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Approximation sans verrouillage d’un modele de
poutre cour be par des éémentsde poutre droite

Résumé : On s'intéresse a un modéle de poutre courbe non-nécessairement plane
qui prend en compte des déf ormations de flexion, torsion, membrane et cisaillement.
On en définit un schéma d’ approximation en substituant a cette poutre un assem-
blage d’ @ émentsfinislinéaires de poutre droite de type Timoshenko. En utilisant un
probléme mixte équivaent, on démontre une estimation d’ erreur optimale et indé-
pendante de I’ épaisseur, ce qui prouve que la méthode est exempte de verrouillage
de cisaillement ou de membrane. Le schéma est ensuite testé sur des exempleset les
résultats numériques obtenus sont en accord avec lathéorie.



1 Introduction

Modelsof curved rods, like other thin structures such asbeams, platesand shells, are
known to give rise to numerical locking when the thicknessis very small compared
to other dimensions. In practice, this phenomenon often reveals itself through
unacceptably small numerical results (see eg. [4]). From a numerical analysis
perspective, a characteristic symptom is that basic a priori error estimates for these
formulations incorporate a dependency on the thickness of the structure by which
they degenerate when this parameter approaches zero. The mathematical litterature
on the locking of models of thin structures is far too developped for us to review
here, and we instead refer to the following texts and the references therein: [1, 7]
regarding beams and arches, [6] for plates and [14, 2] for shells.

Locking for the Timoshenko beam model was extensively studied in [1], where
the shear term wasidentified as the source of the difficulty and wastreated by mixed
methods or equival ent reduced-integration methodsin order to obtain error estimates
independent of the thickness. Similar methods were used in the case of a circular
arch formulation without shear in [10], for locking originating from the membrane
term. Significantly different was the approach in [12] where a model of circular
arch containing both membrane and shear effects was analysed using a Hellinger-
Reissner formulation and a numerical scheme based on a mixed Petrov-Galerkin
method. Circular arches with shear and membrane strains were also considered in
[15], where a mixed formulation closer to that of [1] was employed. These results
were later extended by [3] to rods with arbitrary three-dimensional geometry and
response.

The perspective of this paper is different. We start from athree-dimensional rod
formulation similar to that presented in [3], but we use a discretization by straight
beam finite elements as an approximation procedure. Thisidea, which seemsto have
been exploited very early in engineering practice [13], was substantiated by several
theoretical studies for planar arches where convergence results were established
[9, 8, 5]. However, as they considered the thickness as a fixed datum, these works
did not investigate the question of the sensitivity of convergence with respect to the
thickness parameter.

The only existing theoretical analysis pertaining to the locking-free property of
such an approximation seems to be that in [11]. It considers a standard planar arch
formulation without shear discretized by Bernoulli beam elements, and establishes
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4 Dominique Chapelle

optimal rates of convergence independent of the thickness in the case where the
structure is clamped at one end and free at the other. To provethis, a mixed method
equivaent to the displacement-based scheme is introduced and analysed. Yet, in
the course of the argument, the assumption on the boundary conditions appears as
an important restriction that crucially enters in the proof which does not hold in
different configurations (such as a structure clamped at both ends).

Our analysis involves no such restriction. It also differs from [11] in that we
consider general three-dimensional geometries and a formulation including shear
effects so that we naturally employ Timoshenko instead of Bernoulli beam elements,
with smple linear shape functions. In Section 2, we introduce the notation, give
definitions concerning the geometry as well as the variational model, and establish
preliminary resultspertaining to theexact solution. Thenin Section 3wedescribethe
approximation procedure, define an equival ent mixed method and provethat optimal
error estimates hold independently of the thickness parameter. Inaddition we obtain
improved error estimates in L?-norm. Finaly, in Section 4 we demonstrate the
practical behaviour of the approximation scheme on concrete numerical examples.

Throughout this paper, C' will denote a generic strictly positive constant, inde-
pendent of both the discretization and thickness parameters (respectively # and d),
that will take different values at different occurences (including when repeated in a
single equation).

