
HAL Id: inria-00071728
https://hal.inria.fr/inria-00071728

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Pi-calculus and LCC, a Space Odyssey
Sylvain Soliman

To cite this version:
Sylvain Soliman. Pi-calculus and LCC, a Space Odyssey. [Research Report] RR-4855, INRIA. 2003.
�inria-00071728�

CORE Metadata, citation and similar papers at core.ac.uk

Provided by INRIA a CCSD electronic archive server

https://core.ac.uk/display/50453033?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.inria.fr/inria-00071728
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
48

55
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 2

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Pi-calculus and LCC, a Space Odyssey

Sylvain Soliman

N° 4855

Juin 2003





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	����
	������
�
�����������������
� �"!#�
$��%�&�'$

(&)&*,+.-0/213(%45*6/27�-.1

8'9;:=<?>
@BADCFE=G;HI>KJMLONPHMQRHI>=J
>RSTQRUVJWQ�X�JZY\[]<B^.LOJMHW_PX�>
`bacLOde>�Sgf LOGhScaiUVHMGhSc>jY

klUOm;m.LOacSon;>Fa�>=Qi9�>RaiQi9;>pG.q%rhsPtOtuAwvOX;HMGx@VyOyPzKA|{=}~m�UVNP>=Y

�����=�R���;�O�O��� >Tm;a�>=Yc>RGhS U�S�a�UOG�YcJMUVScHMLOG�LV��S�9;>gUPY\[]G�Qi9�acLPG;LOX�Y�m�H���QRUOJMQRX;JIX0Y�HMGPS�L
JMHIG;>jUVa�Q�LOG0Q�X;a�ac>=GhS
QRLOG�Y\ScaiUVHMGhSbJWUVG;NPX�UVNP>=YT�6��fof'���]UOG�n�X0Y\>TSc9�UVS S�a�UOG�Y\JWU�S�HILPG�UVG0n�Sc9;>Fa�>=Q�>=GhS�UOn;��UOG�Q�>jYbHMG�S�9;>FJILPNOHWQRUVJ
Yc>R<�UOGPS�HMQ=Y&LO����fof�S�LgNPHI�P>bUVG?UOQ=Q�LOX�GPS�LV��S�9;>'ac>jYeS�acHWQ�S�HILPGKLOm.>RaiU�ScLPa&HMGB��GhScX�H�S�HILPG;HMY\ScHWQ��ZHMG;>=UOa��&LONOHWQV 
8'9�HMY
UOJIJML�¡lY�X�Y�S�Lx>�¢�m;a�>=Y�YKUOYKUx�&HIG;>jUVaB�&LONPHMQ~Sc9�>RLOa�[O��U�G;LVS�HILPG£LO�'Ycm�UPQ�>�YcHI<�HMJMUOa�ScLx¡o9�UVSB9�UOY
a�>=QR>RGhScJM[£^0>=>RG¤HMGhSca�L�n�X�Q�>jn¥^][¦C�UO^;^�U�[¥UVG�n§`�H�ScS�Y?HMG¤<�L�n;UVJ�JILPNOHWQRY= ¨�©S?UOJMYcL¨m.>Ra�<�H�SiYBS�Lua�>RJWU�S�>
<�LPac>?Q�JMLPYc>RJM[
S�9;>�m;HI�©Q=UVJWQ�X;JMX�YFUVG�n¥fofªm�UVaiUOn;HINP<�YlSc9�UVSKm0>=LOm;JM>~90U��O>B¡'UVGhS�>=n�S�L�QRLO<�m�UVa�>
�«LPaFU
JMLOG�N~S�HI<�>P 
¬x­h®5¯�°B± ��²��O� `bH���QRUOJMQRX;JIX0YR��QRLOG�QRX;a�ac>=GPSoQ�LPG�Y\ScaiUVHMGPS'm;a�LONPa�UO<?<�HMG;N��]JMHIG�>=UVa'JMLONPHMQ



������� �B	�� ��	§��� �����������
�����
$��%���o� �
� 	��\�o�Z���
� �

�
	 ����
 	 � � LOX�Y�m;a�E=Yc>RGhScLPG�Y�X;G�>¨ScaiUOn;X�Q�S�HILPG3n�X m;HI��QRUVJWQ�X�JFUPY\[]G�Qi9;a�LOG�>��P>RaiY�JM>=Y
JMUOG;NPUONO>jY
JMHMG;E=UOHIa�>=YoQRLOG�QRX;aca�>RGhSiY�U��P>=QFQ�LPGPS�a�UOHIGhS�>=YK�,��fof'���;m�X;HMYlX�ScHMJIHWYcLOG�YlQR>�ScSc>�ScaiUOn;X�Q�S�HILPG�>RSlJI>jYoU���UVG�QRER>=Y
a�E=QR>RGhSc>jY�n�>gJMU
YcER<�UOGPS�HM_hX;>TJILPNOHW_PX�>Tn�>g��fof¤m0LPX;a LP^�Sc>=G;HMabX;G;>gac>=m;a�E=Yc>RGhS�UVScHMLOG�n�>lJ�� LPm0E=a�UVSc>=X;a n�>
a�>=Y\Sca�HWQ�ScHMLOG�>RGx�&LONOHW_hX;>K�ZHMG;E=UOHIa�>���GhScX;HIScHMLOG;G�HMY\Sc>P 'f >=QRHZG;LPX�Yom.>Ra�<?>RSTn�� >�¢�m;a�HI<�>RagQ�LO<�<�>�Sc9�ERLOa�HM>
>=G��ZLPNOHW_hX;>T�ZHMG;EjUVHMac>P�PX;G�>TG;LOScHMLOG�n�� >=Ycm�UPQ�>gYcHM<?HMJWUVHMac>��~Q�>=JIJM>Ta�E=QR>R<�<�>RGhS HMGhSca�L]n;X;H�S�>gm0UVa�C�UO^;^�U�[
>RS `�H�ScS�Y m.LOX�a JMUFJMLONOHW_hX;>�<?L�n;UOJI>P ��TG;>lUVX;Sca�>�QRLOG�YcE=_hX;>=G�Q�>'>=Y\S X;G;>'<�>RHMJIJM>RX�ac>oQ�LP<�m;acE=9;>RG0Y\HMLOG?n�>=Y
a�>RJWU�S�HILPG�Y�>RGhSca�>'m;HI�©Q=UVJWQ�X;J�>RS�JMUOG;NPUONO>=Y fofg�O_hX;H;LPGhS�ERScEoYcLOX;<�HWY��KQ�LO<�m�UOa�UOHMYcLOG~n�>Rm;X�HMY�JMLOG;NOSc>=<?m0YR 
� ± �j� ¯ ��� 	 �
� `�HI�©Q=UVJWQ�X;J2��m;a�LONPa�UO<?<�UVScHMLOG�QRLOG�QRX;aca�>RGhS�>FU��P>=QFQ�LOGhS�a�UOHIGhSc>jYF�;JILPNOHW_hX;>�JIHMG;E=UOHIa�>



���������
	��
��	���������������������� �!�"�$#&%'��()�$�
#
( z

* + � �-, �����
� �%� �
�

8'9�>
π
��QRUVJWQ�X�JIX�Y'90UOYg^0>jQ�LO<�>P�5YcHMG�Q�>~H�SiYgHMGhSca�L�n�X�Q�S�HILPG/. @Vz)0©��U�Y\S�UVG0n;UVain�m�UVaiUOn;HINP< �«LPaFYcm0>jQ�HI�«[]HIG;N

QRLOG�QRX;a�ac>=GPS
m�acL�Q�>jYcYc>=Y= u8'9;>�UOYc[]G�Qi9;a�LOG;LPX�YK�O>=a�YcHMLOG¥HIGhS�acL�n�X�QR>=n¦^][21�LOX�n�LPJ3. t40©��Sc9;LPX;NO9¤H�S�9�UOY
^.>R>=G�m;a�L��O>=n~JM>=Y�Y >�¢�m;a�>=Y�Y\HM�O>5. @�r�0©�]UVJMJIL�¡lY UK<�LPac>oa�>=UOJIHWYeS�HMQ�^.>R9�U��]HMLOa �«LPabn�HWYeS�acHM^;X�S�>=n�Yc[�YeS�>R<�Y�UVG0n
90UOY�Sc9�>Ra�>��«LOa�>F^0>=>RG�X�Yc>=n�UOY'^�UPY\HWY��«LOa'S�9;LPYc>O�]�«LPaoHIG0YeSiUVG�QR>FHMG�Sc9;>'deLPHIG;�©Q=UVJWQ�X;JMX�Y5.M{j@40© 

8'9;>BScL]LOJWYgX�Y\>jn�ScL�UVG�UOJI[�6R>
Sc9;>jY\>~JMUOG;NOX�UONO>jYR�;a�>R<�UOHIGx9;L�¡�>R�P>RaTQR>RGhSc>=ac>jnxUVa�LOX;G0n�Sc9;>~G;LVS�HILPG
LO���«^;HI�e�eYcHI<~X;JMUVScHMLOGZ�T¡o9;HMQi9&�T^.>RHMG;N¤�P>Ra�[ LPm0>=a�UVScHMLOG�UOJ6�oHWY
G;LVS�UVJM¡�U�[�Y�Y�U�S�HMY\�,UOQ�ScLPac[�HIG3Sc>Ra�<�Y�LO�
>R¢�m;ac>jYcYcHMG;NBn�>jQ�JWUVaiU�ScHM�O>=JI[�QR>RacS�UVHMG�9;HMNO9
JI>=�O>=J.m�acLPm0>=a\S�HI>jY UO^0LPX�S'QRLOG�QRX;a�ac>=GPS�m;a�L]QR>=Y�Y\>jYR �8'9;>F<�UVHMG
m�X;acm.LPYc>lLO��Sc9;HWY'UVacScHWQ�JM>lHMYbScL~m;a�L��hHWn�>TUBJILPNOHWQRUOJ0Yc>R<�UVGhScHWQRY�ScLBSc9;>�UOYc[]G�Qi9;a�LOG;LPX�Y

π
�©Q=UVJWQ�X;JMX�Y���UVG0n

S�9]X�Y�Sc9;>Km.LPY�YcHI^;HMJMH�Se[�ScL�X�Yc>FG�>R¡ ScL]LOJWY�ScL�a�>=UOYcLOG�UV^.LOX�Slm�acL�Q�>jYcYc>=Y= 
8'9;>=ac>�HMY~UxJILPG;NxS�a�UPn�H�S�HILPG¦LV�lQ�LP<�m�UVa�HMYcLOG¥^.>�Se¡�>R>=G¥Sc9;>xf LOG�QRX;aca�>RGhS?f LPG�YeS�a�UOHIGhS
`�a�LONPa�UO<?�

<�HMG;Nx�,UO<?HMJM[£LO�oJMUOG;NOX�UONO>jY7. @98:0oUVG�n¦n�H�;5>Ra�>RGhS~��UVa�HWUVGhS�YKLO�'Sc9;>
π
�©Q=UVJWQ�X;JMX�Y5<�fof ¡�UPY��«a�LO< Sc9;>

^.>RNPHIG�G;HIG�N�QRLOG�YcHMn;>Ra�>=n¨UPYFU
m;a�L�Q�>=Y�YFQRUVJWQ�X�JIX�Y=�59;L�¡�>R�O>=alS�9;>?�,UOQ�SFSc90U�S�Sc9;>�QRLOG�Y\ScaiUVHMGhSFY\ScLOa�>B¡'UOY
UOJI¡'U�[�YKNOa�L�¡oHMG;Nx<�LOG;LOScLOG�HMQ=UVJMJI[�<�UPn�>��P>Ra�[�HMG�QRLOG]�O>=G;HI>=GhS
Sc9;>
>RG�QRL�n�HIG�N¨LV�oS�9;>
<�>jYcY�UVNP>�m�UOY�Ye�
HMG;N¨m�acHM<�H�S�HI�P>=Y
LO�oSc9;>
LVS�9;>Ra~¡ >=JIJ>=hG�L�¡oG¦m;acL�QR>=Y�Y
QRUOJMQRX;JIH3.I{j})0© u8'9;>
n;>R�O>=JILPm;<�>RGhS=��HMG¥Sc9;>
JMUPYeS
n;>=QRUPn�>O�&LV�bS�9;>��ZHMG;>=UOaBf LOG�QRX;aca�>RGhSBf LOG�Y\ScaiUVHMGhSFm0UVaiUOn�HMNO< �6��fof'�TSc9�UVS
NO>=G;>RaiUVJMH�6=>=YKfof�YcHI<�m;JM[
^][�UVJMJIL�¡oHMG;N�Q�LPG�YeS�a�UOHIGhSTYc[�YeS�>R<�Yo^�UPY\>jn
LPG¨�ZHMG;>=UOal�ZLPNOHWQ�.I{=r�0%HMG�Y\Sc>=UPn�LV��Q�JWUOY�Y\HWQRUOJ�JILPNOHWQV�;NPac>jU�S�JI[
>R¢]Sc>RG0n;YlS�9;>?>�¢�m;a�>=Y�Y\HM�O>Km.L�¡ >=aTLO��fofg�5UPYlG;LPG¨<�LOG;LOScLPG;HMQB>R�PLOJMX�ScHMLOG�YTLV� S�9;>?Y\ScLPac>~UVa�>
m0LhYcYcHM^;JI>
S�9;a�LOX;NP9BS�9;>TQ�LPG�YcX;<�m�ScHMLOG�LV�ZQRLOG�Y\ScaiUVHMGhS�Y�^][?UPY�=BUONO>=GPSiY�. @Os��Or���{O{?02  8'9;HWY NO>=G;>RaiUVJMH@6=U�S�HILPG~UOJIJML�¡lYR�
UPYK¡�>�Y\90UVJMJ Yc>R>O�%�«LOa?Ux<BX0Qi9¦<?LPac>�G0U�ScX�a�UOJb>RG0Q�L�n�HMG;NxLV�om;a�L�Q�>=Y�Y
Q=UVJWQ�X;JMHbJMH�=P>��«LOa~HIG0YeSiUVG�QR>�Sc9;>
π
��QRUOJMQRX;JMX�Y��;UOY'¡'UOYoUOJIa�>=UPn�[�Y\X�NONO>jYeS�>=n�<?LPac>FS�9�UVG�Sc>=G�[O>=UOa�Y'UONOL?HIG2. @Vs)0© 
8'9;>=ac>B9�U��O>
UOJMYcL�^0>=>RGxJMLVSiYlLV� a�>=Yc>=UOa�Qi9�UV^.LOX�SoS�9;>~�%�¦^�UPY\>jn
JMLONPHMQ�m�acLPNOaiUV<�<�HIG;N�<�L�n�>RJWYlLO�

QRLOG�QRX;a�ac>=G�Q�[��«�«LOa HIG�Y\S�UOG�Q�>�.I{js)0 ����UVG�n?S�9;>Ra�>lHWYbU�JMLOG;N
9�HMY\ScLPac[~ac>=JMUVScHMG;N
�&��UVG�n?S�9;>Ffof§�,UV<�HMJI[�UOY
¡oHMJMJZ^0>K^�acHM>?A�[�ac>jQRUVJMJM>=n�HMGxY\>jQ�S�HILPGx@;  @!B9C�G�UVJMJM[�Sc9�>Ra�>FHWYoLPG;>�<�UOHIG�¡�LOa�=u� S�9;LOX;NP9
HISl¡'UOY'JWUV^.>RJMJI>jn
D m;a�>RJMHI<�HMG�UVa�[�ac>jY\X;JIS�YFE\�'ac>=JMUVScHMG;N
n;HIa�>=Q�ScJM[
S�9;>Ba�>=n;X�Q�S�HILPG¨HIG

π
�©Q=UVJWQ�X;JMX�YoUOG�n�Sc9�>RLOa�HM>=YlLO�b�&�G<0S�9�U�S

LO��HxHMJMJI>=alHIGI. @�{?0© 
J � Sc>Ra Y\LP<?>'m;a�>RJMHM<?HMG�UOac[
Yc>=Q�ScHMLOG~�«LOa�HIGhS�acL�n�X�QRHIG�NgS�9;>oG;LOS�U�S�HILPG�Y�X�Yc>=n~Sc9;a�LOX�NO9;LPX�S%S�9;>lUVacScHWQ�JM>O�

S�9;>Km�UOm0>=aoHMY�S�9hX0YlUVacScHWQ�X;JWU�S�>=n�UVa�LOX;G0n�Se¡�L?>=G�Q�L�n�HMG;NhYR 
K�HMa�Y\S=�0¡ >�NOHM�O>KHMGxY\>jQ�S�HILPG�z�U�YcHI<�m;JM>O�.Q�LP<?m.LPYcHIScHMLOG�UOJ6�;YcLOX;G0n�UOG�n�Q�LP<?m�JI>RSc>K>RG0Q�L�n�HMG;N�LV��Sc9;>

UPY\[]G�Qi9�acLPG;LOX�Y
π
��QRUOJMQRX;JMX�Y'HIGhS�Lu��fof��,¡oH�S�9;LOX�S?ac>jY\LPa\S�HIG�N�ScLu9�HINP9;>Ra~LOain�>Ra��� ¨8'9;>
HI<�m.LPY�Y\HM^;HMJIHISe[

LO��U�a�>R�O>=a�Yc>�>R<~^0>jn;n�HMG;N�HWYgUOJMYcL�n�HWYcQRX�Y�Y\>jn� T8'9;HWY'C0a�Y\SgY\Sc>Rm�UVJMac>jUOn�[
NOHM�O>=YTacHWYc>KScL�U�G;>R¡�¡'U�[�LO�
a�>=UPY\LPG;HMG;N¨UV^.LOX�S

π
�©Q=UVJWQ�X;JMX�Y'm;a�L�Q�>=Y�Yc>=Y=�%G�UO<�>RJM[�S�a�UOG�YcJMUVScHMG;N�Sc9;>=< HIGhS�Lu��fof UOG�n¦X�YcHIG�NxSc9;>=ac>

S�9;>�ScL]LPJMYon�>=�O>=JILPm0>jn��«LPa'Sc9�UVSo�«a�UO<?>=¡ LPaL=M.M{=y��&{O{V�0@O})0© 
� >�S�9;>RG§^�X;HIJWn¦LPG¦Sc9;HWY~G�U�S�X;a�UOJ�>RG0Q�L�n�HMG;NxScLuS�U =O>�HMGhScLuUPQRQ�LPX;GhS
Sc9�>�JWU�Sc>jYeS~�O>RaiYcHILPG£LO�oSc9;>

JMLONPHMQ=UVJoYc>R<�UVGhScHWQRY?LO�F��fofN. zOy)0O<�LOG;>�LV�gSc9;>xHMGhSc>=ac>jYeS�HIG;N¥m.LOHMGhS�Y�UV^.LOX;S?S�9;HWY�Y\>=<�UVGhScHWQRY=�b^�UPY\>jn
LPG�Sc9;>B��GPS�X;HIScHMLOG;HWYeS�HMQ~�ZHMG;>=UOaT�ZLPNOHWQV�;HWYTSc9�UVSTH�SF<�UVG�UONO>=Y�S�L�QRUOm�ScX�ac>KS�9;>Ba�>=Y\Sca�HWQ�ScHMLOG�LPm0>=a�UVScLOaoLO�
��fof¤Sc9;a�LOX�NO9�U~Y\HM<�m;JI>gSc9�>RLOa�[�LV�Z�e�%�� �8'9;HWY LPm0>=a�UVScLPa=�P¡o9;HMQi9�9�UOY�UVJM¡�U�[�Yb^0>=>RG
UBm;a�LO^;JM>R< �«a�LO<
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n;Lh>jY�G;LOSbSiU
=O>THIGhScL~UOQRQRLOX;GhS Ycm.>=Q�H�C0QT>R��UVJMX�U�S�HILPG�YeS�a�UVSc>=NOHM>=Y= %8'9;>��;� S^� ��� ��SL�
	��;��� <
S^� #
���$#

≡
HWYbSc9;>

JM>=UPYeS?Q�LOG�NOa�X;>RG�QR>�YcUVScHWYe�«[]HMG;NxSc9�>�acX�JI>jY
LV�'SiUV^;JM>�z;  K�LOa~QRLOG]�O>=G;HM>RG�QR>�9;>Ra�>O��UVG�n¥X�G;JIH@=O>�HIG .M{O{?02�
S�9;>FJILPNOHWQRUVJ0>=_hX;HM��UVJM>RG�QR>gLO�%Q�LPG�YeS�a�UOHIGhSiY�HWY G�LVS ^�X;HIJIS\�©HMG
HMG�S�9;>FQRLOG;NPacX�>RG�QR>O  � >F¡oacHISc>

Γ, ∆, ...
�«LOa

>
?�V@>�A



���������
	��
��	���������������������� �!�"�$#&%'��()�$�
#
( 8

J NO>=GPSiY
A ::= p(~x) | tell(c) | (A ‖ A) | A + A | ∃xA | ∀~x(c → A)

�g>=QRJMUOa�UVScHMLOG�Y
D ::= ε | p(~x) = A | D,D`bacLPNOaiUV<
P ::= D.A

α
¯��~± ���0­ ��� �6±�� z 6∈ fv(A)

∃yA ≡ ∃zA[z/y]

