
HAL Id: inria-00073605
https://hal.inria.fr/inria-00073605

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Asymptotic Analysis of Magnetic Induction with High
Frequency for Solid Conducteurs

Olivier Coulaud

To cite this version:
Olivier Coulaud. Asymptotic Analysis of Magnetic Induction with High Frequency for Solid Conduc-
teurs. [Research Report] RR-3086, INRIA. 1997, pp.28. �inria-00073605�

https://hal.inria.fr/inria-00073605
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

ap por t  
de  r ech er ch e 

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Asymptotic analysis of magnetic induction with
high frequency for Solid Conducteurs.

Olivier Coulaud

N ˚ 3086

Janvier 1997

THÈME 4





���������
	��	���������������������������������� 	����!�"��#%$��&	������(')��	+*(*����,*
�.-/�10
$��2���&�3�4�-65,������# 78����#9$��&	��:$,-/�<;

=�>@?BA�?BCED,F�GIH�>KJLH/M�N

OP�QR4S�R�T�UWVIXYS�ZI[Y\E]�X_^a`bR.]�^acI]�XYS�X_de\E]fXg^I`
h R�dfiad�] QR4S�R.d1j.^aS9cI[_R.kaR.d

l1m ^on�R.]�pqZrS9\s] P
t \ocrcu^ m ] h R m R.j P R m j P R6`,vIwoxoyoz�U|{a\o`L}aX_R m,~��o�o� U��oy%cr\E�oR.d

���&�.�4�����E�o��� `�] P X_d9cr\ocuR m�� R h R.dfj m XY�rR�] P R��uR P \�}aX_^aZ m �r^L] P XY`�]�XYS�R�\o` h XY`�d"cr\Ej.R9^E�
\o`�XY` h ZIj.]�X_^a`���R.[ h j m R4\E]�R h �oi�\o`%XYS9cr^odfR h P Xg� P � m R.�rZIR4`Ij.i�\E[_]�R m `r\E]�XY`I�9j4Z mfm R4`o]�\ m ^aZr` h
\%d�^o[_X h j.^a` h ZIj.]�^ m.��O ^ h ^�] P X_d4� � R�XY`o] m ^ h ZIj.R�] � ^9]�XYS�R
d�j4\E[_R.d�\o` h � R h R.j.^aS9cr^Ld�R�] P R
XY` h ZIj.]�X_^a`���R.[ h XY`�\�S�R4\o`���R.[ h \L` h \o`�^od�j.X_[_[ \s]�XY`I����R.[ h �¢¡ X_] P ] P R P R.[Yc�^E��d�XY`I�aZI[Y\ m
cuR m ]eZ m �r\E]fXg^I`Id,] P R.^ m i�\o` h S�ZI[_]�XYcI[_R�d�j4\E[_R.d�S�R.] P ^ h � R,^a�I]e\sX `b] � ^�Zr`Ij.^aZrcI[_R h S£^ h R.[_d4¤
^a`IR1�¥^ m ] P R:[ \ m �oR:]�XYS�R:d�j4\E[_R�\o` h ] P R:^o] P R m �K^ m ] P R P X_� P � m R.�¦ZIR4`Ij.X_R.d �1§ ^ m \j m ^od�d&d�R.j.]�X_^a`
^E� \,d�^o[_X h j.^o[YZrS9`�^E� S�R.]e\E[¥� � R,�rZIX_[ h ] P R�] � ^�� m df]¨]fR m S�d©^s�ª] P Rq\Edfi¦S9cI]f^o]�X_jqR.krcr\o`Id�X_^a`
^E��] P R�XY` h ZIj.]�X_^a`���R.[ h ��« ^ m R.^E}oR m � � R,n�ZId�]�X¬�¥i�] P R�j.[Y\Ed�d�X_j4\E[ P \ m S�^a`IX_j�\ocrc m ^EkaXYS9\s]�X_^a`
ZId�R h X `�deZIj P j.^a`L���IZ m \E]�X_^a` �
§ XY`r\E[_[gi¢XY`¢] P R�j4\EdfR^s�2\%j.ia[_XY` h R m j.^o[YZrS9`�� � R9\ocrcI[_i¢] P R
c m R.}IX_^aZId m R.deZI[_]�d��oi�j.^IS9crZI]�XY`I�®`aZrS£R m X_j4\E[_[gi�] P R�X ` h ZIj.]fXg^I`��K^ m h X¬¯/R m R4`L],}°\E[YZIR.d�^s�©] P R
� m R.�rZIR4`Ij.i �
±b²a³/´�µ�¶��E·&�o� S�ZI[g]fX cI[_R�]fX S£R¸dfj4\E[_R.d4��d�XY`I�aZI[Y\ m cuR m ]eZ m �r\s]�X_^a`�� « \sk � R.[_[¥¹ºd�R.�rZr\E]�X_^a`Id��
P X_� P � m R.�rZIR4`Ij.io��R hrh i�j4Z m�m R4`L]4���r^IZr` h \ m i�[ \�ioR m �r]�XYS�R\�}oR m \E�oR

