUGXEs`X�gpWbrqeXEs bracXÄs`X�qeW X�]R_`XDt'gp]e_ch£_z��h¡a`XEqlgphl]ns����hlacX�qea`he�G]nt
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�*UGheW hlqlXE]GX�he�ns�Wb�_`acgiÔ�t�X�]nhr_`gp]Gqbja`gpqlgvt-_`ambr]ns���hlacWb�_`gphl]�,

� �GambrW X��*Y gps�acgiqegptG�i§-br_�_mbldmUGXDt©_ch*��ambrW X���� _`UGachl�nqlU©_cUGX�¥GÔ�XEt�_cacbl]nsz��hea`Wbr_`gphl]��
1
,

� �GambrW X��j��gvs)bjW h� Rgp]Gqj��ambrW X�a`hl_cb�_cgi]nqjbla`he�G]nt��ambrW X��*Y�,GT�UGgvs��nbl]Äachr_mb�_cgihe]-gvs)t�X�]Ghl_`XDt
�;§ �

2
,

� �GambrW X	�-�eo8hla�_cUGX9d�brW XEacbÄ��ambrW Xlo8gvs*a`gpqlgvt��p§ br_�_mbldmUGXDt¡_`hA��ambrW X
�*�¢_`UGachl�nqlU _`UnX-¥GÔ�XDt
_`ambr]ns���hlacWb�_cgihe]��

2

T�UGXÄd$h;hlamt�gp]nb�_cXEs�hr�)_`UnX-�GU;§�s�gvd�bl���/hlgp]R_
M
Î²hl�ns`X�ac lXDt��;§¡_`UnX�d�blW X�ambeÏ�dEbr]'�/X-�)acg¦_`_`XE]Ågp]

dEbrW X�ambjd$h;hlamt�gp]nb�_cXEsEo
M

(1) onbes���XE�i�(bes�gi]Ä¥GÔ;_`�na`X�d�hRheactGgi]nbr_`XDs�o
M

(5) ¤�}Ê�R ;gphl�ns`�p§��X�Unb5 eX �

M (1)(α, β) =
�

2
�

2(α)
�

1
�

1(β)M (5) Î>�e�rÏ
T�UnX|s`blW X)��hlacW��G�vb�UGhe�ptns8��hla�b�t�h�dmÑ;gi]nq��LhRs�gi_`gphl]�)UngpdmU©gvsxacX$��XEa`acXEtj_ch�blsx_`UGXÊ¨�XEa`hlk>acX$��XEa`XE]nd$X)br]Lt
�)UngpdmUÄgps|dmUnbrambld$_`X�acgp¨�XEt©�R§ ���;«mµË 5bl�i�nXEs���hla�_cUGX�_z��h bl]Gql�pXEs��

M (1)(α0, β0) =
�

2
�

2(α0)
�

1
�

1(β0)M
(5) Î>� �eÏ
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��§'XE�igpW gi]nbr_`gp]Gq
M (5) �LX�_z��XEX�]Ã_`UGXDs�X9XDÍe�Lb�_`gphl]Ls*��X9hl��_mbrgp]'_cUGX�
D«$¯`¬ �^¯`« �$«$¯`«�´/±m«jÑ;gp]GX�Wb�_cgpd

W h�t�XE�Ühr�	_`UGX�bedf_`gp lX�dEbrW X�ambGo;g>¤ Xe¤ioGXDÍ/¤(Îz�E�RÏ �

M (1)(α, β) =
�

2(α, α0)
�

1(β, β0, α0)M
(1)(α0, β0)

Î>� �eÏ

T�UGXÊa`X���X�acX�]nd�X���acblW XEsxULb5 lX)�/X�X�]�br�G�Gachl�na`gvb�_cX��p§*t�X�¥n]GXEt-s��ndmU _cUnb�_�Î��)gi_`UGhe��_��phescs8hl�(qlX�]nX�ambr�ik
gi_z§GÏ	_`UnX�_`ambr]Lsz��hea`Wb�_cgihe]ns��

1
br]nt �

2
d�bl]j�/X|�)acgi_�_`XE]gi]�b�d�bl]Ghl]Ggvd�bl�;��hlacW9oeg>¤ Xe¤ioRachr_cbr_`gphl]brachl�n]nt

