
HAL Id: inria-00071605
https://hal.inria.fr/inria-00071605

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Ensuring the Drawability of Extended Euler Diagrams
for up to 8 Sets

Anne Verroust, Marie-Luce Viaud

To cite this version:
Anne Verroust, Marie-Luce Viaud. Ensuring the Drawability of Extended Euler Diagrams for up to 8
Sets. [Research Report] RR-4973, INRIA. 2003. �inria-00071605�

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by INRIA a CCSD electronic archive server

https://core.ac.uk/display/50453155?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.inria.fr/inria-00071605
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
49

73
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 3

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Ensuring the Drawability of Extended Euler
Diagrams

for up to 8 Sets

Anne Verroust — Marie-Luce Viaud

N° 4973

octobre 2003





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	�����
�����������������	���	�
 �"!$#%�%&'
��(��)��()*�������+�,�-	��$�����/.��
#0!��,�213
�!5476'�8

�

9�:�:�;=<$;?>@>BADC�EGFGH IKJML >@NO;QP�R(C�ST;=<�NULVC
W�H�H

X+Y[ZG\']$^/_7`ba?cd]BegfTh�cgikjTa2Y[jT\l\']GmO\nfohpYqika[]Tr
is\nfQtT]BuBrwv[joa[a[xB]BuBr[h�jTa[aqfQiyugudfoaqh�]@u

zKedjo{|]�c�`b\'xBv[isf
}�fQ~q~ jTe�c�v�]�eg]BhpY[]BeghpYq]�aV�
�T�w�0^�_7j�h�cdjo�qed]$�Q�T�o^�_��0�'~qfoto]Bu

�2�
�B�G�0�[�o�o� X+Y[iyu'~qfo~ ]Be'udY[j0��u��w��f�hGjoaqu�cdeg�qh�cdis�o]�\l]GcdY[j�v�cdY[]�]G�wiyu�cd]Ga h�]�jQ��f�v�iyfQtTegfo\'\'fQcdiyh
eg]G~qed]@u�]BaTcpf0cgikjTa�hBfQ�s�k]@v�]��wcd]Baqv�]Bv����[�k]Be�v�iyfQtTegfo\nu8� joe�foaw��h�jT�k�s]Bh�cdisjoa�jQ�Kud]�cpu�¡2¢¤£B¥k¥s¥k£d¡n¦�r §©¨�ª[«
X+Yq]Bud]�v�iyfQtTegfo\'u¬fQeg]�fTv[fQ~[cd]Bv­� joe®ed]B~[eg]Bud]Ga?cdisa[t2ud]�cpu�isaqhG�k�qudisjoaqu¬fQaqv¯ika?cg]Gepu�]@h�cdisjoa uG°V]BfThpY¯u�]Gc¬¡n±
foaqv�]BfohpY�a[jTa�]B\'~�c|�²isaTcg]Gepu�]@h�cgikjTa�jo��f'ud�[�VhGjo�s�k]@h�cgikjTa�jo��¡2¢¤£B¥k¥s¥s£�¡n¦2iyu(eg]G~[eg]Bud]Ga?cg]Bv²�w�2f'�qa[is³?�[]
hGjoa[aq]Bh�cg]Bvleg]GtoisjoaljQ�VcdYq]�~[�yfQa[]T«T´?cgfoe�cgikaqt��(iµcgY²f�v�]Bugh�egik~[cdisjoa'jQ�VcdY[]�v�isfotoepfQ\�r0�8]�v�]�¶qaq]+cdY[]·v[�qfQ�
tTegfo~[Y©¸¹fQaqvºeg]Bfoudjoaº�(ikcdY©cgY[]²~[egjo~V]Gedcdis]Bu�jo�»cgY[iyu$toepfQ~qY�cgj=�[�[is�yv©f�~[�sfoaqfQe/ed]B~[ed]@u�]Ba?cgf0cgikjTa�jo�
cgY[]2¡ ¢ £G¥s¥k¥s£�¡ ¦ «�X+Y[]Bud]�v�iyfQtTegfo\nu��(ik�s�8� ]��qu�]@v�cdj¯�?iyud�qfQ�sik¼B]ncdYq]�eg]Bud�[�kcgu$jo�·f=h�jT\'~[�k]G�©ed]@³T�q]Bu�c
jTa©fQaw��isaqv�]G��]Bv��wisv[]Gj=v[fQcgfQ� foud]o«½`ba��¾fTh�cBr
u�� hpY¿f­ed]B~[eg]Bud]Ga?cgfQcdisjoa�fQ�s�kj0��u¬cgY[]2�qud]Ge$cdj=~V]Geph�]Bik�T]
udis\/�[�kcgfoa[]GjT�qu��s��cdY[]leg]Bud�[�µcpu·jo��Y[iyu®³T�q]Geg��foaqv�cgY[]�eg]G�s]G�0foaqh�]�jQ�KcgY[]lvqf0cgfo�qfoud]�fThGhGjoepv�ikaqtncdj�cdY[]
³?�[]Bed�T«
À­Á?ÂDÃgÄ/Å �0Æ
�o� �K�[�s]Ge/v[isfotoepfQ\nuGrDÇÈ]Ba[a©v�isfotoepfQ\nuBrVYw�w~V]GegtoepfQ~[YquBrDtoepfQ~[Yº~[�yfQaqfoedikc|�or½vqf0cgf��wiyu��qfo�µm
is¼BfQcdisjoa