� ����� � � ­ ��� ± 
 , �
A ‖ B ≡ A, B

��� � �	� � � ­ � � ­ (X ; c; Γ) ≡ (X ′; c′; Γ′) −→ (Y ′; d′; ∆′) ≡ (Y ; d; ∆)

(X ; c; Γ) −→ (Y ; d; ∆)


 ­ � �
(X ; c; tell(d), Γ) −→ (X ; c ⊗ d; Γ)

�
��� c `C d[~t/~y] ⊗ e

(X ; c; ∀~y(d → A), Γ) −→ (X ; e; A[~t/~y], Γ)


 � ² � ��� y 6∈ X ∪ fv(c, Γ)

(X ; c; ∃yA, Γ) −→ (X ∪ {y}; c; A, Γ)

� � ± � ­ ² �%� ­ �O� � �,� (p(~y) = A) ∈ D

(X ; c; p(~y), Γ) −→ (X ; c; A, Γ)

	 ± �O� ����� ± � � ­
(X ; c; A + B, Γ) −→ (X ; c; A, Γ)
(X ; c; A + B, Γ) −→ (X ; c; B, Γ)

8%UO^;JI>Kz <���fof Yc[]GhS�U�¢�UVG�n
LOm.>RaiU�S�HILPG�UVJ�Yc>R<�UVGhScHWQRY= 

<~X;JIScHWY\>RS�YgLV��UVNP>RGhS�YTHIGuQRLOG�C0NOX;aiU�S�HILPG�YR Tf LPG;NOa�X;>RG0Q�>KHWYl>�¢]S�>RG�n�>jn�ScL
<BX;JIScHWYc>�S�YgLV��UONO>RGhSiYlHMGxSc9;>
LP^]�hHMLOX0Yl¡'U�[�<

Γ ≡ Γ′
H�;

Γ = {A1, . . . , An}
�
Γ′ = {A′

1
, . . . , A′

n
}
UVG0n

∀i = 1, . . . , n
�
Ai ≡ A′

i

 
8%¡�L¥QRLOG�C0NOX;aiU�S�HILPG�Y�UVa�>xYcUOHMn �;��� <
S^� #
�(�2�

(X ; c; Γ) ≡ (X ′; c′; Γ′)
�'¡o9;>=G Sc9;>¨Yc>�SiY

X
UVG�n

X ′UOac>�>j_PX0UVJ2�ZSc9�>�Q�LOG0YeS�a�UOHIGhS�Y
c
UOG�n

c′
UVa�>

C
�2>j_hX;HI��UOJI>=GPSj�&UVG�n�S�9;>�<BX;JIScHWYc>�S�YBLV�oUVNP>RGhS�Y

Γ
UOG�n

Γ′UOac>
QRLOG;NPacX�>RGhS= '8'9;> � SL��� �^��� �
�
��ac>=JMUVScHMLOG
−→

HWYoS�9;>BJM>=UPYeSoS�a�UOG�Y\HIScHM�O>Ka�>RJWU�S�HILPG�LOG¨Q�LPG�C�NPX;a�UVScHMLOG�Y
Y�U�S�HMY\�«[]HIG�N~S�9;>Ka�X;JI>jY'LV�%S�UV^�JI>
z� 

� >K¡oHIJMJ&Q=UVJMJ �;����S�#'LV��U?QRLOG�C0NOX;aiU�S�HILPG
(X ; c; Γ)

Sc9;>
QRLOG�Y\ScaiUVHMGhS
∃Xc

 

VWVYX�Z![?\^]^]



s ��(�	��)�
��� ����	����7���

� � ��� ���������
π

��� � � �����

��G�S�9;HMYgY\>jQ�S�HILPG�¡�>KNOHM�O>KUOG�>=G�Q�L�n�HMG;N�LO�%S�9;>BUOYc[]G�Qi9;a�LOG;LPX�Y
π
�©Q=UVJWQ�X;JMX�Y'HMGPS�L���fofg���«LPJIJML�¡oHMG;N�Sc9;>

HWn�>jUOY�LO� . @Os)02�]9;L�¡�>R�P>Ra ¡�>Tn�L
G�LVS G�>R>=n�9�>Ra�>oScL~ac>jY\LPa\S S�L
9;HMNO9;>=abLOain�>=a= %��G�n�>R>jn�Sc9�>Ra�>lHMY�UKLPG;>oScL
LPG;>~QRLOa�ac>jY\m.LOG0n�>RG�QR>K^0>RSe¡ >=>RG

π
�©Q=UVJWQ�X;JMX�YoUVG0n¨��fof LPm0>=a�UVScLOaiY'S�9�U�S�JI>jUOn�S�L
U��O>Ra�[xY\HM<�m;JM>~UVG0n

G0U�ScX�a�UOJ5ScaiUVG�YcJMUVScHMLOGZ 
� G;>�Y\9�LOX;JWnKG;LOSc>�S�9�U�S%Sc9;>�X�YcX�UVJhQi9;LOHWQ�>bHMY&ScLgX�Y\>�UT	6�4�$��	=LOm.>RaiU�ScLPa��«LOa%Sc9�>bG;LPG��©n;>�Sc>=ac<�HMG;HWY\< HMG

��fofg�OS�9;HWY QRLOX;JWn�UVJMJIL�¡ UOG�>RG�QRL�n�HIG�N
LV�&U
QRLOa�ac>jY\m.LOG0n�HIG�NKLOm.>RaiU�ScLPa �«LOabSc9;>
π
��QRUVJWQ�X�JIX�Y��h9;L�¡�>R�P>Raj�

>=�O>=GBS�9;>'<
� �
SL� #$�'�P>RaiY\HMLOG~LV�.Sc9;>lQi9�LOHWQ�>'LOm.>RaiU�S�LOa�LV�5��fofg�VHWY LOG�JI[&���
��� � �
<
� �
SL� #$�'UOG�n?HMY�S�9hX0Y G;LVS
UO^;JM>'ScLKa�>Rm;JMHMQ=U�S�> S�9;>1< 	6� Q$�
	VQi9;LOHWQ�>oLO�0S�9;>
�,Yc[]G�Qi9;a�LOG;LPX�Y��

π
��QRUOJMQRX;JIX0Y��VSc9�HMY HWY ¡o9][BLPG;JM[
Sc9�>TYeSiUVG��

n�UVain �,n�>RSc>=ac<�HMG;HMY\ScHWQ=� UPY\[]G�Qi9;a�LOG�LOX�Y
π
��QRUOJMQRX;JMX�Y

¡oHMJMJ�^.>
Sca�>=U�S�>=n¦9�>Ra�>���  � G;>
<�HINP9PS�UVJWYcL¨¡�UOGhSBScL£X�Yc>
UuG;LOG���Y\S�UVG0n;UVain¥�O>=a�YcHILPG¦LV�g��fofg�%¡oHISc9
Yc[]G�Qi9;a�LOG;LPX�Y

tell
UOG�n

ask
��9;L�¡�>R�P>Ra Sc9�UVS�=]HMG�n�LV��n�>=QRHMYcHILPGZ��^.>=YcHMn�>jY'^0>=HIG�N?X�G;G�U�S�X;aiUVJ��,Yc>R>�<�LPY\S

m0UVm.>RaiYTUV^.LOX;SFG;LPG��©<?LPG;LVS�LOG;HWQK�P>RaiY\HMLOG�YlLV��fof . @Vs��5z;{O�.r���{P{^0«�l¡�LOX;JWnxJM>=UPn�ScL�U��,UVHMJMX;ac>?Y\HM<�HIJWUVa
S�L?Sc9�UVSl>RG�QRLOX;GhSc>=ac>jn�HMG2.I{j})0Z¡o9;>=G�QRLO<�m�UOacHMG;N�fof ¡oHISc9�Sc9�>

π
�©Q=UVJWQ�X;JMX�Y� 

8'9;> >RG�QRL�n�HIG�NoLV��Sc9�>�<�>=Y�YcUONO>=YZHMYZSc9;> LOG;>�YcX;NONP>=Y\Sc>jngHMG&. @Vs)0©��LO^�SiUVHMG;>=n�^][�UOn;n;HIG;NgUVJMJO<�>=Y�YcUONO>jY
S�L?Sc9;>
Y\ScLPac>KUVG0n�a�>�S�acHM>R�]HMG;NBS�9;>R<�^][�<�U�SiQi9;HIG�N~S�9;>
Qi9�UOG;G;>RJ�G0UV<�>O 

8'9;>BScaiUVG�YcJWU�ScHMLOG�HWYlNPHI�P>RG�HIG¨S�UV^�JI>
r0���«LPalS�9;> 7l>=ac^�a�UOG�nxQ�LPG�YeS�a�UOHIGhSTYc[�YeS�>R<�UVG�n�¡oHISc9un;>=Q�JWU��
aiU�S�HILPG�Y

D
 

[x̄z]
3

tell(msg(x, z))
[x(y)P ]

3
∀y(msg(x, y) → [P ])

[P | Q]
3

[P ] ‖ [Q]
[!P ]

3
bangP¡oHISc9

bangP = [P ] ‖ bangP
HMG

D
[(νx)P ]

3
∃x([P ])

8%UO^;JM>Fr < 8&aiUVG�YcJWU�ScHMLOG
LV��Sc9;>
UPY\[]G�Qi9�acLPG;LOX�Y
π
��QRUVJWQ�X�JIX�Y'HMGhScL���fof

8'9;HWYxQ�LP<�m0LhY\HIScHMLOG�UOJTS�a�UOG�YcJMUVScHMLOG HWY�^0LOSc9 Y\LPX;G�n3UOG�n3QRLO<�m;JM>�S�>£¡oHISc9ªa�>=Ycm0>jQ�S�ScL�Sc9;>£Se¡�L
S�a�UOG�YcH�S�HILPG�Yc[�YeS�>R<�Y
<
� � ± , ± � � � �,± ��� � � � � ± � � ² �%­ �j� 
 �-#��

P
��� �

Q
Q$#����^(����;	�S2�
� �����

π
�����
	��
��	�������S2�4�$#^�$�
#^�$� � �

P −→
Q
�
	!#
� �
	!#
SL# #��"� ���

X, Γ
��� �

Q′
�^� �;	 �
	!��� �

(∅; 1; [P ]) −→∗ (X ; 1; Γ)
�

� ���
	 Q′ ≡ Q
���$��� < �
� 	�( �
	!# S^��	�#

!R ≡!R | R
� �
���

(∅; 1; [Q′]) −→∗ (X ; 1; Γ)
���^���=< �
� 	�(

	�� ����� < �
��� #(�
��������	�#
���$# S^��	�#?� #

� � ±Z±
	 �
� >
a�>=UOYcLOG�^][�Q=UOYc>KLOG�Sc9�>
ac>jn�X�Q�ScHMLOG

P −→ Q
 'koX;JM>=YB{
UVG�nx@�LO�%SiUV^;JM>~@?9�U��P>KHI<�<�>=n;HMUVSc>

QRLOX;GhS�>Ra�m�UVacS�YFHMG¥��fofg�ZG;LOScHMG;N�Sc9�UVSBY\LP<?>�LO�bS�9;>�m.LPY�Y\HM^;JM> 
 ­ � � a�X;JI>jY�<�U�[¨9�U��O>?S�Lx^0>�UOm;m;JMHI>jn
^.>��«LPac>KUOG �
��� �;>=�O>=G
HI�%S�9;LPYc>Ka�>=n�X�Q�ScHMLOG�Y'QRLOa�ac>jY\m.LOG�n�ScL�G;LOSc9;HMG;N�HMG

