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Tk�~epr.��TXSU[/Y�dUepTWrJdZTviSUTw�B]�oZo�j6e¹d/Y$¤¥¤gT+�uo�dZ�<]ÅoUdZhixw� T\�u[2TWSU]Å]lmXT\¤¹mW]�x SU]�V\epoqdZSZY$dUegTXr
Y$¤gVWTXS|e¥dZ�<[2o ¼ ��TWS7]�¿�Yk[2vw¤g]kj�×�]�TW[�]ldZS|eg�,��Yko�wepriV�j6oZ]�]-� *!��½Z£!ÄWegr<��]�dZ�<]�rÈj¶�"]��yY�mW]
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h<oZ]�xdZ�wego7[2]ldZ�<Twx{dZT v}]�S|��TXSU[�dZ�<]�Y\hwdZTW[/Y$dUeg�/SU]�VkegoUdZSZY�dUepTWr�T\�aY��~epx<]/v�Ykr<]l¤�T\�
�X�·eg[/YkVW]�o ¼ �`�Á"TXS§Â"Y�dUÃÄn�+Y\rc½Z£

�~�<]!v<SU]�oZ]�rXd¶v�Ykv}]�Scego�Y\r<T\dZ�<]�SÈoqdZ]Bv�epr�TWh<S>fnh<]�oUd¶T\�ioqd�Ykbw¤g]@��]+Y$dZh<SU]�oBjBYkrix��"]ºVWT
r<T+� ��SUTX[�dZ�<]"��SU]�oUd¶¤¥epr<]�o ¼ Y	��� mkY\S|eg]¸dF�)T\�yv}TkegrWdZo¸½Zj�dZT§dZ�<]"]�¿.dZSU]�[(Y�¤<v}TkegrWdZo ¼ Y��W�
mkYkS|eg]ldG�y½Z£ �a�i]�]l¿.dZSU]�[/Y$¤>v}TkegrWdZoaYkSU]�Y	oZ�+Y$dUdZ]�SU]�x�oZ]ld"T\�¶oUd�Y\bw¤p]§v}TkegrWdZo�dZ�<SUTWh<VX�iTXhwd
dZ�<]7�W�·ep[/Y\VX]k£

