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) * * %
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Résumé : Ce rapport contient trois travaux sur le contféle de systémes
distribués singuliers a forte nonlinéarité, dans un cas elliptique, parabolique
et hyperbolique, respebtivement. On montre que pour une fonction cofit
naturelle, on peut obtenir le systdme d'optimalité singulier du méme type que

pour les systémes i une nonlinéarité moins forte.

Abstract : This report contains ‘three papers on the control of strongly
nonlinear singular distributed systems, in an elliptic, a parabolic and a
hyperbolic case, respectively. We show that for a natural cost function the
singular optimality system of the séme type may be derived as for the less

strohgly nonlinear systems.
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On the control of utrongly nonlincar systems I,
V. Konornik
Throughout this paper let ) denote a bourded open set in
‘ - . .- 00 -
IRR (_neW) with the toundary M of class C° and let f: R—R
be an srditrory function of class CA. Fix the nwbers 1 <K< |
1< 3w , N8>0 arbitrarily oo pol Tor brevity Y= ::;.'!.r‘-.{d,(?»‘gg

o
Let z3 € L {JL) be arbitrarily given anc ict U,q De a non-void

convex, closed subset in L (.ﬂ.) . Furthermore we-put
Q) 3te) = 2N - sall g KU,y
A pair (v,z) is said to be adnissible if |
(2) veU,, 7 ek o), f(z)éL (.11) and Az o+ £z} + v =0,
lie shéll aésume that
(3) there exists at least one admissible pair.

This is satisfied for exauple if Uad = LG@"J .

A pair (u,y) is soid to be optiacl if it is admissiblc and if
L4) J(_u,y) = inf {J(v,z,} : (v,z) is a@&.xis::iblof;.

The first res mt of this paper will be the following
Theoren 1 .7Therc exisvts at leaset one optimal pair. O

) N
Biten an open subset W of €3 we denote by D) the set
. o
of extensions by O of the fuyet ons irom D) = C, (w) to 2.



Assune that

(5) o7

and

k6) there exists vo’e Uad and amon~woid open subset

‘tw of 1 such that V, Olw) C Ugg

Under these assunptions we shall prove the

Theorem 2. Toany optinmal pair (u,y) there exists a
triplet (u,y,p) such that

Ga) M & UM(
(7)  ye wd()a v%'r(tﬂ) e {2)n ke ,Qﬂ) .

8) Ay+f(y)+uw =0,

(9) Ap + f'(y) p + |f(y) - zdr(-l ;::g:l(f(_y) - Zd) '(y) =0,

B -1

(a0) (p+n [u

R

:;gnvu)(v-u)dx 2 0 'VVGUad"

Renarks, Theorem 2 solves a peoblem raited by J. L.
Lions in his book [6] / Chepitre 3, Parsgreph 16 , Jroblem 25 /
for the case f(x) = eX . In view of this %hcoren, %o find

the optimal pairs it is worth while to seck first the iriplets

'(u,y,p) satisfying (%)-(10/.

The author is grrteful to J. L. Lions for the fruitiul



discussions.
Before turning to the prouf cf the thecrems, for the reader’s.
convenience we recall an inporiant proposition on the weak

solutions of the Dirichlet problem.

Proposition.Letus given two functions £,z €L (-—Q-)

&

(1 4/0( <ow) .and assume thgt
(W) fra5a = (epa,VieR gnibAla) .
n

| | a
Then £ €W (@)nir () and
(12) “‘f“v.ev/‘ga) < C Hg”L,u@_/

where C is a constant.

Proof. it follows from the (deep) regularity resulis of

S. fuzon, A. Douglis and L. Xirenberg [2] that tierc exists

f¥é '?42’/"(.(1) N "e’%’ﬂtﬁ) such that (llﬁ and (12) hold true
- * o n * ‘ E ]

for f instead of £ . Then f-£ éL/A@ﬂ-/ nd

* [ r :
| g (-r7)AF x = 0 VEewHla) A v # () .
SL : |
Furtucroore, applyving agein the avove rogulnrity theorem, there
n X

oxists g € Wd'/“L.Q) al Vv’(];’/a(_(l} such tiat
, X &4 » LK

A; = | £-f l’a sgL (1-1 )

IVl L ‘ R

Tacreiore g |{-f l x = U  vwheuece f =1 cna the

prorosition is proved. O
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Proof of Theorem 1. Let Uk’zk) be a

ninimizing segquence oI admissible pairs i.e. such that
J (vk,zk) — inf %J (v»2): (v,2) is udmissible } .

Then by (l),(Z) and (12) the séquences

Hvk“Le’(:ﬂ) ' \[f(zk)“LotLQ) ' "llzkllw»zﬁ,y@)

are bounded, Passing, if it is needed, to subsequences, we may

assume that
&l . . _. . @ -

3) v —>u weakly in LY R) ,
(14) By —y A4 weakly in WE‘,[" Lﬂ) .

It follows from the Rellich .. fondrzsov theorem thet the imbedding
il r(:)l) e LIQ._J’L) is compact; therefore (14 implies that

(15 ) Ze >y strongly in it R )

and then by the Riesz lemma we may also suppose that

(16) Z —> Yy almost everywhere in AL .