π
��QRUOJMQRX;JMX�Y� 

�
������������������������� X [���� � �"!#��!$�
����� X&% ')( �����*���+� ' �"�����,��� X ���.-)��! ( � X ���*!$������� X�/ � X � ' �0��� (:X � ' !$� X �"1��
π 2 �*������1���1��

>
?�V@>�A



���������
	��
��	���������������������� �!�"�$#&%'��()�$�
#
( }

K�LOa a�X;JI>'z;�VSc9;> 
 � ² ��� ��a�X;JI>'G;>=>=n;Y�S�Lg^.>lUVm�m;JIHM>=nZ�V¡o9;HWQi9~HWY�Sc9;>'a�>=UPY\LPG
¡ >on�L�G;>RS NO>�S >R¢�UPQ�S�JI[
(∅; 1; [Q′])

 
K�LOaoa�X;JI>Fr���¡�>�QRUVG�YcHI<�m;JM[�a�>R<�UVa�=?Sc9�UVS'<�LhYeSoa�X;JI>jY�LV�&SiUV^;JM>
@BQRLOa�ac>jY\m.LOG0n�ScL~Sc9�>
n�>?C�G�H�S�HILPG

LO�
≡
HMGu��fofg�5>�¢;QR>Rm�SFacX;JM>�z;�.9�UVG�n;JI>jn¨^][�Sc9;> � � ± � ­ ²��&� ­ �O� � �,� a�X;JI>P�.¡o9�>RGuHIS�HMYgHIGuSc9;>?a�HINP9PS

n;HIa�>=Q�ScHMLOGZ��LPaoJI>jUOn�HMG;N~ScL�Sc9�>
n�HP;5>Ra�>RG0Q�>�^0>RSe¡ >=>RG
Q
UOG�n

Q′
LOSc9;>=ac¡oHWY\>P 

�

� � ± , ± � � � �,± ��� � ��� �~± 
 , � ­ � ­ ��­ �=� 
 �W#��
P

�����
Q

Q$#7�)�^(����;	�S2�
� �
���
π
���$��	��
��	�������S �:�$#?���
#?�$��� �

(∅; 1; [P ]) −→∗ (X ; 1; Γ)
����� �

(∅; 1; [Q]) −→∗ (X ; 1; Γ)
���^��� < �
� 	�( 	�� ����� <MS^��	�#?�$� �
	!#
�

P −→∗

Q
#

� � ±Z±
	 �
ko>jUOYcLOG;HMG;N�^][uHMG�n�X�Q�ScHMLOG¦LPG�S�9;>�JM>RG;NOSc9¥LV��Sc9�>���fofpac>jn�X�Q�ScHMLOGZ��UVG�n�Sc9�>RG¦^][�Q=UOYc>�LOG£Sc9;>

JWUOY\STY\Sc>Rm&��¡�>KNO>�STUOG�>R�O>=G�<?LPac>
n;HIa�>=Q�STQ�LOa�a�>=Ycm0LPG�n�>RG0Q�>FLOG�QR>K¡ >
G�LVScHWQ�>�S�9�U�STUPYo¡�>K9�U��O>�SiU
=O>=G
7T>Ra�^;aiUVG�n�QRLOG�Y\ScaiUVHMGhS'Yc[�YeS�>R<��]H�SoHWY'G;L�¡3Y\ScaiUVHMNO9hS\�«LPac¡'UVain~ScL�Qi9;>jQ$=~S�9�U�SoLPG;JI[
UB<�>=Y�Y�UVNO>FY\>=GhS�LPG
Qi90UVG;G;>=J

x
�,H6  >O 

msg(x, z)
�
QRUVG¥>=GPSiUVHMJ Sc9�>�NOX�UOa�n

∀y(msg(x, y) → A)
UVG�n�Sc9]X�YBX;G]^;JML]Q$=uSc9;>

ask
B;S�9�U�SgH��bU � ­ � � acX�JI>
HWY C0ac>jn�¡oH�S�9;LOX�STSc9;>BQRLOa�ac>jY\m.LOG0n�HIG�N �;��� �.¡�>Bn�L�G;LOSTNO>RS

(X ; 1; Γ)
� Sc9�>

Y\ScLPac>~QRUVG�G;LVST^.>?>R<�m�Se[;�^B.Sc90U�S , � ± � ­ ²��&� ­ �O� � �,� ¡oHIJMJ�^0>~<�HI<�HWQ$=O>=n�^][�a�>Rm;JMHMQ=U�S�HILPG�Y
B5UVG0n�Sc9]X�Y
S�9�U�SoS�9;>KLOG�JI[�a�X;JM>=YoUO<?LPX;GhScHMG;N~ScL�U�n�H�;.>=ac>=G�Q�>�¡oHMJIJZ^.> � � ² ��� �xacX�JI>jYR 

�

�©S�HMY&¡ LPa\S�9KG;LVS�HMQRHIG;NlSc9�UVS&Sc9�>Ra�>�9�U��O> ^.>R>=GBU�ScSc>=<?m;S�Y&UVS�Uoa�>R�P>RaiY\>�>=G�Q�L�n�HMG;N���<�LOa�>�Ycm0>jQ�H�C0QRUOJIJM[O�
UVS
>R<~^0>jn;n�HMG;N�fof HIGhScL¨YcLO<�>���UVa�HMUOGhS�Y�LV�'S�9;>

π
�©Q=UVJWQ�X;JMX�Y���Y\>=>��«LOa
HMG�Y\S�UOG�Q�> . zP@40 �«LOa
U��«X�YcHMLOG��

Q=UVJWQ�X;JMX�Y >=G�Q�L�n�HMG;N
LO�.G0UV<�>l>=_hX�UVScHMLOG�YbUVG�n�HMG;>=_hX�UVScHMLOG�Y=  7TL�¡ >=�O>=a�Y\X�Qi9�U�a�>R�P>RaiY\>'>=G�Q�L�n�HMG;N��hQRUOG
LPG;JM[
QRUVm;ScX;a�>�U�Yc<�UVJMJhm0UVacS�LO��Sc9�>lfof¦m�UVaiUOn;HINP<�^h[Ka�>=Y\Sca�HWQ�ScHMG;NgSc9;>oQRLOG�Y\ScaiUVHMGhS�n�LP<�UVHMG
�«^0UOYcHMQ=UVJMJI[
S�L 7l>Ra�^;aiUVG�n0����¡o9;HWQi9�HMY�S�9;>K<�UVHMG�n;HP;5>Ra�>RG�QR>�^0>RSe¡ >=>RGufof UOG�n
YcLO<�>�JWUVG;NPX�UVNP>=Y�JIH@=O>K�&HIG�n�U; 

HxLPac>=L��O>=a=� Sc9;>
ask

LPm0>=a�UVScHMLOG LV�B��fof n;Lh>jY�UOJIJML�¡�YcLO<�>¨�P>Ra�[¤m.L�¡ >=a\�«X�JgQ�LPG�YcX;<�m�ScHMLOG LO�
a�>=YcLOX�a�QR>=Y=��UPYBHIS?m.>Ra�<�H�SiY�UVG �8� �8� � �?Q�LPG�YcX;<�m�ScHMLOG�LV�oSe¡�L��«LPa~<�LPac>��
Q�LPG�Y\ScaiUVHMGPSiYR��JM>=UPn�HIG�Nx�«LOa
HMG�Y\S�UOG�Q�>
ScL£Sca�HM�hHWUVJoYcLOJMX�ScHMLOG0Y~LO�gm;a�LO^�JI>=<�Y�YcX�Qi9 UOY~Sc9;>/�
��� ���=<M�+	���	6�)�����(	!#
S$��UOY?H�S�HWY?m0LhYcYcHM^;JI>
S�L
NPa�UO^xSe¡�L��«LOa�=�Y�U�ScLP<�HMQ=UVJMJI[P 
8'9;>=Yc>BSe¡�L�m.LOHMGhS�Y�UVa�>~Sc9;>?<�UVHMG£UOacNPX;<�>RGhS�YT�«LOa�^;HWn;n�HMG;N
YcX�Qi9�U
a�>R�P>RaiY\>g>RG�QRL�n�HIG�N� 

� � ���
� � ,�$�� � ,��&���
��� ��� �¥�����o� ,�� � �
���

8'9�>Ba�>=Q�>=GhSTac>jY\X�J�SiYTQ�LPG�Q�>=acG�HIG;N�S�9;>BJMLONPHMQ=UVJ�Y\>=<�UOGhScHWQRYlLO����fof �,Q��e W. zOy�0%�«LPaFn�>RS�UOHIJWYTUOG�nxm;a�L]LV�,Yi�
YcX;NPNO>=Y\STS�9�U�SFSc9�>~>R¢]HWY\Sc>RGhS�HMUOJ�_hX�UOGPS�HPC0>RaFLV� �%�¤HWY�Y\X 5�QRHI>=GPSFScL
m;a�LOm.>Ra�JI[�>RG0Q�L�n�>~Sc9;>?ac>jYeS�acHWQ�S�HILPG
LPm0>=a�UVScLPa�LO����fofg��UVG�n�Sc9]X�YoSc9�UOG!=�Y�ScL?Sc9;>
UO^0L��P>g>=G�Q�L�n�HMG;N0��Sc9�UVSoLV��Sc9;>

π
��QRUOJMQRX;JIX0Y� 

J JILPG;NFSc9;>'JMHIG;>jY�LV�.¡o9�U�S HWY n�LOG;>'HMG . @�{?0;�«LOa�Sc9�>'Yc[]G�Qi9;a�LOG;LPX�Y
π
�©Q=UVJWQ�X;JMX�Y��O¡�>�¡oHIJMJ�Sc9]X�Y n;>?C�G;>

U~S�a�UOG�Y\JWU�S�HILPG�LO�%S�9;>KUOYc[hG0Qi9;acLPG;LOX0Y
π
��QRUOJMQRX;JIX0Y'm;acL�QR>=Y�Y\>jY HMGhScL��%�u�«LPac<~X;JWUV>O  � X;a'NPLPUVJ�^.>RHMG;N?ScL

