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t�lupsp1ivaw[�xIOa]O9yzKMO9a]yzKsO{^8|�}u~v�v�ATW�v_M^MO��u�v�k��T�}u�0pslu�vO9Z

���&�9�*�o�M�k�k� VIO*N0b��vaciv_MpsZ�iu�sp8ivZcb�[]b��Yb�[\X�pMacO;ZwO9ac�Ybr^M��qrb�^sO9lua&ikp8O*azlo[]ikazZ�ik^(N�O;lkZc_Ma]O9Z�iu�sl�N0O;lkZc_Ma]lk�MqrO
Zcpslvy�O

X
xMO9Z]y�a]b��8Om[]KMOAO9�kikqr_I[]b�iv^sZ�ik�(pMa]ik�slk�Mb�qrb�[\X�xIbeZw[ca]b��M_M[cbrik^sZ�iu�(Rmlkac�vio��pMa]iIy�O;ZcZcO9Z�ik^

X �J%KsO*braSxI_slkq�ZcO*N0br�ka]ik_MpsZ�iu�)p8ivZcb�[]b��Yb�[\X�pMa]O9ZcO*a]�Yb�^s�3q�br^MO9lka�ivp1O9a]lu[cikazZ%ik^�[]KMO$Zcpslvy�O�ik��N0O;lkZc_Ma]lk�MqrO
�8ik_s^sxIO9xA��_M^sy�[cbrik^sZ

B(X)
ik^

X
xIO;Zcy*acbr�1O$[cKsO�O9�kivq�_I[]b�iv^sZ�iu� lG�vO*azlu�vO9Z�io�vO*a�[cKMO�[cazloj\O;y¡[]ika]b�O;Z�ik�

[]KMO9ZcO RAlua]�kio��psaciIy�O;ZcZcO9Z ��¢ ^�[]KMbeZ�pslkp1O9a�£4O)br^f[ca]iYxM_sy�O4lu^sx�Zw[c_1xIX�[cKMO4�kO9^MO*azluqky*qrlvZcZ�iu�1ZcO*N0br�ka]ik_Mp1Zik� ^Miv^I¤¥q�br^MO9lkap1ifZwb�[cbr�Yb�[\XApMacO;ZwO9ac�Ybr^M��[cazlu^sZw��ika]N3lo[cbrik^1ZSiv^2N0O;lkZc_MacO;ZS[cKslu[�brZ^sik^I¤¥q�br^MO;luaRmlua]�kio�
iva�¦MO9q�qrO*a�ZcO*N0br�ka]ik_MpsZ �¨§ ^©O�nIpMqrbey�b�[�Z\[]ac_sy�[c_Ma]Oªiu���kO9^MO*azlo[]ikazZ$ik��Zc_syzK¨ZwO9N0b��vaciv_MpsZ�brZ��kbr�kO*^�br^y9lkZcO�£�KMO*^

X
brZ�[cKMO«h_sy�qrbrxMO9lu^mZcpslvy�O

Rd ¬ ika�N�ivacO�vO*^MO9a]lkq�qrXkMl0N3lk^Mb���ivqrx1®%ZwKMio£�br^M�0KMio£¯[cKMO;ZwOZcO*N0br�ka]ik_Mp1Z�lkacbeZwO ��a]ikN°[cKsO4�vO*^MO9a]lkqY�fbr^MO*[cbey O;df_slo[]b�iv^sZ�ik�8Zw[]lu[cbeZ\[]bry9luqYN0O9yzKslk^Mbry9Z�lu^sx$O*�vikqr_I[cbrik^slkacX
�sb�ivq�iv�kX�[cK1lo[(xIO;Zcy*acbr�1O�[]KMO�xIXY^sluN0bey�qrlG£±iu�%qrlkac�vO$^Y_MN$�1O9a]Z���iva�Rmlua]�kio��N0iIxIO*qeZ�iu�%b�^f[]O*azlky¡[]b�^s�
p1luac[cbey�qrO9Z ��² O*qrq�p1ifZwO;xI^MO;ZcZ4a]O9Zc_Mq�[zZ ��ika4[cKMO;ZwO�O;dv_1lo[cbrik^1Z4lkacOS�kbr�kO9^�[civ�kO*[cKMO9a £�b�[cKªlupspMq�bey*lu[cbrik^sZh[cibr^f[cO9a]lvy¡[cbr^M�ªpslkaw[]bry*q�O;Z*³�xIXY^sluN0bey3qelG£±ik�%qelua]�kO3^Y_MN$�1O9a]Z(lu^sx´y*O*^f[cazluq)qrbrN�b�[([]KMO*ivacO9N��[]KMO�qelo[w[]O*a
�8O*br^M�0^MO9£µlkq�a]O9lvxIX0��ika%[]KMO�Z\[zlu^sxsluazx�y*ivlu�v_Mqelo[cbrik^M¤=��azlu�vN�O9^f[]lo[]b�iv^0N�iIxIO9qrZ �¶ª·f¸D¹]º(» �o¼&�k� g�ivZcb�[cbr�fb�[\X3pMa]O9ZcO*a]�Yb�^M�$N0O9lkZc_Ma]O�¤¥�oluqr_MO9x3O9�kivq�_I[]b�iv^sZ9fy*ik^sxIb�[cbrik^1luqrq�X3p8ivZcb�[]b��vOSivp1O9aw¤
lu[civa]Z9vRmlkac�vio�(N0iIxIO*qeZ)ik�½b�^f[]O*azlky¡[]b�^s��psluac[cbey�qrO9Z9YxIXY^sluN0bey�qrlG£¨ik��qrlkac�vO�^Y_MN(�8O*azZ*f^MivacN3luqs¾s_sy�[c_I¤
lu[cbrik^sZ9Iazlo[cO�ik�&y�iv^Y�kO*a]�kO9^sy�OvY�fbr^MO*[cbey�O9df_slo[]b�iv^sZ9fbr^f[cO9a]lvy¡[cbr^M�3Zw[]lu�sq�O4j\_MN0pI¤¿xIb�À8_sZcbrik^sZ91Á�`*�YX3[\XYp1O
psaciIy�O;ZcZcO9Z9Iy�iflu�k_sqrlu[cbrik^I¤>��a]lk�kN0O*^f[zlo[cbrik^ �

∗ Â&Ã\ÄoÅzÆ�Ç=È�ÃwÉ�Ç%ÊzË�Ì*Ç>Å]Ç>ÍÏÎÐÇ>ÍÏÑ\ÎwÒ�Ó�É;Í Ô�ÃwÆÐÎ>Í ÇÖÕ�ÊzË�×$ÅzÆ�Ø�ÍÏÑ¥ÙkÒ�ÚDÊcÔ�Ã\É*Ç=Æ�Õ�Ú8Û�Ü(Ý]Þ&ß�Ó&à¨ÅzÉGá3â�ã�ä�âÖÞ�ä�Ê*å9æ;ÃwÉ;ÑwÊ¡æ;ÆÐÇwÒç Æ>ÅzÉGÑ\Ã¡è�ésÈ�ÅzÍÏêeëYÔ9Ù¡Ê¡êÏÊ¡ÙGì�Ë�Î>È�ÅzÍÏêeè ÉGÃ¿Ç



� 	������s��&�(���.	�� !�	 ��
�&���������(���s������-�
��¡��	�� 	4# ���&�3'4	�������� !�	
#8/0�2	 + -%�0/W	�� ���$#�	%�&
(')#��*���

��� ���
	 � � Á½O9Z ZcO*N0b�¤>�vaciv_Mp8O9Z�x�� ikp8`*azlo[cO9_MazZ�qrbr^M`9lkb�a]O9Z�Zc_Ma q�O;Z�N0O9Zc_MacO;Z x�� _M^0O9Zcpslky*O N0O9Zc_Mazlu�MqrO
Xdf_MbDpMa]`9ZcO*a]�kO9^f[ qel(p8ivZcb�[]b��Yb�[c`xI`;y�a]b��vO*^f[4qrO9Z4`9�kikqr_I[]b�iv^sZ%xIO9Z4qrikbeZ4xMO9Z4pMa]iYy*O9Z]Zw_1Z4xMO�Rmlkac�vio��Zc_Ma
X �Á�O9Z�ZwO9N0b�¤¥�ka]ik_Mp8O9Z�xI_slk_InAx�� ikp8`*azlo[]O*_MazZ�qrb�^s`9lubra]O9Z�Zw_Ma�q� O;Zwp1lky�O

B(X)
xIO;ZS��ik^sy�[cbrik^sZ�N0O9Zc_Mazlu�MqrO9Z

�8ika]^M`9O9Z�Zc_Ma
X
df_Mb�pMa]`9ZcO*a]�kO9^f[0qel p8ivZcb�[]b��Yb�[c`AxI`;y�a]b��vO*^f[�qrO9Z3`9�kikqr_I[]b�iv^sZ3xIO9Z�N0ioXkO*^s^MO9Z3Zc_Ma�qrO9Z

[]a]luj\O9y�[cikbra]O9Z(xMO�y*O9Z�pMa]iYy*O9Z]Zw_1Z$xIO�Rmlkac�vio� ��� lu^sZ0y*O�[3luac[cbey�qrOk)^Miv_sZ$b�^f[ca]iIxI_MbeZwiv^sZ�O�[0`�[]_sxIbrik^sZqel y*qrlvZcZcOª�k`9^M`*azluqrOªxIO9Z�ZwO9N�b�¤¥�ka]ik_Mp8O9Z�xMOª[cazlu^sZw��ika]N3lo[]b�iv^sZ0^Mik^¨qrbr^M`9lkb�a]O9Z�Zc_Ma�q�O;Z�N0O9Zc_Ma]O9Z�df_Mb
psac`;ZwO9ac�vO*^f[�qrlAp1ifZwb�[cbr�Yb�[]`khdf_MO�q�� ik^�p1O9_I[0lkpMp8O*qrO*a0ZwO9N�b�¤¥�ka]ik_Mp8O9Z$xIO�Rmlkac�vio�Aiv_�xIO�¦sO*qrq�O9a$^sik^I¤
qrbr^M`9lkb�a]O9Z � P�ik_sZ%xIiv^M^Miv^sZh_s^MOZ\[]ac_sy�[c_Ma]O�O*nIpMq�bey�b�[cOxIO;Z4�k`*^s`*azlo[cO9_MazZhxIO�y�O;Z4ZcO*N0b�¤>�vaciv_Mp8O9Z)qrikazZ]dv_sO
X
O9Zw[3q�� O9Zcpslky*O�O9_sy�qrbexIb�O9^

Rd ¬ iv_ pMqr_sZ0�v`*^M`9a]lkq�O9N�O9^f[$_M^MO��olua]br`�[c`G® ��� O*qrq�O*¤¥y*b4p8O*a]N0O�[�xIO��kivb�ay*ikN0N0O*^f[�y*O9ZSZwO9N�b�¤¥�ka]ik_Mp8O9Z�pMacio�YbrO*^M^sO*^f[�xIO9ZS`9df_slu[cbrik^sZSy�br^M`�[]brdf_MO;Z��v`*^M`9a]lkq�O;Z�xIO$qrl�N�`;y*lk^Mbrdf_MO
Zw[]lu[cbeZ\[]brdf_MOAO�[�xIOAqrl �Mbrikqrik�vb�Oª`9�kivq�_I[]b�iv^M^slkb�a]O � P�ik_1Z3N0ik^f[ca]ik^sZ�dv_sOAy�O;Z3`9df_slu[cbrik^sZ�Zcik^f[��sb�O9^p8ivZc`*O;Z�O�[ xMik^M^Miv^sZ xIO;Z)lupMpsq�bey*lu[cbrik^sZ lk_In�ZcXIZ\[]L*N0O9Z xIO�p1luac[cbey�_MqrO9Z O9^0b�^f[cO9a]lvy¡[]b�iv^�³&q�ivbMxIO9Z)�kazlu^sxMZ
^sikN(�sacO;Z4xMXf^1luN0brdf_MO�O*[�[cKM`9ika]L*N0OxIO�qrl�qrb�N0b�[cO�y�O9^f[cazluqrOkMy�OxIO9ac^sb�O9a�O9Zw[%^sik_M�vO9lu_�O*^�pslkaw[]bry*_Mq�brO*a
p8ik_sa�q�ON0iIxIL*qrOZ\[zlu^sxsluazx�xIOy*ivlu�v_Mqelo[cbrik^M¤=��azlu�vN�O9^f[]lo[]b�iv^ �
� » �;� ¹ ��� � ��� VYXIZw[cL*N0O;Z&xMXf^1luN0brdf_MO;Z�Zw_Ma xIO;Z&O9Zcpslky*O9Z&xIO N0O;Zw_Ma]O9Z�pMa]`9ZcO*a]�olu^f[�qel�p8ivZcb�[cbr�fb�[c`voikp8`�¤
azlo[]O*_MazZhy*ik^sxMb�[]b�iv^M^MO*qrqrO*N0O*^f[ p8ivZcb�[cb��ÐZ*IN0iIxIL*qrO9Z N3lua]�kio�YbrO*^sZ)xMOSpslkaw[]bry*_MqrO9Z)O9^�br^f[cO*azlky�[cbrik^½fqrikbDxIO9Z
�va]lk^sxMZ ^MikN$�Ma]O9Z4xIXY^sluN0bedv_sOkY¾s_sy�[c_slu[cbrik^sZ���lk_sZcZcbrO*^M^MO;Z*f[zlu_In�xMO�y*ik^Y�kO9ac�vO*^sy*Okf`9df_slo[]b�iv^sZ4y�br^M`�¤
[]brdf_MO;Z*YpMa]iIy�O;ZcZc_sZ4Z\[zlu�MqrO9Z4O*^�br^v[]O*azlky�[cbrik^½fpMa]iYy*O9Z]Zw_1Z xIO�[\XYp8O�Á�`*�YXkMy*ivlu�v_Mqelo[cbrik^M¤=��azlu�vN�O9^f[]lo[]b�iv^ �
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§ ^$brN0p1ivaw[zlu^f[)y�qelkZ]Z&iu�8RAlua]�kio�ZwO9N0b��vaciv_MpsZ&brZ��vb��vO*^$�fX�[cKMO�Zci�y9luqrq�O;x$¦sO*qrq�O9a)ZwO9N0b��vaciv_MpsZ9;b � O � [cKMOZcO*N0br�ka]ik_Mp1Z ik�&Zw[ca]ik^M�vq�X�y*ik^f[cbr^Y_Mik_1Z ivp1O9a]lu[civa]Z
Tt

t ≥ 0
Iiv^

C∞(X) ¬ []KMO�Zcpslky�O�ik�&y�iv^f[cbr^f_sik_sZ��_s^sy¡[]b�iv^sZ&ik^$lSqriYy9luqrq�X�y*ikN0pslvy¡[�[]ikp8ikqrik�vbry9luqYZwpslvy�O
X
�olu^MbeZcKMb�^s��lu[&br^=<s^Mb�[\XM®&Zw_syzK�[cKslu[

0 ≤ u ≤ 1brN0pMqrb�O;Z
0 ≤ Ttu ≤ 1

��ika�luqrq
t ≥ 0 ��¢ ^2l�£�bexIO*a�ZwO9^sZcOk��YXª¦MO*qrqrO*aZwO9N0b��vaciv_MpsZ�iv^MO�_M^sxIO9a]Zw[]lk^sxMZ[]KMOZwO9N0b��vaciv_MpsZ iu��p8ivZcb�[cbr�fb�[\X3pMa]O9ZcO*a]�Yb�^M�$q�br^MO;lua%ikp8O*azlo[]ikazZ)br^�[]KMOZwpslvy�O�iu�&�1iv_M^sxIO;x�y*ik^f[cbr^Y_Mik_sZ

��_s^sy¡[]b�iv^sZ
C(X)

Yiv_Ma �1lkZcbry�acO*��O*a]O*^sy*O���ika%¦MO9q�qrO*a�ZcO*N0br�ka]ik_MpsZh�1O9b�^s�?>Ï��@�A ��¢ [%brZ4O9lvZwX�[]i$ZcO*O�[]Kslo[%b��[]KMOO*�vikqr_I[cbrik^�ik^
C∞(X)

�kbr�kO*^��YX�[cKsOO9df_slo[]b�iv^
ḟ = Af

£�b�[cKªl0qrb�^sO9lua ¬ p1ifZcZcbr�Mq�X�_M^Y�1iv_M^sxIO;xs®ivp1O9a]lu[civa
A
b�^
C∞(X)

pMa]O9ZcO*a]�kO9Zhp1ifZwb�[cbr�Yb�[\Xvv[]KMO*^
A
beZ%y�iv^sxIb�[cbrik^slkq�qrX0p1ifZwb�[cbr�kOvfb � O � (Ag)(x) ≥ 0£�KsO*^MO9�kO*a�l���_s^sy¡[]b�iv^

g
�8O*qrik^M�fZ�[ci�[]KMO�xIivN0lkb�^ ik�

A
�beZ�^Miv^I¤¥^MO*�flo[cbr�kO0lu^1x �Glk^MbeZwKMO;Z�lo[

x ��¢ �
X
beZ�[]KMO(«h_sy�qrbrxMO9lu^mZcpslvy�O

Rd iva�l3N3lu^Mb���ikqex�1[cKMO � ik_Ma]a]L*�kO�[]KMO*ivacO9NB>DC;��A&Zw[]lo[]O9Z�[cKslu[�l3qrb�^sO9lua
ivp1O9a]lu[civa

A
br^
C∞(X)

£�KMivZcO3xIikN3lubr^2y*ik^f[]lkb�^1Z�[]KMO�Zcpslky*O
C2

c (X)
ik�h[\£4i�[cb�N0O;Zy�ik^f[]b�^Y_Miv_sZwqrX

xMb�ÀDO*a]O*^f[cbelu�sq�O���_M^sy¡[]b�iv^sZ £�b�[]K�l(y*ikN0pslvy¡[4Zc_MpMp8ikac[ beZ4y�ik^1xIb�[]b�iv^sluqrqrX$p8ivZcb�[]b��vO�b���lu^1x3ik^MqrX0b���b�[%KslkZ
[]KMO�Á½O9�YXv¤FE�KMbr^f[]yzKMbr^MOS��ika]N £�b�[]K��Glkacbelu�sq�Oy�iYO�G3y*b�O9^f[]Z9Ib � O � b��

Ag(x) =a(x)g(x) + (b(x),∇)(g(x) +
1

2
(c(x),∇,∇)g(x)

+

∫

(g(x+ y) − g(x) − χ(y)(y,∇)g(x))ν(x; dy), ¬ C;®

£�KsO*a]O
c(x)
brZ%l$p1ifZwb�[cbr�kO�xIO�<s^Mb�[cO

d× d
¤¥N3lo[ca]b�nD

b(x)
brZ%l

d
¤¥�kO;y¡[civa9

χ(y)
beZ%ZwivN�O��8ik_M^sxMO9x�^sik^I¤

^sO*�vlu[cbr�kO���_M^sy�[cbrik^m£�b�[cKml�y�ikN0pslvy¡[�Zc_MpMp8ikac[�[cKslu[SO;dv_1luqeZ�ik^MObr^ml3^MO9b��vKY�1ivacKMiYiIx�iu��[cKMO(ika]b��vb�^½
lk^sx

ν(x, ·) brZ�l0Á�`*�YX�N0O9lvZw_Ma]OkYb � O � l�p1ifZwb�[cbr�kOIH4ika]O*qDN0O9lvZw_sacO�Zw_1yzK�[]Kslo[
∫

min(1, |y|2)ν(x; dy) <∞, ν(x)({0}) = 0. ¬ �k®
¦sika�£�Kslu[4��ivq�qrio£�Z [cKMON3lkb�^�acivq�O�£�brq�q��8O*qrik^s�$[]i�[cKMO�xI_1luqD��ika]N(_sqrlu[cbrik^�ik�&¦sO*qrq�O9a�ZwO9N�br�ka]ik_spsZ �PSluN0O*qrXk½l�¦MO9q�qrO*a�ZcO*N0br�ka]ik_Mp

Tt
iv^

C∞(X)
y�qrO9lua]qrX��vb��vO9Z�acbeZcO�[ciªl�xI_slkq&p8ivZcb�[cbr�fb�[\XmpMa]O9ZcO*a]�Yb�^s�

ZcO*N0br�ka]ik_Mp
T ∗

t

ik^ []KMO�Zcpslky*O M(X)
iu���8ik_M^sxMO9xJH4ika]O*qhN�O;lkZc_Ma]O9Ziv^

X
[cKMa]ik_s�kK.[cKMO�xI_slkq�b�[\X

bexIO9^v[]b�[\X
(Ttf, µ) = (f, T ∗

t µ)
D£�KMO9acO�[cKMO$pslubracbr^M�

(f, µ)
beZ��vb��vO*^ª�YX�[cKMO$b�^f[]O*�kazlo[]b�iv^½sik�)y�ik_sa]ZcO �

¢ � A beZh[cKMO��kO9^MO*azlo[]ika)ik� Tt
Y[cKMO9^

µt = T ∗
t µ
y*lk^��8O�yzKslka]lvy¡[]O*a]bLK9O9x0�YX0[cKMO�O9df_slu[cbrik^�br^�[cKMO�£ O;lu�

��ivacN
d

dt
(g, µt) = (Ag, µt) = (g,A∗µt),

¬ �v®
£�KsO*a]O

A∗ beZ4[cKMO�lvxGj\ikbr^f[�[ci A I[]Kslo[�KsikqexMZ4��ika�lkq�q g ��a]ikN []KMO�xIivN0lkb�^�iu� A �M�O*a]O£ OZcKsluqrq½xIO9lkq�£�b�[]K�^Mik^Mqrbr^MO9lka�lu^slkq�iv�vZ iu� ¬ �f®¡³

d

dt
(g, µt) = Ω(µt)g,

¬ �f®
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£�KsO*a]O
Ω
beZ�l$^Mik^Mqrbr^MO9lka []a]lk^sZw��ika]N0lu[cbrik^0��a]ikN l�xIO9^sZwO�xIivN0lkb�^�iu� M(X)

[ci$[cKMOZcpslky*OSik��qrb�^MO;lua
��_s^sy¡[]b�iv^sluqeZ%ik^

C(X) ��� �&Zcp1O;y�beluq�br^f[cO*a]O9Zw[�lua]O�[cKMOO;dv_1lo[cbrik^1Z%iu��[]KMO���ika]N

d

dt
(g, µt) = (A(µt)g, µt) = (g,A∗(µt)µt),

¬ }k®
£�KsO*a]O

A(µ)
beZ l(^Mik^sq�br^MO9lkahN3lupspMb�^s�(��a]ikN l�xIO9^sZcO�xIivN3lubr^�iu� M(X)

[ci ¬ p8ivZ]Zwbr�MqrX0_M^Y�1iv_M^sxIO;xs®qrbr^MO9lka&ivp1O9a]lu[civa]Z�b�^
C∞(X)

klu^1x�O*�vO*^$N�ivacO%Zwp8O9y*b�<8y*luqrqrX�[cKMO%O9df_slu[cbrik^sZ&£�b�[cK
A
b�^ ¬ }v®&xIO*p8O*^sxMb�^M�p8ikqrXY^MikN0beluqrq�X3iv^

µ
Mb � O � []KMOO9df_slu[cbrik^sZ%ik��[]KMO���ika]N

d

dt
(g, µt) =

K
∑

k=1

∫

· · ·
∫

(Akg)(x1, . . . , xk)µt(dx1) · · ·µt(dxk), ¬ �v®

£�KsO*a]O(O9lvyzK
Ak
brZ�l ¬ p8ivZ]Zwbr�MqrX�_s^f�8ik_s^sxIO9x1®�ivp1O9a]lu[cika���acivN�l�xIO9^sZcO$Zc_M�sZcpslky*O D ik� C∞(X)

[ci
[]KMO�Zcpslky*O

Csym(Xk)
iu� ZcXfN0N0O�[]acbey�y�iv^v[]b�^Y_Miv_sZ%�8ik_M^sxMO9x���_M^sy¡[]b�iv^sZ�ik�

k
�Glkacbelu�sq�O;Z4��acivN

X �
� _Ma�lubrN beZ�[\£4i���ivqrxMZ9³ICG®�pM_Ma]O0lu^slkq�Xf[cbey�psaciv�Mq�O9N ¬ VYO;y¡[cbrik^1Z��o¤>�v®�¤4[ci�b�^f[ca]iIxI_sy*O$lu^2lupMpMa]iu¤psacbelo[]O�lk^sluqrik��ik��[]KMO�^Miu[]b�iv^�iu�&y�ik^1xIb�[]b�iv^sluqDp8ivZcb�[]b��Yb�[\X0��ika4[cKsO
	w�kO9^MO*azlo[]ikazZ��

Ω
lk^sx

A
br^ ¬ �f®� ¬ }k®[]Kslo[%beZ4yzK1luazlky¡[]O*a]brZw[cbey%��iva4p8ivZcb�[cbr�fb�[\X3pMa]O9ZcO*a]�Yb�^M�(N�O;lkZc_Ma]O�¤¥�Glkq�_sO9x3O9�kikqr_I[]b�iv^sZ*v[ci0�vb��vOSlu^�O�nIpMqrbry*b�[