»K¼�½¾�¿�À4Á ½¾ Â Ã ¿ÅÄ@Æ4Ç

È¦ÉËÊ&ÌªÉYÍ�ÎIÏ�Ð¥ÐÒÑfÓºÔ°Õ"Ö.×�Ø�ÙÅÚ�Ù"ÖÜÛfÝeÞ"ÚÜßáà/ÓºâºâãÕäÐÒå�Î�æÕ�åaÊ&ÑfÔ°ç�è<éáÕÅê�Õ�ë©ìYí�ÐÒÑfÔ°ç�Õ�îäï¦ð4ñfò°óEô�õröø÷.ùfú°õ.ófú4û4õ.ùfüoôÅórý@þ"ü
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�ø�����������!������ �
	��	���0
$�� #%$3�&*������(# � �"��#%$��&	������
� ���,���� 	��f0
$�� �:� *�� $ 	��©��� -���©0
$��:��� �1� ����$,- ���©��7 �,��#%$��&	��:$,-/�

���q�f��#��©� ;

���²¦���
	��² �� \o`Id�j.R9cr\ocIX_R m `I^aZId h��R.j m Xg}L^a`Idq[_R�j.^aS9cu^ m ]�R4S£R4`o]�R4`�]�R4S9cId�R.],R4`�R.decr\Ej.R
h Zbj P \oS%c h ¹ºXY` h ZIj.]�X_^a`¢S9\E�I` �R.]�X_�rZIR,j m �R.R�cr\ m Zr`�j.^aZ m \L`o]q\s[g]fR m `r\E]�X¬� Q\ P \oZI]fR,� m �R.�rZIR4`Ij.R
XYS9cu^od �R�\oZI]�^aZ m h ¹ãZr`¢j.^a` h ZIj.]�R4Z m d�^L[gX h R �®l ^IZ m j.R.[ \u�<`I^IZId�XY`o] m ^ h ZIX_d�^I`Id h R4ZIk �R.j P R.[g[_R.d
h R¢]�R4S9cId�R.]�`I^aZId h��R.j.^IS9cr^odf^a`Id9[_R¢j P \oS%c h ¹ºXY` h ZIj.]�X_^a` R4` Zr`�j P \oS9c S�^EioR4`�R.]�Zr`
j P \oS9c�^Ld�j.X_[g[Y\o`L] ��� [K¹¬\EX h R h R�[Y\
] P �R.^ m X_R h R.d2cuR m ]eZ m �r\s]�X_^a`Id©d�XY`I�aZI[_X QR m R.d¨R.] h R.d�S �R.] P ^ h R.d
h ¹ �R.j P R.[_[_R.d¸S�ZI[_]�XYcI[_R.d¸`I^aZId�^I�I]�R4`I^a`Id h R4ZIk8S£^ h QR.[gR.d h��R.j.^aZrcI[ �R.d4��Zr` cr^aZ m [_R.d�� m \L` h R.d
�R.j P R.[_[_R.d h R©]�R4S%cIdªR.]&[¥¹ã\oZI] m R©cu^aZ m [gR.d P \LZI]�R.d/� m �R.�¦ZIR4`Ij.R.d ��� \o`Id/[_R:j4\Ed h ¹ãZr`IR:j.^aZrcuR h ¹ãZr`IR
j.^o[_^a`r`IR h R¢S �R.]e\s[K�:`I^aZId�j.^a`Id�] m ZIXgdf^a`Id�[_R.d h R4ZIk8c m R4S£XgR m d�]�R m S�R.d h Z h��R.}oR.[_^acrcrR4S£R4`o]
\Edfi¦S9cI]f^o]�X_�¦ZIR h Z�j P \oS%c h ¹ºXY` h ZIj.]�X_^a` ��� R�cI[YZId4�/cr^aZ m Zr`�j.^aZ m \o`L] P \ m S�^a`IX_�¦ZIR9S�^I`I^��
� m �R.�rZIR4`Ij.R�`I^aZId n�ZId�]�X¬��^a`Id[K¹¬\ocrc m ^EkaXYS9\s]�X_^a` P \ m S�^I`IXg�rZIRcu^aZ m [_R.d�]�R4S%cId�� m \o` h d � § XY`r\��
[_R4S�R4`L]4��`I^aZId�\ocrcI[_X_�rZI^a`Idq[_R.d m �R.deZI[_]e\E]fd©^a�I]�R4`IZId h \o`Id:[_R,j4\Ed h ¹ãZr`IRqj.^L[g^I`r`IR,j.ia[_XY` h m X_�¦ZIRo�
R4`bj4\E[_j4ZI[ \L`o],`aZrS �R m X_�rZIR4S�R4`o][gR
j P \LS9c h ¹ºXY` h ZIj.]�X_^a`¢cr^aZ m h X¬¯ �R m R4`L]�R.d1� m �R.�rZIR4`Ij.R.d �
� ¶��4�.´������² � �R.j P R.[_[gR.d�S�ZI[_]�XYcI[gR.d�R4`�]�R4S9cId��©crR m ]"Z m �r\E]�X_^a`�d�XY`I�aZI[_X QR m Ro� �R.�¦Zr\E]fXg^I`Id h R
« \Ek � R.[g[¥� P \oZI]�R�� m �R.�rZIR4`Ij.Ro�rj.^aZ m \o`o]:XY` h ZIX_]4��j.^aZIj P R,[_X S£Xg]fRo�/S�^EioR4`r`IR,R4`�]�R4S9cId



