-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by INRIA a CCSD electronic archive server

archives-ouvertes

Differential stability of solutions to constrained
optimization problems

Jan Sokolowski

» To cite this version:

Jan Sokolowski. Differential stability of solutions to constrained optimization problems. RR-0312,
INRIA. 1984. inria-00076245

HAL Id: inria-00076245
https://hal.inria.fr /inria-00076245
Submitted on 24 May 2006

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://core.ac.uk/display/50448603?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.inria.fr/inria-00076245
https://hal.archives-ouvertes.fr

[IRIIEN

ENTIRE DE ROCOUENCOURT

Institut Nattional
de Recherche

en [nformeatique
eten

Rocguencourt
LeChesnay

Frence

-’ T399548020

AL T R T A AL SR R P

Bat w%z@ b9

Rapports de Recherche

N° 312

DIFFERENTIAL STABILITY
OF SOLUTIONS TO CONSTRAINED
OPTIMIZATION PROBLEMS

Jan SOKOEOWSKI

Juin 1984




L

Differential Stability of Solutions to

Constrained Optimization ‘Problems*
Jan Sokoiowski

Systems Research Institute

Polish Academy of Sc1ences

ul .Newelska 6, 01-447 Warszawa

Poland

(x) This research has been supported by INRIA, in the
- framework'of a collaboration between the project
"Théorie des Syst@mes" and the Systems Research

Institute of the Polish Academy of Sciences.

May 1984
05

PAPIER RECUPERE ET RECYCLE

3



Batchpnl OO3F

Abstract

In thls paper the differential stability of solutions to cons-
tralned optimization problems is lnvestlgated The form of

rlght-derlvatlves of optimal solutlons to such problems, w1th
respect to a real parameter, is derived. Several examples are

proVided.'

Dans cette article, on ‘étudie la sﬁabilité différentieile

de solutions de problémes.d'optimisation avec contraintes.

On donne la forme de la derlvee 3 droite de ces solutions
. par rapport a un parametre reel Plu51eurs exemples sont

fournis.

W



1. Introduction

The paper is. devoted to the sens1t1v1ty analy31s of cons-

‘trained optimal control problems. The method presented here is

used in [8 in the case of eptlmal control problems for linear

distributed parameter systems w1th linear constralnts and qua-

dratic cost functional.

The differential sﬁability of solutions to.convex, cons-
trained, optimél control problems is inyestigated in [5] for a
system ef'ordinary_differential equations.

Our approach is founded on the-concept of conical differ-
enﬁiability of érojection~in Hilbert space onto a convex set
[1,6,9]. We derive the form of right-derivatives of optimal se—
lutions with respect to a pafameter,fer a class of optimization.
problems. The outline of the paper is follewing.

' section 2 is devoted to the analysis of directional dif-

ferentiability of projection in a Hilbert space onto a convex

"set.

Section 3 describes results qbtained for an abstracg op-
timization problem. An example of optimalvcohtrol problem for a
parabolic equation_is.presented. |

Section'4 is devoted.to the,anaiysis of differential sta-
bility of rlght—derlvatlves of optimal solutlons.

Throughout the paper standard notatlori’ is used (4] -

2. Conical Differentiability of Projection in Hilbert Space

Let H be a Hilbert space, a(.,.) :tHxHwR a continuous

and coercive bilinear form, i.e.

v salvliE Lowwem, wx0 o ce(2a)



s snflully vl vever @)

where a >0, M are given constants.

We assume for _simpli,city, that the bilinear form a(.,.)
is symmetric: a(u,v)=a(v,u), Vu,lveHv. Let us denote by PK(f)
a—proﬁection in H of an element 'f €H onto a 'con§ex, closed
set K CH. The element ~y=PK.(_f) - satisfies va,ria,tiona; inequa-

lity:

y €K
(2.3)

a(y-f,v-y) 20 , ¥veKk

4

It can be shown that mapping PK('.) t: H+ K 1is Lipschitz conti-

nuous

[Pp(£,)=Pr(£,) [l s% £,-£,0ly » ¥£,,£, €H (2.4)
For a given element  u € K we denote by:

NK'(u).--‘{v €H [a(v.¢-u)is(v), ¥¢ € K} (2.5)

CK(ﬁ) ={veH|Ir>0 such that u+1v eK} (2.6) |

the normal cone and the tangent cone, respectively.

