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d
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���t��m�sFÒ u=k�r�sv�|mpuvrt�b�]_�z)�t�5u¥�]_Pk¾z��5_Gs¥sv_Gk8�ÉÒ x]�"�+rtsvij���t^`_&�l_&�]_5�tz��

d � ��rj_�¯'��uv_5�dm)k�_G��mou¥_Gzok8�l_�mo�tu¥svs¥_ ≤ τ
¶��Urtx�k

�]r�x�k�uv��m��5zo_Gkok�r���k � �l_Gxl¨�^��5mp[]rl�l_Pk��l_bkpx]qW�lu¥�ju=k�uvrt��§]sYÒ x]�]_bxlmpuvs¥u=ko�|�dmUsv_Gk�kpx]u¥mp_Gk~�l_badmox]zp^�¿¹±³²~�|q]u=�)[dm)À_5m
sFÒ �txlmpzo_�s=�/zp_G�]z��Gkp_5�dmo�|mpuvrt���l_GkU��r�s¥ij����^ª_Pk��]�t��k�sv_GkUq��tkp_Gk��]_"´&_5zo��k�mp_5uv�¾¶���r�x�k�x��]u���rt��kU_�m~kpu¥^`�]svu���rt��k
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ÕB(d4τ2)
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d
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�l_��lr��]���G_GkG¶
& Ð �G� Î ¡ ' 
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Z[]_Tzo_5�]zo_Gkp_5�dm)�;mpuvrt�7�|���~^/�t�]u¥��x]sv�|mpuvrt�7r|¬lkp[��|�+_GkÉu=kÉuv^`��r�z�m)�|�dm¾u¥�B^/�t�di>�|�]��s¥u=�5�|mpuvrt��k!#"&��}7�b§Gzpr�q�rtmpu=�5kG§
^`rtsv_G�5x]sv�tz�q]u¥r�s¥r��ti�§d¶G¶5¶oZ[]_x�k�x��|sjx]���l_Gzpsviju¥���~^`rl�l_5s=k8¬¹rtz8mo[]_Gkp_�k�[��t��_Pk��|zo_�_�¶ ��¶0���tzo�t^`_�mp_Gzpuv°5_P�B���|mo�)[]_Pk
r|¬+zo�|mpuvrt���tslk�x]zp¬Á�t�5_GkG§t´�aj�]svu¥��_GkG§|���;mox]z)�|slwdx��t�lzou=�5kG§|u¥^`�]svu=��u¥mL�|sv�t_5q�zo�tuv����x]zo�t_Pk0r�z@k�x�z�¬Á����_GkG§l¶5¶G¶o}>_Grt^`_�mozpu=�
�]zorl��_Gkokpu¥�]�brt�'mo[]_Gkp_>rtql{n_P�.mokG§j_t¶ ��¶T��r�^`�]xlmpuv�]�ªq�r�x]���]�tzpi`zo_5�]zo_Gkp_5�dm)�;mpuvrt��k@rtz�|zoz)�|�]��_5^`_5�dmok�$ �]§%���'&³§lzp_5±
wdx]uvzp_Pk&mp[]_Buv�dmp_5��k�uv�t_7x�kp_7r|¬���r�s¥ij�]r�^ªu=�|s¾kprtsv�t_Gzok&�|���©�5rt^`�]xlm)�;mpuvrt��k�u¦mo[��ts¥��_5q]z)�|u=�~�dx�^bq+_5z)k5¶

Z[]_Tmort�]u=�@rt¬lmp[]u=k0���|�+_5z0uvk0_ %W_G��mpuv�t_��5rt^`�]xlm)�;mou¥r���k¾�u¥mp[�zo_G�ts��ts¥��_5q]z)�|u=���jx]^bq+_5z)k5§P¬¹zort^ �U�5rt^`�]sv_�¨lu¦mni
�|�������]z)�t�.mouv�G�|s@�+rtuv�dmbr|¬��juv_5B¶ £ _º��r���k�u=�l_GzBmn�r��|�]�]zor����)[]_Gk~¬¹r�zbzo_G�|sLzprjr|m"uvkprts=�;mou¥r��»rt¬�x]�]uv�Ö�tzpu=�;mo_
uv��mo_5��_5z��+rtsvij�]rt^`u=�|s=k5§lr��]_�q���k�_P�©r��µadmpx]zo^	k�_Pw�x�_5���5_Gk��|����rt�]_Bq���k�_P��rt���U_Pkp�G�|zpmp_Pk5Ò]zox]sv_Br|¬Tk�uv�t���t���
�|sv�tr�zpu¥mp[�^`k�¬¹r�z�k�uv�t��_5�;�|svx��|mpuvrt���|������r�^ª���|zouvkprt�©�u¦mo[�zo_G�ts¾�|sv�t_Gq]zo�tuv�~�jx]^bq+_5z)kG¶

( x]z��tu¥^ u=k¾mor��]zor;�du=�l_Tq+_�mpmp_5z8uv��k�uv�t[dm)k¾rt�7mo[]_Gkp_��ts¥��rtzou¦mo[]^/k¾�|���7q�_5m�mp_Gz0q+rtx����]k¾r��7mp[]_Gu¥z���r�^`�]s¥_5¨lu¦mni�¶
Â]r�z&mp[]_B�|���|svijkpu=kL&_B��rt��k�u=�l_5z�mp[�_>q�u¦m���r�^`�]s¥_5¨lu¦mni/^`rl�l_5sÉ�[�uv�)[�uvk&^`rtzo_>zp_P�|svuvk�mpu=��mo[��|�ºmp[]_B�tzpu¥mp[]^`_5mpu=�
rt��_buv��mp[]_"�]zortq]sv_5^/k�&_"�tzp_bu¥�dmp_Gzp_Pknmo_G��uv�¾¶ £ _"[��Ö�t_Bmor'^`_5�dmpuvrt�µmp[��|m~rtx�z>�ts¥��rtzou¦mo[]^/k�[��Ö�t_b��k�_Gx��lrt±
�+rtsvid��rt^`uv�tsL�|zou¥mp[]^`_�mouv�º��rt^`�]sv_�¨lu¥mnit§��tk��ts¥sLmp[]_©�|sv�trtzou¥mp[]^/k7mo[��;m"�]_5�+_5���®r��½k�_G���|z)�;mou¥r���q+rtx]���]kb�t���
mp[jx�k�rt�©mp[]_Buv�]�]xlmUkpuv°5_t¶
)�Ð �G l�+* Ð�,.-µ·¸���[��;mB¬¹rtsvsvr;�k OB

^`_G�t��kBq]u¥m"�5rt^`�]sv_�¨lu¦mni»�|���»mo[]_ ÕB

±F��r|mo�|mpuvrt�®^`_G�t��k7mp[��;mb&_'�|zo_
uv�t�]r�zpuv�]�7s¥r����tzpu¥mp[]^`u=�&¬Á�t��mprtz)kG¶8Â�rtzL�B�+rtsvij�]rt^`u=�|s

P ∈ Z[X ]
§
deg (P )

�l_5�]rtmp_PkTu¦m)k��]_5�tzo_5_�¶0´&i L (P )
&_

�l_G�]r|mo_b�|�µx��]��_GzUq+rtx]����rt��mo[]_bq�u¦m7k�uv°5_�rt¬Tmp[]_ª��rj_�¯'�5u¥_G��m)k�rt¬
P
¿Áu¥����svx��luv�]�©�/q�u¦m~¬¹rtz�mo[]_"kpuv�t��À�¶UÂ]r�z

a ∈ Q
§ L (a)

u=k>mp[�_ª^/�|¨juv^bx�^¤q]u¥mbk�uv°5_ªr|¬�mp[]_`�jx]^`_5z)�;mortzB�|���µmp[]_'�]_5�]r�^ªuv���|mprtzP¶b��_�m
M (τ)

�]_5�]rtmp_
mp[�_/q]u¦mª��rt^`�]sv_�¨lu¥mniµr|¬^bx�s¦mou¥�]sviju¥����mn�r�uv�dmp_5��_5z)k7r|¬q]u¥mbk�uv°5_'�|m�^ªrdknm

τ
�|���

M (d, τ)
�l_G�]r|mo_`mp[]_'q�u¦m

��r�^`�]s¥_5¨lu¦mni'rt¬0^"x]s¦mou¥��s¥ijuv�]�ªmn�r`x]�]uv�;�|zouv�|mp_>��r�s¥ij�]r�^`uv�tsvkrt¬8�l_G�tzo_5_Gk&q+rtx]���l_G��qji
d
�|������rj_5¯/�5u¥_G�dm�q]u¦m

kpu¥°G_©�;mª^`r�k�m
τ
¶0/Ukpu¥�]�213154ª§

M (τ) = OB(τ lgc1 τ)
�t���

M (d, τ) = OB(dτ lgc2 (dτ))
¬¹rtz"kpx]u¥mo�tq]s¥_

��r���k�mo�|�dm)k
c1, c2

¶
6 ��* Ð � Ï"Ð �'7¾� -98@�tzpuvrtx�kL�|sv�trtzou¥mp[]^/k@_5¨luvk�mL¬¹r�zL�+rtsvid��rt^`uv�ts�zo_G�ts�zordrtmLu=k�r�sv�|mpuvrt�¾§dq]xlm&^ªrdknm&r|¬Émo[]_5^ ¬¹rl��x�k
rt��kow�x��|zo_�±F¬¹zp_G_~�+rtsvij�]rt^`u=�|s=k5¶

"�rtsvsvu¥��k>�|���µ��¼jzou¦m)�tk:$à�+&Tuv�dmpzorj�]x���_P�µ�'zo_G�ts�zordrtm~u=k�r�sv�|mpuvrt�µ�ts¥��rtzou¦mo[]^	q��tkp_G��r����~_Gko�5�|zpmp_Pk5Ò�zpx�s¥_"r|¬
kpu¥���ª�u¥mp[©��rt^`�]sv_�¨lu¥mni ÕB(d6τ2)

¶TZ[]_Uq�r�x]���`�tkTuv^`�]zpr;��_G�"qji<;�rt[]��k�r��=$Ø�|��&�mpr ÕB(d5τ2)
�|���`�B�d�|�

uv��[]uvk��]zprjrt¬&�tkB�5rtzozp_P�.mp_P�«qji?>7zo�t���lu=�)¼@$ ���+&³¶©��r�x]u¥svsvu¥_Gzb�|���@A+uv^`^`_5zo^`�t�]�ý¿Á��¬B$ ���'&��|���»zo_�¬¹_Gzp_G����_Pk
mp[�_5zo_5uv��À~�]zp_Pk�_G�dmp_G���ºx��]u���_G�»�|�]�]zor����)[µ�u¥mp[»rt�lmou¥^/�|sT^`_G^ªr�zpi�^/�|���|�t_G^`_5�dm~¬¹r�z7�Ö�tzpuvrtx�k>�ts¥��rtzou¦mo[]^/k
mp[��;mU�l_G��_G����rt���U_Pkp�G�|zpmp_GkGÒlzox]s¥_7rt¬�kpu¥���¾¶

���4�|sv�tr�zpu¥mp[�^6¿Á�_��G�|svs&u¥mDC����FEG�FHI���JEK��L��NM'���"¬¹zpr�^ �]r; rt�+À�mo[��;m/u=k`q��tkp_G�Drt� ���5rt^bq�u¥���|mpuvrt� r|¬
�~_Gko�5�|zpmp_Pk5Ò�zpx]sv_b�t����rt��mo[]_��]zort�+_5zpmpuv_GkUr|¬@´&_5zo��k�mp_5uv��q���k�u=k ��z)knm>�|�]�+_G�tzp_P��u¥�0$Ø��OP&8�|����u¦m)k~�5rt^`�]sv_�¨lu¦mni
��z)knm�r�qlmo�tu¥�]_P�ºuv�2$ �RQF&³¶@Z[]uvk^`_5mp[]rl��k�_G_5^/k�mpr/[��Ö��_Umo[]_7q�_PknmU�5rt^`�]sv_�¨lu¥mni'u¥���]z)�t��mpu=��_t¶TZ[]_Buv�dmp_Gzp_Pknmo_G�
zo_G�t�]_5zL^/�Öi'�tsvkprbzo_�¬¹_GzLmorD$Ø�|�'&W¬¹r�z&�"�;�|zouv�t��m&�u¦mo[ºr��lmpuv^/�|sW^`_5^`rtzoi`^`�t���|��_5^`_5�dmP¶�aj_G_>�tsvkprS$Ø�t�'&¾·¸�'mp[�_
ko�|^`_B��rt�dmo_�¨jmG§�!@uv�t_G�j�u¥svs¥uv�`_�mU�tsT$UQÖ�+&��]zort�+r�kp_G�©�`zo�t���lrt^`uv°5_P�º�|sv�tr�zpu¥mp[�^ ¬¹rtz�kowdx��|zo_�±F¬¹zp_G_U�+rtsvij�]rt^`u=�|s=k
�u¥mp[4q]u¥m/k�mpzo_G�t^ ��rj_5¯/�5u¥_G�dmokG¶ Z[]_��5rt^`�]sv_�¨lu¦mniDr|¬>�ts¥s&mo[]_Gkp_µ�|sv�tr�zpu¥mp[]^/k"uvk`q+rtx����l_G� qji ÕB(d6τ2)

¶
��_P��_5�dmos¥i�§V$UQ+�'&¾uv^ª��zpr;��_G�ºmp[]_7q+rtx]���©mor ÕB(d4τ2)

¬¹r�zmp[]_B��rt�l±¸kpwdx��tzp_5¬¹zp_G_~�G�tkp_t¶
·³¬��_ºzp_Pknmozpu=�.mbr�x]z)k�_Gs¥��_Gk7morµzp_P�|s@zorjr|mbu=kprts=�;mpuvrt�®x�kpuv�]��admox]zp^ ¿Ártzªajmpx]zo^ª±³²~�|q]u=�)[dm)ÀBkp_Gwdx]_G����_PkBmp[�_

��z)knm&��rt^`�]sv_�mo_~�5rt^`�]sv_�¨lu¦mni`�|���|svijkpu=k@u=k@�]zortq��tq]sviª�lx�_�mprW"�rtsvs¥uv��k&�|���/��rdrdkX$ �'&³§�mo[��;mknm)�;mo_U�b�5rt^`�]sv_�¨lu¦mni
r|¬ ÕB(d7τ3)

¶4�Ux _�mP¶ �ts�$UQYQF&��tuv�ju¥�]�®�|� �|^`rtzpmpuv°5_P�j±³s¥uv¼t_��|zo�tx]^`_5�dmª¬¹rtzªmp[�_��jx]^"q�_Gz/r|¬~kpx]qW�luv�du=kpu¥r���k5§
rtq]mo�|uv�]_P�©�`��r�^`�]s¥_5¨lu¦mni'rt¬ ÕB(d4τ2)

§l¬¹rtz�kowdx��|zo_U¬¹zo_5_7�+rtsvij�]rt^`u=�|s=k5¶
����r|mp[�_5z&¬Á�|^`uvs¥i©r|¬8kprtsv�t_Gzok>¿ mo[��;m�&_B�5�ts¥sW�jx]^`_5zouv�G�|s À.§]�5rt^`�]xlmo_7�t���t�]�]zorÖ¨lu¥^/�;mou¥r��ºrt¬8�|svsWmp[�_>zorjr|m)k