How f(z is bound.d i TdLQ) and flz,.) — £(y)
! ) is bound.d in L : 2. ) fy
almost everywhere in .3, therefore by Lem:a 1.3 in

[4], Chapitre 1

\17 f(z,) —> f(y]  wcakly in L‘(LQ-/ .
) )
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It {oliows from (15) , (14 and (17) that (u,y)‘ is admissible

(we note that U,5 is weakly ciused ) and that
a .

J(u,y) £ lia J(vk,zk)
i.c. (\u,y) ‘is an optinul pair. o

Proof c¢f Theorem 2. The proof will he divided
into several parts. Let (u,y) be an arbitrarily fixed optimal
pait and put for each € Y 0

Jg(”'z) = ﬁ—-—uf(-zl—zduL@) ",“g'_' "v“Le’L-Q)

! B
A | 4 d
+£)" “Alz-i- f(z) + vHL'rEJl) +f“z~y”LJZJL) +£f—-”v-u”Lft/y, v

A pair (v,z) is called £ - admissible if
(18) veuy, zelyailrfa ma fz)e 1) .

It follows from the proposiiion that every admissible pair is
1 B &

also & - admissible.

A pair  (ug .y ) is colled £- optimal if it is

€ - adnissitle and if
(19) . J£ (ue ,ye) = inf {Jf (v,z}_': (v,2)is € - adui:;,ibie;.

Lemnma 1. Foreach €70 there exists at leust one

£ - -op_timal pair (ug ’yE) *

Proodf. (ne can regeat the argwient uscd in  theorem 1 , @



-6 =
Let us fix for each € 5 0 on ¢ - opiinal pair &ue ,yg) .

Lenma 2 . The following rclatioms hold true as € tends to O :
(20) u, —> u  strongly in L‘B(V‘Q) ,

(21) Vg —» ¥ strongly in Wz'rLJ’?.) N W%' r@fl} .
»_(22). :EQE) — £(y) strongly in Ld(ﬂ} .
Proof. 1t follows from ths obvious relation

@3) I (ugwe) € T y) = Ily)

that the sequences
Meelipeg £l 14(2) oyl w2 0

are bounded and that

(24) L) ru, >0 stondy i 1/l

A y£ (ye) U, 0 stron ly in .

Therefsre every subsequence of  (u ¢ ,ye) has another subsequence

such that

iz
sz) u . —> -:1\ weakly in L ('\'Q) ’

t
L"g_) ¥ ¢ = ?r veakly in 720 62) A ‘a’%"’y L{Z |
LZ’() Yo —> /3; almost everywhere in  JT

\ A
k28) f(yﬁ) —> f(j’-}) veally in L (_.Q ) .
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‘ (24 ‘ ‘ A A ,
It folivws from (23§V(25) ,(26) 4(28) tiat (4, ¥ Jjis .

admissible and

’ (G,f) €lin Jugye) € L g (ugaye) € Thuy)
being (u,y) optiual nence we conclude |

J(_:G,f o lin J Lue,yg,J = lin Je(ue ,‘yg) = J (u,y)

vhence
v : ﬁ
-(29)- ug — u strongly in L (Jlj ’
L}O} yi — Y strongly in Lfé/l/ .
125} 4(26),(29),(3%0)  imply
(51) s = U § = Yy .
Furthernore (\28} (29 ] (ox(25) ) ,(31) and the relztion

lim J (u£ ,ya) = J(u,y) inply (22) . |
Finally,(24) ,(22) [ which is identical with (200} and (22)

imply |
(32) A Vg = - f('y) -u strongly in L/z-fl/ .

.eing the proposition ,(30) and (32)‘ yield (21) .

Lemmna 3. The following relautions hold irue as & tends to O:
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(33) y, — Yy  strongly in c W)

£
U[J» fb’&) —_— f(} ) strengly in C (jz—/ ’

(35} f’(ye) | — f’(y)‘ strongly in € (_{7} .

__ v by propaty(5)
Proof.By the Sobolev imbedding theorsn¥ w2 ¥ () € ¢ (3T}

therefore (21) implies (33). (34) and (35) hnence follow

because £ and f* are locally uniformly continuous. 7

Let us now set

1 r-L .
e =g | Ave v EGE) + Sen (Aye 1) +ue)
J
then P € er} for all £ > 0.

Lemma 4., For any fé W?’d(ﬂ) AN W%’“(Jz) we have

‘ , A -1 A .
{ 2 (BF +2()F) + |2(g) - = Sgn(f(vg)_- 20) £ (3¢)§
S

-1
+ !,ye ...ylr s.;;n(yg -y)f dx = 0,
Prooi. .y the optizality of (\uf ,yE) we hove
% G e )], -

croviied that this derivative ecxlsis. sné tais ie Loue, Lscouse,

using bLebesue’s dominated conver cunce theorenm we ¢ bisin
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e (ug o3 +t§) - J¢ (g ) _
D

A
3 Moo ul - foa-ul,
Q - -
f'
L1 ( QAUG +t§)+ i(yé +tf)+ u f - lAy£ + f(ye) + uE, dx
reﬂ- " A t. |
. Iy—’ﬁ‘ | |
SRR P
— § |£(0)- 22| sen(f(re) - 29) £ (v¢) ¥

a I |
s lan ¢ 2g) o uel” T el + 0e) 2 (05 ©UIF)

i

+ vg -9)" e (g -y)F o

and the lemma is proved. O

Lemna 5. Forany vevu, wé nave
- | -1 ‘ 8-1 j
g (p€ + N Jug sgm ue) (v—ua.) + [ug - uf sgn(ug —u)(v-u,) dx
n : ‘

> 0.