HWn�>=GPS�H��«[�Sc9;>Ka�>?A0>�¢�HI�P>FUOG�n�ScaiUVG�YcH�S�HI�P>KQ�JMLPYcX;ac>FLV�
−→

¡oHISc9�Sc9;>K>=GhS�UVHMJM<?>=GhSlac>=JMUVScHMLOG
`
 

�'��� � � & �'% ��&/�"0 �2! !=-'� ! *��
	+��� � %'&/*����2% 


8'9�>oHMn�>jU�LV�5>RG�QRL�n�HIG�N
ν
^][

∃
HMY G�LVS�G;>=¡K�O9;L�¡�>R�P>Ra�H�S X�Y\X0UVJMJI[
a�>=YcX;JIS�Y HMG�Y\LPX;G�n?^;X�SbG�LVSbQ�LP<�m;JI>RSc>
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∃
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Γ ` A[t/x]

Γ ` ∃xA
�©�
¡�>¨¡'UVGhS�ScL�HIGhS�>Ra�m;ac>RS�Sc9�HMY
UOY

π
��QRUOJMQRX;JMX�Y'm;a�L]QR>=Y�Y\>jYR�'¡�>¨NO>RS�Sc90U�S
HI�

P −→∗ Q[t/x]
S�9;>RG

P −→∗ (νx)Q
��¡o9;HMQi9�HWY'LO^]�]HILPX�YcJI[��,UOJMYc>O���«LPaoHIG0YeSiUVG�QR>F¡oHISc9

x̄z �−→∗ (νy)x̄y
 

7TL�¡ >=�O>Raj��¡�>Bn�L
G;LVSF¡�UOGhSlScL�Qi9�UVG;NP>�Sc9;>?JMLONOHWQRYl^h[xUPn;n�HMG;N�U�Yc>=QRLOG�n�m0UVacSTScL�Sc9;>�Y\>j_hX;>RGhS�Y
S�L�9;LOJWn�U �^� < ���8� ��SL#'UPY'¡�UPYon�LOG�>FHMG2. @;{^0 �«ScL?S�U =O>�HIGhS�L�UOQRQRLOX;GhS'9;HWn;n�>RG���UVa�HWUV^;JM>=Yi�� ��TYcHMG;N�Y\LP<�>
G�>R¡�Q�LPG;G;>=Q�ScHM�O>jYK¡ LPX;JWn¦UVJWY\Lx^.>
U¨YcLOJMX�S�HILPG�S�LuQi9�UOa�UPQ�Sc>=acH@6R>?S�9;>�a�>=Y\Sca�HMQ�ScHMLOG¥LOm.>RaiU�S�LOa4B UxNOL]L�n
Q=UVG�n;HMn;UVSc>l¡�LOX�JMn?S�9;>RG�^.>oS�9;> �$SL#?�2	�� #^�$� LOm.>RaiU�S�LOa�LO� .M{=z;�]@Pt402�]UOYbX�Yc>=n�HMG . U�02�]^;X�S'UOY ¡�>TYc9�UVJMJ0Yc>R>
S�9;>FX�Y\X0UVJ5LOm.>RaiU�S�LOaiY LV�&�FHu�&�£UVa�>gYcX 5�Q�HM>RGhS'UOG�n�UOJIJML�¡ X�Y ScL?^0>�UV^�JI>gScL =O>R>=m�X�YcHMG;N
S�9;>FScL]LOJWYbLO�
�%�¥ScL�ac>jUOYcLOG�UV^.LOX�SlS�9;>
a�>=YcX;JIScHMG;N�Yc>R<�UVGhScHWQRYB�,Yc>R>K�«LPalHIG0YeSiUVG�QR>&. @O})0&�«LPagYcLO<�>KX�Yc>
LV��S�9;>Bm;90UOYc>
Yc>R<�UOGPS�HMQ=Y LV�&�%��ScL~Qi9;>=Q$=~Sc9;>FQ�LPaca�>=Q�ScG;>jYcY�LO�Zm;acLOScL�Q�LPJMY�>�¢�m;a�>=Y�Y\>jn~HMG���fof'��¡oH�S�9;LOX;Sb�,UVJMJMHIG;NBHIGhScL
S�9;>KX�YcX�UVJ5S�a�UOm
LO�%S�9;>

∃
>RG�QRL]n;HIG;N�>R¢]m�JMUOHIG;>jn�UV^.L��O>O 

� >�Q=UVG;G;LOS�X�Yc>¨9;>=ac>uU¦ScaiUVG�YcJMUVScHMLOG LO�
x(y)P

X�YcHMG;N
∀
UOG�n

(
^.>=Q=UVX�Yc>¨LV�BQRLO<�m;JM>�S�>RG;>jYcY

a�>=UPY\LPG�Y?Y\HM<�HIJWUVa�S�L�S�9;LPYc>�>�¢�m;JWUVHMG;>=n¤�«LOa�S�9;>¨Yc>R<�UVGhScHWQRY�LO�F��fof�HMG .M{O{?02  1'UOYcHWQRUVJMJM[¥Sc9;>xa�HINP9hS
HM<�m;JMHMQ=U�ScHMLOGxa�X;JM>BJM>=UPn;YoS�L �?��	 �
#�S�#��$#
���)#
S$���.�«LOaTHMG�Y\S�UOG�Q�>~¡ >
90U��O>

A, msg(x, y) ` A ⊗ msg(x, y)UOG�n
Sc9]X�Y
A ` msg(x, y) ( msg(x, y) ⊗ A

¡o9;HWQi9�LO��Q�LOX�a�Yc>Kn�L]>=YoG;LOSgQ�LPaca�>=Ycm.LOG�n�ScL�UOGh[hS�9;HIG�N
HMG
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�©Q=UVJWQ�X;JMX�Y� 7K;LPa�Sc9;HWY�ac>jUOYcLOG¨¡�>�YeS�HMQ$=u¡oH�S�9¥U�Yc>=Q�LPG�n�LOain�>Ra�^�UPY\>jnxScaiUVG0Y\JWU�S�HILPGu>R�P>RG£H���Sc9�HMY

m�acLP^;JI>=< Q�LPX;JWn�m;a�LO^0UV^;JM[�^.>�U��PLOHWn�>=n
¡oHISc9�G;LOG;�©QRLO<�<BX�SiU�S�HI�P>gJMLONPHMQFUOY'HMG2. zPy)02 
8'9;>¨Yc>=QRLOG�n LPa�n�>=a�HMY�UOJMYcL¥G;>=QR>=Y�YcUOac[¥�«LPa

!
UPY�H�S�HWY�¡�>RJMJ =]G;L�¡oG Sc9�UVS�Sc9;>

!
LV�K�&� QRUOG;G;LVS

a�>Rm�JIHWQRUVSc>FSc9�UVSoLV�
π
�©Q=UVJWQ�X;JMX�Y� 

K�HMG�UVJMJI[P��HIST¡�LOX;JWn�^0>Km.LPY�Y\HM^;JM>KHIG¨�%�¦UVJWY\L?S�L�>RG�QRL�n�>
UM	6�4���
	��O>=a�YcHILPG
LO�%S�9;>BQi9;LPHMQR>KLOm.>RaiU�S�LOaj�
¡o9�HMQi9�HWY�¡o9�UVS�¡�UPY�n�LOG�>oHIG . @�{^0©�h^;X�Sb¡�>ln�L
G;LOS �«>R>=J;Sc90U�SbHISb¡�LOX;JWn?^0>l¡�LOacSc9�>R¢]m�JMUOHIG;HMG;NKHMG�<�LOa�>
n;>�S�UOHIJWY=�;UVG�n
¡oHIJMJ5Sc9�>Ra�>��«LOa�>�YeS�HMQ$=�¡oHISc9�S�9;>KUOYc[hG0Qi9;acLPG;LOX0Y

π
��QRUOJMQRX;JIX0Y5B�>=Ycm0>jQ�HWUVJMJI[�YcHIG0Q�>FSc9;>7	 �:�$��	

Qi9�LOHWQ�>�QRUVG�^.>K>R<~^0>jn;n�>=n�HMG�S�9;>��,n;>�Sc>=ac<�HMG;HWYeS�HMQj�oUOYc[]G�Qi9;a�LOG;LPX�Y
π
��QRUOJMQRX;JMX�Y'JIH@=O>FS�9�U�S4<

P + Q ::= (νx)(νy) (x̄y | x(z).P | x(z).Q)

�'� � ����� 	+��� * ) #

8'9�>
m;a�L�Q�>jYcYc>=Y~LV�gSc9;>xUOYc[]G�Qi9;a�LOG;LPX�Y
π
��QRUOJMQRX;JMX�YoUVa�>�S�9;>RG�ScaiUVG�YcJWU�Sc>jn¦�«LPJIJML�¡oHIG�N¨Sc9�>�HMG�n�X0Q�ScHM�O>

n;>?C�G;HIScHMLOG
LV�ZSiUV^;JM>KtKHMGPS�LB�«LPac<~X;JWUV>T^�X;HIJIS'¡oH�S�9�S�9;>TS�9;a�>R>�U�ScLP<�Y
rcv

�
msg

UVG�n
loc

LV�%ac>jY\m.>=Q�ScHM�O>
UOacHISe[�z�� S�9;HIain�UVa�NOX;<�>=GPSoHWYoY\>jQ�LPG�n�LPa�n;>Ra�����@?UVG�n�{O 

�
x̄z � 3

msg(x, z)�
x(y)P � 3

rcv(x, y,
�
P � )�

P | Q � 3 �
P � ⊗ �

Q ��
!P � 3

!
�
P ��

(νx)P � 3
∃x(loc(x) ⊗

�
P � )
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>
?�V@>�A



���������
	��
��	���������������������� �!�"�$#&%'��()�$�
#
( {P{

� 9;>=ac>
rcv

UOG�n
!
UOac>�n�>?C0G;>=n�X�YcHIG;NxYc>=QRLOG�nuLOain�>Ra�UOY�HMG . @�{?0T�«¡�>~X�Yc>?Sc9;>�Y�UV<�>

!
G;LVSiU�S�HILPG

9�>Ra�>oScL?^0>FQ�LPG�Y\HWY\Sc>RGhSj�P9;L�¡�>R�P>Ra�HISoY\9;LPX;JWn�G;LVS�^0>�Q�LPG��«X�Yc>=n�¡oHISc9�Sc9;> D LO�&Q�LPX;a�Yc>^ElLPm0>=a�UVScLOabLV�&�&�
G�LVSc>jn�HMG�Sc9;>
Y�UV<�>�¡'U�[�HIGxUVm�m0>=G�n�HI¢ J �?<

rcv(x, y, P ) ⊗ msg(x, z) ` P [z/y]
!Pa`P⊗!P� >
UVJWY\L�HM<�m0LhY\>FSc9�>��«LOJMJIL�¡oHMG;N�G;LOG;�2JMLONPHMQ=UVJ5U�¢�HILP<M<
∃x(loc(x))a`1

