
HAL Id: inria-00071383
https://hal.inria.fr/inria-00071383

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Bi-invariant Means in Lie Groups. Application to
Left-invariant Polyaffine Transformations

Vincent Arsigny, Xavier Pennec, Nicholas Ayache

To cite this version:
Vincent Arsigny, Xavier Pennec, Nicholas Ayache. Bi-invariant Means in Lie Groups. Application to
Left-invariant Polyaffine Transformations. [Research Report] RR-5885, INRIA. 2006. �inria-00071383�

https://hal.inria.fr/inria-00071383
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
58

85
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


Thème BIO

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Bi-invariant Means in Lie Groups. Application to
Left-invariant Polyaffine Transformations.

Vincent Arsigny — Xavier Pennec — Nicholas Ayache

N° 5885

April, 2006.





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

���������	��

����
���������
������������������! �"$#%�'&)(*#�#%+���,-
.�/�� ��0�/ 
�1��23�4�����	��

����
����*56 �+87�
�9:�;�=<��!
��;�/2> 
�@?A
.�/�� ����'&

B%CED!FHGID4J;K;L3MNCPOQD4RQS!T%UWV/CEGHL$XYGID!D!GIFZS\[$CPF>]!^Q_PU`MaK.RQU`F>]!G

bdc�e�fag�h-ikjmlonWprqtskeNf	g3qduwvyx{zyx{|{v~}H�wgNq
�\��x���g�s�qd�\��vy�w�{�w��g

�����w�`x{�ks��rg.��gN��cwgN����cwg��`�!���I�I��l������kvyzE�`���{�I�w��l��I�����{|{gNq

�$���N �¡>¢w£{ {¤ i¥�¦s�cwvyq$§'xI�k¨Q�d§-g©�w�kg3qtgN�Hs$�ª|{gN�wg�����zd«¬����fag�§-x{��¨ªs�x­�rg�®���g¯�kvy|{xI�kxI��qkz°p±�1��x>²{g�z
s�pW�`g.x�«�fagN�{�;vy�;³�v°g.|I�kxI�w��qN�H�N��zyz°g3�´s�cwg´µ�¶¸·¥¶¸¹»º½¼�¾8¶¿¼>¹�À-ÁÃÂ�¼�¹��@bdcwv~qdfagN���;g��>��x>prq-fÃ���Wp´�rg3qtvy���{uwzyg
¶¸¹»º½¼�¾8¶¿¼>¹QÄ�Â@Å`¾�Æ�Å�Â�¾8ÀP¶¿Â8Ç8��§�c�vy��c�|{g���g�����zyv°ÈNg\skx�skcwgd�wxI�rÉÊz°vy�wgN�{�/�N�{qkg\skc�g-���kxI�»gN�ts�v°g3q�x{«wskcwgd����v°skcwfag�s�vy�
fag3���ÌË¯v°s$v~q´vy�W²½�{�kv~���HsÃ§�v°skcÍ��gNqk�»g3�8s´s�xªz°g�«¸stÉ	�{���Î�kvy|{cHskÉPf��wzÏs�v°��z°v~����skvyx{�Ì���{qa§-g�zyzY�IqÃvy�H²Ig���qtvyx{���
�Ð�kgN²Hvyx{�»qtzyp{�4s�cwv~q.s�pW�»gÃx{«-fagN�{�Ñ§d�{q.xI�wzypÑ�rg�®��wgN��vy�ª³Ìvyg	|I�kxI�w��q.gN���rx>§-gN�Ñ§�vÏs�c1��uwv°ÉÊv°�W²>����vy�{�Hs
��v°gNfa�{�w�wv~����f	g�sk��vy�{��zyv°¨Ig-��x{fa���{��s!³�v°g-|{��x{����q/qk����c	�{q/skcwgd|I�kxI�w�Òx{«��kx{s���skvyx{��qN��h-�rs\��vyg�fÃ���w��vy�{�
u�vÏÉÊv°�W²>����v~���Hs	fag�sk��vy�Nq	�wx���x�s´��zy§-�½prq	g�Órv~q�s3�Zi¥�¦���{�ts�vy���wz~���3�\§'g%�w��x>²{g;v°�Îs�cwvyqa§-x{��¨1skc»�>s´qt�»��c
fag�sk��vy�Nq��wx���x�s
g�Órv~q�s
vy���{�Hp¯�wv°fag��»qtvyx{�Ñ«¬x{�a¾8¶ÏÔ{¶¿Õ©ÀP¾k¼>¹�Ç¸Ö�Æ�¾8Áa¼�ÀE¶¿Æ�¹wÇ8��§�c�vy��cÑ«¬x{��f×uw�rs
s�cwgaf	xHq�s
qkvyf	��z°g
³Ìvyg
|{��x{���$vy�H²Ix{zy²{g3�´vy��u�v°x{ÉPfagN�wvy�N��z4vyfa�{|{g.��g�|{v~qtsk���>skvyx{���
b/x�x>²{gN����x{fag/skcwg'zy�I��¨�x�«rg�ÓWv~qtskg��»��g@x�«ruwv°ÉÊv°�W²>����vy�{�Hs���v°gNfÃ���w�wv~���.fag�s��kv~��qÌ«¬x{�ÌfÃ�{�Hp�³Ìvyg\|{��x{����q��

§-g\�w��x{�`xIqkg@vy�
skcwv~q����kskv~��zyg@skx��wg�®��wg'uwv°ÉPvy�W²½�{�kv~���HsÌfagN�{��qÌvy�;¼�¹�Ø!Ù\¹�¶¸À¥Â�·tÕ>¶¸ÁÃÂ�¹�Ç�¶¿Æ�¹`¼�ÚH¾�Â�¼�Ú{Û!¶¿Â\Ô{¾kÆ>Ü3Å
²Wv~�
�.|{gN�wg�����z/µ�¼�¾8Ø{Ä�Â�¹�ÀP¾8¶¿Ä.Â�Ý�Ü�¼�ÀE¶¿Æ�¹��H§�cwxIqkg�qtxIz°�wskvyx{�Ãv~q@uWp	�rg�®��wv°skvyx{�as�cwg�uwv°ÉPvy�W²>����vy�{�Is@fagN�{�Ì�!ÞÑg
qkcwx>§Zskcwg�g�ÓrvyqtskgN����g��{���a�w�wv~}H�wg���gNq�q@x�«Qskc�vyqÐ�wx>²{gNzrs�pW�»g�x{«4f	g3���Ì�I�w��x>²Hv~�rg3�Òs�cwg��rv~qk�»gN��qkv°xI�ax�«Qskcwg
���>s��av~q�qkfÃ��zyzÌg��wxI�w|{c��»���»�$s�cwgÒ��x{�W²{gN�k|Ig�����gYx{«!�{�©g�ß´��vyg��Hs�v°skg����>s�v°²Ig���zy|{xI�kv°skcwfà«¬x{����x{fa�w�rs�v°�w|
s�cwv~q�fag3���±c»�{qa��z~qtxÑu»gNg��Îqtcwx>§����­bdcwg;vy�Hsk�wv°skvyx{�Zx�«�s�cwg%g�Órv~q�s�g�����g;x{«Yqt�»��cZ�¯fag3���±§d�{qÒ®���q�s
|Iv°²Ig��¯uWp©�
� �!� Þ�xWxW��qÃá¬§�v°skcwxI�rs����Wp%�w�kg3��v~qtg	�rg�®»�wvÏs�v°xI�»â8�Ì�{z°xI�w|$§�v°skc����Ñg�ß´��vyg��Hs
��zy|{x{��v°skcwf*«¬x{�
��x{fa�w�rs�v°��|	v°sÒá¬§�v°skc�x{�rs��w��xWx�«�x�«@��x{�W²Ig���|{g��»��g3â��Ivy��skcwg��N�{qkg.x�«'ÁÃ¼>ÀP¾8¶Ïã
|I�kxI�w��qN�
i¥�%s�cwgÒ���Iqtg
x{«@�kvy|{v~�;sk������qt«¬x{��fÃ�>skvyx{�»q��W§-g�|{vy²{g
�´qkv°fa�wzyg�����v°skg���vyx{��«¬x{��s�cwg�|Ig��wgN���{z4g�ÓrvyqtskgN����g

�{���1�w�wv~}H�wg���gNq�q�x�«ds�cwg$uwv°ÉÊv°�W²>����vy�{�Hs�f	g3���Ì�!§�cwv~��cªc��{�w�»gN��q
s�x�u`gÃskc�g;q���fag$�{q�«¬x{����x�s��>s�v°xI��q��
Þ�gÃ��z~qtx;|{vy²{ga��zyxIqkgN�¯«¬x{��faq�«¬x{��s�cwgauwvÏÉÊvy�H²>�{�kv~���Hs.f	g3���Ñv°�1�$�W�wf�u»gN�.x�«-qkvyf	��z°g	uw�rs
vy��q�s��k�»�8skvy²{g
�N�{qkgNqN��vy����zy���rvy�w|;�{ä���vy|{v~��sk������qt«¬x{��fÃ�>skvyx{�»q��-i¥�Hskg���gNqtskvy�w|Iz°pI�w«¬x{�Y|{gN�wg�����zÌzyvy�wgN�{��sk�����»q�«¬xI�kfÃ�>s�v°xI��qN�
§-gÒqkcwx>§mskc���s�qkv°favyzy�{�kzyp´s�x´skc�gÒ³ÌxI|�ÉÊ�\����zyv~�rgN�{�©f	g3���Ì�»§�cwv~��c©§'g��w�kxI�»xHqtg3��v°�©��gN��g��Hs�§-x{��¨`��skcwg
u�vÏÉÊv°�W²>����v~���Hs�f	g3���%v~q��a|{gN�wg�����zyv°È3�>s�v°xI�$x�«!s�cwg$á¿q����{zy�{��â'|Ig�x{fag�sk��vy��fagN�{�Ì��qkv°����g
skc�g��rg�s�g���f	vy���{�Is
x{«!skcwg�u�vÏÉÊv°�W²>����v~���Hs�fagN���©v~q�g�Ów�{�8s�z°p;gN}H���{zÌskx´skcwg�|Ig�xIf	g�sk��vy�.fag3���©x�«!s�cwgÒ�rg�skg���fav°�»���Hs�q�x�«!skcwg
���>s����
³/�{qtsÒuw�rs	�wx�sÒzygN�Iq�s3�!§'g´�»qtgÃs�cwv~qÒ�wgN§ås�pH�`g$x{«�f	g3���1s�x��rg�®»�wg;�©��x>²{g�z'��z~�{q�q
x�«��`x{zypI��ßa��g

s����{��qt«¬x{��fa��skvyx{��qN�Ð�N��zyz°g3�æÚ°ÂEÖ�ÀP·¥¶¸¹�º>¼>¾8¶¿¼>¹»À�Å�Æ>ÚÏØ{¼�çZ¹`Â���§�cwvy��cÍ�{z°zyx>§�q�skx�«¬��qkg©z°xr���{z��kvy|{v~�Zx{�´�>ßÃ�wg



� �Y¾�Ç8¶ÏÔ{¹�Ø´Â�À�¼>Ú��

��x{fa�`x{�wgN�Is�q�¼�¾�µ�¶¸ÀP¾k¼�¾8¶¸Ú Ø�Ö�¼�¾�¼��Ð¼>Ø%Ö�¾kÆ>Á À��wÂ�¶¿ÕIÂ�¹»ÀE¶¸ÀPØ>����x{�Hsk������p­s�xZ³�x{|�ÉÊ�\����z°v~�rg3���6�`x{zypI��ßa��g
«¬�»qtvyx{�Ì�r§�c�vy��c%§-g�c»�½²{g��kg3��g��Hs�z°p´vy�Hsk��xr�r����g3�4�
�	��

����� ¡����{¤ h-vÏÉÊv°�W²>����v~���Hs�fag3����qN�������3��cwg�s
fagN�{��q���nHs���skv~q�s�vy�Nq���³ÌvygÃ|{��x{�w��qN�Ì��vyg�fÃ�����wvy�{�1|{g�É
xIfag�sk��p{�r�!xIz°pH�>ßÃ�wgYsk������qt«¬x{��fÃ�>skvyx{�»q

���������



�� �7����������������w������

�!��
����/�����;
�����+��������� �";#Ñ������� �1����&
( #;#%+���,-
.�/�� ���
Ò"�� ���!
��;�/2> 
�@?A
.�/�� �����#� �+87�

9:�����

���	�Y

�!��
����/���	�
��
�"�,�����&


�� ����� � ¤ äY�{��q.��g�sk���½²½�{v°zP�`�wx{��q��w���Nqkg��Hs�x{��q��w�Ñ�N�{�r��gÒ| ��� �N���{z/�`x{�w�.� ��®��wvy����vy|{x{���kgN��qtgNfag��Hs
���	��x{�w²IgN����s�pW�»gY�rg�fax>p{g����wg��w����qÐ�rgNq@|I�kxI�w�`gNq@�rg�³�v°gI�I�����»gNz � ÁÃÆ>Ø{Â�¹�¹`Â.µ�¶¸·¥¶¸¹�º>¼>¾8¶¿¼�¹�À¥Â����'g�stskg
fax>pIg��w�wg-�`xIq�qte3�rg��rg��wx{f�uw��g���qkgNq�Å`¾�Æ�Å`¾8¶���À��8ÇYÕ�� ¶¸¹�º>¼>¾8¶¿¼>¹QÄ�Â��r}H�wvw| ��� �N���{z°v~qtgN�Hs����Ã�N�{q��wx{�wÉPzyv°� �N��vy��g
zygNq!���kxI�w�kv���s��Nq@�rg�z~��fax>p{g����wg�����vÏs�cwf ��skv~}H�wg{Ë���g�stskg�fax>pIg��w�wgdg3q�s\vy�W²½�{�kv~���Hs�g'���{�\fÒ��zÏs�v°�wzyv~���>s�v°xI���
|H������c�g{�����r��x{v°skgI�½�{v°�»qtvW}H�wgÐ���{��vy�W²{g���qkv°xI�Ì�4�\���N� �3�rg�fafag��Hs3����g\s�pW�`g'�rg-fax>p{gN�w�wgÐ�½²>��v°s/qkg��wzyg�fagN�Is
��s��
� ��®��wvÌ�w�{��qd�rgNqd|I�kxI�w�»g3q'�wg.³�v°g
�rx{s��3q-��� �w��g�f ��sk��vy}H�wg.��v°gNfa�{�w�wvyg��w��gYuwv°ÉÊv°�W²>����vy�{�Hskg{�W��xIfaf	g
zygNq/|{��x{���»g3q/�rgd³Ìvygd��x{fa���I�8s�qÌs�g�z~q�}H�wg'z°g-|{��x{���»g-�rg'��x�s��>s�v°xI��q�� �¯��v~q��w�wg-f ��sk��vy}H�wg'�kvyg�fÃ�{�w�wvyg��w�wg
u�vÏÉÊv°�W²>����v~���Hskga��� g�Órv~q�s�g$���Iq.skxI�>��x{�w��qN���Ð�­�����kskv~����z°vyg��3�/��x{��qÒ�w�kxI�w²{xI��q
�w�{��qÒ��g�s��{�ts�vy��z°g$}H��� �w�wg
s�g�zyz°gaf ��s��kv~}H�wga��� g�Órvyqtskg��t�{fa�{vyq��`x{�w��Å�Æ>Ür¾aÚ°Â�ÇaÀE¾k¼�¹wÇ¬Ö�Æ>¾8ÁÃ¼>ÀP¶¿Æ>¹�Ç	¾8¶ÏÔ{¶¿Õ{Â�Ç8��}H�wv!«¬xI�kfagN�Is.�`x{�w�ks��{�Is
������qdzyg
|{��x{�w�`g.�rg�³Ìvyg.z°g
�wzy��q�qkvyf	��z°g.vyf	��z°v~}H� ���w���»qdz°g
��gN�N��z~��|{g��!� v°fÃ��|IgNqduwvyx�ÉÊf �N�rv~���{z°g3q��
�!x{���Ðqt���kfax{�Hs�g��\z"� �{u�qkg�����g��!� g�ÓrvyqtskgN����g��!� �w�wg�f ��sk��vy}H�wg���vyg�fÃ���w��v°gN�w�wg�uwv°ÉPvy�W²>����vy�{�Is�g��»xI�w�Ð�rg

��x{fÒu��kgN�rÓ��rg$|{��x{�w�`gNq��wg;³Ìvyg{�!�wxI��q����kxI�»xHqtxI��q
�w���»qÒ��g�s����kskv~��zyg$�rg;� ��®���v°���w�wg$fax>pIg��w�wgÃu�vÏÉ
vy�W²>����vy�{�Is�g\�w���»q¯À¥Æ>ÜrÀ�Ô{¾kÆ>Ü3Å�Â�Õ{Â'Û!¶¿Âd¾#��Â�ÚWÕIÂ�Õ>¶¸ÁÃÂ�¹wÇ8¶¿Æ>¹�ÙÐ¹�¶¿Â����{��z"� vy�HskgN�kf �N�wvy�{v°��gÐ�!� �w�wg$��Ý�Ü�¼>ÀP¶¿Æ>¹
µ�¼�¾8Ø{Ä�Â�¹�ÀP¾8¶¿Ý�Ü�Â sk��eNq	| ��� �N���{z°gI�\�rx{�Hsazy��qtxIz°�wskvyx{�­g3q�sa�����Ã� ��®��wv°skvyx{�Zzy�Ñfax>p{g����wg$uwv°ÉÊv°�W²>����vy�{�Hskg{�
%�x{��q\f	xI�Hsk��x{��q!�w�{��q\��g�sÐ���kskv~��zygdz&� g�Órv~q�s�g�����g�g�sÐz"� ���wvy��vÏs����rg���g�sts�g��wx{��²{g�zyzyg-fax>pIg��w�wgI�{�w�{��q@zyg����{q
x('Ãzy���rv~qt�`g���qtvyx{�´�wgNqÐ�wx{�w� �NgNqÐgNqts-�{q�qkg�È��`g�s�vÏs�g*)W�wx{�»qÐfax{�Hs��kxI��q ��|H��zyg�fag��HsÐz~����x{�W²{gN�k|Ig�����gd��� �w�
�{z°|Ix{��vÏs�cwfagavÏs������>skv°«�g�ß´���I��g´�`g���fag�sks����Hs��wg$���{zy���wz°gN�Ò��g�sts�g´fax>p{g����wgÃg��ª�w���>s�vy}H�wgI�©³+� v°�Hsk��vÏs�v°xI�
�wg	z"� g�ÓrvyqtskgN����g´��� �w��s�g�z@s�pW�`g´�rgaf	x>pIg��w��ga� ��s��a«¬x{���k�wvygax{��v°|Iv°��g�zyz°gNf	gN�Hs����{���
� ��� Þ�xHxr�wq$á¿q�����q
s�x{�rs�g�«¬xIvyq��rg;� ��®��wv°skvyx{�ª�w���N��vyqkg$�rg;��g�skskg;f	x>pIg��w��g3â8�@�{v°��qkv'}H�wg$z&� ��zy|{xI�kv°skcwfagÃ�`g���fag�sts����Hs	�wg´zy�
�N��z~���wzyg��Òg�ß´���I��g�fagN�Is%á¿q�����qÒ�w��g��w²Ig´�rg;��x{�W²{gN�k|Ig�����g3â8���w���»qÒzyg$���Iq����{�ts�vy���wzyv°gN��Õ{Â�Ç	Ô{¾kÆ>Ü3Å�Â�Ç;Õ{Â
ÁÃ¼>ÀP¾8¶¿Ä�Â8Ç8�
ä�����q�z°g��N�{q��rg3qdsk������qt«¬x{��fÃ�>s�v°xI��q-�kvy|{v~�rgNqN�r�wxI��q��rxI�w�wx{�»qd�w�©����vÏs�e���g.qkvyf	��z°g�g�s�| �N� ������zQ�`x{�w�

z"� g�ÓrvyqtskgN����g$g�sÒz"� ���wvy��vÏs��;�rg$zy�©fax>pIg��w�wgÃu�vÏÉÊv°�W²>����v~���HskgI�/}H�wv'q�� �½²{e���g-,�s��kg´zyg´f-,�fag$}H�wg$�»xI�w�ÒzygNq
��x�s��>s�v°xI��q��Ìä����»qÌ�w����g��ks���vy�.�wx{f�uw��g\�rgÐ���IqÌqkv°fa�wzygNq4fÃ�{vyq4vy��qtsk�����8s�vÏ«¿qN�½�wx{�»qÌ�rx{���wx{��q���|I�{z°gNfag��HsÌzy�
«¬xI�kfag������{z°pHskv~}H�wg����kv~qtgY�����-z~�Òfax>p{gN�w�wgYuwvÏÉÊvy�H²>�{�kv~���HskgI�{gN�$���{�ts�vy���wz°vyg��-�`x{�w�-z°g3q'sk������qt«¬x{��fÃ�>skvyx{�»q
��vy|{v~�rgNq%��ä��d��xI�w��z°g3q$s����{��qt«¬x{��fa��skvyx{��q$z°vy� �3��vy�kg3q$| ��� �N���{z°g3q�����x{��q�fax{�Hsk��x{�»q;}H�wg1�rg�fa�{�wvye���g
qkvyf	vyz~��vy�kg����wÓ�fax>p{gN�w�wgNq�zyx{|{ÉPgN����zyvy�wv°gN�w�wgNqN�{}H�wg��wxI��q\�½²Ix{��q��w��x{�`xIq���g3q�������q\�wgNq!s����½²>���wÓÒ���3��gN�Is�q��
z~�afax>p{gN�w�wg
uwv°ÉPvy�W²>����vy�{�Is�g.gNqts��w�wg�| ��� �N���{z°v~q��>skvyx{�%���wÓ$sk�����»q�«¬xI�kfÃ�>s�v°xI��qdzyv°� �3��vy�kg3q�vy�H²Ig���qtvyuwzygNq��rg
z~�´fax>pIg��w�wgÒ| ��xIf ��sk��v~}I��g$á¿q����{zy�{v°��g3â��»�w��vyq�}H�wgÒzyg�� ��skgN�kfavy�����Hs��wg�z~�´fax>p{gN�w�wg�u�vÏÉÊv°�W²>����v~���Hskg�g3q�s
g�Ów�{�8s�g�fag��Hs ��|H��zyg.�az~�	fax>p{g����wgY| ��xIf ��sk��vy}H�wg
�rg3q�� ��s�g���fav°���{�Hs�q��rg3q��rx{�w� ��gNqN�
�\�w®��Ì�d�wx{�»qa�rskvyz°v~qkx{��qÃ��g©�wx{�w²IgN�{�­s�pW�»g¯�wg�fax>pIg��w�wg©��®��Î�wg%� ��®��wvy�´�w��g%��zy�Iqkqkg%�wx{��²{g�zyzyg

�wg
sk������qt«¬x{��fÃ�>s�v°xI��q��rg��`x{zypI��ßa��gNqN�»�����»gNz �NgåÅwÆ�Ú Ø{¼�çZ¹`Â�ÇÒ¶¸¹�º>¼>¾8¶¿¼�¹�À¥Â8Ç-/	ÔH¼>Ü�Ä �wÂ��Q}I��v/�`g���fag�sY�rg
«¬�»qtvyx{�w��g����rg3q���x{fa�»xHqk�{�HskgNq�z°xr���{z°g3q���v°|Ivy�rg3q�x{�¯��ßÃ�wgNq ¼�¾�µ�¶¸ÀP¾k¼�¶¸¾kÂ�ÁÃÂ�¹�À�Ú°Æ�¶¸¹�À¥¼>¶¸¹`Â�Ç	ÕIÂ	Ú0� ¶¿Õ{Â�¹�ÀP¶¸À1���
��x{�Hsk����vy��g�fag��Hs2��z~��«¬��qkv°xI�;zyx{|{ÉPgN����zyvy�wv°gN�w�wg.�»xIz°pH�>ßÃ�wgI�w}I��g���x{��q��½²Ix{��q'���N��gNfaf	gN�Hsd���kxI�»xHq �Ng{�
3 �  3� � £54 � �©¤ �©x>p{gN�w�wgNq�uwv°ÉPvy�W²½�{�kv~���Hs�gNqN��fax>p{gN�w�wgNqY�rg �����3��cwg�s3�4q�s��>skv~qtskv~}I��gNqN�»|I�kxI�w�»g3q��rg	³Ìvyg{�
| ��xIf	g�sk��v°g���v°gNfa�{�w�wvyg��w��g{�Wsk�����»q�«¬xI�kfÃ�>s�v°xI��q-�»xIz°pH�>ßÃ�wg3q



� �Y¾�Ç8¶ÏÔ{¹�Ø´Â�À�¼>Ú��

�  Ò�Ò�����Ò���

�����  N¡ � � ��£� �� � � �

	 3 � ¢ � �
� ��� � ��
 ¡ � ���!� �
�w��� ³�v°g�����x{����q �
�.�
�
�.�
�.�
�.�
�
���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
� �
�w� � �¯gN���»q������%��zy|{gNuw����v~��i¥�W²>����vy�{����gÒ���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
� �
�w� � h-v°ÉPvy�W²>����vy�{�Is �w���N��c�g�s �©gN�{��qd²Wvy�	i¥�W²>����vy�{�Hs2�¯g�sk��v~��qdvy�%³�v°g�����x{�w�»q6�.�
�.�
�
���
���3�
�w� � ��u�qkg�����g
x�«�h-v°ÉPvy�W²>����vy�{�Is2�©g�sk��vy�Nq-«¬x{����vy|{v~�%b�������qt«¬x{��fÃ�>s�v°xI��q¯�
�.�
�.�
�.�
�
���
���N�

��� � � �/¢ � � �  N¢ 4��.¡ � � � ¡½ �� � � �!  �" �$#&% � � � � �  ��¿¢ 4-¢ � � � �!' ¢r¡(�¿ �"�� �)�
����� ���>sk��v°Ó$�@Ór�»xI�wg��Hs�vy�{z�������³ÌxI|I�{�kv°skcwf �.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
���½�
��� ��³�v°g�����x{���;�@Ór�`x{�wgN�Hskv~��z��.�
�.�
�
���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
���3�
��� � ����x{���*��gNxW�wgNqkvy�Nq����
�.�
�.�
�.�
�
���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
���3�
��� � hd�{¨{g��kÉ0�-��fa�wu`g�zyzÏÉ,+��{��qk�wx{�.- ��x{��fÒ�wz~�$�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
���3�

/10 � � � �32 ¢r¡(�¿¢ �   3 � ¢ � �
� �4� � �5
 ¡ � �6�!� 	87
�»��� �9��gNx{fag�s��kv~�.ä�g�®��wv°skvyx{�%x�«�skc�g �©gN�{���
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
� �{�
�»� � nWs���u�v°zyvÏs�p;x�«/skcwg �'z~�{q�qtv~���{zQiÊskg����>s�v°²Ig�nr��cwg�fag��
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
� �:�
�»� � �'xI�W²{g���|{gN����gIË!nr�»g3��v~��z �-�{qkga�.�
�
���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
� ���
�»� � �'xI�W²{g���|{gN����gIË;��gN�wg�����z��-�Iqtg �
�
���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
� �I�

�<0 � � � �32 ¢r¡(�¿¢ �   3 � ¢ � �
� �>= ���?��4 �*@ ¢w� � � 	 �
�w��� h-v°ÉPvy�W²>����vy�{�Is2�©g3����x�«@b�§-xa��xIv°�Hs�q �
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
� �A�
�w� � nw����zyvy�w|Iq��{���;b/������qkzy��skvyx{��q-vy�B�Nä ���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
� �A�
�w� � bdc�g�+�g�v~qkg��Wu»gN�k|
����x{�w� �.�
�.�
�
���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
�C�I�
�w� � jY�©�ÃnW�wu�|{��x{�w�;x�«@b���vy�{�w|{��zy�{� ���>sk��v~��gNq �.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
�C�D�

� � � � � ¢w¡FE'¡½¢ � �  � ¡ �­¢r �� � � � �8/
�����<��gN�wg�����zÌ��v°|Ivy��b������»q�«¬xI�kfÃ�>s�v°xI��q ���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
�C�{�
��� � �{ä)��vy|{v~�;b/������qt«¬x{��fÃ�>skvyx{�»qÍ�.�
�
���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
�C�I�
��� � ��gN�wg�����zÌ³�v°��gN����b/������qt«¬x{��fÃ�>skvyx{�»q.���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
�C�I�
��� � b/g��»qtxI��q �
���
�.�
�
�.�
�.�
�.�
�
���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
���H�

G � �A   � � �32 ¢w¡H�E¢ �  I� � 4 
 ¢)J � � E'¡½¢ � �  � ¡ �­¢r �� � � � /!7
�r��� �!xIz°pH�>ßÃ�wg
b������»q�«¬xI�kfÃ�>s�v°xI��q-�.�
�
���
�.�
�.�
�
�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
���H�
�r� ��� %�x>²{gNzÌbÐpW�`g�x{«��!xIz°pH�>ßÃ�wg.b�������qt«¬x{��fÃ�>s�v°xI��q©�.�
�.�
���
�.�
�
�.�
�.�
�.�
�
���
���K�

L @ � � £(4������ � � ��¢ � �M� � ¡½��� � £� �� 2 � � /3�

���������



��¶¸·¥¶¸¹�º>¼>¾8¶¿¼�¹�À���Â�¼>¹wÇ
¶¸¹©Û!¶¿Â��-¾�Æ>Ü3Å»Ç �

� � �����! ��";,Ð�/�� ��

i¥����gN��gN�HsdpIgN�{��qN�{s�cwg
�wgNgN�$«¬x{����v°|Ix{��x{��qÐ«¬���{fag�§-x{��¨WqÐskxÃ��x{fa�w�rs�g.qts���skv~q�s�vy�Nqdv°���wxI�rÉPzyvy�wgN�{�dqk���I��gNq
c»�{q�|I�kx>§��­��x{��qkv~�rg�����uwzyp�vy�ªs�cwg;u�v°x{ÉPfagN�wvy�N��zÐvyfÃ��|Iv°�w|Ñ��x{faf��w�wv°s�p{� ��vy��qtsN�\�¯�H��fÒu`g��	v°fÃ��|Iv°��|
faxr�w�{z°v°skvygNqN�4z°vy¨{g	�rv�-`��qkvyx{� �¯��iÒá¿x{�.� �¯��itâ�� �{�Ì�W� �
	Ê�4�w��x>²Hv~�rg��kg3qtg3������cwg���q�§�v°skc1�w�>s��´§�cwv~��cÑ�rx
��x�s�zyv°²Ig
v°�Ñ�az°vy�wgN�{�Yqk���{��g{���{���%�wxI�wg�s�cwg�zygNq�q���gN}H�wvy�kg.�`xIqtstÉÊ�w��xW��gNq�qtvy�w|¯á¿�kg�ÉÊq���fa�wzyv°��|��w��g�|I�wzy�{�kvyÈN��É
s�v°xI�Ì�wqts��>s�vyqtskv~��qN�rg�s���� â8�'nrg�g�«¬x{��vy��qts����»��g�� ��	Ì«¬x{��g�Ór�{fa�wz°g3q-x�«@��v°gNfÃ���w�wv~���%qts��>s�vyqtskv~��qdxI���wv -Q��qkv°xI�
s�g���qkx{��q��{���
� �
	H«¬x{�!q�s��>s�vyqtskv~��q/x{����vy|{v~�.sk������qt«¬x{��fÃ�>s�v°xI��q��3vy��skc�g'��xI�Hskg�ÓWs�x�«ws�cwg-�{����zyprqtv~qÌx{«rskcwgdqts��>É
s�vyqtskv~���{z»���kxI�»gN�ts�v°g3qÐx{«4skcwg�cW�wfÃ���$q���xIz°vyxIqkvyqN�@nWgN��x{���4�Iskc�gYxI�wg�ÉPskx{ÉPxI�wg���g�|{v~qtsk���>skvyx{�ax{«�uwvyx�ÉÊf	g3�rv~����z
vyfÃ��|IgNqd����sk�w����zyz°p��rgN�{zyq�§�vÏs�c¯�w�>s��az°vy²Wv°�w|Ãvy�©�wxI�rÉPzyvy�wgN�{��qt���I��g3q���qkvy����g�fÃ�{�Hp$s�pW�»g3q�x�«@vy�H²Ig��kskvyuwzyg
|Ig�xIf	g�sk��vy�N��z4�rg�«¬x{��fa��skvyx{��q-u`g�zyx{�w|as�x$Ô�¾�Æ>Ü3Å»Ç-x�«/sk������qt«¬x{��fÃ�>skvyx{�»q��W§�cwv~��c©����g���x�s�²{g3�8skxI��qt�»�{��g3q��
bdc�gNqkg
|{��x{�w��q������%u`g
®��wv°skg�ÉÊ�wv°fag��»qtvyx{���{zE�`�{q�vy�%skc�gÒ���Iqtg
x{«���v°|Ivy��xI���>ßÃ�wg
s����{��qt«¬x{��fa��skvyx{��qN�rx{�
vy�r®���vÏs�g�É¥�rv°fagN��qtvyx{�»��z\�{q�v°��skc�g´���{qkgax�«d|{��x{�w�»q.x�«��rv -Qg�xIfax{���wcwv~qtfÃq.���{���{f	g�skgN�kvyÈ�g3�¯§�v°skc1skvyfag�É
²>�{�kpWvy�w|	qk�`g�gN��²IgN�8s�x{�-®�gNzy�wq�� �
	Ê�
��f	xI�w|$qts���skv~q�s�vy�Nq��»skcwgÒf	xHq�s�«¬�w���w�{f	gN�Hs���z/vyq���gN�ts���vy�wzyp´skc�g$ÁÃÂ�¼�¹��»§�cwvy��c©g�ÓWsk���{�8s�q�«¬��x{f*skcwg

���>s��	�a��gN�Is����{zQ�»xIv°�HsN��f	vy�wvyfav°ÈNv°�w|avy��qkx{fag
qkg���qkg�s�cwg��rv~qt�`g���qkv°xI�$x�«/skcwg����>s��	����x{�����´v°sN�@i¥��skc�vyq
�»���`g��3��§-g´«¬xr����qÒxI�ªskc�g;|Ig��wgN���{z°vyÈN��skvyx{�1x�«�s�cwg��dÜ�Ä�Ú ¶¿ÕIÂ�¼>¹¦ÁaÂ�¼�¹�s�xÑ³Ìvyg ����x{����q��!§�cwv~��c±�{�kg$�
z~����|{ga��z~�{q�q
x{«-�wxI�rÉÊz°vy�wgN�{�
qt���I��g3q
§�vÏs�c1�kgNzy��skvy²{g�zyp¯�wv~��gÃ���kxI�»gN�ts�v°g3q�� �'z~�{q�qkvy�N��zyz°pI�Ìv°�ª�©³�v°gÃ|I�kxI�w�
gN���rx>§-gN�%§�v°skc��$��v°gNfÃ���w�wv~����f	g�sk��vy�{��s�cwgÒ�»�>sk�����{z/��cwxIvy��g�x�«\fagN�{�©vyq����{z°zygN��s�cwg��Ì¾#��Ä �wÂ�À�ÁaÂ�¼>¹
� ��	Ê�´h-�rs
skcwv~q���vyg�fÃ�{�w�wv~���1���w�w��xI�I��c¯v~q���xIf	��z°g�skg�zyp�q��>s�vyqt«¿�{��skx{��p±Æ>¹»Ú Ø	vÏ«���uwvÏÉÊvy�H²>�{�kv~���Hs.f	g�sk��vy�
g�Órvyqts�qN�Ì§�cwv~��cÑv~q.«¬xI�
g�Ów��fa�wzyg	skcwgÃ���Iqtg	«¬xI����x{fa���I�8s
|{��x{����q.qt����c1�{q���x�s��>skvyx{�»q�� �W�/�
	P�´bdc�g	u�vÏÉ
vy�W²>����vy�{�Is �w���N��cwg�s'fagN�{�´g��>��x>prqÐfa�{�Wpa�wgNqkv°����uwzyg�¶¸¹»º½¼�¾8¶¿¼>¹`Ä�ÂdÅ`¾kÆ�ÅwÂ�¾8ÀE¶¿Â�Ç8�r§�cwv~��c´|{gN�wg�����zyv°ÈNgdskx�skcwg
��x{�rÉÊz°vy�wg3���!���{qkg'skcwgd�w��x{�`g��kskvygNq�x�«»skcwg��{�kv°skcwfag�skv~�'fag3���ÌË/vÏs@v~q!v°�W²>����vy�{�Hs/§�v°skca�kg3qt�`gN��s/s�x.z°g�«¸stÉ����»�
��vy|{cHstÉÊfÒ�wz°skvy�wzyvy�N�>s�v°xI�Ì���Iq�§-g�zyz'�Iq�vy�H²Ig���qtvyx{�������r«¬x{�ksk�����>s�g�zyp{�!uwv°ÉPvy�W²½�{�kv~���HsÒ��vyg�fÃ�{�w�wv~���ªfag�s��kv~��q
�wx��wx{s���zy§-�½prq'g�ÓrvyqtsN�@i¥�����{�ts�vy���wzy�{�N�Hvy�;s�cwv~qd§'xI�k¨Q�H§'g.�w��x>²{g�skcwg.�wx>²Ig�zQ�kg3qt��zÏsdskc»�>s�qt�»��c$fag�s��kv~��q
�wx��wx�s'g�Órvyqts'vy�$�{�Hp	�rvyf	gN��qkv°xI�Ã«¬x{�Y¾8¶ÏÔ�¶¿Õ	ÀP¾k¼>¹�Ç¬Ö�Æ>¾8ÁÃ¼>ÀP¶¿Æ>¹wÇ8�W§�cwv~��ca«¬x{��f u��rsÐs�cwg�faxIqts'qkv°fa�wzygY³�v°g
|I�kxI�w�$vy�W²{xIz°²IgN�´vy�%uwvyx�ÉÊf	g3�rv~����z4vyfÃ��|Ig���g�|Ivyqtsk���>s�v°xI�Ì�
b/x�x>²{gN����x{fag/skcwg'zy�I��¨�x�«rg�ÓWv~qtskg��»��g@x�«ruwv°ÉÊv°�W²>����vy�{�Hs���v°gNfÃ���w�wv~���.fag�s��kv~��qÌ«¬x{�ÌfÃ�{�Hp�³Ìvyg\|{��x{����q��

§-g\�w��x{�`xIqkg@vy�
skcwv~q��{�ts�vy��z°g\skx��rg�®��wg-�Òµ�¶¸·¥¶¸¹»º½¼�¾8¶¿¼>¹»ÀÌÁaÂ�¼�¹�|{gN�wg�����zyvyÈ�vy�w|dskcwg �w���N��cwg�s�fagN���Òv°���w����g3�
uWp�uwv°ÉPvy�W²½�{�kv~���Hs�fag�s��kv~��qN�`g�²{gN�©v°�Ñ���{qkgNq�§�cwg��Ñqt����c©fag�sk��vy�Nq�Õ{Æ�¹QÆ>À/g�ÓrvyqtsN�YbdcwgÒvy�Hsk�wv°skvyx{�¯x{«@skcwg
g�ÓrvyqtskgN����g-x�«Qqt����ca��fagN����§-�Iq!�{�8s�����zyzyp
®���q�s!|{vy²{gN�Òvy��� �
	�á¿§�vÏs�cwx{�rsÐ�{�Wp
�w�kg3��v~qtgd�rg�®��wv°skvyx{�»â��I��zyx{��|
§�v°skc����Ñg�ß´��vyg��Hs
��zy|{x{��v°skcwf «¬x{�.��xIfa�w�rskvy�w|�vÏsÃá¬§�v°skc�x{�rs
�w��xWx�«\x�«-��x{�W²Ig���|{g��»��g3â���vy��s�cwga���{qkgÒx{«
ÁÃ¼>ÀP¾8¶Ïã.|I�kxI�w��qN�
i¥�	skc�vyq!§-x{��¨Q�>§'gd�w��gNqkg��Hs@�Y|Ig��wgN���{zH«¬���{f	gN§'xI�k¨�s�x.�wg�®��wgd��v°|Ix{��x{��qkzyp�u�vÏÉÊv°�W²>����v~���Hs�fag3����qN�>skc�vyq

s�v°fag	v°�Î¼>¹�Ø�®��wv°skga�rv°fagN��qtvyx{�»��z��kg3��z/³�v°g�|{��x{�w���Yb/x;�rx$skcwv~q��4§-gÒ��g�zyp�x{���$|{g���g�����z-µ�¼�¾8Ø{Ä�Â�¹�ÀP¾8¶¿Ä
Â�Ý�Ü�¼>ÀP¶¿Æ>¹»�w§�cwxIqkg�qkx{zy�rskvyx{��vyq�uHp��rg�®»�wvÏs�v°xI�%skcwg
u�vÏÉÊv°�W²>����v~���Hs�f	g3���Ì�ÐÞÑgÒqkcwx>§æskcwg
g�ÓWv~qtskg��»��g����»�
���wvy}H�wgN�wgNq�q�x{«/s�cwvyq��wx>²{gNzQs�pH�`g
x�«@fagN�{�Ì�w�w��x>²Wvy�wgN�$skcwg��rv~qk�»gN��qkv°xI�%x�«�skcwg��w��s��av~q�qkfa�{z°z�g��wxI�w|{cÌ�
�{���$skcwg���x{�W²{gN�k|Ig�����g�x�«�skc�g���z~�{q�qtv~���{z`v°skgN����skvy²{g.��zy|{xI�kv°skcwf x�«�� ��	/vyq��{zyqkx	qkcwx>§��Ì�
i¥��skcwga���Iqtg�x�«\��v°|Ivy�%s����{��qt«¬x{��fa��skvyx{��qN�`§'g�c��½²{g�u»gNg��Ñ�{uwzyg�skx��rg�s�g���fav°�wga�$qkvyf	��z°ga����vÏs�g���v°xI�

«¬xI�dskcwg
|Ig��wgN���{zQg�ÓrvyqtskgN����g
�{���$���wvy}H�wgN�wgNq�qdx�«/skcwg
u�vÏÉÊv°�W²>����v~���Hs-fag3���Ì�w§�c�vy��c�c������»gN��q-skxÃu`g.skcwg
q���fag	�{q�«¬x{�.�kx{s���skvyx{��qN�.ÞÑga��z~qtx;|{vy²{g	��zyxIqkgN�%«¬xI�kfÃq�«¬x{��skcwg	uwv°ÉPvy�W²>����vy�{�Is�fagN���Ñv°���´�W�wf�u»gN��x{«
qkvyf	��z°gauw�rs
vy��qtsk�����8s�v°²Ig	�N�{qkgNqN�4v°����z°�»�rv°��|©�{ä �kvy|{v~�©s����{��qt«¬x{��fa��skvyx{��qN�
i¥�HskgN�kg3q�s�v°�w|Iz°pI�Q«¬x{�.|{gN�wg�����z
zyvy�wgN�{�Ðs����{��q�«¬xI�kfÃ��skvyx{��qN�I§-gYqkcwx>§Ís�c��>s�qkv°favyzy�{�kzyp	skx	skcwg.³ÌxI|�ÉÊ�\����z°v~�rgN�{�´fagN�{�Ì�Hskc���sd§-g��kg3��g��Hs�z°p
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���kxI�»xHqtg3�©v°� � �N�
	Ê�Qskcwgauwv°ÉÊv°�W²>����vy�{�HsYfagN�{�Ñv~q.�$|Ig��wgN���{z°vyÈN��skvyx{�©x�«'skcwg©áEqk�N��z~���8â�|{gNx{fag�s��kv~��fag3���Ì�
qkvy����g�s�cwg��rg�skgN�kfavy�����HsÐx{«`s�cwg�uwv°ÉÊv°�W²>����vy�{�Hs\f	g3���av~q\g�Ów�I�8skzypÒg3}H����z�skx
s�cwg�|{gNx{fag�s��kv~�dfagN�{�Ãx�«Qskcwg
�wg�skgN�kfavy�����Hs�qdx�«�s�cwg��w��s��w�
³/�{qtsÒuw�rsÒ��x�sÒzygN�Iq�s3��s�cwvyqÒ�wg�§ås�pW�`g´x�«�fagN�{�ªvyqÒ��qtg3��skx��wg�®��wg;�%�wx>²{gNzÐ��z~�{q�q
x�«��`x{zypI��ßa��g

s����{��qt«¬x{��fa��skvyx{��qN�Ð�N��zyz°g3�æÚ°ÂEÖ�ÀP·¥¶¸¹�º>¼>¾8¶¿¼>¹»À�Å�Æ>ÚÏØ{¼�çZ¹`Â���§�cwvy��cÍ�{z°zyx>§�q�skx�«¬��qkg©z°xr���{z��kvy|{v~�Zx{�´�>ßÃ�wg
��x{fa�`x{�wgN�Is�q�¼�¾�µ�¶¸ÀP¾k¼�¾8¶¸Ú Ø�Ö�¼�¾�¼��Ð¼>Ø%Ö�¾kÆ>Á À��wÂ�¶¿ÕIÂ�¹»ÀE¶¸ÀPØ>����x{�Hsk������p­s�xZ³�x{|�ÉÊ�\����z°v~�rg3���6�`x{zypI��ßa��g
«¬�»qtvyx{�Ì�r§�c�vy��c%§-g���gN��g��Hskzyp´vy�Hsk��xW�w����g3�$vy� ���D��	P�
bdcwg�qkgN}H�wgNzÌx�«�skc�vyq��{�ts�vy��z°g.v~q�x{��|I�{�wvyÈ�gN�;�{q-«¬xIz°zyx>§�q�� ��vy��qtsN�r§-g
��gN���{z°zQs�cwg.«¬�w������fag��Hs��{zÌ�w��x{�rÉ

gN�ts�v°g3q�x{«�³�v°g;|{��x{�w�»q������­x�«�v°�W²>����v~���Hs���vyg�fÃ�����wvy�{�ªfag�sk��v~��q�vy�ªs�cwgNqkg;qk���{��gNqN���{���ª�w��x>²{gas�c��>s
u�vÏÉÊv°�W²>����v~���Hsa��v°gNfa�{�w�wv~���Îfag�sk��v~��qÃ�rxª�wx{sÃg�ÓrvyqtsÃ«¬x{�Ã��vy|{v~�­s����{��q�«¬xI�kfÃ��skvyx{��qN�ZbdcwgN�Ì�d§'g©�rg�s��{v°z
s�cwg	�w�kxI�»gN�ts�v°g3q�x�«\s�cwga|{��x{�w�¯g�Ór�»xI�wg��Hskv~��z@�{���¯zyx{|H����vÏs�cwf�v°��³Ìvyg	|I�kxI�w��qN�.i¥��s�cwg���g�ÓWsÒnWgN��skvyx{�Ì�
§-g���g�zyp;xI�%skcwg3qtg��w��x{�`g��kskvygNq�s�x´x{uws���vy�¯�´��x>²{g�z/�rg�®���vÏs�v°xI�¯x�«\uwv°ÉÊv°�W²>����vy�{�Hs�f	g3����q�v°�Ñ���Wp$®»�wvÏs�g�É
�wv°fag��»qtvyx{���{zQ�kg3��zÌ³Ìvyg.|{��x{�w�»q��r��zyx{��|�§�v°skc©�	�w��xHx{«�x�«!v°s�qdg�Órv~q�s�g�����g
�����;�w�wv~}H�wg��wg3qkq��{���;§'g
��z~qkx
���kx>²Igdskcwg.��xI�H²Ig���|{gN����gdx�«�skcwgYg�ß´��vyg��Hs'v°skgN����skvy²{g�qk��cwgNfag��w��x{�`xIqkgN�avy� � �
	»s�x	��x{fa�w�rs�g�s�cwvyq'fagN�{�
vy�a�w���{�8s�vy��g{��bdcwg��Ì�I§'gdg�ÓW��z°v~��v°s@skcwgd«¬xI�kf�s��{¨{g��	uWp
skc�g�uwvÏÉÊvy�H²>�{�kv~���Hs!f	g3���avy�a���W�wf�u»gN�@x�«4qtvyfa�wz°g
�N�{qkgNq�§�cwg���gÒ�$��z°xHqtg3��«¬x{��f�g�Órvyqts�q�«¬x{��skcwv~q�fagN�����»gI� |»��skc�g +�gNvyqkg��Wu`g���|$|I�kxI�w�Ì����«¸skg���§d�����wq��»§'g
«¬xr����q!x{�	z°vy�wg3���!sk�����»q�«¬xI�kfÃ�>s�v°xI��qN��������v°�a���{�ts�vy���wz~���!x{�	�kvy|{v~�Òsk������qt«¬x{��fÃ�>skvyx{�»q/�{����s�g���qkx{��qN�/³��Iq�s
u��rs-��x�sdz°g3�{qtsN�W§'g���g�zyp	xI�$uwv°ÉÊv°�W²>����vy�{�Hs'fagN�{��q\s�x	�wg�®��wg.���wx>²{gNz`��zy�Iqkq'x�«��`x{zypI��ßÃ�wg�s����{��q�«¬xI�kfÃ��É
s�v°xI��qN�����{z°zygN�±Ú°Â¿Ö�ÀP·¥¶¸¹�º>¼>¾8¶¿¼�¹�ÀÐÅwÆ�Ú Ø{¼�çZ¹`Â���§�c�vy��c1��zyz°x>§�qYs�x$«¬��qkgaz°xr�N��z@��v°|Ivy��x{�
�>ßÃ�wgÃ��xIfa�»xI�wg��Hs�q
¼�¾�µ�¶¸ÀP¾k¼�¾8¶¸Ú Ø�Ö�¼>¾	¼��Ð¼>ØYÖ�¾kÆ>Á À���Â�¶¿ÕIÂ�¹»ÀE¶¸ÀPØ>�

� ����
��������0�1��� ���� �";#%�

�	�  N¢w �� � � ��� i¥�Òs�cwg�qtg3}H�wg�zrx{«�skc�vyq@�{�ts�vy��z°gI�>§'gd§�vyz°zr��qkgd�Y�W�wf�u»gN�!x�«»��x�s���skvyx{��qN�>§�cwv~��c	�{�kg-zyvyqtskg3�
u`g�zyx>§
�!ÞÑg
u`g�|Iv°�%§�v°skc%�wx{s��>s�v°xI��q-«¬x{���»qt���{z4fÃ�>sk��v°Ó$|{��x{�w�»q-�{����qt�wu�fa�{�wv°«¬x{z~�wq�Ë

� GL(n)
vyq!s�cwg�|I�kxI�w�ax�«Q�kg3��zrvy�H²Ig��kskvyuwzyg

n×n
fÃ�>s��kv~��g3q��H�����	fax{��g�|{gN�wg�����zyz°pI�>«¬x{�\�{�Wp;á¸®»�wvÏs�g

�rvyf	gN��qkv°xI����z¸â�²IgN�8s�x{��qk���I��g
E
�
GL(E)

§�vyz°z�u»gÒskcwg�|{��x{�w�©x{«\v°�W²Ig��kskvyuwz°g
zyvy�wgN�{��x{�`g����>s�v°xI��q
�{��skvy�w|ax{�

E
�

� SL(n)
v~q'skcwg	ÇPÅwÂ�Ä�¶¿¼>ÚÌÚÏ¶¸¹`Â�¼>¾�Ô{¾kÆ>Ü3ÅQ�rvE� g{�!s�cwg�qk�wuw|I�kxI�w�´x{«/fÃ�>s��kv~��g3qÐx{«

GL(n)
§�cwxHqtg.�rg�skg��kÉ

fav°���{�Hs�vyqdg3}I�»��zQskx �I�
� O(n)

v~q4s�cwgÐ|I�kxI�w��x�«�Æ>¾8À��wÆ�ÔIÆ�¹`¼�Ú�sk�����»q�«¬xI�kfÃ�>s�v°xI��qN��vP� gI�/q�}I�»����g�fÃ��sk��vy��gNqÌq��>s�vyqt«¬pWv°�w|
R.RT =

Id
�w§�cwgN�kg

Id
vyqds�cwg
v~�rg��Hskv°s�p´fÃ�>s��kv°Ó;�{���

RT
vyqds�cwg.sk�����»qt�`xIqkgN�$fa��sk��vÏÓ;x�«

R
�

� SO(n)
vyq�skc�g´ÇPÅwÂ�Ä�¶¿¼>Ú\Æ>¾8À��wÆ�ÔHÆ>¹`¼�ÚÌÔ�¾kÆ�Ü3Å`�Qu`g�sts�g���¨W�wx>§��©c��{q�skcwg	|{��x{����x{«�¾kÆ>À¥¼>ÀP¶¿Æ>¹�Ç8��iÊsYv~q

skcwg�qk�wuw|I�kxI�w��x�«
O(n)

§�cwxIqkg.g�zyg�fag��Hs�q�qk��skv~q�«¬p
det(R) = 1

�
� SE(n)

v~q.s�cwgÃ|{��x{�w�Ñx�«�ÇPÅwÂ�Ä�¶¿¼>Ú �-Ü�Ä�Ú ¶¿ÕIÂ�¼�¹©sk�����»q�«¬xI�kfÃ�>s�v°xI��qN�4vE� g{�as�cwgÃ|{��x{�w��x�«-�kvy|{v~���rvyqtÉ
�wz~�{��gNfag��Hs�qN�

� M(n)
v~q-skcwg�qk���{��g.x�«!�kg3��z

n × n
q�}H������g�fa��sk��vy��gNqN�

� Sym+
? (n)

vyq-s�cwg�qt�»�{��g.x{«!qkpWf	fag�sk��vy���`xIqkvÏs�v°²Ig�É¥�rg�®���vÏs�g���gN�{z
n × n

fÃ��sk��vy��gNqN�
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��¶¸·¥¶¸¹�º>¼>¾8¶¿¼�¹�À���Â�¼>¹wÇ
¶¸¹©Û!¶¿Â��-¾�Æ>Ü3Å»Ç �

� Sym(n)
vyq-s�cwg
²{g3�8skxI��qt���I��g.x�«!��gN��z

n × n
qtpWfafag�s��kv~��fa��sk��vy��gNqN�

��gN�wg�����z\áE��u�qtsk���{��s�â-³Ìvyg
|{��x{�w�;�wx�s��>s�v°xI��q�Ë
� §�cwg�� G v~q��Ã³Ìvyg�|{��x{���Ì�rvÏs�q��wgN�rsk����z�g�zyg�fag��Hs�§�vyz°z/u»g�§���v°stskgN� e

�»�����%�	s�pW�wv~����z�g�zyg�fag��Hs�x{«
G §�vyz°z�u»g m

�\bdcwg�³Ìvyg
��zy|{gNuw����x�« G §�vyz°z�u»g
§���vÏskskgN� g
�

� skcwgYs��{�w|{gN�Hsdqk���{��g�x{« G �>sd�»xIv°�Hs m
§�vyzyz»u`g.�kg�«¬g����kg3�	skxa�{q

TmG �r§�cwvy��c����{�´u»g�vy�Is��wv°skvy²{g�zypskcwxI�w|{cHs�x{«��{q-s�cwg
zyv°�wg3����qk���{��g�� u`gNqts����w���kx½Órvyfa��skvy�w| � G �{�kxI�w��� m
�

� §'g��rg��wx{skg Lm

á¬��gNqk�Ì�
Rm

â-s�cwg�zyg�«¸skÉ�á¬��gNqk�Ì�d��v°|IcIskÉ¥â�fÒ�wz°skvy�wzyvy�N�>s�v°xI��uWp����©g�zyg�fagN�Is
m ∈ G ��w�w�kskc�g���f	xI�kgI�r§'g.§�vyz°z�z°g�s

Inv : G → G u`g.skc�g
v°�W²{gN��qkvyx{�$xI�»gN����skxI�N�
� vÏ«Q��fÃ�{�w�wvy�w| Φ : G → G v~q��wv -Qg���g��Hskv~��u�z°gI�>§'g-§��kv°skg DmΦ

v°s�q-ÀÊ¼�¹HÔHÂ�¹»ÀÌÁÃ¼�Å á¬xI���rv�-Qg���g��Hskv~��z
fÃ���»â���s

m
�

DmΦ
vyq��afa�{�w�wvy�w|	«¬�kxIf

TmG skx TΦ(m)G
�»§�cwv~��c�fag3����qds�c��>s�skx´��s��{�w|{gN�Is

²{g3�8skxI�Ãz°xr�N�>skg3�¦�>s
m
á¿§�cwvy��c¦v~qÃu��Iqtv~���{z°zyp±���¦vy�r®��wv°skg3qtvyfÃ��z��wvyqk�wz~�{��gNfag��Hs�â	v°s;�{q�qkxW��vy��skg3q

�©s����w|Ig��Hs�²IgN�8s�x{�	�>s
Φ(m)

á¿����x�skc�g��	v°�r®»�wvÏs�gNqkv°fÃ�{z-�rv~qk�wzy�I��gNf	gN�HsN��� z°vy²Wv°�w| �/vy�±�Ñ�rv -Qg���g��Hs
²{g3�8skxI��qt�»�{��g½â8�

����� �
	���
����������

� ��� � �¬ �� � � �K � � �F' ¡ � �6�!� � Þ�gYqts��{�ts\uWp	�kg3���{z°zyv°��|.skcwgYu��{qkvy�d���kxI�»gN�ts�v°g3q@x�«�³�v°g�|I�kxI�w��qN�{��zyx{��|
§�v°skc;skc�g.��x{�W²{gN�wvyg��Hs-��x�skvyx{�»q'§�c�vy��c%����g���zy�Iqkqkv~����zyzyp	�»qtg3�´s�xa�wgNq�����v°u`g�s�cwgNqkg.�w��x{�`g��kskvygNqN�!b'pW�wv~����z
g�Ów��fa�wzygNq;x�«Òqk����cæ|I�kxI�w��q$�{�kg�|{��x{�w��q;x�«�|Ig�xIf	g�sk��vy�N��z�sk������qt«¬x{��fÃ�>skvyx{�»q�á¬gI� |»�°���kvy|{v~�Íx{�%�>ßÃ�wg
s����{��qt«¬x{��fa��skvyx{��q�â8�W§�cwgN�kg�s�cwg
fÒ�wz°skvy�wzyvy�N�>s�v°xI�;v~qdskc�g���x{fa�`xIqkvÏs�v°xI�$x{«�fÃ�����wv°��|IqN�
i¥�aqtvyfa�wzyg's�g���fÃq��{�.³�v°gd|{��x{����vyq�®»��qts\�Y|I�kxI�w��vy�	skcwg�¼>Ú ÔIÂ3µ�¾�¼>¶¿Ä\qkg��»qtgI�>vE� g{�@��qtg�s!x{«»gNz°gNf	gN�Hs�q!vy�

§�c�vy��c©�%Á	ÜrÚ ÀE¶ ÅQÚ ¶¿Ä�¼>ÀP¶¿Æ>¹;u»g�s�§'gNg��©g�zyg�fagN�Is�q�v~q��rg�®»�wgN�4�dbdcwv~q�f��wzÏs�v°��z°v~����skvyx{�%vyqY�{q�qt��f	g3�;skxÃc��½²Ig
��gN�>s��{���%vy�Is��wv°skvy²{g��w��x{�`g��kskvygNqNË@v°sYv~q��{q�qtxr��vy��skvy²{gÃá

(a.b).c = a.(b.c)
â8�`vÏs�c»�{q��a�wgN�rsk����z�g�zyg�fag��Hs

e�{���;gN�{��c�g�zyg�fagN�Is
a
c��{q��	�w�wv~}H�wg
v°�W²Ig���qtg

a−1 �nWg3��xI���4�Ð�Ñ³Ìvyg;|I�kxI�w�ªc��{q	��q�s��k����sk�w��g$x{«Òá¿qkfaxHx{skcÌ�ÐvE� g{� C∞ â;Õ�¶ ��Â�¾kÂ�¹»ÀE¶¿¼�Ú�Áa¼�¹�¶ Ö�Æ�Ú°Õ>�±bdc�vyqfag3����q-s�c��>s�v°s�vyqdzyxr���{z°zyp$qkv°favyzy�{�dskxÃ�	²{gN��skxI��qt���I��gI�Hu��rsY���{�;u`g�}H�wv°skg�� ���w��²{g3�!�W|{zyx{u��{z°zyp{�
bdcwvy���4�Qskcwga��zy|{gNuw����v~�Ò���»�¯�rv�-`gN�kgN�Is�vy�{z@����g�qtsk�����8s��w�kg3q	Ä�Æ�Á�Å�¼>ÀP¶¿µ�ÚyÂ�Ë�v°�W²Ig���qtvyx{���{���±á¿z°g�«¸stÉ����»�

��vy|{cHstÉ�â�f��wzÏs�v°��z°v~����skvyx{��q.����g´Ç8ÁÃÆNÆ�À��$fÃ�����wv°��|IqN�.bdc�vyq�fagN�{��qYskc���s�v°s
vyq��`xIq�qtvyuwzyg�skx�vy���rg�®»�wvÏs�g�zyp
�wv -Qg���g��Hskv~�>s�gÃskc�g�f%� �wxI�Òfax{��ga«¬x{��fÃ��z-�rg�®���vÏs�v°xI��qÒ�{���1fax{��g$�rg�s���vyzyqN�!�wzygN�{qkg´��g�«¬gN�
skx���zy�Iqkqkv~����z
�wv -Qg���g��Hskv~��z4|Ig�xIf	g�sk��pÃu»xWxI¨Wqdzyvy¨{g�nWg�g
� �3�
	�x{� � ���
	Ê�

#&% ¢ � � 4 � � � �¯�{�Wp´��qk����zÌqkg�s�q����{�;u`g
²Wv°gN§'g3�;�Iq�³Ìvyg ����x{����q�� %Y��fag�zypQË

� ²{g3�8skxI��qt�»�{��g3q
� Á�ÜrÚÏÀE¶ ÅQÚ ¶¿Ä�¼>ÀP¶¸º½Â	ÁÃ¼>ÀP¾8¶Ïã�Ô{¾kÆ�Ü3Å»Ç8Ë GL(n)

�
O(n)

�
SO(n)

�wg�s����
� ��Â�Æ�ÁaÂ�ÀP¾8¶¿Ä­ÀP¾k¼>¹�Ç¬Ö�Æ>¾8ÁÃ¼>ÀP¶¿Æ>¹ Ô{¾kÆ�Ü3Å»Ç�qk����c �{q%��vy|{v~�6s����{��q�«¬xI�kfÃ��skvyx{��qN��qkvyf	vyz~����vÏs�v°g3q��
�>ßÃ�wg
sk������qt«¬x{��fÃ�>s�v°xI��q��y�y��§�cwv~��c����{�����WpW§d�½p;��z~qkx´u»g	zyxHxI¨{g3�%�w�»xI�Ñ�Iq�fÃ�>s��kv°Ó%|{��x{�w��q�²Wvy�´skcwgNv°�
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���{z°v°s�p©�wg�g3�rgN�¯skx%�rgN�{z!§�vÏs�c�qk����c¯vy�r®��wv°skg�ÉÊ�wv°fag��»qtvyx{���{z@qt���I��g3q��Q§-g�§�vyz°z!�wx{s���x{�»qtv~�rg��Yskc�vyq
s�pW�»g
x{«!³�v°g.|{��x{����q-v°��skc�vyq�§-x{��¨Q�
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 � ��¡ � � � �  N¢r �� � � � Þ�gÐ§�vyz°zH�wgNgN�
���W�wf�u»gN��x{«w�wx�s�v°xI��q���zy�Iqkqkvy�N��zyz°p
�»qtg3�´s�x´�rgNq�����v°u`g�skcwg
���kxI�»gN�ts�v°g3q'x{«!³�v°g.|I�kxI�w��qN�!bdc�g�p$�{�kg�skc�g.«¬x{zyz°x>§�vy�w|�Ë

� b�x
�{�Hp
²IgN��skx{� v ∈ TeG
�{vP� gI��s�x
���Wp.s��{�w|{gN�Is@²IgN�8s�x{��skx G ��s!skcwg�v~�rg��Hs�vÏs�pÒ�N���	u»g��Iqkqkxr��v~�>skg3�v°�©�	x{��g�ÉPskx�ÉÊx{��gYfÃ�����wg�����Ú°ÂEÖ�ÀE·¥¶¸¹»º½¼�¾8¶¿¼>¹»À�²{g3�8s�x{�-®�g�z~�

Xv

�»�rg�®���gN��uWp
Xv(m) = DeLm.v

�
vE� g{�\qkvyf	��z°p;uHp$z°g�«¸stÉÊfÒ�wz°skvy�wzypHvy�w|

v
�

� §'g©�N���Î|{vy²{g (TeG, +, .)
�-§�cwv~��cZv~qauWp±��xI��qtsk�����8s�v°xI�Î�Îº>Â�Ä�À¥Æ>¾�ÇPÅw¼IÄ�Â��d��qtsk������sk�w��g%x�«
Û@¶¿Â

¼>Ú ÔHÂ3µ�¾k¼��4vE� g{��|{vy²{gÒvÏs.���¯g�ÓHs����$��zy|{g�u����{vy�.xI�»gN����skvyx{�©§�cwv~��c¯v~qY�{���{q�qtxr��vy��skvy²{g����»�©uwv°ÉPzyv°��gN���
v°���wg��Y�w�kxr�r�»�8sY�N��zyz°g3�$s�cwg	Û@¶¿Â	µ�¾k¼IÄ��IÂ�ÀP�Q�rg��wx{skg3�%cwg���g

[ , ]
�dbdcwv~q�x{�`g����>s�v°xI�©��zyxIqkg�zyp$��g���g3�8s�q

skcwg-fÒ��zÏs�v°�wzyv~���>s�v°²IgÐ�w��x{�`g��kskvygNq/x�«rs�cwg-|{��x{�w� G ��i¥�������kskv~����zy�{�N�3«¬x{�!��xIfafÒ�rs��>skvy²{g'³ÌvygÐ|{��x{����q��skcwg�³�v°g
u����I��¨{g�sdv~q���zy§-�½prq-�W�wz°zP�
bdcwv~q!v°�w��g��!�w��xW�w���8s!vyq!�I�8sk�»��zyz°p��rgN�kvy²{g3�.«¬��x{f�ÔHÂ�¹QÂ�¾k¼�Ú3³�v°g-uw���{��¨Ig�s/xI��qkfaxHx{skc�²{gN��skxI��®�gNzy��q��
qtvy����g

(TeG, +, . , [ , ])
���{�©u»g	��xI��qtv~�rgN�kg3���Iq��;Û@¶¿Â�Ç�Ü�µ�¼�Ú ÔIÂ3µ�¾k¼
x{«\²{gN��skxI��®�g�z~�wq�x{� G �`qkvy����g§'g��N����vy�wg��Hskv°«¬p

TeG
§�v°skc�s�cwg�qtg�s�x�«!z°g�«¸stÉÊv°�W²>����vy�{�Hsd²IgN��skx{�-®�gNzy��q��

��q.fag��Hs�v°xI�wgN���w�kgN²Wv°xI��qtzyp{�»skc�g	��x�s���skvyx{�©«¬xI��skcwga³Ìvyg	�{z°|Ig�uw���´x{« G §�vyz°z!u`g	vy�¯s�cwv~q
���kskv~��zyg
g
�\iÊs�c»�{q��a�W�wfÒu`g���x{«���g�fÃ�{�k¨>��u�z°g.��zy|{gNuw���{vy�Y�w��x{�`g��kskvygNq
á¿v°�©�{���rvÏs�v°xI��skxÃv°s�q��Iqkqkxr��v~�>skvy²WvÏs�p
������uwv°ÉÊz°vy�wgN�{�kv°s�pwâ\§�c�vy��c©����g�skcwg�«¬xIz°zyx>§�v°��|�Ë
v¸â ∀a, b ∈ g, [a, b] = −[b, a]

á�� �{�Hskv°ÉÊ��x{fafÒ�rs��>s�v°²Wv°s�p � â8�r§�c�vy��c�v°fa�wzyvygNq
[a, a] = 0vyv¸â ∀a, b, c ∈ g, [a, [b, c]] + [c, [a, b]] + [b, [c, a]] = 0

á��I�I��x{u�v4vy�rgN�Hskv°s�prâ��
nWvyf	��z°g-g�Ów��fa�wzygNq�x�«�³�v°g'uw���I��¨{g�s�qÌv~q�����g\|{vy²{gN�
uHp

GL(n)
�{���
v°s�q/fÒ�wz°skvy�wzyvy�N�>skvy²{g-qt��uw|{��x{�w�»q��

z°vy¨{g
SL(n)

x{�
SO(n)

��i¥�.skcwg3qtg-���Iqtg3q���skcwg-³ÌvygÐ��zy|{gNuw���dv~q���º½Â�Ä�ÀÊÆ�¾\ÇPÅw¼IÄ�Â�Æ�ÖÐÇ�Ý�Ü�¼�¾kÂ-Áa¼�ÀE¾8¶¿Ä�Â�Ç8�
�����Ãskcwg�³Ìvyg�uw���{��¨Ig�s\u`g�s�§-g�g��´s�§'x�gNz°gNfag��Hs�q

M
�����

N
x{«4skcwv~q-��zy|{g�u����.v~q\s�cwg	Ä�Æ�Á�Á	ÜrÀÊ¼�ÀÊÆ�¾

x�«-skcwg3qtgas�§-x%fÃ�>sk��v~��gNqN�ÌvP� gI�
[M, N ] = M.N − N.M

�Ãi¥�1�����kskv~����zy�{�N�Qs�cwg$³ÌvygÃ��zy|{gNuw���;x�«
GL(n)

vyq
M(n)

�Is�c��>s-x�«
SL(n)

v~q\s�cwgYqk�wuW²{g3�8s�x{�Ðqk���{��g�x�«
M(n)

x�«ÌfÃ��sk��vy��gNq\§�v°skc;�
sk���{��g
gN}H���{zÐs�xÑÈNg���x��@�����ªskcwg%³Ìvyg��{z°|Ig�uw���%x�«

SO(n)
vyqÒskcwg�²{g3�8s�x{�aqt���I��g´x{«Yqk¨{g�§�qkpWf	fag�sk��vy�

fÃ�>sk��v~��gNqN� �wxI���	��x{fa�wzyg�s�g��{����x{�w�Hs�x{�%³Ìvyg
��zy|{gNuw���Iq��wqkg�g�� ����	Ê�
� G �N���au`g � ��g����kg3qtgN�Is�gN�!�>uWpa�.|{��x{�w�	x�«QfÃ�>s��kv~��g3q\�{��skvy�w|
x{� g

�I²Hv~�.§�c���s\vyq'����zyzygN�	vÏs�q�¼{Õ	��Æ>¶¸¹»À
¾kÂ¥Å`¾kÂ�Ç�Â�¹»ÀÊ¼�ÀE¶¿Æ�¹��

Ad(G)
��ÞÑg�§�v°zyz!qtgNg
skc���s�s�cwgÒ�w��x{�`g��kskvygNq�x�«!skc�vyqY�kgN�w��gNqkg��Hs���skvyx{�©�����©skcwg

g�Órv~q�s�g�����g
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|{��x{�w�;v°�Hs�xa�;Ú ¶¸¹QÂ�¼�¾ÒÆ�Å�Â�¾�¼>À¥Æ>¾
á¬vP� gI�°�w�
fÃ�>sk��v°Ówâ�§�cwvy��c¯�I�8s�q�x{�%s�cwgÒ³ÌvygÒ�{z°|Ig�uw���w� �©x{��g
�w��gN��v~qkg�zyp{���{�©g�zyg�fag��Hs

m
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g�zyg�fag��Hs
v
x�«

g
uWp

Ad(m).v =
�
m.v.m−1 ���>��bdc�vyq�x{�`g����>s�v°xI�¯v~q��N��zyz°g3���;�kgN�w��gNqkg��Hs���skvyx{�v°�;skc�g.qkg��»qtg�x�«-¾kÂÊÅQ¾kÂ�Ç�Â�¹�À¥¼>ÀP¶¿Æ>¹�À���Â�Æ�¾8Ø�áEqtgNg � �3�
	`«¬xI���	��x{fa�wzyg�s�g�s��kg3�>skfagN�Is8â8�r§�cwv~��c$fag3����q

skc���sdskcwv~qdfÃ���w�wvy�w|av~q.Ä�Æ�Á�Å�¼>ÀP¶¿µ�ÚyÂd§�vÏs�c�skcwg
³Ìvyg�|{��x{�w��q�s��k����sk�w��g�x�« G �\bdcwv~qd��xIf	�»�>skvyuwvyz°v°s�p��xI��qtv~qts�qdx�«�skc�g.«¬x{zyz°x>§�vy�w|	�w�kxI�»gN�ts�v°g3q�Ë
v¸â

Ad(e) = Idvyv¸â ∀m ∈ G, Ad(m−1) = Ad(m)−1

v°vyv¸â ∀m, n ∈ G, Ad(m.n) = Ad(m).Ad(n)vy²wâ
Ad : G → GL(g)

vyq�qkfaxHx{skcÌ�
bdcwv~q��{fax{�w�Hs�q�skx%qk�½pWvy�w|Ãs�c��>s

Ad
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ÀP¾k¼�¾8Ø�"\À���ÂYÔHÂ�Æ>ÁÃÂ�ÀP¾8¶¿Ä�ÁÃÂ�¼>¹c" �@¾8¶¸ÀEÀ¥Â�¹	�wÂ�¾kÂ

E((xi), (wi))
"\¶~Ç\Ö�ÜrÚ¸Ú Ø;¼IÕ{¼�Å`À¥Â�Õ �3 8À-¶~Ç�Ô�¶¸º>Â�¹1µ�Ø��

E((xi), (wi)) = exp(Σiwi log(xi)).
áE�{â

� Â
¾kÂ�Ä�¼>Ú¸Ú/À���ÂÒÄ�Ú°¼½Ç�Ç8¶¿Ä�¼>Ú@Ä�Æ>¹�º>Â�ã{¶¸ÀPØÃ¶¸¹`Â�Ý�Ü�¼>Ú ¶¸ÀPØ$µ�Â�À �ÐÂ�Â�¹ÑÀ���Â
À �ÐÆÃÁÃÂ�¼>¹wÇ	�

exp(Σiwi log(xi)) < Σiwixi,
á �Iâ

����Â�¹QÂ�º>Â�¾
À���Â�ÕI¼>À¥¼´¶~Ç
¹`Æ�ÀÐ¾kÂ�Õ�Ü�Ä�Â�Õ´ÀÊÆ;¼aÇ8¶¸¹HÔ{Ú°Â�ÅwÆ�¶¸¹�À �
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 �±��zy�Iqkqkv~����zI���w�w��xI�I��c�s�xY�rg�®��wgÐ���wx�s�v°xI�
x�«rfagN�{�
��x{fa����skvyuwz°g�§�v°skc´�{z°|Ig�uw����v~�'x{�`g����>skvyx{�»q!vyq!s�xÒ�rg�®��wgd®���q�sÐ�´Õ�¶~Ç8ÀÊ¼�¹`Ä�Â�á¿x{�\fag�s��kv~�Nâ!��x{fa����skvyuwz°g�§�v°skc
s�cwgNqkg.x{�`g����>s�v°xI��q������$skc�g���skxa��g�zyp´x{��skc�vyq��rv~qts����»��g.skxÃ�rg�®��wg.s�cwg
fagN�����

3 � ¢ � ��¢ � � � �¿�N N¢ � £ � � � �wxI���¯qkcwx{�ksÒs�v°fagI�@z°g�s���q��wx>§���xI��qtv~�rgN��skc�g;�w��x{u�z°gNf x{«��rg�®���v°�w|
fag3����q�vy��s�cwga|{g���g�����z!qtg�stskvy�w|%x�«YÁaÂ�ÀE¾8¶¿ÄÃÇPÅw¼IÄ�Â�Ç8�ÌvP� gI��skc�gaqkg�s�q.x{�Ñ§�cwvy��c1�1Õ>¶~Ç8ÀÊ¼�¹`Ä�Â�v~q
�rg�®���gN�4�
b/x´fÃ��¨Ig.skcwg��wx�s�v°xI�©x�«\fagN�{�±Ä�Æ>Á�Åw¼�ÀE¶¿µ�Ú°ÂY§�vÏs�c©skc�gÒfag�s��kv~���`x{�wg������©��g�zyp�x{�%skc�gÒvy�Is��wv°skvy²{g�v~�rgN�
x{«�Á	¶¸¹�¶¸ÁÃ¼>Ú\º>¼>¾8¶¿¼�¹`Ä�Â;Æ�¾´Õ>¶~ÇPÅwÂ�¾�Ç8¶¿Æ>¹%s�x%�wg�®��wg�skc�g	fag3���Ì�Ìu`gN�N����qkga�;fag�sk��vy���w��x>²Hv~�rg3qY��§d�½p�x{«
}H���{�Hskv°«¬pHvy�w|�cwx>§*��z°xHqtg1á¬xI�a«¿���Ã�½§d�½prâ�s�§-xÑgNz°gNf	gN�Hs�qÃ����g;«¬�kxIf gN�I��c±x�s�cwg��Ãvy�¦�Ñfag�sk��vy�%qk���{��g
(E, dist)

� �©xI�kg;�w��gN��v~qkg�zyp{�@s�cwg%f	g3���Î�����Zu»g©�rg�®��wg3�Z�Iq�s�cwg%�»xIv°�Hs
E(X)

§�cwv~��cZfavy�wv°favyÈ�g3q
qkx{fag�¨Hvy���©x{«Ð�rv~qt�`g���qtvyx{�Ñ�rvyqk�`g���qtvyx{�¯x{«@skcwga�w��s��

(Xi)
N
i=1

����x{�����%vÏs�qtgNzÏ«�á¬§�v°skc���gNqk�`gN�8sYskx%qtxIfag
��x{�rÉÊ�wg�|H�>s�v°²IgY�wxIfÃ��zyv°ÈNgN�;§'gNv°|IcIs�q

(wi)
â8��«¬x{��g�Ów�{f	��z°gIË

E(Xi) = arg min
Y ∈E

∑

i

wi.dist(Xi, Y )α.
á¬�Hâ

bdc�g��N�{qkg
α = 2

��x{���kg3qt�`x{����q\vy�$²{g3�8s�x{�dqt���I��g3q\s�xÒs�cwg��{�kv°skc�f	g�skv~��fag3���Ì�r���»�´vy�;x{skcwgN�-qk���{��gNqÐskx
s�cwg�vy��|{g���g�����zyv°È3�>skvyx{���N���{z°zygN�
skcwg �4¾#��Ä �wÂ�À�fagN�{� � � 	P� �wxI�

α = 1
�>x{��g\x{urs���vy��q�skcwg'|{g���g�����zyv°È3�>skvyx{�.x{«

s�cwg
ÁÃÂ�Õ�¶¿¼>¹»�\jY��g�qtcwxI�wz~�Ò�wx{skgds�c��>s@s�cwg��rv~qt�`g���qtvyx{�	fÃ�½p�c��½²Igdqkg�²Ig�����zWfav°��v°favyÈ�g���qN����x{�@vy��q�s�������g{�
s�cwv~q�v~qÒ��z~�{q�qkvy�N��zyz°p©s�cwg;�N�{qkgÃv°�ª²IgN��skx{��qt���I��g3q�«¬x{�

α = 1
��g3qkqkg��Hs�vy�{z°zyp¯u`gN���{��qkg´v°�1s�cwv~qÒ���Iqtg´skcwg

�wvyqk�»gN��qkvyx{�±v°sÃvyq	�wx{saqtsk��v~�8skzyp±��x{�W²{g�ÓQ�\��x{�Hsk������pÑskx�skcwg©�N�{qkg
α > 1

�±�Ð²{g��Z§�cwg��
α > 1

�\s�cwg
�wvyqk�»gN��qkvyx{�%x�«@s�cwg��w��s��

Xi

qtcwxI�wz~�%�wx�s�u`g�s�xWx´cwvy|{c¯vy�©x{���rg���skx$|I���������Hs�g�g�skc���s�s�cwg��rv~qk�»gN��qkv°xI�
c»�{q��	�w�wv~}H�wg
|{zyx{u��{zQf	vy�wvyfÃ��� ��	Ê�

����� � 	�� 	A� ��� ��	���������������� ��� � ����� � ��	�� �B����� ��	������!� ��� ��	A� � 	�� �
	�� 
 � �������

i¥�¯skcwg	���{qkg�x{«Ð³ÌvygÒ|{��x{����q��»§'g�§�v°zyz!qtgNg�cwg���gÒc�x>§ xI�wg��N���­á¿x{�.�������wx�s8â��rg�®»�wg��;�rvyqts��{����g	��xIf�É
�»�>skvyuwzyg.§�vÏs�c¯��zy|{g�u����{vy��x{�`g����>skvyx{�»q.¼�¹`Õ�s�cwg
�rv�-`gN�kgN�Is�vy�{uwzyg�q�s��k����sk�w��g.x�«/skcwg3qtg
|I�kxI�w��qN�

���������
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 ��� � � ���¿£{� � bdcwg	�wvyqts��{����g3q�á¿x{��f	g�sk��vy�Nq�â	Ä�Æ>Á�Åw¼�ÀE¶¿µ�Ú°Â�§�v°skcÑskcwg
�wv -Qg���g��Hskv~��u�z°g
qtsk�����8s��w�kg.x{«!�rv�-Qg���g��Hskv~��uwzyg.fÃ���wv°«¬x{z~�wq�����g
���{z°zygN���Y¶¿Â�ÁÃ¼>¹»¹�¶¿¼>¹ÑÁaÂ�ÀP¾8¶¿Ä8Ç8�
hd�{qkv~����zyzyp{�'skcwg¯v~�rg3�ªvyqÃskx±�rg�®��wgªÇ8ÁÃÆNÆ�À��rÚ Ø%v°�Íg3�{��cÎs��{�w|{gN�Hs$qt���I��g

TmG �ÎÇ�Ä�¼>Ú°¼�¾aÅ`¾�ÆNÕ�Ü�Ä�À
< ., . >TmG

��bdc�g��rv~q�s�������g�u`g�s�§-g�g��%s�§-xÃ�`x{vy�Is�q
m
�����

n
v~q�s�cwg��¯xIurs��{v°��gN�%uWp���x{fa�w�rs�v°��|Ãskcwg

favy�wvyfa�{zÌzyg��w|{skc%x�«@�ÃqtfaxWx�s�c����w��²{g
c(t)

��xIv°��v°�w|as�cwg�f*v°�%xI�wg
�w�wv°s�x�«�skvyfag{�ÐÞ�g
��gN���{z°zQs�c��>s�skcwg
zyg���|�skc

l(c)
x�«

c
v~q���zy�Iqkqkvy�N��zyz°pÃ|Iv°²Ig��;uHpQË

l(c) =

∫ 1

0

∥

∥

∥

∥

dc

dt
(t)

∥

∥

∥

∥

Tc(t)G
dt.

� qkfaxWx�skc%�����k²Ig�x{«�favy�wvyfa�{zÌzyg��w|{skc�u»g�s�§'gNg���s�§'xa�`x{vy�Hs�q�v~q����{z°zygN�%�ÃÔIÂ�Æ3Õ{Â�Ç8¶¿Ä��`������v°«/s�cwg���g
vyq��
���wvy}H�wgd|Ig�xr�rgNqkv~�Ðu`g�s�§-g�gN�Òs�§-xY�`x{vy�Hs�qN�>skc�vyq@���w�k²Igdvyq!���{z°zygN�	�	Á�¶¸¹»¶¸Á�¶%$�¶¸¹WÔYÔHÂ�ÆNÕIÂ8Ç8¶¿Ä��@i¥�Is�g���gNqtskvy�w|{zyp{�
«¬xI�@���Wp�|{vy²{gN�Ò�`x{vy�Hs!vy�Ã�YqkfaxWx�skc	fÃ���wv°«¬x{z~��g����rx>§-gN�Ò§�vÏs�cÃ����v°gNfa�{�w�wv~����f	g�sk��vy�{��s�cwg���gdg�Órvyqts�q!�{�
Æ�ÅwÂ�¹¯¹QÂ�¶ÏÔ �wµ�Æ>¾���ÆNÆ3Õ�x�«�skcwv~qd�»xIv°�Hsd§�cwv~��c$v~qdÔHÂ�ÆNÕIÂ8Ç8¶¿Ä�¼>Ú¸ÚÏØ;Ä�Æ>¹�º>Â�ã{�WvP� gI�@§�cwg���gY�{�Wpa��x{�w��z°g�x�«��`x{vy�Hs�q
�N���©u`g���xIv°�wg3�©uWp©�Ãfav°�wvyfav°ÈNv°��|$|{gNxr�rgNqkvy�{��ÞÍcwgN�©s�§'x$�»xIv°�Hs�q�����g�� «¿��� �`�{�����ksN��skcwgN�kg	�����%«¿�{v°z/skx
u`gY�{�Wp	|Ig�xr�rg3qtv~��u`g�s�§-g�g��´skcwgNf á¸skc�v°�w¨Ãx{«���qkg�sd§�vÏs�c$qtgN²{gN���{z»��xI�w�wg3�8skg3�´��xIfa�»xI�wg��Hs�q�â!xI�'xI�Ãskcwg
��x{�Hsk������pÑqkg�²Ig�����z\|Ig�xr�rg3qtv~��q;á¬�`xIq�qtvyuwzyp1�{�­vy�r®��wv°s�pwâÒ�N���©��xIv°�ªs�cwgNqkg$�`x{vy�Hs�q�á¸s�cwv°��¨ªx�«����Hs�v°�`xr�w��z
�`x{vy�Hs�qYx{���$qk�wcwg���g3â�� �wx{�.�rg�s���vyz~qYxI�©skc�g	g�ÓrvyqtskgN����g	�����©�`xIq�qkv°uwzyg	�w�wv~}I��g��wg3qkqYx�«Ð|Ig�xr�rg3qtv~��qN�`qkg�g
«¬xI��g�Ów��fa�wzyg������
	Ê�
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 � � �­¢ � � �E¢ � 3 �  N¡(�¿£{� � ³Ìg�s-��qd��x>§æ�rg�s���vyz`skcwg
�rv�-`gN�kgN�Hs-s�pW�`gNq
x{«�vy�H²>�{�kv~������gÒá¬xI�-��x{fa����skvyuwv°zyv°s�prâ\skc»�>s������;g�Órv~q�sdu»g�s�§'gNg��$�	��vyg�fÃ�����wvy�{�´fag�s��kv~��xI�;��³ÌvygY|I�kxI�w�
�{���;vÏs�q���zy|{gNuw���{vy�Y�w��x{�`g��kskvygNqN��bdc�g�p;�{�kgYskc�g.«¬x{zyz°x>§�vy�w|�Ë

� � zyg�«¸skÉPvy�W²>����vy�{����g(�°Ë�skc�gYfag�s��kv~��vyq-vy�W²½�{�kv~���Hs-§�vÏs�c;��gNqk�»g3�8sdskxa���WpÃf��wzÏs�v°��z°v~����skvyx{�$xI�´s�cwg.z°g�«¸sN�
���wx{skcwgN�
��qkg�«¬�wz@§d�½p%x�«'��cw���Iqtvy�w|$skcwv~q.vyq�s�x�q��½p%skc»�>s
z°g�«¸stÉÊfÒ�wz°skvy�wzyvy�N�>s�v°xI��q.����g;¶~Ç�Æ>ÁÃÂ�ÀE¾8¶¿Â�Ç
x�« G �wvE� g{�\�wx	��x�s���c��{�w|{g.�rv~q�s�������gNqdu`g�s�§-g�g��%gNz°gNf	gN�Hs�qdx�« G �i¥�­s�g���faq	x{«Yqk�N��z~�����w�kxr�r�»�8s�q	���»�±�rv�-`gN�kgN�Hskv~��z~q��!s�cwvyq	fagN�{��q	�w��gN��v~qkg�zyp�s�c��>s	«¬x{�Ã���Wp�s�§-x
�»xIv°�Hs�q

m
�����

h
x�« G ���»� ���Wp ²{gN��skxI��q

v
�����

w
x�«

TmG � §'g c»�½²{g{Ë
< DmLh.v, DmLh.w >Th.mG=< v, w >TmG

�
� � ��vy|{cHstÉÊv°�W²>����v~������g5�yË/vy�W²½�{�kv~���»��g�§�vÏs�c���gNqk�`gN�8sds�x´���WpÃfÒ�wz°skvy�wzyvy�N�>s�v°xI��xI�$s�cwg
��v°|IcIs3�
� � vy�W²{gN��qkv°xI�rÉÊv°�W²>����vy�{����g(�°Ë@vy�W²>����vy�{����g
§�v°skc¯��gNqk�`gN�8s�skx$vy�W²{gN��qkv°xI�Ì�dbdcwgÒvy�W²{g���qkv°xI�;xI�»gN����skx{��vyq
skcwgN�©���%vyqkx{fag�sk��pÃx�« G �

bdcwg3qtgY�w��x{�`g��kskvygNq-����g�¹`Æ�À»vy���rgN�»gN���rg��Hs3�\bdcwvyq-qkv°fa�wzyp´��xIf	g3q@«¬��x{fåskc�g�«¿�I�8s-skc���sÐ«¬x{�d���Wp	s�§-x
gNz°gNfag��Hs�q

m, n
x{« G ��§-g	c��½²{g (m.n)−1 = n−1.m−1 �	bdcwv~q.vyf	��z°vygNq�«¬xI�
g�Ów��fa�wzygÒs�c��>s.s�cwgÃz°g�«¸stÉf��wz°skvy�wz°v~����skvyx{�ª���{�Ñu`g´xIurs��{v°�wg3�ÑqkfaxWx�skc�z°p�«¬�kxIf x{��g	��vy|{cHstÉÊfÒ�wz°skvy�wzyvy�N�>s�v°xI���{���Ñs�§'x%vy�H²Ig���qtvyx{�»q

vy��skcwg.«¬xIz°zyx>§�vy�w|�§d�½pQË
Lm = Inv ◦ Rm−1 ◦ Inv

�
�mqtvyfa�wz°g	á¬uw�ws'������g�zyp�fag��Hskvyx{�wg3�Ãvy�´��z~�{q�qtv~���{zw�kg�«¬g���g�����gNq@xI�$³Ìvyg�|I�kxI�w��q�â!��x{�»qtg3}I��g�����g�x�«4skc�vyq

v~q-skc»�>sÒ¼>Ú¸ÚW��v°|IcIskÉPvy�W²>����vy�{�Is-fag�sk��v~��q����{�$u`g
x{urs���vy�wgN�´«¬�kxIfàzyg�«¸stÉÊvy�H²>�{�kv~���Hsdf	g�sk��vy�NqduWp � vy�W²{gN��qkv°xI���y�
�{���ÑºN¶¿Ä�Â�º½Â�¾�Ç�¼>�@i¥���wg�gN�Ì�w§'g.c��½²Ig{Ë

���������������



�½� �Y¾�Ç8¶ÏÔ{¹�Ø´Â�À�¼>Ú��

�.¡ � � � ���¿ �� � � � � Û/Â�À
<, >

µ�Â;¼�Ú°ÂEÖ�ÀE·¥¶¸¹»º½¼�¾8¶¿¼>¹»À ��¶¿Â�ÁÃ¼>¹�¹»¶¿¼>¹ÎÁaÂ�ÀP¾8¶¿Ä;ÕIÂ¿ÙÐ¹`Â�ÕÑÆ�¹ G � �
��Â�¹¦À��wÂ
� ¶¸¹»º½Â�¾8À¥Â�Õ��`ÁaÂ�ÀE¾8¶¿Ä �,� "�Õ{ÂEÙ\¹QÂ�Õ©µ�Â�Ú°Æ���"Y¶~Ç�¾8¶ÏÔ �WÀP·¥¶¸¹�º>¼>¾8¶¿¼>¹»À#"Y¼�¹`Õ%ÁÃÆ>¾�Â�Æ�º½Â�¾ �ÐÂ��w¼�º½Â

<, >e=�
,�e

�
�/Æ>¾Y¼�¹�Ø�À �ÐÆ-Å�Æ>¶¸¹»À¿Ç

m
¼>¹QÕ

h
Æ�Ö G ¼>¹`Õ�¼>¹»Ø�º½Â�Ä�ÀÊÆ�¾�Ç v

¼�¹`Õ
w
Æ�Ö

TmG "��ÐÂ.ÕIÂ¿ÙÐ¹`Â�À���Â�¶¸¹»º½Â�¾8ÀÊÂ�ÕÁÃÂ�ÀE¾8¶¿Ä �,� ¼½Ç\Ö�Æ�Ú¸Ú°Æ��!Ç	�

� v, w �m
def
= < DmInv.v, DmInv.w >T

m−1G
.