É�ÊOË»Ì»ÊOÍ¿Ì�Î0Ï�Ð0Ñ?ÒgÓ?ÏpÎBÑTÔbÕ�ÖT×TÔ�ØBÓTÏpÒ
ÉdÉ ÊOË8Í·ÖoÙ�ÔbÚ�ÛbÑTÔ»Ü'Ø�Ô|Ó?Ò@Öw×TÔ�ØBÓTÏpÒ



���������
	�����
�����������������	���	�
 �"!$#%�%&'
��(��)��()*�������+�,�-	��$�����/.��
#0!��,�213
�!5476'�8

�

��� ����� � ��� ]Gc�fQedcdiyh��s]·\'joa?cdeg]�v[]�\nfQaqikZBed]¬h�joa u|cged�qh�cdis�o]��	� ]���iyu|cg]GaqhG]�v
� �[a[]®eg]G~[egxBud]Ga?cgfQcdisjoa²udjo�qu
� jTed\']¯v[]�v�iyfQtTegfo\l\']=fo~[~ ]B�kxB]¯v�iyfQtTegfo\l\']=v
� �K�[�s]Ge�x�cg]Gaqv[� v�]=cgjo��cg]¯h�jT�k�s]Bh�cdisjoa�v
� ]Ga u�]B\/�[�s]Bu
¡ ¢ £G¥s¥k¥s£�¡ ¦ ~Vjo�[e�§ ¨�ª[« � ]Bu2v[isfotoepfQ\'\']Bu²udjoa?c�fTv[fQ~�cgxBu2~ jT�[e2eg]G~[egxBud]Ga?cg]Ge²�s]Bu�ika h��s�qu�isjoa u²]�c
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X+Yqisu+~qfo~ ]Be(isu·u|cged�qh�cd�[eg]Bv�fou8� jT�k�sj0��uB°
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tTegfo~[Y[iyh¬ed]B~[ed]@u�]Ba?cgf0cgikjTa2�(Y[iyhpY­u�Yqj0��u+ika�� jTed\nfQcdisjoa�fQ�Vjo��c(cgY[]$u�]Gcgu�foaqv�cdY[]Bike·ika?cd]Begud]Bh�cdisjoaqu+jTa�f
~q�sfoa[]o« N½]Gc4s!�"�6s ¢ £ s#�o£G¥s¥k¥s£�s �%$ ��cgY[]nh�jo�s�s]Bh�cgikjTa¯jo�8fQ�s��~ j?ududis�[�k]lisaTcg]Gepu�]@h�cgikjTaqu¬� ]Gc|�»]B]Ga=cgY[]'¡ ± «
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jEk lUm>0]m�X+Y[]bN���hGjoa[a[]@h�cg]Bv��sfo� ]B�k�s]Bv�toepfQ~qY��[�qik�kc·�w�2h�jT\'~[��cdisa[t'cgY[] �q±�fQaqv�cdYq]$h�joegeg]Bud~ jTaqv�isa[t
]G�wcd]Ga v�]Bv��K�[�s]Ge�v[isfotoepfQ\
�Um�; � Å � ���	��� k¾Å
�
rº]¬Yqf¤�o]®u�Yqj0�(ancdYqfQc+cdY[]Bed]¬]���iyu|cpu8f�~[�yfQaqfoe-N���h�jTa[a[]Bh�cd]@v²toepfQ~qYn� joe(fQaw�nh�jT�k�s]Bh�cdisjoa�jQ��isa?cd]Gepud]Bh�m
cgikjTaqu��V]�c|�8]G]Ba­�[~�cdj�]GistoY?c·ud]�cgu4�B¡2¢¤£B¥k¥s¥ ¡ � �T« X+Yqisu·~[�sfoaqfQe�N���h�jTa[a[]@h�cd]@v�toepfQ~[Y­hGfoa­� ]��qud]Bv�cdj
�q�[ik�yv�fQa�]��wcd]Baqv�]@v����[�k]Be·v�iyfQtTegfo\ ed]B~[ed]@u�]Ba?cdisa[t �@¡2¢@£G¥s¥k¥ ¡ � �T«
`ba?cg]Geg~[ed]Gcdisa[t/jT�[e8�»jTe�P'�qudikaqt,\TjoY[aqudjoa�fQaqv2z
jT�k�yfWP � u�aqjQcdisjoa2jQ��~[�yfQa fQegiµc|� T \oz�Mw�yX �»]¬Yqf¤�T]�udY[j0�(a
isa�cdY[iyu+~qfo~ ]Be(cdYqfQc�fQaw�²Yw�w~ ]BedtTegfo~[Y2Yqf¤�wisa[t'f0c�\'jTu�c(]GistoY?c(Y?�w~V]Geg]Bv�tT]Bu+iyu+�o]Be�cg]��wmO~q�sfoaqfQe@«