���������
	��	���������������������������� �"!�	��#�$���"%&'�(	�����*)+��	�,-, �.�/,0��12!43(&'!(���(� w

7 �,��	��:��	��

5 6�7 �4��¶/· �/�E�(8Ë¶ 7 9

: � ¶/·/² �#8�;o�r�(8Ë¶ 7 � 7 · ²=< ���r�(8Y¶ 7 � >

? ���.³ 	A@+�.¶��(8@��� 7 � �Ë³ª�(8@� B

w �Y~ O2� ^�]�XYS�R
d�j4\E[_R.d,\o` h ]�XYS�R h R.j.^IS9cr^odfXg]fXg^I` �,�,���,�,�
�,�,���,�
�,�,���,� �
w � � � d�irS9cI]�^o]fXgj��uR P \�}aX_^aZ m ^E� ] P R,^od�j.X_[_[Y\E]�XY`I��]�R m S�d �,�,�
�,�,���,�
�,�,���,� ~L~

w � � �Y~ � dfi¦S9cI]f^o]�X_j,R.k¦cr\L`Id�X_^a`Id �,�,�
�,�,���,�,���,�,�
�,�,���,�
�,�,���,� ~L~
w � � � � C krcr\o`Id�X_^a`�XY`�] P R�IX h XYS�R4`Id�X_^a`r\E[©�u^aZr` h \ m i�[Y\�ioR m����,�
�,�,���,� ~ w
w � � � w C krc m R.d�d�X_^a`�^s�<] P R�� m d�]�^ m h R m ]�R m S �,�,���,�,�
�,�,���,�
�,�,���,� ~ T
w � � � T D�X_� P R m ^ m h R m ]�R m S�d �,���,�,�
�,�,���,�,���,�,�
�,�,���,�
�,�,���,� ~��

9 �E@/�����(8@� � �Ë�����E��� ²����GF���� 	¢¶ 7 8B��� �/�°��² 7 � 5 B
T �Y~ H R4`IR m \E[/j m ^od�d:d�R.j.]�X_^a`b^E� \£j.^o[YZrS9` �
�,�,���,�,���,�,�
�,�,���,�
�,�,���,� ~ y
T � � p�ZrS�R m X_j4\E[ m R.deZI[_]�d2�K^ m j.ia[_XY` h R m j.^o[YZrS9` ���,�,���,�,�
�,�,���,�
�,�,���,� � ~