�vO*^MO9a]lkq)Z\[]ac_1y¡[c_sacO�ik��y�ik^1xIb�[]b�iv^sluqrqrXAp8ivZcb�[]b��vO��kO9^MO*azlo[]ikazZ ¬ lª^Miv^Mq�br^MO;lua(lk^sluqrik�ªik�4[]KMO � iv_Maca]L*�vO[]KMO*ivacO9N�®%lu^sx�[]i3pMacio�YbexIO��slkZcbey�£ O9q�q�p1ifZwO;xI^MO9Z]Z�a]O9Zc_Mq�[]Z%��iva�[cKMO$y�ika]a]O9Zcp1iv^sxIbr^M�$O9�kivq�_I[]b�iv^�O9df_slo¤
[]b�iv^sZ ¬ }v®� ¬ �k®�&�k®�lkpMpMqrbry9lo[cbrik^ ¬ VYO;y¡[]b�iv^sZ�};¤��o®S¤%[ciªxIO*�vO*qrikp.lu^slkq�Xf[cbey([ciYikqeZ���ika�pMa]io�Yb�^M��[cKMO3qelG£ik� qrlkac�vO^f_sN(�8O*azZ�lu^1x�[cKMO(y*O*^f[cazluq�q�brN0b�[S[cKMO9ika]O*N3Z%[]ik�kO*[cKMO9a�£�b�[cKªpMa]O9y*brZcO�azlo[]O9Z�ik� y*ik^Y�kO9ac�vO*^sy*O
��iva�l�£�brxIO�y*qrlvZcZ4ik�&br^f[cO*azlky�[cbr^M�0Rmlua]�kio�3pMa]iIy�O;ZcZcO9Z4£�b�[cK�psZcO*_sxIik¤¥xMb�ÀDO*a]O*^f[cbeluqD�vO*^MO9a]lu[cikazZ9vb � O � ��ikabr^f[cO9a]lvy¡[cbr^M�0Á½`9�fX�[\Xfp8OpMa]iIy�O9Z]ZcO9Z �
!#"�� � + .1&��86 .1& +������ 68:��#+�� ( +
�32���),+#-?&�� .=2;:P6! �.1&��#" 4 6 :1.=&� �� 2 )

§ ZwXIZw[cO9N¯ik�MN�O;lu^�<sO9qrx�b�^f[cO9a]lvy¡[]b�^M��psluac[cbey�qrO9Z ¬ ika&Rmlua]�kio��pMaciIy*O9Z]ZwO;Z]®D£�b�[cK$lu^_M^sxMO*a]q�XYbr^M��N0iu[]b�iv^xMO9Z]y�a]b��8O9x��fX��kO*^sO*azlo[civa ¬ C;® brZ�l�ZcXYZw[cO9N iu� N pslkaw[]bry*q�O;Z4b�^ X N0io�Yb�^s�$lky9y�iva]xIbr^M�([ci3l(�vO*^MO9a]lu[civaik�S[\XYp8O ¬ CG®¡%£�KMO*a]O�[cKMO2y�iYO G�y�brO*^f[zZ aj

bj

cj

γj
Zcp1O;y�b���Xfbr^M� []KMOªN0iu[cbrik^©ik��O9�kO*a]X

j
¤=[]K

p1luac[cbey�qrO(xIO*p8O*^1xª^Miu[�ik^MqrX�ik^ª[]KMO(p8ivZcb�[]b�iv^
xj
ik� [cKMbeZSpsluac[cbey�qrOk1�M_I[luqeZwi3iv^ª[cKMO$p1ivb�^f[�N�O;lkZc_Ma]O

µ = h(δx1
+ · · · + δxN

)
ik^

X ¬ N0O9lk^ <sO*qexs®$Zwp8O9y*b�<1O9x´�YX.[cKMO�p8ivZcb�[]b�iv^ iu��lkq�q4iu[]KMO*a�psluac[cbey�qrO9Z
x1, . . . , xN

ik��[cKMO�ZwXIZw[cO9N ¬ h �1O9b�^M��l�p8ivZcb�[]b��vO�Z]y*luqrbr^M�(pslka]lkN0O�[cO9a9vO � � � h = 1/N
®�vb � O � aj(xj) =

a(xj , µ)

bj(xj) = b(xj , µ)


cj(xj) = c(xj , µ)


νj(xj) = ν(xj , µ) �(¢ [beZ�£ O9q�q��Y^Mio£�^ ¬ lu^sx2y*lk^�8O0O9lvZwbrq�XmZcO*O9^1®�[cKslu[pslkZ]Zwbr^M��[ci�[cKsO�N0O;lu^ <1O*qex2ivaRmy�E�O;lu^ª¤#$SqrlvZwio�ªqrb�N0b�[b�^2[cKMbeZZcXYZw[cO9N ¬ lZ]y*lkq�br^M��qrb�N0b�[)£�b�[]K0[cKMO�^Y_MN$�1O9a)iu�Dpsluac[cbey�qrO9Z

N
[]O*^sxIbr^M��[]ib�^=<1^Mb�[\X�br^0Zc_syzK3l�£4lGX�[cKslu[ [cKMO�Z]y*lkq�O;x

N0O;lkZc_MacO;Z
h(δx1

+ · · ·+δxN
)
[]O*^sx$[]i�ZcikN0O <s^Mb�[cO�N0O;lkZc_MacO;Z]®�qrO9lvxMZ&��ika]N3luqrq�X[]il�N�O;lkZc_Ma]O�¤¥�Glkq�_sO9x

xMXf^1luN0bry9Z%ik^
X
xMO9Z]y�a]b��8O9x��YX�O9df_slu[cbrik^ ¬ }u®4£�b�[cK

A(µ)g(x) = a(x, µ)g(x) + (b(x, µ),∇)g(x) +
1

2
(c(x, µ)∇,∇)g(x)

+

∫

(g(x+ y) − g(x) − χ(y)(y,∇)g(x))ν(x, µ; dy) ¬ �u®

â�ã&ä½âÖÞ
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[]Kslo[�Zcp8O9y�bL<sO;Z3[cKsOmxIO�[]O*a]N�br^MbeZ\[]bryAxIXY^sluN0bey�qrlG£ iu�qrlkac�vO�^f_sN(�8O*azZ���ika�N0O9lk^ <sO*qex©b�^f[]O*azlky¡[]b�^s�
p1luac[cbey�qrO9Z9kZwO9O�l�^Mbey�O�br^I��ivacN3luq1xIbrZ]y�_1ZcZcb�iv^0b�^ >DC9� A¥f£�KMO*a]O�luqeZwi�ik[cKMO9ahp8ikpM_Mqelua)[\Xfp8O9Z)iu��b�^f[]O*azlky¡[]b�iv^
�vO*ivN�O*[ca]X ¬ O � � � d ¤¿xIbrN�O9^sZcb�iv^sluq�qelo[c[cbey�Olu^sx�[]KMO�KMb�O9a]lka]yzKsbry9luqDb�^f[]O*azlky¡[]b�iv^sZ]® lua]O�[civ_syzKMO9x�_Mp8ik^ �
§ ^Miu[]KMO*a�Zwp8O9y*brlkq&y*qrlvZcZ�iu�)br^f[cO*azlky�[cbrik^sZ9s^1luN0O*qrX k ¤¥lkacX��ka]ik_Mpªbr^f[cO*azlky�[cbrik^ªik� lkac�sb�[]a]lkacX�ikazxIO*a

k ¬ p1ifZcZcbr�Mq�X�^Miv^I¤>�sb�^slkacXv4lk^sx©p8ivZ]Zwbr�MqrX ^Miv^¨pMa]O9ZcO*a]�fbr^M�.[cKsOm[cik[]luqS^Y_MN(�8O*a�ik��psluac[cbey�qrO9Zz®¡%£%lkZlvxMxIa]O9Z]ZwO;x.b�^ >�� A ¬ xIO9�kO9q�ivpMb�^s����_Maw[]KMO*a0ZcikN0O�bexIO9lvZ��a]ikN > � A�®¡ £�KsO*a]O�b�[�£4lvZ�ZcKMio£�^ [cKslu[$b���[cKMO
k
¤¥lkacX.b�^f[]O*azlky¡[]b�iv^sZ�ik��b�^1xIbrZw[cbr^M�v_MbrZcKslk�Mq�O�psluac[cbey�qrO9Z([cK1lo[0pMacO;ZwO9ac�vO0[cKMO�^Y_MN(�8O*a�iu��pslkaw[]bry*q�O;Z$lkacO
xMO9Z]y�a]b��8O9x �YX �kO9^MO*azlo[]ikazZ ¬ y�ik^1xIb�[]b�iv^sluqrqrX p1ifZwb�[cbr�kO�ivp1O9a]lu[cikazZz® Bk

b�^
C∞(Xk)


k = 1, . . . ,K


lk^sx�[cKsO

k
¤¿lua]X�br^v[]O*azlky�[cbrik^sZ%[]Kslo[�yzKslu^s�kO�[cKsO(^Y_MN(�8O*aSiu� pslkaw[]bry*q�O;Z ¬ ��a]ikN k

[ci
m
®�lkacO��vb��vO*^��YX

ZcXYN0N�O*[ca]bry9luqf[cazlu^1Zwb�[cbrik^slkqY�kO*a]^MO9qrZ
Pk(x1, . . . , xk; dy1 · · · dym)

u[]KMO4��ika]N3luqIN0O9lvZw_Ma]O�¤¥�oluqr_MO9x�q�brN0b�[
ik��[]KMOqrlkac�vOS^Y_MN$�1O9a�iu�&psluac[cbey�qrO9Z%beZ%�kbr�kO9^��YX3[]KMOO9df_slu[cbrik^

d

dt
(g, µt) =

K
∑

k=1

1

k!

∫

[(Bkg
+)(x1, . . . , xk)

+
∑

m

∫

(g+(y1, . . . , ym) − g+(x1, . . . , xk))Pk(x1, . . . , xk; dy1 · · · dym)]µt(dx1) · · ·µt(dxk),

¬ @v®
£�KsO*a]O

g+(x1, . . . , xl) = g(x1) + · · · + g(xl)
¬ [cKMOA£ O;lu� ��ika]N ¬ @k®0�8O*br^M� b�^f[]aciIxI_sy*O9x�br^ > �k~�A>ZcO*O3lkqrZci�VIO9y¡[]b�iv^sZ�}�lu^sx ����ika�xIO*[]lubrqeZ]® � P�iu[]bry*O$[]Kslo[�[]KMik_M�vKA[]KMO3ika]br�kbr^sluq&b�^f[]O*azlky¡[]b�^s��p1luac[cbey�qrOZcXIZ\[]O*N3Z�qrO9lkxMb�^M��[]i ¬ }k®� ¬ �k® ¬ N0O9lk^�<1O*qex$br^f[cO9a]lvy¡[cbrik^$pMa]O9ZcO*a]�fbr^M�S[cKMO�^Y_MN$�1O9a iu�Dpsluac[cbey�qrO9Zz®&lu^sx([ci

¬ @v® ¬ br^sy�qr_sxIbr^M� k ¤¥lkacX$j\_MN0psZ�£�b�[cKAp8ivZ]Zcb��MqrO���azlu�vN0O*^f[]lu[cbrik^ªika�y�ivlk�k_Mqelo[]b�iv^1®�lkacO(df_Mb�[cO0xIb�À8O9acO9^f[9O;df_slo[]b�iv^ ¬ @k®�y*lk^$�8O�£�acb�[w[]O*^0br^(��ivacN ¬ }k® � Rmika]O*io�kO9a9;b�[)brZ O;lkZcX�[ci�_M^sxMO*azZ\[zlu^sx([cKslu[)O9df_slu[cbrik^ ¬ @v®xMO9Z]y�a]b��Mbr^M�[]KMO�qrbrN�b�[ ik��ZwXIZw[cO9N0Zh£�b�[]K�br^v[]O*azlky�[cbrik^sZh^Miu[4pMacO;ZwO9ac�Ybr^M��[cKsO�^Y_MN(�8O*a iu�½pslkaw[]bry*q�O;Z*fy*lk^
�8O$lkqrZci�£�a]b�[c[cO9^Abr^ª��ika]N ¬ �v® �S¢ ^m�Ðlky¡[;Db�� lkq�q m ≥ k

8[]KMO*^ ¬ xI_MO([ci�[cKMO0ZwXYN0N0O�[]acX�iu� []a]lk^sZcb�[]b�iv^�vO*a]^MO*qeZz®
∫

g+(y1, . . . , ym)Pk(x1, . . . , xk; dy1 · · · dym)

=

∫

m

k
g+(y1, . . . , yk)Pk(x1, . . . , xk; dy1 · · · dym)

= m

∫

g+(y1, . . . , yk)P̃m
k (x1, . . . , xk ; dy1 · · · dyk)

£�b�[cK
P̃m

k (x1, . . . , xk ; dy1 · · · dyk) =
1

k

∫

Xm−k

Pk(x1, . . . , xk; dy1 · · · dym)

lk^sx�b�^f[ca]iIxI_sy*b�^M��[]KMOikp8O*azlo[]ikazZ

Bkf(x1, . . . , xk) = Bkf(x1, . . . , xk)

+
∑

m

∫

[m(f(y1, . . . , yk) − kf(x1, . . . , xk)]P̃m
k (x1, . . . , xk; dy1 · · · dyk)) ¬ ~v®

ä�ä�É�NPORQRSRT
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iv^MOy*lk^�a]O*£�a]b�[]O ¬ @v®%lvZ

d

dt
(g, µt) =

K
∑

k=1

1

k!

∫

(Bkg
+)(x1, . . . , xk)µt(dx1) · · ·µt(dxk) ¬ C9�v®

£�b�[cK y�ik^1xIb�[]b�iv^sluqrqrX.p8ivZcb�[cbr�kO�ivp1O9a]lu[civa]Z
Bk
br^
C∞(Xk) � H4X ZcbrN�brqelua(N3lk^Mb�ps_Mqrlu[cbrik^sZ ¬ []Kslo[�£ OivN0b�[¡®4ik^MOy*lk^�xMO9luq�£�b�[cK�[]KMO�y*lvZwO

m < k �«hdf_slu[cbrik^ ¬ C;�k®4KslvZ4[cKMO���ivacN ¬ �v®4£�b�[cK

Akg =
1

k!
Bkg

+. ¬ C�C;®

� Kslka]lvy¡[]O*a]bLK9b�^M��p1ifZwb�[cbr�Yb�[\X�psacO;ZwO9ac�Ybr^M��O*�vikqr_I[cbrik^1Z�br^�y9lkZcOhik� X �8O*br^M�l�«h_sy�qrbrxMO9lu^�Zwp1lky�O ¬ iva&lN3lk^Mb���ivqrx1®�£ O�ZcKslkq�q=<1a]Zw[cqrX�Zcp8O9y�b���X$[cKMO�y*qrlvZcZ)iu�Dp1ivq�XY^MivN�beluqsO9df_slo[]b�iv^sZ ¬ �v®&[]Kslo[ y9lu^0�8O�pMa]O9ZcO*^f[cO;xbr^ ��ika]N ¬ C9�v®(£�b�[cK©y�iv^sxIb�[cbrik^slkq�qrX´p8ivZcb�[]b��vO�ivp1O9a]lu[cikazZ Bk
h[cKMO9^ �vb��vO�l.Z\[]ac_1y¡[c_sacO�iu��lua]�Mb�[]a]lkacX

O;df_slo[]b�iv^sZ ¬ �v®�psacO;ZwO9ac�Ybr^M�Ap8ivZcb�[]b��Yb�[\Xk%lu^sx�lo[3qelkZw[�ZwKMio£ ¬ _M^sxMO*a�N0brqrx [cO;yzKM^Mbey*lkq�lkZ]Zw_MN0pI[]b�iv^sZz®[]Kslo[�l0^Mik^Mqrbr^MO9lka�ikp8O*azlo[civa
A
b�^ªp8ivZcb�[cbr�fb�[\X�psacO;ZwO9ac�Ybr^M�0O9df_slo[]b�iv^sZ ¬ }u®%KslvZ%[ci��8Oiu����ivacN ¬ �u® � ¢ [£�brqrq�[]_Mac^Aik_I[;1br^Apslkaw[]bry*_Mqelua;M[cK1lo[Sbr^Ay9lkZcO

K = 2
[cKMO�p8ivZcb�[]b��Yb�[\X�pMa]O9ZcO*a]�Yb�^s�3O9df_slo[]b�iv^sZ ¬ �v®�y*lk^�8O3luqr£4lGXIZS£�acb�[w[]O*^.b�^.��ivacN ¬ C9�v®S£�b�[cK´y�iv^sxIb�[cbrik^slkq�qrXªp8ivZcb�[]b��vO$ivp1O9a]lu[cikazZ Bk

¬ £�KMbeyzK brZ�^siu[�[cKMOy9lkZcOS^sO*b�[cKMO9a���ika�l0xIbeZcy*acO*[cO
X
I^Miva%��ika%[]KMO«)_sy*q�bexIO9lk^

X
lk^sx

K > 2
® �

!#"�� � +�� . 2�� . +#-/.103254768492;: 6 � ��� &�� �$& +�"#:1684 0 &� 6 �� + (*( 2�� .1)

§ [�[cKMO O*^sx�ik�f[]KMbeZ�br^f[ca]iYxM_sy¡[]b�iv^�£4OhlkacO �vikbr^M� <sazZ\[½[]i�brq�qr_sZw[cazlo[cO)[cKMOhxMb�ÀDO*a]O*^sy*O)�8O�[\£4O*O*^p8ivZcb�[cbr�fb�[\XpsacO;ZwO9ac�Ybr^M�(O9�kikqr_I[]b�iv^sZ ¬ �k®%lk^sx��Yb�^MO*[cbey�O9df_slo[]b�iv^sZ ¬ C;�k® ¬ br^�[cKMO�[]O*a]N0b�^Mivq�iv�kX3ik��[cKsO^MO�nY[�ZwO;y¡[]b�iv^[]KMbeZ%N�O;lu^sZ4[]KMOxIb�À8O9acO9^sy�O��8O�[\£4O*O*^�y�iv^sxIb�[cbrik^slkq�qrX�p8ivZcb�[]b��vO�lk^sx�Z\[]aciv^M�kqrX�y�iv^sxIb�[cbrik^slkq�qrX3p1ifZwb�[cbr�kO
ivp1O9a]lu[civa]Zz®�ik^�lAZcb�N0pMqrO�y*lkZcO�iu��l.xIbrZ]y�a]O�[]O�Zw[]lu[cO�Zwpslvy�O

X �´§ [�qelkZw[0£ O�ZwK1luqrq <Mn�ZcikN0O��slkZcbey^siu[]lu[cbrik^sZ4[]i0�1O_sZcO9x�br^�[]KMOpslkp1O9a�£�b�[]KMik_I[���_saw[]KMO*a�a]O*N0br^sxIO9a �
¢ ^ VYO;y¡[cbrik^ ��iv_MaN3lubr^ Zw[ca]_sy�[c_Mazluq a]O9Zc_Mq�[]Z�ik^.[]KMO3p1ifZwb�[cbr�Yb�[\X2pMa]O9ZcO*a]�fbr^M���kO9^MO*azlo[]ikazZ A  Akbr^ ¬ }k®� ¬ �v®�lua]O0ik�I[zlubr^MO9x ¬ J%KMO9ika]O*N3Z� � �;¤\� � �v®S��ika�[cKsO�y*lkZcO�iu� X �8O*br^M�ml�«h_sy�qrbrxMO9lu^´Zcpslky*O ¬ ikaZcbrN�brqelua]q�X�l�N3lu^Mb���ikqexs® � VYikN0O�O�nMluN0pMqrO9Z�lkacO��kbr�kO9^ � § [�[cKMOO9^sx�iu�)VYO9y�[cbrik^ª�(£4OxIbeZcy*_sZcZ�ZcKMivaw[]q�X[]KMO�q�b��Ö[cbr^M� iu��[cKMO�^Miv^Mq�br^MO;lua0O*�vikqr_I[cbrik^sZ ¬ �f®([ci.q�br^MO9lka0O*�kivq�_M[cbrik^sZ$ik^�[cKMO�N(_sq�[]b�¤¥psluac[cbey�qrO�Z\[zlo[cOZcpslvy�O �
§ Z)lu^0brN�p8ikac[]lk^f[�psacO9�fbrik_1Z&y*ik^f[ca]br�M_I[cbrik^$[ci�[]KMO%[cKsO*ika]X�ik�8p8ivZcb�[]b��Yb�[\X�pMa]O9ZcO*a]�Yb�^M��O9df_slu[cbrik^sZ�ik�[\XYp8O ¬ �v®hik^MO�ZwKsik_Mqex3N0O*^f[cbrik^��1iYiv� >Ï}o��A>Y£�KMO9acO�[cKMO;ZwO�O9df_slu[cbrik^sZ £ O9acO�lu^slkq�X K9O9x0�YX3b�^f[]aciIxI_sy*b�^s�l�^slo[]_Mazluq&b�^=<1^Mb�[]O�¤¿xIbrN�O9^sZcb�iv^sluq�ZwN0iYiu[]KmN3lu^Mb���ikqexAZw[ca]_sy�[c_Ma]O(iv^ª[cKMO0Zcpslky*O(iu�)N0O;lkZc_MacO;Z�lk^sxmb�[]Z

[zlu^M�vO*^f[�Zcpslky*O9Z½lk^sx�£�KMO*a]O)ik^sO)y*lu^�<1^sxl%acO;Zw_sq�[;9£�KMbeyzKbeZ½O9Z]ZcO*^f[cbeluqrq�XSO9df_Mbr�oluqrO*^f[�[ci�iv_Ma�J%KMO9ika]O*N
� � � �
§ Z%b�^�[cKsO�y9lkZcOSik��qrb�^sO9lua��vO*^MO9a]lu[civa]Z9kiv^MO�[cKMbr^M�0brZ4[]i0�kbr�kO�l�Zw[ca]_sy�[c_Ma]OSik����ivacN3luqD�vO*^MO9a]lu[cikazZ9lk^sx(lk^Miu[]KMO*a�pMa]ik�sq�O9N{brZ&[]i�xMbrZw[cbr^M�k_sbrZcK([]KMivZcO4iu�s[]KMO9ZcO4��ika]N3luqY�kO9^MO*azlo[]ikazZ�[cK1lo[)lky�[c_slkq�qrX�kO9^MO*azlo[]O

ZcO*N0br�ka]ik_Mp1Z � J%Ksik_M�vK(qriu[]Z&ik�s£ ivac��br^([]KMbeZ&xMb�a]O9y�[cbrik^(beZ�xIik^sO �8iu[]K(��iva&qrbr^MO9lka�lk^sx�^sik^Mqrb�^sO9lua�y*lvZwO;Z*N3lk^fX3df_MO;Z\[]b�iv^sZha]O*N3lkb�^�ivp1O9^ � t�O9y*O*^f[�lkyzKMbrO*�vO*N0O*^f[]Zhb�^�[cKMO�qrb�^MO;lua [cKMO9ika]X�lkacOS^Mbey�O*qrX3pMa]O9ZcO*^f[cO;xbr^ > ��@ A � J%KsO*a]OSO*nYbeZw[]Z%lu^�O�nY[cO9^sZwbr�kO�qrb�[]O*azlo[c_sacO�ik^�[cKMO�£4O*qrqDp1ifZwO;xI^MO9Z]Z ��ika%O9df_slu[cbrik^ ¬ }k®* ¬ �u®h£�b�[cK
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xMb�ÀDO*a]O*^f[cbeluq��kO9^MO*azlo[]ikazZ
A
[cK1lo[�lkpMp8O9luaSb�^�[]KMO$lk^sluqrXIZwbeZ�ik� b�^f[cO9a]lvy¡[]b�^M��xIb�ÀD_sZcb�iv^sZ ¬ ZwO;y�iv^sx�ikazxIO*aivp1O9a]lu[civa]Z

A
®��ZwO9O > �f~ A> > }v}�A> > }k� A> > �u��A> > }k~ Ahlu^1xma]O���O*a]O*^1y�O9ZS[]KMO*a]O*br^½�lk^sxAik�h[]KMO3xIO�[]O*a]N�br^MbeZ\[]bry

psaciIy�O;ZcZcO9Z ¬ <sazZw[�iva]xIO9aSivp1O9a]lu[civa]Z A ®¡�ZwO9O(O � � � >DC9��A> >DC9~ A ��¢ ^f[cO9�kazluq&ikp8O*azlo[]ikazZ A  Ak
br^ ¬ �k®* ¬ �u®Zw[]lk^sx3��iva br^f[cO9a]lvy¡[cbr^M��pM_Ma]Ohj\_sN�p�pMa]iIy�O9Z]ZcO9Zhlk^sx3[]KMO*bra�Z\[]_sxIX�£%lkZ N0iu[]b��olo[]O9x��fX0[]KMO�H ivq�[ K*N3lu^s^