Furthei'xnore for a given element f &€H we denote:
 Sg(£) = {v €C(P ()] | a(£-Py(£),v) =0} (2.7)

where E;('ﬂ .is"the closure in H of tangent cone ,CK(u).
It can be veri_fied that the set SK(f) is a clqse'd and convex
cone. | |

- Let us assume that there is given a continuous mapping
~£(.) : [0,8) +H which is }r‘i‘ght differentiable at 0, i.e. there

exists an element f’(0)€H such that lim][(f(r)—f(o’))/r-f’(o)][H=d.
T+0 . ‘
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Denote y(t)=P (£(1)), v(1)=(y(x)-y(0))/t and observe

that, in view of (2.4),v”vy(i)“H-5(i for all <t €(0,8).

Proposition 1

- Every weak limit-point y of «(t) for t+0 satisfies
yesg(£(0)) ~ o ~ (2.8)

'The proof of Proposition 1 is given e.g. in [1].

Definition 1

The set K is called polyhedric .if the following condition is

verified:

Sg(£) ='{vecK(PK(f))I;(f—pK(f),v) =3 (2.9)

Theorem 1 [1,6],
Let us assume that the set K is polyhedric, then for <120, 1

small enough:
P(£(x)) = PRU£(0)) + PG (g (g))(£7(0)) + o(x) (2.10)

where llO(T)lh{/T-*O with . 7+0.

Definition 2

Projection PK(.)_ is conically differentiable at a point f e¢H
~if there éxists_a continuous and positively homogenuous mapping

"'Q:H-+H such that for >0, small enough
¥h € H : P (£+th)=P (£)+10(h)+o(tsh) ' (2.11)

where “Q(f;h)]h{/r-+0 with  t+0 uniformly with respect to h

on compact subsets of H.'



Remark 1
-Let us note that if a set K is polyhedric, thén in view of

(2.10), it follows that (2..11) holds with

Q(h)=PSK(-f)(h) ’ Yh € H (2.12)

Remark 2

It can be verified that if (2.11)holds then
P (£(1)) =P(£(0)) £7Q(E'(0)) +olx) (2.13)

where [[o(1)|[ /7 +0 with 40

for any Lipschitz continuous mappi'ng - f(.) ¢ [0,6) +H which is

right~-differentiable at 0.

Conical Differentiability of Projection in rR"

We shall consider differentiability of projection in R"

onto a set K of the form:
Ki{xeRn[¢w(x)so for all weW} (2.14)

where W. is a éompact space with a Hausdorff .topology,

¢w( ) ECZ(Rn), wW€E€W are given convex functions such that
¢w(x), Dq>w(x), Dzkp“;(x) depend continuously on (w,X) € WX Rn;
Let us consider a point x €KX and the corresponding set of

active indices: .

M(x)={weW|o¢ (x)=0} ' (2.15)
Suppose that there exists a vector vy ¢ R® such that
y.D¢. (x) <0 for all w €M(x) ' (2.16)

then the normal cone NK(x) is given by:
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w

N(x)={veR® [v= 1 aDo(x), a,z0 for all weM(x)}
| | - weMx)" ' C(2.17)

and similarly tangent cone CK(X)_'is' given by:
CK(x) = {v eRrR" ] D¢w(‘x) vx0, for all weM(x)} (2.18)

Let us denote u=PK(f) for a _given. élement f €RrR™. It is well
known [7] that op,timalj.ty condition séy that the vector £f-u
neets -NK(u) . vThus there -e_xist mul_tip,liers B Aw' >0 such that
-)‘w >0 for‘ at most finitely many indicgs W, thqse all being
in the active set M(x), fﬁrthermore

f-u= z A.D (A-, - ' ‘.("2.19)
. weM(u) bule) "

Let < 6[0,6) be a parameter, denote 'uT=PI'<('fT) where

fr=f+-;h, h € R® . is a given vector. We have

ft_ur=AtENK(ur) : '. (2.20)
o \ _ !
for all -:é.[O,a),. » ,
Since

.llu.r"uolan s t |[b]] gn o vh € R", ¥r € [0i5) | (2.21)

then there exists an element g and a subsequence "{u,r },
: *n

n=1,2,... such that for -rn“>0, Ty small enough:

R L +o(rn) - _ ' '(.2.22)

Tn

'WheregHo('rn-)_”Rn /t + 0 with i:n+0..

It follows by Proposition 1 that the element g verifies:
q ¢ Sglug) | A (2.23).