_cUGX��ph;dEbr�Ü¨�kÀbrÔ;gvs��

�
1(β) =







cosβ − sinβ 0 0
sin β cosβ 0 0

0 0 1 0
0 0 0 1







ÎSYl�eÏ

T�UnXEs`XËWbr_`acgpd�XEs���hlacW�bjhl]nX$k^t�giW XE]ns�gphl]Lbr�+�(gpX�qlachl�G�Ä�)gi_`U'� −1
1 (β) =

�
1(−β)

¤HT�UGXEa`X���hlacXloR��a`heW
_cUGX�XEÍR�nbr_`gphl]ns�bl�Lh� eXË��X�hl��_mbrgp]-_cUGX���hl�p�ph��)gi]GqjX$Ô��GacXEscs`gihe]ns���hla �

2

bl]nt'�
1

�

�
2(α, α0) =

�
2
�

2(α − α0)
� −1

2

ÎSYG�DÏ
�

1(β, β0, α0) =
�

2
�

2(α0)
�

1
︸ ︷︷ ︸�

1

�
1(β − β0)

� −1
1

� −1
2 (α0)

� −1
2

︸ ︷︷ ︸
�

−1

1

ÎSYe�lÏ

��gi]nd�XÊWbr_`acgpd�XEs&�
i

br]Lt��
i

bla`XËa`XE�pbr_`XDt�;§-s�gpW gi�vbracgi_z§*_cacbl]ns���hlacW br_`gphl]nsEoRg¦_���hl�p�ph���sx_cUnb�_)�/hr_`U �
1bl]nt �

2

��hea`W hl]nX$k^t�giW XE]ns�gphl]Lbr� �=giXjqlachl�n�ns|bes|��X��p�S¤�[À_�gpsÊ��X��p�	Ñ;]Gh��)]=o �p�EY��ÀoC_`ULb�_Ë_`UGXDs�X*qlachl�G�ns
dEbr]Ä�LX��LbrambrW X$_cX�acgi¨EXEt©�Ls�gp]Gqj_`UGXEgia �(gpX�bl�iqeX��Gambjbr]nt-_`UGXEgiaÊbr]Gqe�iXËhr��a`hl_cbr_`gphl](o;g>¤ Xe¤ioGXDÍ/¤=Îz�e�DÏf¤

� � ��� �9&$� �Ä��� �����$&f���������)&

[^] _cUGXAd�bes�X9hr��b¾s�gpW �G�pg¦¥nXDt Wjh�t�XE��gi_©gps©bes`s`�GW XEtÅ_`ULb�__`UnX¢�nbr] br]ntÃ_cgi�i_�b�Ô�XDsjbla`X9W*��_`�nbl�i�p§
�/X�ac�/X�]nt�gvd$�n�pblaE¤�[^]Ä_`UGgvs�dEbls`Xlo�Wb�_ca`gvd$XDs �

1
br]Lt��

2
bracXË�n�Ga`XË_cacbl]ns��vb�_cgihe]nbr�Ch 
Cs`X$_ms��

�
1 =







0 0 1 l11
1 0 0 l12
0 1 0 l13
0 0 0 1







ÎSYlYeÏ

�
2 =







0 0 1 l21
1 0 0 l22
0 1 0 l23
0 0 0 1







ÎSYr�RÏ

Ì¡X�hl��_mbrgp] �

�
2 =







1 0 0 t21
0 cos(α − α0) − sin(α − α0) t22
0 sin(α − α0) cos(α − α0) t23
0 0 0 1







ÎSYe�lÏ
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�
1 =

�
1







cos(β − β0) − sin(β − β0) 0 0
sin(β − β0) cos(β − β0) 0 0

0 0 1 0
0 0 0 1







� −1
1

ÎSYl�eÏ

�)gi_`U	�

�
1 =







0 1 0 l13 + l21
− sinα0 0 cosα0 l11 cosα0 − l12 sinα0 + l22
cosα0 0 sin α0 l11 sin α0 + l12 cosα0 + l23

0 0 0 1
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��gp]GXEW br_`gvd*dEbr�pgi�nacbr_`gphl]£d�hl]ns`gps�_csËgp]�XDsz_cgiWbr_`gp]Gq-_cUGX��(gpXjbl�iqeX��GamblsËblscs`h;d�gpbr_`XDt¢�)g¦_cU£_cUGX Wb�_`acgvd$XEs
�

1

bl]nt �
2

��hlacWbr�p�i§�t�X�¥n]GXEt�gi]jbr�G�/X�]ntGg¦Ô�Ò�¤ +HbedmU�hl]GX�hr��_cUGXEs`XHWb�_ca`gvd$XDs(��hea`WJb�he]GX$kÀ�nblacblWjX�_`XEa
�=giX�qea`he�G�js`�ndmU*_`Unbr_ �

1(β1)
�

1(β2) =
�

1(β1+β2)
¤8{¢hea`XEh� lXEaEo5hl]Ld$X)bËa`X���X�acX�]nd�XH��ambrW X�gpsx�LXEgi]Gq

dmUnhes`X�](oC_cUGXj_cbr]nqlX�]R_�hl�/X�amb�_chla Î�hlaË_cUGX��(gpXjbl�iqeX��GambeÏ|acX�Wbrgp]nsÊ¥GÔ�XEtÜ¤jT�UGX�acX$��hea`XeoC_`UGX Ñ;gp]GX�Wb�_cgpd
dEbr�pgi�nacbr_`gphl]9�Gach;d�XEscs|d�hl]ns`gps�_cs|gi]A¥n]nt�gp]Gq�b©]R�nWjXEa`gvd�bl�=XDsz_cgiWb�_cX�hl�

Q̂1
bl]nt¢hl�

Q̂2
oCg>¤ Xe¤ioCXEÍ/¤	Îz���;Ïf¤

�nhla)_cUnb�_Ë�G�Gac�LhRs�X���X�d�hl]ns`gvt�X�a|blqeblgi]9XEÍ/¤	ÎS� �RÏf¤ �|hr_`gvd$X�_`Unbr_|_`UnX�_`ambr]Lsz��hea`Wb�_cgihe]-��achlW��/hes`g¦_cgihe]
α1, β1

_chj�/hes`gi_`gphl]
α2, β2

�)a`gi_`XDs��
�

α1→α2,β1→β2
=

�
2(α2)

�
1(β2 − β1)

�
2(α1)

�=X$_�_cUGX�nbr]GkS_cgi�i_�t�X� ;gvd$X�/X�a`��hlacW _z��hÄhe]GX$kÀ�nblacblWjX�_`XEaËW hl_`gphl]ns���bÄWjhl_`gphl]¡��achlW
α1
_`h

α2
br]Lt

bl]Ghr_cUGX�a�W hr_cgihe]Ä��a`heW
β1
_ch

β2
¤ �na`heWÆ_`UGX�XDÍR�nb�_cgihe]Äbl�Lh� eXÊ��X�hl��_mbrgp] �

�
2(α2 − α1) =

�
α1→α2,β1

ÎSYR�rÏ
�

1(β2 − β1) =
�

2(−α1)
�

α1,β1→β2

�
2(α1)

ÎSY �eÏ

[^]9�Gambld$_`gvd$XË_`UGX�Ñ;gp]GX�Wbr_`gvdËdEbr�pgi�nacbr_`gphl]-�na`h�d$XEXEtGs)bes���hl�p�ih���s��

�R_`XE� � �){¢h� lXË_cUGX�t�X� ;gvd$X�gp]�_cUGX
α1, β1

�LhRs�gi_`gphl]�,

�R_`XE�A�� )|s`gi]nqÃd�blW X�amb'd�bl�igp�Gamb�_`gphl] _chRhe�psEo�XDsz_cgiWb�_cXA_cUGX£X�ÔR_cX�ac]nbr�Ëd�blWjXEacb'�nbrambrW X$_cX�ams�o�g>¤ Xe¤io|_`UGX
�LhRs�gi_`gphl]2br]nt hea`gpX�]R_cbr_`gphl]Çhl�Ë_cUGX d�brW XEacb¡��ambrW XA�)gi_`U acXEs`�/XEdf_�_`hÅbÃd�bl�igp�Gamb�_`gphl] ¥GÔ;_c�Ga`X
X$Ô��GacXEscs�XDt�bes)bja`gpqlgvt©_cacbl]ns���hlacW br_`gphl]��

(α1, β1)
,

�R_`XE�¢Y �){¢h� lXË_cUGX�t�X� ;gvd$X�gp]�_cUGX
α2, β1

�LhRs�gi_`gphl]�,

�R_`XE�9� �)�)X��/XEbr_ �R_`XE�A����hea�_`UGgvs)�/hes`g¦_cgihe]¢br]nt�XEs�_`gpWb�_`X)�
(α2, β1)

,

�R_`XE�A��){¢h� lXË_cUGX�t�X� ;gvd$X�gp]�_cUGX
α1, β2

�LhRs�gi_`gphl]�,

�R_`XE�¢� �)�)X��/XEbr_ �R_`XE�A����hea�_`UGgvs)�/hes`g¦_cgihe]¢br]nt�XEs�_`gpWb�_`X)�
(α1, β2)

,
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�R_`XE�£� � � hlW �G��_cX �
α1→α2,β1

=
�

(α2, β1)
�

(α1, β1)
−1 ,

�R_`XE� � � � hlW �G��_cX
Q̂2
��achlW �

2(α2 − α1)
�ns`gi]nqjXDÍ/¤=Îz�E�RÏ ,

�R_`XE� � � � hlW �G��_cX �
α1,β1→β2

=
�

(α1, β2)
�

(α1, β1)
−1 ,

�R_`XE�¡�D� � � hlW �G��_cX �
2(α1)

o �
2(−α1)

oLbr]nt'�
1(β2 − β1)

oLbr]nt
�R_`XE�¡�e� � � hlW �G��_cX

Q̂1
��achlW �

2(β2 − β1)
�ns�gp]Gq XEÍ/¤=Î����;Ï ,

� �)�������)��
��)#

�i� ��Ò�¤ ��bla�_chl�pgSo ��¤ � bl�pbl�SoCbr]nt£��¤/È|hlambr�nt(¤�{¢hr_cgihe]¢�nbr]GheacblWblsE¤�T�XEdmUn]GgpdEbr�	�)X��/hla`_Ê����kÀ�;�e�;�eo
[ �Ê�)[zÒ�o �GXE�Ga`�Lbrac§-�r�l�eYG¤

� �����L¤ ��b�_cgps�_cbnoRw�¤Gw�XEg¦Ô�hr_chno�br]Lt�È�¤GÒ�ambr��yzhL¤	�)XDbr�ikS_cgiW X�bld$_`gp lXË Rgvs`�nbr�(s`�Gac lX�gp�p�pbl]nd$XÊ�R§gp]R_`XEqlamb�_�k
gp]Gq��LXEa`gp�GUGXEacbl�(W hr_`gphl]�t�X$_cXEdf_cgihe]¢�)g¦_cU¢��h� lXDb�_cXEtÄ_`ambldmÑ;gp]Gqn¤�[^] ���������j¬r¯`¶5¿`ÉG¬m¹ ¬�´��=°v¿f¸n³rº
�/¸�¯fÂ5«�°·º·ºi³r´/±m«$o/{¢�GW*�nbrg>o�[^]nt�gvbGo(��� � �G¤

� Y � � ¤ � h;hlW*�ns)br]Lt � ¤ ��ach��)](¤	��XEbr�ik>_`gpWjX��Ggp]Gh�d$�n�pbla�s�W h;hr_cU��G�nacs`�Ggi_E¤ �f´L®À«�¯f´/³r®S°²¬r´/³�º	�;¬r¸�¯f´/³rº
¬%� � ¬�|¹/¸�®^«$¯
��°v¿f°²¬�´no=�l�eÎ>�lÏ �i�E�;� �C�E�l�no;}Ëd$_`he�LXEaË��� �eYG¤

� � � � ¤ � h5ÔÜo��L¤ �(gi_�_c�iXeonbr]nt � ¤/},� ��UGXEbn¤���¿f°·´Rª�Êº ªe«D¼�¯`³�°²± 	�«m¬�«$®>¯ ��¤ �;�Gacgi]nqlX�aDoÜ� � � �n¤
� ����Ò�¤ � acu$_`�Lbr�xbr]Lt ��¤ � Unbl�GW X$_�_cXl¤Ò��n�G�igvd�br_`gphl]¡hr��Wjhl_`gphl]�kÀ�nbes�XDtA ;gps`�nbl�xs�XEa` ehlgp]Gq©_ch�_mbracqlX�_
_cacbedmÑ;gi]GqL¤ �f´n® ����¬�¸�¯f´/³rº�¬ ���Ê¬l¼m¬�®>°²±$¿��Ê«f¿�«m³�¯c±cÉ�oL�r�LÎz�l�5Ï � �R� ��� � �l�no ��h� eX�W��/X�a��l�l�G�e¤