�d¾kÆNÆtÖ ������sk���{z°zyp{�/skc�g´�w��xHx{«��kgNz°vygNq
xI�wzyp�x{�­�wv -Qg���g��Hskv~�>s�v°��|%skcwg´g3}H����zyvÏs�p
(h.m)−1 = m−1.h−1 �bdc�vyqdpWvyg�z~�wq�Ë

Dh.mInv ◦ DmLh = Dm−1Rh−1 ◦ DmInv.
bdc�vyq��{z°zyx>§�q'skx´qkcwx>§m�rvy��gN�8s�z°p´skc���sNË

� DmRh.v, DmRh.w �Th.mG=� v, w �TmG ,

§�c�vy��c�fagN���»q-skc���s �,� vyqd��v°|IcHstÉÊv°�W²>����vy�{�HsN�
³/�{qts-uw�wsd��x�sdz°g3�{qtsN�Hskcwg�gN}H���{z°v°s�p

<, >e=�,�e

��x{fagNq'«¬��x{fåskcwg�«¿�I�8s-skc���s�}H�wv°skg�vy�Is��wv°skvy²{g�zyp
DeInv = −Id

�-§�cwg���g
Id
vyqÃskcwg¯v~�rgN�Is�vÏs�pZx{�`g����>s�x{�av°�

TeG
�æbdcwv~q´���{�Îu`g©gN�IqtvyzypZqkg�g��Z«¬��x{f

s�cwg���zy�Iqkqkv~����z/�kg3qt��zÏs
De exp = D0 log = Id

�����©skcwg�gN}H����zyv°s�p1á¿²>��zyvy��v°���{�¯x{�`g����wg�vy|{cWu`x{��cwxWxW�
x{«

e
â

m−1 = exp(− log(m))
�/§�cwgN�kg

exp
�{���

log
����g	skcwgÃ|I�kxI�w�Ñg�Ór�»xI�wg��Hskv~��z'������zyx{|I�{�kv°skc�f��
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f��wz°skvy�wz°v~����skvyx{��qduWp$��x{fa�`xIqkvÏs�v°xI�Ì�
��vyg�fÃ�{�w�wv~���¦fag�sk��v~��qa§�cwv~��cÍ����g�qkv°f��wz°s�����g�x{�»qtzyp­zyg�«¸stÉ	�����Z�kvy|{cHskÉ�v°�W²>����vy�{�HsÃ�{�kg%���{z°zygN� µ�¶¸·

¶¸¹»º½¼�¾8¶¿¼>¹»ÀE�-jY�;skc�gNqkg.qk�`gN��v~��z�f	g�sk��vy�Nq��r§-g.c��½²{g�s�cwg.²{g���p´vy�Hskg���gNqtskvy�w|a��gNqk�wzÏs3Ë
E�" � � ¡ � � � � ��¶¸·¥¶¸¹»º½¼�¾8¶¿¼>¹�ÀdÁÃÂ�ÀP¾8¶¿Ä�Ç ��¼>º>Â�À���ÂÐÖ�Æ�Ú¸Ú°Æ��@¶¸¹WÔÒÅ`¾kÆ�ÅwÂ�¾8ÀE¶¿Â�Ç	�
� � �àµ�¶¸·¥¶¸¹�º>¼>¾8¶¿¼�¹�ÀdÁaÂ�ÀP¾8¶¿Ä�¶~ÇÒ¼>Ú Ç�Æ´¶¸¹�º>¼>¾8¶¿¼�¹�À � �y¾ �yÀ �Y¶¸¹»º½Â�¾�Ç8¶¿Æ>¹
� �
 8À-¶~ÇÒµ�¶¸·¥¶¸¹»º½¼�¾8¶¿¼>¹�Àd¶ Ö�¼�¹`Õ$Æ�¹�Ú Ø$¶ Ö ∀m ∈ G, Ad(m)
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 � ��¡ � � � �  N¢r �� � � �w��x{f bdc�g�x{��g�f �I�4§'gÃqkg�g�skc���s
vÏ«��$u�vÏÉ
vy�W²>����vy�{�Is-fag�sk��v~�

< ., . >
g�Órv~q�s�q\«¬xI�'s�cwg.³ÌvygY|I�kxI�w� G �WskcwgN� ∀m ∈ G � Ad(m)

v~qd���;vyqkx{fag�s��kpax{«
g�{���	������skcW��q!u`g�zyxHxI¨{g3���w�`x{�Ã�{q!�{��gNz°gNf	gN�Hs\x�«�s�cwgdx{�kskcwxI|{xI����zH|{��x{�w�

O(n)
§�cwgN�kg

n = dim(G)
�

bdc�g��Ì�»�wx�s�g
skc���s
O(n)

vyqY��Ä�Æ>Á�Åw¼IÄ�À�|{��x{���Ì�����»��skc���s�skcwgN�kg�«¬x{��g
Ad(G)

v~q���gN��g3qkq�����vyz°p;v°����z°�»�rgN�
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′
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′
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< ., . >1
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< ., . >2
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fag�sk��vy�Nq-skxÃfax{��g.|{g���g�����z`sk������qt«¬x{��fÃ�>s�v°xI�;|I�kxI�w��qN�HxI�wg
v~qd²{g���p´zyv°fav°skg3�4�Ði¥�%uwvyx{fagN�wvy�N��z4vyfa�{|{vy�w|��
s�cwgaqtvyfa�wz°g3q�s
�`xIq�qtvyuwzyg���g�|Ivyqtsk���>s�v°xI�©�w��xW��gN�r���kg�u»g�s�§'gNg��¯s�§-x%������skx{favygNqY��qkgNqY�kvy|{v~�©s����{��q�«¬xI�kfÃ��É
s�v°xI��qN��nW����c¯sk������qt«¬x{��fÃ�>skvyx{�»q�qtgNg�f×}H�wvÏs�g���z°xHqtgÒskx´��x�s��>skvyx{�»q����»�©x{�wg���x{��zy�©c�x{�`g�«¬x{��skcwg	g�Órv~q�É
s�g�����g
x�«�uwvÏÉÊvy�H²>�{�kv~���Hs�fag�sk��v~��qN�!h-�rs�§-g
c��½²Ig�s�cwg.«¬x{zyz°x>§�vy�w|a|{gN�wg�����zQ��gNqk�wz°sN�r§�cwv~��c%vyqd�wgN§æs�xÃx{�w�
¨W�wx>§�zygN�w|{g���Ë
�.¡ � � � ���¿ �� � � 	 � �
�wÂ;¼{Ä�ÀE¶¿Æ�¹ÎÆtÖ�À��wÂ;¼{Õ	��Æ>¶¸¹�À�¾kÂ¥Å`¾kÂ�Ç�Â�¹»ÀÊ¼�ÀE¶¿Æ�¹

Ad
Æ�Ö

SE(n)
¼>À�À��wÂ.ÅwÆ�¶¸¹�À

(R, t)Æ�¹�¼�¹¯¶¸¹NÙÐ¹�¶¸À¥Â8Ç8¶¸ÁÃ¼>Ú�Õ�¶~ÇPÅ`Ú°¼IÄ�Â�ÁÃÂ�¹»À
(dR, dt)

¶~Ç�Ô{¶¸º½Â�¹�µ�Ø��

Ad(R, t).(dR, dt) = (R dR RT , −R dR RT t + R dt).

�.ÇÒ¼;Ä�Æ>¹�Ç�Â�Ý�Ü�Â�¹`Ä�Â1"'¹`Æ�µ�¶¸·¥¶¸¹»º½¼�¾8¶¿¼>¹�À �Y¶¿Â�Áa¼�¹�¹»¶¿¼>¹�ÁÃÂ�ÀE¾8¶¿ÄaÂ�ã{¶~Ç8ÀEÇÒÆ>¹�À���Â�ÇPÅ�¼{Ä�ÂaÆ�ÖÒ¾8¶ÏÔ�¶¿Õ;ÀP¾k¼>¹�Ç¸Ö�Æ�¾8·
ÁÃ¼>ÀP¶¿Æ>¹�Ç �
�d¾kÆNÆtÖ ��i¥�Zskc�g¯���{qkg�x�«YfÃ��sk��vÏÓ±³�v°g%|{��x{����q��Ð§'g%c��½²Ig$s�cwg�«¬x{zyz°x>§�vy�w|Ñ«¬x{��fÒ�wz~� � ����	

Ad(h).dh =
h.dh.h−1 «¬x{� dh ∈ g

�$�'zy�Iqkqkvy�N��zyz°pI�@��qkv°�w|Ñcwx{faxI|{g���g�x{�»qÒ��xWxI���rvy����skgNqN�!skc�g%³�v°g�|{��x{���­x�«���vy|{v~�
s����{��qt«¬x{��fa��skvyx{��q'v~qd«¿��v°skcr«¬��z°zyp$��g��w��gNqkg��Hs�gN�´uWp$skcwg.«¬xIz°zyx>§�v°��|�fÃ�>s��kv°Ó;³�v°g
|I�kxI�w� � �)��	ÊË

(R, t) ∼
(

R t
0 1

)

.

��� ,�CLD�\U,�:#,�.�, � 6F4 9�P (1> � J�68CLDI6c6FC�, � ( � S],7a`<5?#6F, � .�,�(EP�*`< S]< � \EDE:8<OD � 6 � <5,�0+D �
� <OD � 03,76F:#<5.�?cP%(1:
SE(3)

b�DE? DE45:8,�DEJ`9
� � (�b � < � 6FC`,345< 6F,�:8DI6F>�:#,�������� V�� (Abi,7\U,�:�@�(1>`: :#,�?F>�4 6gJ`(W,�? � (E6gJ�,�2-, � J_( � 68C�, J`<503, � ?F<5( � D � J <5?�(1*W6hDE< � ,�J^< � D
\U,�: 9T,�.�( � (103<5.ADE4�b�D�9[@ >�?F< � =
?FC�(1: 6�D � J^DE*�?868:FDE.76/DE:8=1>`03, � 68?�:8DI6FC`,�:g68CLD � 45( � =;D � J^J�<5:8,�.76 .�(1032�>`6FDI6F<5( � ? DE?g< �
�������BP%(1:

n = 3
V

���������
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�Yqtvy�w|	skc�vyqN�w§-g�|Ig�s3Ë

Ad(R, t).(dR, dt) ∼
(

R t
0 1

)

.

(

dR dt
0 0

)

.

(

RT −RT .t
0 1

)

,

§�c�vy��c1pWv°gNzy��q.skcwg;���w�wxI�w����gN�Ñ«¬x{��fÒ�wz~�w�;i¥�1skcwv~q.«¬xI�kf��wzy���Ìs�cwgÃsk�����»qtz~�>s�v°xI� �
t
��vy�Hsk��xW�w����g3q��%�w�rÉ

u`x{�����rgN�´skgN�kf §�cwv~��c´�w��g�²Ig��Hs�qÐskcwg.�{�>��x{vy�Is-|{��x{�w�a«¬��x{f u`g�vy�w|	u»xI�w���rg3�4�@���w�wzypWv°��|	bdcwgNx{��g�f��r�
v°s�vyq's�cwg��%��zygN�{�Ðs�c��>s��wx	uwv°ÉPvy�W²½�{�kv~���Hs-f	g�sk��vy��g�ÓWv~qts�q'«¬x{�d��v°|Ivy�as����{��qt«¬x{��fa��skvyx{��q'vy�$��äàá¿��� �3â��

Þ�gÒs�cH�»q�qkg�g�skc»�>s�skcwgÃ��vyg�fÃ�����wvy�{�Ñ�{�w�w��xI�{��c©u»�{qkgN�©xI��uwv°ÉPvy�W²>����vy�{�Is�fag�sk��v~��q��������wx�s.u»g	g�ÓWÉ
s�g����wgN�;skxa��v°|Ivy�$sk������qt«¬x{��fÃ�>s�v°xI��q��r�{���$gN²{gN�;zygNq�q�qtx	s�x´�>ßÃ�wg�sk������qt«¬x{��fÃ�>s�v°xI��q��

jY�wg%qkcwx{�wz~�­��x�skg;skc»�>sax{�w�	�kg3qt��zÏsÃ��xI�Is����I�rv~�8s�q	��qts���skgNf	gN�Hs	vy� � ��	Ê�\§�cwv~��cZ��zy�{v°fagN�­skc���sa�
u�vÏÉÊv°�W²>����v~���Hs'fag�s��kv~��g�Órv~q�s�gN�;§�cwg��

n = 2
�@bdcwg.��g�«¬g���g��»��g�u��{��¨Wvy�w|Òs�cwv~q���z~��vyfà§-�Iq � �)� 	P�rvy��§�cwvy��c

v°s�v~qdx{�wzyp$qts��>s�gN�;skc»�>s�skc�x{�w|Ic
SE(2)

v~qd�wx{�wÉÊ��x{fa���{��sN�Wv°s�c��{q��	uwv°ÉÊv°�W²>����vy�{�Hs�ÁÃÂ�¼½Ç8Ür¾kÂ.á"�'c»���rs�g��
�r�>����|Ig-�H�{â��/h-�rs!§�cwg���gN�IqÌs�cwgdg�ÓrvyqtskgN����g-x�«Q��fag�sk��vy�'v°fa�wzyvygNq/skc���s@x�«»�YfagN�{qk�w��g�áEqtgNg � ��	Ê�����{|{g��{� )
s�cwg�fag3�{qk�w�kg��N���Ãu`g�s�cwx{�w|IcHsÐx�«Ì�{q\skcwgY�rg�s�g���f	vy���{�Is-x�«Qskc�g�fag�s��kv~�Nâ��{s�cwg�g�ÓWv~qtskg��»��g�x{«4��f	g3�{qk�w��g
�wxHg3qa¹`Æ�À\v°fa�wzyp¯s�cwg´g�ÓWv~qtskg��»��gax�«��%fag�sk��v~���´bdcwv~q�qk�wurskzygÃfavyqts��{¨{gÃv~q.x�«d�wx¯��xI��qkgN}H�wg��»��g{�/qtvy����g
s�cwg���g�s��k�wzypa����g�g�Ów��fa�wzygNqÐx�«4�wxI�rÉÊ��x{fa���I�8sÐ|I�kxI�w��q@§�cwv~��cÃc��½²Ig�uwv°ÉPvy�W²½�{�kv~���Hs\fag�s��kv~��qN�!��q'z°xI�w|Ò�{q
s�cwg
|{��x{���;v~q���xIfafÒ�rs��>skvy²{gI�wqt�»��c�fag�sk��vy�Nq�x{uW²Wv°xI��qkz°pÃg�ÓWv~qtsÒá¸skc�v°�w¨�x�«!²{g3�8s�x{��qk���{��gNq�� â��\h'�ws�cwg���g{�
s�cwg��wxI�rÉÊ��x{fa���I�8sk��gNq�qd¼�¹`Õ-�wxI�rÉ¥��x{faf��rs���skvy²Hv°s�p�x{«

SE(n)
«¬x{��uwv~��s�cwg�g�Órv~q�s�g�����g�x�«`qk����cÃ��fag�sk��v~���

j�s�cwg��
qkv°fa�wzygav°zyzy��q�s�����skvyx{��q�x{«Ðskc�vyq.�wc�g��wxIf	gN�wx{�1����g	|{vy²{g��Ñv°�ªnWg3�8skvyx{�ª�r��§�cwg���g�§-ga|{vy²{g	fax{��g
g�Ów��fa�wzygNqdx�«��wx{�wÉÊ��x{fa���{��s������;�wx{�wÉÊ��x{fafÒ�rs��>s�v°²Ig�³�v°g
|I�kxI�w��q-§�vÏs�c%�wxauwvÏÉÊvy�H²>�{�kv~���Hsdf	g�sk��vy�Nq��

0 � � � �32 ¢r¡(�E¢ �   3 � ¢ � � � �¿ �" � �/  
 � � �­¢ ��� �¿¢ � 3 �  �¡(�E£{� � i¥��s�cwgÒqkgN}H�wg�zP�w§-g.§�v°zyz�qkg�g
cwx>§ vÏs
v~q-�»xHqkqkvyuwz°g�skxa�rg�®»�wg.|{g���g�����z�u�vÏÉÊv°�W²>����v~���Hs'fagN�{��q'v°�%³ÌvygY|I�kxI�w��q �@¶¸À���Æ>ÜrÀQ�kgNz°pWvy�w|	x{�´uwv°ÉÊv°�W²>����vy�{�Hs
��v°gNfa�{�w�wv~���¯fag3����qN�»§�c�vy��c������¯«¿��vyz�s�x$g�Órv~q�s3��bdc�gÒ¨{gNp�skx$xI�w�.���w�w��xI�I��c%vyq�skx���qkg�skc�gÒ|{gN�wg�����z
¼�Ú ÔHÂNµ�¾k¼>¶¿Ä��w��x{�`g��kskvygNqdx�«@³Ìvyg.|{��x{�w�»q��r���»�;vy�������kskv~���wz~���ds�cwg
|{��x{���$g�Ór�`x{�wgN�Hskv~��zÌ���»�$zyx{|H����vÏs�cwf%�

� � "�����
Ò?A�����/
�+�5 �! 
#Ñ�d�/�/�����å �2ª���;���$�Ã#Ñ ��������/��
�+1
�� � �1 ��
��
���8� ��?

h-g�«¬x{��gÒ�rg�®»�wv°��|´|{gN�wg�����z/uwvÏÉÊvy�H²>�{�kv~���Hs�fagN�{��q�vy��³ÌvygÒ|I�kxI�w��qN��§-gÒ�rg�s���vyz�v°�©s�cwv~q�nWg3�8s�v°xI�%skcwg�«¬�w�rÉ
����fag��Hs��{zÌ�w��x{�`g��kskvygNq�x�«!skcwgÒ|{��x{�w�©g�ÓW�`x{��g��Hskv~��z��{���%zyx{|I�{�kv°skc�f��dÞ�gÒ§�vyz°z�®����%s�cwgNqkg��w��x{�`g��kskvygNq
²Ig���pÃ��qkg�«¬�wzÌvy��skcwg�qkgN}H�wgNzE�

����� � � � ��	��	�
��� � ������� 	���
^����	 � � �g� ��	�� � �
E�" � 3 ¢r N¡H� %9# % � � � � �  ��¿¢ 4�¢ � � � �!' ¢r¡(�¬ �"�� � h-g�«¬xI�kgÃ§-g´�w��gNqkg��Hs
skc�g$|{��x{����g�Ór�»xI�wg��Hskv~��z
�{���;z°xI|I����v°skcwf vy�;s�cwg�vy�d«¬�wzyz4|{gN�wg�����zyvÏs�pI�Wz°g�sd�»qd�kg3����zyz`skcwg.«¬�����w��fagN�Is���z4�w��x{�`g��kskvygNq-x{«�skc�g	ÁÃ¼>ÀP¾8¶Ïã
g�Ór�»xI�wg��Hskv~��z`�����azyx{|H����vÏs�cwf%�{§�cwv~��c$��x{���kg3qt�`x{���ÒskxÒskcwgY|{��x{�w�ag�ÓW�`x{��g��Hskv~��z`�����Ãzyx{|H����vÏs�cwf�x{«4skcwg
³�v°g	|{��x{���¯x�«

n × n
v°�W²Ig��kskvyuwz°g	fÃ�>s��kv~��g3q��

GL(n)
��bdc�g�p¯����g�s�cwga|{gN�wg�����zyv°È3�>s�v°xI�%skx%fÃ�>sk��v~��gNqYx�«

s�cwg
§-g�zyzÏÉÊ¨W�wx>§��;q����{zy�{�-g�Ór�»xI�wg��Hskv~��zÌ�{���;z°xI|I����v°skcwf%�

���������������
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� ��� � �¬ �� � � � � �
�wÂ%Âkã�Å�Æ>¹QÂ�¹»ÀE¶¿¼�Ú
exp(M)

Æ�Ö�¼©ÁÃ¼>ÀP¾8¶Ïã
M

¶~Ç�Ô{¶¸º>Â�¹Íµ�Ø
exp(M) =

∑∞
n=0

Mk

k!

�
Û/Â�À

G ∈ GL(n)
�^ ¬ÖÒÀ���Â�¾kÂÃÂ�ãI¶~Ç8À¿Ç

M ∈ M(n)
Ç8Ü�Ä �ÑÀ���¼>À

G = exp(M)
"-À��wÂ�¹

M
¶~Ç�Ç�¼�¶¿Õ�ÀÊÆ%µ�ÂÃ¼

ÚyÆkÔH¼>¾8¶¸À��WÁ Æ�Ö
N
�

i¥�Z|{g���g�����zP�!skcwg�z°xI|I�{�kv°skcwf x�«��¯��gN��z-vy�H²Ig��kskvyuwzyg$fÃ�>s��kv°Óªfa�½p1�wx{s	g�ÓrvyqtsN�\�{���­v°«�v°s	g�ÓWv~qts�q	vÏs
fÃ�½p	�wx�s-u»g��w�wv~}H�wg{�@bdcwgYzy�I��¨ax�«Ìg�Órv~q�s�g�����g�v~q'��|{g���g�����z���cwg��wxIfag��wxI�´v°�;��x{���wgN��skgN�$³Ìvyg�|{��x{����q��
jY��g�|{gN�wg�����zyzyp��wgNgN�wq�À �ÐÆ�g�Ór�»xI�wg��Hskv~��z~qÐskx	�kg3�{��cÃg�²Ig���pag�zyg�fag��Hs � �I� 	P�@bdcwg�z~�{��¨ax�«����wvy}H�wgN�wgNq�q'vyq
g3qkqkg��Hs�vy�{z°zyp;�r��g�skx´skcwg�v°� �»�wg�����gÒx{«!��x�s��>s�v°xI��q�Ë'�kx{s���skvy�w|Ãx�«Ð�{�¯���w|Iz°g

α
vyq�skc�g�q���fag��{q��kx{s��>s�v°��|

x{«/�������w|Iz°g
α + 2kπ

§�c�g���g
k
vyqd���;v°�Hs�g�|{gN�N�\nWvy����g�s�cwg.z°xI|I����v°skcwf x�«��Ò��x�s��>skvyx{�$fa��sk��vÏÓ$�wv°��gN��skzyp

�wg��`g����wq�x{�ªv°s�q���x�s���skvyx{�ª����|{zygNq$á¿x{�wg;���w|Iz°g$qk�rß´��g3q�vy� �{ä���uw�rs	qkg�²Ig�����zÐ�{�w|{zygNqÒ����g´�wgN��gNq�qk�{�kp
§�c�g��

n > 3
â8��vÏs�v~qd�wx�s����wvy}H�wgI�

�.¡(� � £D� �!¢ 4 � �!' ¢r¡(�¿ �"�� �! ¢ 3 ¢r N¡H� % � ÞÍcwg��¦���kg3��zdvy�H²Ig��kskvyuwzyg;fÃ�>s��kv°Ó­c��Iq���x¦áE��xIf	��z°g�Ówâ
gNv°|Ig��W²>��zy�wg¯xI�¦skcwg¦á¿��z°xHqtg3��âac��{zÏ«�zyv°��g�x�«���g�|I��skvy²{g¯��gN�{z��W�wf�u»gN��qN�dskcwgN�æv°s;c��Iq$�±�w�wv~}I��g���gN��z
zyx{|H����vÏs�cwf §�cwxIqkg�áE��xIf	��z°g�ÓwâÐg�vy|{gN�W²½�{z°��gNq'c��½²{g����$vyfÃ��|Iv°���{�kp	���{�tsdv°�

]− π, π[
� � �
	Ê��i¥�$skcwv~q����Iqtg

s�cwv~q����{�ts�vy���wz~����zyx{|H����vÏs�cwf v~q�§-g�zyz°ÉÊ�rg�®��wg3�©�����¯�N��zyz°g3�;Å`¾8¶¸¹QÄ�¶ Å�¼>Ú ��Þ�gÒ§�vyz°z�§��kv°skg
log(M)

«¬xI��s�cwg
���kvy����vy���{z4z°xI|I����v°skcwf�x{«!�	fÃ�>s��kv°Ó

M
§�c�g��wgN²{g���v°s�v~q��rg�®���gN�4�

��� � �
	���
�������� �
��� � ��� � � 	���

³�g�s!��q/�wx>§­�rg�s���vyzrqtxIf	g'x�«rs�cwgÐ«¬�����w��fagN�Is���zW�w��x{�`g��kskvygNq/x�«rs�cwg'|I�kxI�w��g�ÓW�`x{��g��Hskv~��zW������z°xI|I����v°skcwf
vy�©³Ìvyg.|{��x{�w��qN� �wxI��fax{��g��rg�s��{v°z~q�x{�;skc�gNqkg
�w�kxI�»gN�ts�v°g3q��wqkg�g�� �>��	Ê�Ðhd�{qkv~����zyzyp{�Hskcwg3qtg
���kxI�»gN�ts�v°g3q�����g
²Ig���p�qkvyf	vyz~���Yskx´s�cwxIqkgÒx{«\skc�g�fÃ�>s��kv°Ó%g�Ór�»xI�wg��Hs�vy�{z��{���¯zyx{|H����vÏs�cwf%�»§�cwv~��c��{�kg	�´���{�ts�vy���wzy�{�Y�N�{qkg
x{«�qk����c%fÃ���w�wvy�w|Hq��ÐjY�wg�qkcwx{��zy�;�wx�s�g�skc���s�skcwv~q����{�ts�vy���wzy�{�����Iqtg�vyq��{�8s�����zyzyp$}H�wvÏs�g
|{gN�wg�����zP�rqtvy����g
faxHq�s���z~�{q�qtv~���{z`³�v°g�|{��x{����qd�����;u»g.zyxWx{¨{g3�Ã�w�`x{�%�{q-fÃ�>s��kv°Ó$³ÌvygY|I�kxI�w��q-���WpW§-�½p�� ���
	Ê�\h-�rs���zyzQ³�v°g
|I�kxI�w��q�����gY¹QÆ>À4á¿��s@z°g3�{qts!�rvy��gN�8s�z°pwâ/fÒ��zÏs�v°�wzyv~���>s�v°²Ig'fÃ��sk��vÏÓ�|I�kxI�w��qN���{q�v°��skc�gd�N�{qkg'x{«wskc�g�³Ìvyg'|I�kxI�w�
qtsk������sk�w��gÃ§'g$c��½²{ga��gN��gN�Hskzyp��w��x{�`xIqkgN��uWpÑqkpWf	fag�sk��vy�Ã�`xIqkv°skvy²{g�É¥�rg�®��wv°skgÃfÃ�>s��kv~��g3q
� �I� 	Ê�%bdc�vyqÒvyq
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��gN�{qkx{�;§�cWp´§'g
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v
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Â�Ú°Â�ÁaÂ�¹�À�Æ�ÖaÀ��wÂÒÛ@¶¿Â �YÚ ÔHÂ3µ�¾k¼
g
� �
�wÂ�Ô�¾kÆ�Ü3Å¦Â�ã8Å�Æ>¹QÂ�¹»ÀE¶¿¼�ÚÐÆ�Ö

v
"YÕ{Â�¹`Æ>À¥Â�Õ

exp(v)
"�¶~Ç�Ô{¶¸º½Â�¹Îµ�Ø%À���Â

º>¼>ÚÏÜ�ÂÑ¼�ÀÒÀP¶¸ÁaÂ
1
Æ�Ö%À��wÂ�Ür¹�¶¿Ý�Ü�Â�Ö�Ür¹QÄ�ÀP¶¿Æ>¹

g(t)
ÕIÂ¿ÙÐ¹`Â�Õ±µ�ØªÀ��wÂ�Ö�Æ�Ú¸Ú°Æ��@¶¸¹WÔÍÆ>¾kÕ�¶¸¹`¼>¾8ØÎÕ>¶ ��Â�¾kÂ�¹�ÀP¶¿¼>Ú

Â�Ý�Ü�¼>ÀP¶¿Æ>¹ � ��� � � �
{

dg
dt

= DeLg(t).v
g(0) = e.

áE�{â

�Ð}`�ÎáE�{â�c��{qÒ�����kskv~����zy�{�kzyp��wv~��g$�w�kxI�»gN�ts�v°g3q��
g(t)

vyq�v°�­«¿�{�8sa�rg�®»�wgN�1«¬xI���{z°z
t
�\�����1pWvyg�z~�wqÒ�

��x{�Hskvy�W�wx{�»q.Æ�¹`Â�·yÅw¼�¾k¼>ÁÃÂ�ÀÊÂ�¾.Ç8Ü�µPÔ{¾kÆ�Ü3ÅÑá¿��z~qkxa�N��zyz°g3�$xI�wg�ÉÊ���{���{f	g�skgN��Û@¶¿Â�qt��uw|{��x{�w�`â8�r§�cwv~��c;fag3����q
s�c��>s

g(0) = e
�
g(t + t′) = g(t).g(t′) = g(t′).g(t)

�
v
vyq��N��zyz°g3�¯s�cwg©¶¸¹NÙÐ¹�¶¸À¥Â8Ç8¶¸ÁÃ¼>Ú!ÔIÂ�¹`Â�¾k¼>À¥Æ>¾�x�«

s�cwv~q
qt�wu�|{��x{�w�Ì�Ònrg�g������
	P������|IgNq.�D�3É����´«¬x{���w��xHx{«¿q�x�«\s�cwgNqkga�w�kxI�»gN�ts�v°g3q��
i¥�Ñ«¿�{��sN�Ì�'}»��áE�Iâ�v~q�skcwg
g3}H�wv°²>�{z°gN�Is�x{«/s�cwg
fÃ�>sk��v°Ó$�rv -Qg���g��Hs�vy�{zÌgN}H����skvyx{�Ì�r§�cwv~��c�vyq��	�wv~��g
�{���%��z~�{q�qtv~���{z�ÚÏ¶¸¹`Â�¼>¾ ��� �-Ë

{

dG
dt

= G.V
G(0) = Id,

���������
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§�c�xIqkg�qtxIz°�wskvyx{�´v~qÐ§-g�zyz°ÉP¨W�wx>§��a«¬��x{f���z~�{q�qkvy�N��zQj�äY�­s�cwg�xI�kp�skx	u`g
G(t) = exp(tV )

�W§�cwgN�kg
exp

vyq
s�cwg
fÃ�>s��kv°Ó$g�Ór�`x{�wgN�Hskv~��z � ���
	Ê�

� � � � ��¢r¡>¢ � �   � ¡ = �/� ' ¡ � ����� 2 � � 
 ¡ � ��� # % � � � � �  ��¿¢ 4 � ÞÑg�c»�½²{g�����qts'qtgNg��	skc»�>s\«¬xI�Ð��zyz
vu`g�zyx{��|{vy�w|.skx

g
�
exp(t.v)

v~qÐ��x{�wg�ÉP���{���{fag�skgN�\qt��uw|{��x{�w�ax{« G Ë�skc�g��{�w�wvÏs�v°²Ig�qt��uw|{��x{�w� (t.V )t

x{«
gv~q�fÃ�����»g3�;vy�Hskx´�af��wzÏs�v°��z°v~����skvy²{g�qk�wuw|{��x{���;x{« G uHp$skcwgÒg�Ór�»xI�wg��Hs�vy�{zE� �'xI�W²{g���qkg�zyp{�W§'g
c»�½²{g�skcwgvy�HskgN�kg3q�s�v°�w|���gNqk�wzÏs.s�c��>sÒ�{z°z\��x{�Hskvy�W�wx{��q�xI�wg�ÉÊ��������fag�skg��.qk�wuw|{��x{����q�x�« G ����gax�«Ðs�cwv~q�«¬x{��f�á � �3��	P�

nrgN�8s�v°xI� ���\bdcwg�xI�kgNf �w� �{�\���{|{g©�{� �Iâ8� �
�r¶~ÇÒÅQ¾kÆ>º3¶¿Õ{Â�Ç�¼�Ç8¶¸Á�ÅQÚ°Â	�Ð¼�Ø1ÆtÖ%Ä�Æ�Á�ÅQÜrÀE¶¸¹WÔ1À���Â$Ô{¾kÆ>Ü3Å
Â�ã�ÅwÆ�¹`Â�¹�ÀP¶¿¼>ÚÌ¶¸¹�Ç8¶¸ÀEÜ�¼�ÀE¶¿Æ�¹wÇ ���wÂ�¾kÂaÆ>¹`Â�·yÅ�¼>¾k¼�ÁaÂ�ÀÊÂ�¾.Ç8Ü�µÊÔ�¾kÆ�Ü3Å»Ç�¼>¾kÂaÂ�¼½Ç8ØÃÀ¥Æ$ÆIµ�À¥¼>¶¸¹
�

E�" � #&% � � � � �  ��E¢ 4�¢w�©¢ � � £{¢ 4 � ��� � � � � ¡��;" �¿� � � �@g���p©fÒ����c�zyv°¨IgÒs�cwgag�Ór�»xI�wg��Hs�vy�{z�fÃ�{�
�Iqkqkxr��v~�>s�gN��skxÒ�Ò��v°gNfÃ���w�wv~���Ãfag�sk��vy�{�{s�cwg�|I�kxI�w�ag�Ór�»xI�wg��Hs�vy�{z�v~qÐ�rv�-`gNx{fax{���wcwv~��zyxr����zyzyp	�{�kxI�w���
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�¯x{��gY�w��gN��vyqkg�zyp{�r§-g.c��½²{g�s�cwg.«¬x{zyz°x>§�vy�w|�skcwgNx{��g�f%Ë
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¶¸¹

g
ÀÊÆ;¼$Æ�Å�Â�¹�¹`Â�¶ÏÔ �wµ�Æ>¾���ÆNÆ3Õ%Æ�Ö

e
¶¸¹ G "-¼>¹QÕÃ¶¸ÀEÇ
Õ�¶ ��Â�¾kÂ�¹»ÀE¶¿¼�Ú�ÁÃ¼�Å±¼>À 0

¶~Ç
À���Â�¶¿ÕIÂ�¹»ÀE¶¸ÀPØ �
�d¾kÆNÆtÖ �Ynrv°����g�s�cwg�g�Ór�»xI�wg��Hs�vy�{zYv~q%�±qkf	xWx{skc6fÃ�����wv°��|���s�cwgÑ«¿�{�8s�skc»�>s%vÏs�q��wv -Qg���g��Hskv~��z�fÃ���mvyq
vy�W²{gN�ts�v°uwzygÑ��s

e
�{z°zyx>§�qÃ«¬xI�$s�cwgÑ�»qtgÑx�«�s�cwg � i¥fa�wzyvy��vÏs	�w�w�»�8skvyx{� bdcwg�xI�kgNf �°�Y§�cwvy��cæ|{���{���{�Is�g�g3q

s�c��>s
v°s�v~q
���rv -Qg�xIfax{���wcwv~qtf�«¬��x{f qkx{fag	x{�`g�����g�vy|{cWu»xI�kc�xHxr�©x{«
0
skx%�$xI�»gN�Ñ��g�vy|{cWu»xI�kc�xHxr�©x{«

exp(0) = e
� ��x{��fax{��g
�rg�s���vyzyqN�wqtgNg������
	P������|Ig
�{�w�

bdcwv~qÐskcwgNx{��g�fåv°fa�wzyv°g3q@s�c��>s-x{�wg��N���´�rg�®��wg �@¶¸À���Æ>ÜrÀÐ¼>ÁÃµ�¶ÏÔ�Ür¶¸ÀPØ��
zyx{|I�{�kv°skc�f�vy�$�
x{�`g��$�wg�vy|{crÉ
u`x{��cwxWxr��x{«

e
Ë
«¬xI�
g�²Ig���p

g
v°��s�cwvyq�x{�`g��1�wg�vy|{cWu`x{��cwxWxr�4�Ìs�cwg���gag�Órvyqts�qÒ�%�w�wv~}I��g

v
v°�1s�cwgÃx{�`g��

��g�vy|{cWu»xI�kc�xHxr�;x�«
0
v°�

g
�`qt����c;skc»�>s

g = exp(v)
�'i¥��skcwg
«¬xIz°zyx>§�vy�w|��r§-g
§�v°zyzÌ§���vÏs�g

v = log(g)
«¬x{�

s�cwv~q�z°xI|I�{�kv°skcwf%�W§�cwv~��c%vyq-s�cwg´á¿�{u�q�s����I�8s8âÐg3}H�wv°²>�{z°gN�Is�x{«/s�cwg´á¬fÃ�>s��kv°Ó�â\Å`¾8¶¸¹`Ä�¶ Å�¼>Úwzyx{|H����vÏs�cwf%�
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��qkg�«¬�wz'�w�kxI�»gN�ts�p©x{«'s�cwg¯á¬fag�sk��vy�3â�g�Ór�»xI�wg��Hs�vy�{z@fa�{�1vyq.s�c��>s
|Iv°²Ig��	���Wp��`x{vy�Is3�>skc�g���g-g�Órvyqts�q@��x{�`g��	�wgNv°|IcHu`x{��cwxWxr��x{«�skc�vyq@�`x{vy�HsN�{�N��zyz°g3�	ÔHÂ�ÆNÕIÂ8Ç8¶¿Ä�¼>Ú¸ÚÏØ	Ä�Æ>¹»º½Â�ãI�{vy�
§�c�vy��cÃ«¬xI�����WpÃ��x{���»gYx�«��`x{vy�Hs�qN�Is�cwg���g�g�Órvyqts�q-�����wvy}H�wg�fav°��v°favyÈ�vy�w|�|Ig�xr�rg3qtv~��u`g�s�§-g�gN�´skc�g�f á¿qkg�g
«¬xI�'g�Ów��fa�wzyg�� ���
	Ê�r���{|{gY�{��É¥�I�Iâ8��Þ�g.�wx>§Í�w��x>²{g��{�;�{����zyx{|Ix{��qÐ�kg3qt�wz°s-«¬x{�'skcwg.|{��x{���Ãg�Ór�»xI�wg��Hs�vy�{zEË
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Φ : G × g → G × G "�Õ{ÂEÙ\¹`Â�Õ�µ�Ø Φ(g, v) = (g, g. exp(v))
� �
�wÂ�¹

Φ
¶~Ç�¼>Ú �Ð¼>Ø½Ç

ÚyÆNÄ�¼>Ú¸ÚÏØ$Õ>¶ ��Â�Æ>ÁÃÆ>¾PÅ �W¶¿Ä � ��Æ>¾�Â-Å`¾�Â�Ä�¶~Ç�Â�ÚÏØ�"»Ö�Æ>¾Ò¼�Ú¸Ú
g
¶¸¹

G
"@¶¸À-ÕIÂ¿ÙÐ¹`Â�Ç
¼;Õ>¶ ��Â�Æ�ÁaÆ�¾PÅ �W¶~Ç8Á Ö�¾kÆ�ÁàÇ�Æ>ÁÃÂ

Æ�ÅwÂ�¹�¹QÂ�¶ÏÔ �wµ�Æ�¾��wÆ3ÆNÕ%Æ�Ö
(g, 0)

À¥Æ$¼;Æ�Å�Â�¹Ñ¹`Â�¶ÏÔ ��µ�Æ>¾��wÆ3Æ3Õ�ÆtÖ
(g, g)

�

�d¾kÆNÆtÖ �Ynrv°����g
Φ
v~q�qkfaxHx{skcÌ�!xI�wg$���{�­���w��z°pª����g�§åskcwg � i¥fa�wzyv~��v°s �w�����8s�v°xI�±bdcwg�xI�kgNf ���w��x>²Wvy�rg3�

s�c��>s�s�cwg��rv�-`gN�kgN�Hskv~��z4x�«
Φ
��s

(g, 0)
v~qdv°�W²{gN�ts�v°u�z°gI�!b/xÃqtgNg.skcwv~qN�r�wx�s�g.skc���s�§'g.c��½²Ig{Ë

{

∂Φ
∂g

|(g,v)=(e,0) = (Id, Id)
∂Φ
∂v

|(g,v)=(e,0) = (0, DeLg ◦ Id) = (0, DeLg),

§�c�g���gY§-gYc»�½²{g���qtg3�Ãs�cwg�«¿�{�8sds�cwg.�w�kxI�»gN�ts�pas�c��>sds�cwg
�rv -Qg���g��Hs�vy�{z`x{«�s�cwg.g�Ór�»xI�wg��Hs�vy�{zQ��s
0
v~q-skcwg

v~�rgN�Is�vÏs�p%á¿qkg�g�bdcwg�xI�kgNf �Hâ8�\nWvy����g
Lg

v~qÐ�Ò�rv -Qg�xIfax{���wcwv~qtf%�HvÏs�q'�rv�-Qg���g��Hskv~��z`�>s
e
�
DeLg

�Wv~qÐ�{z°§d�½prq
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vy�W²{gN�ts�v°uwzyg{�!��q-�Ò��x{��qkgN}H�wgN����gI��s�cwg��wv -Qg���g��Hskv~��z`x�«
Φ
v~q-��z~qtxÒ�{z°§d�½prq@vy�H²Ig��kskvyuwzyg{�W�����as�cwg � i¥fa�wzyvy��vÏs

���w����skvyx{�;bdc�g�x{��g�f �r�����wz°vygNqN�@bdcwv~q'���kxWx�«Ìv~q-²{gN�kpÃqkv°favyzy�{�Ðs�xÒs�cwg.�w�kxWx{«Ì|{vy²{g��;v°� �����
	Qskxaqtc�x>§Ískcwg
�{����zyx{|Ix{��q'�w��x{�`g��ks�pÃx�«�skcwg
fag�sk��vy��g�Ór�`x{�wgN�Hskv~��zP�

����� 
 � ��� � 
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bdc�g�x{��g�f*�´gNq�qkg��Hskv~��zyz°p�qtc�x>§�q-skc���s�«¬x{��g�²{gN�kp;�»xIv°�Hs
g
x�«

G
��s�cwg���g�g�ÓWv~qts�q��ÃxI�»gN�©�wg�vy|{cWu`x{��cwxWxr�

x{«
g
vy�©§�cwv~��c%g�²{gN�kp´��x{�w��z°g
x{«��`x{vy�Hs�q��N����u»g���xIv°��gN��uWp$�a�w�wv~}H�wg�� |I�kxI�w��|{g�xr�rg3qtv~� �rx{«/s�cwg.«¬x{��f

g. exp(t.v)
qk����c
s�c��>s

g. exp(v) = h
�/h-p
qkpHfafag�s��kpI�3skcwgdqk�{fagÐ��gNqk�wzÏs!��z~qtx�cwx{z~�wq�«¬x{�/skcwg'|{g�xr�rg3qtv~��q

x{«\skc�g�s�pW�`g
exp(t.v).g

�Òi¥�Ñ«¿�{��sN�4s�cwxIqkgÒs�§-x;s�pH�`gNq�x{« � |{��x{�w�¯|Ig�xr�rg3qtv~� �4����g�s�cwgÃqk�{fag{�Ìqkv°����g�§-g
c»�½²{gYskcwg.«¬xIz°zyx>§�v°��|	��gNqk�wz°sNË
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g
¶¸¹

G
"�À���Â�¾kÂ�Â�ã{¶~Ç8ÀEÇÃ¼�Æ�Å�Â�¹±¹`Â�¶ÏÔ �wµ�Æ>¾���ÆNÆ3Õ Vg

Æ�Ö
0
¶¸¹

g
Ç8Ü�Ä �1À��w¼>À!Ö�Æ>¾

¼�Ú¸Ú
g
¶¸¹ G ¼�¹`Õ
Ö�Æ�¾Ã¼�Ú¸Ú

v
"�À��wÂ�¾kÂ´Â�ãI¶~Ç8ÀY¼�Ür¹�¶¿Ý�Ü�Â

w
¶¸¹

g
Ç8Ü�Ä��ÑÀ��w¼�À

g. exp(t.v) = exp(t.w).g
Ö�Æ>¾

¼�Ú¸Ú
t ∈ R

� ��Æ>¾kÂ�ÅQ¾kÂ�Ä�¶~Ç�Â�Ú Ø�"
w = Ad(g).v

� ��Æ>¾kÂ�Æ�º½Â�¾E"�¶¸¹ÍÀ��W¶~Ç©Æ�Å�Â�¹6¹QÂ�¶ÏÔ �wµ�Æ�¾��wÆ3ÆNÕÎÆ�Ö
0
"�À��wÂ

¾�Â�Ú°¼�ÀE¶¿Æ�¹wÇ��W¶ Å
g. exp(v) = exp(w).g

¶¸Á�ÅQÚ ¶¿Â�Ç
w = Ad(g).v

�

bdcwg��w��xWx�«�x�«�skcwv~q�skcwgNx{��g�f vyqaqkv°fa�wzyp1u��{qkgN�­x{�­s�cwg;«¬x{zyz°x>§�vy�w|���g�z~�>s�v°xI��qkcwv°�»q�u`g�s�§-g�g��±skcwg
���>��x{vy�Is���g����kg3qtgN�Is��>s�v°xI�Ì�{s�cwg
g�Ór�`x{�wgN�Hskv~��zÌ���»�$s�cwg
zyx{|I�{�kv°skc�f�Ë
� � � �­¢ � � Û/Â�À

v
µ�ÂÒ¶¸¹

g
¼�¹`Õ

g
¶¸¹ G � �
�wÂ�¹ �ÐÂ �w¼�º½Â �

g. exp(v).g−1 = exp(Ad(g).v).