¿¹zo_G�ts��|��� ��rt^`�]sv_�¨�Àbr|¬~���+rtsvid��rt^`uv�tsx]�½mor®���l_Gkpuvzp_P�D�t�G��x]z)�t�5iK$ �j�d§T���+&³¶DZ[]_GiD�|zo_ºq���k�_P�½r��½mp[�_
��r���k�mpzox��.mou¥r�� r|¬bq��|s=�|���5_G� kp�]svu¦mpmpuv�]�ý��uvzo�5s¥_Pkºuv� mo[]_»�5rt^`�]sv_�¨ �]s=�|��_»�t��� �t�)[�u¥_G�t_µmo[]_®w�x��tkpu¦±³rt�lmou¥^/�ts
��r�^`�]s¥_5¨lu¦mni®q+rtx]��� ÕB(d3τ)

§Lu¥¬�&_º�|�dmbmor«u=k�r�sv�|mp_/mo[]_©zorjr|m)k5¶»²�r;&_5�t_GzG§8�+_5zp¬¹rtzo^`�t����_ºu¥� �]zo���.mouv�5_
�lrj_Gkb�]r|m`�|sv&�ÖilkB�t�tzo_5_/�u¥mp[�mo[��;mª�]zp_P�lu=�.mp_P�®qji»��k�ij^`�lmprtmpu=�'�|���|svijkpu=k5¶��¾_5m"x�kb^`_5�dmpuvrt��mo[]_©�Uq�_Gz�mo[
kprtsv�t_5z<$ O�&F§��[]uv�)[�[��tk~x]�]¼j�]r;�� ¿¹q]u¥m)À7�5rt^`�]sv_�¨lu¥mnit§Wq]xlmBu=k~_5¯'��uv_5�dmBu¥���]zo���.mouv�5_t¶ £ _ª[��Ö�t_�mor©^`_G��mou¥r��
mp[��;m�mp[�_�knm)�;mp_P�ºzo_�¬¹_Gzp_G����_Pk��|zo_~r��]svi/mp[]_7mou¥��rt¬0mo[]_Buv�5_5q+_5zo�`r|¬�mo[]_B_�¨lu=knmou¥���ªq�u¥q]svuvrt�tz)�|��[di�¶

Â]r�z>kpuv�t�µ_G�Ö�ts¥x��;mpuvrt���|���µ�5rt^`���tzpu=k�r��µ�tk~�_Gs¥sT��k~�5rt^`�]xlm)�;mpuvrt��kU�u¥mp[�zp_P�|s��|sv�t_5q�zo�tuv�B�jx]^"q�_GzokUmp[�_
zo_G�t�]_5z�^/�Öi�zp_5¬¹_5z�mor<$ ��O�&F¶�·¸�Z$UQO�&l¬¹rtz��l_5��zp_G_ ≤ 4

§|u¥m@uvk@�]zpr;��_G��mp[��|mTmp[]_Pk�_rt�+_5z)�;mou¥r���k��5�t�ªq+_��+_5zp¬¹rtzo^ª_P�
uv� O(1)

§;rtz ÕB(τ)
¶�·¸�Bmp[�_��]zortq�s¥_G^ rt¬�k�uv^bx�s¦m)�|�]_Grtx�k�u¥�]_Pwdx��|svu¦mou¥_Pk�¿Faj·�À.§Ö&_��tzp_�u¥�dmp_Gzp_Pknmo_G�Buv�b�5rt^`�]xlmou¥�]�
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mp[�_`¿Á�jx]^bq+_5z�rt¬oÀ&zp_P�|sWzordrtmok&r|¬��b�+rtsvij�]rt^`u=�|s
P
§]kpx��)['mo[��;m

n
r|mo[]_5z�+rtsvid��rt^`uv�tsvk���)[]u¥_G�t_7k��+_G�5u��+�>kpuv�t�

��r����lu¥mpuvrt��kG§;�[]_Gzp_Lmp[]_�l_5��zp_G_Lrt¬��|svs�mo[]_&��r�s¥ij�]r�^ªu=�|s=k0uvk8q+rtx]���]_G��qji
d
�|����mp[]_Gu¥z�q]u¥m�kpuv°5_&qdi

τ
¶�´&_5�l± ( zG§

>~rt°5_G�b�|���"��_Gu¦¬ $ ��&]�]zo_Gkp_5�dmp_P�Bmp[�_´3>B� �|sv�trtzou¥mp[]^ ¬¹rtzLal·��|����"&�|���di�$Ø�+&]uv^`�]zpr;��_G�bu¦mTuv�bmo[]_x]�]uv�Ö�tzpu=�;mo_
�5��k�_�¿¹qji«�©¬Á���.mpr�z)À>���)[]u¥_G�ju¥�]� O(n(md lg m lg2 d + m2.376))

�tzpu¥mp[�^ª_5mpu=�`��rt^`�]sv_�¨lu¥mnit§¾�[�_5zo_
m
u=k>mp[]_

�jx]^bq+_5zUr|¬�zp_P�|s¾zorjr|mokrt¬
P
¶ "�r�k�mp_��t������r;i $ ��&�uv�dmpzorl�lx���_P��Z[]rt^�Ò k�_5���5rl�lu¥���`¬¹rtz�mo[]_�zo_G�|sÉzorjr|m)kr|¬@�

�+rtsvid��rt^`uv�ts0�t���µaj·�uv��mp[]u=k�_G����rl�luv�]�«¿Yk�_G_"�tsvkpr $ ���'&¹À.¶UZ[]_Gu¥z7�|���]zprd�t�)[�uvkU�]x]zo_5svi�k�ij^bq+rtsvu=�B�|����&rtzo¼lk
r;�t_Gzb�|zoq]u¥mpz)�|zoiµzo_G�|s&��svr�kp_G����_Gsv�]kG¶«Z[]_Gi»k�mo�|mp_��µ��r�^ª��s¥_5¨ju¥mni»r|¬ ÕB(N8)

§�x�kpu¥�]�«¬Á�tk�mb^bx�s¦mou¥�]svu=�5�;mou¥r��
�|sv�tr�zpu¥mp[�^`k�q]xlm���r|m¬Á�tk�m�5rt^`�]xlm)�;mou¥r���k��|���º_5�;�|svx��|mpuvrt��r|¬��+rtsvij�]rt^`u=�|sÉk�_Pwdx]_5���5_GkG§l�[]_5zo_

N ≥ n, d, τ
¶

·¸�0$ QF&8�t���ts¥��rtzou¦mo[]^ ¬¹r�z�mp[�_��]zortq]sv_5^ uvkU�]zp_Pk�_G�dmp_G�©�[]_G��mp[]_�zo_G�ts��|sv�t_Gq]z)�|u=�~�jx]^"q�_GzokU�|zo_>uv��u=k�r�sv�|mpuv�]�
uv��mo_5zo�;�|stzo_5��zp_Pk�_G��m)�;mou¥r��¾§G�u¥mp["��rt^`�]sv_�¨lu¥mni ÕB(nd6τ2)

§Ömp[��|m0x�kp_Gk�zp_G��_P�;mp_P�Bzo_ ���]_G^`_5�dmok�r|¬lmp[�_Lu=k�r�sv�|mpuv�]�
uv��mo_5zo�;�|s=k��|�����lrj_Gk�]rtmU�tkok�x�^ª_>¬Á��knm�^bx�s¦mou¥�]svu=�5�;mou¥r��¾¶
	ºÌ ���'Á�G� -�Â]rtz�mp[]_���zpr�q]s¥_G^1rt¬8zo_G�ts¾zprjrtmu=kprts=�;mpuvrt��r|¬@�`x]��u¥�;�|zou=�;mp_B�+rtsvij�]rt^`u=�|sF§]x�kpu¥���ºadmpx]zo^ª±³²~�|q]u=�)[dm
kp_Gwdx]_5����_GkL�_~�]zo_Gkp_5�dm��|�©�|sv�trtzou¥mp[]^ �u¦mo[º��r�^`�]s¥_5¨lu¦mni ÕB(d4τ2)

§dmp[��;m�uv^`�]zor;�t_GkTmp[]_>zp_Pk�x�s¦m&r|¬ $ QPQF&³§�qji
_�¨jmo_5���luv�]��u¥mLmor��]r��l±³kowdx��|zo_&¬¹zp_G_��+rtsvid��rt^`uv�tsvkL�|���`qjiª�tuv�duv�]�b�7^"x��)['kpu¥^`�]sv_5z��]zprjrt¬T¿YZ[¾¶�QG�tÀ�¶ £ _U�tsvkpr
kp[]r; mp[��|m7�5rt^`�]xlmou¥�]�ºmp[]_ª^bx�s¦mou¥�]svu=��u¥mpuv_Gk>r|¬Tmo[]_"zorjr|m)kU�5�t�µq+_ª���)[]u¥_G�t_P���u¦mo[]u¥�«mp[]_`ko�|^`_"�5rt^`�]sv_�¨lu¦mni
q+rtx]���¾¶

�¾_5m�x�k7�]r;!mpx]zo�»mpr�mp[�_'´�_Gzok�mp_Gu¥��kprtsv�t_GzG¶ £ _©k�uv^`�]s¥u¥¬¹iµmo[]_/�]zorjr|¬L¬¹zort^ $UQ+�l§#���'&@¬¹rtz7mo[]_/�jx]^bq+_5z
r|¬Lkpx]qW�luv�du=kpu¥r���k�qji���rt��k�u=�l_5zouv�]�`mp[]_ªk�x�q+�luv�juvkpuvrt��mozp_G_b�;m~�t�µ_G�tzpsvuv_5z�sv_5��_5s0�t����qji�x�k�uv�]�ºZ[�¶ Q�_5¨]�t�.mos¥i
�tkbknm)�;mp_P�»u¥�K$Ø�|�l§����'&³¶ºZ[jx�kG§0&_'�|zozpuv�t_`�;mBmo[]_ºko�|^`_`q�r�x]���»¬¹r�z7mp[]_º´&_Gzp��k�mp_Gu¥��kpx]qW�lu¥�ju=k�uvrt�®^`_�mo[]rl�
¿ÁZ[�¶VQG�tÀ��ku¥�2$ Q�'&³¶
Z[]_ª�]zordrt¬Tmp[��|mB�_`�l_5��_5svrt�«�t�]�]svu¥_Pk~¬¹rtz>q�rtmp[»^ª_5mp[]rl�]k7�t���«kpu¥^`�]svu���_GkBkpu¥���]u����5�t��mos¥i�mo[]_"��zp_G�duvrtx�k

�|���]zprd�t�)[]_Pk5¶
��_P�|s8zprjr|m>uvkprts=�;mou¥r���uvk7�t�µu¥^`�+rtzpmo�t��m>u¥���tzo_G�luv_5�dmU¬¹r�zUmo[]_`��rt��knmozpx���mpuvrt�µrt¬��|sv�t_Gq]z)�|u=�7�dx�^bq+_5z)k5¶ £ _

�|s=kpr��|���ts¥ij°5_�mp[]_>��rt^`�]sv_�¨lu¥mni"rt¬¾��rt^`���tzpu=kprt�¾§dk�uv�t�/_G�Ö�ts¥x��;mpuvrt�'�t���/kpu¥^"x]s¦m)�|�]_Grtx�kLu¥��_Gwdx��|svu¥mpuv_GkU¿Faj_G�t¶T��À.¶
!@��_5��mp[]r�x]�t[©mp[�_b�|sv�tr�zpu¥mp[]^/k�¬¹rtzmo[]_Gkp_Brt�+_5z)�;mou¥r���k�|zo_7�]r|m��]_G $ Q|§VQO]§R�PO]§GORQ�&F§lmo[]_Bzo_Gkpx]s¦m)k¬¹zort^ zo_G�ts
kprtsv�duv�]�/�|���ºr��lmpuv^/�|s¾�|sv�tr�zpu¥mp[�^`k&¬¹r�zUadmpx�zp^ª±¸²U�|q�uv�)[dm�k�_Pwdx]_5���5_GkG§]�|svs¥r; x�kmpr/uv^`�]zor;�t_~mp[]_��5rt^`�]sv_�¨lu¦mni
r|¬��ts¥sLmp[]_º�ts¥��rtzou¦mo[]^/k5§8�;mbsv_G��knm�qji®��¬Á�t��mpr�zº¿ "�r�zG¶ QP�l§3QG�tÀ�¶�Â]rtz`aj·7�_/��zpr;��_'��q�r�x]���ý¿ "�r�zG¶��|�tÀBr|¬
ÕB(d4τ max{n, τ}) §lrtz ÕB(N6)

§]x����l_5zmo[]_B�]rtmo�;mou¥r��©rt¬5$ �t��&F¶
Z[]_Pk�_&�|sv�t_5q�zo�tuv�Tr���_Gzo�|mpuvrt��k�rtx]��[dm�mpr>[��Ö��_L_�¯'�5u¥_G��m��|���b�t_G�]_5zouv�Lu¥^`�]sv_5^`_G��m)�;mou¥r���k0kpr�mo[��;m�mo[]_5iB�5�t�

q+_~x�kp_G�ºqjiªrtmp[]_Gz&ko��uv_5�dmou����>��r�^`^bx]�]u¥mpuv_GkG¶ £ _>�]zo_Gkp_5�dm&�b���t�)¼;�t�t_�rt¬�Å�Æ0ÇÉÈ�Ê�Å $Ø�|�'&Wmo[��;m�]zor;�du=�l_PkTmp[�_Gkp_
¬¹x]����mpuvrt���ts¥u¥mpuv_Gk'rt�4zp_P�|sU�ts¥��_5q]z)�|u=�©�dx�^bq+_5z)k'�|��� _5¨j��s¥r�u¦m)k/�;�|zou¥r�x�k/�|sv�tr�zpu¥mp[]^`u=���|��� uv^ª��s¥_G^ª_G�dmo�;mou¥r��
mp_P�)[]�]u=wdx]_GkG¶ !T¨l��_Gzpuv^`_5�dmo�tsÉzp_Pk�x�s¦m)kB¿Yaj_P�|¶��|À&uvsvs¥x�k�mpz)�;mo_>mp[]_Bq+_5[��Ö�juvrtzr|¬0mp[]_�kpr|¬ mn�|zo_t¶