 
8'9;>jY\>�UOac>�UVJMJ S�9;>�U�¢�HMLO<�Yg�«LOa�<?HMG;N�LOX�a
Y\HM<�m;JI>��%��Sc9;>=LOa�[O�&UOG�n£¡oH�S�9�S�9;>�UV^.L��O>?>RG0Q�L�n�HMG;N��

S�9;>R[¦UOac>�>=G;LOX�NO9¥ScL�>RG�QRL�n�>�m;a�>=QRHMYc>RJM[�Sc9;>�UOYc[]G�Qi9;a�LOG;LPX�Y
π
�©Q=UVJWQ�X;JMX�YoUPY
¡oHMJIJ'^.>
Yc9;L�¡oG¦HIG¤Sc9;>

�«LPJIJML�¡oHMG;N?Yc>=Q�ScHMLOG�Y= 

�'��� �9*,-'% �'%'� ! !
� >�¡oHMJMJGC�aiY\S
�«L�Q�X�Y~LOG§YcLOX;G0n�G;>=Y�Y
a�>=YcX;JIS�Y=��¡o9;HMQi9§UOJ�S�9;LOX�NO9¦LV� S�>RG¤_hX;HISc>�Sca�HI�]HWUVJ2� UVa�>�Sc9;>
<?LhYeS
HM<�m0LPa\SiUVGhS�¡o9;>RG�G;>R>jn�HIG�N�S�L
X�Yc>x�«m;aiUOQ�ScHWQRUOJIJM[;�'Sc9�>�Yc>R<�UOGPS�HMQ=YR�.�«LPaFHMG�Y\S�UOG�Q�>~�«LOa�m;a�L��]HIG;N�YcUV�«>�Se[
m�acLPm0>=a\S�HI>jYF�6Y\>=>��«LOaoHMG�Y\S�UVG0Q�>�.I{jy)0Z�«LPalU?n;HMY�Q�X�Y�YcHILPG�UO^0LPX�S'Sc9;HWYoHWYcYcX;>j�� 
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P ≡ Q
�
	!#
� �

P � a` �
Q � #

� � ±Z±
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� >Kac>jUOYcLOG�^][�Q=UOYc>gLPG�S�9;>�acX;JM>=Y�LO�&S�UO^;JM>?{P��LOX;a�S�a�UOG�Y\JWU�S�HILPG�^.>RHMG;N�^�UOYc>=n
LOG�Sc9�UVS'LO��HxHMJMJI>=a=�

¡�>�¡oHIJMJ&QRLOG�QR>RGhScaiU�S�>gLPG�S�9;>
n�H�;.>=ac>=G�Q�>jYoUVG�n
Sc9]X�Yon;>�S�UOHIJ&LOG;JM[�Sc9�>KacX;JM>=Yl@OU~ScL�@Vn� 
koX�JI>�@VUKJM>=UPn;Y�X�YbScL~m;a�L��O>'Sc90U�S

∃x(loc(x)⊗R)⊗Sa`∃x(loc(x)⊗R⊗S)
¡o9;>=G

x 6∈ fn(S)
�

S�9;>
`
m�UVacSbHWYbLP^�S�UOHIG;>jn�^][?UBJI>R� S

∃
acX;JM>O�P�«LOJMJML�¡ >jn�^h[�U
a�HMNO9hS

∃
a�X;JM>~�«¡oHISc9

t
Qi9;LPYc>RG�S�LB^.>

x
� UVG�n

UV¢�HILP<�Y= �8'9;>
a
m�UVacS'�«LOJMJIL�¡lY�>�¢;UPQ�ScJM[�S�9;>
YcUO<�>Fm�acL]LV��YeS�acX0Q�ScX�ac>P 

koX�JI>�@�^£JM>=UOn�YgX0YFScL�m;a�L��O>
S�9�U�S
∃x(loc(x) ⊗ R)a`∃y(loc(y) ⊗ R[y/x])

¡o9;>=G
y 6∈ fn(R)

 
8'9�>Bm;a�L]LV��YeS�acX0Q�ScX�ac>~HMYg>�¢;UOQ�ScJM[�S�9;>�YcUO<?>~UOYFUV^.L��O>O�0^;X�S

t
HMYgG;L�¡�Qi9;LhY\>=GxScL
^0>

x
�«LPa

`
UOG�n

y�«LPa
a
 

koX�JI>¨@VQ�HWY�n�LOG;>�HMG U£YcHI<�HMJMUOa?<�UOG;G;>Raj�bX0Y\HMG;N�Sc9;>¨Y�UV<�>
Sc>=Qi9�G;HM_hX;>�UOY�zPQ�S�L¥NO>�S
x
UVG0n

yn;HP;5>Ra�>RGhS=�;UOG�n
Sc9;>=G�Sc9;>
Y�UV<�>FSc>jQi9;G;HW_PX�>�UPYozOU~ScL�NP>�SoSc9�>
loc(x)

HIG0Y\HWn�>
∃y

UOG�n�a�>=QRHIm�acL�QRUOJIJM[O 
koX�JI>l@VnZ��HMY UFn�HMac>jQ�S Q�LOG0Y\>j_PX�>RG�QR>bLV�.JI>R� S

∃
a�X;JM>�UOG�n
LO�;Sc9;>'G;LPG��©JILPNOHWQRUVJ]U�¢�HMLO<

∃x(loc(x))a`1
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P −→∗ Q
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	!#
� �

P � `
�
Q � #
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1�[�HMG�n�X0Q�ScHMLOG�LOG�S�9;>�ScaiUVG�YcHIScHMLOG

P −→∗ Q
 

8'9;>K^0UOYc>�Q=UOYc>
P −→∗ P

HMY'LP^h�]HMLOX�YK�6U�¢�HMLO<#a�X;JM>j�� 
K�LOaKS�9;>�HMG�n�X�Q�ScHMLOGZ��¡ >�m�acL�Q�>=>=n£^][�Q=UOYc>?LPG£Sc9;>�JWUOY\SKScaiUVG0Y\HIScHMLOG

P −→∗ R −→ Q
�&G;LOScHMG;N

S�9�U�S�^][~HMG�n�X�Q�ScHMLOG�9][]m0LOSc9;>jY\HWY�¡�>TUOJIa�>=UPn�[B9�U��P> �
P � `

�
R � UOG�n�S�9�U�SbX0Y\HMG;NKS�9;>gQRX�S a�X;JM>l¡ >TLOG;JM[G�>R>=n�ScL�m�acL��P>TS�9�U�S

R −→ Q
HM<?m�JIHM>=Y �

R � `
�
Q �  
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� >�m;a�L��O>?Sc90U�SB^][uHMG�n�X0Q�ScHMLOG¦LPG£Sc9;>�YcH�6=>�LV��Sc9�>�m;a�LhLO���«�«LOa
⇒
�FS�9�U�S

R −→ Q
B�Sc9;>�^0UOYcHMQ

Q=UOYc>lQ�LPaca�>=Ycm0LPG�n;Y�S�L
acX�JI>
{TLV�5S�UO^;JI>F@��PUOG�n?Sc9�>THMG�n�X�Q�ScHMLOG�HWY�LO^;S�UVHMG;>jn�^h[�QRUPY\>oLPG
R −→ Q

¡oHISc9
a�X;JM>=Y�@�S�L
r0  � >?n�>RS�UOHIJ 9;>=ac>BSc9;>�a�X;JM>=Y~{?UOG�n¨r0�5Sc9;>�LVS�9;>RaFLOG�>=YF^0>=HIG�N�S�acHM�]HMUOJ�UOm;m;JMHMQ=U�S�HILPG�YTLO�
S�9;>KHMG�n�X�Q�ScHMLOG�9][hm.LVS�9;>=YcHWYR 
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rcv
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R � `
�
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R ≡ R′, R′ −→ Q′
UVG�n

Q′ ≡ Q
 7K;a�LO< JM>R<�<�U�r� M{�¡ >�NO>RS �
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�
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�
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ScL�UOm;m;JM[�Se¡oHWQ�>�Sc9�>BQ�X�Sa�X;JM>FScL�NO>RSoSc9;>K>R¢]m.>=Q�Sc>jn
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<

Γ, Γ′ ` loc(x) ⊗ ∆

Γ, Γ′ ` ∃x(loc(x) ⊗ ∆)
J JIJ�S�9;>~a�X;JM>=Y�UV^.L��O>
Sc9�UVS�LPG;>
S�9�U�SKUVa�>BG�LVS�acHMNO9hS

⊗
acX;JM>=YFLPG;JI[xUPQ�S�LOG¨S�9;>?JI>R� S�m�UOa\S�LV�bSc9;>

Yc>=_hX;>=GhS:B�UOYbSc9;>=ac>FHWYbG;L�Q�LPG�n�HIScHMLOG�LPG�JM>�� S'acX�JI>jYR�hSc9�>R[�Q�LPX;JWn�9�U��O>g^0>=>RG�UVm;m;JMHM>=n�^.>��«LPac>gSc9�>ga�HINP9hS
∃
�0S�9;>Ra�>BHWYTSc9]X�Y�UVG;LOSc9;>=aTm;a�L]LV��LO� Sc9;>�YcUO<�>~Yc>=_hX;>RGhST¡oHISc9uSc9;>?a�HINP9PS

⊗
deX�YeSKUV^.L��O>�S�9;>?acHMNO9hS

∃a�X;JM>O 
K�LOa'Sc9�>KJI>R� SlacX;JM> <

Γ, loc(x) ⊗ ∆ ` Γ′

Γ, ∃x(loc(x) ⊗ ∆) ` γ′

8'9;>¨Y�UV<�> =]HIG�n LO�ga�>=UOYcLOG�HIG;N£UVm;m�JIHM>=Y:<�acX;JM>=Y�LPG¤S�9;>�acHMNO9hS�QRUOG�^.>xY\¡'UVm�m0>jn¤¡oHISc9;LPX�S�UVG][
S�acLPX;^;JM> B5LOG�S�9;>?JI>R� Sg<�LOa�>Ba�X;JM>=YTQ=UVG¨^.>~UOm;m;JMHI>jnxLOG¨Sc9;>~JIL�¡�>RaTYc>=_hX;>=GhSTSc90UVG¨LPGxSc9;>~X;m;m.>RaFLOG;>
�,JI>jYcY��«a�>R>���UVa�HWUV^;JM>=Yi���;UOG�n�S�9]X�Yoa�X;JI>jY�Sc9�UVSTn�L�G;LVSoS�LOX�Qi9
Sc9�>