In the following ‘examples the vright-vderivlaties_ are uniquely de-

_termined. L



Examgle 1

Let us consider convex set

K-—i{xﬁRn atirex—bi_so,,ial,.,..,N} (2.24)

X)=a':-[" X-bi 7. i=l g e ,N

where W is discret set {1,...,N}, ¢ i

LR
where 'aie Rn, bi € R are given elements. We assume that the
set (2.24) is nonempty. Since the set (2.24) is polyhedric it
follows by Theorem 1 that the projection in R" onto K is
'conicaliy differentiable. In particular the mapping Q(.) = R™»RD

is given by (2.12). Cone SK(-f) takes on the form:

Se(f)={ve R" | afev's 0, i@M(PK(f)),(f-PK(f).v)Rn=0} (2.25)

Example 2

Let K c¢R" be a compact, convex set with nonempty interior and
with smooth boundary axeczn

We assume that there is given a convex function y(.)
C2(Rn) such that y(x)<0 for some ‘EeRn, 3K={xeRn[1p(x)=0}

and

K={V€Rn"] ¢w(v)so for all we Wz 3K} (2.26)

where ¢w(v)=D¢(w)o(v~w)” veR®, weW.

It can be vgarj.fied,d using known results [1,2,5], that the
. projection in R" onto the set (2.26) is conically differentia-
ble. For given elements f,h¢€ R" the corresponding element
0=0(h) € R"® satisfies variational inequality:
Qe SK( f)

A (2.27)
(2Q,v-Q) n2 (h‘,va)Rn » ¥V €Sy (f) '

where
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A=I+1D2w(u) . S (2.28)

u=P_(£f)

$S

Le-ull_ /o], £¢x
A= R R | | C(2.29)

0 o , £€K !

| veR" : Dy(u).vs0, ADy(u).v=0 if £ ¢£intK
SK(f) = = . ' - (2.30)
rR® | | | if feintK

Conical ,Différentiability. of Projection in Infinite Dimensional
Space
Let V be a real Hilbert space, U¢V be a closed and convex set.
Let (g,p) be a positively measured space,'we set
m=12(a;v)
"K={veH|v(t)eU pu ‘a.e. in g} _ (2.31)
Let us consider differentiability of projection in H onto K.

We assume that projec,tion in V onto U, is conically differen-

tiable, i.e. for <t>0, "t small enough
PU(g-krV) =PU_(g)+tF_(_g;v)+.o(r;V_)_,. Yy eV (2.32)

~where [Jo(t:v)|[y/r+0 with +0 and F(g,.) :V+V is con-
tinuous and positively homogenuous mapping for ahy gevVv.

,Givén elements f£(.), h(.) € Lz(sz;V) ;, we denote

qa(g) =F(£(g);h(g)) » a.e. in @ (2.33)

Proposition 2

Let us assume that q(.) eLZ(Q;V).- Then for 1 >0, t small

. eno_ﬁgh B B - — - e o



Pk(f+1h)=PK(f)+1q+'o(t;h.) | (2.34)

where [[o(t;h)[[ /v+0 with 1+0.

Proof:

Observe that
P (£)(g) =Py(£(¢g)) p a.e. in Q@ ' (2.35)

Since : : S
IPp(£+th) =P (£)[|;st[ln]ly, Yher (2.36)

then for fixed elements f,h€H there exists an element JeH

such that

%(PK(f+rh)—PK(f')) — § (2.37)

weakly in H with T1+0

furthermore &'eSK(f) by Proposition L On the other hand

PU(f(g)ﬁ‘h(a))=PU(.f(§))+rF(f(£);h(a))+r(f(§),h(g):r) (2.38)
_ _ _ p a.e. in @
where [[r(£(g), h(g)it)|]y/x+0 with <40 (2.39)

n a.e. in @

thus L

d(g) =F(£(g)ih(g)) p a.e. in q.
Siﬁce

% Jx(£(e),me)ind]|y s [[F(ECg)ih(e)) ]y

+2 ([Pl ECe)+ n(e))-PRlE(eN) Iy < [late) ||y +

R Iy | | (2.40)
hence _ . |

2 (£(.)/h(.)i1) €H | (2.41)

We can conclude the proof using (2.39), since by Lesbeque theo-

rem it follows that
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”}l'r(f(J‘:hr(-):'t)]lH—*O with t140.

therefore from (2.36), in view of (2.35),it follows (2.34).