2 Geometry and continuous for mulation

The geometry of the rod is described by a smooth function a : [0, L] — IR®,

parametrized by arc-length s, which represents the line of centroids. We let 7 f

[0, L] and denote by ¢ the unit tangent vector, so that ¢ = & (see Figure 1). The
linear elastic model we analyse, very similar to that used in [3], isastraightforward
extension of the Timoshenko beam theory to acurved geometry, with bending, shear,
torsion and membrane effects. Itsvariational formulation reads
L . d@.  di
)

T,

L - du dv L
= ds+/0 A[E—eAt]-(E—szt)ds:/o fovds (1)

Herew and € respectively stand for the displacement and rotation vectorsof asection
of the rod, whereas v and v denote the corresponding trial functions. Vector f
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Figure 1: Rod with arbitrary three-dimensional geometry

represents the distributed load, while 7 and A are s-dependent linear operators. We
assume that, in any local orthogonal coordinate system where the first coordinate is
attached to t, the matrix formsof .7 and A respectively reduceto diag(G'J, E1, ET)
and diag( F' A, G Ak, G Ak), which means that the bending and shear stiffnesses are
independent of the specific normal direction considered. Here F, GG, I, J, A and
k respectively denote Young's modulus, the shear modulus, the principal and polar
moments of inertia, the cross-sectional area and the shear correction factor.

For very thin structures, it iswell known that standard finite element procedures,
when used in formulations such as (1), are subject to numerical locking, a phe-
nomenon induced by the difference of magnitude between the coefficients in front
of the different terms [1]. The appropriate framework for analysing this difficulty
is obtained by rescaling formulation (1), so as to identify a well-posed sequence
of problems in the limit where the thickness becomes infinitely small. Calling d a

non-dimensional parameter characteristic of the thickness (say d = /%), thisis

reached by dividing both sides of equation (1) by d*. We rewrite the result in the
following form

a0, db dv L
/oj(ds Ls+d / ——0/\t] (£—¢At)d5:/op-vds )

with 7 = diag(j¢, jn,jn) and A = diag(as, an,a,) in a coordinate system as
described before. These coefficients of 4 and 7 are taken as constants in the
problem sequencein consideration, and o is p, so that only d variesin this equation.
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6 Dominique Chapelle

This means that we study the problem sequence where the global size of a section
varies while its shape, as well as the geometry of the line of centroids and the
material propertiesremain unchanged, with aloading proportional to d*. The values
of practical interest for d are obvioudy bounded, so wewill assumed €]0, do] inthe
sequel.

We will also assume in our analysis that the rod we consider is not a simple
straight beam. This problem would feature significant technical differences that
could be dealt with separately, and the finite element scheme we propose is obvi-
oudy well-fitted in this case too. However, this question has been specifically and
extensively treated elsewhere (see [1] and the references therein). Furthermore,
without loss of generality we concentrate on the case where the rod is clamped at
both ends. The appropriate functional space in which solutions are to be sought

appears to be V' & [HX(Z)]® so that we can now state our problem in the more

precise manner:
(Pa): Find (u, @) in V such that (2) holdsfor any (v,4) in V.

Proposition 2.1 Problem (P,;) has a unique solution (u, 8) in V. Moreover, this
solution satisfies the a priori estimate:

lu, 8l1 < Clpllo ©)
where C' isindependent of d.
Proof: Let
def de dzp du dv
ai(u,8; v, ) /Oj(d +d /A[ds—e/\t] (S = At)ds

The bilinear and continuous character of a4 is evident. Moreover
aa(w,0;u,0) > min(j, j.) / H—H ds
) d
+ min(ar, a,) d2 / 122 g At|2ds
o ' ds

de du
{1+ 15 — 0 nelp]

> Cllu, 0|1

Y
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by the Poincaréinequality, so that uniform elipticity with respect to d holds. Exis-
tence, uniqueness and estimate (3) immediately follow. ]

We now introduce a mixed formulation equivalent to (P;). We set

B(u,8,X;v, 9, )dif/o jdi ds—l—/ ——¢At)
+/ ——0/\t ds—dz/ AYA) - pds

L
F(v) déf/o p-vds

We define @ </ [L?(Z)]® and consider the new problem:
(P}): Find (w,8,A) inV x @ such that

B(u,0,Xv, 9, u) = F(v) V(v,¢,p) €V X Q (4)

To seethat (P}) and (P,) are equivalent is straightforward: taking (v, ¢) = 0in (4)
yields

A= d_ZA(Cclz_Z —ONt) (5)

then substituting into (4) and taking i« = 0, one gets (2). Yet, in order to derive a
bound independent of d for A, we need to devote more care to (P} specifically.

Proposition 2.2 Problem (7)) has a unique solution (u, @, X). Thissolution satis-
fies
[, 8111 + [[Allo < Clpllo (6)

Proof: Problem (7)) isastandard mixed formulation in the sense of [6]. Defining

. 6. d
(. bi0.9) 2 [T (%),
gohy d
b(v,¢;>\)d:f/0 A (D g At ds

Vo™ {(v,9) € V; b(v, ;) = 0, YV € Q}
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8 Dominique Chapelle

we know that the result we want to establish will hold if and only if two conditions
are satisfied (see Theorem 11.1.2 and Remark 11.1.13in [6]):

1) @ must be coercive on V4.

i) b must satisfy the inf-sup condition:

inf i) o (7)
HEQ o ey mllollv, P2

To check condition i), we just have to note that, for any (v, ¢) € Vo

a(’v7¢; ’U,’l,b) = Cld(’177¢;’l7,’l,b)

so that the coercivity of « on V; follows from that of «; on the whole of V. For
condition ii) we need a preparatory result.