� � � � ¤ � bl]Ggigp�pgpt�gvsEo � ¤ ��ambr�nscs�o�{¾¤(È|bl]ns�XE](o�bl]nt �j¤ �;hlW W X�aD¤�)XEbl��_`gpW X _`ambldmÑ;gi]nq�hl��W h� ;gi]nq
he��yzXEd$_cs��)gi_`UAbl]Äbedf_`gp lX�dEbrW X�ambG¤��|«m³�º��=°·« �f³�ªl°·´Rªlon�LÎ��DÏ � Y����r�no��nX��Gac�nbla`§¢��� � �n¤

�á��� ��¤ � ���²bl��ÔÃbr]Lt ��¤H{¢hRs`dmUnX�]Gg>¤ ��bldmÑ;qea`he�G]nt¾W hescbrgvdmÑ;gi]nqA��hla �ph����Ggi_acbr_`X9 ;gptGX�h d$h�t�gp]Gqn¤
[^]���¯`¬E±m«m«mµ�°·´;ª�¿ ������� �$´n®^«$¯f´C³�®>°²¬�´/³rº � ¬�´��$«$¯`«�´/±m«Ä¬�´ �f³�ªR«���¯`¬E±m«$¿m¿m°·´;ªro	 lhe�i�nWjX9�eo=�nblqlXEs
�;��Y��;�R�r�Go �=bl�ns`bl]G]GXeo ���)g¦_c¨�X�ac�vbr]ntÜo ��X���_cX�W��/X�a�� � �e�G¤

� � ���L¤CÒ�¤ �Lb5§;W bl](oC}*¤ �;�ntGblacs`Ñ;§lo +�¤/��gi ;�pgi](oCbr]LtA�)�nt�¨Ds�Ñ;§e¤L{¾¤��/h;heW�_cacbedmÑRgp]Gq©bl]nt9g¦_ms|bl�G�G�pg¦k
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)|]Ggp lX�ams`g¦_z§©wHa`XDs`sEo � brW*�Ga`gvt�qeXlo )�� oL�l�l�e�G¤

�p�E� ����¤�[f¤�È|bla�_c�iXE§l¤ �;XE�¦�·k^d�bl�igp�Gamb�_`gphl]¡��achlW W��G�i_`gp�G�pX- ;gpX���s*�)g¦_cUÅb¢achr_cbr_`gp]GqAd�blW X�ambG¤9[^]���¯`¬D±��
�CÉ�°·¯`µ ��¸�¯`¬m¹G«m³r´ � ¬r´ �$«�¯`«�´/±m«©¬�´ � ¬r�¹C¸�®À«�¯!��°v¿f°²¬�´noÜ�LbrqlXDs����;�"�;�;� �Go��R_ch�dmÑRUnhl�pWÄo �;��XEtGX�](o
{£b5§A� � �r�n¤

�p�l� ��{'¤8[^acbl]Gg�bl]nt¾w�¤xÒ�]Lbr]ntGbl](¤'Ò��/hl�G_ t�gpacXEdf_ W X$_cUGh�tGs�¤¾[^] �Ë¤�T�acgiqeqesEo�Ò�¤��/gvs`s`X�acWbr](o8br]Lt
��¤	�;¨EX��pgps`Ñ;gSo�XEt�gi_`heacsEo"�=°v¿f°²¬r´#Êº ªR¬�¯f°·®�É;*¿%$#�CÉn«c¬r¯ ��³�´Cµ&��¯`³l±�®S°²±m«�o�];�GW*�LXEa� � �lY�gi] � � � �Co
�LbrqlXDs��r�;� ���R�l��o � hla`���(o �ËacX�XDd$XloG�e�G�p§A� � � �n¤ ���Ga`gp]GqeX�a`k>~8XEa`�vbrqL¤
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