Á|r�dZ�<]�r<]�¿.daoZ]��ldUegTXr<o�jW�"]?�ySUoUdaxi]9��r<]§dZ�<]�]l¿.dZSU]�[/Y$¤:v}TkegrWdZoBjiYkr<x/]�¿ivw¤¢Y$egr��§�W�
dZ�<]l��YkSU]!VW]BTW[2]ldZS|ep��eprWmkY\S|e¬Y\rWd�v}TkegrWdZoB£ � ]&o�<T+�JdZ�i]Br��<T+�JdZT§]�¿.dZSZYk�ld:dZ�<TWoZ]@vcT\eprWdZo
��SUTX[ �X�Æeg[/YkVW]�o��~e¹dZ��YL[2Twxwe ��]Bx mX]�SUoUegTWr T\�"dZ�<]L�YkSU���wegr<VÊ>epri]Bo2Y�¤pVWTXS|e¥dZ�<[Å£
� r<��]2dZ�yY�d)dZ�i]Å]�¿.dZSU]B[/Y�¤av}TkegrWdZo�Y\SU]�]�¿.dZSZYk�ldZ]�xÈj���SUTW[ dF�"Txwe¹Ï>]�SU]�rXd2eg[/YkVW]�o7T\�
dZ�<]*o�Yk[2]*oZh<bwsU]��ldBj}�"]*v<SU]�oZ]�rWd�b<S|ep]��<��Y/SU]�V\epoqdZSZY$dUegTXr[2]ldZ�<Twx�§�weg����ego�oUep[2vw¤g]kj
��Ykoqd�Y\r<x�SU]l¤¹e¢Ykb.¤p]kj}dZT¡[/Y$dZ���ÉdZ�i])dF�"T�oZ]ldZo�T\�ºv}T\eprWdZoB£��~�wego�SU]BV\egoUdZSZY$dUegTWr [2]ldZ�<Twx
[/YkÎ\]Bo"Y�¤goZT�h<oZ]�T\�>dZ�<]�VX]�TW[�]ldZS|eg�aegrWmkYkS|e¢Y\rXdZo~YkoZoTw�¸e¢Y�dZ]Bx*dZT�dZ�<]�]l¿.dZSU]�[/Y$¤>v}TkegrWdZoB£
� ]�oZ�iT+�ÀdZ�i]BrL]�¿ivc]�S|eg[�]�rWd�Y�¤�SU]�oZhw¤¥dZoa�~e¹dZ�¡dZ�<]�SU]�V\epoUdZSZY�dUegTXr¡Tk��dG�"T/SU]+Y�¤Èeg[/YkVW]�oBj
�u�weg��� ]�¿i�wepb.e¹dZo	dZ�<]��wegVW�Jv<SU]��lepoqepTWr T\�ab}TkdZ�{dZ�<]�]�¿.dZSZYk�ldZ]�x ��]�Y�dZh<SU]�v}T\eprWdZo)Y\r<x
dZ�<]�SU]�V\epoUdZSZY�dUegTXr¡[�]ldZ�<Twx>£
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Ê:]lduh<o?�ySUoqd�SU]��+Y�¤¹¤¶b<S|eg]��<��oZTX[2]	SU]Bohw¤¹dZo�T\�&xwe¥Ï>]BSU]�rWdUe¢Y$¤@VX]�TW[�]ldZS|��Ykb}TXh.duoZh<S|��Y\��]
��h<S|mkY$dZhiSU]Bo ¼ Y*VXTwTwx/egrWdZSUTwx<h<�ldUegTXr(dZT)dZ�iTXoZ]�riTkdUegTXrio"�+Ykr¡bc]§��TWh<r<x�egrÉ��T�Â�YkSU[2T
� �&�¶TXSºepr�
�Tw]�r<x<]�S|egr<Î-�ý�#��½Z£
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�yr.e¹dZ]�o]¸d§Tk���BhiS|mkY$dZh<SU]�o§�+Ykr¡bc]�xi]9��r<]�xÈ£
��TXSU]2v<SU]��legoZ]l¤¹�Xj�YkooZTw�le¬Y�dZ]�x��ae¥dZ� Y\rW��xwepSU]��ldUegTXr%$& epr{dZ�<]2d�YkriVX]�rWd)vw¤¢Y\r<]2Tk�"dZ�i]
oZh<S|��Y\��]WjÈTWr<]2��Y\r�x<]��yri]�YÅxwegSU]��ldUepTWryY�¤���h<S|mkY�dZh<SU]('�)* £��a�wego���h<S|mkY�dZh<SU]/ego�egr���Y\�ld
dZ�<]"��h<S|mkY�dZh<SU]§Tk�<dZ�i]u�W����h<S|mX]~x<]��yr<]�x2bX�	dZ�<]�egrWdZ]BSUo]B�ldUegTXr2T\�ydZ�<]�vw¤¬Y\r<] ¼ " + $& + $, ½
�u�<]�SU] $, egoariTXSU[/Y�¤:dZT)dZ�i]�oZh<S|��Y\��]Wj.�~e¹dZ�¡dZ�<]�oZhiS|��Yk��]k£
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x<]�oZ��S|epb}]�xL�ae¥dZ�TXrw¤¥�ÅdF�"TÅviS|e¹mne¥¤p]�VW]Bxx.epSU]��ldUepTWr<oBj $&43 Y\r<x $&65 j>Y\r<x�dF�"TÅYkooZTw�le¬Y�dZ]�x
��h<S|mkY$dZhiSU]ÅmkY�¤phi]Bo�j7' 398 '�)*;: Y\r<x�' 5(8 '�)*=< j6�u�weg��� Y\SU]��+Y�¤¹¤g]�x SU]�oZv}]��¸dUe¥mX]l¤¥� dZ�i]v<S|egr<�lepvyY�¤nxwepSU]��ldUegTXr<o�Ykr<x	YkoZoTw�¸e¢Y�dZ]Bx�v<S|egr<�legvyY$¤w��h<S|mkY�dZh<SU]�o�T\�ndZ�<]�oZh<S|��Y\��]ºY�d¶vcT\egrXd
")jWY\o&oZ�iT+�ur*egr5��VXh<SU]��W£��~�<TWoZ]�dF�"T�v<S|egr<�lepvyY�¤y��h<S|mkY�dZh<SU]�o"YkSU]ºdZ�<]a]�¿.dZSU]�[(Y�Tk�:Y$¤¥¤
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curvature