Lemma 2.1 Thereexistsa linear mapping ¢ : IR® — CY(Z, Ik®) such that, for any
x c IR*

¢[z](0) = ¢[z](L) =0 (8)
/OLd)[a:]/\tds:a: 9)
[@[]llcr < Cll|] (10)

Proof: Let Q ¥ {w € CYT, R®); w(0)=w(L) = O} and define the operator

F: Q- Rby
def [L
= td
Flw) /Ow/\ s

Q is avector space and F alinear mapping so that its range is a subspace of IR3,
Then let 2o be any vector of IR* orthogonal to this subspace, i.e.

xo- Flw)=0 Yw e Q (12)

Define 3(s) = s(L — s) and choosein (11) w = St A @, then weinfer

L L
wo-/ wAtdS:/ Bt A xo||2ds = O
0 0

INRIA



so that t A @ must be identically zero, which implies 2y = 0 sincetherod is not a
straight beam. Therefore F is surjective. Now, to build the mapping ¢ it sufficesto
arbitrarily choose 3 elements of Q, the image of which are the 3 base vectors of IR>,

|

Proof of Proposition 2.2 (continued): To provethat conditionii) is satisfied, we will
show that, for any A € ), we can build adisplacement field (v, ¢) € V' such that

d—v—¢/\t=}\ (12
ds
v, [l < Cl|Aflo (13)

We start by taking
o0 / Ads
0
ICR=N)

This displacement field satisfies the first requirement (12), and its norm is clearly
bounded:
lo™®, W]l < ClIAlo (14)

butvM(L) # 0ingenera, sothat v? failsto satisfy the proper boundary conditions.
However, letting = 2/ —v (L), we have

Izl < Cllv@lls < ClIA Yo (15)

and we now apply Lemma 2.1 to define:

v Y /S ole] Ntds
0

so that .
W @ pt—0 (16)
ds
From (9) we have:
v (L) =2 = —vD(L) (17)

RR n°2733



10 Dominique Chapelle

Moreover (10) and (15) imply
1012, @1 < ClIAllo (18)
Finally, the choice
def

e ¢(1) + ¢(2)
satisfies conditions (12) and (13) as well as the rightboundary conditions. [ |

v @ 4 H? }

Remark 2.1: Had we been considering a structure clamped at one end only,
the proof at the inf-sup stage would have been much simpler, with no correction
necessary on (vV, ™). This same remark will hold for the discrete inf-sup
condition in the next section. Thus, we can see that the boundary conditions we
have chosen to consider arein fact the most severe possible case. ]

We end this section with aregularity result for a problem slightly more general
than (P7). Consider
(P4): Find (@, 8,X) inV x @ such that

~ o~ L L
B(a,8.Xv..0) = [ prods+ [ q-gds Vo) eVxQ (19

This extension with the rotation appearing in the right hand side will be needed to
derive L? error estimates by a duality argument.

Proposition 2.3 Problem (7)) has a unique solution (@,8,X) in V x Q. This
solutionisalsoin [HZ(I)]G X [Hl(I)]S and satisfies

lll2 + 18112+ | Xl12 < C {llpllo+ llallo} (20)

Proof: The existence and uniqueness of a solution for (75;) stems from the exact
same argument as for (P}), which aso implies the following a priori bound:

l@ll + 18112 + X0 < C {llpllo+ llallo} (21)

INRIA
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To prove one additional level of regularity, we write the differential equations
satisfied by the solution in the distribution sense:

dA
T s =Pp (22)
d [ _dé -
_ﬂﬂﬂ_tmzq (23
L P PPAYA) =0 (24)

ds
Assume that p and g arein [LZ(I)]S. From (21) and (22) we infer that X is in
[#4(7)] and
[Allz < C{llpllo+ llqllo} (25)
L et us now write an explicit expression for 7 and 7 ~%:

J(@) = (i = jn)(@ - )t + jr2 }
(26)
T M) = (Gt =i (e )t + 5

and similar expressions hold for A and A~*. Observe that &l these operators
preserve the Sobolev spaces on which they act. Thus, (21) and (23) imply that € is

in [H3(T)]” with
1012 < C {llpllo+ lIqllo} (27)
Similarly (21) and (24) entail & € [#2(Z)]” and

lallz < C{llpllo+ llgllo} (28)

3 Approximation by straight beam elements

In [3] Arunakirinathar and Reddy investigate the direct approximation of problem
(P}) by aregular mixed finite element method. Our approach iscompletely different
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12 Dominique Chapelle

and generalizes that of Kikuchi in[9] (see dso [8, 5, 11]). First, we approximate
the structure geometrically by an assembly of straight beams, connected by rigid
junctions. Then, to each straight beam in this set we substitute a smple beam finite
element to compute the actual approximation.