( x]z7zo_Gkpx]s¦m)k5§�_�¨jmp_G�����]u¥zo_G��mpsvi�mpr�mp[�_ªq�u¥�;�|zou=�;mp_`�5��k�_�§¾uF¶ _`zo_G�|sTkprtsv�ju¥�]��r|¬&��r�s¥ij�]r�^`uv�ts@k�ilk�mp_5^�§�kpuv�t�
_5�;�ts¥x��|mpuvrt�µrt¬L�'q]uv�;�|zouv�|mp_��+rtsvij�]rt^`u=�|s8_5�;�|svx��|mp_G�µr;�t_5z�mn�r��|sv�t_5q�zo�tuv�7�jx]^"q�_GzokG§¾aj·�_�m)�|¶B²�r;&_5��_5zU�lx�_
mpr`zo_G��k�r���k&r|¬Tk�������_�§d&_��5�t�]�]rtm��zp_Pk�_G��mmo[]_Gkp_7zp_Pk�x]s¥mok[�_5zo_t¶@Z[]_7zo_G�t�]_5z^/�Öi'zp_5¬¹_5zmor=$ QG�]§VQP�+&³¶
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²U�tq]u=�)[�m>k�_Pw�x�_5���5_GkU�t����rt�µ´&_Gzp��k�mp_Gu¥�µkprtsv�t_GzG§�¬¹rtz~zp_P�|s¾zorjr|mUu=k�r�sv�|mpuvrt���|���µ��r�^ª��xlmo�|mpuvrt��r|¬�mo[]_b^"x]s¦mou¦±
�]svuv�5u¦mou¥_Pk5¶ºal_G�|¶V���t���|svilk�_Pk~uv���l_�m)�|uvs�mp[]_ºajmpx]zo^ª±³²~�|q]u=�)[dmBkprtsv�t_GzG¶/aj_P�|¶ O��]zo_Gkp_5�dmok>mo[]_/�|���ts¥ilkpuvk>r|¬&mp[�_
´&_5zo��k�mp_5uv�`k�r�s¥��_5zP¶0aj_G�t¶t�>uvkL�l_5��r|mp_P��mor7rt�+_5z)�;mpuvrt��k0�u¥mp[`zo_G�ts]�|sv�t_5q�zo�tuv�L�dx�^bq+_5z)k5§�uY¶ _t¶���r�^ª���|zouvkprt�¾§|kpuv�t�
_5�;�ts¥x��|mpuvrt���|���®al·.¶8aj_P�|¶8�©uvs¥svx�k�mpz)�;mo_GkBr�x]z�uv^ª��s¥_G^ª_G�dmo�;mou¥r��®u¥� Å�Æ0ÇÉÈ�Ê�Å/�|����_5¨l��_Gzpuv^`_5�dmokBr��®�Ö�tzpuvrtx�k
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deg(f) = d
�|��� L (f) = τ
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f
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V (f, I)
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^`rl�lx]svr
2
¶
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f ∈ Z[X] 354  �!6 deg f = d
��"07 L (f) = τ 8�9%�&�$�%-&��)(:�  �����-;� "<�!��=?>-�-� � 4  �!6@=!���! ��"0���A��"075*B�� "<�!� 3/4 65 C�6DC��-"<���- "E��"0��-"57D��"0� .D�-"5�F=��	�-���-;

f
�-"57D�!60�)1HG0� �! *5�  C� ��.I��><��=���><��=?.@=!���-�A=��	�-� 8

1. J ��12*0G0�!���!65�)��K	G0��=��F;L=����)*5�-=?�M�-; f 3  8 � fred

2. J ��12*0G0�!�D�-"N "<�!��=�>��-� I0 = (−B, B) 4  �!6N=��-�! �-"5�-����"075*B�� "<�!�H�!60�-�C��-"<�!�� "0���-� �A��60�)=�������=��	�-�!� 8 ��"0 �! ���  O����2K	G5��G0� Q 4  ��6 I0 8
3. P 65 � � Q

 �M"0�-����12*0�Q.@70�
a) R ��*S�-"S "<�!��=?>-�-� I

;L=���1
Q
�-"57DC���12*0G0�!�

v := V (f, I) 8
b)
�Q;

v = 0 3 75 �!C��-=�7 I 8
c)
�T;

v = 1 3 ��G/��*0G/� I 8
d)
�Q;

v ≥ 2 3 ��*0�  � I
 "<���

IL

�-"57
IR

��"07S*5G0��6@�!60��1U�!�
Q 8

4. V ������=�12 "0���!60��1HG0� �! *5�  C� �! ���W��;X�!60��=!���-�,=��	�-�!� 3 G5�� "0YH�!60���!K	G0��=���ZL;L=!���;L�-C����-=� O��-�! �-"D�-;
f 8

[ ÌX\  l�; l�+* Ð�, � Ð � , Ñ0� -�����uv^`��r�z�m)�|�dm�u¥���tzo_G�luv_5�dm7¬¹rtz7mo[]_º�|���|svijkpu=k~rt¬&r�x]zbkprtsv�t_Gzok>u=k����trjrl��q+rtx����
rt�µmp[]_`^`u¥��u¥^/�|sT�lu=k�mo�|����_bq+_�mn&_5_G�µmo[]_"zorjr|m)k�r|¬&�'x]�]uv�;�|zouv�|mp_"��r�s¥ij�]r�^ªu=�|sF§Wrtz>^`rtzo_b�t_G�]_5z)�|svsvi©r��µmp[�_
�]zorl�lx��.m8r|¬��lu=k�mo�|����_Gk�q�_5mn�_G_5��zorjr|m)k5¶ £ _&zp_P�5�|svst[�_5zo_L��s=�tkok�u=�5�tstzo_Gkpx]s¥mokG§Ökpsvu¥��[�mos¥i7�t���|�lmo_G�>mpr~rtx]z8��r���mo_�¨jmG¶

Â]r�zUmo[]_`k�_G���|z)�;mou¥r���q�r�x]���µu¥m7uvk>¼j�]r;��@$ Qt§¾���j§�O QF&�mp[��|m
sep(f) ≥ d− d+2

2 (d + 1)
1−d

2 2τ(1−d) §Wmp[jx�k
lg(sep(f)) = O(dτ)

¶�Z[]_bsv�|m�mp_Gz��]zor;�juv�l_Pk�`q�r�x]����rt��mo[]_�q]u¥m~kpu¥°G_Br|¬8mp[]_�_G���l�+rtuv�dmok�rt¬0mo[]_�u=k�r�sv�|mpuv�]�
uv��mo_5zo�;�|s=k5¶

��_P�5�|svs¾mo[��;mBeµ�t[]s¥_GzGÒ k�^`_P�tkpx]zp_�§�rt¬��'�+rtsvij�]rt^`u=�|s
f
uvk M(f) = |ap|

∏d
i=1 max {1, |γi|}

§W�[]_Gzp_
apu=k�mp[�_�s¥_P�t�luv�]�'�5rd_5¯'��uv_5�dm~�|���

γi

�|zo_��|svsÉmp[]_"zprjrtmokr|¬
f
¶ £ _�¼j�]r; mp[��|m M(f) < 2τ

√
d + 1

$ Q�&³¶Z[�_
¬¹rtsvsvr;�u¥�]�ªuv�]_Gwdx��ts¥u¥mni $ Q�&�[]r�sv��k�!

M(fred) ≤ M(f) < 2τ
√

d + 1
¿ QPÀ

Â]r�zÉmp[�_T^ªuv�]uv^bx]^ �lu=knm)�|���5_Tq�_5mn�_G_5���5rt��kp_G�5xlmpuv�t_�zo_G�|s;zorjr|m)kÉr|¬l��kpwdx��tzp_8¬¹zo_5_T�+rtsvij�]rt^`u=�|s;mo[]_@�~�Ö��_5�]�+rtzpm�±
eµ�t[]s¥_Gz�q+rtx]����u=k�¼j�]r;��2$ QG�'&³¶3/Ukpu¥�]��¿ QGÀ��_��G�|���]zor;�du=�l_��/kpu¥^`uvsv�tz�q+rtx]����¬¹r�z��]r��µkpwdx��tzp_>¬¹zo_5_��+rtsvid±
�]r�^ªu=�|s=kG¶���_G��_G�dmpsvit§lmo[]_���r����lu¥mpuvrt��krt¬�mp[�uvk�q+rtx������[]_5zo_7�t_5��_5z)�|svu¥°G_G�'qjiº�~x�_�mU�tsT$UQYQ�&³¶
]N^ ÌjÐ � Ì �`_ba�c� Xd Ì%,F\�Ð �Ö� Î &   ^ ' Ì �º� Ð � , Ñ � Ì dV*Á�+*¹� Ì Ñ2egf ��H

A = {α1, . . . , αk}
��E �

B = {β1, . . . , βk}���	�F�R�F����H���L�h��]uvk�mpuv���.m:i ��L��kj��U��l0m ��L+L�H ��L�h
f
i E L�H E�������� �����F�J�on �0p��R�����Ih�������m:�F�R�<qSH?qR��H

βi /∈ {α1, . . . , αi}��E � |βi| ≤ |αi| r
h�L�� ���J�

i ∈ {1, . . . , k} s ��qR��E

k∏

i=1

|αi − βi| ≥ M(f)−d+1d−
d

2 (

√
3

d
)k

�MqG�<��L���E ����� ��LtqRL�� ���vuwqR��E
α1 > β1 = α2 > β2 = . . . αk > βk := αk+1 r ��������� �FH �JE���H.������� � LL�H���L�h f s

6 � Ð¾Ð�x ¢ /Ukp_�$Ø�|�'&�¿Ártz�$ ORQ|§��P�'&¹À�|���®¿ QPÀ�¶
2£ _��|zo_~��rtuv�]�bmor'�l_�m)�|uvsÉ�]r; mo[]_B�lu�%+_Gzp_G��mUk�mp_G��kr|¬8mp[�uvk��_5�]_Gzo�tsWko�)[]_G^ª_�§ ��z)knm�x�kpu¥���/ajmpx]zo^ kp_Gwdx]_G����_Pk

�|���º�]_5¨jm�x�k�uv�]�/´&_5zo��k�mp_5uv��k�r�s¥��_5zP¶

y � (0�©���{z:|��B�����~}"( �� b�����8�

£ _ªzo_G�G�|svs0[�_5zo_�mp[�_ª^/�tu¥��u¥�]��zp_P�luv_5�dmok~zp_Gsv�|mp_P��mpr�admox]zp^¤kp_Gwdx]_G����_`��r�^`�]xlmo�|mpuvrt��k>�|����mp[�_5uvz>q�u¦m���r�^ª±
�]sv_�¨lu¥mnit¶

�S��� �@���k�����,���H�������E�b���F�S�k�F�k�M�F�
�¾_5m

A =
∑p

k=0 akXk, B =
∑q

k=0 bkXk ∈ Z[X ]
�[�_5zo_

deg(A) = p ≥ q = deg(B)
�t��� L (A) =

L (B) = τ
¶ £ _��l_5��r|mp_�qji

rem (A, B)
�|���

quo (A, B)
À8mp[]_�zo_5^/�tu¥���]_5z@�|���bmo[]_�wdx]r|mou¥_G�dmG§tzo_Gkp�+_G�.mou¥��_5svit§

r|¬8mp[�_ !Lx���svuv�]_G�|���luv�juvkpuvrt��r|¬
A
qdi

B
§]uv�

Q[x]
¶

c ÌX� , *¹�* Ð ,��������-� �MqR�7k�uv�t�]_P����r�s¥ij�]r�^`uv�ts�zo_5^/�|uv���l_GzUk�_Pwdx]_5���5_=L�h
A
��E �

B r SPRS (A, B) r � � H?qR�jRL��on�E L��<����� ���<p��R��E ���

R0 = A, R1 = B, R2 = − rem (A, B) , . . . , Rk = − rem (Rk−2, Rk−1)
uwqG�����

rem (Rk−1, Rk) = 0 s �MqR��w�x�r|mpuv_5�dm�kp_Gwdx]_G����_�L�h A
��E �

B
� �.H�qG�)jRL��on�E L��<�����%���<p��R��E���� {Qi}0≤i≤k ruwqG�����

Qi = quo (Ri, Ri+1)
��E ��H�qG�~wdx]r|mou¥_G��m�q+rjr|m � �

(Q0, Q1, . . . , Qk−1, Rk) s



� �5�<�J�F� ����� L����F�����JE����V�F� 
Y���F�	�P���

Z[]_Gzp_Tu=k��[jx]��_@q]uvq]s¥uvrt��zo�t�][ji�rt�Bkpu¥���]_G�7�+rtsvij�]rt^`u=�|s|zo_5^/�tu¥���]_5z�kp_Gwdx]_G����_Pk@¿Á��¬ $ Qt§+�t�l§ORQF&j�|���>zo_�¬¹_Gzp_G����_Pk
mp[�_5zo_&uv��À�¶5$ O���&]�]zp_Pk�_G�dmp_G�ª�>x]�]u���_G�`�t�]�]zor��t�)[�mprBk�x�q]zp_Pk�x�s¦m)�|�dmokG¶0Â�rtz�mp[�_Uadmpx]zo^ª±³²~�|q]u=�)[dm�¿¹rtzLalidsv�t_Pknmo_5zp±
²U�tq]u=�)[�m.Àk�_Pwdx]_5���5_Gk�mp[�_Bzp_P�t�l_Gz&^/�Öi'zo_�¬¹_GzmprZ$ QG�'&³¶

·¸�½mo[]u=k`���|�+_5zª�_���r���kpuv�l_Gzªmp[]_�admpx�zp^ª±¸²U�|q�uv�)[dm/k�_Pw�x�_5���5_©rt¬
A
�|���

B
§LuF¶ _

StHa(A, B)
§L�[�uv�)[

��r��dmo�|uv��k>�+rtsvid��rt^`uv�tsvk~mo[��;m��|zo_ª�]zpr���r�z�mou¥r����|s8mor©mo[]_`��r�s¥ij�]r�^`uv�tsvk>uv�
SPRS (A, B)

¶'admox]zo^"±¸²U�tq]u=�)[�m
kp_Gwdx]_5����_GkB���)[]uv_5�t_`q+_�mpmp_5z"q�r�x]���]k�rt�»mp[]_ºq]u¦mªk�uv°5_/rt¬�mo[]_º��rj_5¯/�5u¥_G�dmokB�|����[��Ö�t_`�trjrl�®k��+_G�5uv�ts¥uv°G�|mpuvrt�
�]zort�+_5zpmpuv_GkG§]k�uv���5_~mo[]_5i��|zo_>�]_ ���]_P�©mp[]zortx]��[��]_�mp_Gzp^`uv���|�dm)k5¶

�¾_5m
Mj

q+_�mp[�_b^/�;mozpu¥¨©�[]u=�)[µ[���k��tkUzpr;�k�mp[]_ª��rj_�¯'��uv_5�dmU��_G��mprtz)k�rt¬8mo[]_b�+rtsvij�]rt^`u=�|s=k
AXq−1−j

§
AXq−2−j

§
. . . , AX, A

§
B, BX, . . . , BXp−2−j , BXp−1−j

�u¥mp[Bzo_Gkp�+_G�.mÉmormp[]_L^ªr��]rt^`u=�|s;q���k�u=k
Xp+q−1−j

§
Xp+q−2−j , . . . , X, 1

¶0Z[]_&�lu¥^`_G��k�uvrt�Brt¬
Mj

u=k
(p+q−1−2j)×(p+q−1−j)

¶WÂ]r�z
l = 0, . . . , p+q−1−jsv_�m

M l
j

q�_7mo[]_�kpwdx��tzp_>^/�;mozpu¥¨ºr|¬T�luv^`_5��kpu¥r��
(p + q − 2j) × (p + q − 2j)

rtq]mo�|uv�]_P�ºqji/m)�|¼ju¥���"mo[]_ ��z)knm
p + q − 1 − 2j

��rtsvx]^`��k��t���'mo[]_
l
±Fmp[��5rtsvx]^`�©rt¬

Mj

¶
c ÌX� , *¹�* Ð ,�� �MqG��� H ���F����� �P�����<q%H ���<p��R��E � � L�h

A
��E �

B r � ��H�qG�:���<p��R��E ���

StHa(A, B) = (Hp = Hp(A, B), . . . , H0 = Ho(A, B))

uwqG�����
Hp = A, Hp−1 = B

��E �
Hj =

∑j
l=0 det (M l

j)X
l s �MqR� ���<p��R��E ���<L�hSj �F�JE���� jG����� H ���F�	��� �P������q�H��L��
K������ERH �

(hp = hp(A, B), . . . , h0(A, B))
� � �Y���.E�� � �'�

hp = 1
��E �

hj

� � H?qR� ��L��
 ������ERH�L�h
Xj

�JE
H�qG� jGL��on�E�L�� �����

Hj r
h�L��

0 ≤ j ≤ p s� qR��E hj = 0
h�L��:��L��W�

j
H�qG��E H�qG� ���<p��R��E���� � � �����J�U� � �Y�!h�����H �JM�� rL�H�qG���	uT� ��� E�L�E�� �P��h�����H �JM'� s

·³¬
StHa(A, B)

u=k8�]rt�]±³�l_5¬¹_G��mpuv�t_@mo[]_5�"u¦mT��r�u¥����u=�l_Gk0x]��mor>kpuv�t���u¥mp[bmp[]_��s=�tkok�u=�5�tsdkpx]q]zo_Gkpx]s¥mo�t��m�k�_Pwdx]_5���5_t¶
²�r;&_5��_5zP§�u¥�Dmp[]_��l_�¬¹_P�.mou¥��_��G�tkp_t§Trt��_©[���kbq+_�mpmp_Gz`�5rt�dmpzorts&rt�½mp[]_�q]u¥m/kpuv°5_ºrt¬�mp[�_��5rd_5¯'��uv_5�dmokªuv�½mp[�_
kp_Gwdx]_5����_t¶
]N^ ÌjÐ � Ì ��� ��� r����'r ��� r���� � ��qR��� �<� �<��E0��� 
�L��F�JH�q%� H?qR��HX��L��kj���HI�F�

StHa(A, B)
�JE OB(pq M (pτ)) rL�� ÕB(p2qτ) s � L�����L�M���� r L (Hj(A, B)) = O(pτ) s

�¾_5mÉmp[]_�w�x�r|mpuv_5�dm¾q+rjr|m¾mo[��;m��5rtzozp_Pk��+rt����k+mpr
StHa(A, B)

§;q�_
StHaQ(A, B) = (Q0, Q1, . . . , Qk−1, Hk)

¶
Z[]_B�jx]^"q�_Gz�r|¬8�5rj_�¯'��uv_5�dmokuv�

StHaQ(A, B)
uvk O(q)

�t���ºmp[]_Gu¥z�q�u¦mUkpu¥°G_7uvk O(pτ)
¿Á�|¶ ¬3$ Q�§G�P�'&¹À.¶

]N^ ÌjÐ � Ì ��� ��� r �W� r�����r���� � �MqG� p��RL�H ����E H<��LL�H r H�qG� � �F�F���NHI��E H ��E �0H�qG�
gcd

L�h
A

��E �
B r ����E ���

��L��kj���HI� ���JE OB(q lg qM (pτ))
L�� ÕB(p q τ) s

]N^ ÌjÐ � Ì � � ����� r!��� � �MqR����� � �W��E ��� 
�L��F�JH�q%� H?qR��H	��L�� j ��H ��� H�qG� ��M����N�R��H ��L�E L�h
StHa(A, B)

L�M���� �
ER���������

a r uwqR����� a ∈ Q∪{±∞} ��E �SqG���5���JH �F�#"+� ��H ��L'�FH σ r uT�JH�q � L�� j �U��lP�JH9n OB(q lg qM (max (pτ, qσ)))L�� OB(qM (max (pτ, qσ)))
� h

StHaQ(A, B)
� �S���N����� ��n ��L��kj���HI� � s%$ E ��L�H�q@����������H?qR�D��L�� j �U�-lY�JH9n � �

ÕB(q max (pτ, qσ)) s
·¸�ý^/�|�ji �G�tkp_GkG§�_�¶ ��¶Nzo_G�ts�zordrtm'uvkprts=�;mou¥r��¾§k�uv�t�4_5�;�ts¥x��|mpuvrt�¾§��5rt^`���|zou=k�r�� rt¬B�ts¥��_5q]z)�|u=���jx]^bq+_5z)k5§&&_
�]_G_G��mo[]_"_G�;�|svx��;mou¥r��µr|¬

StHa(A, A
′

)
r;�t_Gz~�ºzo�|mpuvrt���ts��jx]^bq+_5z>r|¬@q�u¦mBk�uv°5_ O(pτ)

¶7·³¬L&_b�+_5zp¬¹rtzo^�mp[]_
_5�;�ts¥x��|mpuvrt��qjiB²�r�zp��_5zPÒ k0zpx�s¥_Lmp[]_G��¬¹rtz8_5��_5zoi7��r�s¥ij�]r�^ªu=�|sduv�bk�_Pwdx]_5���5_t§Ömo[]_5zo_��tzp_

Ω(p)
§|�_�^bx�k�m���_Gz�¬¹r�zp^

Ω(p)
^bx�s¦mou¥�]svu=�5�;mou¥r���k�q+_�mn&_5_G�µ�jx]^bq+_5z)k�rt¬Tq]u¦m7k�uv°5_ O(pτ)

�t��� O(p2τ)
§+mp[jx�k�mo[]_br;��_5z)�|svs���r�^`�]s¥_5¨lu¦mni

u=k OB(p3
M (pτ))

¶
²�r;&_5��_5zP§��[�_5���_B��r�^`�]xlmp_>mo[]_���r�^ª��s¥_5mp_

StHa(A, A
′

)
uv� OB(p2

M (pτ))
¿ÁZ[¾¶GOdÀ.§]mp[]_Bwdx]r|mou¥_G�dm

q+rdrtm~u=k7��rt^`�]x]mp_G�µu¥^`�]svuv�5u¦mos¥i0$ �P�]§ Q�&F¶7Z[jx�k5§W&_"�G�|�µx�kp_�mo[]_`w�x�r|mpuv_5�dm>q�rjr|m>u¥��rtz)�l_5zUmpr©��_Gz�¬¹r�zp^�mp[�_
_5�;�ts¥x��|mpuvrt��_5��_5��u¦¬T&_B[��Ö�t_7�|svzo_G�t�]iº��r�^ª��xlmp_P���ts¥s¾mp[]_��+rtsvij�]rt^`u=�|s=ku¥��mo[]_"admox]zp^ª±¸²U�tq]uv�)[dmUkp_Gwdx]_G����_�¶
��rtmpu=��_7�|s=k�rbmp[��|mmp[]_7��r�^ª��xlmo�|mpuvrt�©kp[]r�x]sv�ºq�_7k�mo�|zpmp_P�'qji`mp[�_~s=�tk�m&_Gs¥_G^`_5�dm&rt¬¾mp[�_7wdx]rtmpuv_5�dmq�rjr|m�kprª��k
mpr/�Ö��rtu=�/mp[�_���r�k�mpsviº�5rt^`�]xlm)�;mpuvrt��rt¬�mn&rª�+rtsvij�]rt^`u=�|sÉ_G�Ö�ts¥x��;mpuvrt��k�x�k�uv�]�/²�r�zp�]_GzGÒ k�ko�)[]_5^`_t¶

!@��_5�/mo[]rtx]��[`mp[]u=k�|�]��zprd�t�)[`uvk�rt�]mpuv^`�tsY§du¥m�uv�d��rtsv�t_Pk@q]uv�b��r���k�mo�|�dm)k@uv�ºu¥mok&��rt^`�]sv_�¨lu¥mnit§�mp[jx�k�u¦m&uvk��]rtm
_�¯'�5u¥_G��m7uv�«�]z)�t��mpu=��_b�[�_5�µmo[]_ªs¥_G�]�|mo[µr|¬@mo[]_`k�_Pw�x�_5���5_bu=k~��r|mBk�xl¯'�5u¥_G��mos¥i�q]uv��rtz>�[]_5�«mp[]_`k�_Pwdx]_5���5_
u=kB�l_�¬¹_P�.mpuv�t_�¶/e�rtzo_5r;��_5zP§+kp��_P��u=�|s�mo_G�)[]�]u=wdx]_GkBkp[]r�x]sv�«q�_/x�k�_P�µ¬¹r�zBu¦m)k7u¥^`�]sv_5^`_5�dm)�;mpuvrt��mpr��Ö��rtu=�«��rdknmos¥i
rt�+_5z)�;mou¥r���k�u¥mp[�z)�;mpuvrt���|sÉ�jx]^bq+_5z)kG¶&ajr�§��tk�u¥mUu=k��|sv�Öijk&mo[]_��5��k�_B�u¥mp[�r��lmpuv^/�|s��ts¥��_5q]z)�|u=�7�|sv�tr�zpu¥mp[]^/kG§
mp[�_Bu¥^`�]sv_5^`_5�dm)�;mpuvrt��u=k¬Á�|z¬¹zort^1�"mozpuv�juv�tsWmo�tkp¼W¶
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]N^ ÌjÐ � Ì ��� ����� �MqR� �0p��R����� �oh������ jR���FH�L�h
A r � s � s Ared r ����E ��� ��L��kj���HI� �+h���L��

StHa(A, A
′

) r �JE
OB(p lg pM (pτ))

L�� ÕB(p2τ) r ��E � L (Ared) = O(p + τ) s
�¾_5m

W(A,B)(a)
�l_5��r|mp_7mo[]_��jx]^"q�_Gz�r|¬�^`rj�]u���_P��k�uv�t���)[��t�]�t_Pkr|¬8mp[]_b_5�;�|svx��;mou¥r���r|¬

StHa(A, B)
r;��_5z

a
¶ ��rtmpu=��_~mp[��|m

W(A,B)(a)
�lrj_Gk&�]r|mzo_�¬¹_5z&mor�mp[�_>x�k�x��tsÉ��rtx���mou¥���br|¬8k�uv�t�©�Ö�tzpu=�;mou¥r���kG§dkpu¥����_~kp�+_G��u=�|sÉ�G�|zo_

kp[]rtx]s=�©q�_7m)�|¼t_G�º¬¹r�zmp[]_B��zp_Pk�_G����_7r|¬���r���k�_P��xlmou¥��_7°5_5zor�k�$ Qt§ QP�'&F¶
]N^ ÌjÐ � Ì ��� ��� r�� � r���� � f ��H A, B ∈ Z[X ]

���W�����U��H �JM'���on j��F�J��� jRL��on�E L��<����� � r uwqG����� A
� � �0p��R����� �oh������

��E �
A

′ � � H?qR� �P���F�JM'��H �JM�� L�h
A s $ h a < b

��� ��� L�H?q E L�E �I� LL�H�� L�h
A
��E �

γ
����E�
��F� L�M'��� H�qG�<��L+L�H � L�h

A�JE
(a, b) r H�qG��E W(A,B)(a) − W(A,B)(b) =

∑
γ sign (A

′

(γ)B(γ)) s
� Ð � Ð ' 'Y l� Í	� $ h B = A

′ H�qG��E
StHa(A, A

′

)
� �BH?qR� � H ���F� ���<p��R��E���� ��E � �Mq s�
 � L���ERH �	H�qG�BE ���W�����BL�h�������#��LL�H�� L�h

A
�JE

(a, b) s

�  ���-©�¾(0����- �� ��������

·¸�»mp[]u=k�kprtsv�t_GzG§¾&_`x�kp_`mp[]_/zo_5�]zo_Gkp_5�dm)�;mpuvrt��r|¬��r�s¥ij�]r�^`uv�tsvk7uv�»mp[]_'´&_5zo��k�mp_Gu¥�»q��tkpu=k5¶'Â�rtz
a < b ∈ R

§
&_~�l_G�]r|mo_~qji

Bi
d(x; a, b) =

(
d
i

) (x−a)i(b−x)d−1

(b−a)d

¿
i = 0, . . . , d

ÀLmp[]_7´&_5zo��knmo_5uv�'q���k�u=kLrt¬
R[x]d

rt�©u¥�dmp_Gzp�;�ts
[a, b]

¶
Â]r�z~�t�di��+rtsvid��rt^`uv�ts

f ∈ R[x]d =
∑d

i=0 biB
i
d(x; a, b)

§+mp[]_ª��rj_�¯'��uv_5�dm)k
b = (bi)i=0,...,d

�tzp_b�G�|svs¥_P�
mp[�_ ��L�ERH ��L�����L��
K������ERH �8rt¬

f
¶ £ _U�l_5��r|mp_�qji

V (f, [a, b])
§tmp[]_U�dx�^bq+_5z@rt¬Ékpuv�t�`�)[��|�]��_Gk�uv�`mp[]u=kLkp_Gwdx]_G����_

b
¿Ázp_G^ªr;�juv�]�"mp[]_

0
À�¶

Z[]_ª¬¹rtsvsvr;�u¥�]��mo[]_5r�zp_G^�§0�[]u=�)[�u=k����luvzp_P�.mb��r���kp_Gwdx]_5����_`r|¬�U_Pkp�G�|zpmp_GkGÒÉzox]s¥_�§0�ts¥svr;�k>x�k7mpr�q+rtx����
mp[�_B�dx�^bq+_5z�r|¬�zo_G�|sWzorjr|mokrt¬

f
rt�©mp[]_Buv�dmp_Gzp�;�|s

[a, b]
¿Fadmp_G�Z��¶ �ªrt¬0mo[]_Buvkprts=�;mou¥r��©�ts¥��rtzou¦mo[]^'ÀF!

6 � Ð�\�Ð �+*¹�+* Ð�, _�� ����� ��qR��E ���W�����
N

L�h � � ��� � LL�H��<L�h
f
L�E

(a, b)
� �<��L���E �P� � �0n

V (b)
��E � u.� qR��M��

N ≡ V (f, [a, b]) mod 2 s
Z[]_�kp�]s¥u¥m�mou¥����ajmp_5�K�]¶ �½u=k`q���k�_P�½rt� �l_ "&�tk�mp_Gs {��tx¾Ò k`�ts¥��rtzou¦mo[]^�§@�[]u=�)[D�]zorl��_5_P�]k`�tk"¬¹rtsvsvr;�kD$ Q|§L�t�'& !
b0
i = bi, i = 0, . . . , d,

�t���

br
i = (1 − t) br−1

i + t br−1
i+1 (t), 0 ≤ i ≤ d − r, 0 ≤ r ≤ d.