direction

Maximal

principal

Normal

Crest line
n

t2

k1

t1

�:egVWh<SU]/�kÌy�§e¥Ï>]BSU]�rWdUe¢Y$¤¶VW]�TX[2]ldZS|��Tk��oZh<S|��Y\�B]�o

dZ�<]"oZhiS|��Yk��]���h<S|mkY�dZh<SU]�oºxi]9��r<]�x�Y�d&v}TkegrWd ")jWY\r<x ¼ ]�¿<��]�vwd@��TXS�h<[7b.e¹¤¥ep�~vcT\egrXdZol½:TWr<]
Tk�!dZ�<TWoZ]�dG�"T¡epo�[/Y+¿.ep[/Y�¤&egr�YkbioZTk¤ghwdZ]	mkY$¤gh<]ÅÌc�"])�+Y�¤¹¤�e¹d�dZ�<]�° ¯k« � ¨�µ¸ª 1 -w«��$¯Wª -w«U¨¸j
epr TXSUxi]BS�riTkd�dZT�b}]2[)egoUd�Y\Îk]�r��~e¹dZ�{dZ�<]/[/Y�¿.eg[/Y$¤���h<S|mkY�dZh<SU] ¼ ¤g]¸d	o�Y���dZ�yY�d�e¹d�epo
' 3 ½Z£ � ]"oqep[2vw¤¥�7�+Y$¤¥¤:µ¸¨41�²\´���� ±c«�³¢´ 1�³ë±<¯W° ��1 -w«	�$¯Xª -w«¨6dZ�<]"T\dZ�<]�S&viS|epr<�legvyY�¤<�BhiS|mkY$dZh<SU]
¼ ' 5 ½Z£
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�a�<]*��SU]�oUd�¤¹egr<]�o�YkSU]	egrXdZh.e¹dUe¥mX]l¤¥�dZ�<]7¤gTw�le&T\�&dZ�i]�oh<S|��Yk��]��u�<]�SU]*dZ�<] 4Z��h<S|mkY�dZh<SU] 6
epo~¤gTw��Y�¤¥¤¹�Å[/Y+¿.ep[/Y�¤F£}��TWSU]�v<SU]��lepo]¸¤¥�Xji�"]7x<]��yri]�dZ�<]�[ Y\o"dZ�i]�¤gTw�¸e¶T\��dZ�i]7oZh<S|��Y\��]
�u�<]�SU]~dZ�<]~¤¬Y\SUVX]�oUd!��h<S|mkY�dZh<SU]kj.' 3 jkepo@¤gTw�+Y$¤¥¤¹�2[/Y�¿.eg[/Y$¤ ¼ egrÅY\b<oZT\¤ph.dZ]"mkY�¤ph<]$½ZjXepr2dZ�i]
YkooZTw�le¬Y�dZ]�x/v<S|epri�¸egvyY�¤¶xwegSU]B�ldUegTXr $&�3 £ � £���TWr<V.Y	]ld�Y�¤F£ ¼ o]B] � �#�#��½"�yY¸mX]�oZ�iT+�ur(dZ�yY$d
dZ�<]�oZ]§vcT\eprWdZo"�+Y\r/bc]�x<]��yri]Bx¡Yko!dZ�<]���]�SUTkÃF��SUTXoZoqepr<V�Tk�¶Y\r/]l¿.dZSU]�[/Y$¤¥e¥dG�/��h<ri�¸dUegTWr��kj
�u�weg���	ego�dZ�<]�xwepSU]��ldUegTXryY�¤<x<]�S|e¥mkY$dUe¥mX]§Tk� ' 3 egr7dZ�<]~xwegSU]B�ldUegTXr $&�3 jWY\r<x)��Y�mX]"viSUTXv}TXo]Bx
Y	�aY���dZT2���yY\SZY\�¸dZ]�S|e���]�dZ�<]�[Åj�xwepSU]��ldU¤¥�Å��SUTW[ÆdZ�<]�mXT�¿<]l¤:mkY�¤phi]Bo§T\�¶dZ�<]7�W�Çeg[(Y\VW]W£