�YÚ Ç�ÆL"IÖ�Æ>¾�¼>Ú¸Ú
g
¶¸¹ G "�À��wÂ�¾kÂYÂ�ãI¶~Ç8À¿Ç�¼ÒÆ�ÅwÂ�¹;¹QÂ�¶ÏÔ �wµ�Æ�¾��wÆ3ÆNÕ Vg

Æ�Ö
e
Ç8Ü�Ä �aÀ��w¼>ÀHÖ�Æ>¾Y¼�Ú¸Ú

m
¶¸¹ V � log(m)¼�¹`Õ

log(g.m.g−1)
¼>¾kÂ��ÐÂ�Ú¸ÚÏ·tÕ{ÂEÙ\¹`Â�Õ�¼>¹QÕ$¼>¾�Â�Ú ¶¸¹ �{Â�Õ;µ�Ø´À��wÂÐÖ�Æ>Ú¸Ú°Æ��@¶¸¹HÔ%¾�Â�Ú°¼�ÀE¶¿Æ�¹wÇ��W¶ Å �

log(g.m.g−1) = Ad(g). log(m).

bdcwg3qtg�gN}H���>s�v°xI��q\�{�kg�qkv°fa�wzyp�s�cwg�|Ig��wgN���{z°vyÈN��skvyx{�Òskx$áE��u�qtsk���{��s�â!³Ìvyg�|I�kxI�w��q!x�«Qs�cwg�§-g�zyzÏÉÊ¨W�wx>§��
fÃ��sk��vÏÓ$���kxI�»gN�ts�v°g3q�Ë

G. exp(V ).G−1 = exp(G.V.G−1)
�{���

G. log(V ).G−1 = log(G.V.G−1)
�

�d¾kÆNÆtÖ ��bdc�g*®»��qtså��g�z~�>s�v°xI��qkcwv°� x�«mskcwv~q�³ÌgNf	fÃ� ���{� u`g��w�kx>²IgN�=vy� skcwg «¬x{zyzyx>§�v°�w| §d�½p`Ë
(g. exp(t.v).g−1)t

vyqY�$��xI�Hskvy�H��x{��q�x{�wg�ÉP���{���{fag�skgN��qt��uw|{��x{�w���»§�cwxHqtgÒv°�r®»�wvÏs�gNqkv°fÃ�{z/|Ig��wgN����skx{��vyq
d
dt

g. exp(t.v).g−1|t=0 = Ad(g).v
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��x{�Hskvy�W�wx{�»q�x{�wg�ÉP�»������fag�s�g���qk�wuw|{��x{����q�����g
x�«!s�cwg�«¬xI�kf
exp(t.w)

�Q§-g�x{uws���vy�%skc�g
®���q�s�gN}H����zyv°s�p{�
b/x$���kx>²Ig
skcwgaqkgN��xI���­áE�����¯skcwv~qYskvyf	g�Ú°Æ3Ä�¼>Ú âYgN}H���{z°v°s�p{�Q§-g	qkg�gÒskc���s.qkvy����g

Ψg : m 7→ g.m.g−1 vyqqkfaxWx�skc������
Ψg(e) = e

�½s�cwg���g-g�Órvyqts�q���xI�»gN�Ò�wgNv°|IcWu»xI�kcwxWxr�
x{«
e
§�cwg���g

log(m)
���»�

log(g.m.g−1)�{�kg�§-g�zyzÏÉ¥�rg�®»�wgN�4�\bdc�g���skcwg
qkgN��x{���;gN}H���{z°v°s�p´v~q��rgN�w����g3�$«¬��x{fàskcwg.®���qtsN�
�d¾kÆNÆtÖ ���Ð�kxWx�«\x{«'bdcwgNx{��g�f �rË!����qts
qtgNg�skc»�>s

g. exp(t.v) = g. exp(t.v).g−1.g
���»�¯���w��z°p©³ÌgNfafa�
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G

g ∈ G

V
x

x(t) = x. exp(t.v)

y

V
G

x ∈ V
ẋ(0) = x.v ∈ TxG

x(t) = x. exp(t.w)

x(t) = x. exp(t.v)
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 � � � � ���E£{� � � �   {¤ |{��x{�w��|{g�xr�rg3qtv~�d��xI�H²Ig�Órv°s�p{�>§�cwv~��c�fag3����q
s�c��>sd«¬xI�����WpÃ�»xIv°�Hs

g
x�«

G
�rskcwgN�kg.g�ÓWv~qts�qd�	x{�`g����wg�vy|{cWu`x{��cwxWxW� V x�« g

�wqk����c;skc���s��{�Wp´��x{���wz°g.x{«
�`x{vy�Hs�q

x
���»�

y
vy� V �N���´u`g\��xIv°��gN�auWpÃ�
�w�wv~}H�wg�|I�kxI�w�a|{g�xr�rg3qtv~��q\x�«4skc�g�«¬x{��f x(t) = x. exp(t.v)q��>s�vyqt«¬pWv°��|

x. exp(v) = y
� %�x{skg�skc���s�s�cwgÒ|Ig�xr�rgNqkv~��v~q�gN�Is�v°��g�zyp%��x{�Hs���vy�wgN�%vy� V � 
 � ' "Q {¤ �>s��{�Wp�`x{vy�Hs

g
�����w�wv~}H�wgd|{��x{�w�Ò|{g�xr�rg3qtv~�'vyq@�Iqkqkxr��v~�>skg3�.skx
�{�Hp
vy�wv°skv~��zwqk�»gNgN�Ò²{gN��skxI�N�>�w��x>²Wvy�wgN�
s�cwv~q@qt�`g�g3�

v~q�qkfa�{z°z4gN�wx{��|{cÌ�

� ��� � �¬ �� � � �! �
 ¡ � ��� 
 � � � � ���E£{� � �Ðq�qkg��Hskv~��zyz°pI�»§-gÒc»�½²{g����»q�s
qtc�x>§��%skc���sYs�cwg�g�Ór�»xI�wg��Hskv~��z
�{���ªv°s�q�sk�����»qtz~�>s�gN�ª²Ig���qtvyx{��q����{�­u»g%zyxWx{¨{g3�1�w�`x{�Z�Iq�qkx{fag%qtxI�ts�x�« � |{��x{�w�±|{g�xr�rg3qtv~� ��vy�Z��³�v°g
|I�kxI�w�Ì�d���Wp%��x{���wz°g
x{«@�»xIv°�Hs�qY���{�©u»g���xIv°��gN�%uWp��a���wvy}H�wg � |I�kxI�w��|{g�xr�rg3qtv~� �y�����kx>²Wv~�rgN�;skc�g�p%����g
��z°xHqtg.gN�wx{�w|IcÌ�@bdcwv~qdz°g3�{�wq-s�xaskcwg.«¬xIz°zyx>§�v°��|	�rg�®��wv°skvyx{��qNË
� ��� � �¬ �� � �>� � �Y¹�Ø$Ä�Æ>¹»ÀE¶¸¹»Ü�Æ>ÜWÇ-Å�¼>À��¯Æ�Ö

G
Æ�Ö
À��wÂ-Ö�Æ�¾8Á

g. exp(t.v)
" ���r¶¿Ä�� �w¼>Ç�À���Â�Å`¾kÆ�ÅwÂ�¾8ÀEØ�Æ�Ö
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g
¶¸¹

G
��¼½Ç�¼

Ô{¾kÆ�Ü3Å �@¶~Ç�Â.ÔIÂ�Æ3Õ{Â�Ç�¶¿Ä�¼�Ú¸Ú Ø�Ä�Æ>¹»º½Â�ã�Æ�Å�Â�¹�¹`Â�¶ÏÔ ��µ�Æ>¾��wÆ3Æ3Õ �
b/x
��x{�»��zy���rg-skcwv~q@qk�wu�qkgN�8s�v°xI�Ì��zyg�s@��q!�wx>§±�w�kg3qtgN�Hs@�Yz~�{qts!���kxI�»gN�ts�p.«¬xI��|I�kxI�w�Ò|Ig�xr�rg3qtv~��qN�>§�cwv~��c

|Ig��wgN���{z°vyÈ�g3q�skcwg;x�s�cwg���§'gNz°z°ÉP¨W�wx>§��1�w��x{�`g��ks�p�x{«Òá¬fag�s��kv~�Nâ�|{gNxW�wgNqkvy�Nq��©bdcwg´���kxI�»gN�ts�v°g3q�x�«�|I�kxI�w�
|Ig�xr�rg3qtv~��qd����g.v°zyzy��q�s�����skg3�$vy�	�/vy|�� �I�
�.¡ � � � ���¿ �� � �5� � Û�Â�À

g
µ�Â�¶¸¹

G
¼�¹`Õ

z
µ�Â�¶¸¹$À��wÂ�ÀÊ¼�¹HÔHÂ�¹»À�ÇPÅ�¼{Ä�ÂY¼�À

g
� �
�wÂ�¹$À��wÂ�¾kÂ�ÂkãI¶~Ç8ÀEÇ�¼�Ür¹�¶¿Ý�Ü�Â

Ç8ÁÃÆNÆ�À���Å�¼>À��%Æ�Ö�À��wÂ@Ö�Æ�¾8Á
g. exp(t.v)

À���¼>À
g(0) = g

¼>¹QÕ d
dt

g|t=0 = z
� � �wÂ�¹

z
¶~Ç�Ç8ÁÃ¼>Ú¸Ú�Â�¹`Æ>Ü{Ô �B"

À��W¶~Ç.Ç8ÁÃÆNÆ�À��	Åw¼�À��©¶~Ç�¼�Ô�¾�Æ>Ü3Å�ÔIÂ�Æ3Õ{Â�Ç�¶¿Ä �
�d¾kÆNÆtÖ ��bdc�g�xI�wzyp$�`xIq�qtvyuwzyg.��c�x{v~��g�vyq

v = DgLg−1.z
�wqkvy����g

DgLg−1

v~q��{z°§d�½prqÐvy�W²{g��kskvyuwzyg{�
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�
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����
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h-g�«¬x{��g��rg�®��wvy�w|%|{g���g�����z�uwvÏÉÊvy�H²>�{�kv~���HsYfag3����q�vy�Ñ³Ìvyga|{��x{�w�»q��Qzyg�s
��qY«¬xr����q�x{�1�;zy�Iq�s�«¬�w���w�{fag��rÉ
s���z-skxWxIzEË;skcwg©hd��¨Ig��kÉ �-�{fa�wu»gNz°z°É,+����»qk�rxI� -Z«¬x{��fÒ�wz~�Îá¬x{�Ãh ��+ «¬x{��fÒ�wz~�Iâ��±i¥�Hsk�wv°skvy²{gNz°pI�\s�cwvyq	«¬xI�tÉ
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f��wz~�;qkcwx>§�q�cwx>§)f�����c
log(exp(v). exp(w))

�rg�²Wv~�>s�gNqY«¬�kxIf
v + w

�w�wg	skx�skcwg©á¿�»xHqkqkv°u�z°g½â��wxI�rÉ
��x{fafÒ�ws��>s�v°²Wv°s�p�x{«Ìskc�g�fÒ��zÏs�v°�wzyv~���>s�v°xI�´vy� G �@��g�fÃ����¨>��uwzyp{�Iskc�vyq-�rg�²Wv~�>s�v°xI�$���{�´u»gYg�Ór�w��gNq�qtg3�ax{�wzypvy�´s�g���fÃqÐx{«/³ÌvygYu����I��¨{g�s�q\u`g�s�§-g�gN�

v
�����

w
� ����	Ê�!ÞÑg�c��½²{g���zy�kg3�{�rp	��qkgN�$v°� � �I� 	Qskx���x{fa���{�kg�skcwg

s����I��g3q�x{«\s�§'x��rv�-`gN�kgN�Is
|Ig��wgN���{z°vyÈN��skvyx{�©x�«Ðskcwga|{gNx{fag�s��kv~�
fagN�{�¯s�x%qkpWfaf	g�sk��vy�Ò�»xHqtv°skvy²{g�ÉÊ�wg�®��wv°skg
fÃ��sk��vy��gNqN�
E�" � � ¡ � � � ��� Â�¾8¶¿Â8ÇdÖ�Æ>¾8Á ÆtÖÒÀ��wÂ � ��� Ö�Æ>¾8Á	ÜrÚ°¼ ��� ���	� " � �w¼�ÅQÀÊÂ�¾�
  � ��Û�Â�À v, w

µ�ÂÃ¶¸¹
g
� �
�wÂ�¹

À��wÂ�Ø$¼>¾�Â
Ç8ÁÃ¼>Ú¸Ú�Â�¹`Æ�Ü{Ô � " �ÐÂ ��¼>º>Â�À���ÂÐÖ�Æ�Ú¸Ú°Æ��@¶¸¹WÔ©Õ{Â�º½Â�Ú°Æ�ÅQÁaÂ�¹�À��

log(exp(v). exp(w)) = v + w + 1/2([v, w])
+1/12([v, [v, w]] + [w, [w, v]])
+1/24([[v, [v, w]], w]) + O((‖v‖ + ‖w‖)5).

á¿�Iâ

��x{zyz°x>§�vy�w| � ����	P�{z°g�s!�»q!§��kv°skg
H : g×g → g

s�cwgdfÃ���w�wvy�w|.�rg�®»�wgN���wgN�{�
0
qk����c�s�c��>s

H(v, w) =
log(exp(v). exp(w))

�'�6«¬�w�»�w��fag��Hs���zQ�w��x{�`g��ks�p	x{«Ìskc�vyq-«¬�w�»�8skvyx{�;vyq's�cwg�«¬x{zyz°x>§�vy�w|�Ë�v°s-v~q-�wx�sdx{�wzyp
C∞ uw�ws!�{zyqkx�¼>¹Q¼>Ú Ø>ÀP¶¿Ä!����x{�����

0
�½§�cwv~��cÒfagN�{��q4s�c��>s

H(v, w)
á¬��gN���

0
âÌvyq�skc�g-qk�wf x�«��{�Ò��u»qtxIz°�rs�g�zyp

��x{�W²{gN�k|Iv°��|ÃfÒ�wz°skvy²>����vy��skgÒvy�r®���vÏs�gaqkg���vygNqÒá¬skcwga��qk���{z/f��wzÏs�v°��z°v~����skvyx{��v~qY�kgN�wzy�I��g3�©cwg���gÒuWp%s�cwg	³�v°g
u����I��¨{g�s8â8��bdcwvyqÐv°fa�wzyvygNq'v°�Ã���{�ts�vy���wz~���@s�c��>sd��zyzwskc�gÒá¬���{�ts�vy�{z~â\�rg���v°²>��skvy²{gNq\x�«4skc�vyq\«¬�w���8s�v°xI�$����g���z~qkx
�{����zypHskv~���!Þ�g
§�v°zyzÌ��qkg�skcwg3qtg
²Ig���pÃ�kgNfa�{�k¨>�{uwz°g��w��x{�`g��kskvygNqdvy�$s�cwg�qkgN}H�wg�z�x�«�s�cwv~q����kskv~��zyg{�

� �����w������

�!��
���� ����
�������� �1��� � �! �";#��

� ��� � 
�� � � ��� ��	���
 ���H� 	 � 	�� � ��� � � ��� �����

³�g�s.��q��kg3���{z°z/skcwgÃ��zy�Iqkqkvy�N��z��rg�®���vÏs�v°xI�Ñx{«'�´fagN�{��vy�Ñ�{�Î¼�çZ¹`Â.qk���I��g
F
�4vP� g{�Ò�;qt���I��g	x�«@Å�Æ>¶¸¹»À¿Ç8�

�Iqkqkxr��v~�>s�gN�1s�x��Zº½Â�Ä�ÀÊÆ�¾$ÇPÅ�¼{Ä�Â
E
qt����c±skc���s�s�x��{�Wp­��x{���wz°g�x�«Y�»xIv°�Hs�q

M, N
§-g��N���±�Iqkqkxr��v~�>skg

s�cwg$²IgN��skx{� −−→
MN

�@§�cwv~��cªvyq	qtvyfa�wzypÑs�cwg;�wv -Qg���g�����g$u`g�s�§-g�gN�ªskcwg$s�§'x��»xIv°�Hs�qNË
M +

−−→
MN = N

�
i¥�%s�cwv~q���xI�Hskg�ÓWs3�rskcwg%µ�¼>¾8Ø{Ä�Â�¹»ÀÊÂ�¾
á¬xI��fagN���`âdx�«@�´qkpWqtskgNf x{«!�`x{vy�Hs�q

(Xi)i=1..n

�{q�qkxW��vy��skg3�´s�xÃskcwg
��x{�rÉÊ�wg�|H�>s�v°²Ig��wx{��fÃ��zyv°ÈNgN�©§-g�vy|{cHs�q

(wi)
á∑

i wi = 1
â�v~q�s�cwg	�w�wv~}I��g	�`x{vy�Hs

M
skc���s.²Ig���vÏ®»gNq�skcwg

«¬xIz°zyx>§�vy�w|�g3}H���>s�v°xI�Ì�w���{z°zygN�1µ�¼>¾8Ø{Ä�Â�¹»ÀE¾8¶¿Ä�Ë

Σiwi

−−−→
MXi =

−→
0 .

á ��â
bdc�vyqÃg3}H���>s�v°xI�ZfagN�{��qa|{gNx{fag�s��kv~���{z°zyp1skc»�>s

M
vyq	s�cwg¯fagN�{�Zx{«Ys�cwg

(Xi)
§�vÏs�cÎ��gNqk�`gN�8sÃs�x1skcwg

�ÐÂ�¶ÏÔ �WÀEÇ
(wi)

�Ðnrv°����g
F
v~q�� �»�>s�qk���{��g{�r§-g
�����%|Ig�s��a��zyxIqkgN�$«¬x{��f�«¬x{�

M
Ë

M = X1 + Σiwi

−−−→
X1Xi.

á¿�Iâ
bdcwv~q\¨Wvy���	x�«QfagN���axI�Ð�½²{gN���{|{vy�w|��w��xr��g3�r�w��g-v~q!s�cwg��rvy�kg3�8s\|Ig��wgN���{z°vyÈN��skvyx{�Òvy�askc�g��>ßÃ�wg��N�{qkg-x{«

s�cwgÒ�{�kv°skcwfag�skv~�
fagN���©x{«@�kg3��zÌ�W�wf�u»gN��qN�'iÊs�|{vy²{g3q��a|{gNx{fag�s��kv~���{zÌv°�Hs�g����w�kg�s���skvyx{�;skxÃs�cwgÒ§-g�vy|{cHskg3�
fag3���ÌË-�>s�s�cwgÒfagN�{�Ì�ws�cwgÒqk�wf�x�«!skc�g�§'gNv°|IcHskgN�%�rv~qk�wzy�I��gNf	gN�Hs�q�s�x´gN�I��c%x�«!skcwg�qk�{f	��z°g��`x{vy�Hs�q�vyq
�W�wzyzP�IvP� gI�dÀ���Â.ÁaÂ�¼�¹�¶~Ç.¼>À@À��wÂ�ÔHÂ�Æ>ÁÃÂ�ÀP¾8¶¿Ä�¼>ÚÌÄ�Â�¹»ÀÊÂ�¾�ÆtÖ�À��wÂ
ÕI¼>À¥¼Òá¿f	xI�kg��w�kg3��v~qtgNz°pa�>sÐskcwg���g��Hs�g��Ð§�v°skc
��gNqk�`gN�8sds�xaskcwg.§-g�vy|{cHs�q�â8�

���������



��¶¸·¥¶¸¹�º>¼>¾8¶¿¼�¹�À���Â�¼>¹wÇ
¶¸¹©Û!¶¿Â��-¾�Æ>Ü3Å»Ç �:�

� ¡ � £H" �   3 � ¢ � �±¢ � � 0 ¢r¡ 
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N
�»xIv°�Hs�q

(xi)
§�v°skcÍ��gNqk�`gN�8s

s�x�skcwg©�wxI�rÉÊ�wg�|H�>skvy²{g��wxI�kfÃ��zyvyÈ�gN�Z§-g�vy|{cHs�q
wi

§�cwv~��c¦v°���w����g3�ZuWp±�1��vyg�fÃ�{�w�wv~���¦fag�sk��v~�;xI�Î�
fÃ�{�wvÏ«¬xIzy�;v~q��rg�®»�wgN��¶¸Á�Å`Ú ¶¿Ä�¶¸ÀEÚÏØ�uWp$skcwg.«¬xIz°zyx>§�v°��|�u��{�kpr��g��Hsk��vy�YgN}H����skvyx{�1á � � 	¬â8Ë

N
∑

i=1

wi log
E(xj) (xi) = 0,

áE�Iâ

§�c�g���g
log

E(xj)

v~q�skcwg-z°xI|I�{�kv°skcwfav~�\fÃ���	�>s/skcwg-�»xIv°�Hs
E(xj)

��§�c�vy��c�vyq��rg�®»�wgN��x{�wzyp.z°xr�N��zyz°p
����x{�����
s�cwv~q��»xIv°�Hs3�@i¥�$s�cwg
�����kskv~����zy�{�����{qkg�x�«!uwvÏÉÊvy�H²>�{�kv~���Hsdf	g�sk��vy�Nq��Ws�cwv~q�gN}H����skvyx{��§��kv°skg3q�Ë

N
∑

i=1

wi log(E(xj)
−1.xi) = 0,

á �3�Iâ

§�c�g���gÐs�cwvyq�s�v°fag
log

vyq�s�cwgdv°�W²Ig���qtg-x�«»skcwg�Ô{¾kÆ>Ü3Å�g�Ór�`x{�wgN�Hskv~��zP�{�rg�®»�wgN��z°xr�N��zyz°p��{�kxI�w���
s�cwgd�wg��wsk����z
gNz°gNfag��Hs

e
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�wg���v°²IgNq4«¬��x{f)��uwv°ÉPvy�W²½�{�kv~���Hs�fag�sk��vy�{�!jY�wgdqtc�x{�wz~�
�wx{skg'skc���s��Ð}`�dá¿�Hâ\á¿�{���$á �N�Hâ4vy��skc�g'uwv°ÉÊv°�W²>����vy�{�Hs
�N�{qkg3â��w�kx>²Wv~�rgNqY�;ÔHÂ�Æ>ÁÃÂ�ÀP¾8¶¿Ä�¼>ÚQ�rg�®���vÏs�v°xI�Ñx{«@skcwg	fagN�����4g�Ów�{��skzyp%�Iq�vy�¯s�cwga���{qkgÒx{«Ð�>ßÃ�wgaqt�»�{��g3q��
bdc�g �w���N��c�g�s'fag3���´v~q'�wg�®��wg3�$�Iq'�$µ�¼�¾8Ø{Ä�Â�¹�À¥Â�¾8�rvE� g{��skc�g�g�zyg�fagN�Isd�`xIqkvÏs�v°xI�wgN�´��sÐs�cwg���g��HskgN�Ðx{«Ìskcwg
���>s��	vy�1º½Â�Ä�ÀÊÆ�¾8¶¿¼>Úwqkg���qkg{�@bdcwv~q�qkvÏs����>s�v°xI�;v~qdv°zyzy��q�s�����skg3�;vy� �/vy|��Ð�w�
bdcwg$¨{g�p�vy�rg3�©�rg�²Ig�zyx{�`gN��vy�1skcwv~q�nWg3�8s�v°xI��vy�1skc�ga«¬x{zyz°x>§�vy�w|�Ë���z°skcwxI�w|{c�uwv°ÉPvy�W²½�{�kv~���Hs
fag�s��kv~��q

fÃ�½p�«¿��vyz`skxÒg�ÓrvyqtsN�Hskc�g�|{��x{���´z°xI|I�{�kv°skcwf×¼>Ú �Ð¼>Ø½ÇÐg�ÓWv~qts�q'v°�$��³Ìvyg�|I�kxI�w�´�����$x{�wg����{�Ãsk��p	skx��wg�®��wg
�%u�vÏÉÊv°�W²>����v~���Hs
f	g3���æÕ�¶¸¾kÂ�Ä�ÀPÚ Øa²Wvy�%�Ð}`�ªá �3�Iâ����Yq�§�vyz°z\u`g$qkcwx>§��1v°�1s�cwg´�wg�ÓWs�qt��u�qtg3�8s�v°xI��q��/skc�vyq
g3}H���>s�v°xI�©c��{q���zyz�s�cwg��wgNqkv°����uwzygÒvy�W²>����vy�{����g
�w��x{�`g��kskvygNqN�`g�²{gN�¯§�cwgN�¯uwv°ÉPvy�W²½�{�kv~���Hs�fag�sk��vy�NqY�rx;�wx�s
g�ÓrvyqtsN�

� � � � �)����	�
 	���� ��� � � � � 
�� � ��	A�Q��
T��� � ��� � 	������3����� � �
i¥�as�cwgY�N�{qkgNq@§�c�g���g��
uwv°ÉPvy�W²>����vy�{�Is\fag�sk��vy��g�Órvyqts�qN�H��²{g���pÒg�ß´��vyg��Hs'v°skgN����skvy²{g�qtsk���>skgN|{p	�����Ãu`g��»qtg3�
s�xÃqtxIz°²Ig�v°skgN����skvy²{gNz°pas�cwg
u�����pr��gN�Is��kv~�YgN}H���>s�v°xI�;|Iv°²Ig���uWp´�Ð}`��á �3�Iâ8�@iÊs�v~qd|{vy²{gN�;uWpQË
�����
	��

��������������������������������

m0 := x1  

!��#"��%$&��
%��
�'��(��)*
+�,����
%�����(
�'��-���&�.	0/�132
mt+1 := mt. exp

(

∑N

i=1 wi log(mt
−1.xi)

)
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mt
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bdcwv~q-�w��xW��gN�r���kgY§-�Iq\x{��vy|{vy����zyz°p	�w��x{�`xIqkgN�Ãvy� � �
	Qskxa��xIfa�w�rskgYg�fa�wvy�kv~���{z°zypauwv°ÉPvy�W²½�{�kv~���HsÐfag3����q

vy��skcwgÒ�����kskv~���wz~�����N�{qkg
x�«dÚ ¶¸¹`Â�¼�¾'s����{��qt«¬x{��fa��skvyx{��qN�r§�v°skcwxI�rsY���Wp;�w�kxWx{«/x�«\��x{�W²{gN�k|Ig�����gYxI��x�«!skcwg
g�ÓrvyqtskgN����gÃ���»�Ñ���wvy}H�wgN�wgNq�q.x�«-skc�vyq
fag3���Ì�/§�cwvy��c�§d�{q.�wx{s��w�kg3��v~qtgNz°p¯�wg�®��wg3�4� +�g���g{��xI�wgax�«dx{�w�
��x{�Hsk��vyuw�rskvyx{�»qYv~qYskx%�w��x>²Wvy�rg	��ÔHÂ�¹`Â�¾k¼>Ú'¼�¹`Õ�ÅQ¾kÂ�Ä�¶~Ç�Â;Õ{ÂEÙ\¹�¶¸ÀP¶¿Æ>¹%x{«'uwv°ÉPvy�W²>����vy�{�Is�fagN���»q��4§�cwv~��c�vyq
º>¼>ÚÏ¶¿ÕaÖ�Æ>¾�¼�¹�Ø	Ù\¹�¶¸À¥Â�·tÕ>¶¸ÁÃÂ�¹�Ç�¶¿Æ�¹`¼�Ú'¾kÂ�¼�Ú@Û@¶¿ÂÃÔ�¾kÆ�Ü3Å`�@²Wv~�©�Ð}`�Îá �N�Hâ8��bdcwv~q�§�v°zyz-�{z°zyx>§å��q�s�xÑqkcwx>§
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G

TmG

m
xj

xi ∈ G

logm(xi) ∈ TmG

logm(xj)

m ��� ��� �����	��

P

i
wi log

m
(xi) = 0 �

��vy|{�w��gÐ�rË�
 � � � �  �¡(�¿£ �.¡ � � � ¡½  
 �!  �" � � ¡ � £H" �   � � ¢ � �/bdcwg �w���N��c�g�s�fagN�{�.x�«w��qkg�s�x{«W�`x{vy�Hs�q
(xi)

§�v°skc¯��x{�rÉÊ�wg�|H�>s�v°²Ig´á¬�wxI�kfÃ��zyvyÈ�gN�»âd§'gNv°|IcHs�q
(wi)

qk��skv~q�®�g3q���µ�¼�¾8Ø{Ä�Â�¹�ÀP¾8¶¿ÄÃÂ�Ý�Ü�¼�ÀE¶¿Æ�¹���bdc�vyqYc��{q
�´|{g�xIfag�sk��v~�Yvy�HskgN�k�w��g�s��>s�v°xI�ÌËÐvy�©skc�g
s��{�w|{gN�Is�qt���I��g���s�skcwg�fagN���

m
�
0
á¿vE� g{�

m
âdv~q��w��gN��vyqkg�zyp;skcwg

u»����pW��g��HskgN��x�«@s�cwg	²{gN��skxI��q
logm(xi)

�{q�qtxr��v~�>s�gN��s�x´skc�g�§-g�vy|{cHs�q
wi

��i¥�©skc�vyq�|{gNx{fag�s��kv~���{z�qkg���qkg{�
m
v~q���s-s�cwg���gN�Hskg���x{«/s�cwg
�`x{vy�Is�q

xi

�

s�cwg�g�ÓrvyqtskgN����g������´�w�wv~}I��g��wg3qkq'x�«4s�cwgYu�vÏÉÊv°�W²>����v~���HsÐfagN�{�´�w��x>²Hv~�rg3�askcwg��rv~qt�`g���qtvyx{�$x�«4skc�g��w��s��Òvyq
qkfÃ��zyz4g��wxI�w|{c��
i¥�HskgN�kg3q�s�v°��|{zyp{�Qskc�g	fÃ�{�w�wvy�w|

Φ : m 7→ m. exp
(

∑N

i=1 wi log(m−1.xi)
) ��zy�½prq��;��g��Hsk����z!��x{zyg

vy��skcwg��{�w�w��xI�I��c´�w��gNqkg��Hskg3�$vy��skcwv~q����kskv~��zyg{�@³�g�s���qd�wx>§ �rg�s���vyz�qkx{fag.x�«/v°s�q��w�kxI�»gN�ts�v°g3q��
�.¡ � � � ���¿ �� � � / � Û�Â�À

(wi)
µ�Â

N
Ù/ãWÂ�Õ%¹`Æ�¹�·¥¹QÂPÔH¼>ÀP¶¸º>Â �ÐÂ�¶ÏÔ �rÀ¿Ç � �
�wÂ�¹ZÁÃ¼�ÅIÅ`¶¸¹HÔ

Ψ : g
N+1 → gÕIÂ¿ÙÐ¹`Â�Õªµ�Ø

Ψ(v1, ..., vN , z) = log
(

exp(z). exp
(

∑N

i=1 wi log(exp(−z). exp(vi))
)) ¶~Ç¯¼>¹Q¼>Ú Ø>ÀP¶¿Ä

¹QÂ�¼>¾
0
�

�d¾kÆNÆtÖ ��bdc�g
fÒ�wz°skvy²>����vy��skg.���>s��w��g
x�«
Ψ
��xIfa�wz°v~����skg3qdskcwg
���kxWx�«!�az°v°sts�z°gÒuwvÏs3�wuw�rs�s�cwv~q���xIf	g3q-«¬�kxIf

s�cwg´qkv°fa�wzyg	«¿�{�8s
s�c��>s
Ψ
vyqÒ����x{fa�`xIqkvÏs�v°xI�Ñx{«'x�s�cwg����{����zypHskv~�	fa�{�w�wvy�w|IqNË.����fag�zyp©s�cwgÃfÃ���w�wvy�w|

H
�rg�®���gN�­vy�Înr�wu�qkgN�8s�v°xI� �w� ���!s�cwg�fa�{�w�wvy�w|

v 7→ −v
�{���1s�cwg;§-g�vy|{cHs�gN�­qk�wf

(v1, ..., vN ) 7→
∑

i wi.vi

�@bdcwvyq�qk�rß´��g3q\s�x�gN��qk�w�kgYskc»�>sd�wgN�{�
0
�
Ψ
vyq'skc�g�qk�wfà������u�qkx{zy�rs�g�zyp´��x{�W²Ig���|{vy�w|
v°�w®��wv°skg

f��wz°skvy²½�{�kv~�>s�g�qtgN�kvygNqÐ§�cwxIqkg�²>����vy�{uwzygNq\�{�kgds�cwg
v1, ..., vN

�����
z
� �wx{�'fax{��g��rg�s���vyzyqÐx{�Ãf��wzÏs�v°²>�{�kv~�>s�g

�{����zypHskv~�Y«¬�w���8s�v°xI��qdvy�%³�v°g��{z°|Ig�uw���{qN�WqtgNg
� ����	P� �'c»���rs�g�����i8�
����sk���{z°zyp{�

Ψ
v~qÃ��z~qtx1���Í�{����zypHskv~�´«¬�w�»�8skvyx{�¦x{«�skc�g©�wx{�rÉÊ�wgN|I�>s�v°²Ig;��x{��fa�{z°vyÈ�g3� �ÐÂ�¶ÏÔ �rÀ¿Ç

(wi)
�

nrv°����gaskcwg3qtgÃ§-g�vy|{cHs�q.z°vy²{gavy�1�©��x{fa���I�8s�qtg�sN��§'gÃ�N���1|{���{���{�Hskg�g�skc�gÃg�ÓrvyqtskgN����g´�{���Ñ�w�wv~}I��g��wg3qkq
x{«Ìskc�gYuwv°ÉÊv°�W²>����vy�{�Hs'fagN�{��¶¸¹`ÕIÂÊÅ�Â�¹`Õ{Â�¹�ÀPÚ Ø´Æ�Ö.À��wÂ �ÐÂ�¶ÏÔ �WÀEÇÒÄ�Æ�¹wÇ8¶¿Õ{Â�¾kÂ�Õ	á¬�w��x>²Wvy�wgN�as�cwg
�rvyqk�`g���qtvyx{�´x{«

���������
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¶¸¹©Û!¶¿Â��-¾�Æ>Ü3Å»Ç � �

s�cwg��w��s��av~q�qtfÃ�{z°zÌgN�wx{��|{c»â��'h-�rs�«¬x{��f	xI�kg
qkv°fa�wzyv~��v°s�p��{���%��z~����vÏs�pI�r§'g
§�vyz°z/qt¨Wvy�;s�cwgNqkgÒ�rg�s��{v°z~q�vy�
s�cwv~q����kskv~��zyg��{���%��xI��qtv~�rgN�'®�ÓWg3��§'gNv°|IcIs�q

(wi)
v°��skc�g
�w�kxWx{«¿q��

@ � ¡ � 4&4¿¢r¡ 
 	 � Û/Â�À�ÜWÇ�Ç8Ü3Å{Å�Æ½Ç�ÂÃÀ��w¼�À�À���Â
xi

¼>¹QÕ
m
¼>¾�ÂaÇ8Ü�çÎÄ�¶¿Â�¹�ÀPÚ Ø%Ä�Ú°Æ>Ç�Â$À¥Æ

e
� �
�wÂ�¹ �ÐÂ ��¼>º>Â

À��wÂ'Ö�Æ>Ú¸ÚyÆ��@¶¸¹HÔ©ÕIÂ�º>Â�Ú°Æ�ÅQÁaÂ�¹�À��

log(Φ(m)) = l̄ + O((

N
∑

i=1

‖ log(xi)‖ + ‖ log(m)‖)2), á � �3â

����Â�¾�Â
l̄ =

∑

i wi log(xi)
�

�d¾kÆNÆtÖ �Ynr������gNq�qtvy²{g
�����wz°v~����skvyx{��qdx{«�s�cwgÒh ��+ «¬x{��fÒ�wz~��á¿qkg�gÒnW�wu»qtg3�8skvyx{� ��� �WâÐpWvyg�z~�;skcwg.®���qts�skg���f
á
l̄
âdx{«/s�cwg
v°�w®��wv°skgÒqkg���v°g3qdx�«

Ψ
�w§�cwv~��c�v~qdvy�Is��wv°skvy²{g�zyp´s�cwg���qk���{z�����vÏs�cwfag�s�vy��fagN�{��xIurs��{v°��gN��§�cwg��

�{z°z�s�cwg	���>s������»�
m
��x{faf��rskgI�Òbdcwg	u»xI�w���¯xIurs��{v°��gN�¯xI�¯s�cwg	�wg�²Wvy��skvyx{�Ñ§�vÏs�c���gNqk�»g3�8s�skx

l̄
v~q��

�wv°��gN��sÒ��x{�»qtg3}I��g�����g�x{«'s�cwgÃ«¿�{��s
skc���s
Ψ
v~q����»��zypIs�vy�{Ë.skcwgÃxI���wg��
x�«����Wp¯��g�fÃ��vy�wvy�w|�skgN�kf x�«-skcwg

vy�r®���vÏs�g�qtgN�kvygNq\vyqÐgN}H����z�x{�\z~����|{gN�!skx
s�§-x������a�IqÐ�
��xI��qkgN}H�wg��»��gdskc�g�x�s�cwg��@s�g���fÃqÐ���{�au»gYu»xI�w���rg3�
uWp$�

O((
∑N

i=1 ‖ log(xi)‖ + ‖ log(m)‖)2) �
�'xI�kxIz°z~����p´�	c��{q-s�cwg�«¬x{zyz°x>§�vy�w|Ã��xI��qtg3}H�wg�����g{Ë

@ � ¡ � 4&4¿¢r¡ 
 � � �/Æ>¾�¼�Ú¸Ú
α
¶¸¹

]0, 1[
"ÐÀ���Â�¾�Â�Â�ãI¶~Ç�ÀEÇ�¼

R > 0
Ç8Ü�Ä �©À��w¼�À ����Â�¹QÂ�º>Â�¾ ‖ log(xi)‖ ≤ α.R¼�¹`Õ ‖ log(m)‖ ≤ R

À��wÂ�¹ �ÐÂ	¼>Ú Ç�Æ �w¼>º>Â ‖ log(Φ(m))‖ ≤ R
�

�d¾kÆNÆtÖ � �I��qts���x�skv~��gavy�Ñ�'}»��á �D�3â�skc���s�s�cwga�wx{��f×x�«'®���q�s.x{���rg��YskgN�kf vyq�zygNq�qYxI�.gN}H����z�s�c����
α.R�{���%s�c��>sYskcwg	qtg3��x{�»�WÉPxI���wg���s�g���f��Q§�cwv~��c¯v~qY�

O((
∑N

i=1 ‖ log(xi)‖ + ‖ log(m)‖)2) �QskcwgN�kg�g�Órvyqts�q�a��x{��qts��{�Is
C
qt�»��c$s�c��>s�s�cwg�qtg3��xI���WÉÊx{���rg��'skgN�kfàv~q�u`x{�w�»�rgN��vy�$s�cwg.«¬x{zyz°x>§�vy�w|a§d�½p`Ë

‖O((

N
∑

i=1

‖ log(xi)‖ + ‖ log(m)‖)2)‖ ≤ C.(N.αN + 1).R2.

nrv°����g
R2 vyq'� o(R)

�
C.(N.αN +1).R2 ≤ (1−α).R

�w��x>²Wvy�wgN�Òskc���s
R
v~qÐqk�rß´��vyg��Hskzyp�qkfÃ��zyzE� �w��x{f

s�cwv~q�§'g.xIurs��{v°� ‖ log(Φ(m))‖ ≤ α.R + (1 − α).R = R
�r§�c�vy��c©��xI����zy���rg3q-skcwg
���kxWx�«��

�'xI�kxIz°z~����p ��qkcwx>§�q�skc»�>sÃ�w��x>²Hv~�rg3�ªskc�g
xi

���»�
m
�{�kg%��zyxIqkg;gN�wx{��|{cZskx

e
�'§'g©�N���±v°skgN����skg

vy���rg�®��wv°skgNz°p
Φ
x>²{gN�
skcwg�qt�»����g3qkqkvy²{gÃgNqtskvyfÃ�>s�gNq�x{«�skcwg � fagN�{����x�«dskcwg

xi

��bdcwv~qÒqkcwx>§�q
s�c��>s�skcwg
v°skgN����skvy²{g´q���cwg�fag´���kg3qtgN�Is�gN��u`g�«¬x{��g´v~qÃÇ8À¥¼{µ�Ú°ÂÒ�{���1��g�fÃ��vy��q�vy���rg�®��wv°skgNz°p�§'gNz°z°É¥�rg�®���gN�1§�cwgN�ªskcwg
���>s��;v~q
��zyxIqkg	gN�wx{��|{c¯s�x

e
á¸s�c��>s
v~q��/§�vÏs�cwx{�rs.s���¨Wv°��|��W�wfagN�kv~���{z�gN�k��x{��qYv°�Hskx%�{�N��xI�w�Hs�â8� �wxI�.skcwg

faxIf	gN�HsN��§-gÃc��½²Ig	xI�wzypÑ��xI��qkvy�rgN�kg3�Ñskcwg´�N�{qkgÃ§�cwg���gÃ��zyz\g�zyg�fag��Hs�q�����g´��zyxIqkg	skx
e
�$Þ�g´§�vyz°zÐqkg�g

vy�­s�cwg��wg�ÓWsÃqt�wu»qtg3�8skvyx{�±cwx>§ skcwv~q	g�ÓWskgN���wqÒskxÑskcwg�|{gN�wg�����z-���IqtgI�@§�cwg���g;�{z°z-skc�g��w��s��Ñ����g´x{�wzyp
�Iqkqk�wfagN�$skxau`g���zyxIqkg�skxax{�wg
�{�wx�s�cwg��3�r�»xHqkqkvyuwz°p$²{g���pÃ«¿�{�d«¬�kxIf

e
�

���������������
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� ��� � � ����� ��� � ��� ���6��� ��� 	���
 � � ���
E�" � 0 � � � �32 ¢r¡(�¿¢ �   3 � ¢ � ¢���¢ � � %�� � � � � �   � ³Ìg�s

α
u`gav°�

]0, 1[
�Qskc�g��Ì���I����x{���rv°��|{zyp;§�v°skc

�'xI�kxIz°z~����p �w�>zyg�s@��q/s��{¨{gd�
R > 0

qk����cÒskc���s!���kx>²Wv~�rgN�.«¬xI�@��zyz
i ‖ log(xi)‖ ≤ α.R

�{��� ‖ log(m)‖ ≤
R
�Ws�cwg�� ‖ log(Φ(m))‖ v~q���z~qtxa�wxI�rÉÊqk�w�`g���v°xI�-skx R

�
bdcwgN�Ì�Qz°g�sY��qY�rg�®»�wg

Ω = {m ∈ G : ‖ log(m)‖ ≤ R} � �w��x{f �'x{��x{zyzy�{�kpF�w�`§'g�¨W�wx>§ s�c��>s
Φ�wg�®��wg3qÐ�Òfa�{�w�wvy�w|
«¬��x{f

Ω
skx

Ω
� %�x>§
�Izyg�s-��qÐ��x�skg�skc���s

m̃ ∈ Ω
vyq-��qkx{zy�rskvyx{�Ãx{«Ì�Ð}`�dá �N�Hâ@v°«������

xI�wzyp�v°«
m̃
v~qÐ��Ù�ãWÂ�Õ�Å�Æ>¶¸¹»À»x{«

Φ
�IvP� gI�

Φ(m̃) = m̃
�!iÊ«Ì§-g�§d���Hs\skx	qtc�x>§±s�cwg�g�ÓWv~qtskg��»��g�x{«Ì�Òqkx{zy�rskvyx{�

x{«/�Ð}`��á �N�Hâ8�Wskc�g
fa��skcwgNfÃ�>skv~���{zQskxWx{z4§-g.�wg�g3��vyq-s�cwg���g�«¬xI�kg
qkx{fag
qtxI�ts�x�«QÙ/ãWÂ�Õ�Å�Æ>¶¸¹»À �
�wÂ�Æ>¾�Â�Á	�
i¥�±«¿�{�8s3�@skc�g$fÃ�>s�cwg�fÃ�>s�vy�N��z-z°v°skgN����sk�w��g;�{u»xI�w���wq�§�v°skc­®�ÓWg3�­�`x{vy�HsÒskc�g�x{��g�fÃqN� ��vy��qtsN�@zyg�sa��q

��x{��qkv~�rg���h-�kxI�W§'gN��� q\®�ÓWg3���»xIv°�Hs�skc�g�x{��g�f%Ë
E�" � � ¡ � � G � ��¾kÆ>Ü �ÐÂ�¾ � Ç �Ð¶ÏãWÂ�Õ ��Æ�¶¸¹�À �
�wÂ�Æ�¾kÂ�Á � ��� � �-Û/Â�À