¿Y�tÀ
·³mº�|svsvr;�k"x�kªmpr½��r�^`�]xlmp_�mo[]_�zp_G�]zo_Gkp_5�dmo�|mpuvrt�½rt¬

f
¬¹rtz`mp[�_�mn�r®k�x�q]u¥�dmo_5zo�Ö�tsvk

[a, (1 − t)a + tb]
�t���

[(1 − t)a + tb, b]
¶ �U�|^`_Gs¥i�§

b− = (bi
0)i=0,...,d

¿Ázp_Pk��¾¶
b+ = (bd−i

i )i=0,...,d

À��|zo_>mp[]_"��rt�dmozpr�s¾��rj_�¯'��uv_5�dm)k
r|¬

f
r��

[a, (1 − t)a + tb]
¿Ázp_Pk��¾¶

[(1 − t)a + tb, b]
À�¶

Z[]_7r|mo[]_5z�k�mp_G��k��tzp_7k�uv^`u¥s=�|zmorªmp[]_badmox]zo^"±¸²U�tq]u=�)[�m�kprtsv�t_GzG¶

� ��� ���E��������� ��������� � �!� �2�X� �"�$#��2� �X�W�"�
£ _ ��zok�m�zo_G�5�ts¥s¾kprt^`_B�+rtsvij�]rt^`u=�|sWmpz)�|��kn¬¹r�zp^/�;mou¥r���k&zp_Gsv�|mp_P�'mor`mp[]_b´&_Gzp��k�mp_Gu¥��zo_5�]zo_Gkp_5�dmo�|mpuvrt� $ �t��&³¶L�¾_5m
R[x, y][d]

q+_©mp[]_�kp_�m`r|¬U[]r�^`rt�t_G�]_5r�x�k"��r�s¥ij�]r�^ªu=�|s=k"r|¬~�l_G�tzo_5_
d
u¥�

(x, y)
¶ Â�rtz`�|�ji

p ∈ R[x]d
§@&_

�l_G�]r|mo_bqji
p
mp[�_b[]r�^ªr��t_G�]uvko�;mou¥r���r|¬

p
uv�«�l_G�tzo_5_

d
¶7Â]rtz

λ 6= 0, µ ∈ R
§É��rt��k�u=�l_5zUmp[]_b¬¹rtsvs¥r;�uv�]�'^/�t��k

R2 → R2 !

% ρ : (x, y) 7→ (y, x)
§

% Hλ : (x, y) 7→ (λx, y)
§
H ′

λ : (x, y) 7→ (x, λy)
§

% Tµ : (x, y) 7→ (x − µy, y)
§
T ′

µ : (x, y) 7→ (x, y − µx)
¶

Z[]_Gu¥zT��r�^`��rdk�u¥mpuvrt���u¥mp[
p
u¥���]x���_uv�d��_5zpmpuvq]sv_@mpz)�|��kn¬¹r�zp^/�;mou¥r���k0rt��mo[]_k�_5m8rt¬�[]r�^ªr��t_G�]_5r�x�k¾�+rtsvij�]rt^`u=�|s=k

r|¬��l_G�tzo_5_
d
§0�[]uv�)[��5rtzozp_Pk��+rt���µmpr�mp[�_`¬¹rtsvs¥r;�uv�]��^/�|��kB�l_G�]r|mo_G�»�u¦mo[»mp[]_'ko�|^`_`���|^`_Y! ∀p ∈ R[x]d

§
ρ(p) = xdp(1/x)

§
Hλ(p) = p(λx)

§
H ′

λ(p) = p(λ−1x)
§
Tµ(p) = p(x−µ)

§
T ′

µ(p) = (1−µ x)dp( x
1−µ x

)
¶



� �5�<�J�F� ����� L����F�����JE����V�F� 
Y���F�	�P���

Â]r�z��|�ji'�+rtsvid��rt^`uv�tsY§
p(x) =

∑d
i=0 biB

i
d(x; a, b)

§]&_>[��Ö�t_

ρ ◦ T1 ◦ ρ ◦Hb−a ◦ T−a(p) =

d∑

i=0

(
d

i

)
bix

i.

Â]r�zU�|��r|mp[�_5zUuv�dmp_Gzp�;�|s
[c, d]

§
p(x) =

∑d
i=0 b′iB

i
d(x; c, d)

�|����mo[]_�^/�|���[�uv�)[�mozo�t��kn¬¹r�zp^/k ∑d
i=0

(
d
i

)
bix

i

mpr ∑d
i=0

(
d
i

)
b′ix

i
u=k

ρ ◦ T1 ◦ ρ ◦ Hd−c ◦ T−c ◦ Ta ◦ H 1
b−a

◦ ρ ◦ T−1 ◦ ρ = T ′
1 ◦ Hd−c ◦ Ta−c ◦ H 1

b−a

◦ T ′
−1

¿��dÀ

·³¬
[a, b] = [0, 1]

�t���
[c, d] = [0, 1

2 ]
§t^/�t��¿ ��À0q�_P��r�^ª_Pk�!

ρ◦T−1◦ρ◦H 1
2
◦ρ◦T1◦ρ

¶0��¬ mp_GzLk�uv^`�]svu����G�;mou¥r���k5§
&_>r�qlmo�tu¥�

∆− : p 7→ p(x +
y

2
,
y

2
) = p ◦ T−1 ◦ H ′

1
2

.
¿ OjÀ

e�x]s¥mpuv�]sviju¥�]�`mo[]_B�+rtsvid��rt^`uv�tsWqdi
2d
ijuv_5s=�]kmp[�_7¬¹rtsvs¥r;�uv�]�ª^`�t�

∆− : p 7→ p(2 x + y, y)
�[]u=�)[�rt�+_5z)�;mp_Pk

rt���+rtsvid��rt^`uv�tsvk�u¥mp[�uv�dmp_5��_5z��5rd_5¯'��uv_5�dmokG¶
·³¬

[a, b] = [0, 1]
�|���

[c, d] = [ 12 , 1]
§8^/�|� ¿���À7q�_P��r�^ª_Pk�!

ρ ◦ T−1 ◦ ρ ◦ H 1
2
◦ T− 1

2
◦ ρ ◦ T1 ◦ ρ

¶�·³m
��r�zpzo_Gkp�+rt���]k�mor"mo[]_7¬¹rtsvsvr;�u¥�]�ª^/�|��rt�©mp[�_B[]rt^`rt��_5�]_Grtx�k&�+rtsvij�]rt^`u=�|s=k�!

∆+ : p 7→ p(
x

2
,
x

2
+ y) = p ◦ T ′

−1 ◦ H 1
2
.

���d�|uv�¾§¾^"x]s¦mou¥��s¥ijuv�]��qdi
2d
iju¥_Gsv��k>mp[]_`^/�|�

∆+ : p 7→ p(x, x + 2 y)
�[�uv�)[»rt�+_5z)�;mo_Gk~rt�»��r�s¥ij�]r�^ªu=�|s=k

�u¥mp[�u¥�dmo_5�t_Gz���rj_�¯'�5u¥_G��m)k5¶
6 � Ð�\�Ð �+*¹�+* Ð�, _�_ f ��H

(bi)i=0,...,d ∈ Zd+1 ��� H�qG� � L+��
 ������E H�� L�h � jGL��on�E�L�� �����
p
�JE H?qR�DC	���FER��HI���JE

���'�F� �SL�E@H�qG� �JERHI���FM����
[a, b] r ��E � �U��H τ

���S� � L���E � L�E@H�qG���J� �F�#"+� s �MqG�=��L��kj��U��lY�JH�n L�h � L�� j ��H �JE%
 H�qG�C	���FER��HI���JE ��L��
K������ERH �SL�h
p
h�L�� H?qR��H9u.LZ�F�R���JERHI���FM���� �

[a, a+b
2 ] r [a+b

2 , b]
� �S� L���E �Y� � �/n ÕB(d(τ + d))��E ��H�qG���J���F�#"+�:� � ��L���E �P� �S�0n O (τ + d) s

6 � Ð¾Ð�x ¢ /Ukpu¥���bmo[]_>�]_�"&��knmo_5s {��|x©ko�)[]_G^ª_ª¿Y��ÀU¿¹¬¹rtz
t = 1

2

À.§j�_>�]zor;�t_�qji/uv���lx���mpuvrt�ºmp[��|m�mo[]_B��rj_�¯'��uv_5�dm)k

br
i =

(br−1

i
+b

r−1

i+1
)

2

�tzp_�r|¬~mp[]_�¬¹r�zp^ b
r

i

2i

§L�[�_5zo_
b
r

i ∈ Z
u=k`r|¬>kpuv°5_ ≤ τ + r

¶ý��_G�]x���uv�]�»mpr»mp[�_µkp�t^ª_
�l_G�]rt^`uv���;mortz

2d
§l&_Brtqlm)�|uv�©uv�dmp_5��_5z���rj_5¯/�5u¥_G�dmokr|¬Tkpu¥°G_ ≤ τ + d

¶
£ _7�]_5�]rtmp_7qji

τ ′ mp[�_�k�uv°5_7r|¬0mp[]_��5rj_�¯'��uv_5�dmok (
(

d
i

)
bi)i=0,...,d

�[�_5zo_
(bi)i=0,...,d

�tzp_~mp[�_���rj_�¯'��uv_5�dm)k
r|¬

f
uv��mp[]_�´&_Gzp��k�mp_Gu¥��q���k�u=k

(Bi
d(x; a, b))i=0,...,d

¶ ��rtmpu=��_>mp[��;m
τ ′ ≤ τ + d

¶
Â]r�z>�5rt^`�]xlmou¥���ºmo[]_ª�5rj_�¯'��uv_5�dmok>rt¬

f
rt�

[a, a+b
2 ]

�|���
[a+b

2 , b]
§É�_ª�|�]�]svi�mp[�_`ko�|^`_"rt�+_5z)�;mpuvrt��k~��k

�[]_G�/�_��5rt^`�]xlmo_mp[]_U�5rj_�¯'��uv_5�dmok@r|¬É�7��r�s¥ij�]r�^ªu=�|s]¬¹rtzTmo[]_�´&_5zo��knmo_5uv�`q��tkp_GkTr��
[0, 1

2 ]
�|���

[ 12 , 1]
§t�[]_G�

u¥m�uvk��u¥��_5��u¥��mp[�_�´�_Gzp��knmo_5uv�©q���k�u=krt�
[0, 1]

¶
���5�5rtz)�luv�]�µmor ¿�OdÀ5§��|���]s¥ijuv�]��mp[]_��l_ "&�tk�mp_Gs {��tx �ts¥��rtzou¦mo[]^ ��rtzozo_Gkp��r����]k$��zok�m`mpr»^bx]s¥mpuv�]svi½qji�mp[�_

q]uv�]rt^`u=�|s��5rd_5¯'��uv_5�dmokG§@mo[]_5� mpr�kp[]u¥¬ m
y → x + y

§�mp[�_5� mpr½ko�5�|sv_�rt�]_��;�|zouv�tq]sv_©rt¬Ump[�_�[]rt^`rt��_5�]_Grtx�k
�+rtsvid��rt^`uv�ts

p
qdi 1

2

§]�t��� �����ts¥svi/mpr/�luv�juv�]_Bqdi'mp[]_Bq]uv�]r�^ªu=�|s0��rj_�¯'��uv_5�dm)k��P¶
ajuv����_ªmo[]_'k�uv°5_/rt¬Lmo[]_/q]uv�]rt^`u=�|sL�5rd_5¯'��uv_5�dmok7u=k7q�r�x]���l_P�»qdi

d
¿ mo[]_5uvzbkpx]^¤u=k

2n
À�§¾mo[]_'��rdknmBr|¬&mp[�_

��z)knmBk�mp_5�«uvk>q+rtx]���]_G�µqji ÕB(d(τ + d))
¶�Z[�_ªkp[]u¥¬ m7zo_Gwdx]uvzo_Gk ÕB(dτ ′)

q]u¥m7rt�+_5z)�;mpuvrt��k $ �t�l§ÉZ[¾¶É��¶UQÖ�'&³¶
ajuv����_>mo[]_>kpuv°5_>r|¬�mo[]_Gkp_7��rj_�¯'��uv_5�dm)k�u=k&q�r�x]���l_P�ºqji O(τ + d)

§]ko�5�ts¥uv�]�ª�b�;�|zou=�|q]sv_~qji 1
2

�t���º�5rt^`�]xlmou¥���
mp[�_�w�x�r|mpuv_5�dm�qji'mo[]_Bq]uv�]rt^`u=�|s¾��rj_5¯/�5u¥_G�dmokzo_Gwdx]uvzp_Pk ÕB(d(τ + d))

q]u¦mp±Fr���_Gzo�|mpuvrt��kG¶
Z[]_Gzp_5¬¹rtzo_t§�mo[]_���rt^`�]sv_�¨lu¥mni4r|¬ª�5rt^`�]xlmou¥���Dmo[]_»´&_Gzp��k�mp_Gu¥� ��rj_�¯'�5u¥_G��m)k�r|¬

f
r�� mo[]_�k�x]q�u¥�dmp_Gzp�;�ts

[a, a+b
2 ]

uvk&q+rtx]���]_G�'qji ÕB(d(τ + d))
¶@´�i/kpij^ª^`_5mpzoit§ju¥�j��_5zpmpuv�]�Bmp[�_~r�zo�l_GzLrt¬Émp[]_7��rj_�¯'�5u¥_G��m)kLrt¬

f
§�&_

rtq]mo�|uv�©mp[]_�ko�|^`_7q�r�x]���©¬¹rtzmo[]_���rj_5¯/�5u¥_G�dmokr|¬
f
r��

[a+b
2 , b]

§��[]uv�)[�_5���]kmp[�_B�]zprjrt¬n¶
2

� �0Ú)ß�çÖänänåÖänådò|Õ ðlÙÉä�Ô;Þ 	�äTßFÚ�Þ)ÝPÝÖá âUÛYänÝ|ä�ÞoßFá â~ßFÔÖäT×YÔÖÕ ð¦ß¾Ú.ÝtänÛYÞoßFÕØÚ.ç
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� �! "�$#����&%'�)(+*,��-©�b�.*/�����  �� �8�����®�� / 7( ���0 ����7(0�5 �-

·¸�'mo[]u=k�k�_P�.mpuvrt��§d&_>q�r�x]���/mo[]_7�jx]^bq+_5zr|¬0q]u¦m�r���_Gzo�|mpuvrt��k@¬¹rtz&mp[]_7u=k�r�sv�|mo�tu¥r��/r|¬�zo_G�ts+zorjr|m)k5§dqjiºadmpx]zo^�Ò k
�|���©´&_5z)kp��mo_5uv�¾Ò k^ª_5mp[]rl�É¶ £ _���r���kpuv�l_Gz&mp[]_7mozp_G_7��kpkprl��u=�;mo_G�'�u¥mp[��ªzox]��r|¬�mo[]_�kpx]q+�]u¥�ju=k�uvrt���|sv�tr�zpu¥mp[]^
rt�½�µ��r�s¥ij�]r�^ªu=�|s

f
¶ !L�t�)[®�]rl�l_©zp_G�]zp_Pk�_G�dmokB�|��uv�dmp_Gzp�;�|sF¶�Z[]_ºzorjr|m�rt¬&mo[]_'mozp_G_'��r�zpzo_Gkp��r����]k7mor�mp[�_

uv�]u¦mouv�tsu¥�dmp_Gzp�;�ts
I0 = [a, b]

¶ !L���)[Duv�dmp_5zo�;�|s&�[]u=�)[ u=kª�]r|m/�«sv_G�Ö��_'r|¬~mp[]_©mpzo_5_�u=kªkp�]svu¦m/uv�dmpr�mn�r�[��|s¥¬
uv��mo_5zo�;�|s=k5¶LZ[�_��l_5�lmo[�r|¬T�`�]rl�l_�rt¬0mo[]_7mpzo_5_'¿Y�tkok�rl��u=�;mo_G�©�u¦mo[µ�|��uv��mo_5zo�;�|s

I
À&uvk

lg(|I0|/|I |)
¶L·³mUu=k��|s=kpr

mp[�_B�dx�^bq+_5z�r|¬Tkpx]q+�]u¥�ju=k�uvrt����_Gz�¬¹r�zp^`_P�'mor/rtq��|mpuv�ºmo[]_�k�x�q]u¥�dmo_5zo�Ö�ts
I
r|¬

