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Abstract: We consider a matrix pencil whose coefficients depend on a positive parameter
¢, and have asymptotic equivalents of the form ae? when € goes to zero, where the leading
coefficient a is complex, and the leading exponent A is real. We show that the asymp-
totic equivalent of every eigenvalue of the pencil can be determined generically from the
asymptotic equivalents of the coefficients of the pencil. The generic leading exponents of
the eigenvalues are the “eigenvalues” of a min-plus matrix pencil. The leading coeflicients
of the eigenvalues are the eigenvalues of auxiliary matrix pencils, constructed from certain
optimal assignment problems.
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Perturbation de valeurs propres de faisceaux matriciels
et probléme d’affectation optimale

Résumé : Nous considérons un faisceau matriciel dont les coefficients, dépendant d’un
paramétre e, ont des équivalents asymptotiques de la forme ae?, lorsque € tend vers zéro
par valeurs positives, le coefficient dominant a étant complexe et ’exposant dominant A
étant réel. Nous montrons qu’un équivalent asymptotique pour chacune des valeurs propres
du faisceau peut étre déterminé génériquement & partir des équivalents des coefficients du
faisceau. Les exposants dominants des valeurs propres sont les valeurs propres d’un fais-
ceau matriciel min-plus, et les coefficients dominants sont les valeurs propres de faisceaux
auxiliaires, construits au moyen de problémes d’affectation optimale.

Mots-clés : Théorie des perturbations, algébre max-plus, semi-anneau tropical, théorie
spectrale, faisceau de matrices, théoréme de Newton-Puiseux, amibe, graphes, probléme
d’affectation optimale, algorithme Hongrois, asymptotiques WKB, grandes déviations
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Abridged French version

Nous considérons un faisceau matriciel Ac = Aco + X Ac1 +---+ X d.AE,d, ol X est une
indéterminée, et ot pour tout 0 < k < d, A, est une matrice n x n dont les coefficients,
(Ac k)ij, sont des fonctions continues & valeurs complexes d’un paramétre positif ¢. On
s’intéresse au comportement asymptotique, lorsque € tend vers 0, des valeurs propres L. de
A., qui sont par définition les racines du polynéme det(.A.). Nous supposons que pour tout
0 < k < d, on a des matrices ar, = ((ax)ij) € C"*" et Ap = ((Ar)i;) € (RU {+o0})"*™
telles que (Aex)ij = (ak)ijeA)i + o(eA)id) pour 1 < i,7 < n. Lorsque (Ag);; = +oo,
cela signifie, par convention, que (Ac)i; est nulle au voisinage de 0. Nous cherchons un
équivalent asymptotique de la forme £, ~ e, avec A € C\ {0} et A € R, pour chaque
valeur propre L. de A..

Lorsque A, = A¢ o—Xid, ot1 id désigne la matrice identité, il s’agit du probléme classique
de perturbation de valeur propres de matrices. En particulier, lorsque la matrice A, o est de
la forme A, o = Ag,o + €b, pour une matrice complexe b = (b;;), une théorie initiée par Visik
et Ljusternik [VL60], et complétée par Lidskii [Lid65] identifie les exposants dominants A,
pour des valeurs génériques des parameétres b;;, et donne des formules explicites pour les
coefficients dominants A, faisant intervenir les valeurs propres de certains compléments de
Schur construits a partir de b. Voir [MBO97| pour une présentation récente. Cependant,
pour certaines valeurs de b, ces compléments de Schur peuvent ne pas exister. De tels cas
singuliers ont été étudiés en particulier dans [MBO97, ME98]. Dans [ABGO04], nous avons
donné une premiére extension du théoréme de Lidskif [Lid65], donnant sous certaines condi-
tions structurelles les équivalents des valeurs propres de la matrice A, . Nous étendons ici
ce résultat au cas des faisceaux, ce qui permet de résoudre les cas qui demeuraient singuliers
dans [ABGO04].

Afin d’énoncer le résultat principal, rappelons quelques notions d’algébre min-plus. Le
semi-anneau min-plus, Ruyiy,, est 'ensemble R U {+oo} muni de ’addition (a,b) — a ® b :=
min(a, b) et de la multiplication (a,b) — a®b := a+ b. On écrira parfois ab au lieu de a ® b.
On notera 0 := 400 et 1 := 0 le zéro et 'unité de Ry, respectivement.