Ψ : Bn → Bn
µ�Â.¼	Ä�Æ�¹�ÀP¶¸¹�Ü�Æ>ÜWÇ�ÁÃ¼�ÅQ·

ÅQ¶¸¹HÔ-" ����Â�¾kÂ
Bn

¶~Ç�À��wÂ	¹»·tÕ>¶¸ÁÃÂ�¹�Ç�¶¿Æ�¹`¼�Ú �-Ü�Ä�Ú ¶¿ÕIÂ�¼�¹­Ä�Ú°Æ>Ç�Â�Õ%µ�¼>Ú¸ÚO"-¶ �¸Â �
Bn = {x ∈ R

n :
∑

i(xi)
2 ≤

1} � �
��Â�¹ Ψ
�w¼½Ç�¼�ÀÐÚ°Â�¼>Ç�À�Æ>¹QÂÐÙ�ãWÂ�Õ�ÅwÆ�¶¸¹�À �

@ � ¡ � 4&4¿¢r¡ 
 / �!� ¶¸À��´À��wÂ
¼½Ç�Ç8ÜrÁ�Å`ÀP¶¿Æ>¹wÇ�ÁÃ¼{ÕIÂ
¼>À!À��wÂ
µ�ÂÊÔ�¶¸¹»¹�¶¸¹HÔaÆtÖ�À��W¶~Ç�Ç8Ü�µ�Ç�Â�Ä�ÀE¶¿Æ�¹�"�À���Â�¹ ��Ý � � ��� ���¼½ÇÒ¼>À-Ú°Â�¼½Ç8À�Æ>¹QÂ
Ç�Æ>ÚÏÜrÀE¶¿Æ�¹�¶¸¹
Ω
�

�d¾kÆNÆtÖ ��i¥��x{�w�.���IqtgI��s�cwvyq���gNqk�wz°sY���w��z°vygNqN�4qtvy����g�§'g	���{���rg�®»�wg
Ψ : log(Ω) → log(Ω)

uWp
Ψ(v) =

log(Φ(exp(v)))
�Ònrv°����g

log(Ω)
v~qY�w�kg3��v~qtgNz°p%�$��z°xHqtg3�©u��{z°zP�`�{���%s�cH�»qYc�x{fag�xIf	xI�k��cwvy�
skx´s�cwg	�\�rÉ

��z°v~�rg3���;��z°xHqtg3�´u��{z°zP�HskcwgN��h-��x{�W§-g�� � qÐskcwgNx{��g�fà�{�w�wzyv°g3q-�{���´|I���������Hs�g�gNq\skcwg.g�ÓWv~qtskg��»��g�x�«���s-zygN�Iq�s
xI�wg-®wÓrgN���»xIv°�Hs\x{«

Ψ
��§�cwv~��c	vyq\�{zyqkx.��®�ÓWg3�Ò�`x{vy�Hs\x�«

Φ
������s�cwg���g�«¬xI�kgd�.qtxIz°�rs�v°xI��x{«»�Ð}`��á �3�Iâ��

bdcwg	g�Órv~q�s�g�����g�x�«Ð�;qtxIz°�wskvyx{�©s�x$�Ð}`�aá �N�Hâ�v~q�s�cW��q�|I���������Hs�g�gN�Ì� +�x>§-g�²Ig��3�wv°�Ñx{���rg���skx;�w�kx>²Ig
s�cwg���xI�H²Ig���|{gN����g\x{«wskc�g-v°skgN����skvy²{gdq�s�����skgN|{p�skx.�Y®wÓrgN���`x{vy�Hs@x�«

Φ
�>s�cwgdfÃ�>skc�g�fÃ�>s�vy�N��zHskxWx{zr§-g-�wg�g3�

v~q��{�wx�s�cwg��.s�pW�`gÃx�«-®wÓrgN���»xIv°�Hs
s�cwg�xI�kgNf��$ÞÑgÃ§�vyz°z'�wx>§���gN�N��zyz@�\v~�������!� q.®wÓrgN���`x{vy�HsÒbdcwg�xI�kgNf��
§�c�vy��c�vyq�skcwg.«¬xIz°zyx>§�v°��|�Ë
E�" � � ¡ � � L � �-¶¿Ä�¼>¾kÕ�� Ç �\¶ÏãWÂ�Õ ��Æ�¶¸¹�À �
��Â�Æ�¾kÂ�Á �6Û/Â�À

(E, d)
µ�Â�¼ªÄ�Æ>Á�Å`ÚyÂ�À¥Â©ÁÃÂ�ÀP¾8¶¿Ä%ÇPÅ�¼{Ä�Â¯¼�¹`Õ

f : E → E
µ�ÂÑ¼

K− Ä�Æ�¹�ÀP¾k¼{Ä�ÀE¶¿Æ�¹�"Ò¶ �¸Â �ZÖ�Æ>¾�¼>Ú¸Ú x, y
Æ�Ö

E
"

d(f(x), f(y)) ≤ K.d(x, y)
" �@¶¸À��

0 < K < 1
� � ��Â�¹

f
�w¼>Ç.¼	Ür¹�¶¿Ý�Ü�Â�Ù/ãWÂ�Õ�ÅwÆ�¶¸¹�À

p
¶¸¹

E
¼�¹`ÕdÖ�Æ>¾
¼>Ú¸Ú`Ç�Â�Ý�Ü�Â�¹`Ä�Â

(xn)n > 0
º>Â�¾8¶ Ö�Ø>¶¸¹WÔ

xn+1 = f(xn)
"\À��wÂ�¹

xn → p
���wÂ�¹

n → +∞ " �@¶¸À��¯¼�À'Ú°Â�¼>Ç�À�¼
K− Ú ¶¸¹`Â�¼>¾�ÇPÅ�Â�Â�Õ;Æ�ÖÒÄ�Æ>¹»º½Â�¾EÔHÂ�¹QÄ�Â �

�d¾kÆNÆtÖ ��bdc�vyq�vyqY��z~�{q�qtv~���{zÌ�w���rgN�k|I���I�r����skg.skxI�»xIz°xI|{pI�-bdcwg�vy�wgN�av~q�s�x´�w��x>²{g�skx$s���¨Ig����Wp%qtg3}I��g�����g
²Ig���vÏ«¬pWvy�w|

xn+1 = f(xn)
�/skx¯qkcwx>§�skc���sÒvÏs�vyq�� �-�{����cWp�qkgN}H�wg��»��gÃ�����Ñs�cH�»q�c��Iq
�%z°vyfavÏsÒvy�

E
�

§�c�vy��cªv~q�s�cwg$���wvy}H�wg$®wÓrgN�1�`x{vy�Hs�x�«
E
� �©x{��g�x>²Ig��3�Ì§-g$c��½²Ig

d(xn+1, p) ≤ K.d(xn, p)
�!§�cwvy��c

qkcwx>§�q'skc»�>s�skc�g�qt�`g�g3�;x{«���x{�W²{gN�k|Ig�����g�v~q��>s�zygN�{qts
K− zyv°�wg3���3�

+�g���g{�
(Ω, d)

v~q´s�cwg1��x{fa�wzyg�s�gÑfag�sk��vy�Ñqt���I��gÑv°�6§�c�vy��cæskcwg1qt�»����g3qkqkvy²{g¯gN²½�{z°�»�>skvyx{�»q´x�«Òskcwg
� fagN�{���wzyv°²Ig{�Ðbdcwg��wvyqts��{����g

d
v~q�qkv°fa�wzyp$|Iv°²Ig��%uWp

d(m, n) = ‖ log(m) − log(n)‖ �Ðb/xÃx{urs���vy��skcwgg�ÓrvyqtskgN����gI���w�wv~}H�wg��wg3qkq�x{«`�.qtxIz°�wskvyx{�Òx{«»�Ð}`��á �3�Iâ����»��zyv°�wg3���\��x{�W²{gN�k|Ig�����g\x�«`x{�w�!v°skg����>s�v°²Ig-q���cwgNf	g
s�x$s�cwv~qY�`x{vy�HsN�Ìv°s.x{�wzyp©�kgNfÃ��vy��q�s�x�qkcwx>§ s�c��>s

Φ
v~q.�;��x{�Hsk���{��skvyx{�Ì�
bdcwv~q�z°g3�{�wqYskx;skc�gÒ«¬xIz°zyx>§�v°��|

�Ð�kxI�»xHqtv°skvyx{�ÌË
�.¡ � � � ���¿ �� � �>� � � ��Â�¹�À���Â

R
¶¸¹ �\Æ�¾kÆ>Ú¸Ú°¼�¾8Ø � ¶~Ç�Ä �wÆ>Ç�Â�¹�Ç�ÁÃ¼>Ú¸Ú!Â�¹QÆ>Ü{Ô �B"

Φ
¶~ÇÒ¼$Ä�Æ>¹»ÀE¾�¼{Ä�ÀE¶¿Æ�¹ �

���������



��¶¸·¥¶¸¹�º>¼>¾8¶¿¼�¹�À���Â�¼>¹wÇ
¶¸¹©Û!¶¿Â��-¾�Æ>Ü3Å»Ç �I�

�d¾kÆNÆtÖ ��³�g�s-��qÐ��x{��qkvy�wg��
E = log(Ω)

§�v°skc
Θ : E → E

�rg�®��wg3�´�{qÐv°�Ãs�cwg����kxWx�«4x{«��'xI�kxIz°z~����p���uWp
Θ(v) = log(Φ(exp(v)))

�'bdcwg.¨{gNpÃvy�wgN��vyq-s�xaqkg�g�s�c��>s
Θ
v~q�qtfaxWx�s�c;§�v°skc���gNqk�»g3�8sdskx

log(m)
¼>¹QÕ

s�cwg
(log(xi))

�r§�vÏs�c$s�cwg��w�kxI�»gN�ts�p	s�c��>sdskc�gY�wxI�kf�x{«Ìskc�g��rv�-Qg���g��Hskv~��zQx�«
Θ
vyq-�w�wv°«¬x{��faz°pÃu`x{�����rgN�

vy��skcwg.«¬xIz°zyx>§�vy�w|�§d�½pQË

‖Dlog(m)Θ‖ ≤ O(‖ log(m)‖ +
∑

i

‖ log(xi)‖).
á �½�{â

i¥��«¿�I�8sN�»�Ð}`�Yá �3�{â-v~q��Ãqkv°fa�wzyg���xI��qkgN}H�wg��»��g.x�«�skcwg�«¿�{�8s�s�c��>s
Ψ
v~q������{z°pHs�vy�{Ë

Dlog(m)Θ
v~q�qkv°fa�wzyp

xI�wgax�«dvÏs�q
���{�ts�vy�{z!�wg���v°²>�>s�v°²Ig{�/§�cwvy��c�v~q.skcwgN�kg�«¬x{��gÃ��z~qtx%�����{z°pHs�vy�{�ÃiÊs�q.²>��zy�wg´�>s
0
v~q
�w��gN��vyqkg�zyp

0
�

�{���%s�cwg���g�«¬xI�kgÒ�{z°z/skc�g�skgN�kfÃqYx�«\v°s�q�vy�r®��wv°skgaqtgN�kvygNqY����g�x�«\xI���wg���xI�wg�xI�Yz~����|{gN�N�»§�cwvy��c�pHvyg�z~�wq�skcwg
u`x{������v°�

O(‖ log(m)‖ +
∑

i ‖ log(xi)‖)
�

ÞÍv°skcÑskcwgau`x{�w�»�¯|{vy²{gN�¯uWp©�Ð}`�´á �½�{â8�4§-g��N���Ñg���qk�w��g�skc»�>s
§�cwg��
R
vyq.qkfa�{z°z!gN�wx{�w|IcÌ�`skcwgN�kg

g�Órvyqts�q
β
vy�

]0, 1[
qk����c$s�c��>s ‖Dlog(m)Θ‖ ≤ β

«¬x{����zyz
m
�\bdcwg���§'g
c»�½²{gYskcwg���zy�Iqkqkvy�N��zQu`x{�w���ÌË

‖Θ(v) − Θ(w)‖ ≤ (sup
z∈E

‖DzΘ‖)‖v − w‖ ≤ β‖v − w‖.

nrv°����g
β < 1

�
Θ
vyqduWp��rg�®���vÏs�v°xI�%�a��x{�Hsk���{��skvyx{�Ì�r���»�;qkxavyq

Φ
�
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 � � ��Ç�¼	Ä�Æ�¹wÇ�Â�Ý�Ü�Â�¹`Ä�ÂU"�����Â�¹�À���ÂYÕI¼>À¥¼
(xi)

¶~ÇYÄ���Æ½Ç�Â�¹©Ä�Ú°Æ½Ç�Â
Â�¹`Æ>Ü{Ô �´ÀÊÆ
e
"�À���Â�¾kÂ�Â�ã{¶~Ç8ÀEÇ

¼�Æ�Å�Â�¹Î¹QÂ�¶ÏÔ �wµ�Æ�¾��wÆ3ÆNÕ­ÆtÖ
e
¶¸¹ ���W¶¿Ä �ZÀ���Â�¾�Â�Â�ãI¶~Ç8À¿Ç;¼�Ür¹�¶¿Ý�Ü�Â$Ç�Æ�Ú ÜrÀP¶¿Æ>¹¦ÀÊÆ���Ý � � � � � � �¯Æ�¾kÂ�Æ>º>Â�¾E"À��wÂ´¶¸ÀÊÂ�¾k¼�ÀE¶¸º>ÂÃÇ8ÀP¾k¼>À¥ÂÊÔ�Ø´Ô{¶¸º½Â�¹Î¼Iµ�Æ>º>Â�¼�Ú �Ð¼>Ø½Ç$Ä�Æ>¹»º½Â�¾EÔHÂ8ÇÃÀ¥Æ��Ð¼�¾kÕ½ÇÃÀ��W¶~ÇaÇ�Æ>Ú ÜrÀP¶¿Æ>¹c"@Å`¾kÆ�ºN¶¿ÕIÂ�Õ¯À��w¼�ÀYÀ��wÂ

¶¸¹»¶¸ÀE¶¿¼�Ú ¶%$3¼>ÀP¶¿Æ>¹%À¥Æ
À��W¶~ÇY¼>Ú ÔIÆ�¾8¶¸À��rÁ�¶~ÇdÀ¥¼ �IÂ�¹%Ä�Ú°Æ½Ç�Â.Â�¹`Æ>Ü{Ô �aÀ¥ÆÒÀ���ÂYÕI¼>À¥¼ �dÛ�¼>Ç�À@µ�ÜrÀ/¹QÆ>À�ÚyÂ�¼>Ç8À#"�À���Â�ÇPÅ�Â�Â�Õ
ÆtÖ�Ä�Æ>¹�º>Â�¾EÔIÂ�¹`Ä�ÂÒ¶~ÇÒ¼>À-Ú°Â�¼½Ç8À'ÚÏ¶¸¹`Â�¼>¾ �
�d¾kÆNÆtÖ � �I��qts/�����wz°p.�\v~���{����� q/bdcwg�xI�kgNf6skx

Φ
�����
��gN�N��zyz>skc»�>s/u`g�vy�w|��d®wÓrgN�
�`x{vy�Hs/x{«

Φ
v~qÌg3}I��v°²>��zyg��Hs

s�xau»gNv°�w|´�aqkx{zy�rskvyx{��x�«!�Ð}`��á �3�Iâ��

� ��� � � ����� ��� � ��� ��� 
 ��� � ����
 � � ���

i¥�$skcwg��w��g�²Wvyx{��q-qt��u�qtg3�8s�v°xI�Ì�W§'gYc��½²{g�qtcwx>§��´skcwg.g�Órv~q�s�g�����gY�{���´�w��vy}H�wgN�wgNq�q-x�«/��qtxIz°�rs�v°xI�$x{«Ìskcwg
g�Ór�»xI�wg��Hskv~��z'u�����pr��gN�Is��kv~�agN}H����skvyx{�ªzyv°²Wvy�w|¯vy�±�©xI�»gN�­�wg�vy|{cWu`x{��cwxWxr�1x�«

e
�!�Iq�zyx{�w|Ñ�{q
s�cwg;���>s��

§-g���g���zyz���zyxIqkg�g���x{�w|IcÒs�x
e
�!i¥�	«¿�{��sN�{skcwv~qÐ�N���au»g�|{��gN�>s�z°pÒ|{g���g�����zyv°ÈNgN�4���Iq\qtc�x>§���uWp�s�cwg�«¬xIz°zyx>§�v°��|

��gNqk�wz°sNË
E�" � � ¡ � � � � Û�Â�À

g
µ�Â�¶¸¹

G
� �
�wÂ�¹ÑÀ��wÂ�¾kÂ	ÂkãI¶~Ç8À¿ÇÒ¼	Ô�¾�Æ>Ü3Å �@¶~Ç�Â.ÔHÂ�Æ3Õ{Â�Ç8¶¿Ä�¼>Ú¸Ú Ø©Ä�Æ>¹�º>Â�ã�Æ�ÅwÂ�¹�¹QÂ�¶ÏÔ �W·

µ�Æ�¾��wÆ3ÆNÕ V ÆtÖ
g
"ÌÇ8Ü�Ä �aÀ��w¼�À ���wÂ�¹`Â�º>Â�¾�À��wÂ�Õ{¼�ÀÊ¼

(xi)
¼>¾�Â�¶¸¹ V "�À��wÂ�¹´À��wÂ�¾kÂ�ÂkãI¶~Ç8À¿Ç�¼
Ür¹»¶¿Ý�Ü�Â�Ç�Æ>Ú ÜrÀP¶¿Æ>¹ÆtÖ ��Ý � � � � � ¶¸¹±¼�¹ªÆ�ÅwÂ�¹1¹`Â�¶ÏÔ ��µ�Æ>¾��wÆ3Æ3Õ�Æ�Ö g

���¯Æ�¾kÂ�Æ>º>Â�¾E"�À��wÂÃÄ�Ú°¼½Ç�Ç8¶¿Ä�¼>Ú@¶¸À¥Â�¾�¼>ÀP¶¸º½Â	Ç8ÀP¾k¼>À¥ÂÊÔ�Ø�¼>Ú �Ð¼�Ø½Ç
Ä�Æ�¹�º>Â�¾EÔHÂ�Ç�ÀÊÆ��Ð¼>¾kÕ>ÇÒÀ��r¶~Ç�Ç�Æ>Ú ÜrÀP¶¿Æ>¹c"ÌÅQ¾kÆ>º3¶¿Õ{Â�Õ�À��wÂ	¶¸¹�¶¸ÀP¶¿¼>ÚÏ¶%$N¼�ÀE¶¿Æ�¹ª¶~Ç�ÀÊ¼ �{Â�¹­Ä�ÚyÆ½Ç�ÂÃÂ�¹QÆ>Ü{Ô �©À¥Æ

g �
¼>Ú Ç�Æ�"

À��wÂ�ÇPÅwÂ�Â�Õ$ÆtÖ�Ä�Æ>¹�º>Â�¾EÔIÂ�¹`Ä�ÂÒ¶~ÇÒ¼>À-Ú°Â�¼½Ç8À'ÚÏ¶¸¹`Â�¼>¾ �
�d¾kÆNÆtÖ � �I��qts�fÒ�wz°skvy�wzypÃskcwg
�w��s��	uWp

g−1 x{�;skcwg.zyg�«¸s�skxÃqkcwv°«¸s��{z°zQs�cwg.�»xIv°�Hs�qdv°�%���%�{�rg3}H���>s�gYxI�»gN���g�vy|{cWu»xI�kc�xHxr�;x�«!skc�g��wg��wsk����z�gNz°gNfag��HsN�dbdcwg��©xI�wgÒ�N���%�k���%skcwg�v°skgN����skvy²{g�q���cwg�fag.s�x´x{urs���vy�%skcwg
���wvy}H�wgYqtxIz°�rs�v°xI�ax�«QskcwgYu�����pr��gN�Is��kv~�-gN}H����skvyx{�a§�cwv~��cÃz°vy²{g3q\��zyxIqkg�skx

e
�@bdcwgN�.����q�s'fÒ�wz°skvy�wzyp	xI�askcwg
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zyg�«¸s�uWp
g
skcwv~qYqkx{zy�rs�v°xI�%skxÃ®��»�%skcwg��w�wv~}H�wgÒqkx{zy�rskvyx{�©x{«@skcwg�u�����pr��g��Hs��kv~��gN}H���>s�v°xI�©§�vÏs�c©skc�gÒ��gN��z

���>s����ÒbdcwgN���wx{skg�skc���s�s�cwga�wx{��fÃ��zdá¬�wxI�rÉ¥qtcwv°«¸skg3��âYvÏs�g����>s�v°²Ig	q���cwg�fag�vyq-����qts.skcwgÃqkcwv°«¸skgN�Ñ²{gN��qkvyx{�
x{«�s�cwg�qk��c�g�fag
�{q�qtxr��v~�>s�gN�´skxaskc�g�qtcwv°«¸skg3�%�w�>s��w�
bdcwv~q�zygN�I�wq-skx	skc�g.«¬x{zyz°x>§�vy�w|Ã�rg�®»�wvÏs�v°xI�ÌË

� ��� � �¬ �� � � / � Û/Â�À\À���Â
(xi)

N
i=1

µ�Â.Ç�Æ�ÁaÂ	Õ{¼�ÀÊ¼;µ�Â�Ú°Æ�¹HÔ{¶¸¹HÔÃÀ¥Æ´¼ÃÇ�ÁÃ¼>Ú¸Ú�Â�¹QÆ>Ü{Ô �ÃÔ�¾�Æ>Ü3Å �@¶~Ç�Â�ÔIÂ�Æ3Õ{Â�Ç8¶¸·
Ä�¼�Ú¸Ú Ø%Ä�Æ�¹�º>Âkã�Ç�Â�À�Æ�Ö

G
� �
�wÂ�¹�"4Ö�Æ>¾Ã¼>¹�Ø;Ç8Ø½Ç8ÀÊÂ�Á Æ�Ö � ¹QÆ>¾8ÁÃ¼>Ú ¶%$3Â�Õ � ¹`Æ>¹»·¥¹`ÂÊÔH¼>ÀP¶¸º½Â �ÐÂ�¶ÏÔ �rÀ¿Ç (wi)

N
i=1

"
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(xi)
�@¶¸À���¾kÂ�ÇPÅwÂ�Ä�À'À¥Æ$À���Â��ÐÂ�¶ÏÔ �WÀEÇ

(wi)
À��wÂ�Ür¹�¶¿Ý�Ü�Â�Ç�Æ�Ú ÜrÀP¶¿Æ>¹ � ¶¸¹

¼´¹`Â�¶ÏÔ ��µ�Æ>¾��wÆ3Æ3Õ�ÆtÖ
À��wÂ	Õ{¼>À¥¼ � ÆtÖ
À���Â�Ô{¾kÆ>Ü3Å­µ�¼>¾8Ø{Ä�Â�¹»ÀE¾8¶¿ÄaÂ�Ý�Ü�¼>ÀP¶¿Æ>¹ � � � � �
�.¡ � � � ���¿ �� � � � � �
�wÂ	µ�¶¸·¥¶¸¹»º½¼�¾8¶¿¼>¹�ÀdÁÃÂ�¼>¹�¶~Ç
Ú°ÂEÖ�ÀP·h"\¾8¶ÏÔ �rÀE·�¼�¹`ÕÃ¶¸¹»º½Â�¾�Ç�Â�·¥¶¸¹»º½¼�¾8¶¿¼>¹»À �
�d¾kÆNÆtÖ ��bdc�g��w��s���vyqduWpÃcWpW�»x{skcwg3qtv~qd��zyxIqkgYgN�wx{��|{cÃs�x	xI�wg.���wx{skcwgN�-qkxÒs�c��>s�§-g��N�������w�wzyp´³ÌgNfafa�
�I�wqtx	s�c��>s�§-g.c��½²{gIË

Ad(m).
(

∑N

i=1 wi log(m−1.xi)
)

=
∑

i wi log
(

m.(m−1.xi).m
−1
)

∑N
i=1 wi log(xi.m

−1).
nrv°����g

Ad(m)
v~qÌvy�W²{g��kskvyuwzyg{�NskcwgÐ��qt�»��z{u»����pW��g��Hsk��v~�/g3}H���>s�v°xI�Ì�½§�cwvy��c
v~q4zyg�«¸skÉPvy�W²½�{�kv~���Hs3�Nv~qÌg3}I��v°²>��zyg��Hs

s�xÃ����vy|{cHstÉÊv°�W²>����v~���Hs'u��{�kpr��g��Hsk��vy��gN}H����skvyx{�Ì�r§�cwv~��c%qtcwx>§�q's�c��>s�s�cwg.u�����pr��g��Hs�g��dvyqdu`x�s�c%z°g�«¸stÉÐ���»�
��vy|{cHstÉÊv°�W²>����v~���HsN��%�x>§
�WskxÃ���kx>²Ig�s�cwg
v°�W²>����v~������gY§�v°skc%��gNqk�»g3�8s�uWp´v°�W²Ig���qtvyx{�Ì�W�wx{skg.s�c��>s3Ë

(−1) ×
(

∑N

i=1 wi log(m−1.xi))
)

=
∑

i wi log
(

(m−1.xi)
−1
)

∑N
i=1 wi log(x−1

i .(m−1)−1),
§�c�vy��c�qkcwx>§�q�skc���s�§�c�g��wgN²{g��

m
vyq�skcwg	uwv°ÉPvy�W²>����vy�{�IsYf	g3���Ñx�«@skc�g

xi

�
m−1 vyq�skc»�>s.x�«\s�cwg xi

−1 �§�c�vy��c�vyq�g�Ów�{��skzyp´v°�W²Ig���qtg�ÉPvy�W²½�{�kv~���»��g{�

= � � � @ � � � � �  N� � �B0 � � � �32 ¢w¡H�E¢ �   3 � ¢ � � � bdcH�»q���§-gdc��½²{g-��v°|Ix{��x{��qkz°p�|{gN�wg�����zyvyÈ�gN��skx
���Wp
��gN�{zÌ³Ìvyg�|{��x{���$s�cwg��wx{skvyx{�©x�«!uwv°ÉPvy�W²>����vy�{�Is�fag3���%�wx{��fÃ��zyz°p;�{q�qtxr��v~�>s�gN�;skxÃu�vÏÉÊv°�W²>����v~���Hs���v°gNfÃ���rÉ
��vy�{�¯fag�sk��v~��qN�`gN²{gN�©v°��skcwga���Iqtg�§�c�g���g�qk����c¯fag�s��kv~��q�«¿��vyz�s�x$g�ÓWv~qtsN�.bdcwvyq��wx>²Ig�z/f	g3���¯gN�>��x>prq��{z°z
s�cwg
�rgNqkvy���{uwz°g.vy�W²½�{�kv~���»��g��w�kxI�»gN�ts�v°g3q��r�{���;�N����u»g
v°skgN����skvy²{gNz°p´��x{fa�w�rs�gN�;v°�©�	²{gN�kpÃg�ßÃ��v°gN�Hsd§d�½p{�

jY�wg�qtc�x{�wz~�a�wx�s�g�s�c��>sd�{q\�»qt���{z�§�v°skc´fag3���´vy�´fÃ���wv°«¬x{z~�wqN�{s�cwg�u�vÏÉÊv°�W²>����v~���HsÐfagN�{�Ãx{�wzyp�g�Órvyqts�q
���kx>²Wv~�rgN�$skcwg	�w�>s��Ã����g
��zyxIqkg
g��wxI�w|{c�skx$x{�wg��{�wx�s�cwg��3Ë\s�cwgÒ�rv~qt�`g���qkv°xI�%qkcwxI�wzy���wx{s�u`g
skxWxÃz~����|{g{�
i¥�as�cwg��wg�ÓWs'qtg3�8s�v°xI�Ì�{§-g�§�vyz°z`qtgNg�f	xI�kg����kg3��v~qtgNz°p�v°�Ã²>����vyx{��q\qkv°sk����skvyx{��q@§�c»�>sÐ�w���{��skv~���{zwz°vyfavÏs��>s�v°xI�
v~q
vyfa�»xHqtg3�ÑxI��s�cwg$�rv~qk�»gN��qkv°xI�Ñx{«'s�cwg´�w��s��w�%jY�wgÃ�rxWgNq
�wx{sÒqtgNg�f skx%z°xHqtgÃf�����c�v°�1s�cwvyq��kgN|I�����
§�v°skc%��gNqk�»g3�8sdskxag�ÓWv~qtskvy�w|Ã��v°gNfÃ���w�wv~���%uwv°ÉÊv°�W²>����vy�{�Hs-fagN�{��qNË�§-g.§�v°zyz�qkcwx>§6«¬xI��g�Ów��fa�wzyg�skc���s�skcwg
u�vÏÉÊv°�W²>����v~���Hs�fagN�{�¯x�«'qkx{fag��kvy|{v~�%sk�����»q�«¬xI�kfÃ�>s�v°xI��q�g�ÓWv~qts�qYvÏ«'�{���¯xI�wzyp�v°«\s�cwg�u�vÏÉÊv°�W²>����v~���Hs�fagN�{�
x{«�s�cwg�vy����x�s���skvyx{�;�����ks�qdg�ÓWv~qts�qN�

� �����w������

�!��
���� ����
����������a�N? #�+�� � 
��/���

³�g�s$�»q´�wx>§×�rg�s���vyzYqkg�²Ig�����z�vy��qkv°|IcIsk«¬�wzY�N�{qkgNqÃ§�c�g���g©skcwg���zy|{gNuw���{vy��fagN�{�6���{�Íu»gZÂ�ã�Å`Ú ¶¿Ä�¶¸ÀPÚ Ø¯x{�
�wv°��gN��skzyp$��xIf	���rskg3�4�w§�v°skcwxI�rs���qkv°�w|	s�cwg���z~�{q�qtv~���{zQvÏs�g����>skvy²{g
q���cwg�fagI�

���������
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bdc�g���g�v~q��a��zyxIqkgN�$«¬x{��f�«¬x{��skcwg.uwv°ÉPvy�W²>����vy�{�Is�fagN�{�;x{«/s�§-x	�»xIv°�Hs�qNË
�.¡ � � � ���¿ �� � � G � Û�Â�À

x
µ�Â�¶¸¹

G
¼�¹`Õ

y
µ�Â�¶¸¹6¼ � � � Æ�Å�Â�¹Í¹QÂ�¶ÏÔ �wµ�Æ�¾��wÆ3ÆNÕ­ÆtÖ

x
� �
�wÂ�¹¦À���Â�¶¸¾

µ�¶¸·¥¶¸¹�º>¼>¾8¶¿¼�¹�ÀdÁÃÂ�¼�¹
m

�@¶¸À��©¾kÂ8ÇPÅ�Â�Ä�À-ÀÊÆÃÀ���Â�Ä�Æ>Ü3ÅQÚ°ÂaÆ�Ö �ÐÂ�¶ÏÔ �rÀ¿Ç
(1 − α, α)

¶~Ç�Ô{¶¸º½Â�¹�µ�Ø��

m = x. exp
(

α log(x−1.y)
)

= x.(x−1.y)α.
á ���Iâ

�d¾kÆNÆtÖ ��Þ�g����{��qkvyf	��z°p$��c�gN��¨Ãs�c��>s
m
v~q��aqtxIz°�rs�v°xI�$s�x	skcwg��I�rgN}H����skg.u�����pr��gN�Is��kv~��g3}H���>s�v°xI�Ì�@ÞÑg

c»�½²{g{Ë
log(m−1.x) = log(exp(−α log(x−1.y)).x−1.x) = −α log(x−1.y).

��zyqkx��r§-g.c��½²{g�s�c��>s3Ë

log(m−1.y) = log(exp(−α log(x−1.y)).x−1.y) = log(n−α.n),

§�v°skc
n = x−1.y

�\bdcwgN�kg�«¬x{��g{Ë
{

α. log(m−1.y) = log(nα×(1−α))
(1 − α). log(m−1.x) = log(n−α×(1−α)) = −α. log(m−1.y).

bdcW��qN�
m
v~q-skcwg
u�vÏÉÊv°�W²>����v~���Hs-fag3���%x�«

x
�����

y
�

%�x�skv~��gYskc»�>s-skcwg�g�Ór�wzyvy��vÏs-«¬x{��fÒ��zy�
|Iv°²Ig��´uWpa�Ð}`��á ���Iâ\vyqd}H�wv°skg�g�Ów��g��wskvyx{���{zE�!i¥�$|Ig��wgN���{zE�{skcwgN�kg
§�vyzyz�u`gÒ¹`Æ���zyxIqkgN��«¬x{��f�«¬xI�@skc�g�uwv°ÉPvy�W²>����vy�{�Is@fagN�{�Ì�W�{q\qkxWx{�´�{q

N > 2
�;+�x>§-g�²Ig��3�>skcwgN�kgY����g�qtxIf	g

qk�`gN��v°®»�Y|{��x{�w�»q\§�cwgN�kg�����z°xHqtg3�a«¬x{��f g�Órvyqts�q'«¬xI�Ðs�cwgYu�vÏÉÊv°�W²>����v~���Hs'fagN�{�$vy��¼�Ú¸Ú�Ä�¼>Ç�Â8Ç8�w���»�Ã§'g�§�vyz°z
��x>§m�rg�s���vyzÌqkx{fag.g�Ów��fa�wzygNqdx{«/s�cwvyqd������g.�wcwgN�wx{fag���x{�Ì�

��� � �3�Q��
�	������ ����	 	������ �B
�� � 	�� � � 	A� ��


+�g���g{�Y§'g�§�v°zyz
�rg�²Ix�s�g�qkx{fag¯s�v°fag�skx¦�Z²{g���p¦v°�»q�s��k����skvy²{gÑ|{��x{�w�ÌËæÀ���Â¯Ô�¾�Æ>Ü3Å Æ�Ö�Ç�Ä�¼�Ú ¶¸¹HÔ�Ç1¼�¹`Õ
ÀP¾k¼�¹wÇ8Ú°¼>ÀP¶¿Æ>¹�Ç
¶¸¹ � ���`bdcwg�q�s����rp�x�«�skcwv~qÒáE}H�wvÏs�g3â�qkvyf	��z°g�|I�kxI�w��vyq���g�zyg�²>�{�Is�vy��skcwg���x{�Hs�g�ÓWs�x�«!skc�vyq
§-x{��¨Q��u`gN�N����qkg�v°sYv~q�xI�wg�x�«@s�cwgÒfaxHq�s.qtvyfa�wz°g����{qkgNq�x�«\�wxI�rÉ¥��x{fa���I�8s�¼�¹`ÕÒ�wx{�rÉ¥��xIfafÒ�rs��>skvy²{g�³�v°g
|I�kxI�w��q@§�c�vy��c´�rxWg3q\�wx{sÐ�»xHqkqkgNq�qÐ�{�WpÒuwv°ÉPvy�W²>����vy�{�IsÐ��v°gNfa�{�w�wv~���Ãfag�s��kv~���@bdcwv~q\|I�kxI�w�ac��{qÐfÃ���Wp�x{«
s�cwgd�w��x{�`g��kskvygNq�x�«`�kvy|{v~�ÒxI�@�>ßÃ�wg-sk������qt«¬x{��fÃ�>s�v°xI��q��½uw�ws\§�vÏs�c�xI�wz°p�s�§'x.�rg�|I�kgNgNq�x�«»«¬�kgNgN�rxIf%��§�cwv~��c
qkvyf	��z°v°®�gNqd|I�kg3�>s�z°pÃs�cwg���xIfa�w�rs���skvyx{��qN�w���»�;�{z°zyx>§�q��a�rv°��gN��sÒáE�{ä�â-|Ig�x{fag�sk��vy�Y²Wvyqk����zyvyÈN�>s�v°xI�;vy��skcwg
��zy�{�wg{� �wx{��s�cwgNqkg���gN�IqtxI��qN�»s�cwv~q.vyq.��cwvy|{cwzyp©�»g3�w��|Ix{|Ivy�N��z!���{qkg{�Òi¥�¯skc�g	��gNqts
x�«\s�cwv~q�nW�wu�qkgN��skvyx{�Ì�
§-g.§�v°zyzÌzyg�s�s�cwvyqd|I�kxI�w��u»g
§���vÏskskgN�

ST (1)
�

# 4 � � � �  3¢r¡ 
 � 4 ' � �/¡>¢:�E£*�.¡ � � � ¡½ �� � � �! 
ST (1)

�

� ����g�zyg�fag��Hs g
x�«

ST (1)
�����Ñu»g	�w�wv~}H�wg�zyp¯��g��w��gNqkg��Hs�gN�©uWp©�;��x{�w��z°g

(λ, t)
vy�

R
?
+ × R

�
λ��xI�k��gNqk�»xI���wq'skx	s�cwg�qk�N��zyv°��|�«¿�I�8s�x{�����»�

t
skx	skc�g.sk������qkzy��skvyx{�;�����ksN�

� bdcwg��{��skvyx{��x�« ST (1)
xI��q����{zy�{��q-v~qd|{vy²{gN�;uWpQË

(λ, t).x = λ.x + t
«¬xI��g�²{gN�kp´q����{zy�{�

x
�

���������������
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� bdcwgÒf��wz°skvy�wz°v~����skvyx{�©vy� ST (1)
v~q�Ë

(λ′, t′).(λ, t) = (λ′.λ, λ′.t + t′)
�

ST (1)
v~q�skcW��q��©Ç�Â�Á	¶¸·

Õ>¶¸¾kÂ�Ä�ÀwÅQ¾kÆ3Õ>Ü�Ä�Àwu»g�s�§'gNg���skcwg�f��wz°skvy�wz°v~����skvy²{gd|{��x{���
(R?

+,×)
�{���Òskcwg��I�w�rv°skvy²{gd|{��x{�w�

(R, +)
�

h-x�skc%|I�kxI�w��qd����g���x{fafÒ�ws��>s�v°²Ig{�ruw�ws�skcwv~q�qkg�favÏÉ¥�rvy�kg3�8s��w��xr�r���8s�v~q.¹`Æ�ÀE�
� i¥�W²{g���qkv°xI�ÌË (λ, t)−1 = ( 1

λ
,− t

λ
)
�

� ST (1)
�N����u»g-«¿��v°skcw«¬�wz°zypÒ��g����kg3qtgN�Is�gN�
uWp
s�cwg�qt��uw|{��x{�w�Òx�«�s��kv~����|{�wz~����fÃ�>sk��v~��gNq�x{«wskcwg-«¬xI�kf%Ë

(

λ t
0 1

)

.

� bdcwg�gNz°gNfag��Hs�q'x�«4s�cwgY³�v°g���zy|{g�u����.x{« ST (1)
����g�x�«4s�cwg�«¬xI�kf

(dλ, dt)
�r§�cwg���g

dλ
�����

dt
����g

���Wp$q����{zy�{��qN�
� bdcwg
|{��x{���$g�Ór�`x{�wgN�Hskv~��z exp(dλ, dt)

c��{q-s�cwg.«¬x{zyz°x>§�vy�w|	«¬x{��f%Ë

exp(dλ, dt) =

{

(edλ, dt
dλ

(edλ − 1),
§�cwgN�

dλ 6= 0,
(1, dt),

§�c�g��
dλ = 0,

§�cwg���g
eλ
v~q�skcwg$q����{zy�{�.g�Ór�»xI�wg��Hs�vy�{z@x�«

λ
�$bdcW��qN��§-gÃqtgNgaskc���s
skcwgÃ|I�kxI�w��g�Ór�»xI�wg��Hs�vy�{z@vyq

qtvyfa�wzyp
|{vy²{g��ÒuHp.s�cwgdqk�N��z~����g�Ór�»xI�wg��Hskv~��zWxI�
skcwgdq�����zyvy�w|����{�ts3�>§�cwg���gN�IqÌs�cwg'sk������qkzy��skvyx{�
���{�ts
favÏÓrgNq�s�cwg�fÒ��zÏs�v°�wzyv~���>s�v°²Ig������	�{�w�wvÏs�v°²Ig-vy� ����g�����gNq!x�«`u»x{skcÃ��xIfa�»xI�wg��Hs�qN� �¯x{��g�x>²{gN�N�½§-g-qkg�g
|{gNx{fag�s��kv~���{z°zyp	skc��{��vy�;skcwg.�w�w�`g���c»��z°«/�wz~���wg

R+ × R
�Wskcwg
���w�k²IgY|Iv°²Ig���uWp

exp(s.(dλ, dt))§�vÏs�c
s
²>����pWv°�w|	vy�

R
vyqdxI�©�$Ç8ÀP¾k¼>¶ÏÔ �WÀ-Ú ¶¸¹QÂ��w§�c�xIqkg�g3}H���>s�v°xI�;v~q

t = dt
dλ

λ − 1
�

� ST (1)
vyqÒg��Hskvy��g�zyp�|{��x{���H§�v~qkg	|Ig�xr�rg3qtv~���{z°zyp���xI�W²{g�Ó4ËÒ�{�Wp¯s�§-x©�»xIv°�Hs�q����{�ªu»g
��xIv°��gN�1uWpÑ�

�w�wv~}H�wg�|I�kxI�w�%|{gNxW�wgNqkvy�{��i¥�¯���{�ts�vy���wz~���3�wskc�g�|I�kxI�w�©z°xI|I�{�kv°skcwf*vyq���zy§d�½pWq�§'gNz°z°ÉÊ�wg�®��wg3�¯���»�
|{vy²{gN�;uWpQË

log(λ, t) =

{

(ln(λ), t. ln(λ
1−λ

),
§�cwg��

λ 6= 1,

(0, t),
§�cwgN�

λ = 1,
§�cwg���g

ln(λ)
v~q4s�cwgÐ����sk�w����z»á¿q�����z~���8â`zyx{|I�{�kv°skc�fæx�«

λ
��nr�{fag\�kgNfÃ����¨�c��IqQ«¬x{��skcwg\g�Ór�»xI�wg��Hskv~��zPË

§'g
|Ig�s�s�cwgÒ��zy�Iqkqkvy�N��zQzyx{|I�{�kv°skc�f x{��s�cwgÒq�����zyvy�w|a�����ks������%�afav°ÓHs��w��g�x�«�skcwgÒfÒ�wz°skvy�wzyvy�N�>skvy²{g
�����Í�I�w�rv°skvy²{g©zyx{|H����vÏs�cwfÃqax{�Îskcwg¯sk������qkzy��skvyx{�¦���{�ts3�æÞ�g¯�kg3���{z°zds�c��>s$vy�¦skc�g����Iqtg©x{«.�{�
�{�w�wvÏs�v°²IgÃ|{��x{�w�1qt�»��c

(R, +)
��u`x�skc­�I�w�rv°skvy²{gag�Ór�`x{�wgN�Hskv~��zÐ�{����z°xI|I����v°skcwf �{�kgÃqkv°fa�wzypÑskcwg

vy�wg��Hskv°s�p{��bdc�vyqYvyq�§�c��>s�§'gÒ|{g�sYu»x{skc©«¬xI��skc�gÒg�Ór�`x{�wgN�Hskv~��z/�{����skc�gÒzyx{|I�{�kv°skc�f §�cwgN�©skcwgN�kg
vyq��wxÃqk�N��zyv°�w|»�
bdcwg	�w�wv~}I��gÒ|{��x{���©|{g�xr�rg3qtv~����xIv°��v°�w|

(λ, t)
�����

(λ′, t′)
x�«ÐskcwgÒ«¬x{��f

(λ, t). exp(s.(dλ, dt))§�vÏs�c
s
vy�

[0, 1]
c��IqdvÏs�qd��������fag�s�g���q

(dλ, dt)
|{vy²{gN�;uWpQË

(dλ, dt) =

(

ln(
λ′

λ
),

(

t′ − t

λ

)

.

(

ln(λ′

λ
)

λ′

λ
− 1

))

.
á ���Hâ

���������
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ST (1)

v~q
x{��g	x{«Ðs�cwgÃfaxIqts
qkvyf	��z°gÃ�wxI�rÉ¥��x{fa���I�8s
�����
��x{�rÉ¥��xIf	f��rs���skvy²{ga³Ìvyga|{��x{�w��qN�	i¥��s�g���faq.x{«-u�vÏÉÊv°�W²>����v~���Hs�fag�sk��vy�Nq��Ìv°s�g�Órcwvyuwv°s�q�s�cwgas�pW�wvy�N��z!s�g��rÉ
�wg�����p©x�«-qk����c�³Ìvyg	|I�kxI�w��qNË�v°s.c»�{q��wx©qt�»��c�fag�s��kv~���	��q.��qk����z�áEqtgNganWg3�8s�v°xI�1�Iâ8�4s�x�qkg�g�skcwv~qN�Ì§'g
�»qtgas�cwgÃ«¿�{��sÒv°sÒvyq��wgN��gNq�qk�{�kp��{���1qt�wßÃ��v°gN�Hs�skc���s
skcwg;�{�½��xIv°�Hs���g��w��gNqkg��Hs���skvyx{��x�«

ST (1)
u»g$�wx�s

u`x{�����rgN��skx%gN��qt���kg�skc���s
�wx;u�vÏÉÊv°�W²>����v~���Hs�fag�sk��vy��g�Órv~q�s�q�«¬x{��skcwv~q.|{��x{���Ì�Òb/x%qkcwx>§ s�cwv~q��Ì§-g	��qtg
�{|I�{v°�$skcwg���zy�Iqkqkvy�N��zQfÃ�>s��kv°Ó$��g��w��gNqkg��Hs���skvyx{�;x�«

ST (1)
Ë

Ad((λ, t)).(dλ, dt) ∼
(

λ t
0 1

)

.

(

dλ dt
0 0

)

.