I0
¶

�S��� �S�S�k�H��� �<���)� �<�2��� �E�������H��� �E�����X� � � ���

Z[]_µ�5rt^`�]xlm)�;mpuvrt� r|¬
fred

�G�|� q�_��lrt�]_�uv� ÕB(d2τ)
¿ÁZ[¾¶��;À�¶ ��rtmpu=��_�mp[��;m L (fred) = O(d + τ)

¶
£ _º�tkok�x�^ª_`mo[��;m

d = O(τ)
§Tmp[jx�k L (fred) = O(τ)

¶ �Ur|mpu=��_©�|s=k�r�mo[��;m"�|¬ mp_GzBmp[]u=kª��rt^`�]x]mo�;mou¥r��¾§0mp[]_
admox]zp^ª±¸²U�tq]uv�)[dmBk�_Pwdx]_5���5_

StHa(f)
uvk7�Ö�;�|uvsv�tq]sv_t¶ £ _/�lr��]r|mB�]_G_G��mo[]_/��r�^ª��s¥_5mp_/k�_Pwdx]_5���5_"q�xlm�rt�]svi

mp[�_7wdx]rtmpuv_5�dmq�rjr|mP§jmp[jx�k&mo[]uvk��5rt^`�]xlm)�;mou¥r��©�5�t�©q+_B�lrt��_~uv� ÕB(d2τ)
¿YZ[¾¶��|À�¶@²�r;&_5��_5zP§�&_~^/�Öi'�tsvkpr

�tkokpx]^`_mp[��|mLmp[�_U��r�^ª��s¥_5mp_Ukp_Gwdx]_G����_�u=k@�5rt^`�]xlmo_G�É§d�u¦mo[º��r�^`�]s¥_5¨lu¦mni ÕB(d3τ)
¿YZ[¾¶POjÀ.§jk�uv���5_�mp[]u=kLk�mp_G�

u=k�]r|m�mo[]_Bq�rtm�mos¥_G�]_G�)¼'rt¬0mo[]_��|sv�tr�zpu¥mp[�^�¶

�S�	� 
 � �2�b� �E� � �k�����X� � ����

Z[]_	"&�tx��)[ji�q�r�x]���`k�mo�;mo_Gk�mo[��;m@u¥¬
α
u=k@�>zp_P�|slzorjr|m@r|¬

f
mo[]_5� |α| ≤ B = 1+max

(∣∣∣ad−1

an

∣∣∣ , . . . ,
∣∣∣ a0

an

∣∣∣
)
≤

2τ ¶T8@�|zou¥r�x�kLx��]��_Gz�q�r�x]���]k��tzp_>¼j�]r;��'¬¹r�z&mp[]_B�|q�k�r�s¥xlmo_~�;�ts¥x]_7rt¬¾mp[]_Bzo_G�ts�zorjr|m)k	$ Qt§%O Q|§G�t�'&³¶@²�r;&_5��_5zP§�tkpij^`�lmprtmpu=�5�|svsvi`mp[]_Bq]u¥mUkpu¥°G_Br|¬8�ts¥s¾mp[]_7q+rtx]����k�uvk�mp[]_�ko�|^`_t§luF¶ _
B ≤ 2τ

¶

�S��� ���E����� �������
V (f, I)

�2� � � � �-���W�����������X�W�"� � � ���w� ���
£ _7��kpkpx]^`_>[]_5zo_Umo[��;m&mp[�_7�]_5�lmo[©rt¬

I
u¥�©mp[�_7kpx]qW�luv�du=kpu¥r��'mpzo_5_>u=k

h
¶TZ[jx�k�mp[]_Bkpu¥°G_~rt¬0u¥mok&_5���º�+rtuv�dmok&uvk

q+rtx]���]_G��qji
τ + h

¶
·¸� ajmpx]zo^�Ò k`^`_�mo[]rl�É§&�_���r�^ª��xlmp_

V (f, I)
x�k�uv�]� "�rtzP¶���qji�_G�Ö�ts¥x��;mpuv�]�

StHa(f)
r;�t_Gzbz)�;mou¥r����|s

�jx]^bq+_5z)k~r|¬@q]u¥m>kpu¥°G_"�|m~^`r�k�m
τ + h

¿Yaj_P�|¶¾�|À�§+�[�_5zo_
τ
u=k�mo[]_b^/�|¨juv^/�|s�k�uv°5_br|¬L��rj_5¯/�5u¥_G�dmok~r|¬

f
¶~Z[]_

��rdknm"r|¬�_5��_5zoi»kpx��)[½_G�;�|svx��;mou¥r���uvk ÕB(d2(τ + h))
¿ÁZ[¾¶@�tÀ.¶®Z[]_©kp�]svu¦mªrt�+_5z)�;mou¥r��¾§��[]uv�)[ ��rt��k�u=knm)k�uv�

��r�^`�]xlmpuv�]�ªmp[�_B^ªu=�]�lsv_Br|¬8mp[�_Bu¥�dmp_Gzp�;�ts
I
[��tk��`�5rt^`�]sv_�¨lu¦mniºu¥� OB(τ + h)

¶
·¸� ´&_Gzp��k�mp_Gu¥��Ò k"^`_�mp[�rj�¾§@�_���r�^`�]xlmp_

V (f, I)
qji���r�x]�dmpuv�]�«mo[]_��dx�^bq+_5zªr|¬~kpu¥��� �)[��t�]�t_Pk�rt¬�mp[]_

��r��dmpzorts��5rj_�¯'��uv_5�dmokLr|¬
f
uv�

I
¶8·³m�5�t�'q�_>�lrt��_Uuv� OB(d)

r���_Gzo�|mpuvrt��kG¶ £ _~�]_5�]rtmp_Uqji
τ̃
�Bq+rtx]���'rt�'mp[]_

kpu¥°G_�r|¬�mp[�_b��rj_�¯'�5u¥_G��m)k�rt¬
f
uv��mp[]_ª´&_5zo��knmo_5uv��q��tkpuvkUrt��mo[]_�uv��mo_5zo�;�|s

I0
¶�´&i©��zpr���rdk�u¥mpuvrt�2QPQt§+kpu¥����_B&_

�+_5zp¬¹rtzo^ª_P�
h
kpx]q+�]u¥�ju=k�uvrt�>¬¹zort^N��+rtsvij�]rt^`u=�|s|�u¥mp[��5rj_�¯'��uv_5�dmok�r|¬lk�uv°5_

τ̃
§Pmo[]_L��rj_5¯/�5u¥_G�dmokÉrt¬

f
rt�

I
�tzp_�rt¬

kpu¥°G_
˜tau+dh

�|���>mp[]_&��rt^`�]sv_�¨lu¥mni~rt¬lmp[]_&k���s¥u¥m�mou¥�]�~rt�+_5z)�;mou¥r��Buvk�u¥� ÕB(d(d(h+1)+τ̃)) = ÕB(d τ̃+d2h)
¶

·¸�/q+r|mp[º^ª_5mp[]rl�]kG§dmp[]_>knmo_5��k9�]¶ �;±¸�/�5�t�/q�_~��_Gz�¬¹r�zp^`_G�`uv� ÕB(d2(τ̃ +h))
§j�[]_5zo_

τ̃
u=k@_5u¥mp[�_5z@mo[]_~kpuv°5_

r|¬Tmo[]_`��rj_�¯'��uv_5�dm)k�r|¬
f
uv�µmo[]_b^`r��]rt^`u=�|s8q��tkpuvk"¿Yadmox]zo^�Ò k>^`_�mp[�rj��À�r�zUuv��mp[]_`´&_5zo��k�mp_5uv��q���k�u=kUr���mp[�_

uv��mo_5zo�;�|s
I0
¿Y´�_Gzp��knmo_5uv�¾Ò k^`_5mp[]rl��À�¶

�S� � �S�k� �k��� �-�W� �E� � ���)� �2� ��� � �W�����!�'� � � ���
·¸�/mo[]uvk&kp_G�.mou¥r��¾§d�_>�|���ts¥ilkp_mp[]_Umpr|m)�|s+�jx]^bq+_5z�r|¬�kpx]q+�]u¥�ju=k�uvrt��kG¶T� q+rtx]���/rt�`mo[]uvk&�jx]^"q�_GzL�tkL�]_5zou¥��_G�
uv� $ �P�l§|Z[¾¶;�l¶Ø�l§|�l¶ ��&³§Ö�[]_5zo_@uv�b��_G^�¶;�l¶à�&mo[]_��txlmp[�rtz)k�k�mo�;mo_P!��pZ[]_@mo[]_5r�zp_G^ ¿Y�l¶ ��ÀÉu¥^`�]svu¥_Pk¾mo[]_�lrt^`uv���|���5_
zo_5s=�;mpuvrt��k

hk � n log (nd)
�|���

h � n log (nd)
�[]u=�)[��5�t�µq+_ªx�k�_P�µuv���|�»�tkpij^ª�]mpr|mouv�ª�|���|svijkpu=kUrt¬@mp[]_

��sv�tr�zpu¥mp[�^ Q/�[]_G��mp[�_'zpuv�]�
S
rt¬&mo[]_©�5rj_�¯'��uv_5�dmok�uvk

Z � §��[]_Gzp_ k
u=kBmo[]_'�jx]^bq+_5z"r|¬�uv��mo_5zo���|sL�]rl�l_Gk

r|¬��l_G�lmp[
h
uv�®mp[�_'zp_P��x]z)kpu¥r��µmpzo_5_/rt¬mp[]_'kpx]qW�lu¥�ju=k�uvrt�½�ts¥��rtzou¦mo[]^¤q���k�_P�«r����U_Pkp�G�|zpmp_GkGÒ¾zox]sv_t§

n
u=k7mp[�_

�l_G�tzo_5_"�t���
d
u=kUmo[]_ !@x���svu=�l_G�t�µ�]rtzo^ r|¬Tmo[]_ª��r�s¥ij�]r�^ªu=�|sF¶7·¸�@$ �t�l§¾Z[¾¶¾��&F§É� O(dτ + d lg d)

q+rtx]���µu=k
�l_Gzpuv�t_P���t���É§�s=�;mo_5zBr��¾§ $ Q��&@��zpr;��_G��rt�lmou¥^/�|svu¥mniµx]���l_Gz7mp[]_/^`uvsv����kpkpx]^`�lmou¥r��«mo[��;m

τ = Ω(lg d)
¶ ( x]z

�|zo�tx�^ª_G�dmok8¬¹rtz@mp[]u=kTq+rtx]���¾§d�l_Gzpuv�t_P�`�;¬ mp_GzTmp[�_�zp_Pk�x]s¥mok@r|¬ $ ���'&F§j�|zo_��B��r�^bq]uv���;mou¥r��/�|�����;rtzTkpu¥^`�]svu��+�5�;mou¥r��
r|¬0mp[]_7�|zo�tx�^ª_G�dmok&u¥� $ �P�]§ QPQt§G�t�'&³¶ ( x]z&�]zprjrt¬�¿¹�]zort��¶ Q�O�À�u=k&kpuv^ª��s¥_Gz�mo[��|�©mp[�_>r��]_>u¥�?$UQ+�l§G�t��&Ékpuv����_>mp[�_
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[��t���lsvu¥�]�©r|¬Tmo[]_"kpx]qW�lu¥�ju=k�uvrt�µmpzo_5_"k�mpr���k>�;m>�t�µ_G�tzpsvuv_5z�sv_5��_5s��|����&_bx�k�_ªZ[¾¶ Q�¿Á��kUk�mo�;mo_G�«u¥�@$Ø�|��&��t���
$Ø���'&¹À&�u¦mo[]rtx]mU�|�ji'^`rl�lu��+�5�;mou¥r���kG¶
£ _��l_5�]rtmp_�qji I mo[]_bkp_�mUrt¬8uv�dmp_Gzp�;�|s=k�[]u=�)[µ�|zo_>mp[]_����|zo_5�dm�r|¬�mn�r`sv_G�Ö��_Gkuv��mp[]_�kpx]qW�lu¥�ju=k�uvrt��mozp_G_uv�®admox]zo^�Ò k`¿¹zo_Gkp�¾¶b´&_5zo��k�mp_Gu¥�¾Ò k)À�^`_�mo[]rl�É¶"´&iµ�5rt��k�mpzox��.mou¥r��¾§+¬¹rtz

I ∈ I § V (f, I) ≥ 2
q]xlm7¬¹rtz>mo[]_ªmn�r

kpx]q]uv��mo_5zo�;�|s=k
IL, IR

r|¬
I
§
V (f, IL)

�|���
V (f, IR)

�tzp_&u¥� {0, 1} ¿¹q+_G�5�tx�kp_�mo[]_Gkp_u¥�dmo_5zo�Ö�tsl�|zo_�sv_G�Ö��_Gk8r|¬�mp[]_kpx]q+�]u¥�ju=k�uvrt�/mozp_G_PÀ�¶�eµrtzo_5r;�t_GzG§|¬¹rtz@mo[]_Badmpx]zo^ k�r�s¥��_5zP§t&_U[��Ö��_
V (f, I) = 2

�t���
V (f, IL) = V (f, IR) =

1
¶
��rtmpu=��_"mp[��|m |I| u=k~sv_Gkok~mp[��t� V (f, I0)

§¾k�uv����_`�;m7_G���)[«kpx]q+�]u¥�ju=k�uvrt�«mp[]_`k�x�^ r|¬@mo[]_`�Ö�tzpu=�;mou¥r���k�rt¬
frt���ts¥sTmo[]_'uv�dmp_5zo�;�|s=kB�5�t�]�]r|m�uv���5zp_P�tkp_t§É¬¹r�z�q�rtmp[�^`_�mo[]rl�]k'¿Yk�_G_ $ �RQ|§8�t�'&@¬¹rtz"´�_Gzokp�dmp_Gu¥�¾Ò k7^`_�mo[]rl��À.¶�·¸�

���tz�mouv�5x]sv�tzG§j&_7[��Ö�t_ |I| ≤ d
¶

6 � Ð�\�Ð �+*¹�+* Ð�, _ � f ��H
I ∈ I s �MqG��E r H�qG��������lP� �FHTH9u.L ��� �FH �JE ��HkiI��L�� j �U�-l0m � LL�H�� αI 6= βI

L�h
f
�F�R��qSH�qG��H

|αI − βI | < 2|I | s
6 � Ð¾Ð�x ¢ "�r���k�u=�l_Gz>�t�µu¥�dmo_5zo�Ö�ts

I ∈ I �[�uv�)[«�5rt�dmo�tu¥��k�mn&r'sv_G�Ö�t_Pk IL, IR

rt¬Tmp[]_`kpx]q+�]u¥�ju=k�uvrt��mozp_G_t¶ £ _
[��Ö��_Umo[]_7¬¹rtsvs¥r;�uv�]�`�+r�kok�uvq]uvs¥u¥mpuv_Gk&¬¹r�zmp[]_�kpu¥���©�;�tzpu=�;mou¥r��©rt¬

f
r���mp[]_7mn&rªkpx]q]uv�dmp_Gzp�;�|s=k

IL, IR

!