g.e.d.
We present two examples.
- Example 3 : | o

We assume that v=R® and we iake.set U of the form (2;24), thus

the set (2.31) is given by

K= {v(;) eLZ(Q;Rn) ]4‘a§_‘..v(.g)-_bi>5 0,
' (2.42)
i=1,...,N, u a.e. in @}

,Given elements £(.), h(.)tELz(g;Rn), denote ‘u(g)=PU(f(g)) and

obserﬁe that

PK(f)(g)==PU(f(g)) p a.e. in @ R (2.43)
Let us denote

q(E)dgf P vy (h(&)) ﬁ a.e. in @ (2.44)

i.e. for a fixed £eq, the element q(g)_ERr1 satisfies varia-

tional inequality: ,-

a(g) e Sy(£(g))

, . (2.45)
(a(g)-h(g),v-q(E)) 20, ¥veS,(£(g))
. . R o
-u a.e. in Q.
Using standard argument it can be verified that
llq’(E)[[Rn 3 [lh(&)HRn ¥ g.e. in Q- (2.46)

We set v=v(g) in (2.43) and integrate the ineqhality (2;43)

. over § hence



_lp_

L | (2.47)
/{q(g)-h(g),v(g)-q(E)) ,dux0, ¥ves,(f)
e , R" ‘

where SK(f);—_{veLz(Q;Rn)[v(é;) eSU(.f(E))‘ n a.e. in Q}_

By Proposition 2 it follows that projection in L-Z(Q;Rn)
" onto the set (2.42) is directionally differentiable, the right-

derivative qe LZ(Q;Rn) . is given by (2.47).

Example 4

In this example we shall consider a set U of the form:

' - n;1 n 2
U={veR ‘[5' I a;vys1} , (2.48)
. - i=1

where a, »0, i=1,...,n are given constants. We denote

[UNciE= 2

Y(v) =%_ aivi-.l, v €R™. Given element £f(.) eLw(Q;Rn), we shall
i

1
use the followiAng notation:

u(g) =P (£(£))

[£@)-ate) [ 7 llovCalen ]l £(5) £U
A(g) = «
0 o . -, f(g)euU

A(g) = [(l + 1(5),ai)v‘sj_j]n Xn

sU(f(s))ﬁ{veRn[Dw(u(g)).vso A(g)Dyp(uleg)).v=0}
for a.a. £t e€eq.
' ) 2
It can be verified that A(.)€eL”(Q), hence A(.)E€ [Lm'(sz)]n .

Let us denote by .g(g), £e€eq a unique solution of variational

inequality:
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a(g) es,(£(g)) _
(2.49)

(a(g)ale)-h(g),v-q(g)) 20, ¥ve s, (£(¢g))
R

where h(.) GLZ(Q;Rn) is a given élement. By standard argument

it féllows that
latedll g s linCed]l ;  » ae.in 2 (2.50)

Hence the assumption of Proposition. 2 is verified and the projec-
tion onto the set
K={v(.) € L%(a;R™) [ ¢(v(£)) s0 y a.e. in @}

is differentiable in every direction h(.) eI?(Q;Rn). The right-

derivative g{.) € LE(Q;Rn) is given by:

q(+) €S (£) ={v(.) e L%(2; &™) [ Dy(u(£)).v(E) 50

A(g)Dyp(u(g)).v(g) =0 u a.e. in o}

r(a(e)qle)-h(g),v(g)-alg)) 'ndp x0 ¥v(.) € Sp(£)
2 : R o

For further examples we refer the reader to [1,5,6].

3. An Abstract Optimization Problem

This section is devoted tolthe sensitivity analysis of an
abstract bptimization probieﬁ. We shall prove existence of right-
deriﬁative-of.an optimal solution of this problem with respect to
a parameter. |

Let H,Y be Hilbert spaces, =t e[O,G) be.a real pérameter,v
§ >0 is a given constant. We assume that there are given linear
operators 'LTe.L(H;Y), te[o,é) such that the follgwing condition

is verified: o el L e
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(H1) Thereexists a linear mapping LéeL(H;Y)} such that if there

are given elements

AVT =‘VO+TV(’)+r(T) r T e[O,G), : (3.1)
where vo,v(’)eH, r(t)/t+0 weakly in H with <40 then

L =
TVT Lov

’
ot T(Liv +L v )+o(r) | (3.2)

where [[o(t)]ly/r+0 with <+0.
Let KCH be a convex, closed set and

I(.) t¥YrF R, Te [0"6,) ‘ ‘ (3.3)

be a family of functionals.