rº]�foed]�h��[eged]Ba?cd�s���8joe Pwikaqtnjoa­cgY[]�fo�ktTjoegiµcgY[\ cgj2~[egj�v��qhG]$cdYq]/~[�yfQaqfoe·tTegfo~[Y=fQaqv­cdY[]l]��wcd]Baqv�]@v
���[�k]Be�v�iyfQtoepfQ\�«
a·j0�»]B�o]BeBr�cgj�eg]BfThpY�cdY[]l~[�[eg~VjTud]Bu¬v�]Bugh�egik�V]Bv=ika¯cdY[]lika?cgedj�v��qh�cdisjoa½rViO« ]T« cgj�hGed]@f0cd]lf2ud]G\nfQa?cgishBfQ�s�k�
u�cdeg�qh�cd�[eg]Bv�\nfQ~¯jQ�ÈcdYq]/eg]Bud�[�µcpu·jo��f²h�jT\'~[�k]G�=³T�q]Geg�orq�8]/Y f¤�o]®cdj�fov[v[ed]@udu�f'� ]G� \'jTed]�cpfou�PD«q`ba�m
v[]G]Bv½rw� joe+\'jTu�c8jo��cdYq]®hGjo�s�k]@h�cgikjTaqu8jQ��isa?cd]Gepud]Bh�cgikjTaquBrTcgY[]Geg]¬]���isu�cgu+\nfoa?�n~q�sfoaqfQe8toepfQ~[Y u8ugf0cgisu�� �wikaqt
cgY[]/hGjoaqu�cdepfQisa?c�jQ��N���hGjoa[aq]Bh�cgik�wikc|�orqfoaqv�cdYq]/toepfQ~qY��q�[ik�kc·� egjo\ cdYq]$~[egj?jo�È\'f¤��a[joc·� ]/cdY[]/\lj?u|c
fTv[fQ~[cd]Bv�cgj�jo�[eK~q�[ed~VjTud]BuB«oX+Y[]Ba²f0cÈcgY[isu�toepfQ~[Yl�s]G�o]B� rT�»](\nf¤��Yqf¤�o]8cdj/ika?cdegj�v��qhG]�u�jT\l](tTegfo~[Y[iyhGfo�
hGedikcd]Bedisjoa²cdj'~[egj0�?iyv�]�cdY[]®�qud]Ge8cgY[]®\lj?u|c(eg]BfTv[fQ�[�s]�v[isfotoepfQ\�«�e­joeg]Gj0�T]Ge@ro�8]¬u�cdis�k� Y f¤�o]�cdj�¶qaqv�cdY[]
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' Á � �¿� 0Um N½]�c �,f�u�]Gc®jo�»�yfQ�V]G�s�k]@v¯�T]Gedcdiyh�]@u�jTa 
 fQa v ��� / � � ' � 16�<3p« `U�r mT�� �#1-
 3 � 2�fQa v
 +T�� �#16��� 3�� 
lcdYq]Ga ��
� 1-
·£��93»iyu+a[joc�]G\'~�c|�o«
$���!y!$# � � � � � � � � � � N � �  «
Ã6noÃn´w�[~[~VjTud] �D/ �  foaqv 5  / �����
	61/�V£�� � 3�«ÈX+Y[]Ga½rÈfTu 
 �¹§ � | ' 3��m� �L� 9�� ��� � | ' 3��m� 9�� ��� N� r
� u�isa[tn~[egjo~VjTudiµcgikjTa � R �oY+�8]�Yqf¤�T]o°�b 1 ± / ���or  mT�� �#1-
 � ( � 1!1 ± 3
3 � �o«�[�u� mT�� �#1-
�3�� 2[r�b 1 ± / ���or
R71/1 ± 3��J
 � ( � 1!1 ± 38foaqv­¸���v�jw]Bu+a[joc(hGjoa?cgfoika�fQaw�²]@v�to]T«
rº]8ikaqud]Gedc �¬isal¸��8fQaqv®cgY[]8toepfQ~[Y�¸<1'
�£=����� � ���?£�� � � 1!� £�1 ¢ 3p£ 1/�V£A1 � 3p£ 1/�V£A1rN 3�£ 1!� £�1  3%� 3 iyu�~[�sfoaqfQe
foaqv N���h�jTa[a[]@h�cd]@v «
��u�isa[t�~[edjT~ j?u�ikcdisjoa¯� R ��Y�rD�8]/Yqf¤�T]o°DfQaw�­u��[� u�]GcC5 jo��� hGjoa?cgfoikaqika[t ��foaqv¯ud�qhpY­cgYqf0c�
 1�5 3 �

 16��� 3�\��qu|c$Y f¤�o]l\ljTed]lcgYqfQa�� jo�[e/�o]Gedcdiyh�]@uG« X+Yw�quBr½fQaw�=�T]Gedcd]�� ��lK�V]G�sjoaqtoisa[t2cgj � ± �(ikcdY�*H� 

iyu$ud�qhpYºcdYqfQc�R51!��l 3�YqfTu�]��[fTh�cd�s�=jTa[]n�sfo� ]B� d�lKa[jQc$isa�R51!� 3�«ON�]�c.1 ± /����²uB« c@«"d�l0/pR71/1 ± 3�«�X+Y[]
isaqud]Gedcdisjoanjo�4��lVisa�¸���isu8v�joaq]·�w�lhGed]@f0cgika[t�f$~qfQcdY 1!� £���l £A1 ± 3È~ fQepfQ�s�k]B�[cdj/cdY[]¬]Bv[to]41!� £�1 ± 3pR¾h��|«w�s]�� c
tTegfo~[Y2jo��¶ to�[eg]¬��Y�«qX+Yqisu(jT~ ]BegfQcdisjoa��k]@fov[u8cgj'f'~q�sfoaqfQeEN���hGjoa[aq]Bh�cg]Bv�toepfQ~[Y�«
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jEk lUm��]m^ mT�� ��1'
�3�� 2'fQaqv1 mT�� ��1���� 3�� 
q«od�a�cgY[]��k]G� cB°qcdY[]�isaqud]Gedcdisjoa�jQ��]G�s]G\']Ga?cgu+jo���� /hGjoaqudisu�cgu
isa=h�eg]BfQcdisa[tl� jo�[e�~[isa�P�]@v�to]@u+� joe�cdY[]�¶ egu�c·]G�s]G\']BaTc���fQa v2c|�8jn~[isa�P�]Bv�tT]Bu+� jTe�cdYq]$a[]��wc·jTa[]o«)d�a
cgY[](\'isvqv��k]T°0cdYq]8tTegfo~[Y,�  isu�eg]G~[�yfohG]Bv��w��cdY[](egistoY?cd\'jTu�c�toepfQ~[YlfQaqv/cdY[](isaqud]GedcdisjoaljQ� cdY[](�T]Gedcdiyh�]Bu
jo� � � R eg]Bud~½« � N Y+foed]�cdepfQa u|� jTed\']Bv R cgY[]/h�jTedeg]Bud~Vjoaqv�]Baqh�]�isu�tois�o]Ga��w�²cdYq]$h�jo�sjoepu+Y�«
Ã � Ã·´w�q~[~ j?u�].�� $iyu+]G\'~�c|�o« X+Y[]$h�jT\l~q�k]Gcd]®toepfQ~[YO�� �iyu+~[�sfoaqfQe�foaqv�h�joa?cpfQisaqu�¸��Q«
��u�isa[t=hGjoegjo�s�sfoedis]Bu®^­fQa v V�r½�8]<Pwa[j0��cgYqf0clfQaw�¯]B�k]B\l]Ba?c/jQ� ����fQaqv � N2hBfQa�� ]2ikaqud]Gedcd]@vºika �� 
�(Yqik�s]bPo]B]G~[isa[t'~[�yfQaqfoedikc|�²�(Y[]Ba�]B�o]Bed�²�T]Gedcd]G� �2jQ� � N®isupN���h�jTa[a[]Bh�cgfo�[�k]¬cgj²flud]�c�jo�
�T]Gedcdiyh�]@u 5sN
ugf0cgisu�� �wikaqt{
 165 N 3»¨ �w«
N�]�c��qu�a[j0��ud�[~[~VjTud]»cdYqfQc��Mh�jTa?cgfQisaqu�c|�»j¬�o]Be�cgishG]Bu�jQ� � N r �$fQaqv ��l rQu�� hpY$cdY f0c 5 N �<5 N 1!� £=� � 3��
5 N 1!��lO£=� � 3+ugf0cdiyu�¶q]Bu. mT�� �#1-
 165 N 3 3 � �w«�rº]/a[jocd].1 � cdY[]��o]Gedcd]G��jo� � � � 5 N fQaqv d � � 
 � (�� 1/1 � 3p«
rº]�Yqf¤�T]·c|�8jnhGfoud]Bu»cgj²h�joa u�iyv�]Ge@°
� mfb��V£A��l4/&� N fTududj�h�iyf0cd]@v�cdj 5 N r"e:1 � /%5 N �(ikcdY^
 � 9�� 1/1 � 3 3XR51!� 3 � 
 � 9�� 1!1 � 3 3XR71/��l 3p«
X+Yq]Ga�fQ�s� cdY[]��T]Gedcdiyh�]@u»jo��� N fougudjwhGisfQcd]@vncdj 5 N fQeg]®ika u�]Be�cg]Bv�ika=¸ � fou+isa�¶qto�qed]$� R>QEY�«
�"m e:�V£A� l /�� N fQaqv 5 N � � 1·¢¤£�1 � £A1 N ��o�� � ud�qhpY'cdYqfQc 
 � 9�� 1/1 � 3:3$R51!� 3Hn�J
 � 9 � 1/1 � 3:3$R51!� l 3
� jTe4�9� �o£Z�[£ �q«[X+Y[]Ga��»]®Yqf¤�T]o°
> �'�!�"� ���*�	��
 ��
�
�� ��(/. foaqv �'�!�"� ��� ��
 ��� (/���!�"� ��� ��
�
����-(�� °
iµ�  mT�� ��1'
 1 � � £�� l � 3�� �wr 
 1 � � £�� l � 3��J
 1�5sN 3»�(Y[iyhpY�hGjoa?cdepfov�iyh�cpu8~[edjT~ j?u�ikcdisjoa��²��«
N½]�c�� u+a[jQcg]�R51!� 3�� �Ud ¢0£Zd � £)d N �/fQa v�R71/��l 3�� � d�l¢ £Zd>l� £Zd�lN �?«
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 � ��K

>��������	� � � ������� �)��

����� ��� � �-(�� foaqvHR51!1
� 3�� � d �0£)d�l� £Zd | �K�(iµcgY �Ud | �,�J
 165 N 3�� 
 ��165 N 3�°
u��[~q~ j?u�]$e 1 ± /�5 N·uB« cB«� mT�� �#1-
 � 9 � 1!1 ± 3
3�� �[rTcdYq]Ga½rwfou  mT�� �#1-
 165 N 3 3�� ��r6b 1
�$/ 5sN ��� 1 ± �Tr
 mT�� �#1>R71/1
� 3
3�� �[«ÈX+Y?� u��;� � � £�� l £A1 ± ��iyu'u�� hpY¿cdY f0c 
 1��,39� �=foaqv � � � 5 N��(Y[iyhpY
h�joa?cgegfTv�ish�cgu8~[egjo~VjTudiµcgikjTa��²��«

> � � � 
 ��� ��� 
 ����� ����
� � ����#����( �3# � rq�qudikaqt²~[egjo~VjTudiµcgikjTa �2foaqv�cdYq]$�¾foh�c�cdY f0c���fQaqv���l
� ]B�kjTa[tlcdj � N «