% (1, 1)
!W¬¹r�z�q+r|mo[�^`_�mp[�rj��k5§Pmp[�_5zo_L�|zo_�mn�r~�luvk�mpuv����m0zo_G�|s�zprjrtmok

α ∈ IL, β ∈ IR

u¥�
I
�|��� |α−β| ≤ |I | ¶Z[]uvku=kmo[]_7rt�]svi©�G�tkp_t§j�[]u=�)[��G�|��[��|����_G��uv��mp[]_bajmpx]zo^ ^`_�mo[]rl�É¶

% (0, 0)
!�mp[]u=k�^`�Öiª[��t�]��_G�'rt��s¥i"¬¹rtzLmp[]_>´�_Gzp��knmo_5uv�/^ª_5mp[]rl�É¶@ajuv���5_�mp[�_~kpu¥���/�Ö�tzpu=�;mou¥r��/r|¬

V (f, I) ≥
2
§jqji/mp[]_ ��zok�m���uvzo�5s¥_~mp[]_Grtzo_5^ $Ø�|�]§ Qt§�����&F§lmo[]_5zo_7_�¨lu=knmmn&rª�5rt^`�]sv_�¨©�5rt�;{nx]�d�;mo_~zorjr|mok

β, β
u¥��mp[�_

�luvko�
D(m(I), |I|

2 )
¶@Z[]_Gzp_5¬¹rtzo_ |β − β| ≤ |I | ¶

% (1, 0)
r�z

(0, 1)
!mp[�uvk>^/�Öi��|s=k�r©[��|�]�+_5��rt�]svi�¬¹rtz~mp[]_`´&_5zo��k�mp_5uv�µ^`_�mo[]rl�É¶�Z[]_G�¾§Wmp[]_Gzp_"uvk7�ºzp_P�|s

zprjr|m
α
u¥�

I
¶µajuv����_

V (f, I) ≥ 2
§�qjiµmp[�_©kp_G��r����®��uvzo�5s¥_`mo[]_5r�zp_G^ $à�|�l§9Qt§8�P�'&³§0mo[]_5zo_/_�¨lu=knm)kBmn&r

��rt^`�]sv_�¨���r��;{nx]���|mp_�zorjr|m)k
β, β

uv��mo[]_Bmp[�_bx]�]uvrt��rt¬�mp[]_b�]uvko�5k
D(m(I) ± 1

2
√

3
i|I |, 1√

3
|I |) §+�[]u=�)[uvk��5rt�dmo�tu¥�]_P�ºuv���`�luvko�>r|¬T�lu=�|^`_�mo_5z

2 |I | ¶TZ[]_5zo_�¬¹r�zp_ |β − α| < 2|I | ¶
Z[jx�k&mp[�_B�]zpr���rdk�u¥mpuvrt��[]r�sv�]kG¶

2·¸���t�]�]u¦mou¥r��¾§l�_B�G�|���]zor;�t_�mo[]_7¬¹rtsvsvr;�u¥�]�`zo_Gkpx]s¥mG¶
�LÌ � �D  _ � f ��H {αI , βI} ∩ {αI′ , βI′} 6= ∅ r H�qG��E I ∩ I ′ 6= ∅ s
6 � Ð¾Ð�x ¢ Â]r�zmp[]_bajmpx]zo^1^`_�mo[]rl�É§lmo[]uvk��]zpr���_Gz�mni/u=k��5s¥_P�|z�k�uv���5_

αI , βI ∈ I
¶

�¾_5m�x�kU�5rt��kpu=�l_5z�mo[]_b´&_5zo��k�mp_Gu¥��kpx]q+�]u¥�ju=k�uvrt��^`_�mo[]rl�É¶ £ u¦mo[]rtxlm>s¥rdkpk�r|¬T�t_G�]_5z)�|svu¦mni�§l�_"�5�|����kpkpx]^`_
uv�©mo[]_B�]zorjr|¬�mo[��;m

I 6= I ′
§ |I ′| ≤ |I | §��|���©mo[��;m I ≤ I ′ ¶£ _"kpx]�]�+r�kp_�mp[��;m

I ∩ I ′ = ∅ ¶>Z[]_5�«kpuv����_bmp[]_"u¥�dmp_Gzp�;�tsvk~�|zo_�rtqlm)�|uv�]_G�µqdi�q]uv���tzpi�k�x�q+�luv�juvkpuvrt�¾§+�_�5�t�'�tkok�x�^ª_mo[��;mLmp[]_U�]uvk�mo�t����_�q+_�mn&_5_G�
I
�t���

I ′
uvk��;mLsv_G��knm |I ′| ¶�Z[]_5�'qjiªkp�G�|svu¥�]���t���ªmpz)�|��k�s=�;mou¥r��¾§|&_�5�t����kpkpx]^`_~mp[��|m&mo[]_Bzou¥��[�m_5���l��r�u¥�dm�rt¬

I
u=k

0
§jmp[��|m

I ′ = [1 + u, 2 + u]
§
(u ≥ 0)

¶@Z[�_5�¾§jmo[]_7mo�t�]�t_G��m)k
mpr"mp[�_~s=�|zo�t_GzL��uvzo�5s¥_Pk��5rt�dmo�tu¥��u¥�]�

I
�|���`mo[]_>zprjr|m)k

αI , βI

�|m
(0, 0)

�|zo_ √
3

2 x± y
2 = 0

¶ £ _7�l_5��r|mp_~qji
RImp[�_Bx]�]uvrt��r|¬0mp[]_��5rtzozp_Pk��+rt���]u¥�]�`�lu=kp�Gk5§]kprªmp[��|m

αI , βI ∈ RI

¶
Z[]_7��_G��mo_5zr|¬0mp[]_B�lu=ko�5k&�[]r�kp_>x]�]uvrt�

RI′

�5rt�dmo�tu¥��kLmo[]_7zprjrtmok
αI′ , βI′

�|zo_
( 3
2 + u,±

√
3

6 )
�|���'mp[]_Gu¥z

z)�t�luvx�k √
3

3

¶@���]u¥zo_G��m��5rt^`�]xlm)�;mou¥r���rt¬�mo[]_��lu=knm)�|���5_>q+_�mn&_5_G��mp[]_Pk�_B��_G�dmp_5z)k��|���'mo[]_7mn�rªm)�|�]��_5�dm�s¥uv�]_Gk
kp[]r;�k�mp[��|m

RI ∩ RI′ = ∅ ¶."�r���k�_Pwdx]_5�dmpsvit§lu¥¬ I ∩ I ′ = ∅ §]mp[]_G��&_7[��Ö�t_ {αI , βI} ∩ {αI′ , βI′} = ∅ ¶ 2�¾_5m�x�k7�jx]^bq+_5z7mo[]_/uv��mo_5zo�;�|s=k7r|¬ I qjiµuv����zo_G��k�uv�]��rtz)�l_5zB�t�����]_5�]rtmp_/qji I ′ mo[]_'kpx]q�kp_�mB�u¦mo[��|�®_5��_5�uv���l_�¨��|���©qji I ′′ mo[]_�kpx]q�kp_�m��u¥mp[��|��rl�]��u¥���]_�¨É¶L´&i'sv_5^`^/�DQ+�l§lmo[]_B���|uvz)k {αI , βI}
¬¹r�z

I ∈ I ′ ¿Ázp_Pk��¾¶
I ′′ À�|zo_>�]uvkÁ{nrtuv�dmG¶@Z[jx�kG§lqdi�Z[¾¶VQ/¿¹_5¨]�)[��|�]��u¥���bmo[]_Bzpr�s¥_>r|¬ αI

�|���
βI

u¦¬��]_G�5_Gkokp�tzpi]À�§d&_7[��Ö�t_
∏

I∈J
|αI − βI | ≥ M(f)−d+1d−

d

2
−|J |√3

|J |
,

¿Y��À

¬¹rtz J = I ′ r�z J = I ′′ ¶@Z[]u=k�uvk&mo[]_B¼t_Gi'uv�]�tzo_G�luv_5�dm�r|¬8mp[�_~¬¹r�s¥svr;�uv�]�`zp_Pk�x]s¥m!
6 � Ð�\�Ð �+*¹�+* Ð�, _�� ��qR� ER����� ���

N
L�hB�F�R� ���JM+� �F��L�ER�:�JE?��L�H�qZ����H�qGL �'��� ���JE O (dτ + d lg d) .
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������������������������� QYQ

6 � Ð¾Ð�x ¢ Z[]_��jx]^bq+_5z
N
r|¬~kpx]qW�luv�du=kpu¥r���k�_Pw�x��|s=k�mo[]_º�jx]^"q�_Gz"rt¬�u¥�dmp_Gzp���|sL��rj�]_Gk"u¥�Dmp[]_�k�x]qW�luv�juvkpu¥r��

mpzo_5_�¶T·³m�uvk�sv_Gkok&mp[��|��mp[]_�kpx]^ rt¬0mo[]_��l_G�lmp[�r|¬
I
§]¬¹rtz

I ∈ I !

N ≤ ∑
I∈I lg |b−a|

|I|
≤ |I| lg |b − a| − ∑

I∈I lg |I |
≤ |I| lg |b − a| + |I| − ∑

I∈I lg |αI − βI | Prop.
QÖ�

´&i ¿F�tÀ>&_/[��Ö�t_�§ −∑
I∈I′ lg |αI − βI | ≤ (d − 1) lg(M(f)) + ( d

2 + |I ′|) lg d − |I ′| lg
√

3.
� k�uv^`u¥s=�|z

q+rtx]�����t�]�]svu¥_Pk&¬¹rtz I ′′ ¶�Uk
a = −2τ , b = 2τ

¿Áqji<"&�|x��)[ji�q+rtx�����À��|���
lgM(f) ≤ τ + 1

2 lg (d + 1)
¿ !Lw+¶RQPÀ��|��� |I ′|+ |I ′′| =

|I| ≤ d
§lmo[]_B�jx]^bq+_5z�rt¬8uv�dmp_5zo���tsÉ�]rl�l_Gk

N
u¥��mo[]_�k�x�q+�luv�juvkpuvrt��mpzo_5_7u=kq�r�x]���l_P�©qji

N < |I| + |I| lg |b − a| − ∑
I∈I lg |αI − βI |

≤ d + d(τ + 1) + (d − 1)(2τ + lg(d + 1)) + 2d lg d
= O (dτ + d lg d) .

2

	ºÌ �½ ]�+7 _ � �MqG�:��L�EG�FH ��ERHT�JE H�q%� ��� L���E ��L�E H?qR�BER���������BL�h����R� ���JM� �F��L�ER������E � � ���JM+�	�P� �S�0n
2 r �JE H�qG�� H ���F� ����H?qRL � r �0n � L�EG�F�	�P���F�JE�
 �JE H ���FM'��� �DL�h H?qR�kh�L��F� [a, b[⊂ R r ��E � �0n ��jXj��on��JE%
����J������H �Ln �Mq s � HIL

αI , βI

h�L��
I ∈ I s

�S�	� �{� ����� ���������������F� �!�'� � � � �
·¸��rtz)�l_5zmor'��r�^ª��xlmp_7mo[]_�^bx�s¦mou¥�]svu=��u¥mpuv_Gk�&_���r�^`�]xlmp_7mo[]_�kow�x��|zo_�±F¬¹zp_G_~¬Á���.mortzou¥°P�;mpuvrt��§duF¶ _b�/k�_Pwdx]_5���5_7r|¬
kow�x��|zo_�±F¬¹zp_G_~��r��]zou¥^`_7��r�s¥ij�]r�^`uv�tsvk

(g1, g2, . . . , gm)
�u¥mp[

f = g1g
2
2 · · · gm

m

�|���
gm 6= 1

¶TZ[]_B�|sv�trtzou¥mp[]^
r|¬�c@x]�D$ �t��&���rt^`�]x]mp_Gk0mo[]_&kowdx��|zo_@¬¹zo_5_�¬Á�t��mpr�zpuv°G�|mpuvrt��uv� ÕB(d2τ)

¶8Z0r>q�_^`rtzo_�kp��_P��u�����mp[]_��rdknm�u=k�mn�u=��_
mp[�_ª�5r�k�m~r|¬Tmo[]_`��rt^`�]x]mo�;mou¥r��µr|¬

StHa(f, f
′

)
$ QÖ�+&F¶Be�r�zp_Gr;�t_5z

deg(gi) = δi ≤ d
�t��� L (gi) = O(dτ)qjiºe�uv�t�]rtm�mo_tÒ kq�r�x]���?$ �d�&³§]�[]_5zo_

1 ≤ i ≤ m
¶

�&m@_5��_5zoibu=k�r�sv�|mpuv�]�7u¥�dmo_5zo�Ö�tsY§�rt�]_��t���`rt��s¥i"rt�]_
gi

^"x�k�m@[��Ö�t_�r��]��rdk�u¥mp_�kpuv�t��k@�|m@u¦m)k@_G���l�+rtuv��m)k5§dk�uv���5_
gi

�tzp_�kowdx��|zo_>¬¹zp_G_b�|�������|uvzp�u=k�_B�5rt�]zou¥^`_�¶�·³¬
gi

�)[��t�]�t_Pk�kpu¥�����|m~�|��uv�dmp_5zo�;�|sÉmo[]_5�µmp[]_�^"x]s¥mpuv�]s¥u=��u¥mni�r|¬
mp[�_ªzo_G�ts0zorjr|m~mp[��|m>mo[]_ªu¥�dmp_Gzp�;�ts��5rt�dmo�tu¥��kUu=k

i
¶$!L�t�)[

gi

�G�|�µq+_`_5�;�|svx��|mp_G�«r;�t_Gz~�|��uvkprts=�;mou¥���º�+rtuv��mBuv�
ÕB(δ2

i dτ)
§�x�k�uv�]�`²�r�zp�]_GzGÒ k&zpx�s¥_�¶ £ _B�5�t�©_G�Ö�ts¥x��;mp_>u¥mr;��_5z�|svsWmp[]_7u=k�r�sv�|mpuv�]�b�+rtuv�dmokB¿¹mp[]_Gzp_B�|zo_7�;m^ªrdknm

d + 1
À�§lu¥� ÕB(δid

2τ)
$ �t�]§GORQF&³¶Lajuv����_ ∑m

i=1 δi ≤ d
mp[�_Br;�t_5z)�|svsW��r�k�m�uvk ÕB(d3τ)

¶

�S��� ���E��������� ��������� ���)��� � � �2� �-� �����H��� �E�
·¸��mp[]u=k�kp_G��mpuvrt�¾§l&_7�u¥svs¾�]zor;�t_~mp[��|mmp[]_7mn&r/k�x]qW�luv�juvkpu¥r���k�r�s¥��_5z)kL[���k��ªq]u¦mU�5rt^`�]sv_�¨lu¥mni ÕB(d4τ2)