Prooi. vy the optinnlity of '(ug ,ye) we have

d 1 ¢ ; . '
o % (u.e +'CV[V—U.5) ) , 0 2 0
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if this derivative exists. ("{-e cannot say more in geueral because

Yg

may be eventuclly o bowudory point of U, d) Taking into
. _ a :
| e
account that the sequence &ug) is bounded in L2/ by

Lebe CHLW 3?

. K- R . e I 1 T " - ' .3
5 deninated convergence theoren  we obiuin

T g (g +tlug) yg) - I(ug v3¢)

dx

1 { ,Mye +£(ye) +ug *t(""‘d,r“lﬂys g *“e[r
- _

&
- u+ tv-ug)| -lug-u({}

dx
t

— S el (oan ) s
JT

+%_\Ay£ + f(y£}+ uE[

{4 (Ayf + f{ye_) + ug}(\v _ u€)
. + \ug.__u‘ &1 (ue —-l{) (\V‘ugj 25

and 1 e lewwn is nroved, O .

r’
Lerna 6. Uhe sequence ¢ is vounded ir L 'LQ }

froof, Assume on the controry Lot

Go ) ol pry,, = 2
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for some subsequence. Being the sequence pE. ~ bounded
' “ P 6” 1. )(.a.

in LrLﬂ} y it is glso hownied in Ev’z’“’éﬂ) by lemmas 3, 4

and be the proposition. Applyinzjq‘r(u Rellich-Kondrasov theorem

there exists therefore another subsequence such that

(37} | «-p\L_, — - q strongly in L J(-Q} .
WPl 17v'w)

Passing to limit in lemmas 4, 5 and using (20) (33)-(37)

we obtain
§ q QA§+ £'(y)f) ax = 0 VE¢ wz""(_;;)/{ v%*"gz»)_
n ‘ | _
[59) g'q(v-u)dx.go Y vVEU, .
S

L6 and (39 imply q=0 in W , Thercfore, applying
a unicity result of V. 0. Amrein, A. M. Berthier and V.
Georgescu [l], from (58) we conclude &0 in J’Z » But

this contradicts to (_57) whence || qqu(-Q . O

Now we are ready to prove the theorem. Applying lomnmas
2y 3, 4, 6 and the propositiocn, *here cxists a subsequence
pé such that
{40 P£ —3 P weakly in W™ (/A Vgt * () .

- Now (7)1“011(3‘;13 from (21) and (40) while (8/ iz an obvious
because (u,y} is adwissidle. (9) and (10) follow from
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lemmas 4, 5 1f we pass to limit and use the relations (20}.
(33)-(35) and (40). |

The theorem is proved.

Kenarks . (i) It‘is not necessary to apply the strong
wnicity result of W, 0. Amrein, A. H. Berthier and V. Georgescu .
Indeed, being .,f’(y)é C(JZ) and q€ Wz"’LZﬂ,’ % W%’”ULQ/
(by_the proposition) a classical onicity resu%t is, also
sufficient for our purposes.

lii) The'special,cése M = 2 of the proposition is much easier:
" instead of the results of S. Agmon, A. Douglis and L. Nirenberg.
it is then sufficient té use the regularity results only in,the
Hilbert space case. It is mﬁ%%;gimple” see e.g. [3],[4] .
However, this restricts our investigation to the case = 2
i.e. (in view of condition (5)) to the case n <3,

{iii) The candition L6) (due to J. L. Lions ) nay be replaced
by other conditions, for example by U,y = gv éLegQZ/ :v20
.alzost everywhere in J?,% (this is due to F. luut ) or by

0 €U,y and llzd[‘L*@Q} is sufficiently small (this type
~of conditions is due to F. Rivera}; see [E] s PDo D27-528.

It is then natural to ask whether thecrem 2 remains valid without
any further ascunption on Uad‘ In view of some r:cent results

of il. Ramaswany [7] this does not seem to be true,

b ~
e I e ¥ o Ce s

[1], vie O. Amrcin, A. w. seithier and V. Georgescu, L 7
inecuclities fov itne feplucisn and wlgee cunlinuaiion.

Ann, Inst. Fourier 31, 3,(1981}, Pp. 193-1.6,
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2] 5. hgmon, A. Douglis =nd I, Virenberg, Bstimates near the
voundary for solutions of elliptic partial differential
equations satisiying general boundary conditions, I. C. P. A, M,
12, {1929/, pp. 6:3-727, 1I. 1d. 17,(1954/, pp. 35-92.