Let us consider the following optimization problem:

(P'r) Find an elemeht u. € K which minimizes functional
I (v)=TI_(L_v)+2|v-z_]2 4 - (3.4)
T T T 2 T'H
over the set KCcH.

where ZT €H, ¢ [0,6) are given elements, K is a convex and

closed subset of spaceAH.

We need the following notation. We assume that for a fixed
parameter the functional I'c( .) is continuously ,differentiable,
furthermore we assume that the gradient DI-r( .) €Y' is continuo-
usly differentiable, i.e. for any v €Y there exists a continuous
mapping DZI'T(V; .) €L(Y;Y’) such that

Yu ey : lim || (DI_(v+eu)-DI (v))/s—DzI (viu) “Y' =0 (3.5)
- €40 T T T
We denote by iT(v) the derivative with respect to the parameter:.

" YveEY : i_r(v) =ii.1(!)1(IT+.év)—IT(v))/s | (3.6)
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It is well known, that for a fixed parameter «t €[0,§), an opti-

'mai‘solution ute K of (Pr) satisfies variational'inequality:

u. € K-
e o |
. : -z - . 3.
(LTDIT(L_‘uT)+a(ut zt),v ur)HZO' Yv € K (3.7)
In order to assure uniqueness of an optimal solution we assume
that there exists a positive constant o>0 such that
® ‘ = : 2 2
(LrDIt(LrV)'-LrDI-r(Lru) v-u) ot allv-ullg 2 oflv-ullg .

Proposition 3

Let us assume that (3.8) holds for any e[O,G) and the follo-

wing conditions are verified for any e,rt 6[0,6)

Ty

192 (2, v)-D (B9 |[yr<C [[Lv-Lvlys clame| [lvly s ¥v e

(3.9)
llDIT(y)-DIe(y)[IY,:s Clt-e] [[yllyf Vy ey - (3.10)
l_lzt-ze[[H s Cl'c-el ' . ' (3.11)
where C. is a generic constant.
Then 4
”ur-uélhis clt-¢| ,» t,e €[0,8) (3.1?)'
Proof:
The element u.€ K satisfies variational inequality:
*x - - : e ' :
(L‘:DIE(]'..eue)hn,(ue ze),,v ue)HzO, ¥v € K _ (3.13)

We set v=u_ in (3.7) and v=u_ . in (3.13)'ahd we add (3.7) to

. (3.13). After simple calculations we obtain:
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2, . % B oy =
“'“ur’uelhi+(L1911§Pz?r)fPr?fr(ppgeQLFr qe)Hs (LTDIT(LTue)-

*n1 1) ,u - (L*b1 (L.u )-L¥*DL (L u )u -u §
gfulf(Leue),uE uf)H+(LT?,r( LY )L ,eCLeue),ue u_dy

% % ‘ - s o :
+ LTDIE(Laus) Leple(Lsua)'ua .u'r)H+a(z'r ze)"u'r ua)H. (3'14)

It can be shown that frdm‘(3il4), using (3,8):(3.11), we obtain

o llmmell s supt [luclly o llallgHeme] L Bas

-

.~ therefore (3.12) follows from (3.15).

Let us consider the existence of the right-derivative at
1=0 of qptimal-solutiqn' u ‘with respect to ‘the' parameter t.
It .-folllows by Pr.opo,sivtion.B, that fqr any sequence '{en},.
p=1',2,..., er'1+0, with n-+«, there exists a‘ subsequence, still
denoted '{en} and an elémenﬁ g €H such that for T3>0,
: émail ‘enoug.h | - o

ut+€n=u‘r +enq‘r+°(sn) ' ' v (3.16)

where -O(sn)/e'n —+ 0 weakly in H ,with; n+e, On the other hand

from (3.7) it follows that

u = PK(Ei) (3.17)
where |
r 98f ; 1 %71 (1w (3.18)
T T ¢ T T T T SRS
B furthermore, using (H1l) for <t e [0,'5) ,, it follows that -
.= '+ ' 4 ooy
FT"’En FT+8nET O(gn) ‘ : (3.19)

BRI

where [|o( ,.;n) “H /gn +0 w1th B oy @nd o

F'=z'-3(0/)%p1 (L w y=3ir%p?1(L u ;L'u’-L q ) (3.20)
T T o T T T T a T T T T T T T7T

provided the element z_; €H verifies:



et cH@mE GRS T
lim |{(z C -z )/e -2/ ][, =0
n+w» T+En T n T H

o o If the projection in. H onto K is conically differentiable then

by (2.11), (2.13), (3.19) it follows that

PK(F

?+sn)?=PK(F£);+enQ(F;)'F°(En) ‘ | .».(3.21)

Thus we are in'position,to characterize an element qT-.in~(3r16)

in the following way. .