⊗
QRUOG
^.>
Yc¡�UOm;m0>jn��«a�>R>=JI[�ScL]L� 

J JIJ]S�9;HMY�m;a�L]LV��Q=UVGBUOJMYcLT^.>oY\>=>RGBUPY%UFY\HM<�m;JM>�QRLOG�Yc>=_hX;>=G�Q�> LV��UgNO>RG�>RaiUVJMH�6=>=n��O>=a�YcHMLOGKLV���«L]QRX�YcHIG;N
m�acL]LV�,Y .M{?0 �

∃
UVG�n

⊗
9�U��P>gS�9;>
Y�UV<�>��$(�� � 	�S2��� (R�����«LPao�FH¨�&�¥¡oHISc9xYcLO<�>�G;LOG;�2JMLONPHMQ=UVJ�U�¢�HMLO<�YR 
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	 �
� >�ac>jUOYcLOGx^][�HIG�n;X�Q�S�HILPG�LPGxSc9;>?m;a�L]LV�bLO� �

P � `
�
Q �  THxLOa�>Bm�ac>jQ�HWY\>=JI[P�.¡�>�QRUVGuG;LVS�HMQR>BS�9�U�S

HMG�Sc9�>Bm;a�L]LV�e�;S�9;>
a�HINP9hSgY\HWn�>
LO��Sc9;>BYc>=_hX;>=GhST¡oHIJMJ�UVJM¡�U�[�Y'^.>
LV� S�9;>K�«LOa�< �
R � �«X�YcHIG�N�JI>=<�<�U�r�  z�«LPalS�9;>~a�HMNO9hS

∃
a�X;JM>j����UOG�n�Sc90U�SgLPGxSc9�>BJM>�� S�¡ >?QRUVG¨UOJI¡'U�[�Yoa�>Rm;JWUOQR>BQ�LP<?<�UPYl^][

⊗
UOG�nxm;X;SFUVG

∃x
UVa�LOX;G0n
HI� Sc9�>Ra�>
HMYgU

loc(x)
S�L�NO>RSlSc9�>KScaiUVG�YcJWU�ScHMLOG�LO� U�m;acL�QR>=Y�YR��S�9;>BHMG�n�X0Q�ScHMLOG�S�9]X�Yl<�U
=P>=Y

Yc>RG0Y\>P  � LVSc>?S�9�U�SK¡�>?90U��O>~ScLxUVJMJIL�¡ Q�X�SiY�LOG£G;LOG��©JMLONOHWQRUOJ�UV¢�HILP<�YFHMG£Sc9;>�m;a�L]LV�,Y=�Z^;X�S�Sc90U�SKSc9�HMY
n;Lh>jY'G;LVSlHMG]��UVJMHMn;UVSc>FSc9�>
UV^.L��O>Fac>jUOYcLOG;HMG;N� 

K�LOa
S�9;>�^0UOYc>�QRUPY\>P�%HI�oSc9;>
JMUPYeS~acX;JM>�HWYBUOG¤U�¢�HMLO< S�9;>RG¤¡ >�NP>�S
S�9;>�a�>=YcX;JISB^][¥ac>
A�>�¢�HM�hHISe[uLO�
−→∗

 
8'9;>�Q=UOYc>�LV��Sc9;>�G;LPG��©JILPNOHWQRUVJ UV¢]HMLO<�Y�HWY
UVJWYcL
HM<�<?>jn�HWU�Sc>
UOYFSc9�>R[�QRLOa�ac>jY\m.LOG0nun�HMac>jQ�S�JI[¨¡oHISc9

S�9;>RHMa
π
��QRUVJWQ�X�JIX�YoQRLOX;GhS�>Ra�m�UVacS= 

8'9;>
Q=UOYc>�LV�&S�9;>
Q�X;SlacX;JM>�HMYTn�HIa�>=Q�ScJM[�n�>=acHM�O>jn��«a�LO<�S�9;>�ScaiUVG0Y\HIScHM�]H�Se[�LO�
−→∗

 
�©� S�9;>Bm;a�L]LV��>RG�n�YT¡oHISc9¨U�a�HMNO9hS

⊗
acX�JI>��«Sc9�UOG!=�YoS�L�JI>=<�<�U�r�  z;�;S�9;>~Q=UOYc>KLV��Sc9;>

⊗
HIG�YcHWn�>BUVG

∃
QRUOG�^.>FSca�>=U�S�>=n
Y\>=m�UVaiU�S�>RJM[����]¡ >F9�U��O> �

P � =
�
P1 � ⊗ �

P2 � S�9hX0Y P = P1 | P2

UVG0n�Sc9�>�Y�UV<�>g�«LOa
Q
¡oHISc9

Q1

UVG0n
Q2

 '1�[�HIG�n;X�Q�S�HILPGx9h[]m.LVS�9;>=YcHMYT¡ >B9�U��O>
P1 −→∗ Q1

UOG�n
P2 −→∗ Q2

S�9]X�Yl^][
UOm;m;JM[]HIG;N�a�>Rm.>=UVSc>=n;JI[�a�X;JM>=Yl@~LV�%S�UO^;JI>B@?UOG�nu{jU?LV��S�UV^�JI>�{�¡ >KNP>�S

P1 | P2 −→∗ Q1 | Q2

��_h>=n� 
8'9;>
Q=UOYc>�LV�&S�9;>KJM>�� S

⊗
HMY'HM<�<?>jn�HWU�Sc>P 

�©��Sc9;>Km�acL]LV��>RG�n�Y'¡oH�S�9�U?a�HINP9hS
∃
a�X;JM>O��m;a�>=QR>=n�>jn�HM<�<?>jn�HWU�Sc>=JI[
^][�U?acHMNO9hS

⊗
a�X;JI>P�]Sc9�UOG!=�Y�ScL

JM>R<�<�U?r�  z;��¡�>�NO>�S4<
Γ ` loc(x) ∆ `

�
Q1 �

Γ, ∆ ` ∃x(loc(x) ⊗
�
Q1 � )

� >�NO>RS
Sc90U�S
Γ
G�>=Q�>jYcY�UVa�HMJI[¨>j_hX�UVJWY

loc(x)
UPY�Sc9�>Ra�>�HMY
G;L¨JMLONOHWQRUOJ�U�¢�HMLO< QRLOG�QR>Ra�G;HMG;N

loc(x)UOG�n�G;L�¡'U�[�ScL�UPn;nxUVG
∃
HMG��«acLPGhSlLV��H�Sj  � >BQ=UVG�G;L�¡ªX�Y\>�S�9;>
HMG�n�X�Q�ScHMLOGx9][]m0LOSc9;>jY\HWYoLPG

∆
UVG0n

Q1

UOG�nuQRLOG�QRJIX�n;>~^][xG;LOScHWQ�HMG;N�S�9�U�S��«a�LO< UVm�m;JI[]HMG;N�ac>=m0>jU�Sc>jn�JM[xacX;JM>?r
LO��S�UO^;JI>�@�H��
R −→∗ R′S�9;>RG

(νx)R −→∗ (νx)R′
��_h>jn� 

8'9;>
Q=UOYc>�LV�&S�9;>KJM>�� S
∃
HMYlHI<�<�>=n�HWU�S�>O 

�

� � �&�R� � � �¥�����o� ,�� � �B��� � ��� � ,�$ � �T,
π

`bacL��]HWn�HIG�N�U�Sc9;>=LOa�[��«LOaoS�9;>BUPY\[]G�Qi9;a�LOG�LOX�Y
π
��QRUVJWQ�X�JIX�Y'HMG¨�ZHMG;>jUVaT�&LONOHWQKUVJMJML�¡lY'X�Y'ScL�X�Y\>
UOJIJ&Sc9;>

S�L]LOJWY�LV�o�&��ScLxa�>=UPY\LPG�UV^.LOX;S
π
��QRUOJMQRX;JMX�Y'm;a�L]QR>=Y�Y\>jYR ���G£Sc9�HMY
Yc>=Q�ScHMLOG£¡ >�¡oHMJIJbNOHM�O>�>�¢;UV<�m;JM>=Y�LO�

9�L�¡ Sc90U�STQRUOG
9�>RJMm�X�G�n�>RaiY\S�UVG0n�HIG�N~^.>�ScSc>RalSc9;>K^.>R9�U��]HMLOa'LV� YcLO<�>
π
�©Q=UVJWQ�X;JMX�YoUVNP>RGhS�Y= 

����� � )+*9*�� !=�@� )(& �

8'9�> C�aiYeSl^�UPY\HWQ�X�Yc>
LV���&LONOHWQRY�S�L�a�>=UOYcLOG�UV^.LOX;STm;a�LONOaiUV<�Y�HWYlm;a�L]LV� Y\>jUVaiQi9Z b��GxLPX;aTQ�LPGhSc>�¢]Sj�;LOG;>
Q=UVG�G;LOSc>oS�9�U�S Sc9;>FQ�LP<?m�JI>RSc>RG�>=Y�Y Sc9�>RLOa�>R< r�  rBQ=UVG�UVJMJML�¡�X�YbScLBac>jUOYcLOG�UV^.LOX�S JIHM�O>=G;>=Y�Y�m;a�LOm.>RacScHM>=Y
LO�

π
�©Q=UVJWQ�X;JMX�Y'm;a�L�Q�>=Y�Yc>=Yl� �

P � `
�
Q � HM<�m;JMHI>jY P −→∗ Q

���hUOG�n?Sc9;>gY\LPX;G�n�G;>jYcY�Sc9;>=LOa�>R< r�  @�UV^.LOX�S
Y�U��«>RSe[�m;a�LOm.>RacScHM>=Y�� �

P � 6`
�
Q � HM<?m�JIHM>=Y P �−→∗ Q

�� 
HxLPac>Km�ac>jQ�HWY\>=JI[P�;<�U
=]HIG�N�U�JWU
6=[�X�Yc>KLV��S�9;>KG;LOG;�2JMLONPHMQ=UVJZU�¢�HMLO<�Y��«LOa�<�HIG�N�Sc9;>KS�9;>RLPac[P��U�m;a�L]LV�

Yc>=UOa�Qi9�HIGIC�aiY\S
LOain�>Ra��FH¨�%� QRUVG¥^.>=QRLO<�>�ac>jUOYcLOG�UO^;JM>
�«a�>=Q=UVJMJ Sc90U�S=�%¡oH�S�9¦G;L�Sc9;>=LOa�[O�-C�a�Y\SKLOain�>Ra