[3] H. Brézis, Analyse fonctionnelle, Théorie et applications.
liasson, 1983, ‘

[4] J. L.nLioné'and E. liagenes, Problemes aux limites non

| homogenes et applications, Dunod, Paris, Vol. 1, 1968, |

[5] J. L. Lions, Quelques méthodes de résolution des problemes
auz limites non linéaires. Dunod - Geuthier Villars, Paris, 1968

[6] J. L. Lions, Controle des systemes distribués singuliers.

Dunod, Paris, 1983, |

[7] . Ramaswany, Guelques problemes non-linéaires: homogénéisation

| et comportement gloval des solutions d’une équation différen~
tielle non-lindaire. Thewe présentée a l'Universtité‘Pierre
et iarie Curie (Paris VI) pour obtenir le diplsme de docteur

de 3%%€ cycle, 1563,
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On the contrcl of strongly nonlinear systems II,

V. Komornik

<"§

Throughout this paper ~let £ denote o bownded set in
R® (nelN) with the boundarye? class €~ ,  let T be a
positive number and set Q=9x(0,7) , 5 = [ x(o ,7)  and
| let f: JR ->[R -be an-arbitrary- functior of class. G . Fix
. the numbers 1<t L0 9 3<f3<‘” N> 0 arbitrerily and put
fof. brevity - "= mir {0{ vﬂ’} . Let 23 € f( (Q) be arbltrarily’
given and let--Uyy be a non-void convex, ,closed ‘subset in LE( Q).

Finally, put

(1) J{v,z) = __Hf(z)- zd[r(

*(q) 3 lllL&) :

A pair (v,z) is said to be admissible if

(2) veUu,ze®BV(q),2 = 0m S ,a0)=0,

f{(z)éLd(Q) snd z' = Az~ 2(@) = v .

For the definiticn and preperties of the spaceS*W2’l’f ( Q,)

we refer to [I] cor [6]. / ¥e sholl assume that
(5) there exists at least one admisczitle pair.

/This is satisfied for example if Ug = L“;(Q) o/

An admissible pair is said to be optimal if

(4) J{u,y) = inf {J(v,z) : (v,2) is admissible} .
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We shall prove the following results.
Theorem 1 .There exista at least one optimal pair. n

Theorem 2 . Assune that

(5) YR

éTo any optimal ﬁair_ (u,y) there exists then a function p
“ such that;theﬁfallowing"Edh&itions are satisfied:
. Léa.) ol & d"é;&(:‘é)i'»- -

€) ye ¥HT(q),y

0 °#Z.-YL0)_= °

(7) »€ wzvli&\(qj .p = 0 on'Z , () =0 ,

B y-by-ip =u im Q.

(9) -»*-Ap-fly)p = |f@) - 5l senltly) - 55) £°13)

in Q *

(20 [(p ¥ [y o w))(r) ax @t > 0¥ e, .0
Q ' |

Remarks.Theorem 2 solves a problem raised by
J. L. Lions in his book [9] / Chapitre 1v, Paragraph 20 , -
-Problem 12 /. In view of this result, to seek the optimal
pairs it is worth while to look for the triplets (w,y,p)
satisfying (&4-00}. . |

For the proof we shall adept the method developed by J. L.
Lions for such investigations with the following nodifications

in order to apply:some'compact imbedding theorems for anisotrop
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Sobolev spaces, we have to use the LP - theory of parabolic

equations for p # 2 alreddy in lower dimensions, too.

The author is indebted to J. L. Lions for stimulating
discussions. 4

The following proposiiion is well-known. Nevertheless, for

the reader’s convenience we recall its proof.,

Proposition,letus given two functions f, g € L/A'(Q)
’(l < £eo) end sssume that

»
‘ &

() [f -§ A§)d:xdt - [(ggdx‘dt

Q

Vsé w2'137“’ (Q) such that . § aQ Aon Z ,» $(1)

Then feWolA (@), £ =0 on) , £(0). = 0. . and

_.(12 ) , Hf" p2lim (Q) £ ¢ llgﬂL/“(Q)

where C is an absolute constant.

Proof.Itisknown / see[3],[5] / that there exists

g*e g liM (Q) such that % = 0 on 2 ' f*(O)-—-'-

and (11),(12) hold true for £ instead of £ . Then
£ -8 1Q) and

éf_fﬂ- §'-AS) ax it = o©

*®

Vgéw?-l;ﬂ'(g) such that § = 0 onZ_ . 5 (1




- 17 -

By a seccnd application of the above mentioned result, § mey

be chosen so as to satisfy also the condition

_¥ AT - [f_f"[’uf-l sen(t - £ .

Then we obtain JQ \f - f*"w dx 4t = O whence £ = f* .