N0iIxIO9q�ik�hy�ikqrqrbrZcb�iv^sZ�lk^sx�[]KMO�VYN0ivq�_syzKsio�YZc�Yb�N0iIxIO*q&iu�hy*ivlk�k_Mqelo[]b�iv^�lk^sx���azlu�vN�O9^f[]lo[]b�iv^½DZwO9O�O � � �> �k��A>#>Ï}k� A>#> �v��A>#> ��@�A>#> �k~�A>#> �f� Ahlu^sx2acO*��O*a]O*^sy*O9Z�[cKMO9acO9b�^ � VYivN�O0pslkaw[]bry*_Mqelua�y�ikN$�Mbr^slo[]b�iv^sZ�iu�4xMb��Ö¤��O9acO9^f[cbeluq½lu^1x�br^f[cO9�kazluqD�kO9^MO*azlo[]ikazZ4lkacO�N0ivZw[cqrX�y*O*^f[cO9acO;x�lkaciv_M^sx�Zwpslu[cbeluqrq�X�^Mik^f[ca]br�fbeluq��vO*azZwbrik^1Z ik�
H4ivq�[ K*N3lu^M^�lu^sx�VYN0ikqr_syzKMio�IZw�Yb1N�iIxIO9qrZ9IZwO9O >Ï�k}�A¥ >Ï� � A¥ > }k� A>D> �v}�A½lu^1x�a]O���O*a]O*^1y�O9Zh[cKsO*a]O*br^½IZwO9OSluqeZci
>Ï�u��A½��ika�N0iIxIO*qeZ%£�b�[cKªZwp8ik^f[zlu^MO9ik_sZ4�Mbraw[]KsZ �
¢ ^�a]O9y*O*^f[hXvO9luazZ iv^MO�iv�sZwO9ac�vO9Z)l�^MO*£¨£%lG�kO�ik�½b�^f[cO9acO;Z\[h[ci�[]KMOSÁ�`*�YX�pMaciIy*O9Z]ZwO;Z ¬ ZcO*OSO � � � �1iYiv�YZ> � A¥9> ��AÖ®�lu^sx []KMO*bra�Zcpslo[]brlkq�qrX�^Mik^f[ca]br�fbeluq�O*nY[cO*^1Zwbrik^sZ�¤�Á�`*�YX [\XYp8OmpMa]iYy*O9Z]ZwO;Z*4[]KMOmqelo[w[]O*a��1O9b�^M�

�1lkZcbry9luqrq�X�j\_sZw[3[cKsO�RAlua]�kio� pMa]iYy*O9Z]ZwO;Z�£�b�[]K�p1ZwO9_sxIiu¤¿xIb�À8O9acO9^f[cbeluq%�kO9^MO*azlo[]ikazZ(ik��Á½`9�YXv¤FE�KMbr^syzKMbr^
[\XYp8Ok8ZwO9O > ��@ A���ivaSl3y*ikN0pMa]O*KMO9^sZwbr�kO�lk^sluqrXf[cbeyZ\[]_sxIX�iu��[]KMO9ZcO�pMa]iIy�O9Z]ZcO9Z9 > �k~�A���iva�l3pMa]ik�1lu�Mbrq�beZw[cbey
lk^sluqrXIZwbeZ9o£�KMO*a]O4[cKMO;ZwO�pMa]iIy�O;ZcZcO9Z�lua]O%y*luqrqrO9x�j\_MN0pI¤¥xMb�ÀD_sZcb�iv^sZ*flu^sx0lkqrZci�>Ï}u��AM��ika)ZcikN0O�y�iv^M^MO9y�[cbrik^sZ
�8O�[\£4O*O9^.[cKMO;ZwO�lkpMpMa]ivlvyzKMO9Z � Á½`9�YX2lu^1x´Á½`*�YXA[\Xfp8O�pMa]iIy�O;ZcZcO9Z�O9^oj\ioX2df_Mb�[cO�xMb�ÀDO*a]O*^f[(pMa]ikp8O*ac[cbrO9Z¬ O � � � �Ðlo[ []lubrqeZ)lu^sx3xMbrZ]y�iv^v[]b�^Y_Miv_sZ�[]a]luj\O9y¡[]ika]b�O;Z]®�lvZ _sZc_sluq ² b�O9^MO*a pMa]iYy*O9Z]Z)lu^1x0acO9qrlu[cO9x0xIb�ÀD_sZwbrik^1Z*£�KsbryzK�N3lu�kO%Á½`9�YX�pMa]iYy*O9Z]ZwO;Z&b�^sxMbrZcp1O9^sZ]lu�MqrO4��ika)lupspMq�bey*lu[cbrik^sZ&br^0N0lk^YX�Zwb�[c_slu[cbrik^sZ�£�KsO*a]O%xMb�ÀD_sZcb�iv^
psaciIy�O;ZcZcO9Z�[c_sac^ ik_M[�[]i��1O0_M^I¤¿lkxMO9df_slo[]O � � ^A[]KMO0iu[]KMO*aKslk^sx��[]KMO�lu^1luqrXYZcbeZ�ik�h[cKsO9ZcO3pMaciIy*O9Z]ZwO;ZbeZ�Zw_sacO9q�X�N0ika]O$y*ikN0pMqrbry9lo[cO;x�[cK1lu^m[]Kslo[�iu� _sZw_1luq xIb�À8_sZcbrik^sZ9�xI_MO�b�^2psluac[cbey�_Mqelua]qrX�[]i�[]O9yzKM^sbry9luqrq�X
N0ivacO�b�^Y�kivq��vO9x´lk^sluqrXIZwbeZ�ik��[cKMO�y�ivaca]O9Zcp8ik^sxIbr^M�mZw[ciIyzKslvZ\[]bry�xIb�ÀDO*a]O*^f[]brlkq O;dv_1lo[cbrik^1Z ¬ ZwO9O�O � � � > ��Alk^sx >Ï}�A&��ika�[]KMO�qrlu[w[cO9az® � t�iv_M�kKsq�X�Zwp8O9lk�Yb�^M�1M[]KMO$a]O9Zc_Mq�[]Z�iu�)ik_sa�VYO;y¡[cbrik^.�3Z\[zlo[]O�[cK1lo[Sp8ivZcb�[cbr�fb�[\XpsacO;ZwO9ac�Ybr^M�3N0O9lkZc_Ma]O��oluqr_MO9xmO*�kivq�_M[cbrik^sZ�_M^sxIO9aSN0brqrxm[cO9yzKs^Mbry9luq�lkZ]Zw_sN�pM[cbrik^sZ�KslG�kO��vO*^MO9a]lu[civa]Z�ik�
^sik^I¤¥q�br^MO;lua$Zcpslu[cbeluqrq�X ^Miv^v[]acbr�Ybrlkq4Á�`*�YXf¤ E�Ksb�^syzKsb�^´[\XYp8O�[]KY_sZ�acO9pMacO;ZwO9^f[cbr^M�m^Miv^Mq�br^MO;lua0lu^slkq�iv�vZ�ik�
Á�`*�YX3[\XYp8OpMaciIy*O9Z]ZwO;Z4lk^sx�ZwO9N�br�ka]ik_spsZ �
¢ ^2VIO9y¡[]b�iv^sZ���£4O(Z\[zluac[�ik_sa�lk^sluqrXIZwbeZ�iu�)�vO*^MO9a]lkq½p8ivZcb�[]b��Yb�[\X�psacO;ZwO9ac�Ybr^M�3O*�vikqr_I[cbrik^sZ��YX�O;Z\[zlu�I¤qrbeZwKMbr^M� ¬ _sZwbr^M��l <snYO;x�p1ivb�^f[Slkac�v_MN0O*^f[�[cK1lo[�beZ�£4O*qrq��Y^Mio£�^�b�^ª^sik^Mqrb�^sO9luaSlu^slkq�XIZcbrZ9MZwO9O�O � � � > � @ A��iva�b�[]Z�lkpMpMqrbry9lo[]b�iv^�[]i3^Mik^sq�br^MO9lkaSVIyzKMa]iIxIbr^M�kO9a�O9df_slo[]b�iv^ªlu^sx,>Ï}k}�A���ika�Zw[ciIyzKslvZ\[]bry ¢ []i � Z�O9df_slu[cbrik^sZxMO9Z]y�a]b��Mbr^M� []KMOAO9�kikqr_I[]b�iv^ ¬ }u®�£�b�[]K xIb�À8O9acO9^v[]brlkq��vO*^MO9a]lu[cikazZz®$l �kO*^sO*azluq�£4O*qrqSp8ivZcO9xM^MO9Z]Z3a]O9Zc_Mq�[

¬ J%KMO*ivacO9N � � C9®�luqrq�io£�br^M�2[ci.acO;xI_sy*O�[]KMOªZ\[]_sxIX ik�S^Miv^Mqrb�^MO;lua�pMa]ik�MqrO*N3Z ¬ }k®¿¤ ¬ �o®([]i ZcikN0O�acO9�k_I¤qelua]b�[\X pMa]ikp8O*ac[cbrO9Z�iu�[]KMO2y*ika]acO;Zwp8ik^sxMb�^M�´qrbr^MO9lka�pMa]ik�MqrO*N3Z � J%KMbeZ�a]O9Zc_Mq�[�y9lu^¨�8O.lkpMpMqrb�O;x©[ci�l�olkacbrO�[\X.iu��N0iIxIO9qrZ$£�b�[]K�psZcO*_1xIiu¤¿xIb�À8O9acO9^v[]brlkqh�vO*^MO9a]lu[cikazZ ¬ �1O9Xkik^1x Z\[zlu^sxsluazx xIb�À8_sZcbrik^sZz®¡)£�KsO*a]O[]KMO$y*ika]acO;Zwp8ik^1xIb�^s�3acO9�k_Mqelua]b�[\X�acO;Zw_sq�[zZ���iva�qrb�^MO;luaS�kO*^sO*azlo[civa]Z�lua]O(lG�olubrqrlk�Mq�OvM��ivaSbr^sZw[]lu^1y�O(br^Ay9lkZcO
ik��xMO9y�ivN0p1ifZclk�Mq�O�vO*^MO9a]lu[civa]Z ¬ ZcO*O > � � AÖ®�sa]O*�v_Mqrlka�O*^Miv_M�kKªxIO9�kO9^MO*azlo[]O�xMb�ÀD_sZcb�iv^sZ�qrb��vOb�^f[]O*azlky¡[]b�^s�y*_Ma]�fbrqrb�^MO;lua � a]^sZw[cO9b�^I¤¿Q�Ksq�O9^f�8O9yz�$pMa]iYy*O9Z]ZwO;Z ika Z\[]iYyzK1lkZw[cbey��kO9iYxMO9Zcbry4¾sio£�Zhik^0[]KMOSy*iu[]lk^M�kO9^f[)�M_M^I¤xMq�O;Z�[]i2t�brO*N3lu^s^Mbrlk^ N3lu^Mb���ikqexMZ ¬ ZcO*O >LCRA¥ > �k� A�®¡)iva$Zw[]lk�Mq�O(j\_MN0p xIb�ÀD_sZwbrik^1Z �.§ Z$[cKMO�qrlu[w[]O*a0lua]Oik�%Zcp8O9y�beluqhb�^f[cO9acO;Z\[�lkN�iv^M�ªÁ½`9�fXA[\XYp1O3pMa]iIy�O;ZcZcO9Z9�xI_MO0[]i�[cKMO9b�a$lupMpMqrbey*lo[]b�iv^sZbr^´l�£�brxIO3�olkacbrO�[\X
ik�hN0iIxIO*qeZS��acivN pMqrlvZwN3l�pMKYXYZcbey*Z�[ci?<s^slu^1y�O9Z ¬ ZwO9O$O � � � > ��A> > @ A¥#> ��A> >Ï}�@ A�®¡�£ O0ZwK1luqrq&y*ik^sy*O*^f[cazlo[]O��_saw[]KMO*a�iv^�Zw[]lk�MqrO�[\Xfp8OpMa]iIy�O9Z]ZcO9Z%O*^1xIb�^s��VYO9y�[cbrik^ª��£�b�[]Kml�ZcbrN�psq�Obrq�qr_sZw[cazlo[]b�iv^�ik��J%KsO*ika]O*N � � Cbr^�[cKMO�y9lkZcOSik�&^sik^I¤¿xIO*�vO*^MO9a]lu[cO�ZwO;y�ik^1x�iva]xIO9a�psluac[�iu��l$p1ZwO9_sxIiu¤¿xIb�À8O9acO9^f[cbeluq��kO9^MO*azlo[]ika �
¢ ^mVYO;y¡[cbrik^��0£4Ob�^f[ca]iIxI_sy*O�iv_Ma��slvZwbey�N�iIxIO9q½iu��br^v[]O*azlky�[cbr^M�3Z\[zlu�MqrO4j\_MN0pI¤¥xMb�ÀD_sZcb�iv^sZ*spMacio�vO�l£4O*qrq p8ivZcO9xI^MO;ZcZ�a]O9Zc_Mq�[ ¬ acO;xI_sy*b�^M��O�nIp8ivZcb�[]b�iv^A��ivaZwbrN0pMq�bey�b�[\Xª[]i�[]KMO�y*lvZwO�£�KMO9acO$[cKMO�Zw[]lk�MqrO$pslkaw[
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beZ^Mik[(loÀDO9y�[cO9x.�YXAbr^f[cO9a]lvy¡[cbrik^8®Slk^sx lu^slkq�X K9O$[]KMO�y�ivacO0ik� []KMO��kO9^MO*azlo[]ika�iu�4[cKsO�y�ika]a]O9Zcp1iv^sxIbr^M�
¬ q�br^MO;lua¡® ¦sO*qrq�O9a�pMa]iYy*O9Z]Z%b�^ C(M+(X)) �
¢ ^¯VIO9y¡[]b�iv^sZ�}´lu^sx �´[cKsOA�kO9^MO*azluqSlu^slkq�Xf[cbeyª[]iYikqeZ3��ika�pMa]io�fbr^M�´[]KMOAqelG£ iu��qelua]�kOm^Y_MN$�1O9a]Zlk^sx�y*O*^f[cazluq1q�brN0b�[4[cKMO9ika]O*N3Z)a]O9Zcp8O9y¡[]b��vO*qrX�lkacO�xIO*�vO*qrikp8O9x���iva br^f[cO*azlky�[cbr^M�(Rmlkac�vio�(pMa]iIy�O;ZcZcO9Z £�b�[cK

p1ZwO9_sxIiu¤¿xIb�À8O9acO9^f[cbeluqI�kO9^MO*azlo[]ikazZ � J%KMO9ZcO%[ciYivqrZ lua]O4brqrq�_sZw[cazlo[]O9x0iv^3ik_Ma)�1lkZcbry%O*nIlkN0pMq�O%¤&b�^f[]O*azlky¡[]b�^s�Zw[]lk�MqrO j\_sN�pM¤¥xIb�ÀD_sZwbrik^1Z*M�s_I[�[cKMO9X�ZcO*O9N [ci0�8Oiu��br^f[cO9acO;Z\[�O9�kO*^���ika�_sZc_slkq½b�^f[]O*azlky¡[]b�^s��xIb�ÀD_sZwbrik^1Z �Q�^Mqrb��vO�lªpMa]ik�slk�Mb�qrbeZ\[]bry3lkpMpMa]ivlkyzK ¬ y*ikN0pslky�[c^MO;ZcZ�b�^�VY�vika]ikKMiIx.Zwp1lky�O3ik�%[cazloj\O9y�[civacbrO9Zz®S^Mika]N3luqrq�X_1ZwO;x���iva&iv�I[]lkb�^sb�^M�S[cKsO9ZcO [\XYp8O%iu�1a]O9Zc_Mq�[]Z ¬ ZcO*O%O � � � >Ï�o��A¥P>Ï� � A¥1>Ï}k��A¥1> ��@ Aslk^sx$acO*��O*a]O*^sy*O9Z�[cKMO9acO9b�^(��ika[]KMO�qelG£©iu�½qelua]�kO�^Y_MN$�1O9a]Z9�>LC;� A> >DC � A¥�> } � A> >Ï}k}�A¥ > }k� A¥�>Ï�k� ADlk^sx3a]O���O*a]O*^1y�O9Z [cKMO9acO9b�^3��ivah[]KMOSy*O*^f[cazluq
qrbrN�b�[ iu�sbr^f[cO9a]lvy¡[cbr^M��xIb�ÀD_sZcb�iv^sZ�lu^sx >LC�@ A¥1> �k� A¥=> �k��A¥=> }k� AI��ika�[cKMO�y*O*^f[cazluqfq�brN0b�[�[]i�ZcikN0OhN0iIxIO;Z�£�b�[cK
j\_sN�p1Z]®�viv_Ma)N0O�[]KMiIx�v�8O*br^M��slvZwO;x�O�nMy�qr_sZcb��vO*qrX�ik^0[]KMO%[cKMO9ika]X(ik��y*ik^f[cazlky�[cbrik^�ZwO9N�br�ka]ik_spsZ*kXfbrO*qexMZ
^sO*£ b�^sZcbr�kKf[]Z�br^.[cKMO�lk^sluqrXf[cbey�lvZwp8O9y�[]Z�ik� []KMO3pMa]iYy*O9Z]ZwO;Z�_M^sxIO9a�y�ik^1ZwbexIO*azlo[]b�iv^ ¬ ¦MO*qrqrO*a�pMa]ikp8O*ac[\XkZw[ca]_sy�[c_Ma]O�ik�½[cKMO�y�ivacO;Z)ik��[cKMO��kO9^MO*azlo[]ikazZ*kpMacO;y�beZwOSa]lu[cOSiu��y*ik^Y�kO9ac�vO*^sy*OkuO*[]y9® � Rªika]O*io�vO*a;ubr^sZ\[]O9lvxik��xIO;Zcy*acbr�Mbr^M�([]KMO�q�brN0b�[]b�^M� ��lk_sZcZcbelu^�psaciIy�O;ZcZ iu��¾s_sy¡[]_slo[]b�iv^sZ%br^�[cKsO��vO*a]X0qrlkac�vOSZcpslky*O

S′(X)
MlkZ

beZ�_1Zw_slkq)br^´[cKMO�q�b�[cO9a]lu[c_Ma]Ok&ik_Ma$N0O�[cKsiYx´lkq�qrio£�Z�[]iAxIimb�[(br^�l�^slo[]_MazluqhZcN3luqrq�O9a$Zcpslky*O
(C1(X))∗[]Kslo[ brZ½j\_sZ\[ 	wl��Mb�[4qrlkac�vO*a��zG[]Kslu^�[cKMO�br^Mb�[cbeluqDZwp1lky�O M(X) ¬ £�KsbryzK�b�[]ZcO*q��½beZ)_sZc_sluqrqrX$_M^1lupMpMa]ikpsacbelo[]O��iva�xMO9Z]y�a]b��Mbr^M�3[]KMO$¾s_sy¡[]_slo[]b�iv^sZz® �§ ^Mik[cKMO9a�Zcp8O9y�bL<1y�[cO9yzKs^Mbry9luq���O9lu[c_Ma]O$beZ�[cKMO0ZwXIZw[cO9N0lu[cbey�_sZcO(ik�[]KMO$xMO*a]b��olo[]b��vO9Z�iu�)[]KMO$Zcikqr_I[cbrik^1Z�ik� [cKMO$�fbr^MO*[cbey(O;dv_1lo[cbrik^1Z�£�b�[cKAa]O9Zcp8O9y¡[S[ci�[cKMO$b�^Mb�[cbeluq xMlu[]l ¬ b�^y9lkZcOSik��[]KMOIH4iu[ K*N3lu^M^�O9df_slu[cbrik^�[cKMO;ZwOxIO9acbr�olo[]b��vO9Z%�8O*br^M�3Z\[]_sxIbrO9x�b�^ªxIO*[]lkb�q½br^,> �f� A�® �VYO;y¡[]b�iv^ �.beZ�xIO9�kiu[]O9x�[]i´[cKMO2b�^f[]O*azlky¡[]b�iv^ yzKslu^s�kbr^M� [cKMO2^Y_MN(�8O*a�iu�psluac[cbey�qrO9Z9�£�KMifZwOmqelG£

ik��qelua]�kO�^Y_MN$�1O9a�beZ�xIO9Z]y�a]br�1O;x©�fX O9df_slu[cbrik^ ¬ @f® �°§ Z�£4Oª^Mik[cO9x©lk�1io�vO�[cKMbeZ3O9df_slu[cbrik^¨y*lk^¨�1OlkqrZci�£�a]b�[c[cO9^Abr^m��ika]N ¬ C;�k®�£�b�[cK y�iv^sxIb�[cbrik^slkq�qrX�p1ifZwb�[cbr�kO$ikp8O*azlo[civa]Z Bk
b�^
C(Xk)

�£�KMbeyzKAluqrq�io£�Z
[]i2y*ik^sZcbrxMO*a�[]KMO*N lvZ(p1luac[cbey�_Mqelua�y*lkZcO9Z$iu� ¬ C;�k® � M�io£4O*�vO*a;���iva([]KMO�lupMpMqrbey*lo[]b�iv^´[ci2b�^f[]O*azlky¡[]b�^s�p1luac[cbey�qrO9Z�lk^mluq�[cO*a]^slu[cbr�kOa]O9xI_sy�[cbrik^�[ci ¬ C9�f®%�8O9y�ivN0O9Z�N0ivacO^slu[c_Mazluq>s^1luN0O*qrX��YX�ik�sZcO*a]�Yb�^M�0[]Kslo[
¬ @v®�KslkZ�lkq�a]O9lvxIX���ika]N ¬ C;�k®S�M_I[£�b�[]K Bk

psacO;ZwO9^v[]b�^s��^Mik[ j\_1Z\[�[cKsO�ivp1O9a]lu[civa]ZSb�^
Csym(Xk) ¬ lkZ£4Oluqr£4lGXIZ%Zc_MpMp8ivZcO9x�b�^ ¬ C;�k®w®�M�M_I[�[]KMOikp8O*azlo[]ikazZ ��acivN Csym(X )

[]i
Csym(Xk)

�kbr�kO*^��YX
Bkf(x1, . . . , xk) = Bf(x1, . . . , xk)

+
∞
∑

m=1

∫

(f(y1, . . . , ym) − f(x1, . . . , xk))Pk(x1, . . . , xk; dy1 · · · dym) ¬ C;�k®

[]Kslo[0lua]O�y�iv^sxIb�[cbrik^slkq�qrX.p1ifZwb�[cbr�kO�br^´[]KMO�ZcO*^sZcO3[]Kslo[�b��Slm^Mik^I¤¥^MO9�vlo[]b��vO
f ∈ Csym(X )

�olu^MbeZcKMO9Z
lu[

x = (x1, . . . , xk)
�[]KMO*^

Bkf(x) ≥ 0 � J%KMO�[]KMO*ivacX.iu�SVYO;y¡[]b�iv^sZ�}ªlu^sx��ªbrZ(pMa]O9ZcO*^f[cO;x b�^�l£%lGX�[cKslu[N�ivacO�ika�qrO9Z]Z�Zw[cazlubr�kKf[c��ika]£4lka]xIqrX�O�nY[cO9^sxMZS[ci�[cKsO0RAlua]�kio��N�iIxIO9qrZ�ik� br^v[]O*azlky�[cbrik^sZS^Miu[
psacO;ZwO9ac�Ybr^M�.[cKMOª^Y_MN$�1O9a�iu��pslkaw[]bry*q�O;Z0[cKY_sZ3br^sy*q�_sxMb�^M� [cKMOmpsaciIy�O;ZcZcO9Z0ik�\�ZclGXv4y*ivlu�v_Mqelo[cbrik^©lu^1x
��azlu�vN0O*^f[]lu[cbrik^ � ¢ ^ VIO9y¡[]b�iv^ �2£ Oªbrq�qr_sZw[cazlo[]O�[cKMbeZ�xIO9�kO9q�ivpMN0O*^f[��YX�ik�M[]lubr^Mbr^M�´^MO9£ a]O9Zc_Mq�[]Z3iv^
[]KMO3azlo[cO�iu��y�iv^Y�kO*a]�kO9^sy�O�[ci�[cKsO�qelG£ ik� qelua]�kO�^Y_MN(�8O*azZlu^sxA[cKsO�y�O*^f[]a]lkq q�brN0b�[�br^A[]KMO�Zw[]lu^1xMluazx
VIN�ivq�_1yzKMio�IZw�Yb�N0iIxIO*q�ik��y*ivlk�k_Mqelo[]b�iv^I¤=��azlu�vN0O*^f[]lu[cbrik^ ¬ [cKY_sZ��vb��Ybr^M�´l´Zwivq�_M[cbrik^�[ci ghaciv�Mq�O9N C;�
��a]ikNB> ��A���ika%[cKsO�y*lkZcO�iu�&�1iv_M^sxIO;x�br^f[cO9^sZwb�[cbrO9Zz® �
¢ ^ § pMp8O*^sxIb�n�[\£ i�ZwbrN0pMq�O$lu_InIbrq�belua]X�a]O9Zc_Mq�[]Z�lkacO(pMacO;ZwO9^f[cO9x½M[cKsOI<sazZ\[Siu�)£�KMbeyzKªbrZSxIO*�viu[]O9x�[ci[]KMO(p8ivZ]Zcb��Mbrqrb�[\X�iu�)lupspMaciGnIbrN3lo[cbrik^�iu�hy*ik^f[cbr^Y_Mik_1Z%��_M^sy�[cbrik^sZSik^ªN0O9lvZw_sacO;Z��YX�lk^sluqrXf[cbey���_M^sy�[cbrik^sZ

br^�Zc_syzK3l�£4lGX([cKslu[)[cKMbeZhlkpMpMa]iGnIb�N3lo[]b�iv^$a]O9Zcp8O9y¡[zZ�[cKsO�xIO*a]br�Glu[cbrik^ ¬ []Kslo[4xIiYO9Z)^siu[ ��ikqrqrio£���a]ikN±[cKMOZw[]lk^sxMlka]x�Vf[civ^MO�¤ ² O9b�O9a]Zw[cazlkZ]Z [cKMO9ika]O*N iv^�lkpMpMa]iGnIb�N3lo[]b�iv^1® �

â�ã&ä½âÖÞ
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¢ [4brZ £4ikac[cK3^siu[cbr^M��[]Kslo[)[]KMO�iv�I[]lkb�^sO9x�q�brN0b�[zZhik�D¾s_sy¡[]_slo[]b�iv^3pMa]iYy*O9Z]ZwO;Z Zw_spMpMqrX�lqelua]�kO�y*qrlvZcZ ik�^1lo[c_sa]lkq�O*nIlkN0pMq�O;ZS��ika�b�^1<s^Mb�[cO3xIbrN�O9^sZcb�iv^sluq RªO9KMq�O9a�ZwO9N0b��vaciv_MpsZ98£�KsivZcO$lu^1luqrXYZcbeZ�beZ�£ O9q�q�_M^1xIO*a
£%lGX3br^�[]KMOpMa]O9ZcO*^f[�q�b�[cO9a]lu[c_Ma]OkIZcO*OO � � � > �f} A�lu^sx�a]O���O*a]O*^1y�O9Z []KMO*a]O*br^���ika��kO9^MO*azluq8[]KMO*ivacXv > }1CRA���ikaZcikN0O�pMa]ikp8O*ac[cbrO9Z4iu� ��lu_sZ]Zcbrlk^�RªO9KMqrO*a�ZcO*N0b��vaciv_MpsZ%lu^1x�>DC;}�A���ika%[cKsO�y*ik^M^sO9y¡[]b�iv^�£�b�[cK��Mazlu^1yzKMb�^s�
psaciIy�O;ZcZcO9Z4£�b�[cK�brN�N0br�kazlo[]b�iv^ �
!#"�� � 2 ( 68:�� ) +�� � &$)  :12 .=2  68) 2

§ Zl�£4lkacN0br^M��_Mp £4O3ZwKslkq�q xIbeZ]y�_sZ]ZZwKsikac[cqrX�[cKMO�y9lkZcO$ik� X �8O*br^M��[]KMO3ZwO*[�ik� ^slu[c_Mazluq ^Y_MN$�1O9a]Zlk^sxª[]KMO0a � K � Z�iu� ¬ �v®S�8O*br^M��l�KsikN0ik�vO*^MO9ik_sZSdv_1lkxIazlo[]bry$p1ivq�XY^MivN0brlkq ��¢ ^A[cKMbeZy*lvZwO�O9df_slu[cbrik^ ¬ �v®[zlu�vO9Z [cKMO���ivacN iu��[cKMO�ZcXIZ\[]O*N ik��df_slvxIa]lu[cbey�O;df_slo[]b�iv^sZ

ẋj = (Ajx, x), j = 1, 2, . . . , N, ¬ C;�v®
£�KsO*a]O

N
beZ0lm^slu[c_Mazluq4^Y_MN(�8O*a0iva

N = ∞ h_M^M�Y^Mio£�^ x = (x1, x2, . . .)
brZ
N
¤¥�kO;y¡[]ika$lk^sx lkq�q

Aj lkacO��kbr�kO9^2Z]dv_1lua]O N × N
¤¥N0lu[ca]bry*O9Z �(¢ � X beZ�[]KMO�ZcO�[iu�4^slo[]_Ma]lkq�^f_sN(�8O*azZ�lk^sx2ik^MqrXm�Mbr^slua]Xbr^f[cO9a]lvy¡[cbrik^1Z�pMacO;ZwO9ac�Ybr^M��[cKMO�^f_sN(�8O*ahik��psluac[cbey�qrO9Z)lkacO�lkq�qrio£ O;x�uN0O9lvZw_sacO*¤>�oluqr_MO;x$�Ybr^MO�[]bry�O9df_slo[]b�iv^

¬ @v® beZ�acO;xI_sy*O9x�[ci0[cKsO�xIbrZ]y�a]O�[]OZwXIZw[cO*N

ẋj =
1

2

N
∑

k=1

K
∑

l=1

xkxl

∑

n≤m

Pnm
kl (δj

n + δj
m − δj

k − δj
l ), j = 1, 2, . . . , N, ¬ C9�f®

£�KMO9acO
Pnm

kl

brZ%lk^�lua]�Mb�[cazlua]X�y*ikqrq�O;y¡[cbrik^�iu�½p8ivZcb�[]b��vO�^Y_MN(�8O*azZh[cKslu[4beZ%ZwXYN0N0O�[ca]bey�£�b�[cK�a]O9Zcp8O9y¡[
[]i3[cKsO(O�nMyzKslk^M�kOik�

n
lu^sx

m ¬ xIO�<s^Mbr^M�3[]KMO(azlo[]O9Z�ik��[cazlu^sZw��ika]N3lo[cbrik^�ik� lk^YX�pslkb�aSiu� pslkaw[]bry*q�O;Z jik� [\XYp8O
k
lu^sx

l
[ci�[]KMO�pslkb�aik�4pslkaw[]bry*q�O;Ziu�4[\XYp1O

m
lu^sx

n
®¡�lu^1x2£�KsO*a]O

δj
n

brZ[cKMO E�a]ik^sO9yz�kO9a
ZcXYN(�8ikq ¬ O9df_sluqeZ�C�b�� j = n

lk^sx��$ik[cKMO9ac£�beZcO;® �
� � »��h» ���Ð��� »	��
��
��������P� ��


N
� ���#��� � 
 ����� ∑N

j=1 A
j = 0 � ���=� �I�����=�7� � � ��� � �I�/����
��	� ����� 
 �

�F� ��� ����� ������� � � �������P��� �����L
 ����� � ��� ���1
 
�� � � � 
��	�
��! ���1
I������� � � ���P�#" �
� � "$��% � �F
 � ¬ C;�k®&��
�#� 
R� � �P� �R� � �	��� �#% ����
 ��
 �R���	� �9� 
�� ����������� � � �	
 �7�  ���	������������	��� � 
 � �' ����P
 �	�P� � � ���� 
(��� ���

x0
����
/������)F��
 � � � �	� 
+*
���P
 � ���1
 ������� � � ���

x(t)
� �9���L������	�,% �=�P��-��P
��,%.� 
�� ��
(� ����� ���	�

�� �������	� � �F
R� �! ��� � � � ����� � � ���'����
 � ���/)F� 
 � � � �	��
$ ��� ����� �	�/
R�0"1*��  ?�����,���P�2%��  3 ��� 
���4�
j���P
 � � � �R�2�

Ãj �����F���	��
(�$ �����
Aj �5%6� 
 �L
�� �	� � � � �

j
)����7� �����=� �,���	�

j
)���� ���8� � � ��/�(�����P� �

(Ãjv, v) ≥ 0
 �������/%

(N − 1)
)F� 
(��� ���

v
� � ��� �����/)F� 
 � � � �	��
9����������	��� �F
 � �

� �	� ":��% � � 
�� ¬ C;�k®6����;�
<� �R� ���F
 � �	�6 ���R� ¬ C9�v® � � � ��� � ��� 
I�P� �R� � �	� 
 ���=�=�
���
Pnm

kl

" �  ���	�
�����,% �  ���1
 
 � � �R� 
 �

Aj
kl

����
 �����/)F� 
 � � � �	��
��>�P
 � 
 ��
 �
k 6= j

*
l 6= j

* � �	
 ���  ���	� ���P�,% �  ���P

� � � �R�2�

Ãj �1� � ���P�,% � ����)F��
 � � � �	��
 
�� � �R� 
 �? �������	�
j
�

² O$ivN0b�[�l�ZwbrN0pMqrO(pMa]iYiu� iu� []KMbrZ��Ðlky�[ �S¢ [�£%lkZ�pMacO;ZwO9^f[cO9x�[]i��vb��vO(l0��O*O9q�br^M��iu� [cKsO$xIb�À8O9acO9^sy�O�8O�[\£4O*O9^�[]KMOy�qelkZ]Z ik��p8ivZcb�[]b��Yb�[\X�pMa]O9ZcO*a]�fbr^M�$O*�kivq�_M[cbrik^sZ4lu^sx�[cKsO�y*qrlvZcZ iu�&�Yb�^MO*[cbey�O9df_slo[]b�iv^sZ ¬ C9�f® �J%KsbrZ�xIb�ÀDO*a]O*^sy*O£�b�qrq½�8O�Zw[c_1xIb�O;x�ZwXIZw[cO*N3lu[cbey*luqrqrX�b�^�[]KMO^MO�nY[�ZcO9y¡[]b�iv^ �
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!#"�� � + .=6 .1& +�� ),- + : ) 4 6! 2 )J6 � � ) 2 (*& " :1+��34 )
J%Ksaciv_M�kKMiv_I[�[]KMOApslkp1O9a�[]KMO.q�O*[w[cO9a

X
xIO*^Mik[cO;Z�l�q�iIy*lkq�qrX©y�ikN0pslvy¡[�N�O*[ca]bry2Zwp1lky�Ov�lu^1x

C(X)¬ acO;Zwp8O9y�[cbr�kO9q�X C∞(X)
®�xIO9^Miu[]O9Z3[]KMO H%lk^slkyzK Zcpslky*Omiu��8ik_M^1xIO9x y*ik^f[cbr^Y_Mik_1Z3��_M^sy�[cbrik^sZ�ik^

X¬ acO;Zwp8O9y�[cbr�kO9q�X�b�[zZ%y�qrivZcO9x�Zc_M�sZcpslky*O�y�iv^sZcbrZw[cbr^M�(ik����_M^sy�[cbrik^sZ4�olu^MbeZcKMb�^s�(lo[%b�^1<s^Mb�[\XI®hO9df_MbrpMp8O9x3£�b�[cK[]KMOª^MivacN ‖f‖C(X) = supx∈X |f(x)| � � O*^Mik[cbr^M�´�YX X0 l iv^MO�¤¥p1ivb�^f[�Zcpslky*Omlu^sx �YX Xj [cKMOp8io£4O*azZ
X × · · · × X ¬ j ¤=[]b�N0O9Zz®¡4£4O�ZcKslkq�q�xIO9^Miu[]O��YX X [cKMO9b�a�xMbrZÐj\ikbr^f[�_M^sb�iv^ X =

⋃∞
j=0 X

j £�KsbryzK beZ�lu�vlkb�^ lmq�iIy*lkq�qrX´y�ivN�p1lky¡[�Zwpslvy�O � J%KMO�O*qrO*N0O*^f[]Z$iu� X £�b�qrq4�1O�xIO9Zcbr�k^slu[cO9x �YX �8ikqexqrO�[c[cO9a]Z9MO � � � x,y �%¢ ^sZw[cO;lkx�iu� X b�[�brZ�iu�Ö[cO9^ªN0ika]O�y�ik^Y�vO*^MbrO*^f[%[ci3£4ika]��£�b�[cKªb�[]Z�ZcXYN0N�O*[ca]bLK;lo[]b�iv^
SX £�KMbeyzKmbrZ�[cKsO$df_Miu[]b�O9^f[�Zcpslky*O(ik�M[]lubr^MO;x��fX�bexIO*^f[cb���XYb�^s��lu^YX�[\£ i�pslubrazZ x,y [cKslu[�xIb�ÀDO*a�ik^MqrX�YX�l0p1O9acN$_I[]lu[cbrik^�iu� b�[zZ�O*qrO*N0O9^v[zZ � ² O�ZcKslkq�q�xMO*^Mik[cO�YX Csym(X ) = C(SX ) ¬ a]O9Zcp � Bsym(X )

®
[]KMO H4lk^slkyzK Zwpslvy�O;Z$ik�SZcXfN0N0O�[]acbey�y�ik^f[]b�^Y_Miv_sZ ¬ acO;Zwp8O9y�[cbr�kO9q�X´�8ik_M^1xIO9x N0O9lkZc_Mazlu�MqrO;®��_M^sy�[cbrik^sZiv^ X lk^sx´�YX Csym(Xk) ¬ acO;Zwp � Bsym(Xk)

®[]KMO�y�ika]a]O9Zcp1iv^sxIbr^M�mZwp1lky�O;Z(ik����_M^sy�[cbrik^sZ�ik^�[cKMO
<1^Mb�[]OSp8io£4O*azZ

Xk � M(X) ¬ acO;Zwp8O9y�[cbr�kO*qrX Msym(X )
®4xIO*^Mik[cO;Z)[]KMO9H4lk^slkyzK�Zcpslvy�O�ik�;<s^Mb�[cO�H4ika]O*q

N0O;lkZc_MacO;Z ik^
X ¬ acO;Zwp8O9y�[cbr�kO9q�X0ZwXYN0N0O�[]acbey�N0O9lvZw_Ma]O9Z)ik^ X ®)£�b�[]K3[cKsO���_Mqrq1�olkacbelo[]b�iv^�lkZ []KMO�^sika]N �H4X$£ O;lu��[]ikp8ikqrik�vX(br^0[cKMO�Zwpslvy�O�ik�DN0O;lkZc_MacO;Z £4O�ZwKslkq�q8luqr£4lGXIZ�_M^1xIO*azZ\[zlu^sx�[]KMO ∗ ¤>£4O9lk�[civp1ivq�iv�kX �J%KsO$_Mpsp1O9a�Zw_M�1Zcy*acbrpI[#	��#����iva�lkq�q&[]KMO9ZcO�Zcpslvy�O9Z ¬ O � � � M+(X)

®�£�b�qrq)xIO*^siu[cO$[cKsO0y*ika]acO;Zwp8ik^1xIb�^s�
y*ik^MO;Z4iu��^sik^I¤¥^MO*�flo[]b��vO�O*qrO*N0O9^v[zZ � J%KMO�qrio£ O9a4Zc_M�sZ]y�a]brpI[�	F<s^ ����ika%[]KMOZwpslvy�O;Z ik����_M^1y¡[cbrik^1Z%ik^ X O � � � Csym

fin (X )
s£�b�qrq�xIO*^Mik[cO�l$Zc_M�sZcpslvy�O�£�b�[]K�iv^Mq�X <s^sb�[]O�^Y_MN$�1O9a%iu��^Miv^I¤¥�Glk^MbeZwKMbr^M�0y�ivN�p8ik^sO*^f[]Z

¬ p1ivq�XY^MivN0brlkqD��_M^sy¡[]b�iv^sluqeZz® �
² O�ZcKsluqrqM£4ika]��N0ivZw[cqrX$£�b�[cK X = Rd iva X �8O*br^M�(ly*q�ifZwO;x�N0lk^Mb���ikqex ��¢ ^0[]KMbeZhy*lvZwO��YX Ck(X)£4O(ZcKsluqrq�xMO*^Mik[cO[]KMO�H%lu^1lkyzKªZwp1lky�O(iu� �1iv_M^sxIO;x

k
[]b�N0O9ZSy�iv^v[]b�^Y_Miv_sZcq�X�xIb�ÀDO*a]O*^f[]brlk�Mq�O���_M^sy¡[]b�iv^sZ

£�b�[cK��8ik_M^1xIO9x�xIO9acbr�olo[cbr�kO;Z4O9df_MbrpMp1O;x�£�b�[]K�[]KMO^MivacN

‖f‖Ck(X) =

k
∑

l=0

‖f (l)‖C(X).

� ��y*ik_MazZcO C(X) = C0(X)
lk^sx

Ck
c (X) ¬ acO;Zwp8O9y¡[]b��vO*qrX Ck

∞(X)
®)xIO9^Miu[]O9Z []KMOSZc_M�sZcpslky*O�iu�

Ck(X)y*ik^sZcbeZ\[]b�^M��iu� ��_M^1y¡[cbrik^1ZS£�b�[cK.l�y*ikN0pslvy¡[�Zc_MpMp8ikac[ ¬ acO;Zwp8O9y�[cbr�kO9q�X��olu^MbeZcKMb�^s��lo[�br^=<s^Mb�[\X�[civ�kO�[]KMO*a£�b�[cKªlkq�qD[]KMO*bra�xIO9acbr�olo[cbr�kO;Z4_Mp�[ci3lu^sx�br^sy�qr_sxIbr^M��[cKsOikazxIO*a
k
® �H4X

L1(X)
£ O�xIO9^Miu[]O�[cKMO_sZc_slkq;H4lk^slkyzK�Zcpslky*O�ik�&br^f[cO9�kazlu�MqrO���_s^sy¡[]b�iv^sZ*8lu^sx

W k(X)
beZ%[cKMO

VIik�8ikqrO*��Zcpslky*O�iu��N0O;lkZc_Ma]lk�MqrO���_M^1y¡[cbrik^1Z�KslG�Yb�^s� <s^sb�[]O�^Mika]N

‖f‖W k(X) =
k
∑

t=0

‖f (t)‖L1(X),

£�KsO*a]O([]KMO3xIO*a]b��olu[cbr�kO9Z�lkacO0xIO <1^MO9x2b�^2[cKsO�£4O9lk�mZwO9^sZcO �$§ [qelkZw[9D��iva�l?H%lu^1lkyzK2Zcpslvy�O B lk^sxAlp8ivZcb�[cbr�kOh^Y_MN$�1O9a
t0
o£ O4ZwK1luqrqvxIO9^Miu[]O �YX

C([0, t0], B)
[cKMO H%lu^slvyzK�Zwpslvy�O)ik�1y�iv^f[cbr^f_sik_sZ½��_M^sy¡[]b�iv^sZ

��a]ikN
[0, t0]

[]i
B
O9df_MbrpMp8O9x�£�b�[]K�[cKMO^MivacN

‖ft‖C([0,t0],B) = sup
t∈[0,t0]

‖ft‖B .

H4X3l�pMa]ikp1lu�vlu[civa ¬ a]O9Zcp1O;y¡[]b��vO*qrX0l(�slkyz�Y£%luazx�pMacivpslu�flo[]ika¡®&b�^�l�ÐluN0brq�X0ik��ZwO*[]Z Ms

s ≥ 0

f£ O
ZcKslkq�q1N�O;lu^�l��ÐluN0brq�X

U(t, s)

t ≥ s ≥ 0

iu��[cazlu^1Z\��ivacN3lo[]b�iv^sZ
Ms 7→Mt

¬ a]O9Zcp1O;y¡[]b��vO*qrX Mt 7→ Ms
®

â�ã&ä½âÖÞ



���������	��
������������������
���������������� C C

Z]lo[]brZw��XYb�^s�S[]KMO�y�ik¤¥y*XIy�qrO4bexIO9^v[]b�[\X
U(t, s)U(s, r) = U(t, r) ¬ a]O9Zcp1O;y¡[cbr�kO9q�X U(s, r)U(t, s) = U(t, r)

®
��iva

t ≥ s ≥ r
lu^sx©Zc_syzK�[]Kslo[

U(t, t)
beZ�[cKsOmbrxMO*^f[cb�[\X ikp8O*azlo[]ika���ika�lu^YX

t �¨¢ ^©psluac[cbey�_sqrlka9��� ��� �P��� � �F���J�' ��� ��������	��� �#%2br^µl �ÐluN0brq�X¨ik��[cKMO,H4ika]O*q�Zw_s�sZwO*[]Z
Xt
iu�
X ¬ ZwKsikac[cqrXk�br^ X ®�beZ�lpsacivpslu�flo[civa$ik�Sqrb�^sO9lua�y*ik^f[cazlky�[cbrik^sZ

V (t, s) : M+(Xs) 7→ M+(Xt) � J%KsOmlkxGj\ivb�^f[3ikp8O*azlo[]ikazZ
U(t, s) = V ∗(t, s)

lky�[��slkyz�Y£%luazxMZ ��acivN
B(Xt)

[ci
B(Xs)

¬ lu^sx���ivacN�l0�slkyz�Y£%luazx�psacivpslu�flo[civaz®�[]KMO�xI_slkq�b�[\X�O;dv_1lo[cbrik^��8O*br^M�

(U(t, s)ft, µs) = (ft, V (t, s)µs)

��iva���_M^sy�[cbrik^sZ
ft ∈ B(Xt)

lk^sx2N�O;lkZc_Ma]O9Z
µs ∈ M+(Xs) �3² O�ZclGX�[]Kslo[(Zc_syzK l�pMacivpslu�flo[]ika�brZ¦sO*qrq�O9a�b�� [cKMO�ÐlkN0b�qrX

U(t, s)
beZ�l�Zw[ca]ik^M�vq�X�y�ik^f[]b�^Y_Miv_sZ%�ÐluN0brq�X�iu� ikp8O*azlo[]ikazZ

C∞(Xt) 7→ C∞(Xs)¬ b�� U(t, s)
xIO9p1O9^sx�ik^MqrX�iv^�[cKMO(xMb�ÀDO*a]O*^sy*O

t− s
M[]KMO9ZcO�ivp1O9a]lu[cikazZ ��ika]N l�¦sO*qrq�O9a�ZcO*N0b��vaciv_Mp1® � §RAlua]�kio�ªpMa]iIy�O9Z]Z�Zcp1O;y�bL<sO9x �YX

U(t, s)
�b � O � �YXA[]KMO3[cazlu^1Zwb�[cbrik^ pMa]ik�slk�Mbrq�b�[cbrO9Z P (t, s, x, dy)

��a]ikN
Xs
[ci
Xt
xIO�<s^MO;x��YX

Et,s
x ft =

∫

ft(y)P (t, s, x, dy) = (U(t, s)ft)(x),

£�brqrq��8O�[cKsO*^Ay9luqrq�O;x�l�^Mik^MKsikN0ik�vO*^MO9ik_sZ�¦sO*qrq�O9a�pMa]iIy�O9Z]Z ¬ £�KMO*a]O�£4O�_sZcO[cKMO�Z\[zlu^sxsluazx�^siu[]lu[cbrik^sZ
Ex
��ika%[]KMOO�nIp8O9y¡[zlo[]b�iv^�ik��[]KMOpMa]iYy*O9Z]Z%Z\[zluac[cbr^M�3lo[

x
® �

� ��� 	 �½#��&��'h#�����	 ���©��	���	%�&
#�����
��·�� � ��� � »	���hVI_MpMp8ivZcO

D
brZ�l�qrbr^MO9lka�KY_MqrqIiu�sl�xIO*^1ZwO%Zw_s�sZwp1lky�O b�^

C∞(X)
lu^1x[cKsO4ZcO�[�iu�1y*ik^sZw[]lk^v[

��_s^sy¡[]b�iv^sZ ��§ N0lkpMpMbr^M� Ω
��acivN�l�xIO*^sZcO(Zc_M�sZcpslky*Oiu� M(X)

y*ik^f[]lkb�^sb�^M� <1^Mb�[]O(qrb�^sO9luaSy�ikN$�Mbr^slo¤
[]b�iv^sZ�iu� � bra]lvy�N0O9lvZw_Ma]O9Z�[ci ¬ p8ivZ]Zcb��MqrXª_M^Y�8ik_M^sxMO9xs®�q�br^MO;lua���_M^sy�[cbrik^slkqrZSb�^ C(X)

£�b�[cK xIikN3lubr^sZ
y*ik^f[]lkb�^sb�^M�

D
beZ�y9luqrq�O;x

x = (x1, . . . , xn)
¤+����	��� � � �������	�,%I�P� �R� � �	� 
���iva�l3�kbr�kO9^ <s^Mb�[cO$y*ikqrq�O;y¡[]b�iv^�ik�

O9q�O9N0O*^f[]Z
x
iu�
X
ub��

Ω(
∑n

i=1 ωiδxi
)g
beZ�^Mik^I¤¥^MO9�vlo[]b��vOh��iva lua]�Mb�[]a]lkacX�p8ivZcb�[]b��vO%^f_sN(�8O*azZ

ω1, . . . , ωn£�KsO*^MO9�kO*a
g ∈ D

brZ%^Miv^I¤¥^MO*�flo[cbr�kO�lu^1x��olu^sbrZcKMO9Z�lu[�p1ivb�^f[]Z
x1, . . . , xn � Ω brZ�y9luqrq�O;x �������� � � ��� ���	�,%�P� �R� � �	� 
�b���b�[�brZ

x
¤+����	��� � � �������	�,%I�P� �R� � �	� 
���ika�lkq�q

x ∈ X �
¢ ^�pslkaw[]bry*_Mqrlka9IlkpMpMqrXfbr^M��[cKsbrZ�xMO <s^Mb�[cbrik^�[]i�p8ikqrXY^MikN0beluq�ivp1O9a]lu[cikazZ Ω ¬ ZwO9O�[cKMOa � K � Z � iu��O9df_slo¤[]b�iv^ ¬ �v®c®4£ O�Z]lGX0[cKslu[�l�q�br^MO9lka�N3lup

A = (A1, . . . , AK) : D 7→ (C(X), Csym(X2), . . . , Csym(XK)) ¬ C;}k®
beZ.� ���	��� � � �������	�2% �1���� � �	��
�b�����iva�lk^YX y*ikqrq�O;y¡[]b�iv^ iu�SxMb�ÀDO*a]O*^f[$p8ikbr^f[]Z

x1, . . . , xm
iu�
X
 ��ika0lu^YX

^sik^I¤¥^MO*�flo[]b��vO���_M^sy�[cbrik^
g ∈ D

Zw_1yzK�[cK1lo[
g(xj) = 0

��iva�luqrq
j = 1, . . . ,m

Mlu^sx���ika�lu^YX�y�ivq�qrO9y�[cbrik^
ik��p8ivZcb�[]b��vO�^f_sN(�8O*azZ

ωj
ik^MO�KslvZ
K
∑

k=1

m
∑

i1=1

· · ·
m
∑

ik=1

ωi1 · · ·ωik
Akg(xi1 , . . . xik

) ≥ 0. ¬ C;�v®

Rmika]O*io�kO9a9�£ O�ZwK1luqrq4Z]lGXA[]Kslo[
A
beZ � � ����� ���,% �������� � � ��� ���	�,%?�P� �R� � �	��
�b��

Akg(x1, . . . , xk)
beZ

x =
(x1, . . . , xk)