� ]º��Y�mX]�v<SUTWv}TXoZ]�x�Y\r<T\dZ�<]�S¶[2]¸dZ�iTwx�dZTu��TW[2v<hwdZ]!dZ�<]�[Çegr,� �)*&�Fj¸��TXSÈdZ�<]!��Y\oZ]!T\�
epoTkÃúeprWdZ]�r<oUe¥dG��oZhiS|��Yk��]�oB£ � hiS:[�]ldZ�<Twx�epo:byY\oZ]�x�TWr�dZ�<]!h<oZ]!T\�.dZ�i]&eg[2vw¤¥ep�le¥d¶��h<r<�ldUegTXr<o
dZ�<]�TXSU]�[Å£��"Y\oUeg��Y�¤¥¤¹�Xj¸�"]"�yY�mW]�oZ�<T+�§r7dZ�yY�d¶dZ�<]��BSU]�oUd�¤¹egr<]�o��+Y\r)b}]�]�¿.dZSZYk�ldZ]�x�Y\o¶dZ�i]
eprWdZ]�SUoZ]��ldUepTWr�T\�:dG�"T*eg[2vw¤¹eg�le¹d~oZh<S|��Y\�B]�o�� 8! Y\r<x�� 8 �wjn�§�<]�SU]"�ÅSU]�v<SU]�oZ]�rWdZo"dZ�i]
eprWdZ]�r<oUe¥dF��mkY$¤gh<]�T\�¶dZ�<]�ep[/Y\VX]kj  Ykr(epoTkÃúeprWdZ]�r<oUe¥dG�/dZ�iSU]Bo�<Tk¤gxÈj}Y\r<x#� 8 $$9' 3�% $&�3 epo
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I=200

I=150

I=100

Successive crest line positions

Iso-surfaces f(x,y,z)= I

Crest surface e1(x,y,z)= 0

�:egVWh<SU]'�wÌcÂºSU]�oUda¤¥epri]Bo§Yko�eprWdZ]�SUoZ]��ldUepTWrLTk�¶dF�"T2eg[�v.¤¹eg�le¹d§oZh<S|��Y\�B]�o

dZ�<]�]�¿wdZSU]�[/Y�¤¹e¥dG�(��h<r<�ldUepTWr ¼ o]B]?�yVWh<SU]
�n½Z£ � ]���Y�mX]�v<SUTWv}TXoZ]�x�Y�¤poT)Y\rÉY�¤pVWTXS|e¥dZ�<[Åj
�+Y$¤¥¤p]�x{dZ�<]É�Y\SU���wegr<VÊ>egr<]�oBjÈdZT�Ykh.dZTX[/Y�dUep�+Y�¤¹¤¥��]�¿wdZSZY\�ld)dZ�iTXoZ]/��SU]�oUd*¤¹egr<]�oB£��a�.epo
Y$¤gVWTXS|e¥dZ�<[ �+Y\r�bc]*h<oZ]�x�Y�¤poZT2dZT¡T+mX]�SU��TW[�]*oZTW[2]7TWS|ep]�rWd�Y$dUegTWrv<SUTXb.¤p]�[2o ¼ [/Y$egrw¤¥�
x<h<]�dZT*dZ�<]���Yk�ldadZ��Y$d"dZ�i]7v<S|egr<�lepv�Y$¤¶xwegSU]��ldUepTWr<ouY\SU]�xwegSU]��ldUepTWr<oBj}Y\r<xÅriTkd§TXS|eg]�rXdZ]�x
mX]��ldZTXSUol½Zj�bW��¤gTw��Y�¤¥¤¹��TWS|ep]�rWdUepriVJdZ�<]�v<S|egr<�legvyY$¤�xwegSU]��ldUepTWr<oBj�Y$¤gTWr<V�dZ�<]]�¿.dZSZY\�¸dZ]�x
¤¹egr<]�oB£

Á|r2��Yk�ldBj\��TWS@]�Y\���2v}TkegrWdºT\�}dZ�<]uoh<S|��Yk��]kj�dF�"T7xwe¥ÏÈ]�SU]�rWd�]l¿.dZSU]�[/Y$¤¥e¥dG�/��Tw]��(�leg]�rXdZo
�+Ykr¡bc]�x<]��yri]Bx>j��BTWSUSU]�oZv}TXr<x.epr<V*dZT2dZ�<]�dG�"T2v<S|egr<�lepv�Y$¤¶��h<S|mkY�dZh<SU]�o7Ì