Proposition 4

The right—derivative 'qT verifies the following conditions
q, € Sg(F.) o B (3..22)

q

- ‘Q(F;)’ | | (3.23)

Remark: \
Let us note that element F;’ in (3.23) depends on qT;'i.e. by
(3.23) '‘an element _qT  is the fixed point. We shall use the con-

dition (3.23) in order to prove uniqueness of the'elemenf q.-

We will need the_follqwing'notation:_y

def 1,.% 2 ] ‘ .
bt(u,v) = E(LTD Ir(Lrur’Ltu)’v)H'+(u’Y)H , Yu,veH
(3.24)
def ., _1 ;1% Cy oL E 2 L7 U |
O 2z a(LT) DIT(Frut) ~dIH'D Ir(LTuT'LT uT) o (3.25)

Let us consider the case of polyhedric set K.

Theorem 2 : ' , ‘ ) .
" Assume that

(i) set KCH is pofyhedric

- (ii) bilinear form b _(.,.) is ‘continuous and coercive uniformly

_____with respectto 16[0,8), i.e. there exists a positive

constant e >0 such that
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b_(u,u) 2¢ ”“”é » Yue€H, ¥re[0,5) (3.26)
then right-derivative qre'H is given by

9. € Sg(F_)
' (3.27)

bT(qT,vT-qT.) z(n v =q )y, ¥y €Sy(F )

and therefore the element qt, is uniquély determined foi any

T E€ [0,6).

Proof:

"From Theorem 1, usihg.(3;23),,it follows that

G T Ps(r )P efo,s) (2.28)
then simple calculations show, in view of (3.20), (3.24), (3.25),
that the element qT satisfies (3.27). Uniqueness of‘the‘element
qT'.fol;owg,bg,standard argument.
q.e.d.

Let us consider an optimal control pioblem.for é.partial
differential equation of‘parébolic type. We derive the form of
right—derivative‘df.ah opfimqi control with reSpeét to the para-

meter.

Examgle 5

Let Q2 ¢R® be a given domain with smooth boundary Tr=3Q, we de-
note Q=0x (0,T) where T>0 is a given constant, =t 6[0,6) is
parameter. The optimal control problem considered here consists

of state equation, cost functional and constraints of. the form:

State equation:




Batchpnl By -

T ' : N
SE(rE)=ayT(x,t) = B u(E)y;(x,x) in Q

y(x,t) =0 on I =rx (0,T) (3.29)

y(x,0) in @

i}
o

where wi(,,.) eC(O,S;LZ(Q)), i=1,...,N are given elements,

‘ . 2 N |
u=(ul,o..,uN)e ﬁJ(O,T)] ~is a controli

"Cost functional:

L 1 T 2 o NT 2
JT(u) =3 Iy (x,T)—zd(x)) dx~+§ b j(ui(t))'dt, a>0 . (3.30)
Q ~i=lo

where zd(.)é.Lz(Q), is a given element.

Constraints:

Set of admissible controls is given by:

- 2 N, 1Y 2 -
K=={u'e[L (O,T)] [ 5z a.u;(t) <1 for a.a. te(0,T)} (3.31)
fi=1 bt ' |
By standard argument it follows that for any 1 e[0,5) there
exists a unique element uTe:[LZ(O,T)]N which minimizes the cost

functional (3.30)vover_the set (3.31). An optimal control satis-

fies the following optimality system [3]:

. Adjoint~-state equation:

x B
%%"(Xlt)_APT(XIt)=O in Q.

pi(x,t)=0 | on 1 (3.32)
T - _ T . . .
p(x,T)=z4(x)-y" (x,T) - . in @

Optimality conditions: -

t

ut @K

Ig < T (t)-n7 (&) ,v(t)-—‘ﬁt(t) > ﬁth =20, ¥vek
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AN
where nT=(nI, coe ,n;\';) € [C(O,T)J ‘
1 .
n;(t) ==/p'(x,t)y,(t,x)dx, i=1,...,N.
@9 i ‘
In order to prove the existence of right-derivative q=q, of an

optimal control u'. with respect to the parameter t we need the

following assumption:

(H2) functiohs wi(.,.) eC(O,G;Lz(Q)), ‘i=l~,...,N are right-di-
fferentiable with reSpect to v at 1=0, i.e. there exist
elements wi( .)€ Lz(’sz) such that for =« » 0>, Tt small eno~
ugh:

by (T =050, )49 ()%o(x) in L3(a) . (3.34)

where |[o(x)|] LZ(Q)/T’;O with <40, i=1,...,N.