rº]2ud�[~[~VjTud]n�(iµcgY[jo�[c/�kj?udu®jo�(to]Gaq]GepfQ�siµc|��cgYqf0cCR71/1 � 3�31R71/1 � 3 � v[r�fQaqv�hGjoaqudisv[]Ge�cgY[]n\'isv[v[�k]
tTegfo~[Y2jo�½¶qtT�[ed]��q«�rº]�hGfoa[a[jQc(isaqud]Gedc��2foaqv ��l isaO�  �w�2hGjoa[aq]Bh�cgikaqt	�²foaqv ��lD�(ikcdY�cdY[]®�T]Gedcdiyh�]Bu
jo�)5 N �(iµcgY[jo�[c��[eg]Bf*P?isa[t�cgY[]2~[�yfQa fQegiµc|��jQ�(cdYq]2eg]Bud�[�µcgikaqt=toepfQ~[Y�«]r�]2cdY[]Ba¿eg]G~[�yfohG]/�  �w�ºcdY[]
egistoY?cd\'jTu�c(toepfQ~[Y�¸Hl½jo��¶qtT�[ed]$�qr[v�]G�s]�cgikaqt'cdY[]�]@v�to]@u 1/1 � £�1 � 38foaqv71/1·¢¤£�1 N 38fQa v�hGjoa[aq]Bh�cgikaqt 1 �
�(ikcdY$�¿fQa v&��l¾«&rº]�a[j0� Yqf¤�T]²cdj�udY[j0� cdY f0c'cdY[]��T]Gedcdiyh�]Bu�jQ�C� � fTududj�h�iyf0cd]@v�cdj � 1·¢0£A1 N �­fQa v
cgj � 1 �o£A1 � ��hGfoa¿� ]�isaqu�]Be�cg]Bv��V]�c|�8]G]Ba©c|�»jºfov¤{�fTh�]BaTc��o]Gedcdiyh�]@u$jo��¸Hl8foaqv�cgYqf0clcdY[]��o]Be�cgishG]Bu$jo�
� N$fTududj�h�iyf0cd]@v²cgjncdYq]��¾fohG]Bu 1!1 �T£A1 �T£A1rN 3�r�1!1 �T£A1 ¢ £A1 � 3+fQaqv71!1 �T£A1 ¢ £A1rN 3(hGfQa��V]/isaqud]Gedcd]Bv�isaqudisv�]
�¾fTh�]@u+jQ��¸HlO«
N�]�c01��V]$f��T]Gedcd]G�²cdj'�V]�ikaqud]Gedcd]@v2isa=¸Hl3R 1 /��	��1���� �2� � £���l � 3$Y�«�rº]�Yqf¤�T]o°
> �'�!�"� ��� � � � �
��% rwjQcgY[]Geg�(iyu�]TrT�8]¬hBfQa2¶qaqv�f/ud�[�qud]�c � jQ� ��ud�qhpY²cgYqf0cr
 1��,3'�J
 16��� 3�fQa v
� � � ���T°
`U�! mT�� �#1>R71/1,3 3 � 
'foaqvXR51!1,38h�jTa?cgfQisaqu�d �or[�»]¬cpfWPo]�� � � 1$£A1 ¢ £A1 �o£�1rN �T«
`U�� mT�� �#1>R71/1 3
3 � 
/foaqv{R51!1,3Èv[j?]@uKa[joc»h�jTa?cgfQisa�d �+cgY[]Ga²�8]·hBfQa'¶qaqv 1 ± fQaqv 1
�·isa 5sN�u�� hpY
cdYqfQc�� � � 1$£�1 ± £�1 �o£�1�� �$ugf0cdiyu�¶q]Bu0
 1��,3��D
 16��� 38foaqv � � � ���o«

> � � � � hGfoa[a[joc+hGjoa?cgfoika²�VjQcgY � 
 fQaqv �"! jTe»�VjQcgY � � foaqv ��
� r ��#%$ rwjQcgY[]Geg�(isud]/r��8]�hBfQa2¶qaqv2f
u��[� u�]Gc �MjQ� � u�� hpY2cgYqf0c�
 1 �,3'�k
 16��� 38fQaqv � � � ���Tr[�(Y[iyhpY�h�joa?cgegfTv�ish�cgu8~[egjo~VjTudiµcgikjTa�� «

X+Yq]Ga½r0R71/1,3�h�jTa?cgfQisaqu�joa[]ºjoe�c|�8j��yfQ�V]G�yu2cpfWPT]Ga � egjo\ � d ± £Zd>l� ��fQaqv f0c�\'jTu�c�jTa[]¯�yfQ�V]G�¬� egjo\
� d �0£Zd | £)d �?£Zd�l� ���(ikcdY ����*.n� � n� !:���qr[fQaqv½°
R f�Y»`U�!R51!1,3�o�
 165 N 3�r�cdYq]Ga½r+1 iyuEN���h�jTa[a[]@h�cgfo�[�s]�]BiµcgY[]Ge+cgj � � £�1 � �?rwcdj0� �V£A1 ¢ �?rwcdj0� �V£A1rN �Trwcdj
� ��l £A1 ¢ �$joe8cdj � ��l £A1 � �?«
R¾�oY/`U��R51!1,3 � �Ud �o£Zd ± £Zd l� ���(ikcdY�d ± jTe�d l� /fR51!1�� 3�cdY[]Ba%1�/ �#��foaqv 1,isu N���hGjoa[a[]@h�cpfQ�[�s]ncdj
� 1 � £A�#��joe+cgj � 1 � £���l �
R hyY»`U�"R71/1 3�� � d � £Zdy±�£Zd>l� �®�(iµcgY � dy±|£)d�l� � 3�R71/1 � 3��Jv$cdYq]Ga 1 /�� N fQaqv 1MhBfQa�� ]®isaqu�]Be�cg]Bv�ika�joa[]
jo��cgY[]®cdegisfoa[to�q�sfoe»�¾fTh�]@u+jQ�K¸Hl½fov¤{�fTh�]BaTc+cgj 1 � «
X+Yw�qu�cdYq]»isaqud]Gedcdisjoa$jo� fQaw�C1 /�� ��1�� � � � �V£A��l � 3Disal¸Hlwiyu�~VjTugudik�[�s]+fou�ika/¶qto�[eg]»��fQaqv�cdY[]+eg]Bud�[�µcgikaqt
tTegfo~[Y2iyu(~[�yfQa fQe(fQaqv N���hGjoa[aq]Bh�cg]Bv « -.