Nous associons au faisceau A, le faisceau matriciel A = Ay ® XA; & --- & X%4, &
coefficients dans Rp,in. Les coefficients de A, A;;, sont donc des polynémes formels & coef-
ficients dans Ry,;,, en I'indéterminée X. Nous appelons polyndéme caractéristique min-plus
le permanent P4 = perm A. Rappelons que pour une matrice B = (B;;) de taille n x n, &
coefficients dans un semi-anneau quelconque, le permanent de B est défini comme la somme
sur toutes les permutations o du poids |0|p = Bi,(1) - - - Bpo(n)- Lorsque les coeflicients de B
appartiennent & Ryin, |0|p = Bio(1) + -+ Bpon), €t perm B est la valeur d’une affectation
optimale dans le graphe valué associé & B.

Si P est un polynéme formel & coefficients dans R,,;,, on note P la fonction po-
lynéme associée & P. L’application P — P est un cas particulier de transformée de
Legendre-Fenchel [BCOQ92, § 3.3.1]. Cuninghame-Green et Meijer [CGM80] ont mon-
tré que la fonction polynome P(z) peut se factoriser de maniére unique sous la forme
P(x) =alz®c) - (x®cp), avec a,c1,...,¢, € Ryin. Les nombres ¢1,. .., ¢, sont ap-
pelés racines de P. Nous noterons ~1,...,vn les racines du polynéme caractéristique P4y,
aussi appelées valeurs propres du faisceau A. Les racines ;, et donc la fonction polynome
P4, peuvent étre calculés en temps O(n*d) en s’inspirant de la méthode de Burkard et
Butkovi¢ [BBO03).

RR n° 5120
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nxn

Pour toute matrice B € R}'\" telle que perm B # 0, nous définissons le graphe Opt(B)
formé des arcs participant & une affectation optimale : les nceuds de Opt(B) sont 1,...,n,
et ily a un arc de ¢ & j §’il y a une permutation o telle que j = (i) et |o|p = perm B.

Nous dirons que deux vecteurs U,V de dimension n & coefficients dans Ry, \ {0}
forment une paire hongroise relativement & B si, quels que soient 4,7, on a B;; > U;V},
et si Uy---U,Vy---V, = perm B, les produits s’entendant dans le semi-anneau min-plus.
Ainsi, (U,V) n’est autre qu’une solution optimale du probléme linéaire dual du probléme
d’affectation (see [BR97, 2.4]). En particulier, une paire hongroise existe dés que perm B # 0,
et elle peut étre trouvée en temps O(n?) grace a 1’algorithme hongrois. Pour toute paire hon-
groise (U, V'), on définit le graphe de saturation, Sat(B,U, V'), qui a pour nceuds 1,...,n, et
pour arcs les couples (4, j) tels que B;; = U;Vj.

Pour chaque racine finie 7 de P4, nous définissons les graphes Opty(7),...,Opty(7y) :
Opty,(v) apournceuds 1, ...,n, et aun arcde i a jsi (i, ) € Opt(A(y)) et (Ar)iv* = Aij (7).
Pour toute paire hongroise (U, V) relativement a la matrice A(y), nous définissons aussi

les graphes Sato(v,U,V),...,Satq(y,U, V), qui sont obtenus en remplagant Opt(A(~)) par
Sat(A(v), U, V) dans la définition de Opty(7), ..., Opty(y). Enfin, si G est un graphe ayant
pour nceuds 1,...,n, et si b € C**", nous définissons la matrice b®, telle que (bG)ij = byj si
(i,7) € G, et (b9);; = 0 sinon. Dans ’énoncé du théoréme qui suit, les valeurs propres sont

comptées avec leurs multiplicités.

Théoréme 1. Soit v une racine finie du polyndéme caractéristique min-plus P4. Pour chaque
0 < k < d, notons G* le graphe égal a Opt,(y) ou bien & Saty(y,U,V), pour un choiz
quelconque de la paire hongroise U,V relativement a fl(*y). Considérons le faisceau auziliaire
a? = ag;o +Xaf1 +-- -+Xdade. Alors, si le faisceau o) a m~ veleurs propres non-nulles,
Ay .oy Am,,, le faisceau A, admet m., valeurs propres L1, ..., Lecm., ayant des équivalents
respectifs de la forme L. ; ~ \ie”. En outre, si 0 est une valeur propre de multiplicité mfy du
faisceau oV, le faisceau A. admet m’V valeurs propres supplémentaires L. telles que e VL.
converge vers 0, et toutes les autres valeurs propres L. de A. sont telles que le module
de € L. tend vers Uinfini. Enfin, pour des valeurs génériques des paramétres (ar)qj, m~
coincide avec la multiplicité de la racine v, et m’v coincide avec la somme des multiplicités
des racines de Pa strictement supérieures a .