The geometric approximation is characterized by a set of points (M;)¥, on the
lineof centroids, correspondingto arc-lengths(s; )., suchthat so = 0, sy = L, and
forany: (0<i < N —1),0< s;41 — s; < h. Theassembly of beamsis obtained
by joining two adjacent points by a straight line. We denote by s the arc-length
along this piecewise-straight curve, (s;)_, the corresponding values at points A,
L the total length, Z theinterval [0, L] and ¢ the unit tangent vector wherever it is
uniquely defined (i.e. everywhere except at points M;).

We rpw describethefiniteelement procedure. Define V;, asthe space of functions
of [H3(Z)]® that are piecewise-linear in each subinterval [s;, s;,1]. We consider the
following problem:

(Par): Find (wy,05) in Vh such that

L — dl, . dy,
ds
/0 (ds ) ds

_du d _ I _ 4 (o9
Y d /nf —h—eh/\t]) (%—¢h/\t)d5:/op-'vhd5 (29)

V(vh, ) € Vi J

where operators 7 and A have the same diagonal formas 7 and A, but in alocal
coordinate system attached to ¢ instead of ¢. [, denotes the L2-projector onto
piecewise-constants. To each function defined on Z, we associate one defined on Z
using the piecewise-linear change of variables in which each s; corresponds to s;.
Conversaly, we will use the inverse change of variables to derive functions defined
on Z from functions defined on Z. In both cases, we will not distinguish between
the two functions in the notation. However the context will make it clear whether
the one or the other is to be understood, like for p in the right hand side of (29).

Remark 3.1: The finite elements we employ are simple 3D extensions of lin-
ear Timoshenko beam elements, including torsion and membrane deformationsin
addition to shear and bending, with one-point selective reduced integration on the
membrane/shear term. This reduced integration strategy is natural, since for the
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Timoshenko beam model a similar modification of the shear term is proved to
overcome numerical locking [1]. ]

Like in the continuous case, we proceed to write an equivalent mixed problem.
Define the auxiliary unknown Ay, related to (uy,, 65) by

AL déf d_zl'lh {fr[d;ll_h — 0, A t_]} (30)
S

Note that there is no difficulty involved in the interaction between I, and A since
t is a constant within each element, so that the two operators commute. With @),
defined as the space of piecewise-constants over 7 valued in IR®, the discrete mixed
problemis L

(IPC/”L): Find (uh, Hh, Ah) inV, x Qh such that

Bh(umemAh;vhv’(:bhauh) = Fh(vh) v(vh7¢h7uh) S ‘7h X éh (31)

where

don I

ef (L =dB), dyp B
df/ Dy W L~y A ) ds

_ L
Bh(uh50h7Ah;vh7¢ha”h) = 0 \7( ds ds dS—I—/O Ah(

- ‘ -(%—0 At)ds — d? A - ey d5
Hy, (=~ s (Ar) - oy ds
0 S 0

L _
Fi(vr) d:f/o p-vds

Let uscal V;, the space of functionsin [H3(Z)]° that are piecewise-linear within
each [s;, si41], and @, the space of piecewise-constant functions valued in IR®. By
the canonical change of variables between 7 and Z that we described, one can
construct an element of 1}, from one of V,, and vice-versa, and the same holds
for @, and @),. Therefore (P,) can be seen as a candidate for approximating
(Pa), or (Py,) for (Py). In the remainder of this study, we will investigate the
convergence of the mixed scheme, keeping in mind that it implies the convergence
of the diplacement-based formulation.

We start with results of geometric nature that will be needed to relate functions
defined on Z and Z. We define

S Si+ Sit1)

-, 1
Z+§

dif}
= 2(

RR n°2733



14 Dominique Chapelle

We will use the standard notation O and O for respectively scalar and vector in-
finitessmals which do not depend on parameter d.

Lemma 3.1 Within each subinterval [s;, s;+1], the following properties hold with
bounding constants valid over the whole of 7.