' Á � �¿� �Um N½]�c �,f�u�]Gc®jo�»�yfQ�V]G�s�k]@v¯�T]Gedcdiyh�]@u�jTa 
 fQa v ��� / � � ' � 16�<3p« `U�r mT�� �#1-
 3�¨ 2�fQa v
 +T�� �#16��� 3�� �/cdYq]Ga � 
� 1-
·£��93»iyu+a[joc�]G\'~�c|�o«
$���!y!$# � N�]�c�¸�� 1-
�£=���o£���� 3»�V]$f N���h�jTa[a[]Bh�cd]@v2~[�yfQa fQe+toepfQ~[Y�« Q»�2�k]B\l\nf V�r � �8����� �#��� �LNo«
� N(iyuÈ]G\'~�c|�D°Tikaqv[]G]Bv½rQiµ�"e:��/�� N+cgY[]Ga'� jTe 5sN�/�� ����	 1/�V£���� 3�ro�8](\/�qu�cKYqf¤�T]� mT�� �#1-
 165 N 3 38¨ 0
�V]BhBfQ�qud]� mT�� ��1���� 3�����foaqvX mT�� �#1-
 165 N 3
3 �10��w�²~qedjT~ j?u�ikcdisjoa � R¾f�Y�«
X+Yq]Ga �8]ºYqf¤�o]�cdj%u�Yqj0�¹cdYqfQc­foaw� �o]Gedcd]G� jQ� �#��hGfoa �V]ºisaqud]Gedcd]@v�isaM¸��º�(Y[is�k] Po]B]G~[isa[t cdY[]
N���h�jTa[a[]Bh�cdis�wiµc|�²foaqv�cdY[]�~[�yfQa fQegiµc|�T«
[�u. +T�� �#1-
 � 1���� 3
3�� �²foaqvs +T�� �#1-
 3$� ��ru
 h�jTaTcpfQisaqu�]BiµcgY[]Ge®jTa[]/�yfQ�V]G�4dÈjTe�c|�8j2�yfQ�V]G�yu�dKfQa vsd l
�(YqishpY�fQeg]®a[jQc(isa1
 � 1�� � 3p«�rº]$h�jTaqudisv�]Be+cdY[eg]G]�hBfoud]BuB°
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jEk lUm*n��Um  mT�� ��1'
�3�¨ 2²fQaqv1 mT�� �#16� � 3�� ��«qcdY[]$cdY[eg]G]/hBfoud]BuB«qX+Y[]$isaqud]Gedcdisjoa�jQ�Kfoa?���o]Be�cg]���jo� � �
hGjoaqudiyu|cpu»isa­h�eg]BfQcdisa[t'joa[]®jQ��cdY[]�eg]Bv�~qfQcdYquB«
� mr
!��
 ��16��� 3�� �Ud|£Zd l �¯fQaqv a[j©�T]Gedcd]��¿jo�2���­YqfTu'� jocdYJd¬fQaqvDd l ika ikcgunud]�c²jo�¬�yfQ�V]G�O«�X+Y[]Ba
���lh�joa?cpfQisaqu�c|�8j2�yfQ�V]G� ��v�iyu {|jTika?c¬�o]Gedcdiyh�]@u 1 ± fQaqv 1 �?«H[�uHd�fQaqv�d�l�~[�yf¤��cgY[]'udfo\l]�edjT�k]Trq�8]�\nf¤�
hGjoaqudiyv�]Gel�(iµcgY[jo�[c'�sjTuguljQ�·tT]Ga[]Begfo�kikc|�ºcdYqfQc 1 �o£�1 �w£A1 � Yqf¤�o]1d�isa�cgY[]Gisenu�]Gcgu'jo�·�sfo� ]B�su'foaqv¿cgYqf0c
1 ± fQa v 1 � Yqf¤�T]�d�l¬isa cgY[]Gise­u�]Gcgu�jQ�l�sfo� ]B�suB«(X+Y[]Ga cdYq]�tTegfo~[YM¸��ºYqf¤�wisa[t¿cgY[]©u�]Gc�jo��]Bv[to]Bu
�
� � ��1/1
�T£A1 � 3�£ 1!1 ��£A1 � 3p£ 1/1 ± £A1 � 3%��iyu:N���h�jTa[a[]Bh�cd]@v fQaqv ~q�sfoaqfQe@«�[�aw�%�o]Be�cg]��$� jo�	����Yqfou
flud]�c+jQ���yfQ�V]G�yu8jQ�½cgY[]¬� joeg\ R51!� 3�� � db£Zd i � i � ± � � �Tr�R51!� 3�� �Ud>l¾£)d i � i � ��� ��� � �¬jTe�R71/�
3�� �Ud ± £)d � ��fQa v
hBfQa�� ]�isaqud]Gedcd]@v2isa=¸ � �?��fov[v�isa[tnjTa[]®jQ��cgY[]�eg]Bv�~qf0cgYqu(jQ��¶qto�qed] KB� [/«
�"mF
 �J
 � 1�� � 3 � � db£)d�l �$foaqv�f'�T]Gedcd]G� 1+±KjQ� � � hGjoa?cgfoikaqurd
fQa v1d>lDika�ikcgu(ud]�c�jo�
�yfQ�V]G�yuG«[X+Yq]Ga�cdY[]
tTegfo~[Y©¸ � Yqf¤�wisa[t�cdY[]�u�]Gc/jQ�(]Bv[to]Bu � � ��� 1/1(±d£A1,3+t 1 n� 1(±'TT§ � 1;/<� � �²iyu�N���hGjoa[aq]Bh�cg]Bv�fQa v
~q�sfoaqfQe@«�[·a?�'�T]Gedcd]�� �'jQ� � � hGfQa2� ]¬ika u�]Be�cg]Bvnisa�¸ � �w�'fTv[v�isa[t/jTa[]·jo� cdY[]¬eg]Bvn~qfQcdYqu»jQ� ¶ to�[eg]�K@�
Q¬«
� m	
 �G
 ��16��� 3 �5�Ud �T«qX+Y[]Bed]�isu�joaq]/�o]Be�cg]���1 ± jo� ���lud�qhpY­cdY f0c$
 � ( � 1!1 ± 3 � �Ud ± ¢ £Zd ± � �lfQa v�cdY[]
jocdY[]Be(�o]Be�cgishG]Bu�1
�®jo������fQeg]�u��qhpY�cdY f0c�R71/1
� 3�� � d �o£Zd �¬�(ikcdYc
 � ( � 1/1
� 3�� �Ud � �?«
X+Yq]Ga�¸�� 1-
�£=���T£��
� 3½isu
f�ud�[�[toepfQ~qY�jQ��cdYq]�toepfQ~qY®� joeg\l]@v��w��f�h�jT\l~q�k]Gcd]�tTegfo~[Y �� »joa�cgY[]��T]Gedcdiyh�]Bu
jo�B��� ��� 1 ± ��fQaqv2�w�²fQa2]@v�to]<1/1 ± £A1
� 3�R¾h��|«w¶qto�[eg] KB� � «_Y�«�`U�	R51!1 ± 3»h�jTa?cgfQisaqu0dbr?cdYq]Ga �#�®iyu»]B\'~�c|�o«
`ba�cgY[]2jocdY[]Be�hBfoud]orB�#�2hBfQa©�V]�hGjo\'~ j?u�]@v�jQ�+c|�8j=�o]Be�cgishG]Bu2��fQaqv���l»�(iµcgY R51!� 3<�;�Ud ± ¢ £)d �2fQa v
R71/� l 3�� �Ud ± �Q£)d �?«
X+Y[]�isaqu�]Be�cgikjTa¿jQ�·cdY[]@u�]��o]Be�cgishG]Bu�ika ¸���hBfQa � ]�\nfov�]��w�¿fov[v�isa[t�cdY[]�~qfQcdYqu
1!1
�o£A�V£A1 ± 38fQaqv51/1
�T£���l £A1 ± 3p« -.