Proof of Theoremnm 1 ¢ Take s minimizing seaugnce
J (vk,'zky — : inf- {J(v,z) 3 (v,z) §s admissible % H
, ‘ ,
of admissible pairs, then the sequences : |
. ) ! )
B PIRER EaCH ol oo 158
- k‘ La(Q) ' “ (k)u LO((Q)_'.-, N ku w291’6: (Q,) | R

are bounded by (1),(2) and (12). There exists therefore a

subsequence such that

L13 ’ Ve —-—) u weakly in- L&(Q) .
(14) e | ‘weakly in- W2,1;'Zf' (Q) .
(15) 2z —>7 strongly in Ll(Q) ,
[16) Ze —>7J almost everywherg in Q‘ ,

(17} ftzk)\' —31(y) weakly in LQ((Q) y - 1

here (15) foliows from (14) by the Rellich-Kondrasov theorem,
(16) follows from (15)) by tae Riesz lemas and (17) follows from

(16) because the sequence f(zk) is bounded in L“(Q,) / see
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8 , CLapitre 1, Lemue l.)/ Being Upq weakly closed, fu,y)
is then admissible by ), (14), ( (17), and

M) € M I(v,y) .

Therefore (u,y) is optimal.

Proof of Theorem 2., Letus fix an optimal pair
(uy ) arbitrarily and put fqr;eggh; i€ 5.0

»Jé (v, z) = »——— “f (2)- zd”

1Q) " > L “(Q)

\lv l;ﬂ 8

+ .é%: UZ'-Az - fv(z)‘- v“

1l
W 7 - v, "B

A pair (v,z) 1is said to he-admisf‘»ible if
| | 2=0 on Z 2l = 0,

(18) ve Uy, ze Wb ()Y ana  1(z)€ f‘(q)

Obviously every admissible pair is also ¢ - sdmissible.
A pair (uE ,ye) is szid to be & - optisal if it is
€ - adrissible and if

(19) e (ug ,yé) = inf {JE (vez) : (¥, z) is & - admissibleg .

Repeating the proof of theorem 1 we obtain

Lenua 1. For each €50 there exists at least onc

£ - optiral pair (ué ,y&) o [

)
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Let us fix an € - opfinal pair (ug ,yg) for sach € 20 .

Lenna 2. I8 § tends to O ihen

| 8
(20) ug —> u strongly in L (Q) '
(21) Ve s y  strongly in SRR (Q),

22‘) }} Hy) — I(y)  strongly in LA(Q}) .
1’ rocf. IAt follous from the estinate

(23) e lugox) € % toy) = 3 (u,y)
vthat the sequences™

.uueu L‘ﬁ(Q)‘ ”f(Ya\’“' L‘*(Q) ' | vell WZ,]_;&”(Q)

are bounded =ng thot
~ ., W o 3 r A
(24) yo-4%. + f(ye) ~uwg¢—=> 0 strorgly in L7(Q) .

Therefore every subrequence of (ug '3’2) has muoilier subsequencs

(25) ug —> O | wewizly in l@(,‘) R

: A 5 e .
(26) Je —> 7 veakly in peedls & (4) s
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A r
yg = y  stronglyin 1L Q).

A .
Yo = ¥ a.e. in Q ,

2D fge)— () weaklyin IQ) .

Therefore (G,S\r) is admissible and ky the op_tix}tality of (u,y)

heace we obtain also
J(u,y)é J(ﬁﬁ)é 1__1_9_'](‘1& 'Ye) & EJ& (ue -Ye) < J(“!Y)

i.Co

J (u.-y}‘ = J(/I\lg/y\) = lim J (uﬁ .y"'@-\) = lile J,“ .(\ug__ 'y_t,{); - :

Hence ( veing also (H)) c) Sollows and
(23) y. —=> y  strongly in £ Q) ,

) =D sty i Fa)

and, using also (25) , @6) , (4 . (27) .,

A
u

(30)

u oy
A
y

. . Y (e
(32) Ve - Ay — flyy +u strougly in L Q) -
(R3) acd () yuld (22)-

L
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It follows from (28) , (32) and from the prc-position that

(21\) jg algo satisfied sn? tke lenna is proved. O

Lanona 3.1f €  teuds to O  then

(23) Je > 3 strougly in C (5 ) ’

—

#(ye) = ) strongly in 'CLQ) ' |

N
-
~—t

(
(%) £(x) —> oly)  stongdytn ClQ) .

Proof.Itis well-known that uader the hypothesis’ (5) '

the imbedding of w2 li¥ (@)  inte € Q) 4is compact

/ see (11 or (6] /. Therefore (33) follows from (21).
Furthermore, being " ¢ and £' locally uniformly continuous,
%4) and (35) foliow from (3).T o | |

Let us row ged
1 (., . - .
pe = —wfvz -av - 10e)-ue sem (3 Dy - T -ue) o

<

] )
then p¢€ Lb&(Q)) for all €20 .
L c}n n 2 4 . he have
)f | 3 K X1 ) -
) " e (§8'- 2% - (w)§) + |t0e) - 2| st G - ) T AN

-1

.+\y£_—y\ Sgﬂ(.‘lg —y)?‘ ix dt = O

wh«sz:evér E € ?;2,1;04 (Q) , §= 0 on Z ,E (0) = ¢ .



®
D r oo f . Using the procecding twe lermas and applying
Lebes:ve's domin-ted convirrcnce theorem we can see that the

above int.cral egaals 1o
ot Jel ve vTe +t 3o .

