
HAL Id: inria-00072244
https://hal.inria.fr/inria-00072244

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

A Finite First-Order Presentation of Set Theory
Stéphane Vaillant

To cite this version:
Stéphane Vaillant. A Finite First-Order Presentation of Set Theory. RR-4344, INRIA. 2001. �inria-
00072244�

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by INRIA a CCSD electronic archive server

https://core.ac.uk/display/50452525?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.inria.fr/inria-00072244
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
43

44
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 2

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

A Finite First-Order Presentation of Set Theory

Stéphane Vaillant

N° 4344

Décembre 2001





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

� ���������
	�����
���������
���	�
���
�	���	����
���
�! "�# "$&%'	(�*),+-	� .

/

0�13254�6�798�:<;=79>@?A?B798�1

C�DFEHGJI=K.LNMPOHQFRSI.TVUXWYR[Z�RSI!T
I!\]Z!^YTSZ!_FT�`bacG�deUXTVR[f5_FI
gihjUYklI�\]m�UYWYR[Z!^YT

no^qpFp9UYhj\orsI�hjI3ZtDFI!htZtDFIuQ�v
wXxqwXwyLNz{OHZ�IHG=dFh|I"Kq}X}F~�L�xX��p�^qWXIH`

�����H�!���F�Y�Y�"� I"pFh|IH`jI!Q5\o^���ht`l\j�@UXh|rsIHh(��UYh|GJ^YTVRS�H^q\jRSUYQ-Uq��`bI!\�\jDFIHUYh|a���DFR[ZtD<D�^Y`�^��eQFR�\|I"Qc_FG=d9I!h�UY��^q�sRVUXGJ`H�
�B\t`.`bacQ5\|^q��RS`.`jRVGJRSTS^YhP\jU-\jD�^q\"Uq��\|I!Qy_�`bI3r�RSQ�\jI��c\|deUcUY�s`H �R�\.pFh|U�¡cRSrsI3`�^qQyI!Q�Z!UcrFRVQFW-Uq�¢\jDFI�Z!UYGJpFh|I!DFIHQ�`jRVUXQ
`jacG=d9UYT@� � I]pFh|U�¡YI�\|D�^�\£\jDFR[`i��UXhjG'^YTVRS�H^q\jRSUYQJRS`¢^]¤jZ�UYQe`bIHhj¡�^�\|RV¡XI�I��c\jIHQ�`bRSUYQs¥�UY�
¦9I!h|GJI!TSU�§ `i`bI!\£\|DFI!UXhjaX�
�¨QJ�©^XZ�\
\|DFI.pFh|U5UY�
R[`�GJUYh|IPWXI!QFIHh|^YT�^qQ�rª^qp�pFTVRSIH`(\|UJUq\jD�I!h�¡�^qh|RS^YQ5\|`(Uq�£¦9I!h|GJI!TSU�§ `�`bI!\�\jDFIHUYh|a'TVRS�YI�¦�«(�

C�DFR[`{��UYh|GJ^YTVRS�H^q\jRSUYQ<h|IH`b\|`{_Fp9UYQ�^YQ�IHQ�Z�UsrsRSQFW�UY��\jDFIJZ�UXGJpFhjIHDFI!Qe`bRSUYQ�d�RVQ�rFI!hPRVQy^�T[^qQFWX_�^qWXI"Uq�iI!�spFTVR[Z�RV\
`j_Fd�`b\jRV\j_s\|RVUXQ���C�DFR[`opFh|IH`jI!Q5\|^q\jRSUYQ-Uq�i`jI�\o\|DFI!UXhja�RS`{^qT[`bU�rsI3`jZ!hjRSd9IHrª^Y`o^�¬Y­t¬�®�¯!°A±©²q³�´'²3¬�®sµV²=`bas`b\jI!G¶^qQ�r-\|DFI
pFh|UcUq��Uq�
I3f5_FRV¡�^YTVIHQ�Z�I�R[`orsUYQ�IP��RV\jD�RVQ-\jD�RS`���UXhjG'^YTVR[`bGª�
·<¸5¹�ºj»�¼ ��½��Y� `bI!\�\jDFIHUYh|aY¾sI!�cp�TVR[Z�RV\]`b_�d�`l\|R�\|_s\jRSUYQ�¾�rsIHrF_�Z�\|RVUXQ�GJUsrs_FTSU�¾s�eh|`b\b�BUYhtrsI!h(pFh|IHrsR[Z!^q\jI�TSUYWYR[Z
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��� ����� � � z{^YQ�`PZ�I�\�^qhj\jR[Z�TSI"UYQ�rsUYQFQ�I=_FQFI�pFh|OH`jI!Q5\|^q\jRSUYQ-��QFRSIJrsI=T[^'\|DFI!UXhjRSI=rsI3`]IHQ�`bIHG=dFTSIH`P^q_�pFhjIHGJRVIHh
UYhtrshjI{rsUYQ5\¢T[^"`jacQX\t^��sIoI3`l\�`bRSGJRVT[^qRShjI��"Z�IHTVTSI{`jUY_�¡YI!Q5\£h|I!QeZ�UYQ5\|hjOHIorF^qQ�`¢T[^"TSR�\|O!ht^�\j_�hjIi XI!TSTVI]��UY_Fh|QFRV\¢_FQ�Z�UsrF^qWXI
rs_'`bacG=d9UYTSI�rsI�Z�UYGJpFh|O!D�I!Q�`jRVUXQ����{Q�p�hjUX_F¡YI�f5_FI�Z�I�\j\jI�pFh|OH`jI!Q5\|^q\jRSUYQ�IH`b\�_�QFIi¤lI!�5\|I!Q�`jRSUYQ�Z!UYQ�`jI!h|¡�^�\|RV¡XI�¥¢rsI�T[^
\jDFOHUYh|RVI�rsI=¦9I!h|GJI!TSU����iQ��©^qRV\�TS^�pFh|I!_F¡XI{I3`l\�pFTS_�`�WYOHQFO!ht^qTSI]I!\o`!§ ^qpFp�TVR[f5_FI���r�§ ^q_F\jh|IH`(¡�^qh|RS^YQX\|IH`(rsI�TS^=\jD�O!UYh|RSI
rsI�¦9I!h|GJI!TSU�Z!UYGJGJI�¦�« p�^Yh�I��sI!GJpFTSIY�
� I�\b\|Io��UXhjG'^qTSR[`j^q\jRSUYQJIH`b\£��UXQ�rsO!I{`b_Fh¢_FQ�Z!Ucr�^qWYI{rs_�`ja5G�deUXTVI]TVRSI!_Fh(f5_�§ I3`l\(TVI{`bacG=d9UYTSI]rsIPZ�UXG�p�hjOHDFI!Q�`jRSUYQ

rF^qQ�`�_�Q-T[^qQ�WX^qWXIPrFI"`b_Fde`l\|R�\|_s\jRSUYQªI��spFTSR[Z�RV\jIY�
� I�\b\|I�pFh|OH`jI!Q5\|^q\jRSUYQ IH`b\�^q_e`j`jR]rsO3Z�h|R�\|I�Z�UXG�GJI�_�QFI °! #"t²%$�±©­�´'²H¬q®sµV²�¾¢TS^ p�hjIH_F¡YI�rsI�Z!UYQ�`jI!h|¡�^�\|RV¡cRV\jO�`jI