!
]N^ ÌjÐ � Ì �`_ � f ��H

f ∈ Z[X ] r uT�JH�q deg(f) = d
��E � L (f) = τ r E�L�H5E�������� �����F�J�on��0p��R����� �oh������ s  � ����E� ��L��U��H � H?qR�=�������5��LL�H��ZL�h

f
��E ���Y��HI���F� �JE �=H?qR���J�D� ���NH � j�� �����JH ���F�Z�%�F�JE�
�� H ���F� L�� C����FEG�FHI���JE �W��H�qGL �'�

ÕB(d4τ (τ+d)) s � L�����L�M���� r H�qG�B��E ��jRL��JE H��BL�h	H?qR��� ��L��U��H �JE�
W�JE H ���FM���� �SqR��M��:���JH �F�#"+����L���E �P� �W�/n O(d τ) s
6 � Ð¾Ð�x ¢ ·¸�®rtz)�l_Gz>u=kprts=�;mp_ªmo[]_/zp_P�|sTzorjr|mok7rt¬���+rtsvij�]rt^`u=�|s

f
§�&_���z)knm��5rt^`�]xlmo_`mp[]_ºkowdx��|zo_"¬¹zp_G_/���|zpm

r|¬
f
¿Ák�mp_5� QPÀ�¶7Z[�uvk>�5�t�«q+_ª�lr��]_buv� ÕB(d2τ)

�tzpu¥mp[]^`_5mpu=��rt�+_5z)�;mou¥r���kU�t���µijuv_5s=�]k>�º�+rtsvij�]rt^`u=�|s
fred

§
�[]u=�)[��5rj_�¯'��uv_5�dmok��tzp_7rt¬8kpu¥°G_>q+rtx����l_G��qji O(d + τ)

¿Ákp_5_Bkp_G�.mou¥r����l¶ QGÀ.¶�Z[]uvk�k�mp_G��uvk�]rtm��]_G�5_Gkokp�tzpi/uv�
admox]zp^�Ò k�^`_�mo[]rl�É¶

Z[]_G�¾§�uv�»mp[]_ºadmox]zo^�Ò kB^`_�mo[]rl�É§8�_`[��Ö��_"morµ��r�^ª��xlmp_`mo[]_ºadmpx�zp^ª±¸²U�|q�uv�)[dm�k�_Pwdx]_5���5_`r|¬
f
§��[]u=�)[

��rdknm)k ÕB(d3τ)
¿ÁZ[¾¶&�|À.¶

·¸�½mo[]_µ´&_5zo��k�mp_5uv�¾Ò kª^ª_5mp[]rl�É§��_��5rt�j�t_Gz�m
fred

mpr»mp[]_�´&_5zo��k�mp_Gu¥� q��tkpuvkªrt¬
[a, b]

¿Á�u¦mo[
a = −2τ

§
b = 2τ

À.¶½Z[�uvk`�5�t�½q+_��]rt�]_�u¥� O(d2)
�|zou¦mo[]^`_�mpu=�©rt�+_5z)�;mpuvrt��k"�t����u¥m`��zprl�lx��5_Gkª��rj_�¯'�5u¥_G��m)kbrt¬~kpu¥°G_

O(dτ + d2)
¶@Z[jx�k&mp[]_��5r�k�m�r|¬8mp[]u=k&mpz)�|��k�¬¹rtzo^/�;mou¥r��ºu=k�q�r�x]���l_P� ÕB(d3(d + τ))

¶
·¸��q�rtmp[��5��k�_�§l�_7[��Ö��_

τ̃ = O(d τ + d2)
¿Ákp_5_�kp_G�.mou¥r����]¶ ��À.¶

Z[]_G��&_�zox]��mp[]_b^`�tu¥��svrjrt��r|¬�mo[]_bkpx]q+�]u¥�ju=k�uvrt�µ�ts¥��rtzou¦mo[]^�¶�Z[]_b�5r�k�m�r|¬@�/kpx]q+�]u¥�ju=k�uvrt�µ�|mU�/s¥_G�t_Gs
h
uv�ºmo[]u=k�k�x�q+�luv�juvkpuvrt��mpzo_5_7u=ku¥� ÕB(d2(d τ + d2 + h))

¿Ákp_G��mpuvrt���l¶ �tÀ.¶



QP� �5�<�J�F� ����� L����F�����JE����V�F� 
Y���F�	�P���

y@zort�¾¶ QO]§Émp[�_ª�jx]^"q�_Gz7r|¬&kpx]qW�luv�du=kpu¥r���k7�|���«mp[]_/�l_G�lmp[
h
r|¬�|�ji��]rl�l_ªr|¬�mp[]_/kpx]q+�]u¥�ju=k�uvrt��mpzo_5_ªuvk

Õ(d τ)
¶&Z[]_5zo_�¬¹r�zp_�§dmp[]_Br;��_5z)�|svs+�5rt^`�]sv_�¨lu¦mniºr|¬�q�rtmp[�k�x�q+�luv�juvkpuvrt��k�r�s¥��_5z)k�u=k ÕB(d4 τ(τ + d))

¶
2

� �����������5
���©��������-`�����»��8�

Z[]_&zp_P�|sj�|sv�t_Gq]zo�tuv�L�jx]^bq+_5z)k5§ÖuF¶ _�¶�mo[]r�kp_&zp_P�|sd�dx�^bq+_5z)k�mo[��;mTko�;mpu=k�¬¹i��U�+rtsvij�]rt^`u=�|sd_Gwdx��;mou¥r����u¥mp[ªu¥�dmp_G�t_Gz
��rj_5¯/�5u¥_G�dmokG§j¬¹rtzo^1�ªzp_P�|sÉ��svr�kp_G����_5s=���l_5��r|mp_P�ºqji

Ralg = Q
¶@Â�zpr�^1�|svsÉuv��mo_5��_5z��r�s¥ij�]r�^`uv�tsvk&mo[��;m�[��Ö��_

�|���|sv�t_Gq]zo�tuv���dx�^bq+_5z
α
�tk�zprjr|mP§tmo[]_7rt�]_~�u¦mo[ºmo[]_>^ªuv�]uv^bx]^ �]_5�tzo_5_~uvk�G�|svs¥_P� �<�JER�J�����à¶@Z[]_>^`u¥��u¥^/�|s

�+rtsvid��rt^`uv�tsLu=k�x]��uvwdx]_�§T�]zpuv^`u¦mou¥��_º�|���®u¥zozp_P�lx��5u¥q]sv_ $ ORQF&³¶�ajuv���5_º&_'x�kp_©admpx�zp^ª±¸²U�|q�uv�)[dm"kp_Gwdx]_G����_Pk5§�u¥m
kpxl¯'��_GkLmprª�l_G�tsW�u¦mo[©�|sv�t_Gq]z)�|u=��dx�^bq+_5z)k5§l�tkLzprjrtmok�r|¬��|�ji/kow�x��|zo_�±F¬¹zp_G_���r�s¥ij�]r�^ªu=�|sW�|���/�]r|m��tk�zordrtmokLr|¬
mp[�_5uvz�^ªuv�]uv^/�|sWrt�]_Pk5¶�·¸��rtz)�l_5z�mpr`zo_5�]zo_Gkp_5�dm�bzo_G�tsW�ts¥��_5q]z)�|u=���jx]^"q�_Gz��_7�)[]rjr�kp_�mo[]_W� ��L��U��H �JE�
S�JERHI���FM'���
����j���������E H ��H ��L�E�¶
c ÌX� , *¹�* Ð , _ � ��qR� � ��L�� ��H �JE�
��I�JERHI���FM����X� ��j ���F����ERHI��H ��L�E L�hZ�������X��� 
Y�+��� ����� ER���������

α ∈ Ralg

� �
α ∼=

(P (X), I) r uwqG����� P (X) ∈ Z[X ]
� �W�0p��R����� �oh������S��E �

P (α) = 0 r I = [a, b] r a, b,∈ Q
��E �

P
qG����E�L

L�H�qG������L+L�H5�JE
I s

/Ukpuv�]�ºmo[]_`zp_Pk�x�s¦m)k~rt¬&aj_P�|¶V���|��� O©&_ª�G�|�»��rt^`�]x]mp_ªmp[]_ªu=k�r�sv�|mpuv�]�©uv�dmp_Gzp�;�|s�zo_5�]zo_Gkp_5�dm)�;mpuvrt��rt¬&�ts¥s8mp[�_
zo_G�|sÉzorjr|m)k��`��r�s¥ij�]r�^`uv�ts

f
§]�u¦mo[

deg(f) = d
�|��� L (f) = τ

§�uv� ÕB(d4τ2)
�|���©mo[]_�_5���l��r�u¥�dm)k�r|¬�mp[�_

u=k�r�sv�|mpuv�]�"uv�dmp_Gzp�;�|s=k[��Ö��_>q�u¦mUkpu¥°G_ O(dτ)
¶

� Ð � \  l��*Y� Ð�,   , Ñ �+*�� ,	Ì d] �' �8 l�* Ð ,9- £ _»�G�|� x�k�_�admpx�zp^ª±¸²U�|q�uv�)[dm�kp_Gwdx]_G����_Pkºuv� r�zo�]_5z'mor �����
mp[�_ªkpu¥���µr|¬&�'x]�]uv�;�|zouv�|mp_ª��r�s¥ij�]r�^`uv�tsY§+_5�;�|svx��|mp_G�«r;�t_Gz~�'zo_G�ts8�ts¥��_5q]z)�|u=�B�jx]^"q�_Gz>�t����mor©��r�^`���|zo_�mn&r
�|sv�t_Gq]z)�|u=�U�jx]^"q�_GzokG¶ £ _Buv^`�]zpr;��_~_5¨luvk�mpuv�]�`q�r�x]���]k�qdiºrt�]_>¬Á�t��mpr�zG¶
� Ð � Ð ' 'Y l� Í _�� f ��H

Q(X) ∈ Z[X ] r uwqG����� deg(Q) = d
��E � L (Q) = τ r ��E �=�S� � ��� ��� 
Y�+���������WE ���W�����

α ∼= (P, [a, b]) s  � � ��E?��L��kj���HI� sign(Q(α))
�JE ÕB(d3τ) s

6 � Ð¾Ð�x ¢ ´�iªZ[¾¶���§
sign(Q(α)) = sign(WP,Q[a, b] ·P ′

(α))
¶@Z[jx�kT&_��]_G_G�"mprB�+_5zp¬¹rtzo^ mn&rB_5�;�ts¥x��|mpuvrt��k

r|¬
StHa(P, Q)

r;�t_Gz�mo[]_�_5���]��r�u¥�dmok@r|¬�mo[]_�u=k�r�sv�|mpuv�]�~uv�dmp_Gzp�;�|slrt¬
α
¶TZ[]_���rt^`�]sv_�¨lu¥mni�r|¬+_G���)["u=k ÕB(d3τ)¿ÁZ[�¶���À.§]�[]u=�)[�uvk��tsvkprªmp[]_��5rt^`�]sv_�¨lu¥mni'r|¬0mp[]_Br���_Gzo�|mpuvrt�¾¶

2

� Ð � Ð ' 'Y l� Í _ �  � ����E2��L��kjG����� H�u.L ������� ��� 
����������� E ���W�������B�JE � ��L��U��H �JE%
S�JE H ���FM����#� ��j ���F����ERHI��H ��L�E �JE
ÕB(d3τ) s
6 � Ð¾Ð�x ¢ �¾_5m`mn�r��|sv�t_Gq]z)�|u=�º�jx]^"q�_Gzok

γ1
∼= (P1(x), I1)

�|���
γ2

∼= (P2(x), I2)
�[]_Gzp_

I1 = [a1, b1]
§

I2 = [a2, b2]
¶>�¾_5m

J = I1 ∩ I2
¶ £ []_G�

J = ∅ §�r�zUr��]s¥i�rt��_br|¬ γ1
�|���

γ2
q+_5svrt�]�ºmpr

J
§+&_"�5�t��_G��k�uvs¥i

rtz)�l_Gz�mp[]_ª�`�|sv�t_5q�zo�tuv�7�jx]^"q�_GzokG¶�·³¬
γ1, γ2 ∈ J

§]mo[]_5�
γ1 ≥ γ2 ⇔ P2(γ1) · P

′

2(γ2) ≥ 0
¶ £ _�rtqlm)�|uv��mp[]_

kpu¥���©rt¬
P

′

2(γ2)
§�x�k�uv�]�/�¾_G^�¶ QG�l§lmo[jx�kmp[�_���rt^`�]sv_�¨lu¥mni'r|¬���r�^ª���|zouvkprt�©uvk ÕB(d3τ)

¶
2

[#* � ��'Á�G  ,8ÌjÐ �8�W* ,8Ì�� �8 �' *¹�* Ì � -U��_�m
P
§
A1, . . . , An1

§
B1, . . . , Bn2

§
C1, . . . , Cn3

∈ Z[X ]
§+�u¦mo[µ�l_5��zp_G_

q+rtx]���]_G��qji
d
�|������rj_5¯/�5u¥_G�dm�q]u¦m>k�uv°5_Bq+rtx]���l_G��qji

τ
¶ £ _��uvkp[�mpr'�5rt^`�]xlmo_Bmp[]_b�dx�^bq+_5z�rt¬��t����mp[]_

zo_G�|sWzorjr|mokG§
γ
§lr|¬

P
k�x��)[©mp[��;m

Ai(γ) > 0
§
Bj(γ) < 0

�|���
Ck(γ) = 0

�t���
1 ≤ i ≤ n1, 1 ≤ j ≤ n2, 1 ≤

k ≤ n3
¶@�¾_5m

n = n1 + n2 + n3
¶

� Ð � Ð ' 'Y l� Í � � �MqR�����<� � ��E2��� 
�L��F�JH�q%� H�qG��H9��L��NM'��� H�qG� j�� LP���U��� L�h��F�J�<���NH ��E���L��%���JE ��p��R��� �JH ����� i � $ m �JE
ÕB(d4τ max{n, τ}) s
6 � Ð¾Ð�x ¢ Â8uvzok�m0&_��5rt^`�]xlmo_Lmo[]_&uvkprts=�;mou¥�]�Uu¥�dmp_Gzp�;�ts�zo_5�]zo_Gkp_5�dm)�;mpuvrt�Brt¬��|svstmo[]_&zp_P�|sdzprjr|m)k¾rt¬

P
u¥� ÕB(d4τ2)¿ÁZ[�¶�QG�tÀ�¶�Z[�_5zo_&�tzp_�;mT^`r�k�m

d
¶TÂ]r�z8_G�t_Gzpi7zo_G�|sjzorjr|m

γ
rt¬

P
§;¬¹r�z�_5�t_GzpiB�+rtsvij�]rt^`u=�|s

Ai

§
Bj

§
Ck

�_���r�^ª±
�]xlmo_Umo[]_

sign (Ai(γ))
§
sign (Bj(γ))

�|���
sign (Ck(γ))

¶Lalu¥���º�l_�mo_5zo^`u¥���|mpuvrt����r�k�mok ÕB(d3τ)
¿Á��_5^�¶ QG��À

�|���`u¥�/mo[]_�&rtz)knmL�G�tkp_�&_�^bx�k�m��5rt^`�]xlmo_
n
r|¬Wmp[�_5^�¶TZ[dx�kTmp[�_Ur;�t_Gzo�ts¥s]�5r�k�mLu=k ÕB(max{nd4τ, d4τ2}) ¶

2Z[]u=k�uv^ª��zpr;��_GkLmp[]_B¼j�]r;���q�r�x]���]k�qdiºrt�]_7rtzmn&rª¬Á�t��mprtz)k&u¥��mo[]_Bq]u¥mU��rt^`�]sv_�¨lu¥mni'^`rl�l_5sF¶
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�  �$#������6��-"(0�7(0�� b- ��-�2 �&%/#�����5�6��-"(0�
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