' Á � �¿� n �]m N½]�c � f�ud]�c®jQ�8�sfo� ]B�k�s]Bv¯�o]Be�cgishG]Bu�joa 
MfQa v � � / � � ' �
1��93�« `U�� mT�� ��1'
�3 � 2�fQa v
 +T�� �#16� � 3�� �[r�� 
� 1-
�£=�93»iyu+a[jQc�]B\'~�c|�o«
$���!y!$# � [·aw�$�o]Be�cg]��/jo� � � YqfouÈfQcÈ�k]@fou�c
c|�8j®�sfo� ]B�su�isa'iµcpuKud]�cKjQ�V�sfo� ]B�suB«oX+Y[]Ba½rQfou  +T�� �#16� � 3�� �¬fQa v
 +T�� �#1-
 3���2qrT�8]�Yqf¤�T]� mT�� �#1-
 � 1�� � 3
30���®foaqv'isa2fQaw�'u��[� u�]Gc#57jQ� � � hGjoa?cgfoika[isa[t�cgY[eg]G]��T]Gedcdiyh�]Bu
cgY[]Geg]'isu/f0c��k]@fou�c$joa[]'�T]Gedcd]�� 1+±·u��qhpY�cdY f0cC mT�� ��1'
 � (�� 1/1(± 3
3 � �T«]e­joeg]Gj0�T]Ge@r � u�isa[t�cdY[]2ed]@u��[�kcgu
jo�È~[edjT~ j?u�ikcdisjoa��LR f�Y�r fQaw� �1/ � N isu�u�� hpY�cdYqfQc. mT�� ��1'
 165 N 3
3�� 0l� joeC5 N / ������	 1/�V£�� � 3+fQa v
R71/�
38hGfoa[a[joc(hGjoa?cgfoika�joaq�k�²�yfQ�V]G�yu8� egjo\ 
 � 1�� � 3p«�rº]�Yqf¤�T]·cgY[ed]B]�hGfoud]Bu8cgjnh�joa u�iyv�]Ge@°
� m"
 �M
 ��16��� 3��5� d �T«or�] Pwa[j0��cgYqf0c®iµ� �s/&�LN�cgY[]Ga^d�/�R71/�
3�fQaqv d�/^
 � 1�5sN 3p«½X+Yw�qu·cdY[]Bed]
foed]l�'�o]Be�cgishG]Bu 1���fQaqv�1 ¢ ika 5sN/�(Y[jTud]/ud]�cgu�jQ�K�yfQ�V]G�yu·v[j2a[joc¬h�jTa?cgfQisasdb«Hf
iktT�[ed]:K*K:R [�Y�u�Y[j0��u
cgY[]¬�[a[iy³T�q]¬hBfoud]�ugf0cdiyu�� �?isa[t'u�� hpY2h�jTaqu|cgegfoika?cpuG« [�aw�njQcgY[]Ge8�o]Be�cg]�� ��lDjQ�B� N¬Yqfou0d½isa�hGjo\'\'joa²�(ikcdY
��fQaqv�hGfoa��V]�ika u�]Be�cg]Bv�ika 5*fou(udY[j0�(a�isa�¶qto�[eg]®� R>QEY�«
N�]�c 5 l � ��� ��� 1��o£A1 ¢ �?«
`U��1 ± / 5 l8cgY[]GapR71/1 ± 3�� �Ud � 1!1 ± 3p£)d �T«�X�j7N���h�joaqa[]Bh�c_d|r
�8]�a[]G]@v
cgj�fTv[v¯�2]Bv�tT]Bu�� ]Gc|�»]B]Ga­cgY[]n^²�T]Gedcdiyh�]Bu�jQ�#5 l¾« e­jTed]Bj0�o]Ge@r � hGfoa[a[jQc®h�jTaTcpfQisa¯f��o]Gedcd]G��� /&���
N���h�jTa[a[]Bh�cgfo�[�k]¬cgj@5 �Co<5 l½jQcgY[]Geg�(iyu�]�~[egjo~VjTudikcdisjoa��hR¾f�Y(�»jT�[�sv�a[joc�� ]�udfQcdiyu|¶q]@v «qX+Y[]Ba�cdY[]Bed]
foed]�c|�»j��o]Gedcdiyh�]@u�jo� ���¬�(Y[iyhpY2foed]�a[jQc+h�joaqa[]Bh�cd]Bv2a[]GikcdYq]Ge8�?�nfoa2]Bv[to]·jo��¸��¬a[joe»�?�²f/~qf0cgY2jo� ���
jTe � N «qX+Yw�qu8cdYq]�ed]@u��[�kcdisa[t'toepfQ~qY2iyu(~[�yfQaqfoeB«
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jEk lUm*nonHmM mT�� ��1'
�39��2qr" mT�� �#16��� 39� ��«O[/°	 +T�� �#1-
 � 1���� 3
39� ��«Or Yq]Ga R71/1�� 3$fQaqv R51!1 ¢ 3�v�j
aqjQc$h�jTaTcpfQisa¯cgY[]2hGjo\'\'joaº�sfo� ]B� dbrDcgY[]n]G�s]G\']Ga?cpu®jQ� � N hBfQaº� ]nisaqud]Gedcd]@v�� u�isa[t�cdY[]n�q�k�[]n~ f0cdY uG«
X+Yq]=ika u�]Be�cgikjTa jo�$fQaw��]B�k]B\l]Ba?c�jQ�.� � h�jTaqudisu�cgunisa hGed]@f0cdisa[t©jTa[]­jQ�®cdYq]¯eg]Bv ~qf0cgYquB« Q,fQaqv � °
 +T�� �#1-
 � 1�� � 3
3 � 0q«]r Y[]Ba�cdY[]²v[fTu�Yq]Bvº�kisa[]n]G�wiyu�cguBr�R51!1 � 3¬hGjoa?cgfoikaqu®]BiµcgY[]Ge�d8joeCd�l « d·cgY[]Geg�(isud]or
R71/1 � 3436�Ud|£Zd�l � �Av�«qX+Yq]��[�k�q]:R eg]Bud~½«[eg]Bv�Y8~ f0cdY u�h�jTedeg]Bud~ jTaqv2cdj'cdYq]$ika u�]Be�cgikjTa�jo���T]Gedcdiyh�]@u+jQ� � N
R¾ed]@u�~�« � � Y�«�Q¬°�R71/1·¢ 3Kh�jTaTcpfQisaqu0d½fQa v�d�l-P � °�R71/1·¢ 3Èh�jTa?cgfQisaqu0d�lVfQaqv R51!1 � 3�h�joa?cpfQisaqu d|«�Q fQa vn��°
 +T�� �#1-
 � 1�� � 3
3 � �[«oQ�° R71/1·¢ 3+h�jTaTcpfQisaqu � db£)d l £)d l l ��Pq��°D]@fohpY1R51!1(± 3�h�joa?cpfQisaqu·fQc·\'jTu�c�c|�»j2�sfo� ]B�su
fo\'joa[t_db£)d�l fQa vXd>l l « R71/1 ¢ 38h�joa?cpfQisaqu8�sfo� ]B�su�d
foaqvXd>l fQaqvXR71/1 � 38h�joa?cpfQisaqu8�sfo� ]B�"d�l l «
�"m9
 �k
 ��16��� 3�� � db£Zd>l �T« X+Y[]Bed]»isu�joa[�s�¬joa[]»�o]Gedcd]G��1��»jQ�����8u��qhpY®cgYqf0c  mT�� ��1-R51!1�� 3 3x
 � 1���� 3
3��k��«
`U� � N h�jTa?cgfQisaqu²f��T]Gedcd]G� �¿cgY[]Ga 5 N � � 1 � £A1(±�£�1 � �p/ �����
	 1!� £=� � 3'foaqv%�»]=hBfQa[aqjQc²Yqf¤�T]

 � (�� 1!1 � 3 o R71/�
3'�(ikcdY ! � *'joe
! � �q«Ed·cdY[]Bed�(iyud]or�iO« ]o«�ik�C
 � (�� 1/1(± 3 o R71/�
3ncdY[]Ba r�]Biµm
cgY[]GeX mT�� ��1-R51!1+± 3 32� ��fQa v ��� � 1 � £�� £�1 � ���»jT�[�sv �V]�ud�qhpY cdYqfQc � � � 5 N joe:R51!1+± 3 �
�U
 � (�� 1/1(± 3�£Zd|£Zd�l ��fQaqv �nisu+a[joc8isa�� N «[X+Yw�qu�R51!� 3�� �Ud � 1!1 � 3p£)db£Zd>l ��fQaqv�� N hGjoa?cgfoika u8fQc8\'j?u|c+c|�8j
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