Dans la version en anglais de la présente note, nous illustrons le Théoréme 1 en raffinant
des résultats de Najman [Naj99].

We consider a matrix pencil of the form
-Ae = A@O + XA@I +--+ XdA@d )

where, for every 0 < k < d, A is a n x n matrix whose coefficients, (A ):j, are complex
valued continuous functions of a nonnegative parameter €, and X is an indeterminate. We
are interested in the asymptotic behavior, when € tends to 0, of the eigenvalues L. of A,
which are the roots of the polynomial det(.A.).

We shall assume that for every 0 < k < d, matrices ay = ((ag)i;) € C**™ and Ay =
((Ag)ij) € (RU{400})"*"™ are given, so that

(Ack)ij = (ak)ije(A’“)” + o(e(A"‘)ij) , forall1<i,57<n,

INRIA
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when € tends to 0. When (Ay);; = 400, this means by convention that (Ae);; is zero in
a neighborhood of zero. We look for an asymptotic equivalent of the form £, ~ \e®, with
A€ C\ {0} and A € R, for every eigenvalue L, of A..

When A, = A — Xid, where id denotes the identity matrix, we recover the classical
problem of perturbation of eigenvalues of matrices. In particular, when A, ¢ is affine in ¢,
ie. Aco = Ag,o + €b, for some complex matrix b = (b;;), a theory initiated by Visik and
Ljusternik [VL60] and completed by Lidski [Lid65] identifies the leading exponents A for
generic values of the parameters b;;, and gives explicit formulae for the leading coeflicients A,
involving the eigenvalues of certain Schur complements constructed from b. See [MBQO97] for
a recent presentation. For some values of b, however, these Schur complements may not be
defined. Such singular cases have received much attention, see in particular [MBO97, ME9S].
In [ABGO4], we generalized the theorem of [Lid65] to the case where A, ¢ is not affine in e.
We showed that the leading exponents A of the eigenvalues can be computed, generically,
as the “roots” of a certain min-plus polynomial constructed from A.. We also showed that
under structural conditions (when certain bipartite graphs constructed from the leading
exponents of the entries of Ac o have a perfect matching), the leading exponents of all the
eigenvalues can be obtained by Schur complement formulse which extend the ones of [Lid65].
However, when these structural conditions do not hold, the question remained open. We
show in Theorem 1 below that the leading coefficients of the eigenvalues of the pencil A
are obtained, generically, as the eigenvalues of certain auxiliary pencils (independent of
€), constructed by solving certain optimal assignment problems. This gives a complete
generalization of the theorem of [Lid65]. We shall illustrate Theorem 1 in Corollary 1, by
refining results of Najman [Naj99] concerning a singular perturbation of an affine pencil.

In order to state the main result, we need some min-plus algebraic constructions. Recall
that the min-plus semiring, Ruyin, is the set R U {400} equipped with the addition (a,b) —
min(a,b) and the multiplication (a,b) — a + b. We denote by “@” the min-plus addition,
and by “®” or concatenation the min-plus multiplication. We denote by 0 = +oco and 1 =0
the zero and unit elements of Ry, respectively. The maz-plus semiring, Ry, ax, is obtained
by replacing “min” by “max” and +o0o by —oco in this definition.

We associate to the matrix pencil A, the matrix pencil with coefficients in Ry, A = AgP
XA @®---®X?A,. Here, the entries of A, A;j, are formal polynomials in the indeterminate
X with coefficients in Rp,;,- We consider the formal min-plus characteristic polynomial
P,y = perm A. Recall that for a n x n matrix B = (B;;) with entries in any semiring,
the permanent of B is defined as the sum over all permutations o of the weight |o|p =
Bis(1) Bno(ny- Thus, if B is a matrix with entries in Ry, the weight of o, |o|p, is the
usual sum By, (1) + -+ + Bys(n), and perm B is the value of an optimal assignment in the
weighted graph associated to B. (See [BR97] for more background.)