(

1
λ

− t
λ

0 1

)

∼
(

dλ −t.dλ + λ.dt
0 0

)

= (dλ,−t.dλ + λ.dt).

h-x{skcª«¿�I�8skxI��q �
t
�!���»���

λ
�!v°� −t.dλ + λ.dt

�{�kg;�wx�s	u»xI�w���rg3�­�����ªskcW��q
Ad(ST (1))

���{�w�wx�s	u»g
u`x{�����rgN�Ì� +Y�{q��$��x{�»qtg3}I��g�����g{�

ST (1)
c��Iq��wx´u�vÏÉÊv°�W²>����v~���Hs�f	g�sk��vy�{��h'x{skc

(R+
?,×)

�����
(R, +)�{�kg���xIf	f��rs���skvy²{g��{���Ís�cW��q�c��½²{g¯u�vÏÉÊv°�W²>����v~���Hs;fag�s��kv~��qN��uw�ws%vy�HskgN�kg3q�s�v°�w|Iz°pI��skc�g�vy�%qkg�fav°ÉÊ�wv°��gN��s

���kxr�r����s�c��{qd�wx´qk����c�fag�sk��v~���

� @ 4 � � � � � � ¡ �  � ¡	 �" � 0 � � � �32 ¢r¡(�¿¢ �   3 � ¢ � � ÞÑg��kg3���{z°z�skc���sÐskc�gYuwv°ÉÊv°�W²>����vy�{�HsÐfagN���$v°�$�
³�v°g.|I�kxI�w�$v~q��rg�®»�wgN�;v°fa�wzyv~��v°skzyp$uWp$�	u�����pr��gN�Is��kv~��g3}H���>s�v°xI�Ì�r|{vy²{gN�$uWp´�Ð}`��á �3�Iâ��;+�g���g{�wqkv°�»��g.§'g
c»�½²{g�g�Ór�wzyvy��vÏsd«¬x{��fÒ��zy�{g�«¬xI�dskcwg.|{��x{���$g�Ór�`x{�wgN�Hskv~��zÌ���»�$zyx{|H����vÏs�cwf%�HxI�wg.��������qkg�skcwg3qtg�«¬x{��fÒ��zy�{g
s�x	sk��pÃskx´qkx{zy²{g.�rvy�kg3�8skzyp´s�cwg.u�����pr��gN�Is��kv~�YgN}H���>s�v°xI�Ì�\bdcwv~qdz°g3�{�wq-s�xaskcwg�«¬xIz°zyx>§�v°��|	��gNqk�wz°sNË
�.¡ � � � ���¿ �� � � L � Û�Â�À

((λi, ti))
µ�Â

N
Å�Æ>¶¸¹»À¿Ç-¶¸¹

ST (1)
¼�¹`Õ

(wi)
µ�Â

N
¹QÆ>¹�·¥¹QÂÊÔI¼�ÀE¶¸º>Â � ¹`Æ�¾8Áa¼�Ú ¶%$3Â�Õ ��ÐÂ�¶ÏÔ �WÀEÇ � �
�wÂ�¹�À���Â�¼>Ç�Ç�Æ3Ä�¶¿¼�ÀÊÂ�Õ�µ�¶¸·¥¶¸¹»º½¼�¾8¶¿¼>¹»À-ÁÃÂ�¼>¹

(λ̄, t̄)
¶~Ç�Ô{¶¸º½Â�¹�Â�ã�Å`Ú ¶¿Ä�¶¸ÀPÚ Ø;µ�Ø��

{

λ̄ = e
P

i
wi ln(λi),

� �ÐÂ�¶ÏÔ �rÀÊÂ�Õ	ÔIÂ�Æ>ÁÃÂ�ÀE¾8¶¿Ä�ÁÃÂ�¼�¹ÑÆ�Ö
Ç�Ä�¼�Ú ¶¸¹HÔ�Ç � "
t̄ = 1

Z
.
∑

i wi.αi.ti,
� �ÐÂ�¶ÏÔ �rÀÊÂ�Õ$¼�¾8¶¸À��rÁaÂ�ÀP¶¿ÄÒÁÃÂ�¼>¹1Æ�Ö.ÀP¾k¼>¹�Ç�Úy¼>ÀP¶¿Æ>¹wÇ
¶¸¹��'Ü�Â�¹`Ä�Â�Õ$µ�ØaÇ�Ä�¼>Ú ¶¸¹WÔ>Ç � "á �3�{â

�@¶¸À�� �






αi =
ln(

λi
λ̄

)
λi
λ̄
−1

�
¹QÆ>À¥Â�À��w¼�À

αi = 1
����Â�¹

λi = λ̄
�

Z =
∑

i wi.αi

.

�d¾kÆNÆtÖ � �I��qts���g���zy�I��g�vy�6s�cwg�u�����pr��g��Hs��kv~�¯g3}I�»�>skvyx{�6skcwg�g�Ór�`x{�wgN�Is�vy�{zyq%�{���Ízyx{|I�{�kv°skc�faq;uWp¦skcwg
«¬xI�kf��wz~��g�|{vy²{gN�´��u`x>²{gI��nWvy����g�skcwgYqk�N��zyv°�w|���x{fa�`x{�wgN�HsÐvyqÐv°�»�rg��`g����wg��HsÐ«¬��x{f skcwg�sk������qkz~�>skvyx{�axI�wg{�
§-g
qtvyfa�wzyp$x{uws���vy�;skcwg
|Ig�x{fag�sk��vy�YfagN�����w§�cwv~��c;v~qdskc�g
uwvÏÉÊvy�H²>�{�kv~���Hsdf	g3���;«¬x{���`xIqkvÏs�v°²Ig.�H��fÒu`g���q��
bdc�g�s����{��qtz~�>s�v°xI�6���{�ts©���{�æu`gÑc��{���rzygN� qtvyfa�wzypÍ��qtvy�w|¦�rvy�kg3�8skzypÍ�Ð}`� á ���Hâ���§�cwv~��c pHvyg�z~�wq;skc�vyq
qkvyf	��z°v°®�gN��g�ÓW���kg3qkqkv°xI�´«¬xI�dskcwg
u��{�kpr��g��Hsk��vy�YgN}H����skvyx{�ÌË

∑

i

wi

(

ti − t̄

λ̄

)

.

(

ln(λi

λ̄
)

λi

λ̄
− 1

)

= 0.

+�g�����g�skcwg
��gNqk�wz°sN�

���������������
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 ��� � � ���¿£{� � i¥� ��v°|I�w�kg �w�QxI�wg��N����²Wv~qt�»��zyz°p
��x{fa���{�kg%s�cwgÑ|I�kxI�w�Í|{gNxr�rgNqkvy�NqaskxÎqtxIfag¯x�«
s�cwg�vy�;zyg�«¸skÉPvy�W²>����vy�{�Is������Í��vy|{cHstÉÊv°�W²>����v~���Hs�á¬fag�s��kv~�Nâ
��x{�w�Hs�g��������ks�qN�
i¥�HskgN�kg3q�s�v°��|{zyp{��xI�wgdx�«�s�cwg�zyg�«¸stÉÊvy�H²>�{�kv~���Hs@fag�sk��v~��q!x{�

ST (1)
v°���w����g3q\���	vyqkx{fag�sk��p
u»g�s�§'gNg��	skcwv~q

|I�kxI�w�´���»�´�!x{vy�����{����c���z°«¸ÉP��zy�{�wg�faxr�rg�z`«¬xI�'cWpW�»gN�ku`x{zyv~��|{gNx{fag�s��kp%á¿qkg�g�������	Ê�W����|Ig��I�>ÉÊ�D�.«¬x{�-fax{��g
�wg�s��{v°z~q
xI�Ñs�cwv~qÒqk���{��g3â8��bdcwg$q����{zy�{�����kxr�r����sÒx�«-skc�vyq�qk�N��z~���
fag�s��kv~�avyq
skcwg´faxHq�s�qkvyf	��z°g´��s�skcwg
(1, 0)

Ë/vÏs-vyq!s�cwg��»qt���{zw�\����z°v~�rg3���´q�����z~���Ð�w�kxr�r�»�8sN� ��g�xr�rg3qtv~��q@s���¨Ig��
²{gN�kp������kskv~����zy�{�!«¬x{��f vy�askcwv~q
�N�{qkg{Ë'skcwgNp©����g
skcwg	qtg�sYx{«@�{z°z/skc�g �w¼�Ú Ö�·tÄ�¶¸¾kÄ�ÚyÂ8ÇYÅwÂ�¾PÅ�Â�¹QÕ>¶¿Ä�ÜrÚ°¼>¾	ÀÊÆ;À��wÂÃ¼Nã{¶~ÇaÆ�Ö�ÀP¾k¼�¹wÇ8Ú°¼>ÀP¶¿Æ>¹�Ç������©x{«
�{z°z\á¬sk���w���N�>skg3�%u»gNz°x>§æskcwg��>Órvyqdx{«/s����{��qkzy��skvyx{��q�â\zyvy�wgNq��`g����`g����rv~����zy�{��skxas�cwg��>Órv~q�x�«/sk������qkzy��skvyx{��q
á¬skcwg3qtg
zyvy�wgNq��N����u»g�qkg�gN�%�Iq-c���z°«¸ÉÊ��v°����zygNqdx{«/vy�r®��wv°skg��rvy�{fag�skgN�����WpW§-�½pwâ��
bdc��{�w¨rq�skx��\�kxI�»xHqtv°skvyx{� �{�\§-g$¨W�wx>§�s�c��>s	skc�g;��v°|IcHstÉÊv°�W²>����vy�{�Hs���vyg�fÃ���w��vy�{�±fag�s��kv~�$§�c�xIqkg

q����{zy�{�!�w�kxr�r�»�8sÐ�>s
(1, 0)

vyq@skcwg�q���fag��{q@skcwg����kgN²Hvyx{�»q!f	g�sk��vy���N���au`g�x{urs���vy�wgN�aqkv°fa�wzypÒuWp � vy�H²Ig��kstÉ
vy�w| ��s�cwvyqYzyg�«¸stÉÊvy�H²>�{�kv~���HsYfag�sk��vy�{���YqY�;��x{�»qtg3}I��g�����g{�`vÏs�q�|Ig�xr�rgNqkv~��q��N���¯u`ga��x{fa�w�wskgN��qtvyfa�wz°p%uWp
vy�W²{gN�ts�v°�w|�skc�g�v°��vÏs�vy�{z���xI���rv°skvyx{��qN�w��xIf	���rskvy�w|askc�g��{q�qtxr��v~�>s�gN�;z°g�«¸stÉÊv°�W²>����v~���Hs�|{g�xr�rg3qtv~�.�����$®����{z°zyp
vy�W²{gN�ts�v°�w|ÒvÏs3�!bdc�g���v°|IcIskÉPvy�W²>����vy�{�Is\|Ig�xr�rg3qtv~��qÐ²Hv~qk����zyv°ÈNgN�avy� ��v°|»� �Ò����g�uWpa��x{�»qtg3}I��g�����g�qtxIfagYqkx{�ks
x{«�� v°�W²{gN�ts�gN��c���z°«¸ÉÊ��v°����zygNq��y��i¥��«¿�I�8s3��qtvyfa�wzyga�{z°|Ig�uw����v~�Ò��x{fa�w�rs��>s�v°xI��q.qtcwx>§)skc���s�s�cwgNqkg	|{g�xr�rg3qtv~��q
�{�kg.��zyz���¼>Ú Ö�· �rØ�ÅwÂ�¾�µ�Æ>Ú°¼>Ç��
jY�wg�qtcwxI�wz~�;��x�skg�skc���s�skcwg	qtvyfa�wz°g.«¬xI�kf*s��{¨{gN��uWp;z°g�«¸stÉÊv°�W²>����vy�{�Hs�|{g�xr�rg3qtv~��qdv~q�vy���rgNgN�%g�Ór��g��rÉ

s�v°xI����zP�´i¥�ª|Ig��wgN���{zE�4s�cwg���g´����gÃ�wx¯��z°xHqtg3�¯«¬xI�kf «¬x{���wgNvÏs�cwg��Òz°g�«¸stÉY��x{�
��v°|IcIskÉPvy�W²>����vy�{�Is.|{gNxr�rgNqkvy�Nq��
�{���©|I�kxI�w�¯|{gNxr�rgNqkvy�Nq��{�kg�fÒ����c�qtvyfa�wz°gN��s�x���x{fa�w�rs�g{�4qkv°����g�vy��faxHq�s��w���I�8s�vy�N��z!���{qkgNq�skcwgNp©x{�wzyp
vy�W²{xIz°²Igaskcwg%��xIf	���rs���skvyx{�­x{«��¯fÃ�>s��kv°Ó�g�Ór�»xI�wg��Hskv~��zd���»�­�¯fÃ�>s��kv°Ó1z°xI|I����v°skcwf%��«¬x{�	§�cwv~��c­²{gN�kp
g�ß´��vyg��Hs'fag�s�cwxr�wq'g�Órvyqts � ���w�r�{�
	Ê�!���wx�s�cwg��-�wv~��g�³Ìvyg�|{��x{���Ã§�cwg���g�zyg�«¸stÉÊvy�H²>�{�kv~���HsÐfag�s��kv~��q�á¿�{���ÃuWp
��x{��qkgN}H�wgN����ga��z~qkx���vy|{cHstÉÊv°�W²>����v~���HsYfag�s��kv~��q�â�s��{¨{gÃ�%qtvyfa�wz°g©áE��zyxIqkgN��âY«¬xI�kf v~q�skc�gÃ|{��x{�w�Ñx�«d�kvy|{v~�
s����{��qt«¬x{��fa��skvyx{��qN�'nWgNg � �
	�«¬xI��g�Ów�{f	��z°g3q�x�«@zyg�«¸stÉÊvy�H²>�{�kv~���Hs�qts��>s�vyqtskv~��q�x{�©��v°|Ivy�;sk�����»q�«¬xI�kfÃ�>s�v°xI��qdvy�
s�cwg���xI�Hskg�ÓWs�x�«!�Ãq�s��>s�vyqtskv~���{zÌq�s����rp´x{«�cW�wfÃ���%q���x{zyvyx�skv~�.qt��v°�wg3q��

#&%   � � ��� � �   �
ST (n)

� jY�wga���{���wv°��gN��skzyp©|{g���g�����zyv°ÈNgÒs�cwga�kg3qt�wz°s�q�xIurs��{v°�wg3�¯«¬xI�
ST (1)

s�x;s�cwg
faxI�kg�|{gN�wg�����zQ|{��x{���

ST (n)
x{«�q�����zyvy�w|Iqd���»�´s����{��qtz~�>s�v°xI��q-v°����ä��wi¥��qtskg3�{�;x�«/u`g�vy�w|Ã�aqk�N��z~���3�Hskcwg

s����{��qkzy��skvyx{��vyq�v°�©s�cwv~q�|{gN�wg�����zÌ�N�{qkg��
n− �rvyf	gN��qkv°xI����zÌ²IgN��skx{�3�'bdc�vyqY�rxWgNq���x�sY��c��{�w|{g��{�WpIs�cwvy�w|�Ë�{z°z�skcwg.��zy|{gNuw����v~�d�w�kxI�»gN�ts�v°g3q\x{«

ST (1)
����g���z~qtxÒ²½�{z°v~�a«¬xI�

ST (n)
�!i¥�´���{�ts�vy���wzy�{�N�Ix{�wgY�����$��qtgY�Ð}`�

á �3�Iâ\s�xÃ��x{fa�w�wskg
uwv°ÉPvy�W²>����vy�{�IsdfagN�{��qdv°�
ST (n)

�

����� 	 ��� � � 	������/� � �c� 
 � ��� �

ÞÍv°skc1s�cwg´|I�kxI�w�
ST (1)

�Ì§-gÃc��{�ªqkg�gN�1�%qkv°fa�wzyg$�N�{qkg	x{«�f	v°Órv°��|©u»g�s�§'gNg��ª�B�Nä�f��wz°skvy�wz°v~����skvy²{g
|I�kxI�w�$�{���$�F�Nä �I�w�rv°skvy²{g�|{��x{�w�Ì��i¥�;skcwv~q�qt��u�qtg3�8s�v°xI�Ì�W§'g.q�s����rp´vy��qtskg3�{�$� �{ä |I�kxI�w�$§�cwgN�kgYskc�vyq
s�v°fagÒ�	�{���rvÏs�v°²Ig.|{��x{�w��q.á¿x{�wgÒ�{ä �����;skc�g
x�skc�g�� �Nä.â-����g.f	v°ÓrgN�4�

E�" � 
	� �¿� � � � � ¡ '5' ¡ � �6� � iÊs�vyq-s�cwgY|I�kxI�w�$x{«��{ä �w���»gN�dsk��vy�{�w|{�wz~���'fÃ�>sk��v~��gNq
M
x{«Ìskc�gY«¬xI�kf%Ë

M =





1 x z
0 1 y
0 0 1



 .

���������
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E � �©¡ � �%Ë4s�§-x�g�Ór�{fa�wz°g3q4x�«rzyg�«¸skÉQ�{���.�kvy|{cHskÉ»�����.|I�kxI�w�.|{gNxW�wgNqkvy�Nq�� 0 �  �  � �×¡ � �%Ë4s�§-x�g�Ów��fa�wzygNq
x{«'|Ig�xr�rgNqkv~��qY§�vÏs�cÑg3�{��c¯s�v°fagas�cw�kgNg��`xIq�qkv°uwzygax{��v°gN�Hs��>s�v°xI��qN� 0 4&� �`Ë�|{��x{�w�Ñ|{g�xr�rg3qtv~��qN� ¡ � � Ë.z°g�«¸stÉ
vy�W²>����vy�{�Is'|{g�xr�rg3qtv~��qÐ�����I' ¡ � � � Ë!�kvy|{cHskÉPvy�W²½�{�kv~���Hs@|{gNxr�rgNqkvy�Nq�� %�x{skg�skcwgY�����kskv~���wz~���Ð«¬x{��fås���¨Ig��ÃuWp
|I�kxI�w��|Ig�xr�rg3qtv~��qN�Q§�cwvy��c1����g	�����ks
x�«-qtsk����vy|{cHs�z°vy�wgNq
�{���Ñx�«Ðs�cwgaz°g�«¸stÉÊv°�W²>����v~���Hs�|Ig�xr�rg3qtv~��qN�4§�cwv~��c
�{�kg�c»��z°«¸ÉÊ��v°����zygNq@�`g����`g����rv~����zy�{�@skx
s�cwg�c�x{��v°ÈNx{�Hs��{zw�>ÓrvyqN�!��v°|IcHstÉÊv°�W²>����vy�{�Hs!|Ig�xr�rg3qtv~��q\�{�kg��{zyqkx
|{vy²{gN�
vy�©�a��zyxIqkgN�$«¬x{��f ����������g.v°��«¿�I�8s�c���z°«¸ÉÊcHpW�`g���u»xIzy�Iq��

b/xÃqtvyfa�wzyvÏ«¬p;�wx�s��>skvyx{�»q��r§-g.§�v°zyz���z~qkx�§���vÏs�g
(x, y, z)

s�xa�kgN�w�kg3qtgN�Hs��{�;gNz°gNfag��Hs�x�«/skcwv~q�|{��x{���Ì�

# 4 � � � �  3¢r¡ 
 � 4 ' � �/¡>¢:�E£*�.¡ � � � ¡½ �� � � � bdcwg�p;����gYs�cwg.«¬x{zyzyx>§�v°�w|»Ë
� �©�wz°skvy�wzyvy�N�>skvyx{��Ë

(x1, y1, z1).(x2, y2, z2) = (x1 + x2, y1 + y2, z1 + z2 + x1.y2)
��bdcwg�®���q�s

s�§'xÑ��������fag�skg���qÒskcW��q	z°vy²{g;v°�Î���{ä��{�w�rv°skvy²{g;|{��x{�w�±§�cwvy��cZvyq	vy���rgN�»gN���rg��HsÃx�«�s�cwg�skcwvy���
��������fag�skg��3�4§�cwgN�kg3�{qYskcwg	s�cwv°�����{�w�rv°skvy²{g	���{���{f	g�skgN��v~q.vy� ���wgN����g3��uWp©s�cwg	®���qts.s�§'x»��bdcwg
+�gNvyqkg��Wu`g���|;|I�kxI�w�¯v~q�skcW��q.�ÑÇ�Â�Á	¶¸·tÕ>¶¸¾kÂ�Ä�À!Å`¾kÆ3Õ>Ü�Ä�À@u`g�s�§-g�g��

(R2, +)
�����

(R, +)
�Ì§�cwv~��c�v~q

¹`Æ�À���xIf	f��rs���skvy²{gI�

���������������



�H� �Y¾�Ç8¶ÏÔ{¹�Ø´Â�À�¼>Ú��

� i¥�W²{g���qkv°xI�ÌË (x, y, z)−1 = (−x,−y,−z + x.y)
�+%�g��rs����{z4g�zyg�fag��HsNË

(0, 0, 0)
�

� ��q@vy��skcwg ST (1)
���IqtgI�½skcwg +�g�v~qtgN�Wu»gN�k|�|{��x{�w�	v~q!g��Hskvy�kgNz°pÒ|{��x{�w�W§�v~qtg'|{g�xr�rg3qtv~���{z°zyp���xIfa�wz°g�skg

������§-g.c��½²{gIË
{

exp((dx, dy, dz)) = (dx, dy, dz + 1
2 .dx.dy)

log((x, y, z)) = (x, y, z − 1
2x.y).

bdcwg ���wvy}H�wg |{��x{��� |{g�xr�rg3qtv~� ��xIv°�wvy�w|
(xm, ym, zm)

�{���
(x, y, z)

x{«×skcwg «¬x{��f
(xm, ym, zm). exp(s.(dx, dy, z))

§�vÏs�c
s
v°�

[0, 1]
�¯iÊs�q���������fag�skg���q

(dx, dy, dz)
�{�kg´|Iv°²Ig��

uWp`Ë

(dx, dy, dz) =

(

x − xm, y − ym, z − zm +
1

2
.(xm.ym − x.y + xm.y − x.ym)

)

.
á �N�Iâ

0 � � � �32 ¢r¡(�E¢ �   3 �  �¡(�¿£I��¢ � � 0 � � � �32 ¢r¡(�¿¢ �   3 � ¢ � � � �Yqdv°��s�cwg
ST (1)

�N�{qkg{�W�wxauwv°ÉPvy�W²>����vy�{�Is
fag�sk��vy�Nq�g�Órv~q�s�q��{���©x{��g�c��{q�skcwg	��zyxIqkgN��«¬xI�kf*«¬x{�Yskcwg�uwv°ÉPvy�W²½�{�kv~���Hs�fagN�{�Ì��i¥�HskgN�kg3q�s�v°��|{zyp{�ws�cwgÒu�vÏÉ
vy�W²>����vy�{�Is�fag3���©pWv°gNzy��q��´qkv°fa�wzygÒ�{�kv°skcwfag�skv~���½²{gN���{|{vy�w|�x{«!skcwgÒ®���qts�s�§-xÃ��������fag�skg���qN�dbdc�g
skcwvy���
�»������fag�s�g��\v~qÐ�{zyqkxÒ�½²{gN���{|{g3���{�kv°skcwfag�skv~����zyzyp{�{g�Ów��g��wsÐskc»�>sÐs�cwv~q'�{�kv°skcwfag�skv~��fagN���Ãv~q � ��x{���kg3�8skg3�!��uWp
�a}H���I�r����skv~��«¬�����8s�v°xI��x{«/s�cwg.®���q�sds�§-xa��������fag�s�g���q-x�«�s�cwg��w��s��w�
�.¡ � � � ���¿ �� � � � � �
�wÂ´¼IÄ�ÀP¶¿Æ>¹ZÆtÖÒÀ��wÂ$¼{Õ ��Æ�¶¸¹�ÀY¾kÂÊÅQ¾kÂ�Ç�Â�¹�À¥¼>ÀP¶¿Æ>¹

Ad
Æ�Ö	À���Â �ÒÂ�¶~Ç�Â�¹Qµ�Â�¾EÔ´Ô{¾kÆ�Ü3ÅÎ¼>À�¼

Å�Æ>¶¸¹»À
(x, y, z)

Æ�¹�¼�¹�¶¸¹NÙÐ¹�¶¸À¥Â8Ç8¶¸ÁÃ¼>Ú/Õ�¶~ÇPÅ`Ú°¼IÄ�Â�ÁÃÂ�¹»À
(dx, dy, dz)

¶~Ç�Ô�¶¸º>Â�¹1µ�Ø��

Ad(x, y, z).(dx, dy, dz) = (dx, dy,−y dx + x dy + dz).

�.Ç
¼;Ä�Æ>¹wÇ�Â�Ý�Ü�Â�¹QÄ�ÂU"\¹`Æ;µ�¶¸·¥¶¸¹»º½¼�¾8¶¿¼>¹QÄ�Â�ÁÃÂ�ÀP¾8¶¿Ä	ÂkãI¶~Ç8À¿Ç@Ö�Æ>¾ÒÀ���Â ��Â�¶~Ç�Â�¹`µ�Â�¾PÔ�Ô{¾kÆ>Ü3Å��
�d¾kÆNÆtÖ ���Ð�kxr��gNgN�;g�Ów�{��skzyp$�{qdvy�%�\��x{�`xIqkvÏs�v°xI�%�w�
�.¡ � � � ���¿ �� � �M�)7 � Û/Â�À

((xi, yi, zi))
µ�Â

N
Å�Æ>¶¸¹»À¿Ç
¶¸¹¯À��wÂ �ÒÂ�¶~Ç�Â�¹`µ�Â�¾EÔ	Ô�¾kÆ�Ü3Å1¼>¹QÕ

(wi)
µ�Â

N
¹`Æ>¹»·

¹QÂÊÔI¼�ÀE¶¸º>Â � ¹`Æ�¾8Áa¼�Ú ¶%$3Â�Õ � �ÐÂ�¶ÏÔ �WÀEÇ � � ��Â�¹ªÀ��wÂ;¼½Ç�Ç�ÆNÄ�¶¿¼>À¥Â�Õ¯µ�¶¸·¥¶¸¹�º>¼>¾8¶¿¼>¹»À�ÁÃÂ�¼>¹
(x̄, ȳ, z̄)

¶~Ç�Ô{¶¸º½Â�¹±ÂkãI·
ÅQÚ ¶¿Ä�¶¸ÀEÚ Ø�µ�Ø��

(x̄, ȳ, z̄) =

(

∑

i

wixi,
∑

i

wiyi,
∑

i

wizi +
1

2

(

x̄.ȳ −
∑

i

wixi.yi

))

.

�d¾kÆNÆtÖ � �I��qts���g���zy�I��g�vy�6s�cwg�u�����pr��g��Hs��kv~�¯g3}I�»�>skvyx{�6skcwg�g�Ór�`x{�wgN�Is�vy�{zyq%�{���Ízyx{|I�{�kv°skc�faq;uWp¦skcwg
«¬xI�kf��wz~��ga|{vy²{gN���{u»x>²Ig{�;nWvy����gaskcwgÃ®»��qts
s�§'x©��x{fa�»xI�wg��Hs�q�����gÃ�{�w�rv°skvy²{g´�{����v°�»�rg��`g����wg��Hs�«¬��x{f
s�cwgYskcwvy���´x{�wgI�Is�cwg�vy�duwv°ÉPvy�W²½�{�kv~���HsÐfag3���´v~q'qkvyf	��z°pas�cwg�vy������vÏs�cwfag�skv~��fag3���Ì�@bdcwg�skcwvy���;��xWg�ß´��v°gN�Is
�N�{qkg����{�¯u»g�c����»�rz°g3�©qtvyfa�wzyp��»qtvy�w|$�rvy��gN�8s�z°p��Ð}`�Òá �N�Iâ��»§�c�vy��c©pWvyg�z~�wq�s�cwv~qYqkv°fa�wzyv°®�gN�©g�Ór�w�kg3qkqkvyx{�
«¬xI�dskcwg
u»����pW��g��Hsk��v~��g3}I�»�>skvyx{��Ë

∑

i

wi

(

zm − zi +
1

2
.(xm.ym − xi.yi + xm.yi − xi.ym)

)

.

+�g�����g�skcwg
��gNqk�wz°sN�

���������



��¶¸·¥¶¸¹�º>¼>¾8¶¿¼�¹�À���Â�¼>¹wÇ
¶¸¹©Û!¶¿Â��-¾�Æ>Ü3Å»Ç �D�

����� � � � ���+�
� � ��� � ��� 	���	����+���

�� ��� � � ��	A� � �
Þ�ga������|{g���g�����zyv°ÈNg.skcwg	�kg3qt��zÏs�q�xIurs��{v°�wg3�©x{�¯skcwg +�gNvyqkg��Wu`g���|$|{��x{���%skx´s�cwg�«¬x{zyz°x>§�vy�w|$qk�wuw|I�kxI�w�
x{«�s��kv~���w|I�wz~���dfÃ�>sk��v~��gNqNË
� ��� � �¬ �� � �M� � Û�Â�À

UT (n)
µ�Â�À��wÂ�Ô{¾kÆ>Ü3Å­Æ�Ö

n × n
Ü3ÅIÅwÂ�¾
ÀE¾8¶¿¼�¹HÔ{ÜrÚ°¼>¾
ÁÃ¼>ÀP¾8¶¿Ä�Â8Ç

M
Æ�Ö�À���ÂÐÖ�Æ�¾8Á �

M = λ.Id + N,

����Â�¾�Â
λ
¶~Ça¼�¹�ØÒÅwÆ>Ç8¶¸ÀE¶¸º>ÂaÇ�Ä�¼>Ú°¼�¾E"

Id
À��wÂa¶¿ÕIÂ�¹»ÀE¶¸ÀPØ�Áa¼�ÀE¾8¶ÏãÑ¼>¹`Õ

N
¼>¹ªÜ3ÅIÅwÂ�¾	ÀE¾8¶¿¼�¹HÔ{ÜrÚ°¼>¾	¹�¶¸Ú Å�Æ>À¥Â�¹�À

ÁÃ¼>ÀP¾8¶Ïã �
Nn = 0 � �@¶¸À���Æ>¹�ÚÏØ $3Â�¾kÆ>Ç
¶¸¹¯¶¸À¿ÇÒÕ�¶¿¼�ÔHÆ>¹`¼�Ú �

bdcwg&+�g�v~qkg��Wu»gN�k|.|I�kxI�w��v~q!s�cwg�qk�wuw|{��x{����x{«`fÃ�>s��kv~��g3q!x�«
UT (3)

§�cwxIqkg
λ
v~q\��zy§d�½pWq�g3}I�»��zrs�x

1
�

bdc�gÒqtv°sk�»�>skvyx{�©vy�©s�cwvyq����Iqtg
v~qY�����kskv~���wz~����zyp´�wv~��g{�Qqkv°����g�s�c����w¨rq�skxÃs�cwg�«¿�I�8s�s�c��>s
N
vyq��wv°zy�`x�skgN�HsN�

xI�wg
���{�;�`g��k«¬x{��f Â�ãH¼IÄ�ÀPÚ Ø.��zyzQskcwg
�»qt���{z���zy|{gNuw����v~��x{�`g����>s�v°xI��q-v°�
UT (n)

Ë
� ���kxI�w��g�Ór�»xI�wg��Hs�vy�{zEË

exp(dM) = exp(dλ.Id + dN) = exp(dλ.Id). exp(dN)

= edλ.
∑n−1

k=0
dNk

k! .

� ���kxI�w��z°xI|I����v°skcwf%Ë

log(M) = log(λ.Id + N) = log
(

(λ.Id).(Id + 1
λ
.N)
)

= ln(λ).Id +
∑n−1

k=1
(−1)k+1

k
(N

λ
)k.

� i¥�W²{g���qkv°xI�ÌË
(M)−1 = (λ.Id + N)−1 = λ−1.(Id + N

λ
)−1

= λ−1.
∑n−1

k=0 (−1)k.(N
λ

)k.

� �©�wz°skvy�wzyvy�N�>skvyx{��Ë

M ′.M = (λ′.Id + N ′).(λ.Id + N) = (λ′.λ).Id + (λ′.N + λ.N ′ + N ′.N).

�Yqtvy�w|askc�gNqkg.��z°xHqtg3�´«¬xI�kfÃqN�rx{�wg
�N���%�rg���v°²Ig�skcwg.«¬xIz°zyx>§�v°��|�g3}I�»�>skvyx{��Ë

log(M ′.M) = ln(λ′.λ).Id +
n−1
∑

k=1

(−1)k+1

k
.

(

1

λ
.N +

1

λ′ .N
′ +

1

λ′.λ
.N.N ′

)k

,

§�c�vy��cÍvy�¦sk�w����q;��zyz°x>§�q	s�x±��xIf	���rskg©s�cwg¯g3}I�»�>skvyx{�6q��>s�vyqt®�g3�ZuWpZskcwg�uwvÏÉÊvy�H²>�{�kv~���Hs´fagN�{�
M̄ =

λ̄.Id + N̄
v°�

UT (n)
Ë

−∑i wi log(M̄−1.Mi) =
∑

i wi log(M̄.Mi
−1) = 0

⇐⇒
∑

i wi

(

ln(λ̄.λi
−1).Id +

∑n−1
k=1

(−1)k+1

k
.
(

1
λi

−1 .Ni
−1 + 1

λ̄
.N̄ + 1

λ̄.λi
−1 .Ni

−1.N̄
)k
)

= 0,
á �H��â

���������������



�{� �Y¾�Ç8¶ÏÔ{¹�Ø´Â�À�¼>Ú��

§�c�g���gÒ§-g
Ni

−1 vyqYs�cwg���v°zy�»x{skgN�Is.���{�ts�x�« Mi
−1 � ���kxIf��Ð}`�aá �H�{â8�Q§'g	qtgNgÒs�c��>s

λ̄
vyq.qkv°fa�wzyp%skcwg

|Ig�xIf	g�sk��vy�ÐfagN����x�«ws�cwg
λi

�����»�
skc»�>s!skcwgd��xWg�ßÃ��v°gN�Hs�x{«
N̄
�N����u`gd�kg3���w��qkv°²Ig�zyp���x{fa�w�rs�gN�4�{qts��{�ts�v°��|

«¬��x{f)��xWg�ß´��vyg��Hs�q���u`x>²{gÐskcwg��rv~��|Ix{���{zE�/bdcwg'¨Ig�p
v~�rgN�Yv~q�s�c��>s�skc�g
k �

� �`x>§'gN�/x{«»�Y�wv°zy�`x�skgN�Hs!fÃ��sk��vÏÓ
N
§�vyz°zÌc»�½²{g��wx{�rÉÊÈ�gN�kxa��xWg�ßÃ��v°gN�Hs�qdx{��z°p´vy�%vÏs�q

k �
� �w�w�`g��Y�rvy�{|{xI����zP�

�Yq@����x{��qkgN}H�wgN����gI�½skx
��xIfa�w�rskg-s�cwg���xWg�ß´��vyg��Hs�q!x�«
M̄
��u`x>²{gÐskcwg��rv~��|Ix{���{zE�>xI�wgdx{�wzyp
�wg�g3�wq�skx

s���¨Ig�vy�Hskx´�I����xI�w�Hsdskcwg
s�cwg.«¬x{zyzyx>§�v°�w|	s�g���faqNË 1
λi

−1 .Ni
−1 + 1

λ̄
.N̄
�Ðbdc�gNqkg���xWg�ß´��vyg��Hs�q�§�v°zyz�qkv°fa�wzyp

u`g$�%§-g�vy|{cHskg3�1����vÏs�cwfag�skv~�afagN�{�ªx�«-skcwg$��xWg�ß´��vyg��Hs�q�v°�1s�cwg$�w��s��w�/skc�g´§'gNv°|IcHs�q.u`g�vy�w|¯gN}H���{z@skx
(wi.

λi

λ̄
)/S

§�v°skc
S =

∑

j wj .
λj

λ̄

� �Yqtvy�w|Ñskcwv~qa�kg3qt��zÏs3�@skcwgN�ZxI�wg%�����Î��xIf	���rskg�skc�g���xHg�ß´��vyg��Hs�q
�{u»x>²Ig{�I§�cwvy��c�����g����;§'gNv°|IcHskgN�Ã�{�kv°skc�f	g�skv~��fag3���´x{«4skcwg.��xI�k��gNqk�»xI���rvy�w|Ò��xHg�ß´��vyg��Hs�q'v°�$skcwg��w�>s��w�
§�v°skcÑ�$}H���{�w����skv~����xI�k��gN��skvyx{�%v°�W²Ix{zy²Hvy�w|as�cwgÒ�w��g�²Wvyx{��qY��xWg�ß´��v°gN�Is�q���bdcwg�q���fag���cwg��wxIfag��wxI�����rÉ
�`gN�{��q'«¬xI�'s�cwg.�wg�ÓWs�qtg�s�x�«���xWg�ß´��vyg��Hs�qd�{u»x>²Ig{�H§�vÏs�c��{�;gN²{g��;fax{��gY��xIfa�wz°g�Ó;��xI�k��gN��skvyx{�Ãvy�W²{x{zy²Wv°��|
�{z°z»skc�g����kgN²Hvyx{�»qtzyp	��x{fa�w�rs�gN����xWg�ß´��v°gN�Is�q��\jY�wg.���{�;��xI�Hskvy�H��g�skc�vyq-§d�½p	���Is�v°z4�{z°z`skc�g���xHg�ß´��vyg��Hs�q
x{«�s�cwg
fagN���%c��½²IgYu`g�gN�%g�-QgN�8s�v°²Ig�zyp$��xIfa�w�rskg3�4�

� �1���;��
�� <��!
��;�/2> 
�@?A
.�/�� ����

����� 
 ��� � ����
 ��	���	�	
	������ ��� � �
� � � 	�� � �
Þ�g.�kg3���{z°z»skc���sdskcwg
³Ìvyg�|{��x{�w�;x�«���v°|Ivy�´sk������qt«¬x{��fÃ�>s�v°xI��q\vy�$s�cwg.�rÉ¥�rv°fagN��qtvyx{�»��zQ�\����z°v~�rgN�{��qk���I��g{�
§���v°stskgN�$cwgN�kg

SE(n)
�rv~q-skcwg
qkg�favÏÉ¥�rvy�kg3�8sd�w��xW�w���8sdu»g�s�§'gNg��

(SO(n),×)
á¬��x�s��>s�v°xI��q�âÐ�����

(Rn, +)á¬sk������qkz~�>skvyx{�»q�â'�rg�®»�wgN��c��Iq-«¬x{zyz°x>§�qNË

� ����g�zyg�fag��Hsdx�« SE(n)
vyq-�w��vy}H�wgNz°pÃ��g��w��gNqkg��Hs�gN�ÃuWp´�	��x{���wz°g

(R, t) ∈ SO(n)×R
n
�{���´v°s�q

�{��skvyx{��x{�©�	�»xIv°�Hs
x
x�«

R
n
v~qd|{vy²{gN�;uWp

(R, t).x = R.x + t
�

� �©�wz°skvy�wzyvy�N�>skvyx{��Ë
(R′, t′).(R, t) = (R′.R, R′.t + t′)

�
� %�gN�rsk����zÌgNz°gNfag��HsNË

(Id, 0)
�rv°�W²{gN��qkg{Ë

(RT ,−RT .t)
�

� ��g����kg3qtgN�Is��>s�v°xI�$x�« (R, t)
uWp$�

(n + 1)× (n + 1)
fÃ��sk��vÏÓ$�»qtvy�w|	cwx{fax{|Ig��wxI��q-��xWx{���rvy���>s�gNqNË

(

R t
0 1

)

.

� ³Ìvyg;�{z°|Ig�uw���wË	skc»���w¨rq
s�x¯s�cwg;fÃ��sk��vÏÓ1�kgN�w��gNqkg��Hs���skvyx{�ªx�« SE(n)
�@v°savyq	qtvyfa�wzyg´skx�qtgNg´s�c��>s

skcwgÃ³�v°gÃ��zy|{gNuw���´x�«
SE(n)

���{��u`g	«¿��v°skcr«¬�wzyzyp¯�kgN�w��gNqkg��Hskg3�¯uWp%skcwg	«¬xIz°zyx>§�v°��|$²{g3�8s�x{�
qt�»�{��g
x�«!fÃ�>sk��v~��gNqNË

(

dR dt
0 0

)

,

§�cwg���g
dR

vyq����Wp©qk¨{g�§
n × n

fÃ��sk��vÏÓ¯���»�
dt
���Wp%²{gN��skxI��x�«

R
n
�.i¥�¯s�cwvyq���g��w��gNqkg��Hs��>skvyx{���

skcwg�³�v°g
u����I��¨{g�s
[., .]

v~q�qkv°fa�wzyp$|Iv°²Ig��$uWp$skcwg
fÃ�>s��kv°Ó;³�v°g.uw���{��¨Ig�sNË
[A, B] = A.B − B.A

�

���������



��¶¸·¥¶¸¹�º>¼>¾8¶¿¼�¹�À���Â�¼>¹wÇ
¶¸¹©Û!¶¿Â��-¾�Æ>Ü3Å»Ç �H�

� ���kxI�w��g�Ór�»xI�wg��Hs�vy�{zEË.v°sÒ������u`g´��x{fa�w�wskgN����qkvy�w|©�rv°��gN��skzyp©skc�gÃfa��sk��vÏÓÑ�kgN�w�kg3qtgN�Hs��>s�v°xI�Ì�4x{�
uWp$v~�rg��Hskv°«¬pWv°��|�s�cwg
x{��g�ÉÊ��������fag�s�g��dqt��uw|{��x{�w�»qdx�«

SE(n)
�@iÊs�v~q�|Iv°²Ig��$uWpQË

exp(dR, dt) =

(

edR, edR.(

∫ 1

0

e−u.dRdu).dt

)

,

§�cwg���g
edR

v~q-skcwg
fÃ�>s��kv°Ó$g�ÓW�`x{��g��Hskv~��z4x{«
dR
�

#&% �¿�N  � � £ � �!  �" � � �!' ¢r¡(�¿ �"�� � ���kxIf nWg3�8skvyx{� ����§-g	¨W�wx>§�skc���s�vÏs�v~q.x{��z°p��rg�®���gN��z°xr�N��zyz°p
vy�Ñ�$�wg�vy|{cWu`x{��cwxWxr�©x�«\s�cwg	�wg��rs����{z/gNz°gNfag��Hs

(Id, 0)
��+�x>§-g�²Ig��3�`qkv°�»��g	§'g�c��½²{g	�Ã«¿��v°skcw«¬�wz@�kgN�w��g�É

qkg��Hs��>skvyx{��x�«
SE(n)

v°��skg���fÃq�x�«ÐfÃ�>s��kv~��g3q��Q§-g	�N���¯�»qtg�skcwgafÃ�>s��kv°Ó¯����vÏs�g���v°xI�©«¬x{��s�cwg�g�ÓrvyqtskgN����g
x{«�skcwg��w��v°�»��vy����z-z°xI|I�{�kv°skcwf%Ë	«¬��x{f nW�wu�qkgN��skvyx{�4�w� �{�!§'g;¨W�wx>§ skc���sa�{�­vy�H²Ig��kskvyuwzyg$fÃ�>s��kv°Ó�§�v°skc
��x%áE��xIf	��z°g�Ówâ-gNv°|Ig��W²>��zy�wg.x{��skc�g���zyxIqkgN�;c���z°«¸ÉPzyvy�wg
x�«��wg�|H�>skvy²{g.��gN�{z4�H��fÒu`g���qdc��{q����wvy}H�wg
fÃ��sk��vÏÓ
zyx{|H����vÏs�cwfå§�vÏs�c;gNv°|Ig��W²>��zy�wgNqÐc��½²Wv°�w|�v°fÃ�{|{vy������p��»���ks�q-v°�

]− π, π[
�@i¥�$skcwg.���IqtgYx�«���x�s��>skvyx{�»q��Iskcwv~q

fag3����qÒskc���saskcwg�²>����v°xI��q��{�w|{zygNq�x�«Y�kx{s��>s�v°xI�æá¸s�cwg���g©���{�­u»g�Ç�Â�º½Â�¾k¼>Ú!����|{zygNq�x�«���x�s��>skvyx{�±v°�Zskcwg
|Ig��wgN���{zw�rÉ¥�rvyf	gN��qkv°xI����zQ���IqtgI�I§�cwgN�kg3�{q@xI�wzyp	xI�wg�g�Órvyqts�qÐv°�%��ämx{� �Iä�âÐx�«����kx{s��>s�v°xI�

R
qtcwxI�wz~�Ã�wx�s

|IxÒxI�rs�qkvy�wg
]− π, π[

v°«/§-gY§d���Hs'skcwg.zyx{|I�{�kv°skc�fåx{«
R
skx	u`g�§-g�zyz°ÉÊ�rg�®��wg3�4�Ðj�skcwgN�k§�v~qtgI�Wx{�wg��������wx�s

�wg�®��wga�´���wvy}H�wgazyx{|H����vÏs�cwf%��bdcwv~q�vyqYs�pW�wv~���{z°zyp�skcwgÃ���IqtgÒ«¬x{� −Id
vy����ä�á¿vE� g{���;�kx{s���skvyx{�©x�«

180�wg�|{��g�g3q�â��W§�cwxIqkg�s�§'x � qtfÃ��zyzygNqts��r��gN��z4zyx{|H����vÏs�cwfÃqd����g�s�cwg.«¬x{zyz°x>§�vy�w|»Ë
(

0 −π
π 0

) ���»� ( 0 π
−π 0

)

.