> �E¶ 7 ��� �á��8Y¶ 7 :=9

I �-@J@&² 7 ·J8�K : >

�%² Lä²¦��² 7 �s²¦� :"I

Ì/Ì�ÔNMPO"Ú4QeÞ



T � �����(��!(1�� �&'� �/& %

� � ��	�-/��#%$��&	������

p^ � \ h \4iId�\�[_^o]�^E��XY` h ZId�] m XY\E[�c m ^Ij.R.d�d�R.d®�r\Ed�R h ^a` S9\E�a`IR.]fXgj¢XY` h ZIj.]�X_^a` \ m R¢ZId�R h X `
XY` h ZId�] m i \o` h XY`¢[Y\o�r^ m \E]�^ m X_R.d��@d�R.R�	 ~ ��
� ��O�P R�S%\EXY`��¥R4\E]eZ m R9^E�2S%\E�a`IR.]�X_j�XY` h ZIj.]�X_^a`�X_d
] P \s]¨X_]:j4\o`�\Ej.]¨\s] h X_d�]e\o`Ij.R � VI^ OP R m S9\E[�^ m S�R.j P \L`IXgj4\s[�R4`IR m �oi9X_d�� m ^aZI� P ]©]�^9S9\s]�R m XY\E[
� X_] P ^IZI]<\o`Li�j.^a`o]"\Ej.] ��¡ P R4`�\o`
\E[_]�R m `r\E]fX `I��j4Z m�m R4`L]���^ � d/XY`�] P R©XY` h ZIj.]�^ m d4�4X_]&�oR4`IR m \E]fR.d
XY` h ZIj.R h j4Z m�m R4`L],XY`¢j.^a` h ZIj.]�^ m d ��O�P R9XY` h ZIj.R h j4Z mfm R4`o],XY`¢[_X_�rZIX h d%X ` h ZIj.R.d9\�S9\s�a`IR.]�X_j
��R.[ h ��P Xgj P j m R4\E]�R.d���^ m R4`o]���¥^ m j.R.d � O�P R.d�R�¥^ m j.R.d�S9\�i9�rR�ZId�R h ]�^�j.^a`L��`IR�] P R S£R.]e\E[�^ m
]�^�S%\EXY`o]e\sX `£Xg]1XY`�[_R.}aX_]e\E]fXg^I` � § Z m ] P R m S�^ m Ro�E] P R.d�R:�¥^ m j.R.d j m R4\E]fR2\,S£^o]�X_^a` �qP X_j P S9\�i��rR
]eZ m �rZI[gR4`L] � � crcI[_X_j4\E]�X_^a`Id�j.^a`Ij.R m `IR h �oi¢] P R9S�R.j P \o`IX_j4\E[©R"¯/R.j.]�d,�LR4`IR m \E]�R h �Li��á^ m R4`L]��
§ ^ m j.R.dq\ m R��K^ m R.k¦\oS%cI[gR
R.[_R.j.] m ^aS9\s�a`IR.]�X_j,d�]�X m�m XY`I����R.[_R.j.] m ^aS%\E�a`IR.]�X_j,j.^a`L]�XY`aZI^IZIdqj4\Edf]�XY`I�
�¥^ m \E[YZrS�XY`IXYZrS�	 ~ 
Å� �IZIX h XY`I��^ m j.^a`L��`IXY`I�®n�R.]�d�^E�q[_X_�rZIX h S�R.]"\E[_d�	 ~ w�
Å� R.[_R.j.] m ^aS9\E�a`IR.]fXgj
[_R.}IXg]"\E]�X_^a`�	 ~ x�
Å��	 ~ T�
���	 � 
��<\L` h d�^®^a` �Y�Y�¢� `�\E[_[:] P R.d�R�c m ^Ij.R.d�d�R.d4� ] P R9� m R.�rZIR4`Ij.i ^E��] P R
XYS9cu^od�R h \s[g]fR m `r\E]�XY`I�¢j4Z m�m R4`L]�X `�] P R�XY` h ZIj.]�^ m d9X_d£\L`�X S%cr^ m ]"\o`o]�cr\ m \oS£R.]�R m.�¢� `��Ò\Ej.]4�
� X_] P ] P X_d¨cr\ m \oS�R.]�R m&� R:j4\o`9\ h n ZId�]1] P R h R4cI] P ^E�/] P RqcrR4`IR.] m \E]�X_^a`�^s�á] P RqS9\E�a`IR.]fXgj2��R.[ h
XY`Id�X h R®] P R�j.^a` h ZIj.]�^ m d9\o` h �Li ] P X_d�] P R�[Y\�ioR m
�qP R m R � R��oX_}oR�] P R m S%\E[:^ m S�R.j P \o`IX_j4\E[
R4`IR m �Li �

D�R m R � R�\ m R9XY`L]�R m R.d�]�XY`I�¢XY`¢� m R.�rZIR4`Ij.i�\s]�S9\E�a`IX_]eZ h R ~ x���]�^ ~ x��4D�� � � ],deZIj P � m R �
�rZIR4`Ij.X_R.d9] P R�S9\E�a`IR.]�X_j���R.[ h X_d�j.^I`Ij.R4`o] m \E]�R h XY`�\�] P XY`�[ \�ioR m `IR4\ m ] P R�deZ m � \Ej.R%^E��] P R
j.^a` h ZIj.]f^ m.�,O�P X_d�c P R4`I^aS�R4`r\�X_d,] P R
d�^��Òj4\E[_[_R h! d#"LXY` �ÒR"¯/R.j.]  ��] P X_d�S�R4\o`Id,] P \E] � R P \�}oR
\��r^aZr` h \ m i¸[Y\�ioR m `IR4\ m ] P R9deZ m � \Ej.R�^E�:] P R9j.^a` h ZIj.]f^ m.�9O�P R9] P Xgj$"I`IR.d�d�^E�¨] P X_d
[ \�ioR m X_d
c m ^Icr^ m ]fXg^I`r\E[:]�^�] P R�XY`o}oR m d�R�^E�,] P R�df�¦Zr\ m R m ^a^L]^s�q] P R�� m R.�¦ZIR4`Ij.i&% ^E�q] P R�X S%cr^od�R h
\E[_]�R m `r\E]�XY`I�®j4Z m�m R4`o] ��§ ^ m }oR m i P X_� P � m R.�rZIR4`Ij.X_R.d[_X'"ER ~ x � D(�9^ m S£^ m Ro� h ZIR%]�^�] P R
� \sj.]
] P \s]�] P R�S9\E�I`IR.]�X_j���R.[ h�h ^aR.d,`I^o]�crR4`IR.] m \E]�R
X `L]�^9] P R,[gX_�rZIX h � � R�j4\o`bj.^a`Id�X h R m ] P \E]] P R
R hrh i�j4Z m�m R4`o]�d�\ m R,^a`I[_i�^a`�] P R,d"Z m � \sj.R �

) R.j4\LZId�R � R,j.^a`Id�X h R m�P X_� P � m R.�¦ZIR4`Ij.i�j4Z m�m R4`o] � R P \�}oR�\
deS9\s[g[+]�XYS�R�d�j4\s[gR ��P Xgj P X_d
�oX_}oR4`��Li�^od�j.X_[_[Y\E]�X_^a`�^E��] P R�XYS9cr^odfR h j4Z m�m R4`o] � p�^ � ] P R�S9\s�a`IR.]�X_j���R.[ h crR4`IR.] m \E]�R��oi
h X¬¯ªZId�X_^a`�X `IdfX h R�] P R9j.^a` h ZIj.]�^ m ��OP R h X¬¯+ZIdfXg^I`�j P \ m \Ej.]fR m X_d�]�X_j9]�XYS�R9X_d�XY` h R4crR4` h R4`L]9^E�
] P R%� m R.�¦ZIR4`Ij.io� Xg] h R4cuR4` h d9^a`I[_i�^a`�] P R��¥R4\E]eZ m R�^E��] P R�S%\E]�R m XY\E[ �¢O�P R m R"�¥^ m R9] P X_d�X_d9\
d�[_^ � ]�XYS�R�d�j4\E[_R9j.^IS9cr\ m R h � X_] P ] P R9c m R.}IX_^aZId�^a`IR �
O�P R4`���^aZ m c m ^a�I[_R4S P \Ed,] � ^�]�XYS�R
d�j4\s[gR.d �

* Z m �o^a\E[/X_d��¥^ m�P X_� P � m R.�¦ZIR4`Ij.i�]�^ h R.d�j m XY�rR9] P R£S£^od�]�XYS9cu^ m ]e\o`L]�]�R m S�d ��O ^ h ^�Xg]��
� R � X_[_[ªZId�R�\Ed�irS9cI]�^o]�X_j�R.k¦cr\L`Id�X_^a` � X_] P�m R.decrR.j.]�]f^] P R,X `L}oR m dfR,^E�<] P R�� m R.�rZIR4`Ij.i �©O�P X_d
m R.�rZIX m R.d�]�^9j.^a`Id�X h R m ] � ^�]�XYS�R,dfj4\E[_R.d �

� `�] P X_dqcr\ocuR m:� Rqj.^I`Id�X h R m ^a`I[_i�df^o[_X h j.^a` h ZIj.]�^ m d+�Kd�R.R,	ºT-
��K^ m [_X_�¦ZIX h j.^a` h ZIj.]�^ m d.�:]�^
Zr` h R m df]e\o` h ] P R,j.^aZrcI[_X `I��XY`�SZI[_]�XYcI[_R�]�XYS�R,d�j4\E[_R.d,S�R.] P ^ h dq\o` h d�XY`I�aZI[Y\ m crR m ]eZ m �r\E]�X_^a`
S�R.] P ^ h d � « ^ m R.^E}oR m ]�^
j.^a`Id�] m ZIj.]¨] P RqR.krcr\o`Id�X_^a`�\E]:] P R�d�R.j.^a` h ^ m h R m XY`�] P R,�r^aZr` h \ m i
[Y\�ioR m:� R � X_[_[ m R.d�] m X_j.]:�¥^ m d�XYS9cI[_X_j.X_]�i®^aZ m j4\s[gj4ZI[YZId,]�^�\�IX h XYS�R4`Id�X_^a`r\s[©�oR.^aS£R.] m i �
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¡ X_] P ] P R,"I`I^ � [_R h �oR9^E�©] P R9�uR P \4}IX_^aZ m XY`¢d"cr\Ej.R�^E�©] P R�XY` h ZIj.]�X_^a` � R � X_[_[¨�uR£\L�I[gR
]�^��rZIX_[ h R���j.X_R4`o]�dfj P R4S�R¢]�^�j4\E]�j P ] P R¸�r^IZr` h \ m i [Y\�ioR m R"¯/R.j.] � O�P R¢X h R4\�X_d�]�^�ZId�R
XY`L�¥^ m S9\E]fXg^I`Id9^a�I]e\EXY`IR h �Li dfX `I�IZI[ \ m cuR m ]eZ m �r\E]fXg^I`�\o`r\E[_iadfXgd%X ` ] P R�d�j P R4S£R�^E� h ^aS9\sX `
h R.j.^aS%cr^od�X_]�X_^a`¢S�R.] P ^ h d �Kd�R.R,	 � 
� �<OP Xgd,\EdecuR.j.] � X_[_[<`I^L]q�rR h R4\E[_]�XY`�] P X_d,cr\ocrR m.�

� ` ] P R�� m d�]®dfR.j.]�X_^a` � R��oX_}oR�] P R�`r\s]eZ m \E[ P i¦cu^o] P R.d�R.db�K^ m ] P ^odfR�\LcrcI[gX_j4\E]fXg^I`Id�]�^
^a�I]"\EXY` « \Ek � R.[_[K¹ d�R.�¦Zr\E]fXg^I`Id m R �qm X_]�]�R4` ^a`I[_i � X_] P ] P R�S9\E�a`IR.]�X_j¢XY` h ZIj.]�X_^a` ��R.[ h �¥� �
�¥^ m S�ZI[Y\E]�X_^a` � ��� `¢] P R.X m `I^a` h XYS�R4`Id�X_^a`r\s[©�¥^ m S£d « \sk � R.[_[ R.�¦Zr\s]�X_^a`Id�XY`�] P R9j.^a` h ZIj.]�^ m
P \�}oR�\�deS9\E[_[ªcr\ m \oS�R.]�R m h R4`I^o]�R h �Li�� ��� `bd�R.j.]�X_^a`®�u� � R,X `L] m ^ h ZIj.R�] � ^�]�XYS�R
d�j4\E[_R.d�X `
] P R:d�iId�]�R4S � � d"S9\E[_[a^I`IR¨�LXg}LR4`�Li�] P R©� m R.�rZIR4`Ij.i�^E��] P R¨XYS9cu^od�R h j4Z mfm R4`o] h R4`Id�X_]�i�j4\E[_[_R h
] P R�S9\E�a`IR.]�X_j�]fX S£R�d�j4\E[_R,\o` h \�[Y\ m �oR^a`IR h R"��`IR,�oi����	��
 � « ^ m R.^E}oR m&� R:X `L] m ^ h ZIj.R�] P R
h R.j.^aS%cr^od�X_]�X_^a`�^s�¨] P R9XY` h ZIj.]�X_^a`�XY`�\�S�R4\o`¢}E\E[YZIR9��R.[ h \o` h \ ��ZIj.]eZr\E]�XY`I�®^I`IR � ) i�\
d�XY`I�aZI[Y\ m crR m ]eZ m �r\E]�X_^a`�S�R.] P ^ h ] P R� m d�]:^ m h R m ]�R m S ^s�ª] P R�X ` h ZIj.]fXg^I`���R.[ h X_d�^a�I]"\EXY`IR h �
O�P R4`�XY`�] P R�] P X m h d�R.j.]�X_^a` � R�\ocrcI[_i�] P R�c m R.}IX_^aZId m R.d"ZI[g]�XY`�] P R�j4\Ed�R�^E���aZIX h XY`I�®n�R.] �
§ X m d�]f[gi
�¥^ m \ P \ m S�^a`IX_j�j4Z m�m R4`L] \o` h \�oR4`IR m \E[Ij m ^od�d dfR.j.]�X_^a`
^E��] P R:j.^o[YZrS9` � R1j.^a`Id�] m ZIj.]
� m df] \o` h dfR.j.^a` h ^ m h R m ]�R m Sø^E� ] P R�XY` h ZIj.]�X_^a`¢\o` h ] P R�XY` h ZIj.R h j4Z m�m R4`L] �1§ X `r\s[g[_ib�K^ m \
j.iI[_X ` h R m j m ^od�d�d�R.j.]fXg^I`�d�^aS£R�`aZrS�R m Xgj4\s[ m R.deZI[_]�d,\ m R,�oX_}oR4` �

�  �
#�1����� �:	������ ����#(�©0
$��:	��������

� `�] P X_d
d�R.j.]�X_^a` � R9�oX_}oR%] P R P i¦cu^o] P R.d�R.d�\o` h � R9R.d�]e\L�I[gX_d P ] P R�`I^I` h X S£R4`Id�X_^a`r\E[:d�R.],^E�
R.�rZr\E]�X_^a`Id �

¡ R h R4`I^L]�R®�oi�� \�j.^aS%cr\Ej.]�d�R.]�X `����!�@j.^ mfm R.decr^I` h X `I��]�^¢] P R�XY` h ZIj.]�^ m d#�.���ø\o`
^acuR4`�d�R.]:XY`�� � � X_] P j.^IS9cr\Ej.]�j.[_^odeZ m R��� �Kj.^ m�m R.decu^a` h XY`I�9]�^�] P R,d�^L[gX h j.^a` h ZIj.]f^ m d#� � ¡ R
\EdfdeZrS�R,] P \E]�� \o` h �� h ^�`I^o]:X `L]�R m dfR.j.] � ¡ R h R4`I^o]fR�Li����,] P R,j.^aS%cI[gR4S£R4`o]�^s� ������
� ��P Xgj P j.^ m�m R.decr^a` h d%]�^®] P R�}E\Ej4ZrZrS ^ m ] P R®\EX m ��\o` h �oi��� "!$#,] P R�R.kI]�R m X_^ m ^E� �� �Kd�R.R
�&% ~ � �

¡ R�\Ed�deZrS£R,] P \E]�] P R��¥^o[_[_^ � XY`I� P i¦cu^o] P R.d�R.d P ^o[ h �

' O�P R « \Ek � R.[_[/R.�rZr\E]�X_^a`Id,\ m R�}°\s[gX h XY`�] P R �qP ^o[_R,decr\Ej.R �

' O�P R�\EX m Xgd�`I^a` �Òj.^a` h ZIj.]�^ m �

' O�P R�S�R h XY\ P \4}LR�\�[_X `IR4\ m �uR P \4}IX_^aZ m \o` h�* P S�¹ d�[Y\ � Xgd�}°\s[gX h �

' O�P R,j4Z m�m R4`L] h Xgd"cI[ \sj.R4S�R4`o]�j4\o`��rR�`IR.�o[_R.j.]�R h XY` � S9crR m Ro¹ºd�R.�rZr\E]�X_^a` �
' O�P R m R,X_d,`I^9XY` h ZIj.R h j4Z mfm R4`o]fdqXY`Id�X h R�] P R,XY` h ZIj.]�^ m d �

� [_[ª] P R.dfR�\Ed�deZrS9cI]fXg^I`Id \ m R�`r\E]eZ m \E[�XY`�^IZ m�m \o`I�oR,^s�<\ocrcI[_X_j4\E]�X_^a`Id �
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conductor
Ω