¤¥y*ik^sxMb�[]b�iv^sluqrq�X.p8ivZcb�[]b��vO���ika0lu^YX
k
lu^1x

x � ¦�br^slkq�qrXk)lAq�br^MO9lka$ivp1O9a]lu[civa Ak : D 7→

ä�ä�É�NPORQRSRT



CG� �������	��� ����� ���L��������� � ���

Csym(Xk)
beZ�Z]lubex�[]i3�1O � � ����� ���2%<� ���	��� � � �������	�2%I�P� �R� � �	� 
�ika9�������� � � ��� ���	�,%I�1���� � �	��
�b���[]KMbeZ�beZ%[cKMO

y9lkZcO���iva%[cKMO��ÐlkN0b�qrX
A = (0, . . . , 0, Ak)

iu��[\Xfp8O ¬ CG}u® �
� 
 �/����� � ¢ � Ω beZ�qrbr^MO9lka98b � O � Ω(µ)g = (Ag, µ)

£�b�[cK2ZcikN0O�qrbr^MO9lkaSivp1O9a]lu[cika
A
br^
C(X)

D[cKMO
lk�1io�vO�xIO <1^Mb�[]b�iv^�iu�½y*ik^sxIb�[cbrik^1luqsp8ivZcb�[cbr�fb�[\X�brZhacO;xI_sy�O;x�[ci[]KMOSZw[]lk^sxMlka]x3xIO�<s^Mb�[cbrik^3ik��y�ik^1xIb�[]b�iv^sluq
p8ivZcb�[cbr�fb�[\X�ik��[]KMOq�br^MO;lua%ikp8O*azlo[]ika

A ¬ ZcO*Obr^f[ca]iYxM_sy¡[]b�iv^1® �
� _Ma�xMO <s^Mb�[cbrik^1Z�lua]OSN0ik[cbr�Glu[cO;x��YX3[]KMO���ikqrqrio£�b�^M�3Zcb�N0pMqrO�ik�sZcO*a]�olo[]b�iv^sZ �

� � »��h» ���Ð��� »	��� �
 � � "��� ���1
 ������� � � ���1� � � ¬ �v®I����
 � 
�� ��
(� � �#�L
� � � �D������	�2% ���	� ����
 �1���� � �	��
� ����	�P� � � ��� �/
� �R�=��
 � �
 �	� �?�1���R� � �	��
�� �P� �F
 ���	��
��� ���� � �	� � � � ���P� �' �� �	�����:��
���� � )F� 
����=� 
R� ���
���P� � ¬ �f®$�1��� � �� ��� ���	� g ∈ D

* ���1
��
Ω
� � ����	��� � � �������	�,%9�P� �R� � �	� 
 �

� �	� "$����� �1����
 ���	� 
 ���3� �P
 ��� � ���� Bk
�	�
C∞(Xk)

*
k = 1, . . . ,K

* ��� 
3�������� � � �������	�,% �P� �R� � �	� 
3�	� ���P

� �R�P��� ��
��1��
 � ���	� ���=� � � �P
(� �  (% � ���	��
�� ��� 
(-��P� � � ��� ¬ C;�k® " �����1
�� ���P
 ��1
���� � ����

g 7→ Bkg
+ �����

C∞(X) � ��
��1��
 �R�/� � �P���
 �! $" �F�
C∞(Xk)

��� 
/� � ����� ���,% �������� � � ��� ���	�,% �1���� � �	��
 � ���1
��� � � � � ���
g+ � ���	� � � �����/� 
(� �	� ¬ @f® " �

	 � � �' � ¬ bÖ®�Á�O�[ l�^Miv^I¤¥^MO*�flo[cbr�kO g ∈ D
�8O%Zw_syzK�[cKslu[

g(x1) = · · · = g(xm) = 0
��iva�ZcikN0Ohp8ikbr^f[]Z

x1, . . . , xm � � KsififZwbr^M� µ0 = ω1δx1
+ · · · + ωmδxm

£ O(ZcO*O�[cKslu[
(g, µ0) = 0

8lk^sxªy�iv^sZwO;df_MO*^f[cqrX
[]KMOªy�iv^sxIb�[cbrik^�ik��p8ivZcb�[]b��Yb�[\X´pMacO;ZwO9ac�olu[cbrik^ brN0pMq�brO9Z$[]Kslo[ d

dt (g, µt) |t=0≥ 0
h£�KsbryzK N�O;lu^sZ$[]Kslo[

Ω(
∑n

i=1 ωiδxi
)g
brZ�^sik^I¤¥^MO*�flo[]b��vO � Vf[]lu[cO*N0O9^v[ ¬ b�bÖ®%beZ%ik�Y�Yb�iv_sZ �

� 
 �/����� �)J%KY_sZ ik^�[cKMOS��ika]N3luqsqrO*�vO*q>f[cKMO�xIb�À8O9acO9^sy�O��1O*[\£ O9O*^3[]KMO��kO*^sO*azluqsp8ivZcb�[cbr�fb�[\X3pMa]O9ZcO*a]�f¤
br^M�$O*�kivq�_M[cbrik^sZhiu�½��ivacN ¬ �f®)lk^sx3[]KMOS�Ybr^MO�[]bry�O9df_slu[cbrik^sZ iu� k ¤¿lua]X�b�^f[cO9a]lvy¡[]b�^M�$psluac[cbey�qrO9Z ¬ C;�k®)beZ [cKMOxMb�ÀDO*a]O*^sy*O��8O�[\£4O*O*^�y*ik^sxMb�[]b�iv^sluqrq�X$p1ifZwb�[cbr�kOSlu^sx3Zw[ca]ik^M�vq�X$y�ik^1xIb�[]b�iv^sluqrqrX$p8ivZcb�[]b��vO��kO9^MO*azlo[]ikazZ � ¦Mika[]KMO�y*lvZwO�iu� xIbeZcy*acO*[cO

X
[cKMbeZ�ik�1ZwO9ac�olo[]b�iv^�beZ%b�qrqr_sZ\[]a]lu[cO;x��YX�ghacivp1ifZwb�[cbrik^ C � C �

� _Ma <1a]Zw[�Z\[]ac_sy�[c_Mazluq�a]O9Zc_Mq�[�yzKsluazlky�[cO*a]bDK*O9Zh[cKsO�y�ik^1xIb�[]b�iv^sluq�p8ivZcb�[cbr�fb�[\X�lu[ <MnIO9x�p1ivb�^f[zZ �

�� ·Y» � · 	 � ��
 �������P� ��


X = Rd � � ��� � � � � �=����� �/���������1
�� �P���

D
 ����� ���P
���
�#��� � � �����������


���� �F���	�1�
C2

c (X)
��� I��� ��1
���� � ���9� �

x = (x1, . . . , xn)
)'�������� � � �������	�,% �1���� � �	��
 *����1
��

Ω

(

n
∑

i=1

ωiδxi

)

g =

n
∑

j=1

[

aj(x)g(xj) + (bj(x),∇)g(xj) +
1

2
(cj(x)∇,∇)g(xj )

+

∫

(g(xj + y) − g(xj) − χ(y)(y,∇)g(xj))ν
j(x; dy)

] ¬ C �u®

 ���
g ∈ C2

c (X)
*��>�P
 � 
/
 ���4�

cj
� ���I�P� �R� � �	� 
 � 
�� �P� �F
 �/� � �R�2��* 
���(�

νj � ����������%?� 
����=� 
 *
χ
� �

�����	�������� �F���I���L��
 �	� ¬ C9®+* ����� � � ��� ���	� aj , bj , cj , νj � 
 �P
 �����	� � ��� ∑n
i=1 ωiδxi

�
	 � � �' �0Á½O�[_sZ�Zw[]lkaw[�£�b�[]K.l�y�ivN0N�O9^f[�iv^m[cKsO � iv_Ma]acL9�kO[]KMO*ivacO9N �$§ qriYik��ik^A[cKMO0pMa]iYiu�hik�KsbrZ�[cKMO9ika]O*N ¬ ZwO9O >DC;��A¥ > ~�A> >Ï��@ A�®�ZcKMio£�Z�[cK1lo[([]KMO�yzKslka]lvy¡[]O*a]bLK;lo[cbrik^.beZ(lky�[c_slkq�qrXA�vb��vO*^ ^Mik[(ik^MqrX��iva�y�iv^sxIb�[cbrik^slkq�qrX�p8ivZcb�[cbr�kOªikp8O*azlo[]ikazZ* �M_I[�lkqrZci ��ika�y�ik^1xIb�[]b�iv^sluqrqrX p1ifZwb�[cbr�kOªqrbr^MO9lka3��_M^sy�[cbrik^slkqrZ

iv�I[]lkb�^sO9x0�YX <snYbr^M�[]KMO�lkac�v_MN0O*^f[]Z � PSluN0O*qrXkfb�[hbrZ4ZcKMio£�^�[cKslu[ b���[cKMO�qrbr^MO9lka)��_M^sy�[cbrik^slkq (Ag)(x) :
C2

c 7→ Rd brZ$� ���	��� � � �������	�2%7�P� �R� � �	� 
4lu[ x Yb � O � b�� Ag(x) ≥ 0
£�KMO9^MO*�vO*ahl�^Miv^I¤¥^MO*�flo[cbr�kO

g
�Glk^MbeZwKMO;Z

lu[
x
�[cKsO*^

Ag(x
®SKslvZ���ivacN ¬ C;®Sbraca]O9Zcp8O9y¡[]b��vO*qrX�iu�)[]KMO0pMacivp1O9aw[]b�O;Z�iu� Ag(y) b�^2iu[]KMO*a�p8ikbr^v[zZ y �
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���������	��
������������������
���������������� C;�

P�io£ qrO�[_sZ�yzKMiYivZcO$l�psluac[cb�[cbrik^2iu�4_M^Mb�[\XmlkZ�l��ÐlkN0b�qrXmiu�
n
ZcN�iYik[cKA^sik^I¤¥^MO*�flo[]b��vO��_M^sy�[cbrik^sZ

χi


i = 1, . . . , n
�Zc_syzKA[cKslu[ ∑n

i=1 χi = 1
lu^sx2O9lvyzK

χi
O9df_slkqrZ�ik^sO$br^´l�^MO9b��vKY�1ivacKMiYiIxmik�

xi
¬ lu^1xy*ik^sZcO9df_MO9^f[cqrX2�olu^sbrZcKMO9Z$br^�lm^MO9b��vKY�1ivacKMiYiIx iu��lk^YX2ik[cKMO9a$p8ikbr^f[

xl
£�b�[]K

l 6= i
® � H4X q�br^MO9lkacb�[\X

Ω(
∑n

i=1 ωiδxi
) =

∑n
i=1 Ωi

%£�b�[]K
Ωjg = (

∑n
i=1 ωiδxi

)(χjg) ��� � qrO9lkacqrX O;lkyzK ��_M^sy¡[]b�iv^sluq ΩigbeZ�y*ik^sxIb�[cbrik^1luqrq�X p1ifZwb�[cbr�kOAlu[
xi
b�^©[]KMOm_sZc_slkq�ZwO9^sZcOk�b � O � g(xi) = 0

brN0pMq�brO9Z
Ωig ≥ 0

��ika�l
^sik^A^sO*�vlu[cbr�kO(��_M^sy¡[]b�iv^

g ∈ C2
c (X) � M�O*^sy*O3lupMpMqrXYb�^M��l 	 <MnIO9xAp1ivb�^f[�kO9a]Zcbrik^ ��iu�h[cKMO � ik_saca]L*�vO[]KMO*ivacO9N [ci0O;lkyzK

Ωi
Iiv^MO�ik�I[zlubr^sZ%acO9pMa]O9ZcO*^f[]lu[cbrik^ ¬ C �o® �

§ Zhly�ivacivq�qelua]X�£ O�ZcKslkq�qMiv�I[]lkb�^0^Mio£©lyzKslka]lvy¡[cO9acbDK9lu[cbrik^�ik�D[cKMO�Zw[ca]ik^M�y*ik^sxIb�[cbrik^1luqMp8ivZcb�[]b��Yb�[\X �

�� ·Y» � · 	 � � � � 
 �

X
�����

D
�
����P
������/
 � �9�	� ���1
��� 
 � � ��� �

� � "�� ���	��
��� ��1
���� � ���
Ak : D 7→ Csym(Xk)

� ��� � ����� ���,%<����	��� � � ��� ���	�,%I�1���R� � �	��
��  ����� �����,%/�  

Akg(x1, . . . , xk) =

k
∑

j=1

[akΠj1(x1, . . . , xk))g(xj)

+ (bkΠj1(x1, . . . , xk)),∇)g(xj) +
1

2
(ckΠj1(x1, . . . , xk))∇,∇)g(xj)

+

∫

(g(xj + y)g(xi) − χ(y)(y,∇)g(xj))νk(Πj1(x1, . . . , xk); dy)], ¬ C @v®
�>�1
���
 ���P
?��1
���� � ����

Πjl
�	�

Rd 
�� �(�1��� � 
 ���1
 �� �������	� � �F
R� � � ���J�P�=� � 
���
j
���	�

l
* 
���4�

ck � ��
 � �P
(� � �	��
 �,% νj "�� �I� �1���R� � �	��
9� 
�� �P� �F
9�/� � �R�2� � ��
 � �1
(��� �	��
 �2%/� ������%/�/
� �R�=��
!"1* χ � �I���
�	�	����� � � ��� ���L� 
��	� ¬ C;® * ����� �>�P
 ��
 ���1
  �=�	��� � ���1� ak, bk, ck, νk

����
 �(%�� �/
 � �R����� � ��� ��
R� �P
(� �
� � ���1
 �P
 �R� � �F� � � ���1���! #���1
 �����R� ��� �D
R�

x2, . . . , xk � � �	
 �����	� �P
 �R� � � � � � ���1�3� � � ��� 
4��� �	� � x1
" �

� �	� "�� ���	��
��� ��1
���� �F���
Ak : D 7→ Csym(Xk)

� � � � ����� ���,% � ���	��� � � �������	�2%9�P� �R� � �	��
 �  I���	�?�����,%/�  

Akg(x1, . . . , xk) =
k
∑

j=1

ak(Πj1(x1, . . . , xk))g(xj) +Bkg
+(x1, . . . , xk), ¬ C9~v®

�>�1
���

ak

� � ���1
 �����/
 ��� �	� ¬ C �k®?���	� Bk
� � �7����	��� � � ��� ���	�,% �P� �R� � �	��
 � �	� � �R�P��� ��
 �P� 
!"

� �P
 � � �F���I�	�
Csym

∞ (Xk)
�

� �	�	� "	�;����� ���1
 ���� � �	�P�=� �#% �! ���1
  �=�	��� � ���1� �	� ���1
 �	�/��� 
 �' 
A
� �  ���	�L� �8� ���1� � ���1
  �=�	��� � ���1�

ak, bk, ck, νk
��
F�1
��	������ � �	�P�P��� �R�,%9���

x1, . . . , xk � �/
� �R�=��
 � νk
��� 
3����P���� 
 � 
4�9�	� ���P
 � 
� �

� ��1���L� � %(" �
	 � � �' � ¬ be®%¦sacivN J%KMO9ika]O*N � � C�b�[���ikqrq�io£�Z [cK1lo[���ika�lkac�sb�[]a]lkacX3xIb�À8O9acO9^f[ x1, . . . , xk

Akg(x1, . . . , xk) =
k
∑

j=1

[aj
k(x1, . . . , xk)g(xj)

+ (bjk(x1, . . . , xk),∇)g(xj) +
1

2
(cjk(x1, . . . , xk)∇,∇, )g(xj)

+

∫

(g(xj + y) − g(xj) − χ(y)(y,∇)g(xj))ν
j
k(x1, . . . , xk; dy)],
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£�KsO*a]O�O9lvyzK
cjk
beZ lp8ivZcb�[cbr�kOSxMO <s^Mb�[cOSN3lo[ca]b�nDfO9lvyzK

νj
k

beZ l$Á½`9�fX�N0O9lvZw_Ma]O � RªivacO9io�kO*a;kxI_sO�[ci([cKMOZcXYN0N�O*[ca]X�iu����_M^1y¡[cbrik^1Z
Akg
��ika

g ∈ C2
c (X)
M[]KMO���_M^sy¡[]b�iv^sZ

aj
k, b

j
k, c

j
k, ν

j
k

xMO*p8O*^sx�ik^
x1, . . . , xkZcXYN0N�O*[ca]bry9luqrq�X3br^�[cKMOZcO*^sZcO�[cKslu[9sZ]lGX

ajΠjl = al ��ika�lkq�q j, l lk^sx ajΠlm = aj ��ika m 6= j

l 6= j �

� _MO0[]i�[]KMbeZ�ZwXYN0N0O�[]acX2b�[�beZ�p1ifZcZcbr�Mq�O0[]i�acO9£�acb�[cO�[cKsO�lu�8io�kO$��ika]N(_Mqel�lkZ ¬ C�@k® C0£�b�[]K ak = a1
k


bk = b1k


ck = c1k


νk = ν1

k ��¢ [ a]O*N3lubr^sZ�[ci�^Miu[]bry*Oh[]Kslo[)xI_sO []i�[cKMO�y�iv^f[cbr^f_sb�[\XvG[cKMbeZ�acO9pMa]O9ZcO*^f[]lu[cbrik^a]O*N3lkb�^sZ4�oluqrbex�O9�kO9^���iva�^Miu[�^MO;y�O;ZcZ]lua]b�qrX�xIb�À8O9acO9^f[%p8ikbr^f[]Z
x1, . . . , xk �¬ b�bÖ®#H4X$[cKMO � iv_Ma]acL9�kO4[cKMO9ika]O*N lupMpsq�brO9x�[]i Xk fly*ik^sxMb�[]b�iv^sluqrq�X$p1ifZwb�[cbr�kO Bk

br^
C∞(Xk)

KslkZ
��ivacN

Bkf(x1, . . . , xk) = ã(x1, . . . , xk)f(x1, . . . , xk)

+

k
∑

j=1

(b̃j(x1, . . . , xk),∇xj
)f(x1, . . . , xk)) +

1

2
(c̃(x1, . . . , xk)∇,∇)f(x1, . . . , xk)

+

∫

(f(x1 + y1, . . . , xk + yk) − f(x1, . . . , xk) −
k
∑

i=1

(χ(yi)(yi,∇xi
)f(x1, . . . , xk))

× ν̃(x1, . . . , xk; dy1 · · · dyk). ¬ �u�v®

§ pMpMqrXYb�^M��[]KMbrZ�[ci f = g+ lu^1x�y*ikN0pslkacbr^M��£�b�[]K ¬ C �o®4XYbrO*qexMZ4[cKsOacO;dv_sb�a]O9x�acO;Zw_sq�[ �¬ b�brbe® H4XSiv^MOhlk^sx�[cKsO Z]luN0O)pMa]iIy�O9xM_MacOv9iv^MO)pMa]io�kO;Z <sazZ\[�[cKMO%y�iv^v[]b�^Y_Mb�[\XS��ika�xMb�ÀDO*a]O*^f[ x1, . . . , xkS[cKsO*^¯��ika�[\£ i iu�$[cKMO9N y�ivb�^sy*brxMb�^M�1�O*[]y � ¢ ��lkq�q x1, . . . , xk
lua]O2xIb�ÀDO*a]O*^f[9�ik^MO y*lk^ _sZcO.[cKMO

xMO9y�ivN0p1ifZwb�[cbrik^��a]ikN°[]KMO4pMaciYik�Miu�1J%KMO9ika]O*N � � Cha]O9xM_sy�br^M��[]KMO%pMa]ik�MqrO*Nµ[ci�pMa]io�Yb�^M��[cKMO�y�iv^f[cbr^f_sb�[\X��iva&[cKMO�ivp1O9a]lu[cika
Ak(χjg)(x1, . . . , xk) � � KsififZwbr^M� g [ci��1O�l�y�iv^sZw[]lu^f[;oik^MO%pMa]io�kO;Z½[]KMO�y�iv^v[]b�^Y_Mb�[\Xik�½[cKsO�y*iYO G�y�brO*^f[]Z
ak
��iva []KMbeZ ivp1O9a]lu[civa � J%KMO*^�yzKMiYivZcb�^s� g [ci��1Ol�y�iv^sZ\[zlu^f[ br^�l$^MO9b��vKf�8ika]KMiYiIxik�hl�y�O9aw[zlubr^ªp1ivb�^f[

x
ik^sO(pMa]io�kO;Z%[cKMO�y�iv^v[]b�^Y_Mb�[\X�iu�

νk � J%KMO*^AyzKsififZwbr^M����[ci��8O(qrbr^MO9lkaSlua]ik_s^sx
x
iv^MO��kO*[]Z4[cKsO�y�ik^f[]b�^Y_Mb�[\X�iu�

bk
Mlu^sx�lu[%qelkZw[�[cKsO�y*ik^f[cbr^Y_Mb�[\X�iu�

ck
��ikqrq�io£�Z �J%KY_sZ ivp1O9a]lu[civa]Z

Ak
b�^ ¬ �Y® lua]O�Z\[]aciv^M�kqrX(y*ik^sxIb�[cbrik^1luqrq�X$p1ifZwb�[cbr�kO�b��½lu^sx�ik^sq�X$b��D[cKsO*X�KslG�kO4��ika]N

Akg = Bkg
+/k!

£�b�[]KmZwivN�O�y*ik^sxMb�[]b�iv^sluqrq�X�p1ifZwb�[cbr�kO
Bk
br^
C∞(X

® ¬ _Mpª[]i�ZcikN0ON(_Mq�[cbrpMqrbry9lo[]b�iv^ivp1O9a]lu[civa]Zz®�lk^sx([cKY_sZ b��D[cKMO9X$y�ivaca]O9Zcp8ik^sx�[cil��Yb�^MO*[cbey%O9df_slu[cbrik^$��ika)ZcikN0O�Rmlua]�kio�N0iIxIO*qsiu�
k
¤¥lkacX

br^f[cO9a]lvy¡[cbr^M��psluac[cbey�qrO9Z �

�� ·Y» � · 	 � ��� �������P� ��
 � � ���	�����P� �

X = Rd ���	�
D

� ��� �F���	�P�
C2

c (X)
� � ��� � 
����� ���� �	� � ¬ C;}k®

� � ����	��� � � �������	�,%��P� �R� � �	��
 �  ����	� ���P�,% �  I
���(� �! ���1
I��1
���� � ����
Ak

�1� �? ���R� ¬ C�@v®$� � ��� ���1
 �����/

� %�� � 
�� � %.�������� � � ��� ��� � � � �� 
�� ��� 
�� � � � � �	� ¬ C @k® ���	� � � ��� ck �����

νk
�
 �	� � ��� �3��
(�
R������R�	�2%

�P� �R� � �	� 
=��� � ���P�,% �R�/�(� ���1� �����1
9�/� � �R�2�
K
∑

k=1

k

m
∑

i1=1

· · ·
m
∑

ik−1=1

ωi1 · · ·ωik−1
ck(x, xi1 , . . . , xik−1

) ¬ �=C;®

� � �P� �R� � �	� 
=��
�#��� � 
 ����� ���1
 � 
����=� 

K
∑

k=1

k

m
∑

i1=1

· · ·
m
∑

ik−1=1

ωi1 · · ·ωik−1
νk(x, xi1 , . . . , xik−1

) ¬ �k�k®
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� � �P� �R� � �	��
> ���7����%
m
* ���/%�����	�L
(��� � ���1�7�! �P� �R� � �	� 
7�P�=� �
 ��

ω1, . . . , ωm
���	� �P���	� � �

x, x1, . . . , xm� � � ��� ���	�
νk

� � � � �� (%��	� � ¬ �k® * �! ����=���
!" � �R� �P��� � ��� �=�L���(* Ak
�P����
3 ���R� ¬ C9~f®=� � ��� Bk

���	� 
�� �5%
¬ �u�k®9� � � � � ��� ��� � � 
4�
 �� ���R�	�,% �P� �R� � �	��
 c̃ ����� ν̃ �
	 � � �' ��� � · �;
 � M�O*a]O4£4O�ZwK1luqrqIpMacio�vOh[]Kslo[hlkq�q Ak

KslG�kO ��ika]N ¬ C �u®&£�b�[cK n = k
u�M_I[)p8ivZ]Zwbr�MqrX

£�b�[cKsik_I[4p1ifZwb�[cbr�Yb�[\X0iu�
ck
lu^sx

νk � ¦Miva4lkac�Mb�[cazlua]XI<snYO;x x1, . . . , xm
[cKMOS��_M^sy�[cbrik^slkq1ik�

g
�vb��vO*^3�YX

K
∑

k=1

m
∑

i1=1

· · ·
m
∑

ik=1

ωi1 · · ·ωik
Akg(xi1 , . . . , xik

) ¬ �u�v®

beZ
x = (x1, . . . , xm)

¤%y�iv^sxIb�[cbrik^slkq�qrX�p8ivZcb�[]b��vO�lk^sx�y�iv^sZwO;df_MO*^f[cqrX�KslvZ%��ika]N ¬ C �o® ¬ £�b�[]K m br^sZ\[]O9lvxik�
n
®�slkZ���ikqrq�io£�Z4��a]ikN J%KsO*ika]O*N � � C � QSZwbr^M� εωj

b�^1Z\[]O9lkx�iu�
ωj
8xIbr�fbexIbr^M�3�YX

ε
lk^sx�[cKMO9^ªq�O*[w[]b�^M�

ε → 0
iv^MO3ik�M[]lubr^sZ�[]Kslo[ ∑m

i=1A1g(xi)
KslvZ�[cKsO�ZclkN�O0��ivacN ��§ Z m beZ�lkac�Mb�[cazlua]XkD[]KMbeZ�brN�psq�brO9Ziv^A[]KMO0ik^MO0Kslk^sxA[cKslu[

A1g(x)
KslkZ�[]KMO3ZclkN�O���ivacN ��iva�lua]�Mb�[cazlua]X

x ¬ [cKY_sZ�vb��Ybr^M��[]KMO3a]O9df_MbracO;xZw[ca]_sy�[c_MazluqDa]O9Zc_Mq�[���iva
A1
®%lk^sx�iv^�[cKMO�iu[]KMO*a�K1lu^sx�[cK1lo[

K
∑

k=2

εk−2
m
∑

i1=1

· · ·
m
∑

ik=1

ωi1 · · ·ωik
Akg(xi1 , . . . , xik

)

K1lkZ []KMO�a]O9df_Mbra]O9x���ika]N � § �vlkb�^3qrO�[c[cbr^M� ε→ 0
XYb�O9qrxsZ)[]KMOSZ]luN0O�a]O*pMa]O9ZcO*^f[zlo[cbrik^���ivah[]KMO���_M^1y¡[cbrik^1luq

m
∑

i1=1

m
∑

i2=1

ωi1ωi2A2g(xi1 , xi2).