Beins (ug '??i) anfoptinal vair,r -‘hence the lemsa followse O

Leauama 5 . we lave

-1

A é-
J (p£+ it ‘ue[& sgn.ui)(v-u&)+ (“i -ul .‘lsgn(uE_ -u)‘(v-u;_)d;-,d.th

Q

hene & U
whencver Vv & Ugg -~

'roof. Using lenmes 2, 3 and applying the Lebesgue thcorem

we obtain that this intogral cquils to
& R {

N Je (ug + tlo=u) ,ye) = Te (ug 53¢ )
lim :

L <5040 -t

On the vther Lanl the atcve differcnce quoticn® ie nennegntive
heome < > L. LY & & e ] 1 s
Jceause ut ) £) 16 0L ~0ouiiligl DElr. g

[
- . o : . N
Lenae ©.%7he secuence  Ppg  1s ocuncsr 1n L (Q) .

3

T N . el AR R :\, . -‘—w-—s'v‘-. AT Al i
Proof.ascuse, on tiar contrry, thot

(#9) I rell Lr('Q)_ —> ®

for sone subsequeilce. Then, applving the provositica, by

lewas 3, 4 we oblain that
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| .
e is buunded in ﬁz'l}’f ) .

It follows from the COhdlt.Lon (5) that the imbedding of
ple1li oL (Q,) into L (w.) is co ,pqct. There exists therefore

auother subsequence such that = 4 o
p ' i .« Jiis A v e
(37) € T strengly in Lr( Q) .

J ( . ) o
Using this property and aiso (33 )- (36) y from lemra 4 . we obtgip |
é-q(g -Ag'-f'(y)i)dxdt = O

‘ ‘ . - .d‘ ) 5 . . ] P P R .
whenever § € Wz’l.’ (w.)s § = 0 on Z . 3 Q) =
Applying a widceity result of i. Brézis / see [9]) , Chopitre 1 ,
Théorene 2.1 ; here ihe lhcoren is proved only for ng 3
bul this remains valid ulso for n > 3 /, hence we can conclude
¢ = 0 . This contradicts to (37) whence |(ql ¢, = 1.0
LT(e) |
Let us now bturn to the proof of the theorew. Ap lring the
lepmas 2, 3, 4, & and the proposition, there exists a

subsequunce  pg  such that
' : 4
@8) Pg — b weahly in s Llie @) aad thern
!
also sirongly i L% (Q) .

- Usiag lomne 5 and (5_8) s Tro Yenwa 4 we obbain
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t39) fﬂ* P(st’éf g w8) + £ - " *f»n(f(y)- 5) 1" (7)§ & dxdt:

= 0

whCLEver €e Wz'l;‘* Q) , §, = 0 on Z and. 5(0) =

Now (6) and (8) are true Yecause (u,y) isioptimal, while.
(7) eand (9) follow from (39) ound from the pronosition.-
Finelly, (L0) - follows frow lemme n5;oﬁb?;¢(20)xégnd;n&gajg-__
mhe theorem is proved. O | L
lemarik, he 4:ed the proposition several tines, For o =2
it oan be proved nuch nore easily, using the Hilbert spnace
theory of parabolic equwtious, see z.g. [7], lowever, to treat
the gases 1 >1 d.e, the cases of practicel intercst, in
view of the cordition (5) it is necessary %o ap ly morc

general rasulta.
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ON THE CONTROL OF STRONGLY NONLINEAR HYPERBOLIC SYSTEMS

V. KOMORNIK and D. TIBA

The control theory of singular distributed systems was systematically
studied by J.L. Lions in his book [1]. In gereral the nonlinear terms had
polynomial growth and the author raised the prablem of the control of strongly
nonlinear systems i.e. when the nonlinear term is more general, e.g. of expo-
nential type.

In [2] and (3], by developing the method used in [1] this problem was
solved for some systems of elliptic and parabolic type. Using the Lp(l <P < ®)
reqularity results known for these equations, it was not necessary to make any
assumption on the nonlinear term. For the hyperbolic equations, however, we
have no Lp-regularity results except p=2, therefore the above method cannot
be applied directly.

The purpose of this paper is to owvercame this difficulty. We will show
that, making some new ard very general assurptions on the growth of the nonlinear
term (which are satisfied, for example for the functions having polvnonial or
‘exponential growth), a singular systém of optimality can be derived in this
case too.

Throughout this paper let Q be a bounded open subset of R (n e W)
with boundary T' of class C°°, T a positive number and set

Q=0 x10,M, L=Tx10,.
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Ve are given a function ‘f ¢ ct (R) such that
(1) Sup f' (%) < o
xR 1+ [£f(x ’
(2) sup f(x) < o
X, YR 1+ £y *

lxyl<1

We temark that these conditions are satisfied for example if f is a polynomial
.or an exponential function. The assumption (1) is an improvement of another
growth condition used by N. Barbu [6] and D. Tiba [7].

1et @L{ad be a convex, closed subset of L2(Q), yo € Hé «), yl € LZ(Q)
arbitrary given functions. We shall say that a pair (v,z) is admissible if

z" - Az - f(z2) = v in .@,'(Q):

z < I°(0,T ; Hy@), 2' « L°(0,T ; 12@)),
(3) 0 .
z(0) =y, 2'(0) =y,

v e@,gad, £(z) € L2(Q).