VWVYX�Z![?\^]^]
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�FHu�&�xHWY�HMG�` �]` J f�� . @Oy)0 ��  8'9;>Ra�>TUVa�>lUVJMa�>=UOn;[BJMLVS�YbLV�&�&HIG;>jUVab�&LONPHMQ�S�9;>RLPac>=< m;a�L��O>=a�Y U���UOHIJWUV^;JM>O�
>jY\m.>=QRHMUOJIJM[�Y\HMG�QR>g�&��9�UPYb^.>=QRLO<�>F_hX;HISc>Fm.LOm;X;JWUVa'UOY�UBYcm.>=Q�H�C0Q=U�ScHMLOG
JMUOG;NOX0UVNO>�. @P@]�;@]�5{:U��5{jt)02��UVG0n
S�9;>R[�QRUOG
^.>KX�Yc>=n
�«LOalU?m;a�L]LV��Yc>=UOa�Qi9�Sc9�UVSl¡oHIJMJZX�Yc>�^0LOSc9��«LOa�¡'UVain�a�>=UOYcLOG�HIG;N~�«LOa'S�9;>KJM>�� STYcHMn�>KLO�
S�9;>�Yc>=_hX;>RGhS��,QRLOm][]HIG�N
S�9;>

π
��QRUVJWQ�X�JIX�Y'a�>=n;X�Q�S�HILPG�Y��g^;X;SBUVJWY\L�^�UPQ$=h¡'UVainxa�>=UPY\LPG;HIG�N��«LPa�Sc9;>�a�HINP9hS

m0UVacSK�6Q�LPG�Q�JMX�YcHILPG
NPX;HMn;>=n�Y\>jUVaiQi90�� 

��� � � ���"!=� !$� � �"% 	 ��&�!
8'9�>Bm;9�UPY\>?Y\>=<�UVGhScHWQRYgHMYgS�9;>BG�UVScX;aiUVJ�m;a�L���UV^;HMJIHISe[�Y\>=<�UOGhScHWQRYgLV� �&HIG;>jUVaF�ZLONPHMQ .I{=r�0© F�©S�9�UPYT^.>R>=G
a�>=QR>RGhScJM[�X�Yc>=n¨¡oHISc9�Sc9�>?Ycm0>jQ�H�C0Q?UVHM< LV�bm;a�L��]HIG�N�YcUV�«>�Se[xm;a�LOm.>RacScHM>=YgLV����fof UONO>RGhSiYT.M{=y�� {P{V�Z@V})0
UOG�n
HMYlQRX;a�ac>=GPS�JI[�Y\ScX0n�HI>jn�UOYoU?m�UVaiUOn;HINP< �«LOaoHMG�C�G;HISc>BY\S�UVSc>KYc[]Y\Sc>=<�Y'<?L�n�>=J���Qi9;>jQ$=hHMG;N0 

�gY\HMG;N
Sc9;>�Y\LPX;G�n�G�>=Y�YoSc9�>RLOa�>R<�r0  @;�.HIS�HMYFm.LPY�Y\HM^;JM>
ScL
X�Yc>BS�9;>?Y�UV<�>BSc>=Qi9�G;HM_hX;>?UOYTSc9�UVSFX0Y\>jn
�«LPa?��fof UVNP>RGhS�Y=��ScL£m;a�L��O>�Y�U��«>RSe[£m�acLPm0>=a\S�HI>jY
^][§Y\>jUVaiQi9;HMG;N��«LOa�m;9�UPY\>�Q�LPX;GhSc>Rac�©<?L�n�>=JMY=��¡o9;HWQi9
UO<�LOX;GhS�YBScL£Y\LP<�> =]HIG0n§LV�TUO^�Y\ScaiUOQ�S?HIGhS�>Ra�m;ac>RS�UVScHMLOGZ £�©S?HWY?UVJWY\L�LV�TQ�LPX;aiY\>�m.LPY�YcHI^;JM>
ScLuX0Y\>
Sc9;>
>=G�Q�L�n�HMG;N�NOHM�O>=G
HMG�Y\>jQ�ScHMLOGxz�UVG0n�S�L�X�Y\>FS�9;>RG�Sc9�>
��fof S�L]LOJWYo<�>RGhScHMLOG;>jn
UO^0L��P>O 

����� � )+* 
 )(��� ���:- ��� �"0 � %1&/�
8'9�>~a�>=YcX;JIS�YFNOHM�O>=G¨HIG�Sc9�>~m;a�>R�]HMLOX�YFYc>=Q�S�HILPG�UOJIa�>=UPn�[�NOHM�O>~YcLO<�>?m;a�LONOaiUV<�>=_hX;HM��UVJM>RG�QR>~^0UOYc>=nxLPG
�%�¥>=_hX;HM��UVJM>RG�QR>O��9�L�¡ >=�O>Raj��LOG�>
QRUVG&�0UVJMLOG�N~S�9;>
JMHIG�>=YlLO� ¡o9�U�S HxHMJMJI>=agUVJMa�>=UOn;[�n�HWn�HIG . @�{^0©��G�LVScHWQ�>
S�9�U�S�¡�>?Q=UVGu>=G;a�HMQi9xS�9;>�Y\[]GhS�UV¢xLV��S�9;>�UVNO>=GhS�YTScL�X�Y\>~Sc9�>~m.L�¡ >=agLO� �&� UOG�nxS�9hX0YgLP^�S�UOHIG£Y\LP<�>
C0G;>Rao>j_PX�HI��UVJM>RG0Q�>=Y= 

�©��LOG;>Kn�>
C�G;>jY
<
〈P 〉 = {Q | Q

HMYTU?QRLV��UVNP>RGhS�Y=  Sj  �
P � ` Q}

J JIJML�¡oHIG�N?QRLV��UVNO>=GhS�Y S�L~^.>F<?LPac>gSc90UVG
deX0YeS'ScaiUVG0Y\JWU�S�HILPG�LV�%UONO>=GPSiYg� �
R � � ^;X�SlUVJWY\L~HIG0Q�JMX�n�>FSc9;>

>
Q�LPG�YeSiUVGhS=�&LOG;>�QRUOG£UOJIJML�¡�S�9;>�>RaiUOYcHIG�N
LO��YcLO<�>�m�UVacSKLV��U�m;a�L�Q�>jYcY:BZS�9;>

&
LOm.>RaiU�S�LOaFac>jUVJMH�6=>=Y

Se¡�L�Qi9;>=Q$=�Y'U�S'S�9;>
YcUO<�>gS�HI<�>P�;¡o9;HMJI>�S�9;>
⊕
LPG;JI[�G;>R>jn;YoLOG�>gS�>=Y\SlLOalUOG;LVS�9;>Raj�5 R R 

� � �
��� 	����&� �
���B�
� �£��,��&���o� �%���
�o�

� G�>
LP^�de>=Q�ScHM�O>�LO�lSc9�HMY�m�UOm0>=a�¡�UPY
S�L�X;G0n�>RaiYeSiUVG�n¤HIG�<�LOa�>�n�>RS�UOHIJWY~Sc9;>�LOJWn§m;a�LO^�JI>=< LV�lS�9;>
∃>=G�Q�L�n�HMG;N¨LO�oSc9;>
ac>jYeS�acHWQ�S�HILPG¦LOm.>RaiU�S�LOaj�%UVG0n¥ScL C�G�n§YcLO<�>�¡'U�[�UOacLPX;G�n¥HIS=� HI�lm0LhYcYcHI^�JI>
¡oH�S�9;LOX�S

a�>=YcLOacScHMG;N?ScL
UVJMJ�Sc9;>?Q�X;a�a�>RGhSl¡ LPaL=
UVa�LOX;G�n�^;HMG�n�>=a�Y~�F.M{=z��5@Ot]��U�0«�'HMG¨LOain�>Ra'S�L�^.>BUV^;JM>KS�L�X�Yc>KSc9;>
m.L�¡�>Rac�«X;J5ScL]LOJWY'LV���&�b 

f LP<B^;HMG;HMG;N?UB�«LOa�<�UVJ.>RG�QRL�n�HIG�N~LO�ZSc9;>
π
��QRUOJMQRX;JIX0Y'HIGhScL���fof UVG�n�Sc9;>�UVX�S�9;LOa � Yba�>=YcX;JIS�Y'UV^.LOX�S

S�9;>�Y\>=<�UOGhScHWQRY LV��Sc9�>ga�>=Y\Sca�HMQ�ScHMLOG�LPm0>=a�UVScLPa�LV�%��fof�HIGhS�L~�e�%�¨<�UOn�>Fm.LPY�Y\HM^;JM>lScL?n�HWYcQRL��O>RabSc9;>gSe¡�L
<�UOHIG�ac>jY\X�J�SiY'LV��Sc9;HWYom�UOm0>=a:<

K�HMa�Y\S=�5S�9�U�SFSc9;>�UOYc[]G�Qi9;a�LOG;LPX�Y
π
��QRUOJMQRX;JIX0Y'HMYg>=UPY\HMJI[�>=G�Q�L�n�>jn¨HMG�U�YcLOX�G�n¨UVG0nuQ�LP<�m;JI>RSc>~¡�U�[

HMG�Sc9;>
Y\S�UOG�n;UOa�n
��fofg��S�9;>Kac>=�O>=a�Yc>T>=G�Q�L�n�HMG;N�^0>=HIG�N�HI<�m.LPY�Y\HM^;JM>O 
�]>jQ�LPG�n��;S�9�U�SoS�9;> C�aiY\SlLOain�>Ral_hX�UOGPS�HPC0>Ra

∃
��Sc9;LPX;NO9�HISTn�L]>=YoG�LVSTNPHI�P>�n;HIa�>=Q�ScJM[�Sc9�>
ac>jYeS�acHWQ�S�HILPG

LPm0>=a�UVScLPa=��m;a�L��]HMn;>=Y�Sc9�>K<?>jUVG�YoScL�NP>�SlHISlSc9;a�LOX�NO9�U�Y\HM<�m;JI>
Sc9;>=LOa�[�^�UPY\>jn�LPGxLOG;>K<�UVHMGxU�S�LO< LO�
UOacHISe[�LOG�> <

loc
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K�acLP< Sc9�>=Yc>�ac>jY\X�J�SiYKH�S~HMYKG�L�¡ m.LPY�Y\HM^;JM>�ScLxX;G0n�>RaiYeSiUVG�n£^.>�ScSc>RaBSc9;>��O>Ra�[¨m.>=QRX;JIHWUVaBG�U�S�X;ac>�LO�
S�9;>RC�a�Y\S�LOain�>Ra�_PX0UVGhScH�C�>RaiY
HIGª�&� <�S�9;>R[ ^;HMG�n ��UVa�HMUO^;JI>jYR�T^;X�S¨UVJWY\L§Sc>RG0n S�L UOJIJML�¡ Y\LP<?>¥YcLOacS
LO� � #$���"#
� ���=<§� A(t) ` ∃xA(x)

�� 3�©�F¡�>�SiU
=P>
S�9;HWY�X;G]¡�UOGPS�>=n�m;a�LOm.>RacSe[§U�¡�U�[P� ¡ >xUVa�>�UV^;JM>�ScL
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