§ Z�lu�8io�kO�[cKsbrZ%brN0pMq�brO9Z�ik^�[cKMOiv^MOKslu^1x�[]Kslo[
ω2

1A2g(x1, x1) + 2ω1ω2A2g(x1, x2) + ω2
2A2g(x2, x2)

K1lkZh[cKMO�acO;df_Mb�a]O9x���ivacN lk^sx3KMO9^sy�O�luqeZci
A2g(x1, x1)

KslkZh[cKMbeZ ��ika]N ��ika%lua]�Mb�[]a]lkacX
x1
¬ ps_I[ ω2 = 0br^�[cKMOªpsacO9�fbrik_1Z$O*nIpMacO;ZcZcbrik^1®� lu^1x KsO*^sy*OmluqeZwi

A2g(x1, x2)
KslvZ�[cKMOmZ]luN0O���ika]N ��iva�lua]�Mb�[]a]lkacX

x1, x2
¬ [cKY_sZ��vb��Ybr^M�([]KMOa]O9df_MbracO;x�Zw[ca]_sy¡[]_MazluqDacO;Zw_sq�[���iva A2

®�slu^1x�iv^�[]KMOiu[]KMO*a�K1lu^sx�[cKslu[
K
∑

k=3

εk−3
m
∑

i1=1

· · ·
m
∑

ik=1

ωi1 · · ·ωik
Akg(xi1 , . . . , xik

)

K1lkZ4[cKsOacO;dv_sb�a]O9x���ika]N � ¦sikqrq�io£�br^M�$[cKMbeZ�pMa]iIy�O;xI_Ma]OSbr^sxI_sy�[cbr�kO9q�X�XfbrO*qexMZ4[]KMO�y�qelubrN ik��Vf[]O*p,C �
� � · � � � ¦Ma]ikN []KMOik�I[zlubr^MO9x�a]O*pMa]O9ZcO*^f[]lu[cbrik^���ika Ak

b�[���ikqrq�io£�Z []Kslo[
K
∑

k=1

m
∑

i1=1

· · ·
m
∑

ik=1

ωi1 · · ·ωik
Akg(xi1 , . . . , xik

) =

K
∑

k=1

k

K
∑

l=1

m
∑

i1=1

· · ·
m
∑

ik−1=1

ωlωi1 · · ·ωik−1

[

ak(xl, xi1 , . . . , xik−1
)g(xl) + (bk(xl, xi1 , . . . , xik−1

),∇)g(xl) +
1

2
(ck(xl, xi1 , . . . , xik−1

)∇,∇)g(xl)

+

∫

(g(xj + y) − g(xj) − χ(y)(y,∇)g(xj))νk(xl, xi1 , . . . , xik−1
; dy)

]

.
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§ Z)[]KMbeZh��_s^sy¡[]b�iv^sluq8KslkZh[ci$�1O�Zw[ca]ik^M�vq�X0y�iv^sxIb�[cbrik^slkq�qrX0p1ifZwb�[cbr�kOvk[]KMOSa]O9df_Mbra]O9x0p8ivZcb�[]b��Yb�[\X�psacivp1O9aw[\Xik�
c
lu^1x

ν
��ikqrq�io£�Z4��a]ikN J%KMO*ivacO9N � � C �

� » � » ���Ð�I� ¸ 
 � � ���P
9�� ��

K = 2

���1
9� � � � ���P�9�' �� ���	��� � � �������1�1���R� � �	��� �% ���	�/� � ����� � �������� � � ��� ���
�P� �R� � �	� � �#%3 ��� ¬ C;}k® ����	��� ��� 
 �
	 ��� �' �)¢ ^ªy*lvZwO K = 2

[cKsOp1ifZwb�[cbr�Yb�[\X�ik� ¬ �1C9®4acO;lkxMZ�lvZ [cKMOp8ivZcb�[]b��Yb�[\X�ik��[cKsON0lu[ca]b�n

c1(x) + 2

m
∑

i=1

ωic2(x, xi)
¬ �o�f®

��ivaluqrq ^slo[]_Ma]lkq
m
½p8ivZcb�[cbr�kO0^Y_MN(�8O*azZ

ωj
lk^sx2p1ivb�^f[]Z

x, xj

j = 1, . . . ,m � M�O*^sy*O c1 brZlkq�£%lGXIZp8ivZcb�[cbr�kO ¬ pM_I[ ωj = 0

��ika%luqrq
j
® � J�i�pMa]io�kO�Zw[ca]ik^M�$y�ik^1xIb�[]b�iv^sluq8p8ivZcb�[]b��Yb�[\X3ik^MOSKslkZh[ci�pMa]io�kO�[]Kslo[

c(x, y)
beZ%p8ivZcb�[]b��vO�xMO <s^Mb�[cO���iva�luqrq

x, y � H4_I[�b���[]KMO*a]O�O�nIbrZw[ x, y Zw_1yzK�[]Kslo[ c(x, y) beZ%^Miu[�p8ivZcb�[]b��vOxMO <s^Mb�[cOvI[cKsO*^��fX�yzKMiYivZcb�^M��qelua]�kO�O9^Mik_s�kK�^f_sN(�8O*a%iu��p1ivb�^f[zZ
x1, . . . , xm

^MO9lka
y
Iik^sO�£4ik_sqrx��kO�[

l0N3lu[ca]b�n�iu�&��ika]N ¬ �o�v®�[cKslu[�beZ�^Mik[�p1ifZwb�[cbr�kO(xMO <s^Mb�[cO ¬ O*�vO*^���iva�luqrq ωj = 1
® � J%KMbeZ�y�iv^f[cazlkxIbey¡[]b�iv^y*ikN0pMqrO�[]O9Z4[cKsOpMaciYik� �J&lu�Ybr^M�$br^f[ci�lky*y*ik_M^f[%O�nIpMqrbry*b�[]q�X0[]KMO�ZwXYN0N0O�[ca]X3iu���kO*^sO*azlo[civa]Zhb�^ ¬ �f® ¬ ^Miu[]OS[]Kslo[%br^ ¬ �f® ika ¬ @v®[]KMO0_sZcO�ik� ^Miv^sZcXfN0N0O�[]acbey$�kO*^sO*azlo[civa]ZSika�[]KMO*bra�ZwXYN0N0O�[]acbDK9lu[cbrik^sZ�Zcp1O;y�bL<sO9Z�[]KMO3ZclkN�O�O9df_slu[cbrik^1®

lkq�qrio£�Z&[ci(�kO�[hl�_sZwO*��_MqsO;df_Mb��olkq�O9^v[)a]O*psacO;ZwO9^v[zlo[]b�iv^(��iva ¬ }v®¡ ¬ �u® � P�luN0O9q�Xvu[cKsO���ikqrq�io£�br^M��Zw[]lu[cO*N0O9^v[beZ%ik�Y�Ybrik_sZ �
� » � » ���Ð�I� ¸ � � � "��� A � �<�������� � � ��� ���	�,% �P� �R� � �	� 
 �����6�P
 ��� 
6�+% ���P
 ����
�� � � � � � � ����7�P����
�� � �

�1��� 
  ���R� ¬ C @k®+* ��� 
9���� ��
5� �R� � 
 ¬ �k® ���

d

dt
(g, µt) =

K
∑

k=1

k

∫

(A1
kg)(x, y1, . . . , yk−1)µt(dx)µt(dy1) · · ·µt(dyk−1),

¬ �k}k®

� � ���
A1

k : C∞(X) 7→ Csym(Xk)
�
��	� �.��
�#� 
4�?� �

A1
kg(x, y1, . . . , yk−1) = ak(x, y1, . . . , yk−1)g(x)

+ (bk(x, y1, . . . , yk−1),∇g(x)) +
1

2
(ck(x, y1, . . . , yk−1)∇,∇)g(x) + Γk(y1, . . . , yk−1)g(x),

¬ �u�v®
�>�1
���
 ∇ � �(* �! ����=�� 
+*#���1
 ��������� 
�� �9� �P
 ��� � ���=� � ��� ��
R� �P
(� �#�F� ���1
 � ���R� �����L


x ∈ Rd ���	�
�>�1
���


Γk(y1, . . . , yk−1)g(x) =

∫

(g(x+ z)− g(x) − χ(z)(z,∇)g(x))νk(x, y1, . . . , yk−1; dz).

¬ � �u®

� �	� "��� Ak
����
9���	��
�� �5% ¬ C C9® � ���	� �1
��	�
 ¬ �v® �1� �  ���R� ¬ C9�v® "1* ���1
�� A1

k = (1/k!)Bkπ
* �>�1
���


���P
I���  � �	� � ��1
���� � ���
π
� �7���	��
 � �+%

πg(x1, . . . , xk) = g(x1)
�

â�ã&ä½âÖÞ
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���������������� C �

� �	�	� " ���1
 � � ����� �  ���R� �! �
(- �P� � � ��� ¬ �v}u® ) ¬ � �o®  ��� �/
� �R�=��
 � µt
�1��� �	� � ��
��1�R� � � 
R�$� � ��� ��
 � �1
(��� � �

� 
 �
R�$���P
I�/
� �R�=��
+*#� �	
 �&�P�����	� �$ ���R�
µt(dx) = ft(x)dx

� � ��� ����� 

ft ∈ L1(X)

� �

d

dt
ft(x) =

K
∑

k=1

k

∫ [

1

2
(ck(x, y1, . . . , yk−1)∇,∇)ft(x) + ((∇ck − bk)(x, y1, . . . , yk−1),∇ft(x))

+(ak −∇bk +
1

2
(∇,∇ck))(x, y1, . . . , yk−1)ft(x) + Γ∗

k(y1, . . . , yk−1)ft(x)

] k−1
∏

l=1

ft(yl)dyl,

¬ ��@v®
�>�1
���


(∇ck(x, y1, . . . , yk−1))
j =

d
∑

i=1

∂

∂xi
cij(x, y1, . . . , yk−1),

(∇,∇ck)(x, y1, . . . , yk−1) =

d
∑

i,j=1

∂2

∂xi∂xj
cij(x, y1, . . . , yk−1),

����� �>�P
 ��

Γ∗

k(y1, . . . , yk−1)
� � ���1
 ���P��� � �P
 ��� � ��� �F� ���1
9�	� � 
 �������=�1��� � ¬ � �o® �' ¬ �u�v® �

§ Z�l0ZwbexIOa]O9Zc_Mq�[;I£ Oy9lu^��kbr�kO�^Mio£ []KMO�Zw[ca]_sy¡[]_MacO�ik��p8ivZcb�[]b��Yb�[\X�pMa]O9ZcO*a]�Yb�^M�$O*�vikqr_I[cbrik^sZ ¬ }k® �

�� ·Y» � · 	 � ��� �������P� ��


X
���	�

D
����
 ��� �	� ���1
����
 � � ��� � � 
��

A
�
I� �/� � ���	� �3 ����� � ��
��1��


�R�/� � �1��� 

D

�' M(X)
���� �F���	���	� � � �P� �F
 ���� � �	� � � � ���1� �! � �	�����/� 
� �R�=��
 � �F�?���	��
���/��1
���� � ����

�	�
C∞(X)

� � ��� ����� ���	�1�<���� �F���	���	� �
D
� � 
 �#���1
 ���,���L�����' ¬ }k® �
6� ���	��� � � �������	�2% �1���R� � �	��
?���	�

�D
 �
A

�
 ���� � �	�P�P��� � �	� ���1
 ��
��1��
 ���1� �/�  
µn → µ

� 
� ���,%1*
µ, µn ∈ D

���	�
g ∈ D

* ���P
 �
A(µn)g → A(µ)g

�	�
C(X)

�����P
 �
A(µ)

�1���� ���R� ¬ �u® �
	 � � �' �{¦Ma]ikN J%KMO*ivacO9N � � Cmlu^sx []KMOAxIO�<s^Mb�[cbrik^¨iu�y�iv^sxIb�[cbrik^slkq�p1ifZwb�[cbr�Yb�[\X�b�[3��ikqrq�io£�Z0[]Kslo[

A(µ)
KslkZS��ivacN ¬ �u®���iva µ �1O9b�^M� <s^sb�[]O�qrbr^MO9lka�y*ikN$�Mb�^1lo[cbrik^1ZSik� � b�azlky$N0O9lkZc_Ma]O9Z � ¦Mivalua]�Mb�[]a]lkacX

µ = lim µn ∈ D
£�b�[cK

µn
�8O*br^M� <1^Mb�[]O$y*ikN(�sb�^slu[cbrik^sZ�iu� � brazlkyN0O9lvZw_sacO;Z* A(µn)g

y�iv^Y�kO*a]�kO;Z4[ci
lªy*ik^f[cbr^Y_Mik_1Z���_M^sy�[cbrik^ ��ika$lua]�Mb�[]a]lkacX

g ∈ D � J%KMbeZ(xIO�<s^MO;Z�[cKMO�y�iYO G�y�brO*^f[zZ a, b, c, ν br^ ¬ �k®lkZy*ik^f[cbr^Y_Mik_1Z���_M^sy¡[]b�iv^sZ��iva(lua]�Mb�[cazlua]X
µ ∈ D �YX <sazZ\[�psacio�Ybr^M��[cKMO�y*ik^f[cbr^Y_Mb�[\XAiu� a �YX.yzKMiYivZcb�^M�

g = 1
8[cKsO*^m[]KMO0y�ik^f[]b�^Y_Mb�[\X�iu�

ν
�YXªyzKMiYivZcbr^M�

g
[ci��1O0y�iv^sZ\[zlu^f[Sbr^2lk^mikp8O*^.ZwO*[9�lu^1x�[cKMO9^A[]KMO

y*ik^f[cbr^Y_Mb�[\X�iu�
b
�YX�yzKsififZwbr^M�

g
[ci3�8Oq�br^MO9lka%b�^ªlu^�ikp8O*^ªZcO�[ �VYivN0OacO9N0lkac�IZ4lu^sx�O*nIlkN0pMq�O;Z4[ci�[cKsOik�I[zlubr^MO9x�acO;Zw_sq�[zZ�lua]O�br^�ikazxIO*a �

� 
 �/����� � � ¢ [�brZ�y*q�O;lua4[cKslu[�b��&ik^MqrX3[\£4i3y�ikN0p8ik^MO9^f[]Z9YZ]lGX Ai
lu^sx

Aj
sxIi0^Miu[��olu^sbrZcK�br^�[cKMO

N3lkpMpMbr^M� ¬ C;}k®�8lk^sx A brZSy�ik^1xIb�[]b�iv^sluqrqrX�p8ivZcb�[]b��vOk1[cKMO9^mO9lvyzKª^Mik^M¤>�olu^sbrZcKMbr^M��y�ivN�p8ik^sO*^f[ Ai
lu^1x

Aj
brZ4y�iv^sxIb�[cbrik^slkq�qrX�p1ifZwb�[cbr�kO�lkZ)£4O*qrq ¬ []lk�kO εωj

b�^sZw[cO;lkx3ik�
ωj
br^�[cKsOSxIO�<s^Mb�[cbrik^�lk^sx�[cKsO*^�p1lkZ]Z [ci

[]KMO(qrbrN�b�[]Z
ε → 0

lu^sx
ε → ∞ ® ��¢ ^Ay9lkZcO�iu� N0ika]O[cK1lu^�[\£4i�^Mik^M¤>�olu^sbrZcKMbr^M��y�ivN�p8ik^sO*^f[]Z�b�^ª[]KMO�ÐlkN0b�qrX

A
D[]KMO�lk^sluqrik�vik_sZSZ\[zlo[]O*N0O*^f[�brZS�ÐluqeZcO ¬ br^.psluac[cbey�_Mqelua; � ika]ikqrqrlkacX C�y9lu^A^siu[S�8O0O�nY[cO9^sxIO;x[]i

K > 2
® � PSluN0O*qrXkIb�� A beZ�y�iv^sxIb�[cbrik^slkq�qrX3p1ifZwb�[cbr�kOvf[cKMO#	w�1iv_M^sxMlkacX ��ikp8O*azlo[]ikazZ A1

lu^sx
AK
lua]O

ä�ä�É�NPORQRSRT



C�@ �������	��� ����� ���L��������� � ���

y*ik^sxMb�[]b�iv^sluqrq�X0p8ivZcb�[]b��vO�lvZh£4O*qrq ¬ []KMOZclkN�O�lua]�k_MN0O9^v[¡®¡Y�M_I[4[cKsO�br^f[cO9acN0O9xMbrlu[cO�ikp8O*azlo[civa]Z Ak
^MO*O;x

^siu[%[ci3�8OkslvZ�ZwKsio£�Z4lkq�a]O9lvxIX�l0ZwbrN0pMqrOO�nMluN0pMqrO�iu�&[cKMOivp1O9a]lu[cika
A = (A1, A2, A3)

£�b�[]K
Aig(x1, . . . , xi)) = ai(∆g(x1) + · · · + ∆g(xi)), i = 1, 2, 3,

£�b�[cK
a1 = a3 = 1

lu^sx�£�b�[cK
a2
�1O9b�^M��l�ZwN3lkq�q½O9^Mik_s�kKª^MO9�vlo[]b��vO�^f_sN(�8O*a �#� �)y*ik_MazZwOvMb�[�brZ�O9lvZwX[]i0£�acb�[cO�lk^�O*nYpsq�bey�b�[�Zwivq�_M[cbrik^�[ci0O9df_slu[cbrik^ ¬ �f®4br^�[cKMbeZ�y*lvZwO �

� 
 �/����� � � ² O��vlG�kO�ik_Ma0a]O9Zc_Mq�[zZ���iva X = Rd )�M_I[3_sZcb�^s�2qriIy*luqrbDK9lo[]b�iv^ lua]�k_MN0O9^v[zZ ¬ q�br�kObr^ qrb�^sO9lua�y*lvZwOv)ZwO9O > ~�AÖ®[cKMO�Z]luN0O�a]O9Zc_Mq�[zZ$y9lu^´�8O�O;lkZcb�qrX.O�nY[cO9^sxIO9x´[ci2y*q�ifZwO;x´N3lu^Mb���ikqexMZ �A¢ [�brZZcO*O9N0b�^M�vq�X�p1ifZcZcbr�Mq�O�[ci�yzKslka]lvy¡[]O*a]bLK9O�br^�[cKsO$Z]luN0O�£%lGX3[cKMO�y�ivaca]O9Zcp1iv^sxIbr^M�0�1iv_M^sxMlkacX�y�iv^sxIb�[cbrik^sZ
¬ �kO9^MO*azluqrbLK9b�^s��lkqrZci([]KMOqrb�^MO;lua�y9lkZcOS��a]ikNB> ~ A�®¡s[cKMiv_M�kK�[cKsbrZ�beZ�luqra]O9lkxMX3^Miu[�Zci3Z\[]a]lkb��vKv[c��ika]£4lka]x �
� 
 �/������� � H4lvZwbey(y*ik^sxMb�[]b�iv^sZ�iu�hp8ivZcb�[]b��Yb�[\Xªiu� ¬ �1C9®¡ ¬ �k�k®Sy*lk^A�8O0£�acb�[w[]O*^Abr^2lk^2lkq�[]O*a]^slo[]b��vObr^f[cO9�kazluq���ika]N � P�luN0O9q�Xv�[]KMO�p8ivZcb�[]b��Yb�[\X2ik�4N3lu[ca]bry*O9Z ¬ �=C9®brZ(O9df_Mbr�Glkq�O9^f[ ¬ lu[(q�O;lkZw[��ika$�1iv_M^sxIO;xy*ik^f[cbr^Y_Mik_1Zh��_s^sy¡[]b�iv^sZ

c
® []i$[]KMOp8ivZcb�[]b��Yb�[\X�iu��[cKMON3lu[ca]bry*O9Z

K
∑

k=1

k

∫

ck(x, y1, . . . , yk−1)µ(dy1) · · ·µ(dyk−1)
¬ �u~v®

��ivahluqrqM^Miv^I¤¥^MO*�flo[cbr�kO H4ika]O*qIN0O;lkZc_MacO;Z
µ(dy) � � ik^sxIb�[cbrik^1Z ¬ �1C;®� ¬ �v�k® lvy¡[]_sluqrq�X(acO9pMacO;ZwO9^f[)N�iIxIbL<sO;xN$_Mq�[cb�¤¥xIbrN0O*^sZcbrik^slkq�N3lo[]acb�nY¤>�oluqr_MO;x iva�N0O9lvZw_sacO*¤>�oluqr_MO;x �vO*azZwbrik^1Z0iu�[cKsOA_sZc_sluqS^Miu[]b�iv^¨iu�p8ivZcb�¤

[]b��vOAxIO�<s^Mb�[cOm��_s^sy¡[]b�iv^sZ � ¦Mika�b�^1Z\[zlu^sy*Ok�br^ y*lkZcO k = K = 3
lu^sx

d = 1
 ¬ �k~k®3N0O9lk^sZ3[]Kslo[

∫

c3(x, y, z)ω(y)ω(z)dydz
beZhl�^Mik^I¤¥^MO9�vlo[]b��vO%^f_sN(�8O*a)��iva lk^fX$^Mik^M¤>^MO9�vlu[cbr�kO�br^v[]O*�va]lk�Mq�O4��_M^1y¡[cbrik^

ω � J%KMO�_sZc_slkqM^Miu[]b�iv^$ik�Dl�p8ivZcb�[cbr�kO�xIO <1^Mb�[]O���_M^sy�[cbrik^ c3 ¬ lkZ)lS��_M^1y¡[cbrik^3ik�1[]KMO�qelkZw[ [\£ i��olua]brlk�MqrO9Zz®£4ik_sqrx�acO;df_Mb�a]OS[cKMO�Z]luN0O�p1ifZwb�[cbr�Yb�[\X���ika�lkac�Mb�[cazlua]X ¬ ^Mik[�^MO9y*O9Z]ZclkacbrqrX3p1ifZwb�[cbr�kOG®hbr^f[cO9�kazlu�MqrO ω �
� 
 �/������� � § Z3ZwKMio£�Z�g)a]ikp8ivZcb�[cbrik^ C � C�[cKsOmZ\[zlo[cO9N0O*^f[3iu� � ivacivq�qelua]X C�xMifO;Z0^Miu[3KMivqrx ��ikaxMbrZ]y�a]O�[]O

X ��¢ ^�y9lkZcO�ik��y�iv^v[]b�^Y_Miv_sZ4Z\[zlo[cO�Zcpslky*O X iv^MO�y*lu^�Z\[zluac[ ��O9O*qrb�^M�$[cKsO�xIb�ÀDO*a]O*^sy*OS�8O�[\£4O*O9^Zw[ca]bey¡[cqrX¨y�iv^sxIb�[cbrik^slkq�qrX p8ivZcb�[cbr�kO2lk^sx y*ik^sxMb�[]b�iv^sluqrq�X�p8ivZcb�[]b��vOAikp8O*azlo[]ikazZ3ik^sq�X©£�b�[cK
k = 3 � §ZcbrN�psq�OSO�nMluN0pMqrO�ik��l�y�iv^sxIb�[cbrik^slkq�qrX0p1ifZwb�[cbr�kOvv�M_M[ ^Mik[4l(Zw[ca]bey¡[cqrX3y�iv^sxIb�[cbrik^slkq�qrX$p8ivZcb�[cbr�kO�ivp1O9a]lu[civa

a]O*psacO;ZwO9^v[zZ [cKMOivp1O9a]lu[cika�xIO�<s^MO;x�lvZ
A3g(x1, x2, x3) = cos(x2 − x3)∆g(x1) + cos(x1 − x3)∆g(x2) + cos(x1 − x2)∆g(x3).