1< d_ig + Ch?
ds = - (32)
1-— Ch <—<1
ds
t=t(s,, 1)+ 0(h?) (33)
o 2
t(s) =t(s;1) + (s — sH%)F(sH%) +0(ls — 5;,.1]%) (34)

Proof: The Taylor expansion of the mapping « at s, 1 reads:

(s = 5i41)" dPax 5
as) = @53+ (s =50 tsi3) 5 o5 (s13) +0s—s4 ) (35)

Writing (35) for s = s; and s = s;,1 and subtracting yields:

a(Si—I—l) - a(Si) _ t(SH_l) + O(hz) (36)
Si+1 — S 2
Therefore e (5222) ()
_S B a(S;41) — A S; . 2
=T =t o)
and since by an obvious geometric reasoning
ds
— <
ds 1

(32) isproved. Then
7 alsiv) —alsi) _ alsig) —afs) ds

«9_i+1 - 5_2 B Si41 — S ds
so that combining (32) and (36) we obtain (33). Finaly (34) is smply the Taylor
expansion oftatsﬂr%. u

We now establish the stability of the mixed approximation scheme.
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Lemma 3.2 For ~ small enough, B, provides a stable approximation procedure,
i.e. for any (up, 05, An) € Vi x Qp, thereexists (v, ¥, p,) € Vi x Q) such that

|vn, il + lpesllo < |lan, Or]l2 + || Ar]lo (37)

Bi(wn, 0, i vi, ¥ ) > C {|lwn, 0n )1 + | Anllo} (38)

Proof: In 3 steps.
I)Stabllltylneh Take('vh,¢h,uh) (uh,Hh, Ah)Then

|vn, Yulle+ s llo = [[wn, Ornlls + || Ax]lo

L —d6,. dé
Bu(un, 0n, Ar;vn, ¥y, ) = /Oj( dsh) dh

déy - de,
> o [ 1% a—c [P,

d2/ ALY - A d5

> Cl6,7> C|l6:]|7

by (32) and the Poincaré inequality.

i) Stability in A, (discrete inf-sup condition). The strategy here will follow the
same main lines as in the proof of the continuous inf-sup condition, except that an
equality like (12) will hold approximately only. Define:

def

L dvy, -
bn(Vh, Prs ) = /0 Ky (d—s—f — P, At)ds
We start by choosing:

oY [aas $PP0 o

Notethat with A, inQ, vﬁzl) so-defined isin the space of continuous piecewise-linear
functions. Besides we have:

[oV)2 < CloM 2 = Cf| A3

(39)

RR n°2733



16 Dominique Chapelle

and

do'd  _
v}L ds
ds (40)

L
Bh(’uh,ehv\h;’vgzl)7¢(hl)7#21)) = bh(vgl)’O; An) :/o A

I d’v(l)
- A, - —Lds = ||IAL]3
/0 he—g o ds | AL 15

However fvﬁbl)(L) = [§' Ands # 0ingeneral, so that our choice does not fulfill the
right boundary conditions. Nevertheless we record:

1o (L)) < Cl Ao (41)
Now set = 2 —»Y(L). Denoting by [w];..: the continuous piecewise-linear func-

tion that interpolates a continuous function w, we define:
def
1722) L [/ olz] A tds]
0 int

where ¢ is the operator of Lemma 2.1. Then, using interpolation properties, (10)
and (41) we have:

19211 < Cllpl]]1 < Cll2l < ClAulo (42)

and similarly
o], < Clol?

Observe that, from (9) and (8)

1 < Cll@f]]lo < Cl[Arllo (43)

of(1)= [ Blz Atds =2 = (1) (44)
P2(0) = P2 (L) = ¢[2](0) = ¢2](L) = 0 (45)

INRIA
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Next, we want to prove that this correction we add has a negligible effect through
bh:

L dv(hz) (2) —
/0 Ah(f_’libh /\t)dS

bu(v?, 9 An)

Lo dvPds g =ds
_ /0 A (TP AT ds
dv'? ds A
< Claulloll === w12 Atllo
dv'? dv'? ds
< CH/\hHo{H == Atllo+ === Dllo
) _
P A (- t)Ho}
dv(z)
< CHAhHo{H 2 = gl Atlo+ [ ble] — o

dvgz) ds (2) -
=== Dllo+ %57 A (8 = )l

The first two terms inside the braces are standard interpolation errors, so that by
(20):

dvf)
1=

— ¢la] Atllo < Chlgle] At|y < Chljz|| < ChIAxlo

p[2] — %P )lo < Chlgla]lr < Chllz|| < Ch||An]lo

To bound the last two terms, we use the results of Lemma 3.1. By (32) and (43) we
have:

d’v(hz) dS 2 (2) 2
| =G = Dllo < CR[oi?]1 < CR?Aulo

while (33), (34) and (42) entail:

192 A (8 — )]l < CRI%P o < Ch[Anllo
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18 Dominique Chapelle

Subsequently
bi(vi?, %75 M) < CRIAS (46)
Finally, we set
def (1) def def

o Lol +ol? e L el =yl = =0

and we can see from (44) and (45) that our choice satisfies the homogeneous
boundary conditions. Gathering (39), (42) and (43), we also have

[k, Pulls + l[nllo < CllAxllo (47)
Moreover
Bh(“ha 0h7 Aha Vp, ¢h7 Il’h)

- Bh(uh70h’Ah; ,ngl)7O7 O) + Bh(uhaefwAh;(v;Lz)? 22)70)

L —dg, dp'? _

= B+ bn(of? A0 + [T e as
0 ds ds

> (1= CR)IIAIE = ClOnlalei?a

> (1= Ch)|IA:]IG — C|0u]1ll Arllo

> (3= Ch)IAulg — C10413
Therefore, for ~ small enough we have

Bi(wh, 01y Avs vy ¥y 1) > ClIAlg — Cl164 ]2 (48)
iii) Stability in«,. We take here

€ e e d
U o Py 0 By El %
S
Note that g, isin @,. Furthermore
[, Pulls+ [[nllo = |wrls (49)
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With this choice, we have

Bh(uh,eh,)\h, Vi, Yy, 1)

d L — _
- / , ﬂ—ehAt)ds—dz/o AL -y, d3

-/ ”h-—ds—/ - [0, AE+ PATY(NL)] d5
> Jun|i — Cllugllo {l10kllo + [ Anllo}

> Cllunll? — € {164113 + || A4lI3}

using (49) and the Poincaré inequality in the last transformation. Now, to conclude
the stability proof, we classically invoke linear combinations of the trial functions

derived at each step.

We proceed to analyse the consistency of our scheme.
Lemma 3.3 The following consistency bounds hold:
| Br(wr, 0, Aw; vk, @, ) — Bwn, O, Ar v, ¥y, )|
< CR([|0n]l1 + [ Allo) (1% nllz + ll2allo)
V(wn, 0n, Ar), (vh, ¥y, )

|Fi(vr) — F(vi)] < CR||p|lof|vslo Vo,

Proof: Set

~ . d6, . d
Bh(uh,0h7Ah;vh7¢hall’h)d:f/o I dsh) %ds
+/ Ar

L d _ L —
+/ “h-(%—ehm)ds—dz/ AL -y, ds
0 S 0

A ) ds

RR n°2733
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We have, from (32):

| Br(wh, 04, An; vp, 00, 1)) —

dé)h

ds

_|/Ld5

L ds
—/O(g—l)ﬂh (0n A

Eh(uh, 01, A Vi, Yy, )|

% _/ __1>‘h (¥, At)ds

_ d5
t)ds—dz/ (52 = DAL - py ds

< CR¥([|6]l1+ | Aello)(1%5ll2 + Ileesllo)

Then recall, from (26) and similar expressions:

J(®)-y=(j—
j_(:n) Y= (Jt
A (@) -y = (a

Weinfer

B_h(uh,eh,)\h; Vi, Y, ) —

= Ge—iw) [ 15
B /oL A [y A (8-

~ et —1/[

)@ t)(y-t)+ .2y

—a Y@ t)(y-t)+ale-y

;)@ t)(y-t)+ale-y

B(upn, 01, An; vi, ¥y, py,)

—d — de d
(25— (D e

t)( t)] ds

tnds—;LLuh-whA<f—tNds

(52)

(53)

(54)

INRIA
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To bound the right hand side, we use (33) and (34). For the first term we have

R T R e TR

NI s df, — dy, —  dO), | di,

= —— ) (L) - ) (=L 1)]ds
UG B D= (G g
N-1 .54 4o d’(,b d2

= = X [ s O oG )

8, da v,

de d
S CHEY) Gy - ¢h

t(s;3))] ds + O(R2) | —=loll ==

llo

and the integral terms vanish since (s — SH_%) is multiplied by afunction which is
constant within each [s;, s;1+1]. Therefore:

[ B (T

1 t)] ds| < Ch?041/ep, |2 (55)

and an identical argument leadsto

O BB = - 0 0] ds] < CH Aol (56

Moreover

/OL An [, A (t__ t)| ds

Y [ s (A T ) s+ O Aol o

i=0 ¥ 51

Sig1 d
=3 [ s (B S ) s OGNl

since ), ispiecewise-linear, while A, and %(SH_%) are piecewise-constant. Thus:

L —
[k [ A @ =] ds] < R ol s (57)

RR n°2733
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Subsequently, gathering (54), (55), (56) and (57) we obtain
|§h(uh7 0h7 Ah! Vp, ¢h7 ll’h) - B(’U,}” eha Ah, Up, ¢h7 ll’h)| }
(58)

< CR¥([|8]l1 + | A llo) (194 ll2 + Ileesllo)
which, combined with (52), yields (50). Finally

L ds

Fi(vs) — F(on) = /O (5 = L)p- i ds

and (51) immediately followsfrom (32). [ |

We are now in aposition to establish optimal error estimates.