Ω

0

K

inductor

§ X_�aZ m R��&% ~�� VIR.j.]�X_^a`b^E�©\�d�^o[_X h j.^o[YZrS9`
O�P R,]�^o]e\s[��LXg}LR4`�j4Z m�m R4`L] h R4`Id�X_]�i�^aZI]�dfX h R,] P R�j.^a` h ZIj.]�^ m X_dq�oX_}oR4`��Li� � K�� 
 � � � � � K�� 
 ���	� � �

x �	� � ��

\o` h de\E]�X_d���R.d � �	� � � x XY` �� "!$# �� � ��������� � � K�� 
 � � x 
� ` h R m ] P R.d�R P i¦cu^o] P R.d�R.d�] P RqXY` h ZIj.]�X_^a`���R.[ h�� \o` h ] P R�R.[_R.j.] m X_j���R.[ h�� de\s]�X_d��Ki �@d�R.R 	ãy�

�¥^ m S�^ m R h R.]e\EX_[_d#� �������� ������ 

� �	� � � x �!� �#" �$&%&
�')(+* � � � �!� �� "!$# �, �, 
.- ~/+' $&%&
0$&%&
 � � x �!� � �, �, 
.- $&%&
 � � x �!� �� "!$# �
�qP R m R1' � �2'�� K �:X_d�] P R�S9\E�I`IR.]�X_j�crR m S�R4\L�IXg[_X_]�i¸\o` h /¢] P R,R.[_R.j.] m X_j
j.^a` h ZIj.]�X_}aX_]�i®^s� � �

O�P R��r^aZr` h \ m i�j.^a` h X_]�X_^a`Id�\E]&] P R:XY`o]�R m � \Ej.R��uR.] � R.R4`
] P R:j.^a` h ZIj.]�^ m \o` h ] P R:}°\Ej4ZrZrS
\ m R

	 � 
 7 
 � x � 	3' (4* �65 7 
 � x�\L` h 	 �75 7 
�� x
�qP R m R 	 
 
 h R4`I^o]fR.d�] P R�n�ZrS9c�\Ej m ^od�d:] P R�XY`L]�R m �Ò\Ej.R �
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� ]�XY`L��`IX_]Åi � R,XYS9cu^od�R
[_XYS���������	��
 � 
 � x 


�-8 	¸² 7 �(8Ë¶ 7 �Y²r�4� ²=< ���r�(8Ë¶ 7 �� O ^�df]eZ h i ^aZ m c m ^a�I[_R4S � R¢X `L] m ^ h ZIj.R h XYS�R4`Id�X_^a`I[_R.d�d
�rZr\o`L]�X_]�X_R.d �¨OP Rq]�XYS�R,X_d�`I^ m S%\E[_XgdfR h �Li9] P R�X `L}oR m dfR,^E�/] P R�� m R.�¦ZIR4`Ij.i %�^s�á] P R,X S%cr^od�R h
j4Z m�m R4`o] h R4`Id�X_]Åio�&] P R%decr\Ej.R�j.^a^ m h X `r\s]�R.d�Li����ª\bj P \ m \Ej.]�R m X_d�]fXgj%[gR4`I�L] P �&] P R9XY` h ZIj.]�X_^a`
��R.[ h �oi�� " ' � ���r] P R,R.[gR.j.] m X_j���R.[ h �oi�� "�� / � ��P R m R�� " X_d�] P R�S9\EkIXYSZrS ^E�<] P R,X S%cr^od�R h
j4Z m�m R4`o]�\o` h ' � ��T�� ~ x (������ (+* ] P R�}E\Ej4ZrZrS S9\s�a`IR.]�X_j9crR m S�R4\L�IXg[_X_]�i ��¡ R h R"��`IR%] P R
m R.[Y\E]fXg}LRS9\E�I`IR.]�X_jcrR m S�R4\o�IX_[_Xg]�i�� �oi