If P is a formal polynomial with coefficients in R,,;,,, we denote by P the polynomial
function associated to P. The map P — P is a specialization of the Legendre-Fenchel
transform [BCOQ92, § 3.3.1]. Cuninghame-Green and Meijer [CGMS80] have shown that the
min-plus polynomial function P(x), can be factored uniquely as P(z) = a(x®c1) - - (xBcq).
with a, c1, ..., ¢, € Ryin, where n is equal to the degree of P, deg P. The numbers ¢4, ooy Cn,y
are called the corners of P. They coincide with the points of nondifferentiability of P. If ¢
is a corner, the multiplicity of ¢, which is equal to the number of indices i for which ¢; = ¢,
coincides, when ¢ # 0, with the variation of slope of P at ¢, P'(¢~)—P'(c¢*). The multiplicity
of the corner 0 is equal to the valuation of P, val P. We denote by 71, ...,y the corners of
the characteristic polynomial P4, that we call the (algebraic) eigenvalues of A. Note that

RR n° 5120
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the valuation val P4 can be computed by introducing the matrix val A € RT\", such that
(val A);; = val A;;. Then, val P4 is equal to the min-plus permanent of the matrix val A.
By symmetry, the degree deg P4 is equal to the max-plus permanent of the matrix deg A €
Ry X", such that (deg A);; = deg A;j. The corners 7; (and so, the polynomial function Py)
can be computed in O(n*d) time by adapting the method of Burkard and Butkovi¢ [BB03].
(It is not known whether the sequence of coefficients of the formal polynomial P4 can be
computed in polynomial time.)

For any matrix B € R} such that perm B # 0, we define the graph Opt(B) as the set
of arcs belonging to optimal assignments: the nodes of Opt(B) are 1,...,n and there is an
arc from ¢ to j if there is a permutation o such that j = o(i) and |o|p = perm B.

We shall say that two vectors U,V of dimension n with entries in Ry, \ {0} form a
Hungarian pair with respect to B if, for all 4, j, we have B;; > U;V;,and Uy --- U, Vi -+ -V, =
perm B, the products being understood in the min-plus sense. Thus, (U, V') coincides with
the optimal dual variable in the linear programming formulation of the optimal assignment
problem (see [BR97, 2.4]). In particular, a Hungarian pair always exists if the optimal
assignment problem is feasible, i.e., if perm B # 0, and it can be computed in O(n?) time
by the Hungarian algorithm. For any Hungarian pair (U, V), we now define the saturation
graph, Sat(B,U, V), which has nodes 1,...,n and an arc from ¢ to j if B;; = U;Vj.

For every finite corner v of P4, we define the digraphs Opty(7), ..., Opty(y): Opty(v)
has nodes 1,...,n, and an arc from i to j if (i,5) € Opt(A(y)) and (Ap)ijv* = Aij(). For
every Hungarian pair (U, V) with respect to the matrix A(v), we also define the digraphs
Sato(v,U,V),...,Sata(y, U, V) by replacing Opt(A(y)) by Sat(A(v),U, V), in the definition
of Opty(7),...,Opt,(v). Finally, if G is any digraph with nodes 1,...,n, and if b € C"*", we
define the matrix b, which is such that (b%);; = b;; if (4,) € G, and (b%);; = 0 otherwise.
In the following theorem, and in the sequel, eigenvalues are counted with multiplicities.

Theorem 1. Let v denote any finite corner of the min-plus characteristic polynomial Pa.
For every 0 < k < d, let G, be equal either to Opt,(v) or Satk(v,U,V), for any choice of
the Hungarian pair U,V with respect to A(vy). Consider the auziliary pencil

a = a(?o—anlGl—F”-—i-Xdagd .

Then, if the pencil oY) has m. non-zero eigenvalues, \1,...,\m, the pencil Ac has m,
eigenvalues Lc1,...,Lc m, with respective equivalents of the form L.; ~ \i€”; if 0 is an
eigenvalue of multiplicity mfy of the pencil a\7), the pencil A. has precisely mfy eigenvalues
L such that €7 L. converges to zero, and all the other eigenvalues L. of A. are such that
the modulus of e=7 L. converges to infinity. Moreover, for generic values of the parameters
(ak)ij, m~ coincides with the multiplicity of the corner v, and m/, coincides with the sum of
multiplicities of all the corners greater than ~y.

Since the sum of the multiplicities of the corners of P, is equal generically to the degree
of det(.A), and since A, has a number of identically zero eigenvalues generically equal to the
multiplicity of 0 as a corner of P4, Theorem 1 provides generically asymptotic equivalents
of all the eigenvalues of A..