Iet us fix zq € L2(Q) and a nurber N > 0 arbitrarily and set

2

L2(Q).

N

(4) Yv,2) = 3E@ - 2412, + v
2 d LZ(Q) 2

An admissible pair. (u,y) will be called optimal if
(5) c@(u,y) =inf GJ{(v,z) | (v,z) is admissible}.
‘We shall always assure that

i

(6) there exists at least one admissible pair.



(This is satisfied for example if @)/, = L?(@) and y° = y! = 0). Then the
following theorems will be prowved :

Theorem 1
There exists at least one optimal pair. 0
Theonem 2

Suppose that one of the following three assumptions is satisfied :

(i) n=1,
(1) U, =170,
(iii) f and f' are bounded.

Then to any optimal pair (u,y) there exists a function p such that the following
singular system of optimality holds :

(7) y' -6y - £y) =uin '@,

(8) P’ - 4p - £1(y)p = (£() - zg) £'(y) in D' (@),
(9) g(p+Nu)(v-u)dxdtzO W ¢ 62/{ad’

(10) y e (0,7 ; By@), y' < L7(0,T ; L2@),

(11) y©) =y, y'(0) =y',

(12) peLl’(0,T; L2®), é- e I7(0,T ; H 1),

(13) p(T) =p'(T) =0, p=0surz,

(14) ueﬁaad. 0
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PRy * PRFpuly © S

Iet (v , Zk) be a sequence of admissible pairs such that :
- 8wz + inf g (v,z) | (v,2) is admissible}, -

then the sequences

%l ‘LZ(Q) ' .Hf(zk)HLz(Q)r 7 - A?];le(m

are bounded by (3) and (4). Applying the usual a priori estimates for the
wave equation and we conclude that

1°(0,T;12(Q))

2| aa |7

L7(0, 58y (2))

are also bounded whenceby [4], Ch. 1, Th. 5.1.
Z, is precompact in 2 Q.

Using also the R;'Lesz lemma, there exists therfore a subsequence of (Vk’zk)
such that A

v > w'in 12(Q) weakly,

| zk + y in I”(0,T ; Hé(sz)) weakly-star,
z]'( +y' in L°°(04,T : L2(§2)) weak.ly—star,
z, > Y in Q almost everywhere,

£(z) > £(y) in L7(Q) weakly.

(In the last step we applied [4], Ch. '1, ILerma 1.3). Hence it follows that
(u,y) is admissible and ‘ '

S (a,y) < lim @@(vk,zk’)

i.e. (u,y) is optimal. J
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-t ot o W ot B s s = o -

Fixing an optimal pair (u,y) arbitrarily, for each € > 0 set

1 yyom 2
@@E(v,z) = gv,2) +3= [|z" - 2z - £(2) - VHLZ(Q) +

+3 Hz-ylliz(o) +3 v - ul|?

A pair (v,z) will be called g-admissible if

2" - Az ¢ L2(Q),
z e I°(0,T ; H@), z' « 70,7 ; @),
z(0) =y°, 2'(0) = y?!,

Ve Qg £(2) e L2,

(15)

and g¢-optimal if (15) and
(16) Qe(v,z) = inf {c@e(w,x). | (W,J;) is e-admissible}
are satisfiéd.

Gbviously, every admissible pair is also e—aiussmh. Repeating the
reasoning of Theorem 1 one can easily see that for each ¢ > 0 there exists
at least one e¢-optimal pair.

Iet us fix an e-cptimal pair (ue,ye) for each € > 0.

If ¢ » 0 then

(17) u > u in 1.2 (Q) strongly,

(18) Y, >y inL7(0,T ; Hs(Q)) strongly,
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(19) y! > y' inL°0,T ; L?(2)) strongly,
(20) £(y_) > £(y) in L7(Q) strongly.
P’LOOﬁ v

It follows from the estimate

). G,y s Yy = Juy

| o '
L7 (0, T3H, (@)

Tl
€ 0,112 @))

are bounded and that
22) o dlyn - by - £(y) - u ] ~ 0.
e € € [ L2 )
Therefore any subseque' nce of (ue,ye) has another subsequence such that

(23) u_ > in L2 () weakly,
(24) y, > 9inL7(0,T ; Hj()) weakly-star,
(25) y! > 9" in (0,7 ; L°(R)) weakly-star,

(26) Y. > ¥in L2 (Q) strongly,



- 32 -

(27) Y ¥ almost everywhere in Q,
(28) £(y,) > £9) in 1.2(Q) weakly.

It follows fram (22), (23), (24), (25) and (28) that (0, 9) is adml.ssi.ble.
Using also (21) and the optimality of (u,y) we obtain

Juy s Jo9 s lm Ju,y,) s lin ,y) g (u,y

where

(29) (Q,9) = (u,y)

and

(30) &(ue,ye) > Gluy).

Now (17) and (20) follow fram (23), (28), (29) and (30) .. Furthermore (26)
and (29) yield

(31) Y. > Y in L2(Q) ‘strongly.