� 3�8 $$ ' 3 % $&�3
� 5 8 $$ ' 5 % $&65

¼ �\½

�ih<S|dZ�<]�SU[2TXSU]kj��"]�Y\SU]7Y\bw¤p]kj.�ae¥dZ�LTXS|eg]�rXd�Y�dUegTXrL��TXr<oqepx<]�SZY�dUepTWr<oBjXdZT2xwegoUdUepriVXhwegoZ�
bc]ldF�"]�]Br¡dZ�<] �B]�SUT\ÃG��SUTWoZoUegr<VXo�Tk� � 3 Y\r<x�� 5 �BTWSUSU]�oZv}TXr<x.epr<V*dZT2dZ�<]	[/Y�¿.eg[(Y2T\��dZ�i]
YkbioZTk¤ghwdZ]�mkY�¤phi]�Tk�6dZ�<]���h<S|mkY�dZh<SU]���SUTW[¦dZ�<TWoZ]���TWSUSU]BovcTWr<xwegr<V*dZT*dZ�<]�[*epr.ep[/Ywj}bW�
��TXr<oqepx<]�S|egr<V¡dZ�<]/oUegVXr<o�Tk��dZ�<]/xi]BS|e¥mkY�dUe¹mW]Bo*T\��dZ�<]/]�¿wdZSU]�[/Y�¤¹e¥dG� $$ ��� % $& �qj6TXS�[2TWSU]
oUeg[�v.¤¹�XjÈdZ�<]�oUegVWr<o�T\�"dZ�<]/]�¿.dZSU]B[/Y�¤¹e¥dF�J��TWS�]+Yk���JoUegx<]�o�T\�"dZ�<] ��]�SUTkÃF��SUTXoZoqepr<V<£ � ]
��TXhir<x�]l¿iv}]�S|ep[2]�rWd�Y$¤¥¤¹��dZ�yY�d�dZ�<]*[(Y+¿.ep[/Y ¼ egrJY\b<oZT\¤ph.dZ]�mkY�¤ph<]�o¸½§Y\SU]7[2TWSU])oUd�Y\bw¤g]
¤¬Y\r<x<[/Y\SUÎno7dZ�yY\r dZ�<]¡[)egrweg[/Y Ì@��SU]�oUdZo2TXS*S|e¹�¢dZo ¼ [/Y+¿weg[/Y.½	Y\SU]ÅoUd�Y\bw¤g]Wj¶�u�<]�SU]+Yko
dZ�<]	¤pTw�le¶egr�Y2mkY�¤¹¤g]l�É�§�<]�SU]7dZ�<]*VWSUTXh<rix ��TwTXS~epo�dZ�i] �cY�dUdZ]�oUd ¼ [)egrweg[/Y.½�Y\SU]�mW]BS|�
oZ]�r<oUe¥dUe¹mW]�dZT�Y*oZ[/Y$¤¥¤:vc]�S|dZh<SUbyY�dUegTXrLTk��dZ�<]�xyY�d�Y ¼ oZ]�] �yVWh<SU]7�n½Z£
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dG�"TLT\�ºdZ�i]B[ ÌÈvcTWoUe¥dUe¹mW]*¤¬Y\SUVX]�oUd���h<S|mkY�dZh<SU]/[/Y�¿.eg[/Y ¼ ' 3�� �ÅY\r<x $$ � 3�% $&�3�� �.½
YkrixÅr<]�VnY$dUe¥mX]�¤¢Y\SUVX]�oUda��h<S|mkY�dZh<SU]�[*egrweg[(Y ¼ ' 3�� �2Ykrix $$ � 3�% $&�3�� �.½Z£
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I=200

I=150

I=100

Iso-surfaces f(x,y,z)= I

Extremal points line

Extremal point for I=200

Successive extremal line positions

Second extremal surface e2(x,y,z)= 0

Extremal surface e1(x,y,z)= 0
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Iso-surface f=I
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Crest line f=I, e1=0

P2

P1

e1(Q3)

e1(Q2)

e1(Q1)

f=I, e1=0, e2= 0

Extremal point (label +)

P
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