¬ �k�v®
« dv_1lo[cbrik^ ¬ ��@v®4br^�[]KMbeZ�y*lvZwO�[]lk�kO;Zh[]KMO���ika]N

d

dt
ft(x) = ∆ft(x)

∫

ft(y)ft(z) cos(y − z)dydz. ¬ �1C;®
J%KsO
	w^Miv^Mq�br^MO;lua�xIb�À8_1Zwbrik^�y�iYO G�y*b�O9^v[���beZ�^Mik[�Zw[ca]bey¡[cqrX�p8ivZcb�[cbr�kO�KMO*a]O � PSluN0O*qrXksZcbr^sy�O

∫

f(y)f(z) cos(y − z)dydz =
1

2
(|f̂(1)|2 + |f̂(−1)|2),

£�KsO*a]O
f̂(p)
brZh[cKsO�¦sik_Ma]b�O9a)[]a]lk^sZ\��ivacN iu�

f
f[cKMbeZ O�nIpMa]O9Z]Zwbrik^�xIi$^Miu[4KslG�kO�xMi(�8O�Zw[ca]bry�[cqrX$p8ivZcb�[cbr�kO

��iva3luqrq�^Mik^I¤¥�olu^MbeZcKMb�^s�2^Miv^I¤¥^MO*�flo[cbr�kO
f � M�io£ O9�kO9a9 iv^MOªy*lu^ <s^sx [cKsO�O*nIpMq�bey�b�[�Zwivq�_M[cbrik^ [ci.[cKMO

� lk_syzKYX3pMa]ik�MqrO*N ik� ¬ �1C;®�³

ft =
1√

2πωt

∫

exp

{

− (x− y)2

2ωt

}

f0(y)dy,

â�ã&ä½âÖÞ
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£�b�[cK
ωt = ln(1 + t(|f̂0(1)|2 + |f̂0(−1)|2).J%KsbrZbeZ�O;lkZcb�qrXAiv�I[]lkb�^sO9x.�YX2pslvZcZcbr^M��[ciª[]KMO�¦Miv_Ma]b�O9a[cazlu^sZw��ika]N�ik�%O;df_slo[]b�iv^ ¬ �1C9®�[cKslu[(KslkZ�[cKMO��ivacN

d

dt
f̂t(p) = −1

2
p2(|f̂t(1)|2 + |f̂t(−1)|2)f̂t(p),

lk^sx�£�KsbryzK�brZ�Zcikqr�kO;x3�YX3ik�sZcO*a]�Yb�^M�([cKslu[
ξt = |f̂t(1)|2 + |f̂t(−1)|2 Zcikqr�kO;Z)[]KMO�O9df_slo[]b�iv^ ξ̇t = −ξ2tlk^sx�y�ik^1ZwO;dv_sO*^f[cqrX�O9df_slkqrZ

ξt = (t+ ξ−1
0 )−1 �

� 
 �/������� �(J%KsO*a]O(beZ�l�^slo[]_Mazluq�	wxIO;y�ivN�p8ivZ]lu�sq�O ��y*qrlvZcZSiu� ikp8O*azlo[civa]Z91��ika�£�KMbryzK ¬ �k®Sa]O9xI_1y�O9ZZw[cazlubr�kKf[c��ika]£4lka]xIqrX�[ci2lªq�br^MO;lua�pMa]ik�sq�O9N � PSluN0O*qrXk Zc_MpMp8ivZcO k!Akg = Bkg
+ = (B̃kg)

+ ��iva$lkq�q
k = 1, . . . ,K

£�b�[cKªZcikN0O
B̃k
br^
C∞(X)

[cK1lo[��kO9^MO*azlo[]O�Rmlkac�vio�0pMaciIy*O9Z]ZwO;Z)[]KMO*bra ¬ b � O � B̃k1 = 0
® �J%KsO*^ ¬ �k}v® []lk�kO9Z []KMO���ika]N

d

dt
(g, µt) =

K
∑

k=1

1

(k − 1)!
(B̃kg, µt)‖µt‖(k−1),

£�KsbryzK�brZ�l$qrbr^MO9lka�O9df_slo[]b�iv^�xMO*p8O*^sxIbr^M�0ik^ ‖µt‖ = ‖µ0‖
lvZ%ik^�l�psluazluN0O�[]O*a �¦sika�y�iv^sy�qr_sZcb�iv^2ik� []KMbeZ�ZwO;y¡[]b�iv^2qrO�[�_sZ(xIbrZ]y�_1ZcZ�[]KMO3q�b��Ö[cbr^M�mik� ¬ �v®� ¬ C9�k®�[]i�q�br^MO9lkaO*�vikqr_I[cbrik^sZiv^.[cKMO�N$_Mq�[cb�¤>pslkaw[]bry*q�O�Zw[]lu[cO�Zcpslky*O X £�KMbeyzK´brZik��b�N0p8ikac[]lu^1y�O0��ika�[cKMO�y*ika]acO;Zwp8ik^1xIb�^s��p1luac[cbey�qrOZcXIZ\[]O*N3Z4xIO9Z]y�a]b��sb�^M�([cKMO9b�a 	wpMa]ikpslk�vlo[]b�iv^0iu��yzKslkivZ ��pMacivp1O9aw[\X ��¢ ^��Ðlky�[4O;dv_1lo[cbrik^1Z ¬ �u�v®* ¬ �v}k®)�8O*qrio£lkacO%xIO9acbr�kO;x(br^?>���As��acivN l�Zcy9luqrb�^M��qrb�N0b�[)iu�8[cKMO%N0ikN0O*^f[)N0O9lvZw_sacO;Z�ik�1br^f[cO*azlky�[cbr^M��psluac[cbey�qrO%ZwXIZw[cO*N3Z

br^�[cKMO�ZcpMbracb�[�iu��O � � � > �k� A�iva�> }k� A �¦sika�l?<s^Mb�[cO3Zc_M�sZcO�[
I = i1, . . . , ik

iu�%l�y�ik_s^v[zlu�MqrO0ZwO*[
J
�£ O3xIO9^Miu[]O��YX |I | [cKMO0^Y_MN(�8O*aik�O9q�O9N0O*^f[]Z�b�^

I
;�YX |Ī | b�[]Z&y�ivN0pMq�O9N0O*^f[ J\I G�YX xI

[]KMO y*ikqrq�O;y¡[cbrik^�ik�f[]KMOh�olkacbelu�MqrO9Z
xi1 , . . . , xik

lu^1x
�YX

dxI
[cKsO(N0O9lvZw_Ma]O

dxi1 · · · dxik
� � q�O;lua]q�X�O9lvyzK f ∈ Bsym(X )

beZ�xIO�<s^MO;xª�YX�b�[]Z�y�ivN�p8ik^sO*^f[]Z
fk ik^ Xk Zwi([cKslu[ ��iva x = (x1, . . . , xk) ∈ Xk ⊂ X YZ]lGXkfik^sO�y9lu^�£�a]b�[]O f(x) = f(x1, . . . , xk) =
fk(x1, . . . , xk) ¬ []KMO2_spMp1O9a�br^sxIO*n k lu[ f beZ�ivpI[cbrik^slkqSlk^sx¨beZ�_sZcO9x¨[ci�Zw[ca]O9Z]Z3[]KMOA^Y_MN$�1O9a�ik��olkacbelu�MqrO9Z�br^.lk^2O*nIpMacO;ZcZcbrik^1® � VYbrN0b�qelua^Mik[]lu[cbrik^sZ�lua]O$��ikaN0O9lvZw_Ma]O9Z �(¢ ^ pslkaw[]bry*_Mqelua;1[]KMO3pslkb�a]b�^s��8O�[\£4O*O9^

Csym(X )
lu^1x M(X )

y*lk^��8O£�acb�[w[]O*^ªlkZ

(f, ρ) =

∫

f(x)ρ(dx) = f0ρ0 +

∞
∑

n=1

(x1, . . . , xn)ρ(dx1 · · · dxn),

f ∈ Csym(X ), ρ ∈ M(X ), ¬ �v�k®
Zci3[]Kslo[ ‖ρ‖ = (1, ρ)

��iva
ρ ∈ M+(X ) � J�i�lu^Alkac�sb�[]a]lkacX Y (dx) ∈ M(X)

[]KMO*a]O(y*ika]acO;Zwp8ik^sxsZ�l
N0O;lkZc_MacO

Y ⊗̃ ∈Msym(X )
xIO <s^sO9x��YX�b�[zZ�y�ivN0p1iv^MO*^f[]Z

(Y ⊗̃)n(dx1 · · · dxn) =
1

n!
Y ⊗n(dx1 · · · dxn) =

1

n!
Y (dx1) · · ·Y (dxn). ¬ �k�v®

J�iªO9lvyzK
g ∈ Csym(X )

[cKMO9acO�y�ika]a]O9Zcp1iv^sxMZ�lJ��� ���,% � ���$ �=�	��� � �������
(g, Y ⊗̃)

ik^ M(X) ¬ luqeZwiy9luqrq�O;x3ZwivN0O�[cbrN0O9Zh[cKMOS�kO9^MO*azlo[]b�^M����_s^sy¡[]b�iv^sluq1��ika
g
® � VI_syzK�l��_s^sy¡[]b�iv^sluq8£�b�qrq8�1O�y*luqrqrO9x3l�p8ikqrXY^Miu¤N0beluq�ik^ M(X)

sb��
g ∈ Csym

fin (X )
8b � O � b��)iv^MqrX�l <1^Mb�[]O�^Y_MN(�8O*aSiu��[cKsO$y�ivN0p1iv^MO*^f[]Z�iu� g xIi�^Miu[�olk^MbrZcK �
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�k� �������	��� ����� ���L��������� � ���


�� ·Y» � · 	 � ��� � � " �� µt
��� � � ��� 
 � ¬ C;�k®(*����1
�� νt = (µt)

⊗̃ ∈ Msym(X )
��� � � ��� 
 � ���1
 ���	��
���


(- �P� � � ���

d

dt
νl

t(dx1 · · · dxl) =
l
∑

j=1

K
∑

k=1

Cl
l+k−1

∫

xl+1,...,xl+k−1

(Bj,l+1,...,l+k−1
k )∗νk+l−1

t (dx1 · · · dxl+k−1),

¬ �u�f®�>�1
���

Cl

m

����
 ���1
 � �R�P��� � �	� ��� � ��� �� 
��;� � 
�� � �(*
B∗

k

� �����P
 ���P��� �F�
Bk

���	�
(BI

k)∗νt(dx1 · · · dxm)� 
���1� ���P
���� � � ���,�! 
B∗

k

��� ���1
I� ���R� �����L
R�9� � ��� �	�	��
4� 
R�  �����
I ⊂ {1, . . . ,m} �

� �	� " �� ���1
 
�� ����� � � ��� �' �
νt ∈ Msym(X )

� � � �1
(��� � 
(� �5% ¬ �k�v®(* ���P
 � ���1
 ���P���3
�� ����� � � ��� ���
Csym(X)

� �7���	��
 � �+% ���1
 
(- �P� � � ���

ġ(x1, . . . , xl) = (LBg)(x1, . . . , xl) =
∑

I⊂{1,...,l}

∑

j 6∈I

(Bj,I
|I|+1gĪ)(x1, . . . , xl),

¬ �v}k®

�>�1
���

gI(x1, . . . , xl) = g(xI )

���	�
B

j1,...,jk

k

� 
���P� ���1
 ��� � � ��� �! 
Bk

��� ���P
 � ���R� �����L
 �
j1, . . . , jk

� �R� �P��� � �����=�L���(*
(LBg

1)(x1, . . . , xl) = (Bl(g
1)+)(x1, . . . , xl).

	 � � �' � � �1ZwO9ac�vO�[]Kslo[%[cKsO�Z\[]aciv^M����ika]N iu� ¬ C;�k®4beZ

µ̇t(dx) =
K
∑

k=1

1

(k − 1)!
B∗

k(µt ⊗ · · · ⊗ µt)(dxdy1 · · · dyk−1),

£�KsbryzK�b�N0pMqrbrO9Z ¬ �u�v®4�YX�Zw[cazlubr�kKf[c��ika]£4lka]x0N3lu^sb�pM_sqrlu[cbrik^sZ � ¦Ma]ikN ¬ �u�f®4b�[���ikqrqrio£�Zh[]Kslo[

d

dt
(g, νt) =

∞
∑

l=0

K
∑

k=1

∑

I⊂{1,...,l+k−1},|I|=k−1

∑

j 6∈I

Bj,I
k gĪ(x1, . . . , xl+k−1)νt(dx1 · · · dxl+k−1)

=

∞
∑

m=0

∑

I⊂{1,...,m}

∑

j 6∈I

Bj,I
|I|+1gĪ(x1, . . . , xm)νt(dx1 · · · dxm),

£�KsbryzK�b�N0pMqrbrO9Z ¬ �v}u® �
� ¦sacivN [cKMOxI_slkq�b�[\X��8O�[\£4O*O9^ ¬ �u�v®4lu^1x ¬ �v}u® ik^sO�y*ik^sy*q�_sxMO9Z4[cK1lo[�£�KMO*^sO*�kO9a iv^MO�KslkZ []KMO�£ O9q�qp8ivZcO9xM^MO9Z]Z���iva�[cKMO � lu_syzKYX�pMa]ik�MqrO*N ik�hO9df_slu[cbrik^sZ ¬ �f}u®Slu^sx ¬ C9�f®���ivaZwivN�O�xIO*^1ZwO0Zw_s�sZwp1lky�O;Z�ik�br^Mb�[cbeluqIy�iv^f[cbr^f_sik_sZ���_M^sy�[cbrik^sZ

g
ik^ X lu^sx(b�^Mb�[cbeluqYN0O9lvZw_sacO;Z µ0

ik^
X
Gik^MO4KslvZ½[]KMO4xM_sluqrb�[\Xa]O*qelo[]b�iv^

(gt, µ
⊗̃
0 ) = (g0, µ

⊗̃
t ) ¬ �k�v®

brN0pMqrXfbr^M�´[]KMOAbr^Y�olua]brlk^sy�Oªik�[cKMO.y�ika]a]O9Zcp1iv^sxIbr^M�´Zwpslvy�Omik� 	wlk^sluqrXf[cbey ����_M^sy�[cbrik^slkqrZ�iu�[cKsOm[\XYp1O
(g, Y ⊗̃)

ik^ M(X )
_M^sxIO9a�[cKMO�lky�[cbrik^�ik��[cKsO�ZcO*N0br�ka]ik_Mp

TtF (µ) = F (µt)
ik^

C(M(X)) � ¢ ^N3lk^fX$y*lkZcO9Z&iv^MO�y*lu^�pMa]io�kO [cKslu[ [cKMbeZ)Zcpslky*O%pMacio�YbexIO9Z�l�y�ivacO4��iva�[cKMO%�kO9^MO*azlo[]ika�iu�1[cKMbeZ)ZcO*N0br�ka]ik_Mp½
£�b�[cK�[]KMOa � K � Z � LB

iu� ¬ �f}k®4Zwp8O9y*b���XYbr^M�0[cKsO���ika]N iu�&[cKMO�vO*^MO9a]lu[civa iv^�[]KMbrZ�y�ika]O �

â�ã&ä½âÖÞ



���������	��
������������������
���������������� �1C

� � � 	����´�2�(��	�!���	����±��	������z#
VI_MpMp8ivZcO

X = Rd ��� _MahZw[cazlo[]O*�kX$iu��Zwivq��Ybr^M� ¬ ��@v® £�b�qrqs�8O�[]iq�iYik�$��ika l�<MnIO9x0p8ikbr^f[hiu�½l�N3lupMpsb�^M���a]ikN
ut ∈ C([0, t0], L1(X)

® []i$[]KMO�Zwivq�_M[cbrik^
Ft ∈ C([0, t0], L1(X))

ik��[]KMOqrb�^MO;lua�O;dv_1lo[cbrik^

d

dt
Ft(x) =

K
∑

k=1

k

∫ [

1

2
(ck(x, y1, . . . yk−1)∇,∇)Ft(x) + ((∇ck − bk)(x, y1, . . . , yk−1),∇Ft(x))

+(∇bk − 1

2
(∇,∇ck) + ak)(x, y1, . . . , yk−1)Ft(x) + Γ∗

k(y1, . . . , yk−1)Ft(x)

] k−1
∏

t=1

ut(yl)dyl.

¬ � �u®

�� ·Y» � · 	 � ��
 �������P� ��
 ���P
 �� 
��;� � 
�� � � �' ¬ � �o®/� �  �=�	��� � ���1� �' x �
��L��� � � �

C2(X)
� � ���,���	�

����=�	� �6�
��	� � �=���  ���R� � � ���J� 
R� �P
4��� � �,� ���P
 �?� ���R� �����L
R� � ��
��R�	� � � �	��
R� �! ���P
������ %��/
 ���R�=��
R� �	����1
?�	� � 
 ������� � �P
 ��� � ����
Γk

����
 �F� � 
 � �	� ���1
6� 
� � ��
 �P��
 " � �������P� ��
$ ��� ���/%
t0

���	� ���/%
ut ∈

S0C([0, t0], L
+
1 (X)) � ���1
9�R�/�R��
�� �	� C([0, t0], L

+
1 (X))

�! ? �=��� � � ���P�&�P�����	� �$�>� 
(�
L1

)F�����R� ‖u0‖� �����	� � �	�/
R�0" ���P
 ��
 ���������	� � � �P
 ��� � ��� � ��� ���P
 ��� � �P��� � �F���0"
Ut,s([u])

*
0 ≤ s ≤ t ≤ t0

�F� ���1

� ���/�4� %I� �������L
�� ¬ � �o®��	� L1(X)

� � � 
�� � � 
�� ��
(� ������� 
7����
(��� � 
��,%?�R�����P� ��
 ���1� �
Ut,s([u])

� �����1

 �����	�2%,�' ��P� �R� � �	��� �#%/��� 
R��
��R� �	� � ���	��
���?� �����/
 � �R� 
R�?�	�

L1(X) � �F�.�P����
 � � ��� 
�� �R� 
R� ����
?� �R�P���	�,%
�����=�/
 � ���1� � ���	�

ak
� ���P� ��� �	� ¬ � �o®!" � 
 �P
��	���	� � � � ����� ���,%<���� � �	�P�P��� �R�,% ��� t, s ���	�/��/�(� ���1� �

� � " Ut,t([u])
� � ���P
I��� 
 � � � �#% � �P
 � � �F���� ��� ���	�

t
*

� �	� " ���1
I��
 � �����������,����
�� � � �%
Ut,s([u])Us,r([u]) = Ut,r([u])

�1��� � �� �������	�
t ≥ s ≥ r

*
� �	�	� " ���1
  �=�	��� � ��� gt = Ut,s([u])gs

� 
��L��� ��� �F�
C2(X)

���	� � � ���1
9�=����- �P
�� ����� � � ��� �F� ¬ � �o® � � ������P
I�	��� � � ��� �������� � � ���
gs = g

�>�P
 � 
 ��
 �
g ∈ C2

c (X)
*

� �	��" ���P
9� �P���
 W 2(X)
� � ��� 
R��
 �R��
(�<�5%

Ut,s([u])
�����

‖Us,r([u])g‖W 2(X) ≤ C2(t0)‖g‖X2(X)
¬ ��@v®

�1��� � ��� � ���
C2(t0)

��
F�P
 �����	� � ���P�,% ��� ‖u0‖
�

���1
��  ��� ���/���5��� � � ��� %7� ������
 � � � �	��

f0 ∈W 2(X)∩C2

c (X)
���1
���
 
4��� � � � �3�=����- �P
 ������� 
 � � � �	��


���L��� �R������ ������� � � ���
ft ∈W 2(X) ∩C2(X)

�' ¬ ��@k® � � ��� ���P
9�	�P� � � ��� ����	��� � � ���
f0 � � �	
 � � �#��� � � ��� 
 �¬ ��@k®3 ���?���	� t ≥ 0

�����7����	�	������
 � � � ���
f0

� �
t = 0

" ���������1
 �/� ��� �	� �
f0 7→ ft


4� � 
��	��� �F� �
� � ����� ���2% ���� � �	�P�P��� ����
 � ����� ����� �' � � �������	��
���0" � �P
���� �F���� �	� (W 2(X))+

���1� � ��� 
R��
��R� 
 ���P

L1)F� ���R� �! 

f0
���	� %�� 
 � � �/������� � � ��� � � ���P
 � ���/�(� %�� �������L
�� �! ¬ �k}v®��

	 � � �' � ² O�lkacO�vikbr^M��[ci�ZcKMio£ []Kslo[Sb�^ªy*lvZwO u0 ∈ W 2(X)
[cKsO*a]OO�nIbrZw[]Z�l0_s^Mbrdf_MOI<MnIO9x�p1ivb�^f[

ik��[cKsOªN0lkpMpMbr^M�
ut 7→ Ft = Ut,0([u])u0 � ¦&bra]Zw[3ik�sZcO*a]�kO�[cKslu[�xIb�ÀDO*a]O*^f[]brlu[cbr^M�A[]KMOªZwO9N0b��vaciv_MpbexIO9^v[]b�[\X���ika

Ut,s([u])
iv^MO��kO*[]Z%[]Kslo[

d

ds
Ut,s([u])g = Ut,s([u])L(s)g ¬ �v~v®
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�v� �������	��� ����� ���L��������� � ���

��iva
g ∈W 2(X)

v£�KMO*a]O
L(s)
xIO*^Mik[cO�[]KMO��vO*^MO9a]lu[civa]Z ¬ xMO*p8O*^sxIbr^M�$ik^ u ® lo[)[]b�N0O s ¬ []KMO�ivp1O9a]lu[civa]Ziv^�[]KMOa � K � Z � ik�&O;df_slo[]b�iv^ ¬ � �o®c® �Á�O�[

u0
�8O/<MnIO9x´lk^sx.q�O*[

u1, u2 y�ivb�^sy*brxMO�£�b�[]K u0
lo[[cbrN0O K*O9acimlk^sx �8O*qrik^M��[]iª[cKMO�ZwpMKsO*a]O

S0C([0, t0]), L
+
1 (X)) � � _MO�[ci ¬ �k~v®4ik^MO�KslvZ

Ft([u
1]) − Ft([u

2]) =

∫ t

0

d

ds
Ut,s([u

2])Us,0([u
1])u0 ds

=

∫ t

0

Ut,s([u
2])(L1(s) − L2(s))Us,0([u

1])u0 ds,
¬ �v�v®

£�KsO*a]O
L1(s), L2(s)

xIO*^siu[cO�[cKMO��kO9^MO*azlo[]ikazZlo[�[]b�N0O9Z
s
iu��[]KMO�O;dv_1lo[cbrik^ ¬ � �u®£�b�[cK u1

lk^sx
u2a]O9Zcp8O9y¡[]b��vO*qrX � � qrO9lua]qrX

‖(L1(s) − L2(s))g‖L1(X) ≤ C1‖u1(s) − u2(s)‖L1(X)‖g‖W 2(X)
¬ �PC;®

£�KsO*a]O
C1
xIO*p8O*^sxsZ�ik^ ‖u0‖L1(X)

lu^sx [cKsOm�1iv_M^sxMZ���ika3[]KMOAxIO9acbr�olo[]b��vO9Z3ik��[]KMOAy*ifO�G�y�brO*^f[]Z3ik�
O;df_slo[]b�iv^ ¬ � �o® � � ik^sZcO9df_MO9^v[]q�X ¬ � @k®� ¬ �v�f®¡ ¬ �PC9®4brN0pMq�X�[cKslu[

sup
0≤s≤t

‖Fs([u
1]) − Fs([u

2])‖L1(X) ≤ tC1C2(t0)‖u0‖W 2(X) sup
0≤s≤t

‖u1(s) − u2(s)‖L1(X).
¬ �f�k®

M�O*^sy*O�[]KMO$N3lkpMpMbr^M�
ut
[]i
Ft
b�^A[cKMO�Zw_s�sZwO*[Sik�

S0C([0, t0], L1(X))
ik�I[zlubr^MO9xª�YX?<MnIb�^s�

u0
beZSl

y*ik^f[cazlky�[cbrik^�£�KMO*^MO9�kO9a
tC1C2(t0)‖u0‖W 2(X) < 1. ¬ �f�v®

� iv^sZcO9df_MO*^f[]q�X2ik^MO�iv�I[]lkb�^1Z�lª_M^Mbedf_MO�Zcikqr_I[cbrik^ []i ¬ �v~k®�iv^ [cKMO�b�^f[cO9ac�olkq [0, t1] ��ika�lu^YX t1 ≤ t0Z]lo[]brZw��XYb�^s� ¬ �v�v®¡slk^sx�N0ivacO9io�kO*a
sup

0≤s≤t1

‖us‖W 2(X) ≤ C2(t0)‖u0‖W 2(X).
¬ �k�f®

¢ � t1 < t0
ik^MO.y*lk^ acO9p1O;lo[�[cKMbeZ�pMa]iYy*O9xI_sacO.Z\[zluac[cbr^M� ��a]ikN [cKsO2[]b�N0O

t1
iv�I[]lkb�^sb�^M��l�_s^Mbrdf_MO

y*ik^f[cbr^Y_slo[]b�iv^�ik��[]KMO�Zwivq�_M[cbrik^�[ci�[cKMObr^f[cO9ac�oluq
[t1, t2]

I£�KMO9acO
(t2 − t1)C1(C2(t0))

2‖u0‖W 2(X) < 1. ¬ �Y}k®
§ �vO*Xik�1ZwO9ac�olo[]b�iv^�^Mio£ beZ�[cKslu[)lkZ�[cKMbeZ�^MO9£ Zcikqr_I[cbrik^�lu�vlkb�^$Zwivq��vO9Z ¬ � �k®�ik^MO%Z\[]b�qrqIKslvZ�[]KMO%O9Zw[cbrN3lo[cO¬ �k�v® £�b�[cK t1 a]O*psqrlvy�O9x��fX t2 ¬ b � O � C2

xIi$^siu[%KslG�kO�[ci��1O�a]O*pMqelky*O9x3�YX
C2

2

KMO*a]O;®�Y£�KMbryzK�luqrq�io£�Zh[ci
lu[w[zlubr^�[cKsOh[]b�N0O

t0
�YX�_sZcb�^s��[]KMbrZ&pMa]iIy�O;xI_Ma]O

p
[cbrN�O;Z&£�b�[]K

p
�8O*br^M�S[cKMO%N0br^Mb�N3lkqfbr^f[cO9�kO*a&O�nMy*O*O9xMb�^M�

t0C1(C2(t0))
2‖u0‖W 2(X).J%KsbrZ�y*ikN0pMqrO�[cO;Z4[cKMOpsaciYiu�&iu�&[cKMO�J%KsO*ika]O*N �

² O´lua]OA�kivb�^s�´[ci�b�qrqr_sZ\[]a]lu[cO2[cKMO.�kO9^MO*azluq�a]O9Zc_Mq�[�ik�I[zlubr^MO9x �YX lupMpMqrXYb�^s��b�[�[]i�[]KMO y*lkZcOAik�O;df_slo[]b�iv^sZ4£�b�[]K�l3Zw[ca]bey¡[cqrX�^Miv^I¤¿xIO*�vO*^MO9a]lu[cO�xIb�ÀD_sZcb�iv^�p1luac[�Zc_syzK�[cK1lo[
K
∑

k=1

k

∫

ck(x, y1, . . . , yk−1)µ(dy1) · · ·µ(dyk−1) ≥ ‖µ‖m ¬ �v�v®

��iva�luqrq
x
lu^sx ¬ ^Mik^I¤¥^MO9�vlo[]b��vO;® µ lk^sx�ZwivN�O <MnIO;x�a]O9lkq m �

â�ã&ä½âÖÞ
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�� ·Y» � · 	 � � � �������P� ��
/���	�
ak

������� �'� �	� ¬ �k}u® * ¬ �u�k® * ck ��� � � �� (% ¬ �f�k® ���	� ���1
 �/
� �R�=��
 �
νk

�	�
¬ � �o®$�1��� 
=��
��1�R� � � 
R� � � ��� � 
R� �P
4�����F� � 
 � 
 �$���P
 �/
 ���R�=��
��

νk(x, y1, . . . , yk−1; dz) = ψk(x, y1, . . . , yk−1; z)dz
¬ � �u®

�R�/�(� ���1� �
ψk(x, y1, . . . , yk−1; z) ≤ max

(

C

|z|β1+d
,

C

1 + |z|β2+d

) ¬ � @v®
 ��� ���	�

k, x, z, yj
� � ��� �����/
9����1� � ��� � �

β1 ∈ (0, 2)
*
β2 > 0

*
C > 0

����� � � ���
∫

|y|≤1

sup
|z|≤1

∣

∣

∣

∣

∂ψ

∂x
(x+ z, y)

∣

∣

∣

∣

|y|2 <∞,

∫

|y|≤1

sup
|z|≤1

∣

∣

∣

∣

∂2ψ

∂x2
(x+ z, y)

∣

∣

∣

∣

|y|2 <∞.