Theorem 3.1 Problem (P}, ;) has a unique solution (uy, 8, Ar) in Vi, x @, and
this solution satisfies the following error estimate:

lw —un, 8 — Oul1+ [[A — Anllo < Ch|lpllo (59)
Proof: That (7;,) admitsaunique solution is asimple consequence of the stability

property of Lemma3.2. Let now (u9, 89, A9) be any element of V), x Q). Lemma
3.2 ensuresthat one can find (v, ¢, ;) in Vi, x @, such that

o, ¥l + leallo < flun — uf, 85 — 62]11 + [ A — Ao (60)
Bh(uh - ’u’g? eh - 027 Ah - A?L, Vp, ¢h7 Il’h)

) (61)
> O {[lur — @, 0 — 0311+ | An — Ao}

Making use of (31) and (4) we have

INRIA
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Bi(un — ud, 8, — 07, X, — AL 05,9, )

= Fh(vh) — F(’Uh)

+ B(u27027A2;’vha¢h7“’h) - Bh(u27027A2! vhv’(phauh)
(62)
+ B(u - lu’?we - egvA - A?L;vh7¢h7“h)

< {2 (lpllo+ 118212 + 122]lo)

+llu—up, 0 — 8L+ [IX - AR

of {lvr, Bulla + llello}
where the bound was derived by using the consistency results (50)(51) and Cauchy-
Schwarz. Wethen speciaize (u?, 69, A?) by taking (u?, 89) asthelinear interpolant
of (u,8) and A;, asthe L?-projection of A onto piecewise-constant functions. Ap-
plying Proposition 2.3, this choice entails:

e — uf, @ = 831l + [|A = ARllo < Ch{]|w,8]2+ [ All} < Chlpllo  (63)

and aso
[f, 83111 + 1AR]lo < C {llw, 8]l1 + [ Allo} < Cllpllo (64)
Therefore, combining (60), (61) and (62) we obtain
lwn — ug, 0, — 671+ || An — ALllo < Ch||pllo (65)
and (59) follows by the triangle inequality. [ |

Finaly, we prove higher order L2-error estimates for the displacements.

Theorem 3.2 The following estimate holds

lu — w0 — B4llo < ChZ||p]lo (66)

Proof: We adapt the classic duality argument of Aubin-Nitsche. Consider the
problem: find (w,n,v)inV x @ such that

B(”a¢,ﬂiw7naV) = (u_uh7v)+(0_0h7¢) v(”a¢7“’) eV x Q (67)

RR n°2733
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From Proposition 2.3 we know that this problem has a unique solution and that this
solution satisfies

lw,mll2+ |[wlls < C{[lw - urllo+ 0 — Orllo} (68)

Taking (v, ¢, 1) = (uw — up, 0 — 0, A — A,) in (67) we have

lw — un|[§+ 116 — 0415 = B(w — un, 0 — 01, X — A w,m,v)
= B(u— w0 — 04, A= Aw —wy,m — 0y, v — )
+ F(wp) — Fi(wy) + Bu(wp, 0n, Ap; wi,my,,vs) — B(ug, 04, An wi,ny,vn)
for any (wp,n,, vi) in Vi, x Q. By Cauchy-Schwarz, (50) and (51) we infer
lu — wrl§+ 110 — 0,5 < C{llu — ur, 8 — 011+ [|A — Axllo}
x {llw —wp,m = lli+ |[v — villo}
+ Ch?{|[pllo + [lwn, Onlls + [[Anllo} {lwn, mpll + [[v4llo} (69)

< Chllpllo{llw — wn,m = myll + [[v — vallo}

+ Ch2|lpllo {llwn, mylls + [v4llo}

Now specidize (wy,n,, v:) by taking (w,, n,,) astheinterpolant of (w,n) and v,
asthe L2-projection of v so that

lw —wim —mull+ v~ willo < Ch{Jlw.mllz + Ilwlls} }
(70)

IN

Ch{|luw —unllo+ 1[0 — 8xllo}
from (68), and also

[, mlli+[lvallo < C {llw, gl + [[llo} < C {llu - unllo+ 6 — xllo} (71)

INRIA
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Therefore, collecting (69), (70) and (71), we can write
{llw —unllo+ 116 = 0ullo}* < 2{Jlw—unl}+ 16 —6,]3}

< CE?|pllo{llw — uallo+ |10 — 84}
and estimate (66) follows. [

4 Numerical experiments

In this section, we demonstrate the numerical behaviour of the proposed scheme
using two specific examples where closed-form solutions can be obtained. Our
main goal isto investigate in practice the sensitivity of the method to the thickness,
therefore we will plot error graphs for different values of d. In both cases, A and
J are taken as the identity operators. The approximate solutions are obtained by
dividing the line of centroidsinto N elements of equal length.

