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ON THE SIZE CF PROJECTIONS : I

Erol GELENBE Daniéle GARDY

Abstract

In various applications requiring the processing of
large amounts of data, a very common operation is to project
a given set of { data points in k-dimensional space into a
smaller subspace. The purpose of this note is to estimate the
probability distribution of the size of such a projection
(i.e. number of data points obtained). Probabilistic assump-
tion concerning the manner in which the initial data is gene-
rated are used to obtain the result.

Résumé

Nous nous intéressons au calcul de la taille de la
projection d'un nuage de points, donné dans un espace de dimen-
sion k, dans un sous-espace. En bases de données il s'agit du
probléme de la création de vues ou de projections. La solution
du probléme est donné dans le cas ol tous les nuages initiaux
sont équiprobables dans un espace fini, et n'ayant pas de "dé-
pendances fonctionnelles". Un algorithme efficace pour le calcul
de la loi de probabilité de la taille des projections est égale-
ment obtenu.
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On the size of projections : I

1. INTRODUCTION

Consider the following problem which arises in various areas of
applicafion (physics experiments, census data, etc.) where the collec-
tion of large number of data is involved.

The result of the data collection processes is a set

T (e seeestyy))s oees (tgyseees tQ,k)}

[
of vectors where each tij’ 1<i<%, is an element of the set Dj’ 1<j<k.
Thus we may consider that T is an %-row and k-column matrix ; the ele-—
ments of the j-th column all being elements of some set Dj'

For instance, as a result of a physics experiment the mass,
position, velocity of one or more particles may be measured. We would
then have a table T where % is the number of distinct (mass, posi-

L3

tion, velocity) vectors encountered, the i-th row of T being
23

(mass, position, velocity).

Once such a table has been obtained from the physics experiment
it is of interest to compute projections of this table along certain of
its columns or coordinates. For instance, one may be interested in
obtaining the set of all distinct values of the pair (mass, position).

Thus, from T23 we would obtain a new table
T[3(T213)

which would contain %' rows (L'<R) and 2 columns, the last (velocity)

column being removed.



Just as for Tla’ all of the rows of ﬂs(Tza) would be distinct.

Thus, for instance, if the measurements yield

we would- have

m3(T33) =

The following problem is of interest.

PROBLEM 1 : For a given T and a given projection T along the columns
(1,...,0-1,2+1,...,k) estimate the (size or) number of distinct rows of

"x(TQk)‘

Let us now consider a seemingly more general problem closely
related to this one. The result of the experiment could be a table

'1‘2 , where each row would be
y
(number, mass, position, velocity)

giving the number of particles counted which have the same (mass, posi-
tion, velocity) characteristic. We might then be interested in obtaining
the total number of particles having the same (mass, position). Thus

with the example given above, our initial data might have been

100, 1, 0, O
Tay = | 25, 1, 0, 1
45, 1, 1, 5

while the result of interest would have been

125, 1, 0
45, 1, 1
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We see in this case that the number of lines of T' is the same as
that of T3(T33) In fact the problem of estimating the size of T' is
simply an instance of Problem 1, and we éee that the estimation of
the size of projections is in fact quite general in various problems
of data handling.

It is of course also an important issue in data base theory
(see for instance [1], [2]). We shall address and solve it in a speci-

fic simplified mathematical context.

2. THE FORMAL PROBLEM AND ITS SOLUTION

Let Dj’ 1<j<k, the set of values which may be taken by an ele-
ment of le, be a finite set.

A table Tzk is a set of £ distinct elements of DyxDax...xD, .
We shall assume that an element te Dix...xDp is generated in the follo-

wing manner :

t = (t1,...,tk)
where tj is equally likely to be any of the elements of Dj' That 1is,
we treat Dj as a sample space to which we associate a uniform distri-

bution. Furthermore, we assume that tj is independent of t if j#m.

REMARK 1 : Let d; = lDil’ and let hy, denote the number of distinct

e ()

where d = dy d» ... dp. This is simply the number of distinct %-row

tables Tzk' Then

tables.

RESULT 2 : The number of tables of the form T, whose projection
ﬂj(le) along the j—th column contains (exactly) (R-y) rows, O<y<f-1,

is



d/dj
(1 i,y /J =y 4 -
sz = z m (n +1) , 1sj<k.
L-y Ny,eeesfy 20 m=l m
L=y Z
1 no=y

Proof : Consider the table Ti-y k-1 each of whose (%-y) rows have the
H]

(t1,...,tj_l,tj+l,...,tk)

There are hi_y k=1 such tables, where
: ’

i _ ., ad) L
hz_y’k_] = (l—y) ’ d(J) - d/dj

To any such table add n; replicates of its first row, n, of its second

TOW, s0.y I replicates of its last row, where anO and

L-y

-y
I =y
m=1

to obtain an "intermediate table". Then reconstruct a table of the
form le by introducing the j-th column. For the first (L-y) positions
of the new j-th column any element of Dj may be used. There are thus
(dj)l-y possibilities. Thus for the n replicates of the m-th row of
the "intermediate table", distinct choices will have to be made :
(dj-l) for the first replicate, (dj-2) for the second and so on,

dj-nm for the last replicate.