It can be shown that in this case the assumptions of Proposition
3 are verified, thus the optimal control u' is Lipschitz con-

tinuous with respect to the parameter:

=l [LZ(O,T)]N'sCT r tef0/8) - (3.35)

hence there exists an element quK(no) such that for =t >0,

T small enough:

.u“ =u°+'rq+ro(r) _in [LZ(O,T)J'N -(3.'36) |
where -r _(t)/t+0 weakly ih ]:LZ(O,'I‘)]N with -:+0’.
Using (3.26), in view of (3.29), .(3.’32)', it can be verified that

y1=y°+~rw+rl(r)_ in w(o0,T) (3.37)

p* =p®+rz+r,(c) in W(0,T) (3.38)

. e
. where “'ri(r)”~L2(Q)/T+O' i=1,2 ~With r+ 0 and elements

W,z €W(0,T) are given by:



N
IW o
gg(x,t)-AW(x,t)=='E (ug(t)ey
Ci=1
wix,t)=0 on ¢
w(x,0)=0 in @
3z . .
-—=(x,t) - Az(x,t) =0 in Q
. et :
z(x,t) =0 on I
z(x,T) ==-w(x,T) in @
respeéfively.

f(X)+qi(t)wi(Q,X)) in Q

(3.39)

(3.40)

Since uT=PK(nT), furthermore by (3.34),(3.38) there exists

an element n’e [LZ(O,T)]N' such that’

nT=n®+m’ +o0(x) in  [c(o,m)]V

i~ a

here () - ' ;&’; 0 with t+0,
where llo(x ”[LZ(O,T)]N , ’ T
0= (nseemg)
! =3 f(po(x,t)wi(X)+2(x,t)wi(0,X))dx
p .

(3,41)'

- (3.42)

then taking into account Example 4, it can be shown that right-

derivative g is given by:

' 0
qeSg(n’)

T

o
VVéSK(ﬁ )

where

acey=[(1+a(t)a))s;ly,n - t €(0,T)

A(t)=

0o : ' if °%(t)eu

o ke(o,m)y

4T <Ae)ae)n (e) v(e)male) > yde 20

BLENCIRCCO VA LICO )| if n°(t) gu

(3.43)

(3.44)

(3.45)
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here b(t)=(alu§(t),...,aNug(t)), the set U is given by (2.48)

and the cone SK(nO) is given by:

SK(nO)={V(-) € [LZ(O,T)]N[ <b(t),v(t) > N 0

. (3.46)
a(t) <b(t),v(t) > =0 for a.a. t €(0,T)}

RN

Using (3.39), (3.40) and (3.43) ‘it can be verified that the right-
derivative q is a unique solution of an optimal control problem.
The optimai control problem consists of state equation (3.39);_cbst

functional of the form:

Nl =

T
I(q) =3 5 (wix,t))%a0+ 2 r|[at?(e)q(e)-a" 2 (t)e () || 2 at
. : O

Q RN
and the set of admissible controls given by (3.46).

We denote here e(t)=(él(t),;..,eN(t)),

eli(t) =/[ pQ (Xlt)wi(x)'dx ' te(OIT) 4 i=1,...,N
. Q _

4. Differential Stability of the Right—Derivative

In this section we present a method which can be used in
order to determine the second right—derivative of the 6ptimal so-
lution of an optimization problem.

Let us consider the followihg simple example.

Example 6 ‘
Let us consider projection PK(.) in R® onto the set (2.26).
, o , D 2 *
We take for simplicity w(v)==§ ra;vyi-1, ai.>0, i=1,...,n.
: i=]1 ‘ '

- Given a c? function f(.):'[O,G)-ar, we denote uT=PK(f(T)),
h=£’(0), w=£f"(0). For any « e[O,G) the right-derivative q_

of us is given by:



patchaps @ael -

: ) | (4.1)
<Ba - £ (),vema > n %0 ¥v,_eSp(f(r))

t : '
where A, A, SK(-f('r)) are defined by (2.28), (2.29) and (2.30),

respectively.
In order to determine the second right-derivative let us
‘suppose that f(-t)ﬁK,‘ T € [0,6), furthermore components of vec-