4.1 Hédix
This example isborrowed from [3]. The centroidal lineis given by

afs) (cosssins S) 7T+7r]
§) = A T A A T T Ay T TS

V2' V2 V2 V2' V2
Therodisclamped at both endsand theload isauniformly distributed forcedirected
along z (e.g. the weight, see Figure 2).

The relative errors are plotted in Figures 3 and 4 for the L2-norm and H?*-
semi-norm, and for various values of d (10~1,1072,10-3). The graphs display
no distinguishable difference between results obtained for different values of d.
Furthermore, they show that convergence occurs at the expected rates, i.e. linear in
H?* and quadraticin L?.

SE[

4.2 Semicircular arch
We consider here the semicircular arch described by

a(s) = (coss,0,8Nns) s € [0, 7]

RR n°2733
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Figure 2: Helix under uniform |load
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Relative error

0.001
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[ uford =101 «— ]
uford =102 —+-- |
uford =103 -3-- A
0 ford=10"1 -
6ford =102 & |
0 ford =102 —x-

10 N 100

Figure 3: Helix. Errorsin L2-norm
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1 B T T T T T T T T

i uwford =107 o

- uford =102 4 -

- uford=10"° ..

- 0 ford=10"1 ..

fford=10"2 -

[ 0 ford=10"° —x-
S
O
o
=
©
T
04

0.01

10

Figure 4

N

: Helix. Errorsin H!-semi-norm

INRIA

100



29

/ /)

Figure 5: Arch under uniform load

clamped at both ends, and loaded by a uniform distributed force directed along =
(see Figure 5).

The corresponding errors are plotted in Figures 6 and 7. Again, convergence
rates are in perfect agreement with theoretical results. However, the graphs now
display adeterioration of the convergence behaviour when the thickness diminishes.
Thisis particularly noticeablefor u, for which the 4 *-error ismultiplied by afactor
close to 2 between d = 107! and d = 103, But it isimportant to note that this
deterioration is visibly limited, as the curves obtained for d = 102 and d = 1073
are already hardly distinguishable.

Thisisconfirmed by Figure8that plotsthe H -errorsagainst thethicknessfor 40
elements. It shows that the deterioration of convergence is stabilized for d smaller
than 10-2. Thissamefigurea so displaystheerrorsfor anumerical schemesimilar to
the one we described up to the fact that no projection isused in the shear/membrane
term. We know that this scheme is subject to shear locking when the structure in
consideration is astraight beam [1], and we expect locking to arise in our example
too. Thisclearly appearsin the numerical results, which are close to those obtained
by the scheme we propose for d close to unity but exhibit increasing errors as d
gets smaller. This deterioration encounters no limit and exceeds 99% (vanishing
approximate solution) for ¢ = 10~3, in dramatic contrast with the previous results.

RR n°2733
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1e ' ' ' ' ' i
: uford =101 <— ]
i uford =10"2 —+-- ]
uford =103 -&-- ]
B g ford =101 -
RN fford =102 & A
IS 6 ford =103 -
0.1 b E
§ ]
o) i
[}
= |
B .
T
x
0.01 -
0.001 . : EEE—
10 N

Figure 6: Semicircular arch. Errorsin L2-norm
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1 T T T T T T T T
[ uford =107t <-— ]
s uford =102 —+-- A
ol wford =102 -&-- A
: 6ford=10"1 - |

\“‘"“t---\__f\\ 6 ford =102 -
6 ford =103 -

Relative error

0.01 L L . . . —
10 N 100

Figure 7: Semicircular arch. Errorsin H-semi-norm
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1 X- _‘—J“‘*'—-—.—..L T LI II T T T T LI II T T T T LI I-

[ T , : ]

[ N u with proj. <— |

- u without proj. —+--

- 6 withproj. -E-- 1

- Y @ without proj. >

=

S
o)
[}
=
®
T
24

0.01 _—
0.001 0.01 0.1

d

Figure 8: H*-errorswith and without projection. N = 40
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Thus, while this example teaches that our approximation technique does not
completely rule out sengitivity of the convergence with respect to the thickness, it
shows that this phenomenon is cirscumscribed within reasonable bounds, so that
locking is avoided.
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