�©^qR[`j^YQX\orF^YQ�`�Z�I���UXhjG'^YTVR[`bGJIX�
&u¼ �3� º ��' � �ª� \jD�O!UYh|RSI"rsIH`]I!Q�`jI!G�dFTVI3`!¾e`b_Fde`l\|R�\|_s\jRSUYQ�I!�spFTVR[Z�RV\jIX¾ersO3rs_�Z�\jRSUYQ<GJUsrs_FTSU�¾�TSUYWXRSf5_FI"rFIH`op�hjO3rsRSZH^�\t`
rs_ªpFhjIHGJRVIHh�UYhtrshjI
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w�� K gih|IH`jI!h|¡�^�\|RVUXQ�UY�
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� UXG�p�_s\jIHh-de^Y`jIHr \|DFI!UXhjIHG pFhjU�¡cRSQFW RSQ&`jI�\-\jD�I!UYh|a h|IHf5_FRShjI3`�^ ��QFRV\jI pFh|IH`jI!Q5\|^q\jRSUYQ UY�=R�\t`ª^��sRVUXG'`!� «�UYh
RSQ�`b\|^qQeZ�I[Z \�mP]_^a`cbBd�_e`bI3r'\jD�I.¡YUYQWeoIH_FG'^qQFQ�¾f\(IHhjQ�^ as`(^qQ�rªM�gsrsI!T�^q�sRVUXGJ^q\jRS�H^q\jRSUYQ�UY��`jI�\�\jDFIHUYh|ahZ ]�I!Qi`2H�d
RSQ \jDFI���h|^YG�IH�¢UXhj��Uq����ht`l\j�@UXh|rsIHh�hjI3`bUXTV_s\|RVUXQ���C�D�RS`�^��sRVUXG'^�\jRS�H^q\jRSUYQyRS`=I��spFh|IH`|`bI3r�RSQ ��ht`l\j�@UXh|rFI!h.pFh|IHrsR[Z!^q\jI
TSUYWXRSZ"^YQ�r<D�^X`{^'��QFRV\jI�Q5_�G=d9I!hPUq�£^��sRSUYG'`�j�\|DFI�rsIH¡cRSZ!I=_�`jIHr<RSQ�\|DFR[`o��UXhjG'^qTSRS�H^�\|RVUXQ<RS`lk $|²mk�²B��±�°A±©²q³n�B�'¯�µo�p���
IHQ�Z�UsrsRSQFWJ_�`jRVQFWJUXQFTVa���I!��^��sRVUXG'`(��UYhoZ�T[^Y`|`�Z�UXQ�`l\|hj_eZ�\jRSUYQ��

q]^ ¡cRSQFW�^���QFRV\jI�Qc_FG�deIHh�UY�]^��sRSUYG'`"R[`"I3`j`jI!Q5\jR[^qT¢dF_s\JD�^ ¡cRVQ�W�QFUq\t^�\|RVUXQ�`.��UXh�`jI�\�Z!UYQ�`b\jh|_�Z�\jRSUYQ�`=RS`�^qT[`bU
RSGJpeUXhb\t^qQ5\H�'«FUXh�RVQ�`b\|^YQ�Z�IX¾�RSQ�\|I��c\jd9UcUY�s`srut�UXhvrlw>x{R[`.WYRS¡YIHQ���RV\jD I��sR[`l\|I!Q5\jR[^qTi^q�sRVUXGJ`�^YQ�r�RSGJGJIHrsR[^�\|I!TSa
R[`-RVQ5\jh|Usrs_�Z!IHr \|DFI Z�UYGJpFh|I!D�I!Q�`jRVUXQ `ja5G�deUXT{��D�RSZtD&RS`ª^�QFUq\t^�\jRSUYQ ��UYh�\jDFI Z�UXQ�`b\jh|_�Z�\|RVUXQ rsI��eQFIHr d5a \|DFI
Z!UYGJpFh|I!DFIHQ�`bRSUYQ�`|ZtDFIHG�IX�����c\jIHQ�rsIHr�pFh|UYp9UX`jR�\|RVUXQ�`]d�_FRVTV\���R�\|D�\|DFRS`PQFUY\|^q\jRSUYQ�^YhjI�RVQ��©^YZ�\.^qd�dFhjIH¡cRS^q\jRSUYQ�`o��UYh
pFh|RSG�RV\jRS¡YI�pFh|UYp9UX`jR�\|RVUXQ�`!�ly T[^qQFWX_�^qWXI.��DFI!h|I"\|DFRS`P`ja5G�deUXT�R[`]d�_FRVTV\b�BRSQ�Z!^YQ�d9I�rsI!��QFIHr�dF_s\�R�\PRS`{QFUq\�^'��ht`b\b�
UXh|rsIHh�T[^qQ�WY_�^YWYI�^YQca5GJUXhjIX�{zc_�ZtD ^�p�hjI3`bIHQX\t^�\|RVUXQ R[`�WXRV¡XI!Q�RVQ|Z z{U��lEX�Bd]^qQ�r pFhjU�¡XIHr \|U deIªIHf5_FRS¡�^qTSI!Q5\J\jU
¦9IHhjGJIHTVUe§ `¢\jD�I!UYh|aY� � I"Z!^YTVT�RV\ !$# �

n�IH_�`bRSQFWlq �Pm��5}i7WZ z~q~��EcEBdB¾ �¢I�WXRV¡XI�^(�eQFR�\|I���ht`l\j�@UXh|rFI!h�pFh|IH`jI!Q5\|^q\jRSUYQ�Uq��¦9I!h|GJI!TSU�§ `�`bI!\�\jDFIHUYh|a]pFh|U�¡cRSrFRVQFW
^YQyIHQ�Z�UsrsRSQFW<UY��`j_�ZtD ^<`ja5G�deUXTA�ªC�DFI�p�hjRSQ�Z�RSpFTSI'RS`�^Y`P��UXTVTSU��o`! =pFhjUXpeU5`bRV\jRSUYQe`.Uq� !$# ^YhjI'IHQ�Z�UsrsI3r ^Y`���ht`b\b�
UXh|rsIHhP\jI!h|G'`._�`jRVQ�WªrFI+\¢h|_FR klQ RVQ�rFRSZ!IH`P\jU<IHQ�Z�UsrsI'UsZHZ�_Fh|hjIHQ�Z�I3`PUq�¢d9UY_�Q�ry¡ ^YhjR[^qd�TVI3`.^qQ�r�_�`jRVQFW�^YQ�I!�spFTVR[Z�RV\
`j_Fd�`b\jRV\j_s\|RVUXQ��¢C�D�RS`�WXRV¡XIH`�^YQª^YTVGJU5`l\oQ�^q\j_Fht^qT�IHQ�Z�UsrsRSQFW�^X`�R�\]p�hjI3`bIHhj¡XIH`¢\jDFI"`b\jh|_�Z�\j_Fh|I.Uq��\jDFI=pFhjUXpeU5`bRV\jRSUYQe`!�
C�DFI3`bIJ\|I!h|G'`"^qh|I�k $j²�kF²p��±�°A±©²q³/��µo¯t²�³e°B­!³�°��{^YQ�r �¢I'Q�I!IHry\|U<I��spFh|IH`|`�\jD�I!G�^Y`.pFh|UYp9UX`jRV\jRSUYQ�`�j�\|DFR[`"R[`"��Dca�^
pFh|IHrFRSZH^�\jI
�.RS`¢RVQ5\|hjUsrs_�Z!IHr�`j_�ZtD'\|D�^�\3¾c��UYh(RVQe`l\t^qQ�Z!IY¾I���S¤B�L�W�y¥��iR[`¢IHf5_FRS¡ ^YTVIHQ5\£\jUs�f�����ª¥��f�s�������y¥����"zcU�¾cUYQ
UXQFI=D�^YQ�r<\|DFR[`PrFI!¡cRSZ!I�^YTVTSU��o`o_�`{\|U�D�^ ¡XI�^'�eh|`b\b�BUYhtrsI!h]��UYh|G'^qTSRV�3^�\jRSUYQ�^YQ�r<UXQ�\jD�I�UY\jDFIHh{D�^YQ�r�De^ ¡5RSQFW'\|DFI
^YdFRVTSRV\la'\jU�f5_�^YQX\|R���a�U�¡YI!h(\|DFIH`jIP\jI!h|G'`o^qTSTSU��o`¢_e`(\jU'I��spFh|IH`|`¢\jDFI"Z!UYGJpFh|I!DFIHQ�`jRVUXQ�`|ZtDFI!GJI.^Y`�UXQFI.^��sRVUXGª�

q]^ ¡cRSQFW�WXRV¡XI!Qª\jD�RS`{pFh|IH`jI!Q5\|^q\jRSUYQªUq�£`jI�\{\jDFIHUYh|aY¾��(I"pFh|U�¡YI�\|D�^�\PR�\PRS`{��D�^q\{�(I=Z!^YQ�Z!^qTST
^�¤bZ!UYQ�`jI!h|¡�^�\|RV¡XI
I!�5\|I!Q�`jRSUYQc¥�Uq� !:# � C�DFI�p�hjI3Z�R[`bI�GJI3^qQFRSQFW R[`!  \|DFI!h|I�I!�sRS`b\|`�^ \jht^qQe`bT[^�\|RVUXQ���������P`j_�ZtD \|D�^�\-��UYh-^qQca
pFh|UYp9UX`jRV\jRSUYQ?� Uq� !$# ¾i� R[`�pFh|U�¡�^qdFTSI{RSQ !$# RV��^YQ�r�UYQFTSa�RV�a� � R[`�pFh|U�¡�^qdFTSIPRVQ-\jD�I.QFI!� pFh|IH`jI!Q5\|^q\jRSUYQ��

�¨Q UYhtrsI!h{\jU<rsU-\|DFI'pFh|U5UY�£�(I�h|I!TSa<UYQ�\l�(U-RSGJpeUXhb\t^qQ5\�peUXRVQ5\|`H P\jDFI�`b\jh|_�Z�\j_Fh|I�UY�¢pFh|UYp9UX`jRV\jRSUYQ�`[t���RV\jD ^
dFRSQ�rsIHh�x�R[`�pFh|IH`jI!h|¡YI3r=dca.\|DFI�\jht^qQ�`jT[^�\jRSUYQJ^qQer�¾Y`jRVQ�Z!I�\jDFI�\|DFI!UXhja�^Y`|`bUsZ�R[^�\|IHr=��R�\|DJ\jDFI�IHQ�Z�UsrsRSQFW�RS`£rsIHZ!RSrF^YdFTSIY¾
�(I�I��spFh|IH`|`¢RV\]^Y`�^'Z!UYQFWXhj_�I!Q�Z!I{UXQ�pFh|UYp9UX`jRV\jRSUYQ�`�^qQer��(I.�¢UXhj�'RSQ ¬Y­t¬�®�¯!°@±©²�³�´'²3¬�®sµV²�Z z~q~��Ec`�d@�

C�DFR[`JpFh|IH`jI!Q5\|^q\jRSUYQ RSQ ¬X­|¬q®�¯�°@±©²�³ ´'²3¬�®sµV²ªrsI3`bIHhj¡XIH`=R�\t`JU���Q RVQ5\|I!h|IH`b\H¾iRSQ�pe^qhj\jR[Z�_FT[^qh���UYh�pFh|U5UY�{`jIH^qhtZtD�¾
`jRVQeZ�I.^JZ�_s\j�@IHTVRSGJRVQ�^q\jRSUYQ-\jD�I!UYh|I!G D�^Y`�d9I!IHQ-p�hjU�¡XIHr��

�P�8���f�������
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m�I�\���d9I.^J`bI!\�UY����_FQeZ�\jRSUYQª`ja5G�deUXTS`���RV\jDª^qh|RV\laY��m�I!\��*d9I.^qQ-RVQs�eQFR�\|I"`bI!\�Uq�
¡�^YhjR[^qdFTSIH`H���+���	�
�+��rFI!QFUY\jIH`
\jDFI���ht`b\b�BUYhtrsI!h�^qTSWYIHdFht^"WYIHQFI!ht^�\|IHr���hjUXG�� ^YQ�r	�<�

��¸5» � � � ¸ � ¹ �H� ¸ � � y�h|I!��h|RV\jI�`jas`l\|I!G RS`=WYRS¡YI!Q dca ^ª��ht`l\j�@UXh|rFI!h�\jIHhjG ^YTVWXI!dFht^��=�����"^YQ�r dcay^�`bI!\�
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