. . n . A § . .
tox uo—(uo,...,uo) verify uov;‘-o,‘ i=1,...,n.

def . -1 -1 i, 4
™= =
We denote g L “q., where L_ [(u /uo)ASij]xn' The
element ¢' is given by: '
q" € 8, (£(0))
v (4.2)

T_co . STy
_<A1:L'rq £ (T),LT(V q )>Rn20 ) YV eSK(f(O))

It can be verified, using (4.2), that ”qT_—qO][Rns Ct therefore

[9] there exists a unique element

. def .. : L
§ “€" 1im(q%-q°)/x | (4.3)
40 : ' '
given by v
g €S (£(0))
' . (4.4)
[ _u ’ - P ’ _ .
<A d,v-q '>Rn2 <Lh+uw (AO+2LOAo)qO,V q>Rn _
VVGSK(f(O)) '
hence there exists. a unique element
d . ' | |
q’ 9€% 1im(q_-q )/t (4.5)
4 Tto ' :
given by
' : . -1 . ' i S
q" =q - (L") 9, ~ (4.6)

Simple calculations show, in view of (4.4),(4.6), ‘that the se-

cond right-derivative ¢’ is a unique solution of the folibwing
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variational inequality:

qg’'’e M= {v e R" [ Dq;(uo) .v=-q§..D2w(uo).q6}
(4.7)

;:O, YvEM

[ . —_ry !
<Aoq X V=g >Rn

: _ i : iy, i L
here Xi = “’i+2q‘o(hi'+(lﬂ‘oai)qo)/uo" i=1,...,n.

Let us consider an abstract variational inequality:

q‘fes'l'

(4.8)

a(q. v -q)x(e,v-q), ¥ €S

here T e [0,8), is a pafameter, Stc H 1is a convex and closed
cone e.g. St=SK(f(1:))», f(<)eH, ar( «s.) t HxH»R is a continuous
and coercive bilinear form, gT € H,T e[O,G) are given elements.
In order to determine the right-derivative q’ of d. with
respect to the parameter t we the need following assumptions which
-allows us _to obtain from (4.8) a variational inequality defined

on the cone So'

(H3) We assume that for any t e [0,6)_ there exists a linear ma-

pping o _¢€ L(H;H) such that

<I>o =1, I is identity mapping in H

-1
® " €L(H;H), Vre [0,s6)

¢ VES, iff vesg

and there exists an element ¢'e L(H;H) such that

¢'=1lim(¢ _-¢ )/t in L(H,H).
© T+0 T o

We denote

q’ =1lin(qgq —qo)/r in H
40 . °



q=i-i-l(;l(<btqr-qo)/r in H

The element . g @Tqr satisfies vét_ria_tibnal inequality:

qTESO

a' (q",v-q") z(&r,é;l(v-qf))H WV ES
lu, <I>—lv) ;, Yu,v eH.

L 4 ) -
where a =a
(u,v) t(ér <

Existence of the element "ée H can be shown, using standard
argument e.q. .if the set So is polyhedric. Then the element g’

can be determined from the following formula:

i

The method described here is used in shape sens'i,ti_vi.ty analysis
of unilateral problems [10] . We present here an applicatior;' of

the method in the case of a simple example.

Example 7

Let us consider the follcowing optimization problem

(1) min{ s (3(v(x))?-(g(x)=1)v(x))ax | v(x) 20
f o :
' a.e. in @, v(.) eLz(Q)}

where @ CRZ, g(.) is a smooth function, strictly positive on @,

g(x)=0, xe3q and I]V-g(x)[]R2 > 0 in @ except for a one point
X of 2, te[0,8). |

Optimal solutions is given by:
u,t(x) =max{0,g(x)-t} , xeQ .

The variation q. of the optimal solution minimizes. the func-

tional I(v) = J'_{%\i2 (x)-v(x)l}ldx suﬁject to {ve Sr= v € Lz(Q)[
: Q\Q,, : ' . :
4

- v(x)=0._a.e. on Q'r} Where QT,:;:{.X,,E Q_[g.(x,) s_,jr,}. It can be ..
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verified that element q. is given by:

- -1 if X €N\ QT
q.(x) =
0 if X e

T

Using the method describedhere and the results of J.P.Zolesio
[11], it can be shown that the second variation of the optimal

solution g’ is a distribution of the form:

<Ggee> =1 [va(x) ||
e

—l-a_q)

on Bn (¥)do(x) voedD’(0)

for t>0, Tt small enough.
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