��xIv°��|	u»�{��¨askx
SE(n)

��§'g.c��½²Ig�s�cwg.«¬x{zyz°x>§�vy�w|a��gNqk�wzÏs3Ë
�.¡ � � � ���¿ �� � � �K� � �
��Â�Ú°Æ�ÔH¼>¾8¶¸À��WÁ Æ�Ö�¼´¾8¶ÏÔ�¶¿Õ;ÀP¾k¼>¹�Ç¬Ö�Æ>¾8ÁÃ¼>ÀP¶¿Æ>¹

(R, t)
¶~Ç �ÐÂ�Ú¸Ú ·tÕ{ÂEÙ\¹QÂ�Õ$¶ ÖÒ¼�¹`Õ$Æ�¹�Ú Ø

¶ Ö.À��wÂÒÚ°Æ�ÔI¼�¾8¶¸À��rÁ Æ�Ö
¶¸ÀEÇ
¾kÆ>À¥¼>ÀP¶¿Æ>¹aÅ�¼>¾8À
R
¶~Ç �ÐÂ�Ú¸Ú ·tÕIÂ¿ÙÐ¹`Â�Õ �

�d¾kÆNÆtÖ ��bdc�gÃz°xI|I����v°skcwf x{«
(R, t)

vyq�§'gNz°z°ÉÊ�wg�®��wg3��v°«�������xI�wz°p�vÏ«dskc�gÃfa��sk��vÏÓÑ�kgN�w�kg3qtgN�Hskvy�w|
(R, t)c»�{q��±�w��vy����vy����z.zyx{|H����vÏs�cwf%��§�cwv~��cæv~q�gN}H�wvy²½�{z°gN�Hs;s�x±s�cwg�«¿�{�8s�skc»�>s©vÏs%c��Iq;��xZgNv°|Ig��W²>��zy�wg�xI�

s�cwg´��zyxIqkgN�Ñ�wgN|I�>s�v°²Igaz°vy�wg{�;bdcwg��Ì��skcwv~q
v~q
gN}H�wvy²>��zyg��Hs
skx�s�cwgÃ«¿�{��s
skc���s
R
c��Iq
�wx%g�vy|{gN�H²>�{z°�wgaxI�

s�cwg´��zyxIqkgN�Ñ�wgN|I�>s�v°²Igaz°vy�wg{�!qkv°����g	skcwg´gNv°|Ig��W²>��zy�wgNq�x{«'s�cwgÃ�w�w�`g��
s��kv~����|{�wz~���
fÃ�>s��kv°ÓZá¿v°��skgN�kfÃq
x{«
u�z°xr��¨rq�â ( R t

0 1

) �wg��`g����±x{�wzyp1x{�ªs�cwg$uwzyxr��¨rq�vy�±v°s�q	�rvy�{|{xI����zP�!vE� g{�Ñx{�wzyp1x{�
R
�\���»�Í¹`Æ�À

t
�

�Yq��;��x{�»qtg3}I��g�����g{�ws�cwgÒzyx{|H����vÏs�cwf x{«\�´��v°|Ivy�;sk�����»q�«¬xI�kfÃ�>s�v°xI�%vyqY§'gNz°z°É¥�rg�®���gN�%v°«Ð�����%xI�wz°p%v°«@skcwg
zyx{|H����vÏs�cwf�x�«!v°s�qd��x�s���skvyx{�������ks�vyqd§-g�zyz°ÉÊ�rg�®��wg3�4�

@ ¡(�¬  � ¡H� � �  � ¡Ã �" �$# % �E��  � � £ �	�K  �" � 0 � � ���32 ¢r¡(�¿¢ �   3 � ¢ � � Þ�g
c��½²{g.qtgNg���v°�¯nW��u�qtg3�8s�v°xI�
�w� ��skc���s���x�uwv°ÉPvy�W²>����vy�{�Is�fagN����g�Órv~q�s�q�vy��s�cwg'��vy|{v~�Ò���IqtgI��jY�wg-fÃ�½p���x>§­�{qk¨Ys�cwgd}I��gNqtskvyx{�ÌËÌv~q/skcwgN�kg
�Òqtvyfa�wz°g�����vÏs�g���v°xI�a«¬x{�'skcwgYg�Órv~q�s�g�����g�x�«4s�cwg�u�vÏÉÊv°�W²>����v~���Hs\fagN���$x�«Ì��v°|Ivy�	s����{��q�«¬xI�kfÃ��skvyx{��qE�´i¥�$skcwg
�N�{qkg�x�«\u�vÏÉÊv°�W²>����v~���Hs�fag�s��kv~��qN�»xI�wgÒc»�{q�qt����c¯�;����vÏs�g���v°xI�ÌË-skcwg	uwv°ÉPvy�W²>����vy�{�Is�fag3���¯v~q�§-g�zyz°ÉÊ�rg�®��wg3�
�Iq
zyx{�w|¯�IqÒ��zyz@s�cwg;�w��s��%v~qÒqtsk��vy��skzypÑvy����z°���wgN�1vy�±�1¾kÂÊÔ�ÜrÚy¼>¾�ÔHÂ�ÆNÕIÂ8Ç8¶¿Ä©µ�¼>Ú¸ÚÌx{«����I�rv°�»q

r
qt����c1s�c��>s

s�cwg	|{g�xr�rg3qtv~��u»��zyz/x{«Ð���I�rvy��q
2.r

v~q�q�s�v°zyz!�kgN|{�wz~���	á � � 	Ê�4����|Ig��Iâ��
i¥�¯s�cwg	�N�{qkgÒx{«Ð�kx{s���skvyx{��qN��s�cwv~qYv~q
��gN�w����g3q-skx´��cwg3��¨Hvy�w|�skc���s�§�vÏs�cwvy�%skcwg��w��s����WskcwgN�kg��rxWg3q��wx�s�g�ÓWv~qts��Ã��x{���wz°g

R
�����

R′ qt�»��c;s�c��>s
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R−1.R′ c��{q��{�%�{�w|{zyg.x�«!�kx{s���skvyx{�$|I�kg3�>s�g���x{��g3}H����zQs�x π − C
favy�W��q��Ãqkfa�{z°zÌ��x{��qts��{�Hs � �{��	P�'ÞÑg

c»�½²{g�g�Ów�{��skzypÃskcwg�q���fag.��gNqk�wzÏs�vy��skcwg��N�{qkg�x{«/��v°|Ivy�$sk�����»q�«¬xI�kfÃ�>s�v°xI��qNË
E�" � � ¡ � � � 7 � Û/Â�À

(Ri, ti)
µ�Â

N
¾8¶ÏÔ�¶¿Õ�ÀP¾k¼>¹�Ç¸Ö�Æ�¾8Áa¼�ÀE¶¿Æ�¹wÇaÇ�¼>ÀP¶~Ç¬Ö�Ø>¶¸¹HÔ

sup
i,j

d(Ri, Rj) ≤ π − C
"

����Â�¾�Â
C > 0

¼�¹`Õ ����Â�¾kÂ
d(R, R′)

¶~ÇYÀ���Â.Áa¼NÔ�¹»¶¸ÀEÜ�ÕIÂ
Æ�ÖYÀ���Â.Ú°¼�¾EÔIÂ�Ç8ÀÐ¼>¹WÔ�Ú°ÂÒÆ�ÖY¾kÆ>À¥¼>ÀP¶¿Æ>¹¯Æ�Ö
R−1.R′ ��
��Â�¹´Ö�Æ�¾a¼�¹�Ø;Ç�Â�À�Æ�Ö�¹`Æ�¹�·¥¹QÂPÔH¼>ÀP¶¸º>Â �ÐÂ�¶ÏÔ �WÀEÇ

(wi)
"�À���Â�¾kÂÃÂ�ãI¶~Ç8À¿Ç	¼�Ür¹»¶¿Ý�Ü�ÂÃµ�¶¸·¥¶¸¹�º>¼>¾8¶¿¼�¹�ÀYÁaÂ�¼>¹ÃÖ�Æ�¾

(Ri, ti)
�

�d¾kÆNÆtÖ ��Þ�g�c��½²Ig�����q�s-qtgNg��	skc���s\skc�g���xI���rv°skvyx{�av°fa�`xIqkgN�axI�	��x�s��>s�v°xI��fÃ�>s��kv~��g3q@g��»qt�w��gNq�s�c��>sÐskcwgNv°�
u�vÏÉÊv°�W²>����v~���HsÐfagN�{�$v~q'§-g�zyz°ÉÊ�rg�®��wg3�4�H«¬x{�����Wpa§'gNv°|IcHs�q

(wi)
�\³Ìg�s-��qkg�§��kv°skg

R̄
«¬x{�'skc���s�u�����pr��g��Hs�g��3�

R̄
v~q-v°�»��zy���rgN�;vy�$s�cwg�q���fag�|{gNxW�wgNqkvy��u���zyz4�{q'skcwg
�w��s��	�����´skcW��qdq��>skv~qt®�gNq'skc�g�q���fag.��x{�»�rvÏs�v°xI�$xI�

v°s�q�g�vy|{g��W²>��zy�wg3qÐs�c����;skc�g��w�>s��wË
sup

i

d(Ri, R̄) ≤ π − C
�

Þ�g��wx>§Îc��½²Igdskx���c�gN��¨Ò§�c�g�skc�g��'���w�wv~}I��g�sk������qkz~�>skvyx{�
t̄
g�Órv~q�s�q��H§�cwv~��c´qk��skv~q�®»gNq!s�cwg�«¬xIz°zyx>§�v°��|

u»����pW��g��Hsk��v~��g3}I�»�>skvyx{��Ë
∑

i

wi log((R̄, t̄).(Ri, ti)
−1) = 0.

á �3�Iâ

Þ�g@c��½²Ig{Ë
(R̄, t̄).(Ri, ti)

−1 = (R̄.RT
i , R̄.(−RT

i .ti)+t̄)
�/³Ìg�s���q4§���v°skg

M(dR) = edR.
∫ 1

0
e−u.dRdu

�
Þ�g�§�v°zyz`qkxWx{�$qkcwx>§¦s�c��>s

M(dR)
vyqd��zy§d�½pWq\v°�W²{gN�ts�v°u�z°gY�w�kx>²Wv~�rgN�Ãskc���sÐskc�gY�wxI�kf x{«�zy�{�k|IgNqtsÐg�vy|{gN�rÉ

²>�{z°�wg.x{«
dR

vyq�qtfÃ��zyzyg��-skc��{�
π
�\bdcwg��%�Ð}`��á �3�Iâ'§���vÏs�gNq�vy�$s�g���fÃq�x�«/sk������qkzy��skvyx{��qNË

∑

i wiM
(

log(R̄.RT
i )
)−1

.
(

R̄.(−RT
i .ti) + t̄

)

= 0
⇐⇒

(

∑

i wiM
(

log(R̄.RT
i )
)−1
)

.t̄ =
∑

i wiM
(

log(R̄.RT
i )
)−1

.RT
i .ti.

á �N�Iâ

bdcW��qN�Q§'gaqkg�g�s�c��>s�skc�g�g�ÓWv~qtskg��»��ga�����©���wvy��vÏs�p©x{«'qk����cÑ�
t̄
vyq�g3}I��v°²>��zyg��HsYskx;skcwg	v°�W²Ig��kskvyuwv°zyv°s�p�x{«

s�cwgÃ«¬xIz°zyx>§�v°��|©fa��sk��vÏÓ4Ë ∑
i wi M

(

log(R̄.RT
i )
)−1 �����»�rg��Òskcwg´��gNqtsk��v~�8skvyx{�ª�rg3qk���kvyu`gN�ª��u`x>²{gaxI�

��x�s��>s�v°xI��q���skcwv~q\fÃ�>s��kv°Ó�v~q\vy���rgNgN�avy�W²{g��kskvyuwzyg{�H�����	s�cwvyq'��xI����zy���rg3q!skcwg��w�kxWx{«���b/x�qtgNg�skc�vyqN�I§-g�c��½²Ig
s�cwg.«¬x{zyzyx>§�v°�w|a³ÌgNfafa��Ë
� � � �­¢ 	 � Û/Â�À

(dRi)
µ�Â

N
¼aÇ �IÂ �ÎÇ8Ø>Á�ÁÃÂ�ÀE¾8¶¿ÄÒÁa¼�ÀE¾8¶¿Ä�Â�ÇE"\Ç8Ü�Ä���À��w¼�À'À��wÂÒ¹`Æ�¾8Á ÆtÖ.À���Â�¶¸¾�Úy¼>¾EÔHÂ8Ç8À

� Ä�Æ>Á�Å`ÚyÂkã � Â�¶ÏÔHÂ�¹�º>¼>Ú Ü�Â�¶~ÇÒ¼>Ú �Ð¼�Ø½Ç
Ç8Áa¼�Ú¸Ú°Â�¾ÒÀ���¼>¹ π − C
" �@¶¸À��

C > 0
�

Û/Â�À
M(dR)

µ�Â;Â�Ý�Ü�¼>Ú\À¥Æ
edR.

∫ 1

0 e−u.dRdu
Ö�Æ�¾;¼>¹»Ø%Ç �{Â � Ç8Ø>Á�ÁÃÂ�ÀP¾8¶¿Ä$Áa¼�ÀE¾8¶Ïã � �
�wÂ�¹�Ö�Æ�¾;¼>Ú¸Ú

dRi

"
M(dRi)

¶~ÇÒ¶¸¹»º½Â�¾8ÀE¶¿µ�Ú°ÂU"Y¼>¹QÕ.Ö�Æ>¾Ã¼>¹�Ø�¹`Æ�¹�·¥¹QÂPÔH¼>ÀP¶¸º>Â �ÐÂ�¶ÏÔ �WÀEÇ
(wi)

" ∑
i wiM(dRi)

−1 ¶~ÇÃ¼>Ú Ç�Æ¶¸¹»º½Â�¾8ÀP¶¿µ�Ú°Â �
�d¾kÆNÆtÖ ��bdc�g¯¨{gNp±v~�rgN�1v~qaskxZqtgNg%skcwg©«¬xI�kf s��{¨{gN�ÎuWp

M(dR)
vy�6���Í�����w�kxI�w��vy��skg%x{�kskcwxI�wx{��fÃ��z

u»�{qkvyqN� ���kxIf ��z~�{q�qkvy�N��z!z°vy�wg3���
��zy|{gNuw�����4§'gac��½²IgÒs�cwga«¬x{zyzyx>§�v°�w|%qk�»g3�8sk����z@�rg3��xIf	�`xIqkv°skvyx{�Ñ«¬x{�����Wp
qk¨{gN§ qtpWfafag�sk��v~��fÃ�>s��kv°Ó

dR
ËdskcwgN�kg�g�Órvyqts�q��$�rg3��xIf	�`xIqkv°skvyx{�©x�«@s�cwgÒ|Ig�xIf	g�sk��vy�N��z�qt���I��g

R
n
v°���

�wv°��gN��s�qk�wf*x�«'Á	ÜrÀPÜ�¼>Ú¸Ú Ø$Æ�¾8À���ÆkÔHÆ>¹Q¼>Úwqk�wu�qk���{��gNqN�r§�cwvy��c%����g
��zyz!Ç8ÀÊ¼Iµ�Ú°Âd«¬x{�
dR

���½� 	Ê�
bdcwg3qtgaqk�wu�qk���{��gNq�����gÒx�«Ðs�§'x;¨Hvy���wqNË�®»��qts

k
á¬�`xIq�qtvyuwzyp©gN}H���{z�skx�È�gN�kxWâY�>ÉÊ�wv°fag��»qtvyx{���{z�²IgN�8s�x{�

qk�wu�qk���I��gNq
Ek

�r���»�Ãqtg3��x{�»�´�Òqkv°��|{zyg�qt��u�qt�»�{��g
F
x�«��rvyfag���qkv°xI�

n− 2.k
á¸s�cwg�x{�kskcwxI|{x{�»��z���x{fa�wzyg�É

fagN�Is'x�«`skcwg�x{skcwgN�Ðqk�wu�qk���{��gNq�â8�
F
v~q\qkv°fa�wzyp�skcwg�¨Ig����wg�z�x�«

dR
�H�{���a���Wp

j
vy�

1...k
�
dR

��gNqtsk����vy�wgN�

���������
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¶¸¹©Û!¶¿Â��-¾�Æ>Ü3Å»Ç � �

s�x
Ej

v~q�x{«�skc�g.«¬x{zyz°x>§�vy�w|	«¬x{��f á¬vy�©���%���w���kxI�w�kv~�>s�gYxI�ts�cwx{��x{��fa�{z»u»�{qkvyq�â8Ë
(

0 −θj

θj 0

)

,

§�v°skc
θj 6= 0

�'§�cwv~��c¦vyq´skcwg
j �

� �{�w|{zyg©x�«.��x�s���skvyx{�Îx�«�skcwg��kx{s��>s�v°xI�ZfÃ��sk��vÏÓ
edR

�æi¥�Hs��wvÏs�v°²Ig�zyp{�
À��W¶~ÇYÁaÂ�¼>¹�Ç�À���¼>À\¼>¹»Ø�ÔHÂ�¹QÂ�¾�¼>Ú`¾kÆ>À¥¼>ÀP¶¿Æ>¹©Ä�¼>¹¯µ�Â�ÕIÂ�Ä�Æ�Á�Å�Æ½Ç�Â�Õ	¶¸¹

k
¶¸¹QÕ{Â¥ÅwÂ�¹`ÕIÂ�¹�À � � ¾kÆ>À¥¼>ÀP¶¿Æ>¹�Ç��@bdcwv~q

qk�`gN�8s����{zI�rg3��xIf	�`xIqkv°skvyx{����zyzyx>§�q4«¬x{��skcwg-g�Ór�wzyv~��v°s���xIfa�w�rs���skvyx{�
x{«
M(dR)

v~q�skcwg'²½�{�kvyx{�»q�qk�wu�qk���{��gNq
fagN�Is�v°xI�w�wg3�;�{u»x>²Ig{�!i¥�©�

Ej

�
M(dR)

v~q�gN}H���{zQskx�Ë
(

sin(θj)
θj

cos(θj)−1
θj

− cos(θj)−1
θj

sin(θj)
θj

)

.

i¥�
F
�
dR

v~q.qtvyfa�wzyp©skcwgav~�rg��Hs�vÏs�pI�Òbdcwv~q�qkcwx>§�q�skc���s
§�cwg��wgN²{gN��«¬xI�.�{z°z
j
� |θj | < 2.π

�
M(dR)

v~q
�{z°§d�½prqdv°�W²Ig��kskvyuwz°g;á¬§�cwv~��c¯v~q�fax{��g
skc»���¯§-g��wgNgN��â��`qkv°�»��g�s�cwg��wg�skgN�kfavy�����Hs�x{«!skcwg�zy��stskgN�YfÃ��sk��vÏÓ
v~q.gN}H���{z�skx

(
sin(θj)

θj
)2 + (

cos(θj)−1
θj

)2
�Ì§�cwv~��c�vyq.�`xIqkvÏs�v°²IgÒ«¬xI� |θj | < 2.π

� ���w�ts�cwg���fax{��g{�����rvy�kg3�8s
��x{fa�w�rs��>s�v°xI��qkcwx>§�q'skc���s�skcwg
vy�W²{gN��qkgYx{«

M(dR)
s���¨IgNq-s�cwg.«¬x{zyz°x>§�vy�w|�«¬x{��f vy�

Ej

Ë
(

θj . sin(θj)
2.(1−cos(θj)

θj

2

− θj

2
θj . sin(θj)

2.(1−cos(θj)

)

.

��x{� |θj | < π − C
�»qkx{fag.g�zyg�fagN�Is�����p$���{zy���wzy��q�qkcwx>§�q-skc���s�skcwgN�kg
g�Órvyqts�q��a��x{��qts��{�Is

K > 0
��qk����c

s�c��>s θj . sin(θj)
2.(1−cos(θj)

> K
�\��q��Ã��x{��qkgN}H�wgN����gI�Hskcwg
z~�>skskg���fÃ��sk��vÏÓ$v~q�x{«�skc�g.«¬x{zyz°x>§�vy�w|	«¬x{��f%Ë

(

a b
−b a

)

,

§�v°skc
a > K > 0

��bdcwvyqYc��Iqdskcwg�v°�Hs�g���gNqtskvy�w|$��xI��qkgN}H�wg��»��g
s�c��>s������rg��Yskc�g��{q�qk�wfa�rskvyx{�%s�c��>s�«¬xI�
�{z°z

j |θj | < π − C
�
M(dR)−1 c��Iq-skcwg.«¬xIz°zyx>§�v°��|	�rg3��xIf	�`xIqkv°skvyx{�ÌË

M(dR)−1 = S + A,
§�c�g���g

S
v~q-��qkpWf	fag�sk��vy���»xHqtv°skvy²{g�ÉÊ�rg�®��wv°skg�fÃ�>sk��v~��gNq'§�v°skc;�{z°z`v°s�q-g�vy|{gN�H²>�{z°�wg3qÐz~����|{gN�\s�c����

K
���»�

§�c�g���g
A
vyqY�Ãqt¨Ig�§ qtpWfafag�sk��v~�.fa��sk��vÏÓ4�Ðbdc�g��©zyg�s���q�s���¨Ig

N
qt¨Ig�§ fa��sk��vy��gNqd§�cwxHqtg
gNv°|Ig��W²>��zy�wgNq

�{�kg.qkfa�{z°zyg��ds�c����
π − C

�Ð���Wp$��xI�H²Ig�Ó$��x{fÒu�v°����skvyx{��x�«/skcwg
M(dRi)

−1 §���v°skgNqNË
∑

i

wiM(dRi)
−1 = (

∑

i

wiSi) + (
∑

i

wiAi) = S̃ + Ã,

§�c�g���g
S̃
v~q�qtskvyz°z'qtpWfafag�sk��v~�Ã�rg�®���vÏs�g´�»xHqtv°skvy²{g´�{���

Ã
vyqÒqt¨Ig�§ qtpWfafag�sk��v~��� ∑

i wiM(dRi)
−1 vyq

s�cwg���g�«¬xI�kgdvy�W²{g��kskvyuwzyg{�{qkvy����g�¼>¹»Ø'fÃ��sk��vÏÓÒx{«»s�cwgd«¬x{��f
S̃+Ã

vyq\v°�W²{gN�ts�v°u�z°gI�/b/x�qtgNg's�cwv~q�������q�s\��g�fÃ�{�k¨
s�c��>s�v°«�skcwgN�kg
g�ÓWv~qts�qdx{��g

x
qt����c�s�c��>s

(S̃ + Ã).x = 0
�Wskcwv~q�vyf	��z°vygNq

xT .S̃.x + xT .Ã.x = 0
�Ðbdcwg��

��x�skv~��g�skc���s
xT .Ã.x = (xT .Ã.x)T = −xT .Ã.x = 0

��bdcW��q
(S̃ + Ã).x = 0

vyfa�wzyv°g3q
xT .S̃.x = 0

�
§�c�vy��cÎvyq´gN}H�wvy²½�{z°gN�Hs©á

S̃
v~q´qkpWf	fag�sk��vy���`xIqkvÏs�v°²Ig�É¥�rg�®���vÏs�g3âÒskx

x = 0
� �'xI��qkgN}H�wg��Hs�z°p

S̃ + Ã
vyq

vy�W²{gN�ts�v°uwzyg
�����$skc�vyq�gN���wq-s�cwg
�w��xHx{«��

���������������
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 � 	�� 	�	
	
�c��� ��� ���
� � � 	�� � �
�'xI�Hsk������pÑs�x�skcwg%|{gN�wg�����z��N�{qkg{�-�{ä��kvy|{v~�±sk������qt«¬x{��fÃ�>skvyx{�»qÒc��½²Ig��Ñ���{�ts�vy���wzy�{�kv°s�pQË;xI�wg%c��{qa�{�
Ä�Ú°Æ>Ç�Â�Õ.Ö�Æ�¾8Á «¬x{�Yskcwg�uwvÏÉÊvy�H²>�{�kv~���HsYfag3���Ì�.bdcwg	�kg3�{qkx{�%u»gNcwvy�w|$s�cwv~qYv~q�skc���s

SO(2)
�Qs�cwg	|{��x{�w�©x{«

�{ä±��x�s��>s�v°xI��q��3v~q-Ä�Æ>Á	Á	ÜrÀÊ¼�ÀE¶¸º>Â��!��q�����x{��qkgN}H�wgN����gI�½x{�wgÐ�N���Ò��x{fa�w�rs�g'g�Ór�wz°v~��v°skgNz°p�s�cwgÐuwv°ÉÊv°�W²>����vy�{�Hs
fag3���1x�«dskc�g´�kx{s���skvyx{�������ks�q
x{«dskcwg$���>s��©�{���ª�rg3�r����ga«¬��x{f v°s�skcwg´sk������qkzy��skvyx{�������ks���qkv°��|©skcwg
u»����pW��g��Hsk��v~��g3}I�»�>skvyx{���rz°vy¨{g.vy�;s�cwg
�w��xWx�«/x{«�bdcwgNx{��g�f �3�w� �©xI�kg��w��gN��v~qkg�zyp{�r§-g�c»�½²{g{Ë
�.¡ � � � ���¿ �� � � �)	 � Û�Â�À

(Ri, ti)
µ�Â

N
� � ¾8¶ÏÔ�¶¿ÕÎÀP¾k¼�¹wÇ¬Ö�Æ>¾8ÁÃ¼>ÀP¶¿Æ>¹�ÇI"$Ç�Ü�Ä �6À���¼>ÀÃÀ��wÂ�¾kÂª¼>¹WÔ�Ú°Â�Ç�ÆtÖ

¾�Æ>À¥¼>ÀP¶¿Æ>¹
θi

Ç�¼�ÀE¶~Ç¬Ö�Ø��
sup
i,j

|θi − θj | ≤ π − C
���
�wÂ�¹ªÀ��wÂaµ�¶¸·¥¶¸¹»º½¼�¾8¶¿¼>¹»À�ÁaÂ�¼�¹

(R̄, t̄)
¼½Ç�Ç�ÆNÄ�¶¿¼>À¥Â�Õ�ÀÊÆ

À��wÂ��ÐÂ�¶ÏÔ �rÀ¿Ç
(wi)

¶~Ç�Ô{¶¸º½Â�¹�Â�ã�Å`Ú ¶¿Ä�¶¸À¥Â�Ú Ø�µ�Ø��
{

R̄ = R1. exp(+
∑

i wi log(RT
1 .Ri))

t̄ =
∑

i wi Z−1.M
(

log(R̄.RT
i )
)−1

.RT
i .ti,

áP���Iâ

�@¶¸À��%À��wÂ'Ö�Æ>Ú¸ÚyÆ��@¶¸¹HÔ.Ö�Æ�¾8Á�ÜrÚy¼{Â-Ö�Æ>¾
M

¼�¹`Õ
Z
�

M

((

0 −θ
θ 0

))−1
def
=

(

θ. sin(θ)
2.(1−cos(θ)

θ
2

− θ
2

θ. sin(θ)
2.(1−cos(θ)

)

, Z
def
=
∑

i

wiM
(

log(R̄.RT
i )
)−1

.

#&% ¢ � � 4 � �K 0 � � ���32 ¢w¡H�E¢ �   3 � ¢ � � ³Ìg�s'��qÐs��{¨{g��Òz°xWxI¨	��sÐskc�g�g�Ów�{f	��z°g���cwxIqkg��Ãvy� � �:��	Ê�W����|Ig
�8�{��³Ìg�s

f1 = (π/4,−
√

2/2,
√

2/2)
�
f2 = (0,

√
2, 0)

�{���
f3 = (−π/4,−

√
2/2,−

√
2/2)

u»g�s�cw��g�g
��vy|{v~�	sk������qt«¬x{��fÃ�>skvyx{�»q���bdcwg�®»��qts-��xHg�ß´��vyg��Hs'��xI�k��gNqk�`x{���wq\skxÒskcwg����w|Iz°gYx�«Ì��x�s���skvyx{�¯áE��cwxIqkg��ÃcwgN�kg
vy�

[−π, π[
âd�{���$z~�{qtsds�§'x	s�xaskcwg.s����{��qtz~�>s�v°xI�Ì�

Þ�g������a��xIfa�w�rskgdg�Ór�I�8s�z°p.s�cwgduwvÏÉÊvy�H²>�{�kv~���Hs!f	g3����x�«�s�cwgNqkgd�kvy|{v~�
s����{��qt«¬x{��fa��skvyx{��q/§�v°skc%áE���Hâ ){�
zyg�«¸skÉPvy�W²>����vy�{�Is �w���N��cwg�s/fagN�{���N�����{zyqkx�u`g���x{fa�w�wskgN�Òg�Ór�wzyvy��vÏs�g�zyp
v°�Òskcwv~q!���IqtgÐskc��{�w¨rq�s�x�s�cwgdqtvyfa�wz°g
«¬xI�kf s��{¨{g��ªuWpÑskcwg;��x{����gNqk�»xI���rvy�w|%|{g�xr�rg3qtv~��q$á¿qkg�g�� �:� 	'«¬x{��faxI�kg´�rg�s��{v°z~q�â��@������®��»��zyz°pI��s�c����w¨rq
s�xa�\�kxI�»xHqtv°skvyx{�5�{�Hskc�g������{z°xI|{x{�»q\��v°|IcIskÉPvy�W²>����vy�{�Is �w���N��cwg�s-fag3���%�����;u»g���x{fa�w�rs�gN�;uWpÃv°�W²{gN�ts�v°��|
s�cwgÃ�w�>s��w�Ì��x{fa�w�rs�v°�w|;skc�g�vy�
z°g�«¸stÉÊv°�W²>����vy�{�Hs�fagN�{�Ñ�{���¯s�cwg���vy�H²Ig��kskvy�w|´s�cwv~q �w���N��cwg�s�fagN�{�Ì��bdc�vyq
pWvyg�z~�wqNË

� z°g�«¸stÉÊv°�W²>����v~���Hs �w���N��cwg�sdfag3���ÌË (0, 0, 0)
�

� uwv°ÉPvy�W²½�{�kv~���Hs�fagN�{�ÌË (0,
√

2−π
4

1+ π
4 .

√
2

2−
√

2

, 0) ' (0, 0.2171, 0)
�

� �kvy|{cHskÉPvy�W²½�{�kv~���Hs �w���N��cwg�s�f	g3���ÌË (0,
√

2
3 , 0) ' (0, 0.4714, 0)

�
i¥�Hs�g���gNqtskvy�w|{zyp{�W§-g�s�cH�»q-qkg�g�s�c��>s-skcwg.fagN�{�;��x�s��>s�v°xI�´vyq-g�Ór�I�8s�z°pas�cwg
qk�{f	g�vy���{z°z`skc��kgNg��N�{qkgNqN�!h-�rs
s�cwg�f	g3���Ãs����{��qkzy��skvyx{��q'����g��rv�-`gN�kgN�Is3�r�����´skcwg�uwv°ÉPvy�W²½�{�kv~���HsÐfag3���´v~q'qkv°sk����skgN�$�wv~��g�zyp¯µ�Â�À �ÐÂ�Â�¹�skcwg
zyg�«¸skÉ-�{���%�kvy|{cHskÉPvy�W²½�{�kv~���Hs �w���N��c�g�s�fagN�{��qN�dbdc�vyq�vyqY}I��vÏs�g�v°�Hs��wvÏs�v°²Ig{�Qqtvy����g
skcwgÒuwvÏÉÊvy�H²>�{�kv~���Hs�fagN�{�
�N���Zu»g%zyxHxI¨{g3�ª�w�`x{�¦�{qa���Zv°�rÉÊu`g�s�§-g�g��¦��z°skgN�k�»�>skvy²{g;§�vÏs�cZ��g�|H�����1skx�zyg�«¸stÉÒ�{���­��vy|{cHstÉÊv°�W²>����v~���Hs
�����3��cwg�s�fagN�{��qN�

���������



��¶¸·¥¶¸¹�º>¼>¾8¶¿¼�¹�À���Â�¼>¹wÇ
¶¸¹©Û!¶¿Â��-¾�Æ>Ü3Å»Ç �I�

����� 
 ��� � ����
�� 	�� ��� � 	
�c��� ��� ���
� � � 	�� � �
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 � � � �  �¡(�¿£ 3 � ¢ � � i¥�Hs�g���gNqtskvy�w|{zyp{�4v°s�vyq��»xHqkqkv°u�z°g	skx©qkcwx>§
s�c��>s�v°�ªs�cwg´zyv°��gN���Ò|{��x{�w�

GL(n)
��skcwg��rg�s�g���fav°���{�HsÒx�«dskc�g´uwv°ÉPvy�W²½�{�kv~���Hs�fagN�{�ªvyqÒgN}H���{z\skx¯skcwg

Ç�Ä�¼>Úy¼>¾YÔHÂ�Æ>ÁÃÂ�ÀP¾8¶¿Ä�ÁaÂ�¼>¹Ãx{«/s�cwg��rg�skg���fav°�»���Hs�x�«�skcwg����>s����Ðbdcwv~q�fagN�{�%�N���;skcW��q�u`g�zyxWx{¨{g3�$���»xI�
�Iqa�1ÔHÂ�¹`Â�¾k¼>Ú ¶%$3¼�ÀE¶¿Æ�¹mÀ¥Æ�¶¸¹�º>Â�¾8ÀP¶¿µ�Ú°Â¯ÚÏ¶¸¹`Â�¼>¾%ÀP¾k¼>¹�Ç¸Ö�Æ�¾8Áa¼�ÀE¶¿Æ�¹wÇ�Æ�Ö�À��wÂ;ÔIÂ�Æ>ÁÃÂ�ÀE¾8¶¿Ä¯ÁaÂ�¼>¹ Æ�ÖÒÅwÆ>Ç8¶¸ÀE¶¸º>Â
¹»ÜrÁaµ�Â�¾�Ç8�Ð��g�fÃ�{�k¨>��u�z°pI�rskcwv~q�|Ig��wgN���{z°vyÈN��skvyx{��vyq���x�s�skc�g�x{�wzyp$�`xIq�qkv°uwzyg
x{��g{��qkv°�»��g����%x{skcwgN�Òá¿qkv°f	É
��z°gN��â�|{gN�wg�����zyvyÈN�>s�v°xI�­x�«Yskcwg©|Ig�xIf	g�sk��vy�$fagN���Îg�Órv~q�s�q��-���{z°zygN�±skcwg¯³�x{|{ÉP�\�»��zyvy�rg3���Zf	g3���Ì�'§�cwv~��c
§-g��wgNq�����v°u`gN�©vy� � �N��	�vy�¯s�cwg��N�{qkgÒx�«@s�g���qkx{��q��{���¯vy� � �N�
	!«¬xI����ßa��g�sk�����»q�«¬xI�kfÃ�>s�v°xI��qN� +�x>§-g�²Ig��3�
s�cwg
³ÌxI|�ÉÊ�\����zyv~�rgN�{�´fagN���;vyq-��gNqtsk��vy��skg3�Ãskx	zyv°�wg3���-sk�����»q�«¬xI�kfÃ�>s�v°xI��q\§�c�xIqkgY�w��vy����vy����zQzyx{|H����vÏs�cwf vyq
§-g�zyz°ÉÊ�rg�®��wg3�4�r§�cwv~��c�v~q.¹`Æ�ÀQskcwg��N�{qkg�«¬x{�dskc�g
uwvÏÉÊvy�H²>�{�kv~���Hsdf	g3���Ì�
�.¡ � � � ���¿ �� � � �)� � Û/Â�À

Ti

µ�Â
N
Ú ¶¸¹`Â�¼>¾�ÀP¾k¼>¹�Ç¸Ö�Æ�¾8Áa¼�ÀE¶¿Æ�¹wÇ�¶¸¹

GL(n)
¼>¹QÕ�Ú°Â�À

(wi)
µ�Â

N
� ¹`Æ�¾8·

ÁÃ¼>ÚÏ¶%$NÂ�Õ � ¹QÆ>¹»·¥¹`ÂÊÔI¼�ÀE¶¸º>Â �ÐÂ�¶ÏÔ �rÀ¿ÇE"	Ç8Ü�Ä��ÎÀ��w¼�À�À��wÂ�¶¸¾�µ�¶¸·¥¶¸¹»º½¼�¾8¶¿¼>¹�À	ÁÃÂ�¼�¹
E(Ti)

ÂkãI¶~Ç8ÀEÇ � �
��Â�¹c" �ÐÂ
��¼>º>Â �

{ ¶ ÖÒÕ{Â�À
(Si) > 0,

Ö�Æ>¾�¼�Ú¸Ú
i,
À��wÂ�¹

det(E(Ti)) = e
P

i
wi. ln( ����� (Si)),¶ ÖÒÕ{Â�À

(Si) < 0,
Ö�Æ>¾�¼�Ú¸Ú

i,
À��wÂ�¹

det(E(Ti)) = −e
P

i
wi. ln(− ����� (Si)),

�d¾kÆNÆtÖ ��ÞÍc�g��.skc�gÐuwv°ÉPvy�W²>����vy�{�IsÌfag3���
v~qÌ§-g�zyzÏÉ¥�rg�®»�wgN�4�Nskc�g��Ò�{z°z>s�cwg'���>s��df���qts/c��½²Ig\���rg�s�g���f	vy���{�Is
§�v°skc�skcwgdqk�{fagÐqtvy|{���3§�c�vy��c�v~q���z~qtx�s�cwg'qkvy|{��x{«

E(Ti)
�@j�s�cwg���§�vyqkg{�½xI�wg\x�«rs�cwg-�w�kxr�r�»�8s�q

E(Ti)
−1.Ti§-x{��zy�;c��½²{g.�	�wg�|H�>s�v°²Ig.�wg�skgN�kfavy�����Hs����»�$v°s�q����kvy����vy���{z4z°xI|I����v°skcwfà§-x{��zy�$«¿��vyzQskxÃg�ÓWv~qtsN�

b/x´�w��x>²{g.x{�����kg3qt��zÏs3��§-g
§�v°zyz���g�zyp$xI�wz°p�x{��s�§-xÃv°��|{��gN�rvyg��Hs�qNË\s�cwg�u��{�kpr��g��Hsk��vy��g3}I�»�>skvyx{�ªá �N�Iâ
�{���Îskc�g¯«¬x{zyzyx>§�v°�w|ª���kxI�»gN�ts�pQËÑ�wg�s

(M) = exp(
b����{��g

(log(M)))
��§�cwv~��cÍcwx{z~�wq´«¬x{�;�{�WpZq�}I�»����g

fÃ��sk��vÏÓÃ§�v°skc;�Ò�w��v°����v°�»��z`z°xI|I����v°skcwf%�!bdcwvyq�á¿��zy�Iqkqkv~����z¸â@g3}H����zyvÏs�pÃ�N���´u`g�qkcwx>§��a«¬xI�'g�Ór�{fa�wz°gY��qkv°�w|
s�cwg �Ix{���w����á¬x{��nw��cH����â-�rg3��x{fa�`xIqkvÏs�v°xI�;x{«�s�cwg
fÃ�>sk��v°Ó

M
�

b���¨Wvy�w|	skcwg.s����I��g.x�«/skcwg
u��{�kpr��g��Hsk��vy�YgN}H����skvyx{�%�����$skc�g���skcwg´áEqk�N��z~���8â'g�Ór�»xI�wg��Hs�vy�{zE�r§-g.|{g�s3Ë

1 = Πie
wi ���
	���
 (ln(det(E(Ti)

−1.Ti))).

bdc�g��Ì�Ì�»qtvy�w|©�rg�s
(A.B) =

�rg�s
(A).

�wg�s
(B)

�{���
ln(a.b) = ln(a) + ln(b)

�{�����rg�s
(E(Ti)

−1.Ti) =
| �rg�s (E(Ti))|−1.| �rg�s (Si)|

�w§-g.|{g�s�s�cwg
|{gNx{fag�s��kv~���{zQv°�HskgN�k�`x{z~�>s�v°xI�$x{«!�rg�skgN�kfavy�����Hs�qNË

1 = | �rg�s (E(Ti))|−1
. exp

(

∑

i

wi. ln (| �wg�s (Si)|)
)

,

§�c�vy��c�pWv°gNzy�wq�skcwg
��gNqk�wz°sN�

�.¡>¢w£{ ��E£{¢ 4 @ � � ���/ N¢w �� � � �K  �" � 0 � � � �32 ¢w¡H�E¢ �   3 � ¢ � � ÞÍc�g
c��½²{g
qkg�g���vy�©nrgN�8s�v°xI�;�as�c��>s
�{�ag�ß´��vyg��Hskzyp	vÏs�g����>skvy²{g�q���cwgNf	gY��x{��zy�	u`g���qkgN�	s�xÒ��xIf	���rskg�u�vÏÉÊv°�W²>����v~���Hs@f	g3����qN��iÊs'��g�zyv°g3q@x{�Ãqk���8É
��gNq�qtvy²{g\��x{fa�w�rs��>s�v°xI��q4vy�H²Ix{zy²Wv°�w|�vy�W²{gN��qkv°xI��qN��g�Ór�`x{�wgN�Hskv~��z~q����»�.z°xI|I����v°skcwfÃqN�Ìb�x��I�8s�����zyz°p.��xIfa�w�rskg
�W�wfagN�kv~���{z°zyp©skc�g´g�Ór�`x{�wgN�Is�vy�{z\������zyx{|H����vÏs�cwf%��§-gÃ�kg3��x{fafag��»����qkvy�w|©faxW�wg����1�{����g�ß´��vyg��Hs��{zÏÉ
|Ix{��vÏs�cwfÃq�zyv°¨Ig´s�cwg � nr�N��zyv°�w|������Znr}H������v°��| ��f	g�skcwxr�­«¬x{��skcwg�fÃ�>sk��v°Ó1g�Ór�»xI�wg��Hskv~��z � ���
	������­skcwg
� i¥�W²{gN��qkg.nw����zyvy�w|Ã�����%nr}H������vy�w|��¯g�skc�xW��� � �{��	4«¬xI�dskcwg
fÃ�>s��kv°Ó$zyx{|H����vÏs�cwf%�

���������������
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i¥�©s�cwgÒ�N�{qkg�x�«@��v°|Ivy�©�{���©�>ßÃ�wg
s����{��qt«¬x{��fa��skvyx{��qN�wxI�wgÒ���{�©��qkg
skcwgNv°�Y�kgN�w��gNqkg��Hs���skvyx{�%uWp;fÃ�>É
s��kv~��g3qÃ|{vy²{gN�¦uHpZcwx{faxI|{g���g�x{�»qÃ��xWx{���rvy���>s�gNqN�-�{���Î��qtg¯skcwg¯|Ig��wgN���{z�vÏs�g����>s�v°²Ig%q���cwgNf	g�x{�Îskcwg3qtg
fÃ��sk��vy��gNq'skx´��x{fa�w�rs�g.skcwgNv°��uwv°ÉÊv°�W²>����vy�{�Hs-fagN�{�Ì�

����� 	���� ��� ���

³�g�sd��qd�wx>§6q��½pÃ��«¬gN§æ§-x{���wq'�{u»xI�rs��Ò²Ig���p	vy�HskgN�kg3q�s�v°�w|aqk�wuwfÃ���wv°«¬x{z~��á¿§�cwv~��c;v~q�¹`Æ>À4�	qt��uw|{��x{�w�`â
x{«

GL(n)
Ë.s�cwg´qtg�s
x�«���zyz\qtpWfafag�sk��v~���`xIqkv°skvy²{g�É¥�rg�®��wv°skgafÃ�>sk��v~��gNqN���rgN�wx�s�gN�Ñcwg���g

Sym?
+(n)

�´h-p
�{uw��qkg�x{«'z~���w|I����|Ig{�4§-ga§�v°zyz@�kg�«¬g���skx�s�cwvyq�s�pW�`gÃx�«d�w�>s��;�Iq�� s�g���qkx{��q �y��bdc�vyqÃá¿�wvy��¨HÉ�â¥���{faga��x{fagNq
«¬��x{f � ä�v�-Q��qtvyx{�;b�gN��qtxI��qÐi¥fÃ��|{vy�w| �°�H§�cwv~��c´vyq-���ÃvyfÃ��|Iv°�w|Òf	xr�w�{z°v°s�pa§�cwxIqkg�vyfa�»xI�ts�������g�c��IqÐu`g�gN�
qtskg3�{�rvyzyp´|{��x>§�v°��|Òvy�;s�cwg
uwvyx{fagN�wvy�N��z4vyfa�{|{vy�w|Ã��xIf	f��rskv°s�p´vy�%���{qts�p{gN�{��q � � 	Ê�
� �H��fÒu`g��Òx{«�skg3��fÃq$á¿v°����z°�»�rv°��|�x{����q�â��w��x{�`xIqkgN�ª��zyfaxIqtsÒqtvyfÒ��zÏs����wxI��qtzyp�v°�Z�{�{�{�;s�x�gN���rx>§

s�cwv~q�qk���{��g�§�vÏs�cZ¼�çZ¹`Â�·¥¶¸¹�º>¼>¾8¶¿¼�¹�À�ÁÃÂ�ÀP¾8¶¿Ä�Ç��YbdcwgNqkg�fag�s��kv~��q��w�kx>²Wv~�rgÒ�´�wvyqts��{����g�u`g�s�§-g�gN�%skgN��qtxI��q
§�c�vy��cÑvyqÃÄ�Æ>Á�Å`Ú°Â�À¥Â�Ú Ø©¶¸¹QÕ{Â¥ÅwÂ�¹`ÕIÂ�¹»À@x�«'skcwgÃ����uwv°sk������p���c�x{v~��g���xWx{���rv°�»�>skgaqkpWqtskgNf � �H�W� � �w�3�{�w� �I�
	P�
i¥�ªfaxI�kgÃ��gN��g��Hs�§'xI�k¨Q�/§�vÏs�c­�\vyg����kg ��vyz°z~�����4��§'g$�{zyqkx©�w��x{�`xIqkgN�Ñskx�g����rx>§-gN�Ñs�cwvyq�qt�»�{��gÃ§�v°skc­�
«¿�{fav°zyp©x�«'��v°gNfa�{�w�wv~���¯fag�sk��vy�Nq��N��zyz°g3� � ³ÌxI|�ÉÊ�\����zyv~�rgN�{���°�Q§�cwv~��cÑ�{zyqkx´c��½²IgÒg�Ór��g�zyz°gN�HsYs�cwg�xI�kg�skv~����z
���kxI�»gN�ts�v°g3qÃá¬g{� |��y�/���W�wf�u»gN��x�«-skcwgNf �{�kgÃqkv°favyzy�{�kv°s�pHÉPvy�W²½�{�kv~���Hs8â��{����pHvyg�z~��²{gN�kp¯qkv°favyzy�{�
�kg3qt��zÏs�q��
u��rs�����g.fÒ����c%qtvyfa�wzyg��dskxa��qkg
vy�������I�8skv~��gI�
i¥�HskgN�kg3q�s�v°��|{zyp{�Iskcwg �w���N��cwg�s'fagN�{�$�{q�qtxr��vy��skgN��s�x��>ßÃ�wg�ÉPvy�W²>����vy�{�IsÐ��v°gNfa�{�w�wv~���´fag�sk��vy�NqÐxI�Ãskcwg

s�g���qkx{�	qt�»�{��g;��x{vy����vy�rg3qÒ§�v°skc­skcwg�uwv°ÉPvy�W²½�{�kv~���Hs�fagN�{�­x�«�s�g���qkx{��q��¯i¥���rgNgN�4�!s�cwg���ßÃ�wg�ÉÊv°�W²>����v~���Hs
�����3��cwg�s\fag3���

EAff (S1, ..., SN)
x{«

N
s�g���qkx{��q

S1, ..., SN

vyq'�rg�®»�wgN�avyfa�wz°v~��v°skgNz°p	uWpÒs�cwg�«¬xIz°zyx>§�v°��|
u»����pW��g��Hsk��v~��g3}I�»�>skvyx{��Ë

N
∑

i=1

log(EAff (S1, ..., SN )−1.Si) = 0,
áE�:�3â

§�c�vy��c¯c»���w�`g���qYs�x;u`g�g�Ów�{�8s�z°p%xI�w�Y|Ig��wgN���{z/g3}H���>s�v°xI�±á �3�Iâd«¬xI�Yu�vÏÉÊv°�W²>����v~���HsYfagN�{��qN��i¥�Hs��wvÏs�v°²Ig�zyp{�
s�cwv~qaf	g3����q	s�c��>sÃxI�w�Ãuwv°ÉPvy�W²½�{�kv~���Hs	f	g3���Î���>s��w����zyz°p­���wvÏ®»gNqavy�Is�xª�Ñ²Ig���pª|{gN�wg�����z'«¬���{fag�§-x{��¨1�
�W�wf�u»gN�.x�«'§-g�zyz°ÉPg3q�s���uwzyvyqkcwg3�©�wx�s�v°xI��q.x�«'f	g3����qY«¬xI�
²½�{�kvyx{�»q�s�pW�`gNq.x�«-�w�>s��$zyv°²Wvy�w|%v°�1³Ìvyg	|{��x{�w��q
á¿g{� |	skg��»qtxI��qN�r�kx{s���skvyx{��qN�Hsk������qkzy��skvyx{��q�â8�

� �1��23�4�����	�Y

�!��
���� 5æ �+87�

9:���=<���
�����2> ��!?A
.���� ����

h-g�«¬x{��g¯�w��gNqkg��Hskvy�w|­xI�w�$�wx>²Ig�zY�»xIz°pH�>ßÃ�wg©«¬����fag�§-x{��¨±zyg�s%��q$uw�kvyg��»pÎ��gN�N��zyz�s�cwg¯s�§-x±�`x{zypI��ßa��g
«¬����fagN§'xI�k¨rqd§-gÒc��½²IgÒ��zy�kg3�{�rp;v°�Hs��kxr�r����gN�©vy�¯���Iq�s�p{g3����q��»§�cwvy��cÑ����gÒ�rgNq�����vyu»g3�%v°���rg�s���vyz/vy� � �{�r�
�3�r� � � 	P�

� ��� � � 
 � ��� � � 	������ � � � � � � � 	���� �
bdc�g$v~�rgN��vyqÒskx��wg�®��wg;sk�����»q�«¬xI�kfÃ�>s�v°xI��q.s�c��>s	g�ÓrcwvyuwvÏsÃ�©zyxr����zyzyp���vy|{v~�1x{����ßÃ�wg$u`g�c��½²Wvyx{�3�/§�v°skc
��vy��g�vy�W²{gN�ts�v°uwvyzyvÏs�pÃ�w��x{�`g��kskvygNqN� �wx{zyzyx>§�v°�w|�skc�g.qkg�favy����z4§-x{��¨ax�«�� � ��	P�r§-g.faxW�wg�zÌqk����c´s����{��q�«¬xI�kfÃ��É
s�v°xI��q
uWp1��®��wv°skg$�W�wf�u»gN�

N
x�«���ßa��g�Ä�Æ�Á�Å�Æ>¹QÂ�¹»À¿Ç8�%�\��gN��vyqkg�zyp{��gN�I��c1��x{fa�`x{�wgN�Is

i
��xI��qkvyqts�q
x{«

�{�ª�>ßÃ�wgask�����»q�«¬xI�kfÃ�>s�v°xI�
Ti

�{����x�«��%�wx{�rÉÊ�wgN|I�>s�v°²Ig �ÐÂ�¶ÏÔ �WÀ@Ö�Ür¹`Ä�ÀP¶¿Æ>¹
wi(x)

§�cwv~��cªfaxr�rg�z~q
v°s�q

���������
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qk����skv~��z\g�ÓHs�g���qkvyx{�ÌË
s�cwgÃvy� ���wgN����g´x{«dskcwg
i �

� ��xIfa�»xI�wg��HsÒ�>s��»xIv°�Hs
x
v~q��w��x{�`x{�kskvyx{�»��z�skx

wi(x)
�

���w�kskcwgN�kfax{��g{�W§-g
�{q�qt�wfag�skc»�>s�«¬x{���{z°z
x
� ∑N

i=1 wi(x) = 1
�rvP� gI�!skcwg
§-g�vy|{cHs�qd�{�kg.�wxI�kfÃ��zyvyÈ�gN�Ì�

� �/��� � � �K � �¿����4E¢w£ � � � �  3��� i¥�.x{���rg��Qs�x�x{urs���vy�.�d|Iz°xIu���z½s����{��qt«¬x{��fa��skvyx{�Y«¬�kxIfmqkg�²Ig�����z>§-g�vy|{cHskg3�
��x{fa�`x{�wgN�Is�q��Iskc�g���zy�Iqkqkvy�N��z`���w�w��xI�I��c	skx�«¬��qtg�skcwg

N
��x{fa�`x{�wgN�Is�q��H|{vy²{gN�Ãv°� � �I�
	Ê�Wqkvyf	��z°p´��x{��qkvyqts�q

vy�©�½²{gN���{|{vy�w|
skc�g��{q�qtxr��v~�>s�gN�;�rvyqk�wz~�{��g�fag��Hs�q��I����x{���rv°��|Òs�x�s�cwg
§-g�vy|{cHs�qNË

T (x) =

N
∑

i=1

wi(x)Ti(x).
áE�I�{â

bdc�g
sk������qt«¬x{��fÃ�>s�v°xI�;xIurs��{v°�wg3����qtvy�w|�áP�{�Iâ-vyqYqtfaxWx�s�cÌ��uw�ws�skc�vyqY���w�w��xI�I��c;c»�{q�xI�wg�fÃ�>��xI���r���½§dÉ
u»�{��¨QËª��z°skcwxI�w|{c6g3�{��c6��x{fa�»xI�wg��Hs�vyq;v°�W²Ig��kskvyuwz°gI��skc�gÑ��gNqk�wz°skvy�w|­|{zyx{u»��zYsk������qt«¬x{��fÃ�>skvyx{�¦v~q�¹QÆ>À
¶¸¹»º½Â�¾8ÀP¶¿µ�Ú°ÂÒvy�ª|{g���g�����zP��b/x¯��g�fagN�rp�skcwv~qN��v°s�§d�{q��w�kxI�»xHqtg3��v°� � �{�
	-skx©��g�zyp�x{�1skc�g$�½²{gN���{|{vy�w|;x{«
qkx{fag
¶¸¹3Ù\¹�¶¸À¥Â�Ç�¶¸ÁÃ¼>Ú��wvyqk�wz~�{��gNfag��Hs�q\�Iqkqkxr��v~�>s�gN�Òskx
gN�I��cÃ�>ßÃ�wg���xIfa�»xI�wg��HsÐvy��qtskgN�I�4�!bdcwg���gNqk�wzÏs�v°��|
|Iz°xIu���z`s����{��q�«¬xI�kfÃ��skvyx{�$v~qdx{uws���vy�wg3�$uWp´vy�Hskg�|I����skvy�w|a���¯jY���rvy���{�kp´äYv -Qg���g��Hs�vy�{z4�Ð}H���>s�v°xI�1áÊj�ä��-â8�
§�c�vy��c�vyq
��x{fa�w�rs��>s�v°xI����zyz°p©faxI�kg	g�Ór�`g���qkv°²Igauw�rs�|{�»�������HskgNgNqYvÏs�q.v°�W²{gN�ts�v°u�v°zyvÏs�p¯�{������z~qtx�pWv°gNzy�wq
�
qkvyf	��z°g�«¬x{��fà«¬xI��vÏs�qdv°�W²Ig���qtgI�

� �K' � # ��£54 � � � ¢ � � � 4 
 ¢)J � � EÐ¡>¢ � �  � ¡ �­¢r �� � � � � +�x>§-g�²{gN�N�`s�cwg	®���qts.�»xIz°pH�>ßÃ�wg�«¬���{f	gN§'xI�k¨
§-g��w��x{�`xIqkgN��z~�{��¨rq�qkx{fag�vyfa�»xI�ts����Hs��w��x{�`g��kskvygNqNË'skcwg�v°�W²{gN��qkg
x�«\�Ã�`x{zypI��ßÃ�wg
sk�����»q�«¬xI�kfÃ�>s�v°xI�%vyq
��x�s\�`x{zypI�>ßÃ�wg�vy�a|{gN�wg�����zP�{���»�Òs�cwg��`x{zypI��ßa��g'«¬�»qtvyx{�Ãx{«Q��ßa��g���x{fa�`x{�wgN�Hs�q@v~q@�wx{s\v°�W²>����vy�{�Hs!§�v°skc
��gNqk�`gN�8sds�x´�	��c»���w|IgYx{«!��xHxI���wv°����skg.qtprqtskgNf��
bdcwv~q�v~qds�cwg���gN�{qkx{��§�cWp$§-g��w��x{�`xIqkgN���a�wx>²{gNz4«¬����fag�§-x{��¨Ãv°� � �N�w�6� � 	P�`����zyzygN�¯Û�Æ�Ô{· �-Ü�Ä�ÚÏ¶¿Õ{Â�¼>¹

Å�Æ>ÚÏØ{¼�çZ¹`Â���§�cwv~��cÒx>²{gN����x{fagNq`s�cwgNqkgd�rg�«¬g3�8s�qN��ÞÑg-��z~qtx�qtcwx>§-gN��s�c��>s�skc�vyq/�wx>²{gNz{s�pW�`gÐx{«�|{gNx{fag�s��kv~���{z
�wg�«¬x{��fÃ�>s�v°xI��q.�����1u`g´��xIf	���rskg3�Ñ²Ig���p¯g�ß´��v°gN�Is�z°pZá¿�{q�§'gNz°z\�Iq�skcwgNv°��vy�W²{gN��qkgNq�â�xI�1�kgN|{�wz~���.|{��v~�wq��
§�v°skc©�aqkv°fa�wzyg���zy|{xI�kv°skcwfà�N��zyz°g3�´s�cwg��/¼½Ç8À ��Æ>Ú Ø{¼tç±¹QÂ �w¾k¼�¹wÇ¬Ö�Æ>¾8Á	�
³�g�sÐ��qÐ�wx>§¦qtgNg�§�c��>s\s�cwg�³�x{|�ÉÊ�\����z°v~�rg3���a�»xIz°pH�>ßÃ�wgd«¬��qkvyx{�´��xI��qkvyqts�q!x{«��!³�g�s

(Ti)
u`g

N
�>ßÃ�wg

á¿x{���kvy|{v~��â�s����{��q�«¬xI�kfÃ��skvyx{��qN���{���ªzyg�s
(log(Ti))

u`g´s�cwg�vy��zyx{|H����vÏs�cwfÃq�� �Yqtvy�w|�skcwg3qtg´zyx{|H����vÏs�cwfÃq��
xI�wg¯���{�Î«¬��qtg¯skcwg

Ti

vy�r®��wv°skg3qtvyfÃ��zyz°p¦�{�N��xI���rvy�w|�skx1s�cwg¯§-g�vy|{cHs�q
wi(x)

§�vÏs�c6�ÎÇ8ÀÊ¼�ÀE¶¿Æ�¹`¼>¾8Ø­á¿x{�
¼�ÜrÀÊÆ�¹`Æ�ÁaÆ�ÜWÇ�â@j�äY�������{z°zygN��skcwg � ³ÌxI|�ÉÊ�\����z°v~�rgN�{���`x{zypI�>ßÃ�wg�j�äY� �°�{i¥��cwxIfax{|{gN�wg�xI��q���xWx{���rv°�»�>skg3q��
s�cwv~qYj�ä��¦v~q-skcwg.«¬xIz°zyx>§�vy�w|�Ë

ẋ =
∑

i

wi(x) log(Ti).x,
áP� �Iâ

§�c�vy��cZvyqa�Ñ�wvy��g;vy�r®���vÏs�gNqkv°fÃ��z��{����zyx{|Ix{��qÒx�«��'}»�máE�{�Iâ8�±bdc�g;²>��zy�wg%�>sÃ���`x{vy�Hs
x
x{«�skc�g�³�x{|�É

�Ð����zyvy�wgN���Î�`x{zypI�>ßÃ�wg;sk�����»q�«¬xI�kfÃ�>s�v°xI�æá¿³��\�Ðb�âÃ�wg�®��wg3�±uWpæáP� �Hâ�v~qa|{vy²{gN�±uWp­vy�Is�g�|I����skvy�w|ZáP� �Iâ
u`g�s�§-g�gN�$s�v°fag

0
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1
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x
�{qdvy�wv°skv~��z���x{���rv°skvyx{���
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s�v°xI��qN�
³�g�s

(Ti)
u`g

N
��ßa��gÒá¬xI�Ð��v°|Ivy��â!sk������qt«¬x{��fÃ�>skvyx{�»q���zyg�s

(wi(x))
u`gYqkx{fag��wxI�rÉP��g�|I��skvy²{gd§-g�vy|{cHs�q

«¬�����8s�v°xI��q��¦³Ìg�sa�{zyqkx
(αi)

u`g
N
�wxI�rÉP��g�|I��skvy²{g;§'gNv°|IcIs�q��Ð§�cwvy��cÎvy�Is��wv°skvy²{g�zyp±��x{���kg3qt�`x{���ªskx�skcwg

Ô{Ú°ÆIµ�¼�Ú»§-g�vy|{cHs�q�x{«'��xIf	�`x{��g��Hs�qN�4§�cwg���gN�Iq�§-g�vy|{cHs�«¬�����8s�v°xI��q.�w��x>²Hv~�rg;Ú°ÆNÄ�¼�Ú»vy�r«¬x{��fÃ�>s�v°xI�Ì� �/vy���{z°zyp{�
zyg�s

T̄
u`gÒs�cwg�§-g�vy|{cHs�gN�%zyg�«¸stÉÊvy�H²>�{�kv~���HsYfag3���¯x{«@skcwg

Ti

�{���%skc�g�§-g�vy|{cHs�q
(αi)

�
bdcwgÒuwv°ÉÊv°�W²>����vy�{�Hs
�`x{zypI��ßÃ�wg�sk������qt«¬x{��fÃ�>skvyx{�

Φ
�Iqkqkxr��v~�>skg3�Ãs�x´��zyz4x�«�s�cwgNqkg��w��s��	vyq��rg�®���gN���{q-«¬x{zyzyx>§�q�Ë

�{��nHs��{�ts�v°��|�«¬��x{f*���`xIqkv°skvyx{�
x0
�Wskcwg.«¬xIz°zyx>§�v°��|Ãj�äY� á¬vy��c�x{fax{|Ig��wgNx{��q-��xWx{���rvy���>s�gNq�â\v~qdvy�Is�g�É

|{���>s�gN���r�w��v°�w|axI�wg.�w�wv°s�x�«�skvyf	gI�w§�cwv~��c;pWvyg�z~�wq���®����{z4�»xHqtv°skvyx{�
Ψ(x0)

Ë

ẋ =
∑

i

wi(x) log(T̄−1.Ti).x.
áP�>�Hâ

�r�dÞÑg
xIurs��{v°��s�cwg.²½�{z°��g��>s
x0
x{«�s�cwg�³Ìi¥�Ðb

Φ
uHp;��x{fa�w�wskvy�w|�Ë

Φ(x0) = T̄ .Ψ(x0)
�

bdcwv~qÐ�{z°zyx>§�q!s�x.«¬��qtg�v°�r®»�wvÏs�gNqkv°fÃ�{z°zypÒs�cwg
Ti

���kx>²Wv~�rgN��x{�wzyp�skc���s\skcwg�z°xI|I����v°skcwfÃq!x�«Qs�cwg
T̄−1.Tig�ÓrvyqtsN�Q§�cwv~��c��rxWgNqY�wx{s���gN}H�wvy�kg�skc���sÃ¼�¹�Ø�x{«@skcwg	z°xI|I�{�kv°skcwfÃq�x�«@skc�g

Ti

g�ÓrvyqtsN�.bdcwg	�w��x{�`g��kskvygNq�x{«
s�cwv~qÐ«¬�»qtvyx{�$�{�kg�}H�wvÏs�gY��vy��g{Ë!z°g�«¸stÉÊv°�W²>����v~������gY���»�´�>ßÃ�wg�ÉPvy�W²½�{�kv~���»��g{��bdcwg�p´�{�kg�qt��f	fÃ�{�kvyÈ�g3�Ãv°�$skcwg
«¬xIz°zyx>§�vy�w|��Ð�kxI�»xHqtv°skvyx{�ÌË
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Φ
ÆtÖ
À��wÂ	Ä�Æ�Á�Å�Æ>¹QÂ�¹»À¿Ç

(Ti, wi(x))
�@¶¸À��

¾�Â8ÇPÅ�Â�Ä�ÀÐÀ¥ÆÃÀ��wÂ�Ô{Ú°Æ{µ�¼>Ú��ÐÂ�¶ÏÔ �WÀEÇ
(αi)

�w¼>Ç�À���ÂÐÖ�Æ�Ú¸Ú°Æ��@¶¸¹WÔ�¶¸¹�º>¼>¾8¶¿¼>¹QÄ�Â�ÅQ¾kÆ�Å�Â�¾8ÀE¶¿Â�Ç	�
�
ÚyÂ¿Ö�ÀP·¥¶¸¹�º>¼>¾8¶¿¼�¹`Ä�Â �.¼�¹�ØaÚ°ÂEÖ�ÀE·¥Á	ÜrÚ ÀP¶ Å`Ú ¶¿Ä�¼>ÀP¶¿Æ>¹ � µ�Ø´¼>¹�¼�çZ¹`Â
ÀP¾k¼�¹wÇ¬Ö�Æ>¾8ÁÃ¼>ÀP¶¿Æ>¹ � ÆtÖYÀ��wÂ Ti

¾kÂ�Ç�ÜrÚÏÀ¿Ç
¶¸¹�¼´Ú°Â¿Ö�ÀP·¥Á	ÜrÚ ÀE¶ ÅQÚ ¶¿Ä�¼>ÀP¶¿Æ>¹ªÆ�Ö

Φ

�
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Ç8Ø½Ç�À¥Â�Á
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x
Ç8Ü�Ä��±À��w¼>À

wi(x) = αi
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i
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Φ(x) = T̄ .x
".¶ �¸Â �

x
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�d¾kÆNÆtÖ ���Ð�kxWx�«dx�«�zyg�«¸skÉPvy�W²½�{�kv~���»��g{Ë�z°g�s
A
u`g$���­��ßÃ�wgÃsk�����»q�«¬xI�kfÃ�>s�v°xI��qN�������1zyg�s���q���g��wz~�{��gaskcwg

Ti

uWp
A.Ti

�$h-pÑ��xI��qtsk�����8s�v°xI�Ì�
T̄
vyq
u�vÏÉÊv°�W²>����v~���Hs������Ñvyq��kgN�wzy�I��g3��uWp

A.T̄
���»��s�cW��q
�Ð}`��áP�>�Hâ

��g�fÃ�{v°��q-�w�»��c����w|IgN�4Ë

ẋ =
∑

i

wi(x) log(T̄−1.A−1.A.Ti).x =
∑

i

wi(x) log(T̄−1.Ti).x.

nrv°����g.skcwg
²>�{z°�wg.x{«
Φ
vyq�xIurs��{v°��gN�;uHp$z°g�«¸stÉÊfÒ�wz°skvy�wzypHvy�w|ÃuWp

T̄
v°�©�ÃqkgN��x{����q�s�g��Ì�

Φ
v~q��kgN�wz~�{��g3�´uWp

A.Φ
�w§�c�vy��c�fagN���»q-skc���s�x{�w���wx>²Ig�zQ�`x{zypI�>ßÃ�wg�«¬��qkvyx{�%vyqdzyg�«¸skÉPvy�W²>����vy�{�Is3�
��ßa��g�ÉÊv°�W²>����vy�{����gIËÒzyg�sÒ�»qÒ��c��{�w|{gas�cwg$�����k��g��HsÒ��xWxI���rvy����skg´qkpWqtskgNf uWp�sk������qt«¬x{��fav°�w|

x
v°�Hskx

y
def
= A.x

vy�%cwx{fax{|Ig��wgNx{��qd��xHxI���wv°����skg3q��!bdcwv~qd�kg3qt�wz°s�qdvy��skcwg.«¬xIz°zyx>§�vy�w|Ã��c����w|IgNqNË
� �	§-g�vy|{cHsd«¬�w���8s�v°xI� x 7→ wi(x)

u`gN��xIfagNq
y 7→ wi(A

−1.y)
�

� �{����ßa��gYs����{��qt«¬x{��fa��skvyx{� Ti

u`gN��x{fagNq
A.Ti.A

−1 �
� s�cwg
uwv°ÉPvy�W²½�{�kv~���HsdfagN����u`gN��xIfagNq A.T̄ .A−1 �

i¥��s�cwg.�wg�§ ��xWx{���rvy���>s�g�qkprq�s�g�fÃqN�Wskcwg
zyg�«¸skÉPvy�W²½�{�kv~���Hs��`x{zypI�>ßÃ�wgÒj�äY�¦u»g3��x{fag3q�Ë

ẏ =
∑

i

wi(A
−1.y) log(A.T̄−1.A−1.A.Ti.A

−1).y = A.

(

∑

i

wi(A
−1.y) log(T̄−1.Ti)

)

.A−1.y,

§�c�vy��c�pWv°gNzy�wqNË
d

dt
(A−1.y) =

∑

i

wi(A
−1.y) log(T̄−1.Ti).(A

−1.y).
áE�I�{â

bdcwv~qYf	g3����q�skc»�>s
x(t)

vyq��$qkx{zy�rskvyx{�©x{«\�Ð}`�	áP�>�WâdvÏ«-�����%xI�wz°p%v°«
y(t) = A.x(t)

v~q��$qkx{zy�rskvyx{�
x{«´áE�{�Iâ8��vP� gI�)x�«
s�cwg�zyg�«¸skÉPvy�W²>����vy�{�Is´�`x{zypI��ßÃ�wg�j�äY�àv°�6skcwgÑ�wx>²{gNz���xWx{���rvy���>s�g¯qtprqtskgNf�� ��q$�
��x{��qkgN}H�wgN����gI���Î��c����w|Ig¯x�«	��xWx{���rvy���>s�gÑqkpWqtskgNf:�rxWgNq;�wx�s©�(-QgN��s;s�cwg1z°g�«¸stÉÊv°�W²>����v~���Hs;�`x{zypI��ßa��g
«¬�»qtvyx{�Ì�rvP� g{�!skc�vyqd«¬�»qtvyx{�%v~q��>ßÃ�wg�ÉÊvy�H²>�{�kv~���HsN�

��vy����zyz°pI���>s��	�`x{vy�Is
x
qk����c�skc»�>s

wi(x) = αi

�w§-g.c��½²{gIË

∑

i

wi(x). log(T̄−1.Ti).x =

(

∑

i

αi log(T̄−1.Ti)

)

.x = 0.x = 0,

uWp±��x{��qtsk������skvyx{�Îx�«�skcwg¯u�vÏÉÊv°�W²>����v~���Hs	fag3���
T̄
�æbdcwv~qÃvyf	��z°vygNqas�c��>s

X
v~q´�Ñ®wÓrgN�Î�»xIv°�Hs´x{«

Ψ
�

bdc�g���g�«¬x{��g{�W§-g.c��½²{g
Φ(x) = T̄ .x

��s-s�cwv~q��»xIv°�Hs3�
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vy���rg�g3�
�rg�®»�wg'qk����c.sk�����»q�«¬xI�kfÃ�>s�v°xI��qN��uWp�qkzyv°|IcIs�z°pYfaxW�wvÏ«¬pWvy�w|�s�cwg\zyg�«¸stÉÊvy�H²>�{�kv~���Hs��`x{zypI��ßa��g
j�äY��Ë
�{��nHs��{�ts�v°��|�«¬��x{f*���`xIqkv°skvyx{�

x0
�Wskcwg.«¬xIz°zyx>§�v°��|Ãj�äY� á¬vy��c�x{fax{|Ig��wgNx{��q-��xWx{���rvy���>s�gNq�â\v~qdvy�Is�g�É

|{���>s�gN���r�w��v°�w|axI�wg.�w�wv°s�x�«�skvyf	gI�w§�cwv~��c;pWvyg�z~�wq���®����{z4�»xHqtv°skvyx{�
ΨR(x0)

Ë

ẋ =
∑

i

wi(T̄ .x) log(T̄−1.Ti).x.
áP���Iâ

�r�dÞÑg�x{uws���vy�askc�gY²>��zy�wg��>s
x0
x{«4skcwgY�kvy|{cHstÉÊvy�H²>�{�kv~���Hs\�`x{zypI�>ßÃ�wg�sk������qt«¬x{��fÃ�>skvyx{�

ΦR

uWpÃ��xIf�É
�w�rs�v°�w|»Ë

ΦR(x0) = T̄ .ΨR(x0)
�

ÞÍv°skcÑg�Ów�{��skzyp%skcwgaq���fag�s�pW�`g�x{«\skg3��cw�wv~}I��gNq��{qYv°��skcwg	�w��xHx{«Ðx�«\�Ð�kxI�»xHqtv°skvyx{�?�N���Qx{��g����{�Ñqkcwx>§
s�c��>s's�pW�»gYx�«4«¬��qkv°xI�´v~q\��v°|IcIskÉPvy�W²>����vy�{�IsÐ�{���´�{zyqkx��>ßÃ�wg�ÉPvy�W²½�{�kv~���Hs3�/iÊs-vyq'fÒ����cÃzygNq�q'v°�Hsk��vÏs�v°²Ig{�Wqtvy����g
s�cwg.§'gNv°|IcHs'«¬�w�»�8skvyx{�»q

wi

�{�kg�|{gNx{fag�s��kv~���{z°zyp	�wg�«¬x{��fagN�;uWp
T̄−1 u»g�«¬x{��gYu`g�vy�w|a��qkgN�$v°�;skcwg�«¬��qkvyx{�Ì�ÞÍv°skc%c��½²Ig�skcwg
vy�Hskg���gNqtskvy�w|�«¬x{zyz°x>§�vy�w|a��g�z~�>skvyx{�»qtcwvy�$u`g�s�§-g�gN�©³Ìi¥�Ðb�q����»�;��i¥�'b/qNË

�.¡ � � � ���¿ �� � � �:� � �
��Âa¶¸¹�º>Â�¾�Ç�Â;Æ�Öa¼´Û� � �Í¶~ÇÒÀ��wÂ �+ � � �@¶¸À��Ñ¶¸¹»º½Â�¾8À¥Â�Õ©Ä�Æ�Á�Å�Æ>¹QÂ�¹»À¿ÇE"�¼>¹QÕ�ºN¶¿Ä�Â
º>Â�¾�Ç�¼ �
�d¾kÆNÆtÖ ��i¥�W²Ig��kskvy�w|Òs�cwg
zyg�«¸stÉÊvy�H²>�{�kv~���Hs��»xIz°pH�>ßÃ�wg�«¬��qkv°xI�;��gNqk�wz°s�qdvy��skcwg.«¬xIz°zyx>§�v°��|Òs�§-xÃq�s�g���qNË
�{�dfÒ�wz°skvy�wzypWv°�w|ÃuWp

T̄−1

�r�dv°�Hs�g�|{���>s�v°��|Òs�cwg.«¬x{zyz°x>§�vy�w|$j�äY�¦�w�w�kvy�w|ax{��g����wvÏs�x{«/s�v°fagIË

ẋ = −
∑

i

wi(x) log(T̄−1.Ti).x =
∑

i

wi(x) log(Ti
−1.T̄ ).x

áP�D��â

³�g�s���q��»qtg�skc�g���c����w|IgYx{«�²>�{�kv~��uwzyg
y = T̄ .x

vy�ªáE�D�{â8�@bdcwv~q�pWv°gNzy��q�Ë

ẋ = T̄−1.ẏ =
∑

i

wi(T̄
−1.y) log(Ti

−1.T̄ ).T̄−1.y = T̄−1

(

∑

i

wi(T̄
−1.y). log(T̄ .T−1

i )

)

.y,

���������
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§�c�vy��c�pWv°gNzy�wq�skcwg�qkv°fa�wzyg���g3}H���>s�v°xI�ÌË

ẏ =
∑

i

wi(T̄
−1.y) log(T̄ .T−1

i ).y,
áE�{�Iâ

§�c�vy��c�vyq�skcwg�j�äY�6�{q�qtxr��vy��skgN�´skxas�cwg.®���q�s�qtskg��%x{«/s�cwg
�kvy|{cHskÉPvy�W²½�{�kv~���Hs'«¬��qtvyx{�%x{«/s�cwg
v°�W²Ig���qtg3q'x{«
s�cwg

Ti

§�vÏs�c�skcwg�q���fag.§'gNv°|IcHs�qd�{qdxI�kvy|{vy����zyzyp{�
bdcW��qN�

x(t)
v~q-skcwg.qkx{zy�rskvyx{�;x�«-áP�D�{â8�rqtg3��xI���$qtskgN�$x�«/skcwg.vy�W²{g���qkv°xI�Ãx�«/xI�w�d³Ìi¥�ÐbævÏ«!�����$x{�wzypÃvÏ«

T̄ .x(t)
v~q\��qkx{zy�rskvyx{�ax�«Qs�cwg�®���q�sÐqtskgN�Ãx�«Qskc�g���i¥�ÐbÎ§�v°skcÃvy�H²Ig��kskg3�	��x{fa�`x{�wgN�Is�q��!��q'��xI��qtg3}H�wg�����g{�

s�cwg�s�§'x%q�s�g���q�x{«\skcwgavy�W²{g���qkv°xI�©x�«ÐxI�w�
³Ìi¥�Ðb ����gÒgN}H�wvy²>��zyg��Hs�skx;skcwg�s�§'x%qtskg��»q�s�cwgÃ��i¥�Ðb §�v°skc
vy�W²{gN�ts�gN�	��x{fa�`x{�wgN�Hs�qN�Ìskc�g�v°�W²{gN��qkgdx�«Q�
³Ìi¥�ÐbZvyq�s�cwg���g�«¬xI�kg-s�cwg���i¥�ÐbZ§�vÏs�cÃv°�W²Ig��kskgN�	��xIfa�»xI�wg��Hs�q
�{���ÑºN¶¿Ä�Â�º½Â�¾�Ç�¼>�

� � � 0 � � � �32 ¢w¡H�E¢ �   � � 4 
 ¢)J � � E'¡>¢ � �  � ¡ �­¢w �� � � � 
 nWx�«¿���3�½§'g'c��½²{g@��x�s/u`g�gN�Ò��u�z°gÐskxY�wg�®��wg
�Zµ�¶¸·¥¶¸¹»º½¼�¾8¶¿¼>¹�Àd�`x{zypI��ßa��ga«¬��qtvyx{���@vE� g{�¯�{�ªv°�r®»�wvÏs�gNqkv°fÃ�{zÐ«¬��qkvyx{�ªx�«�zyxr���{z'�>ßÃ�wg´sk������qt«¬x{��fÃ�>skvyx{�»q
§�c�vy��c6§-x{��zy�¦u`gÑqkv°f��wz°s�����x{��qkz°pÎzyg�«¸stÉÃ���»�Í�kvy|{cHskÉ	���»�Ív°�W²Ig���qtvyx{�rÉÊvy�H²>�{�kv~���HsN� i�q�qt����c6�­«¬��qkv°xI�
�`xIq�qkv°uwzyg`��Þ�g��rxÃ�wx{s�¨H��x>§æp{g�sN�w�{���;skcwv~q�§�vyz°z4u`g.skcwg�qk�wur��g3�8s�x{«�«¬�rs��w�kg
§-x{��¨Q�

� �  ���,'+�"����� ��;�*
�� � 56�d�!�Ì#Ñ��,Ð�/�8�����

i¥��skcwv~q�§-x{��¨Q�N§-gÐc»�½²{g\�w��gNqkg��Hs�gN�
��|Ig��wgN���{z>«¬����fag�§-x{��¨�s�xY�rg�®��wgÐ��vy|{x{��x{�»qtzypY����x>²{g�z{s�pW�»g'x�«wfagN�{�
vy�­³Ìvyg´|I�kxI�w��qN�/���{z°zygN�Ñs�cwgÑµ�¶¸·¥¶¸¹�º>¼>¾8¶¿¼>¹»À
ÁaÂ�¼�¹��%bdcwvyqÒfagN���ªgN�>��x>prq
fÃ���WpÑ�wgNqkv°����uwzyg%¶¸¹�º>¼>¾8¶¿¼�¹`Ä�Â
ÅQ¾kÆ�Å�Â�¾8ÀE¶¿Â�Ç8�w§�cwv~��c;|Ig��wgN���{z°vyÈ�g�skx�skcwg
�wxI�rÉÊz°vy�wgN�{�-�N�{qkg�s�cwg.�w��x{�`g��kskvygNq-x�«/skcwg
����v°skcwfag�s�vy�YfagN�{�ÌË@vÏs
v~q�v°�W²>����v~���Hs�§�v°skc���gNqk�»g3�8s.skx%zyg�«¸stÉ��{���¯��vy|{cHstÉÊfÒ�wz°skvy�wzyvy�N�>s�v°xI�Ì�Ì�{q�§-g�zyz\�{q�v°�W²Ig���qtvyx{�Ì�Ò�\�kgN²Wv°xI��qtzyp{�
s�cwv~q�s�pW�`g�x{«\f	g3���¯§d�{q�x{�wzyp%�rg�®���gN�¯vy��³�v°g�|{��x{�w��q�g����wx>§'g3�%§�vÏs�cÑ�Ãuwv°ÉÊv°�W²>����vy�{�HsY��vyg�fÃ���w��vy�{�
fag�sk��vy�{�`zyvy¨{ga��x{fa���I�8s.³Ìvyg�|I�kxI�w��q�qk����c��{q�skcwg	|{��x{�w��x�«Ð��x�s��>skvyx{�»q�� �W�4�
	Ê��h'�ws.��vyg�fÃ�{�w�wv~����u�vÏÉ
vy�W²>����vy�{�Is�fag�s��kv~��q��rxÃ�wx�s���zy§-�½prq-g�Órv~q�s3�'i¥�%���{�ts�vy���wzy�{�N��§'g
c��½²Ig.�w�kx>²IgN�;v°�%s�cwv~q�§-x{��¨Ãskc���s�qt�»��c
fag�sk��vy�Nq��wx���x�s
g�Órv~q�s
vy���{�Hp¯�wv°fag��»qtvyx{�Ñ«¬x{�a¾8¶ÏÔ{¶¿Õ©ÀP¾k¼>¹�Ç¸Ö�Æ�¾8Áa¼�ÀE¶¿Æ�¹wÇ8��§�c�vy��cÑ«¬x{��f×uw�rs
s�cwgaf	xHq�s
qkvyf	��z°g
³Ìvyg
|{��x{���$vy�H²Ix{zy²{g3�´vy��u�v°x{ÉPfagN�wvy�N��z4vyfa�{|{g.��g�|{v~qtsk���>skvyx{���
b/x�x>²{gN����x{fag/skcwg'zy�I��¨�x�«rg�ÓWv~qtskg��»��g@x�«ruwv°ÉÊv°�W²>����vy�{�Hs���v°gNfÃ���w�wv~���.fag�s��kv~��qÌ«¬x{�ÌfÃ�{�Hp�³Ìvyg\|{��x{����q��

§-g�c��½²Ig
�w��x{�`xIqkgN�%vy�©skcwv~q����kskv~��zyg
skx$�wg�®��wg�uwv°ÉPvy�W²½�{�kv~���Hs�fagN�{��q�vy�Z¼�¹�ØYÙÐ¹�¶¸À¥Â�·tÕ�¶¸ÁaÂ�¹wÇ8¶¿Æ�¹`¼>Ú!¾kÂ�¼�Ú
Û@¶¿Â�Ô{¾kÆ>Ü3ÅÃ²Wvy���Ò|Ig��wgN���{z�µ�¼>¾8Ø{Ä�Â�¹�ÀP¾8¶¿ÄÒÂ�Ý�Ü�¼>ÀP¶¿Æ>¹��r§�c�xIqkgYqkx{zy�rskvyx{�´v~q-uWp´�rg�®���vÏs�v°xI�´skc�gYuwv°ÉÊv°�W²>����vy�{�Hs
fag3���Ì��ÞÑg�c��½²{g�qkcwx>§��Òs�cwg�g�ÓWv~qtskg��»��g������	�w��vy}H�wgN�wgNq�q@x�«`skc�vyqÐ�wx>²{gNzWs�pH�`g�x�«4fagN�{�Ì���w��x>²Wvy�wgN��skcwg
�wvyqk�»gN��qkvyx{�Òx{«�s�cwg��w�>s��Yv~q!qtfÃ�{z°zrgN�wx{�w|IcÌ�����»��s�cwg���x{�W²Ig���|{g��»��gÐx{«`�{�Òg�ß´��v°gN�Is@v°skgN����skvy²{gd��zy|{x{��v°skcwf
«¬xI�Ð��xIfa�w�rskvy�w|
s�cwv~qÐfagN�{�Ãc��{qÐ��z~qtx
u`g�gN�$qtc�x>§��Ì��bdc�g�v°�Hs��wvÏs�v°xI�Ãx�«Qskc�g�g�Órv~q�s�g�����g�x�«Ìqk����cÃ�
fagN�{�
§d�{q�®���q�s.|{vy²{gN�©v°� � ��	dá¿§�vÏs�cwx{�rs��{�Hp��w��gN��vyqkg��rg�®��wv°skvyx{�»â��Ì��zyx{�w|$§�vÏs�cÑ���Ñg�ß´��vyg��Hs.��zy|{x{��v°skcwf*«¬x{�
��x{fa�w�rs�v°��|	v°sÒá¬§�v°skc�x{�rs��w��xWx�«�x�«@��x{�W²Ig���|{g��»��g3â��Ivy��skcwg��N�{qkg.x�«'ÁÃ¼>ÀP¾8¶Ïã
|I�kxI�w��qN�
i¥��skcwga���Iqtg�x�«\��v°|Ivy�%s����{��qt«¬x{��fa��skvyx{��qN�`§'g�c��½²{g�u»gNg��Ñ�{uwzyg�skx��rg�s�g���fav°�wga�$qkvyf	��z°ga����vÏs�g���v°xI�

«¬xI�dskcwg
|Ig��wgN���{zQg�ÓrvyqtskgN����g
�{���$���wvy}H�wgN�wgNq�qdx�«/skcwg
u�vÏÉÊv°�W²>����v~���Hs-fag3���Ì�w§�c�vy��c�c������»gN��q-skxÃu`g.skcwg
q���fagd�{q�«¬xI�@�kx{s��>s�v°xI��qN�ÌÞÑg�c»�½²{gd��z~qtx�|{vy²{gN�	��z°xHqtg3�
«¬x{��fÃq�«¬x{��skc�g�uwvÏÉÊvy�H²>�{�kv~���Hs!f	g3���	v°�a���W�wfÒu`g��
x{«Qqkvyf	��z°g�u��rs\v°�»q�s��k����skvy²{g��N�{qkgNqN��v°�»��zy���rvy�w|���ä6�kvy|{v~��sk������qt«¬x{��fÃ�>skvyx{�»q��Ìi¥�Hs�g���gNqtskvy�w|{zyp{�{«¬x{�@|{gN�wg�����z

���������������
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zyvy�wgN�{�Ys����{��qt«¬x{��fa��skvyx{��qN�4§-g	c»�½²{gaqtcwx>§��Ñskc»�>s�qtvyfav°z~����zyp©skx�skc�g´³Ìx{|{ÉP�Ð����zyvy�wgN���ÑfagN�����Ìskc»�>s
§'g
��gN��g��Hskzypa�w��x{�`xIqkgN�Ãvy� � �N��	P�Hskc�g�u�vÏÉÊv°�W²>����v~���Hs'fagN�{�$v~qd��|{gN�wg�����zyvyÈN�>s�v°xI�´x�«�skcwgaá¿q����{zy�{��â\|{g�xIfag�sk��v~�
fag3���Ì�Hqtvy����gds�cwg��rg�skg���fav°�»���Hs\x�«`skcwg�uwvÏÉÊvy�H²>�{�kv~���Hs@fagN���	v~q\g�Ów�I�8skzyp�g3}I�»��zrs�x.skcwg�|Ig�x{fag�sk��vy�-fagN�{�
x{«�s�cwg��rg�s�g���fav°���{�Hs�qdx�«�skc�g��w�>s��w�
³/�{qts�uw�ws��wx{s�zygN�Iq�s3�>§'g'c��½²{g'��qkgN�.s�cwvyq��wgN§ªs�pW�»g-x�«»f	g3���
s�x��wg�®��wgd�Y�wx>²{gNzI��z~�{q�q/x�«��`x{zypI��ßa��g

s����{��qt«¬x{��fa��skvyx{��qN�Ð�N��zyz°g3�æÚ°ÂEÖ�ÀP·¥¶¸¹�º>¼>¾8¶¿¼>¹»À�Å�Æ>ÚÏØ{¼�çZ¹`Â���§�cwvy��cÍ�{z°zyx>§�q�skx�«¬��qkg©z°xr���{z��kvy|{v~�Zx{�´�>ßÃ�wg
��x{fa�`x{�wgN�Is�q�¼�¾�µ�¶¸ÀP¾k¼�¾8¶¸Ú Ø�Ö�¼�¾�¼��Ð¼>Ø%Ö�¾kÆ>Á À��wÂ�¶¿ÕIÂ�¹»ÀE¶¸ÀPØ>����x{�Hsk������p­s�xZ³�x{|�ÉÊ�\����z°v~�rg3���6�`x{zypI��ßa��g
«¬�»qtvyx{�Ì�r§�c�vy��c%§-g���gN��g��Hskzyp´vy�Hsk��xW�w����g3�$vy� ���D��	P�
i¥��«¬�rsk�w��g	§'xI�k¨Q�`§'ga����gÒ�wz~�����wv°��|´skx%��xIfa������g
skc�g	qts���skv~q�s�vy�NqYxIurs��{v°��gN�©²Wv~�Ãskc�g�uwv°ÉÊv°�W²>����vy�{�Hs

fag3���Ñskx©x�s�cwg��.s�pW�`gNq
x{«-qts���skv~q�s�vy�Nq
x{���kvy|{v~�Ñx{���>ßÃ�wgas����{��qt«¬x{��fa��skvyx{��q.qk����c1�{q
³ÌxI|�ÉÊ�\����z°v~�rgN�{�
qts���skv~q�s�vy�Nq � �N��	P�4xI��zyg�«¸stÉÊvy�H²>�{�kv~���Hs���v°gNfa�{�w�wv~����qts���skv~q�s�vy�Nq � � 	Ê�
bdcwgNqkgaq�s��>skv~qtskv~��q���x{��zy�©���kx>²Ig�²{gN�kp
�»qtg�«¬�wz\«¬xI�Òg�Ów�{f	��z°gÃs�x���xI��qtsk����vy�Is�zyxr���{z°zyp���v°|Ivy�1xI�Ò�>ßÃ�wg$�kgN|{v~q�s�����skvyx{�1��zy|{x{��v°skcwfÃq�qk����c­�{q�skcwg
xI�wg
�rgNq�����vyu»g3�$vy� � �I�
	P�

���������
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� ��2>�d�!���;,-���

��� 	
äYg���vyq�³�g�h-v°c��{�Ì�@ä�v�-Q��qtvyx{� � %Y� v°fÃ��|Iv°��|�����¼�Ô{¹ ��Â�Ç�Æ>¹��-�K�rË���� �I�w�!�N�{�8�{�
� ��	.�!g�skg�� ����hd�{q�qtgN�������ªäYg���g�¨ �{xI�wgNqN�%ä�v�-`�»qtvyx{�rÉPskgN��qkx{�*�¯��i8ËÌskc�g�x{��p{��g�Ór�`g���v°fagN�Is���zÐ�wgNqkv°|I�
�{���%�w�>s��a�����{z°prqkvyq'ÉÐ�	skg3��cw�wv~���{z4�kgN²Hvyg�§
��� � �å¶¸¹���¶¿Æ�ÁaÂ�Õ�¶¿Ä�¶¸¹QÂ�� �3��á �3É¥�Iâ�Ë �W�����H�I� �W�I�{�{�H�r�

� ��	.���	�YÈN�{��qkzy�{�Z�{���Zb.� +Ò� �¯�{�kg3��vP�4��g���g�����zyv°ÈNgN�Î�rv -Q��qkv°xI�±s�g���qkx{�ÃvyfÃ��|Iv°�w|1���»�Z�{����zypHskv~����z
��g�z~�>s�v°xI��qkcwv°�»qau»g�s�§'gNg��6�rv�-`�»qtvyx{�ÎskgN��qkx{�Ãvyfa�{|{vy�w|­���»�Zc�v°|Ic¦�{�w|{��zy�{�Ã�kg3qtxIz°�rs�v°xI�Î�wv -Q��qkv°xI�
vyfÃ��|Iv°�w|»���¯¼NÔ�¹QÂ�ÀP¶¿Ý�Ü�Â �YÂ8Ç�Æ�¹`¼>¹QÄ�Â
¶¸¹ ��Â�Õ{Â�Ä�¶¸¹`Â��`�{�wË �I�{�
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