Using again the a priori estimates for the wave equation, (18) and (19)
follow fram (17), (20), (22) and (31)., [

Iet us now set
(32) P o=-3(y"-ay -£ly) -u) (e L2Q)
€ e e € € € )
Lemma 2
For all v ¢ @Zladwehave

(33) S{(p&:+NuE+1.1€—u)(v--u€) dxdt = 0.
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Proa
By the e-optimality of (u_,y ) we have

C‘@e(ue + t(V{ " uE)' ye) -g/e (uE( YE)

t

" for all 0 < t < 1.

Letting t > 0 {88) follows without any difficulty. 0

The following cbservation will play an important role in the seqmi.

If ¢ - 0 then
(34) £(y) > £'(y) in L°(Q) strongly.
Proo

It follows from (20) that the sequence |f (¥, )[2 is uniformly absolutely
integrable. Using property (1) then |£'( Y, )l2 a.nd also lf'(y ) - £ (y)]2
“uniformly absolutely integrable. On the other hand, it follows fram (18) (or frcm
(31)) that any subsequence of Y, has another subsequence such taht

£ (ye) -+ f'(y) almost everywhere in Q.

We can therefore apply a theorem of Vitali [5] whence the lemma follows. [

REMARK

— T ———

The application Of Vitali's theorem is not a usual tool in such inves-
tigations. Nevertheless the above lemma is unnecessary in the case when
£(x) = . Indeed, in this case f' = £ and (34) coincides with (20). [



In the following lemma both assumptions (1) and (2) on the growth of
f will be needed.

- -

We have
(35) cfzp‘: (" - Ag- £' (YE)S)dxdt = Qf (f(ye) -z )f' (ye)i + (ye - ¥)E gxit

whenever £ ¢ Cz(é), £(0) =£'(0) ingand £=0on¢t .

leod

It follows fram (2) that (ue.,ye + s£) is ¢-admissible for all 0 < s < 1.
Being (ue, Ye) e-optimal we have therefore

d
(36) & Y,y +s8)] 5 =0

provided that this derivative exists. To show this, write

Y tu,y +s8) -G a,y) [y +s0) -z,])%- |£y) - 2]
€ e’ ‘¢ e e’ ‘e =f £ € d dxdt
s Q 2s _
. { ] — - e — n - _.2_ ”‘_ - - 2
| +f Y fly vsH) mu st "‘SAEI_' _lyé e - Tl | Axdt
' Q 2¢s
f ly, -y + stl? - ly, - vl?
+Q s dxdt

and try to pass to the limit by the use of Lebesque's dominated convergence
theorem. One can readily see that the integrands tend to

(£(y,) - 7, £(v)E ,
TR - aE - £y )0,

(ye -y
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respectively, almost everywhere in Q. According to (36) this provides (35)
if we show that the integrands are L -bounded in all the three cases.

In the first case, applying the Lagrarige mean value theorem, for some
0 < 8 < 1we have |
2 ' 2
|£(y_ + sE) - z4]|” - !f(ye) - z4]
2s

l(f(ye + 6sg) - zd) f'(ye + 08sg)E] <
£y, +esEi] + ]zg)) o £y +esE)| . JE] <

C. 1+ [Ey)] + |zg)) « L+ [Ey)]) e Lh@

with some constant C depending only on ||&]|
the boundedress of £. -

; we used (1), (2) and

oo

In the second case 'the iﬁtegfand is equal to
2 (yr - by, - u_ +6sE" - 0sAE - £y, + 65E) . (&' - AL - £L(y SE)E)
and its absolute value may be estimated by
. -l(ly" -ay | +Ju+C+C . [Ely)]) L (CH+C L |EY)]) € b .
€ € € € € ' , € . . '
Finally, the third integrand is cbviously L'-bounded. 0

REMARK

Up to this point none of the assumptions (i), (ii), (iii) was used. O

Lemma 5

e is bounded.
()
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Proo -

If condition (ii) is satisfied then (33) yields P, =u-u - Nue, and
the lemma follows from (17).

In the remaining cases we can argue as in the proof of 11 c¢h. 2, Th, 2,1.
Indeed, putting

=
!

= ! (ye) '

trj
]

(f(ye) - Zd) £ (Ye) + (Ye -y,
in the case (i)

m_is bounded in'12(Q),

F_ is bounded in l),
in the case (ii)

m_is bounded in L°(Q), -
F, is bounded in L%(Q).
Applying 'Ihéorem 2,20ff{ 11, ch. 2, in both c;ases we obtain that
p, is bounded in L7(0,T ; %)),
P! is bownded in L'(0,T ; 5 1@))

whence the lemma follows. [

Now we can finish the proof of Theorem 2. Indeed, passing to a subsequence
we may assure by Iemma 5 that

(37) p, > p in L2(Q) weakly.
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Using (17), (20), (34) and (37), by letting € - 0 from (33), (35) we obtain
(9) and

(38) gp(i" - A% - £' (y)E)dxdt = f (E(y) =~ zg)f'(y)§ dxdt
Q

wherever £ ¢ C2(5‘), £(0) = £'(0) =0, £ =0 on I, which is equivalent to (8),
(12) and (13). Finally, (7), (10), (11) and (14) follow from the admissi-
bility of the pair (wy). 0O
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