��� K � � �
��� � �

�
�! #" #$ X¬� K�% � �

� � � ~ X¬� K�% � � �
�'&��  �( )$ X¬� K�% � �

\o` h � R,X `L] m ^ h ZIj.R�] P R�cr\ m \oS�R.]fR m � h R"��`IR h �oi
� �

~' � /*�,+ % 
 �¥� % ~ �
) R.j4\oZId�R � R¨\ m R©XY`L]�R m R.d�]�R h XY` P X_� P � m R.�rZIR4`Ij.X_R.d4� �&X_d \�d"S9\E[_[¦cr\ m \oS�R.]�R m �ªO�P X_d©cr\ m \LS�R.]�R m
��X_d�] P R�XY`o}oR m d�R�^E��] P R�d�^��Òj4\E[_[_R h  dfj m R.R4` cr\ m \oS�R.]�R m  ®h R"��`IR h �Li % " � '�� /'� + ��O�P R
cr\ m \oS�R.]�R m % " � X_d,] P R�decuR.R h ^s� h Xã¯ªZId�X_^a`�^E�©] P R9S9\E�a`IR.]fXgj���R.[ h XY`Id�X h R�] P R
j.^a` h ZIj.]�^ m �
� [_d�^q] P R©cr\ m \oS�R.]fR m �/j4\L`,�rR©j.^I`Id�X h R m \Ed+] P R m \E]�X_^�^s�¦] P R&� m R.�rZIR4`Ij.i,^E�r] P R©j P \ m \Ej.]fR m X_d�]�X_j
S9\s�a`IR.]�X_j h X¬¯ªZId�X_^a`�]fX S£R9XY`�] P R�j.^a` h ZIj.]f^ m ]�^ % ] P R��oX_}oR4`�� m R.�¦ZIR4`Ij.i�^E�¨] P R%X S%cr^od�R h
j4Z m�m R4`o] h R4`Id�X_]Åi �øO�P X_d¸S£R4\o`Id�] P \E] �qP R4` ��Xgd�deS9\E[_[,] P R¢decuR.R h ^s� h X¬¯ªZId�X_^a` ^E��] P R
S9\s�a`IR.]�X_j:��R.[ h XY`Id�X h R,] P Rj.^a` h ZIj.]�^ m Xgd1deS9\E[_[r]�^I^�\o` h ] P R4`�] P RqS9\s�a`IR.]�X_j:��R.[ h�h ^IR.d¨`I^L]
 c m ^acr\E�a\E]fR  XY`Id�X h R�] P R9j.^a` h ZIj.]�^ m.�OPrm ^aZI� P ] P X_dcr\LcrR m�� R � X_[g[1d�R.R9] P R�XYS9cu^ m ]e\o`Ij.R
^E� ] P X_d,cr\ m \oS�R.]fR m ^I`�] P R�uR P \4}IX_^aZ m ^E�ª] P R
X ` h ZIj.]fXg^I`���R.[ h �

¡ X_] P ] P R�de\oS£R�`I^o]e\E]�X_^a`Id1�¥^ m � � � \o` h � �r] P R h X S£R4`Id�X_^a`I[_R.d�d,d�R.]�^E� R.�rZr\E]�X_^a`Id�Xgd�������� ������ 
� �!� � � x �!��� " �$&% 
�� (+* � � � �!���� "!$# �, �, 
 - �-� (+* $&%&
0$&%&
 � � x �!��� �, �, 
 - � $&% 
 � � x �!���� "!$# � �¥� %¦���

� X_] P ] P R��r^IZr` h \ m i�j.^a` h X_]�X_^a`Id
	 � 
 7 
�� x � 	.� (+* �65 7 
 � x � 	 �75 7 
�� x9\L` h [_XYS�����/���0� 
 � 
 � x 
 �¥� %¦w��
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���(��� �/	 !�� �=��=� �#�/�=� �2�$	�, ! � ���(!�� 12! � &'���1 � ���&'	��#��*)+��	�, 12! � � !4�(	+	�� 	�, !$� ���/�#�'�=�12��$!(	�!�1��
�
�4¶�¶�L�¶"L���F�² �Ë² 	 	¢�*,) i�[_X `IR4\ m X_]Åio� � R P \�}oR�]�^�c m ^E}oR
] P \E] � � x%XYS9cI[_XgR.d � ��x �
¡ R h R4`I^o]fR��oi �  "!$# � m R.dec � ��� ��] P R�}°\s[ ZIR%^E� � ^IZI]�d�X h R�� m R.d"c � XY`Id�X h R��
] P R�j.^a` h ZIj.]�^ m
� \o` h ] P R,de\LS�R,�¥^ m �  "!$# � � � � ¡ R�S�ZI[_]�XYcI[_i¸�Li � ] P R�R.�rZr\E]�X_^a`�XY`�� XY`�d�iId�]�R4S � �&%¦��� �
O�P R4`��oi�XY`o]fR.� m \E]�XY`I�9^I` � � R�^a�I]e\EXY`
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¡ X_] P ] P R P R.[Yc�^E� � S9crR m Ro¹ dªR.�rZr\E]�X_^a`�\o` h ^E��] P R * P S [Y\ � ] P R¨j.^I` h Xg]fXg^I`�^I`�] P R©R.[_R.j.] m X_j
��R.[ h 	 �75 7 
 � x
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O�P X_d�XYS9cI[_XgR.d,] P \E] ! �.- � 
 � ! + � x0/ 
 / 
 �!��
�\o` h j.^aS%cI[gR.]fR.dq] P R�c m ^a^E� �
) R.j4\LZId�R � R \ m R�^a`I[_i�XY`L]�R m R.d�]fR h X `�] P RqXY` h ZIj.]�X_^a`���R.[ h �uX `�] P R m R.df]¨^s�á] P R�cr\ocrR m1� R

h ^�`I^o]:j.^a`Id�X h R m ] P R�R.�rZr\E]�X_^a`�\o` h ] P R,j.^a` h X_]�X_^a`�^a`�] P R,R.[_R.j.] m Xgj
��R.[ h �

1 � �������
	��	��f�!�ø�������������

� ` ] P Xgd�d�R.j.]�X_^a` � R�d�]eZ h i�] P R¢�rR P \�}aX_^aZ m XY` �9^E�,] P R�X ` h ZIj.]fXg^I` � ¡ R�X `L] m ^ h ZIj.R®] � ^
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