Ezample 1. Consider A = Ao — Xid, and
bi1 b1z bi3

A570 = le b226 b23€ R where bij e C.
b31  bsze  bsze

INRIA
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The associated min-plus matrix pencil and characteristic polynomial function are

02X 0 0 )
A= 0 1eXx 1 , Pi(z) = (z @0}z 1) ,
0 1 1eX

so that the corners are v; = 2 = 0, with multiplicity 2, and v3 = 1, with multiplicity 1. We
first consider the corner v = 0. Then U =V = (0,0, 0) yields a Hungarian pair with respect
to the matrix

. Oor 0o 0o
Aoy=1 0 0 1|,
0Op 1 0y

where we adopt the following convention to visualize the digraphs Sat(U,V): an arc (i, j)
belongs to Saty (U, V) if k is put as a subscript of the entry A;;(0). For instance, 4::(0) =
0, and (1,1) belongs both to Sato(U,V) and Sati(U, V). Entries without subscripts, like
Az3(0) = 1, correspond to arcs which do not belong to Sat(U, V). The eigenvalues of the
auxiliary pencil a(9) are the roots of

bir — A b2 b3
det bay -2 0 = AM=A? 4+ Abyy + bigbay 4 bz1b31) =0 .
b3 0 =X

Theorem 1 predicts that this equation has, for generic values of the parameters b;;, two
non-zero roots, A1, Az, which yields two eigenvalues of A., Ly, ~ Am€d = A, for m =1,2.
Consider finally the corner v = 1. We can take U = (0,1,1), V = (—1,0,0), and the previous
computations become

N 0 0o 0o 0 b12 bi3
A(]‘) = 00 101 10 bl det b21 b22 - A b23 = O .
0o 1o 1o b31 b31 b3z — A

The latest equation yields A(b12b21 +b13b31) +b12bagbs1 +b13bsabor — ba1b12b33 —b31b13b22 = 0.
Theorem 1 predicts that this equation has generically a unique nonzero root, A;, and that
there is a branch L. 1 ~ Aje.

As a typical application of Theorem 1, let us consider the following singular perturbation
of an affine pencil, A. = eX?m + Xc + k, already considered in [Naj99]. For non-zero
values of the entries of the matrices m,c, and k, the associated min-plus characteristic
polynomial function is Pa(z) = (0@ x)*(0 & 1z)". Moreover, the pencils Xc + k and
Xm + ¢ generically both have n finite non-zero eigenvalues, denoted by A;,...,\,, and
L1, - - [, respectively. Then, it is easy to derive from Theorem 1 that the pencil A, has
n eigenvalues L¢; ~ Xi€?, and n eigenvalues Lei~ pie~ . Consider now the following non-
generic situation. Assume that the pencil ¢X + k is given, that it is regular, and that its
Weierstrass normal form comprises gg Jordan blocks for the eigenvalue 0, with respective sizes
88y -+, 58°, and qoo Jordan blocks for the eigenvalue oo, with respective sizes s, ..., sle.
We set dy = sp + - + 88°, doo = s, + -+ + 8. We also denote by ¢, the number of one
dimensional Jordan blocks for the eigenvalue 0 of the pencil cX + k. We denote by Ay,..., A,
the finite non-zero eigenvalues of ¢X + k (of course, r + dp + doo = n). We also denote by
[1, - - -, ¢ the finite non-zero eigenvalues of the pencil X'm + c¢. We say that an eigenvalue
L. is of order ¢® if L. ~ \e", for some A € C\ {0}. The following result should be compared
with [Najo99], where partial results are obtained in a similar situation.

RR n° 5120



8 Marianne Akian, Ravindra Bapat, Stéphane Gaubert

Corollary 1. The pencil A. = eX?m + Xc+ k has precisely
i. r eigenvalues of order €, which converge respectively to \;, fori=1,...,7;
ii. t eigenvalues or order e, which are respectively equivalent to p;e ', fori=1,...,t.
It has at least
iii. 2qo — qf, eigenvalues identically equal to zero.

Finally, for generic values of the parameters m;;, we have t = n — g, and the pencil A,
has precisely:

iv. st +1 eigenvalues of order e /(%D for i =1,... qoo;
v. si — 2 eigenvalues of order ¢/(50=2) for every i such that 1 <i <r and s > 2.

Corollary 1 provides, for generic values of m, the leading exponents of all the eigenvalues
of the pencil A.. In cases iv—v, the generic values of the leading coefficients of the eigenvalues
can be determined by formule essentially similar to the case of [Lid65, ABGO04]. This will
be detailed elsewhere.

Acknowledgement. The third author thanks Jean-Jacques Loiseau for having suggested
to look for a generalization of the result of [ABG04] to matrix pencils.
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