There are thus

2~y dj
T ( )
m=1 nm+1
ways of reconstructing a table of the form T, from a given interme-
diate table. The total number of tables having k columns and % distinct

rows and which yield the same T%_y k-] table is therefore
4



g -y d i
0<njye..,n mzl (nm+])
=]y ’ 2_},
-y
z no=y
m=1
hence the result. a

CONSEQUENCE 3 : The probability that the projection ﬂj(Tﬁk) will be of

dimension (no of lines) x is

j,A=x
F ~ Qe
pﬁzk(X) = h .
2k

Proof : It is simply the proportion of tables of the type Tle whose

projection along the j-th column is of type Ti k-1° O
’

We would now like to evaluate the size of the projection of a
table Tl Kk into a subpace composed of the following columns
1

(],'-°9jl—],jl"'l""’js_]’js_'_]""sk)

obtained by removing columns (jl,...,js) from Tzk' We shall call this

projection

e

. (T .
Jl"'Js( lk)

RESULT 4 : The number of tables of the form T, whose projection

"jl...js(TZk) contains exactly (%-y) rows, 95y52-|, is
(j1’°°'sj ),y d/(d. ...d.) 8-y d. ...d,
(2) R S o Y I ) AP TR P
Lk 2:"}’ n c o >0 m=1 n +1
R .
L=y -
Z]_ nm y

Proof : This is merely a consequence of Result 2. It suffices to notice

that the set of tables of the form le is isomorphic to the set of tables

(jla“"js)
TSL,k—S+l



obtained by replacing the columms j1"“’js of Tzk by a single column

whose elements are chosen from the set Dj X...xD, . The computation

1 s
of m, . (T,,) is then identical to the projection of
A PEREETS W 2k
(aoeeedg)
L,k-s+1
by the removal of this particular columm. 0

RESULT 5 : The probability that the projection ﬁj ooy (Tﬁk) is
‘ 1 :

of dimension (no of lines) x is
(jl,...,js),l-x
. . R
le...JS(x) - 2,k
2k h

L,k

3. COMPUTATIONAL ALGORITHMS

Formulae (1) and (2) (the latter having essentially the same

form as (1)) are not computationally very efficient. Let us define

a
- v
©) X,y = 1 LA
nl,...,nazo m=1 m
Z? n =b
m
so that from (1) we have
3.y d/dJ'
4 2 = X d.
O) QY = (o)) Xy )
and from (2)
(513"°9j )sy d/d. ...d.
(5) Ry o T I x| @ 4 eds )
’ Q/‘Y Y.y J1 ]2 Jx
Clearly
y2-y-1 &1
= ( )

L-y-1 L-y-1



|‘l

terms have to be computed and added in order to obtain Xi,yﬁn,v)
using (3), and this can be extremely large even for moderate values
of %. For instance, for £ = 50 and y = 20 we obtain approximately
2.83x 1013 which is properly astronomical ! It is therefore useful
and even essential to seek a more efficient computational procedure

for XQ,y(V)'

Notice that

b v a-1 v
(6) XgpW = T Gy Z Ty ey

n_=0 a Nigeossyl m=1 m

a a-1

Z?_l n_=b~-n
m
b v
=2 (z+l) Xa—l,b—z(v) :

z=0

3.1- Computation of {pi k(x)}
? 1<x<

The computation of the probability distribution {pi k(x)}
’ 1<x<f

giving the probability that ﬂj(TRk) contains x rows requires (see

Consequence 3) the computation of Q%’ﬁ-x and hence that of
»

(7) X oo, (430 1<xst

The proposed algorithm is as follows. After setting all X(dj)+-0 :

4 dj
Xl’o(dj)+(1) s Xy o< (5) 3
d. .
. = J
for a=2 to % do Xa’o(dj)+(1 ) * Xa—l,o (dj)
for a=2£g£ic_>_for b=1 to 2-a do for z=0_t_o_bdo

g d-
] .
Xa,b(dj)éxa,b(dj) + g"']) *Xa_l,b-z(dj) ’ end all.

This algorithm will obtain all X b(dj) with b<f-a, and l<a<®.



There are, of course,zzlz values of the pair (x,y), 1sx<&, Osysi-x, for

which (7) has to be evaluated in order to compute the probability dis-

tribution {szk (x)}l<x$2
£ ] - .

This is obviously because by (1) and (4)
iy o d/d.)
® el = (M%) % gaping

However, for any value of (a,b), Xa b(dj) is obtained from the values
v

Xa—l b_z(dj),OSzﬂb, in b computational steps. We therefore have a
b4
total number of computational steps proportional to
£ L-a L
a=l b=0 a=1 2

% L(2-1) (4+1)
4. CONCLUSION

In this note we have examined a problem of interest, and probably of
importance in data handling systems or in data base systems : the size

of projections of a set of data from a k-dimensional space in which it

is given into a smaller subspace. An enumerative approach provides results
in the case of uniformly distributed independent samples on a finite
dimensional set of possible data values. Certain extensions, in particular
to dynamically varying data sets and to certain cases of dependence

(e.g. "functional dependence" in data bases), will be treated in subsequent

papers.
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