�������P� ��
����P� �
b ∈ C3(X)

���	�
c ∈ C4(X)

� � ��� ���	� � ���=�	�����
��	� � �=�P�  ���R� � � ��� � 
R� �P
4�����F� � ���P
 �
�����R� ��� �D
R�������1
�� ���	�����P
 �������� � � ���1� � ����� �1
��	�
 ���P
 ������ ��� �R� ���1�0"/�' ���1
����
�� � ��� ����
���� � � ��� 
(� �
	 � � �' � � �1ZwO9ac�vO7<sazZw[4[]Kslo[�[]KMO�xI_slkq Γ∗

k

[ci0ivp1O9a]lu[cika ¬ � �o®4KslvZ4��ika]N

Γ∗
k(y1, . . . , yk−1)g(x) =

∫

[g(x− z)ψ(x− z, y1, . . . , yk−1; z) − g(x)ψ(x, y1, . . . , yk−1; z)

+ (∇g(x), z)χ(z)ψ(x, y1, . . . , yk−1; z) + g(x)χ(z)(∇xψ(x, y1, . . . , yk−1; z), z)] dz£�KsbryzK�y*lk^��8O£�acb�[w[]O*^�br^�[]KMO���ika]N
∫

(g(x− z) − g(x) − (∇g(x), z))χ(z))ψ(x − z; z) dz

+ g(x)

∫

(ψ(x− z; z) − ψ(x; z) + χ(z)(∇xψ(x; z), z)) dz

+ (∇g(x),
∫

zχ(z)(ψ(x, z) − ψ(x − z, z)) dz) ¬ �v~v®
¬ £�KMO*a]O�£ OivN0b�[c[cO9x�[]KMO�lua]�k_MN0O9^v[zZ y1, . . . , yk−1

iu�&[cKsO���_M^sy¡[]b�iv^
ψ
®�Mb � O � b�[�KslvZ4[cKMO�Z]luN0O���ika]N¬ � �o® pMq�_1Zhl <sazZ\[)iva]xMO*ahxIb�ÀDO*a]O*^f[cbeluqMivp1O9a]lu[civa £�b�[]K3�1iv_M^sxIO;x3y�iYO G�y�brO*^f[zZ ¬ []KMO�qelo[w[]O*a �1O9b�^M��xM_MO�[ciiv_Ma�lkZ]Zw_sN�pM[cbrik^sZ%iv^

ψ
® � J%KMO�£4O*qrq�p1ifZwO;xI^MO9Z]Z4iu�&[cKMO � lk_syzKYX3pMaciv�MqrO*N ��iva�O9df_slo[]b�iv^ ¬ � �u® _M^1xIO*a[]KMO%y�ik^1xIb�[]b�iv^sZ&iu�M[]KMO%J%KMO*ivacO9N°lk^sx�£�b�[cK$�1iv_M^sxIO;x

ψ
£%lkZ&ZwKMio£�^I<sa]Zw[ ZwO9O*N0b�^s�kqrX�br^ > �f� A ��¢ ^?> �v� A>> �k��A&b�[S£%lkZ�ZcKMio£�^�[]Kslo[�b�^ª[]KMbeZSy9lkZcO[cKMO9acO(O�nIbrZw[]ZSl���a]O*O9^���_M^sy¡[]b�iv^

G(t, x, x0; [u])
ik�)O9df_slo[]b�iv^

¬ � �o®�)£�KMbeyzK beZ$y*ik^f[cbr^Y_Mik_sZcqrX xMb�ÀDO*a]O*^f[cbelu�sq�O�b�^ t, x, x0
��ika

t > 0
lk^sx Z]lo[cbeZ$<sO9Z([cKMO � KslkpMN3lu^I¤ESikqrN0ik�vika]io�ªO9df_slo[]b�iv^ �.¢ ^ > �1CRA4[cKMO�Z]luN0O�a]O9Zc_Mq�[$£%lkZ$ik�I[zlubr^MO9x ��iva Γk

�8O*br^M�2l <s^Mb�[cO�Zw_MN ik�
��azlky�[cbrik^slkq�p1io£4O*azZ%iu�&[cKsO(Á�lkpMqrlvy�O�ikp8O*azlo[]ika ¬ Zw[]lk�MqrO�qrlG£�Zz® � H ik[cK�pMa]iYiu�ÐZ4��a]ikNB> �v� A&lu^1x > �1C A�y*lk^
�8O�O;lkZcb�qrX(�vO*^MO9a]lkq�bDK*O;x([]i��kbr�kO%[]KMO�O*nYbeZw[cO*^1y�O�ik��lxMb�ÀDO*a]O*^f[cbelu�sq�O ��a]O*O9^0��_M^sy�[cbrik^3_M^sxMO*a)[]KMO�lk�1io�vO
y*ik^sxMb�[]b�iv^sZ%ik^

ψ � Rªika]O*io�vO*a;vlvZ4[cKMO�Z]luN0O�KMikqexMZ4��iva%[cKMO�xI_1luq�O9df_slu[cbrik^�lu^sx�[cKsO�xI_sluq�O9df_slo[]b�iv^psacO;ZwO9ac�vO9Z%y�iv^sZ\[zlu^f[]Z�b�[���ivq�qrio£�Z4[cK1lo[�[]KMO(Zcikqr_I[cbrik^�iu� ¬ � �k®%pMa]O9ZcO*a]�kO9Z []KMO L1
¤h^MivacN � J%KMbrZ�ZwKMio£�ZO9�kO9acXf[cKsb�^M�$O�nMy�O9pI[ ¬ ��@v®¡I�M_I[%[]KMOSqelo[c[cO9a4O;Z\[]b�N3lu[cO�brZ%Zw[cazlubr�kKf[w��ivac£%luazx ��¢ ^��Ðlky�[9Iik^�[cKMO�ik^sOSKslk^sx�[]KMO%pMa]O9ZcO*a]�Glu[cbrik^�ik�8ZcN0ifik[cKM^sO9Z]Z*obr^$p1luac[cbey�_Mqelua ¬ � @k®�kbrZ&£4O*qrqI�f^sio£�^���ika�^Miv^I¤¿xIO*�vO*^MO9a]lu[cO xMb�ÀD_sZcb�iv^O;df_slo[]b�iv^sZ*�b � O � ��ika ψ = 0 � � ^.[cKsO3iu[cKsO*a�Kslk^sx��[cKMO�ZcO*a]brO9Z�a]O*pMa]O9ZcO*^f[]lu[cbrik^2��ika G(t, x, x0; [u])iv�I[]lkb�^sO9x�b�^,> �v��A½��iva�^Mik^M¤>�olu^sbrZcKMbr^M�

ψ
ZcKMio£�Z [cK1lo[�[cKsOb�^f[cO9�kazluqDikp8O*azlo[]ika

Γ
y*lk^��8O�[ca]O9lu[cO9x�lkZ�l

ZcN3luqrq�p1O9aw[]_Ma]�slo[]b�iv^�[]Kslo[�xIiYO;Z%^Miu[�luÀ8O;y¡[%[cKMO�olkq�bexIb�[\X�iu� ¬ ��@k® �
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�  �$#�	%��
�'h#������ ��#&
����*	��½��� � �M!����.�����������

� _sa��slvZwbey�N0iIxIO*q&iu�)br^f[cO9a]lvy¡[cbr^M��Z\[zlu�MqrO�j\_MN0pI¤¿xIb�À8_sZcbrik^sZ�beZSxIO�<s^MO;xm�YX X = Rd lu^sx K = 2
b�^

¬ �v® ika ¬ C9�k®%y*ik^M^sO9y¡[]O9x�[cKsaciv_M�kK ¬ C C9®¡slk^sx��fX B1, B2
�kbr�kO*^��YX

(B1f)(x) = −σ(x)|∆|α/2f(x), f ∈ C2
c (X), ¬ }k�v®

(B2f)(x, y) = V (x, y)
∂f

∂x
(x, y) + V (y, x)

∂f

∂y
(x, y)

+

∫

(f(x+ x1, y + y1) − f(x, y))ψ̃(x, y;x1, y1)dx1dy1, f ∈ C2
c (X2), ¬ }=C;®

£�KsO*a]O
V, σ, ψ

lua]O��kbr�kO9^���_M^sy�[cbrik^sZS£�b�[]K
ψ
�8O*br^M��ZcXYN0N�O*[ca]bry�£�b�[]KAa]O9Zcp1O;y¡[�[]i�[cKsO(p8O*a]N(_I[zlo[cbrik^

ik�)O*b�[cKMO9a
x, y
ika
x1, y1

�lu^sx�[]KMO$br^sxIO*nªiu�hZw[]lu�sb�qrb�[\X
α
beZSl <snYO;xª^Y_MN(�8O*a�br^ª[cKMO�br^v[]O*a]�oluq ¬ Ck½�k®

¬ £ O3xIi�^Mik[y*ik^sZcbexIO*a�KMO9acO$[cKMO3br^sxIbey�O;Z α ≤ 1
�lkZS[cKsO$[]O9yzKM^sbrdf_MO3lupspMq�brO9x2�8O*qrio£ £4ik_Mqexma]O9df_MbracO

l�N�iIxIbL<1y9lo[cbrik^ªbr^ª[]KMbrZ�y*lvZwOG® � J%KMO <sazZ\[ ¬ acO;Zwp8O9y�[cbr�kO9q�X�[cKMO�ZwO;y�iv^sxs®%pslkaw[Siu� ¬ }=C9®�Z\[zlu^sxMZ���ika�[cKMOp8iu[]O*^f[cbeluq ¬ acO;Zwp8O9y�[cbr�kO9q�X3[]KMO%j\_MN0p�[\XYp1OG®4b�^f[cO9a]lvy¡[]b�iv^ �
� 
 �/����� ��J%KMO�y9lkZcO

α = 2
y�ivaca]O9Zcp8ik^sxMZ []i3[cKMO$Z\[zlu^sxMlka]x�xIb�À8_1Zwbrik^sZSlu^sx�beZ�ivN�b�[w[]O9x�s[cKMiv_M�kK

lkq�q a]O9Zc_Mq�[]Z��8O*qrio£±lkacO3Zw[cbrq�q)�olkq�bexm��iva
α = 2 �0¢ ^ psluac[cbey�_sqrlka9�br^´y*lkZcO α = 2


σ = 1


ψ = 0

[cKsO
y*ika]acO;Zwp8ik^1xIb�^s��Rmlua]�kio��N0iIxIO*qIik�sb�^f[]O*azlky¡[]b�^s�Spslkaw[]bry*q�O;Z�beZ��kbr�kO9^��YX�[cKMO�ZcXIZ\[]O*N{iu� ¢ [ci � Z&O9df_slu[cbrik^sZ

dXi = dWi +
∑

j

V (Xi, Xj)dt, i = 1, 2, · · ·

« dv_1lo[cbrik^1Z ¬ �k}k®%lu^sx ¬ ��@k® ��ika��vO*^MO9a]lu[civa]Z ¬ }k�k®� ¬ }=CG® []lu�vO���ivacN
d

dt
(g, µt) = −(σ(x)|∆|α/2g, µt) +

∫

(V (x, y),∇g(x))µt(dx)µt(dy)

+

∫

(g(x+ z) − g(x))ψ(x, y; z)dzµt(dx)µt(dy)
¬ }k�k®

lk^sx
d

dt
ft(x) = −|∆|α/2(σ(x)ft(x)) −

∫

[(V (x, y),∇)ft(x)ft(y) + divxV (x, y)ft(x)ft(y)]dy,

+

∫

(ft(x− z)ψ(x− z, y; z)− ft(x)ψ(x, y; z))ft(y)dydz
¬ }u�v®

a]O9Zcp8O9y¡[]b��vO*qrXkI£�KMO9acO

divxV (x, y) =

d
∑

i=1

∂Vi

∂xi
(x, y), ψ(x, y; z) =

∫

ψ̃(x, y; z, w)dw,

Vi
lu^1x

xi
�8O*br^M�1½iu� y*ik_MazZcOkD[cKsO0y*iYikazxIb�^1lo[cO;Z�ik�)[cKsO��vO9y�[cikazZ

V
lk^sx

x �$¢ [beZ�p1ifZcZcb��sq�O$[ci��kO*[�l£4O*qrq p8ivZcO9xI^MO;ZcZ�ik� ¬ }k�k®�lkZlªy*ik^sZcO9df_MO9^sy�O�iu��J%KMO*ivacO9NU� � C � M�io£ O9�kO9a9�£4O3lkZ]Zw_MN0O;xAKMO9acO0[]Kslo[
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σ(x)
brZ�^Miu[�loÀDO9y¡[]O9x©�YX©b�^f[]O*azlky¡[]b�iv^½%£�KMbeyzK £ iv_Mqex©q�O;lkx�[ci��1O*[w[cO9a�a]O9Zc_Mq�[]Z ¬ lua]�Mb�[cazlua]X�br^Mb�[cbeluqy*ik^sxMb�[]b�iv^sZ]®�M[]Kslu^ª[]KMivZcO�iv�I[]lkb�^MO;x�[cKMa]ik_s�kKmJ%KMO9ika]O*N � � C ��§ ZSl3pMa]O*qrb�N0br^slua]X�Zw[cO9pª£ O(^MO*O;x�[cKMO�1lkZcbry�pMa]ikp8O*ac[cbrO9Z4iu�&[cKsO�y�ika]a]O9Zcp1iv^sxIbr^M�(qrb�^sO9lua�psaciv�Mq�O9N �kbr�kO9^��YX3[]KMO���ikqrqrio£�b�^M�$[cKsO*ika]O*N [cKslu[�brZ

ik��br^sxIO9p1O9^sxIO*^f[�br^f[cO9acO;Z\[ �

�� ·Y» � · 	 �>��
 �������P� ��


α ∈ (1, 2)
*
σ(x)

*
At(x) � ��
R� �P
(� � �	� 
��,% Bt(x)

*
φt(x)

" ����
 ���� � �	��� )
��� �R�,% ��� � 
 ��
�� � � �����L
 � ��
 � �P
(� � �	��
 �,%;���� � �	�P�P��� �0"= �=��� � � ���P� �' 

x
� � ���

σ, φ
*6�
 �	� � ������)F��
 � � � �	� 


���	�
At, Bt, φt

��
F�P
 �����	� � ���� � �	�P�P��� �R�,% � �	�. ������*��/
 ���R�=�������,% � �?
�������� � �1
���
!" ���
t ≥ 0

*����	�
�R�/�(� ���1� �

sup
t≤t0

max(σ(x), σ−1(x), |∇σ(x)|, |At(x)|, |∇At(x)|, |Bt(x)|, φt(x, z)(1 + |z|β+d)) ≤ C0(t0)

¬ }o�f® ���������/
9����P� � ��� � �
β ∈ (0, 2)

*
C0(t0) > 0

���	�?���	�
x, z

�����P
 �
� � " ���1
 
(- �P� � � ���

d

dt
Gt(x) = −σ(x)|∆|α/2Gt(x) − (At(x),∇Gt(x)) +Bt(x)Gt(x)

+

∫

(Gt(x+ z) −Gt(x))φt(x, z) dz
¬ }k}k®

�1��� ��� ��

 �  �=�	��� � ���
G(t, s, x, y)

*
t0 ≥ t ≥ s ≥ 0

*�� �	
 � � � �/������� � � ���;� � ��� ���P
 �	�P� � � ���
����	��� � � ���

G(s, s, x, y) = δ(x− y)
*#�R�/�(� ���P� �

G(t, s, x, y) = Sα(t, s, x− y)(1 +O(1) min(1, |x− y|) + O(t1/α))

+O(t)(1 + |x− y|d+min(α,β))−1, ¬ }u�v®
�>�1
���


O(1), O(t1/α)
� 
 �P
��	� ���P�,% ���

t0
*
C0(t0)

*

Sα(t, s, x− y) = (2π)−d

∫

exp

{

−tσ(y)|p|α + i(p, x,−y −
∫ t

s

Ar(y)dr)

}

dp ¬ } �u®

� � � ��� �  �F
(� � � ��� �L
:��
��1�R� �% � � � ��� ���1
 �	����
4�
α
���	� ���1
 �=���  ���R� � �P
4��� ����� � 
����=� 
 " ���	�

�>�1
���
 ���P
I�D� � ���F
 �R� �	� ¬ }u�v® ���� � 
 ��� � � � 
(� �>�P
 � 
 ��
��
β ≥ α �

� �	� " G(t, s, x, y)
� � 
 ��
�� %8�>�1
���
������/)F� 
 � � � �	��
 ���	� ��� � � ��� 
 �#���P
 � �P� � � ���/) � �����/� � ��������� 
4-��P�8)

� � ���
�
�/��� 
 ��� 
��(* �	�7���� 


Bt = 0
��� 
$�P� � ∫

G(t, s, x, y)dy = 1
 ��� ���	�

x
���	�

t > s �

� �	�	� " G(t, s, x, y)
� �9���� � �	���P��� �R�,% ��� �7
���
�� � � �����L
��	�

t, s, x, y
�>�1
���
���
 �

t > s
�����

∣

∣

∣

∣

∂G

∂x
(t, s, x, y)

∣

∣

∣

∣

= O((t− s)−1/α)G(t, s, x, y) ¬ }�@v®

�=�P�  ���R���,%  ���
0 ≤ s < t ≤ t0

*
x, y ∈ Rd �
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�k� �������	��� ����� ���L��������� � ���

� �	��"  ��� ���/% Gs ∈ C∞(X)
���1
���
 
�� � � � � � �=�P��-��P
 � ���L� ��R������ " ������� � � ��� Gt

�	�
C∞(X)

�F�����1

� ���/�(� % ��� �����L
 � �! /
(-��P� � � ��� ¬ }k}u® � � �	
 � � ���� � �	�P�P��� � � ���� �	� �

t → Gt ∈ C∞(X)
���P� �

��������
R� ¬ }k}v®  ��� t > s
����� ����	��� ��� 
R� � � ���

Gs
� �
t = s

"
�
�/����
����
��

Gt ∈ C1(X)
 ��� ���	�

t > s
� � ���

‖Gt‖C1(X) = O(t− s)−1/α‖Gs‖C(X);
����� �  �*

σ,A,Bt, φt ∈ Ck(X)
*
k > 0

*����P
 �/� ��� �	� �
Gs 7→ Gt

� � �.����=�	� 
(� � �P
 ��� � �����	�
Ck(X)

�=�P�  ���R���,%  ���
t ∈ [0, t0]

�
	 � � �' � ¢ ^(y*lvZwO Bt(x) = 0

lu^sx
At(x) = A(x)

�8O*br^M��[]b�N0Ohbr^sxIO9p1O9^sxIO9^v[&[cKsbrZ�acO;Zw_sq�[&brZ�ik�I[zlubr^MO9x
br^ > �v��A ¬ [cKMOSO�nIbrZw[cO9^sy�OSiu��[]KMO ��a]O*O9^3��_M^sy�[cbrik^�b�^�y9lkZcO ψ = 0

�1O9b�^s�(pMa]O*�Ybrik_sZcq�X�ik�M[]lubr^MO;x3b�^�> �PCRA�® �
¢ [�a]O*N3lubr^sZ�[ci�ik�sZcO*a]�kO[]Kslo[�[]KMO$psaciYiu�h��acivN > �v� A��vO*^MO9a]lkq�bDK*O;ZSZw[cazlubr�kKf[c��ika]£4lka]xIqrX3[]i�[]KMO0pMacO;ZwO9^f[
^sik^I¤¥KMikN0iv�kO*^sO*ik_1Z Zcb�[]_slo[]b�iv^ �
� 
 �/����� � ¢ ^ > �v��A�iv^MOy*lk^ <s^1x�lkqrZci�[\£ ik¤¥ZcbexIO9x�O9Zw[cbrN0lu[cO;Z%��ika%[]KMO ��acO9O*^���_M^sy�[cbrik^ ¬ }k�k® �

� » � » ���Ð�I� ¸ ��� �	��
������1
/�����=�7� � � ���P� �! ���1
��� 
 � � ��� ���P
 � ���� �	� �
Gs 7→ Gt


4� � 
��	����� � � � "���1
 ����=����
(�/���	� 
���9�/� ��� �	� � M(X) 7→ M(X)
���1� � � � ����� � ���� � �	���P��� ���	� ���1
 ∗ ) � 
� � � ��1���L����%���	��� � �R�/�(� ���P� � � � � �	� � � 
 ���2� �8% � �1���7����
��1�R� �#% � � � ��� ��
 � �1
(�����F� � 
��
 � ���P
 �/
� �R�=��
!" ���1� �;������� 
 �
(-��P� � � ��� ¬ }v}k®  ��� t > s �

����� �F� � �	� "����1
 ����=�	��
(�����	��
��� �/� ��� �	� �
(C1

∞(X))∗ 7→ (C1
∞(X))∗���1� � � ����� ���<���� � �	���P��� ���	� ���1
 ∗ ) � 
� � � ��1���L����% �

	 � � �' � ¦sikqrq�io£�Z ��a]ikN J%KsO*ika]O*N � � C ¬ b��M®%lk^sx�[]KMO�xI_slkq�b�[\X�lkac�v_MN0O*^f[]Z �J%KMO��slvZwbey�pMa]ikp8O*ac[cbrO9ZSiu�h[cKMO0Zwivq�_M[cbrik^m[]i�[]KMO � lk_syzKYX�pMaciv�MqrO*N iu�hO;df_slo[]b�iv^sZ ¬ }k�u®* ¬ }k�v®Slua]Oy*ikqrq�O;y¡[]O9x�b�^�[cKsO���ikqrq�io£�br^M�$[cKMO9ika]O*N �

�� ·Y» � · 	 �>� � �������P� ��


α ∈ (1, 2)
*
σ(x)

� � � �1���R� � �	��
� �=��� � � ��� �R�/�(� ���P� �
σ−1 � �.����=�	��
(�8*

σ ∈ C1(X)
*
V ∈ C1(X

" � �/�  �=�	��� � ���J�! ���P
 �#�� � �����R� �����L
<� � ��� ����=�	� �=� 
��	� � �=�P�  ���R� � � ���
� 
R� �P
4�����F� ���1
I��
(� ���	�?����
+* ����� � ���� � �	�P�P��� �  �=��� � � ���

ψ

������8% � ���1
 ����=�	�

ψ(x, y; z) ≤ C

1 + |z|β+d
¬ }u~v®

 ��� ���	�
x, z, y

� � ��� �����/
9����P� � ��� � �
β ∈ (0, 2)

*
C > 0

�����P
 � ���P
� ���	�L�8� �	� � �1��� � � �
� � " � ��� ���5��� � ����� %I�����/)F� 
 � � � �	��
 f0 ∈ C∞∩L1(X)

���P
 ��
�
4��� � � �7�I�=����- �P
7�����/)F��
 � � � �	� 
$���L� ��R������
������� � � ���

ft ∈ C∞ ∩ L1(X) ∩ C1(X)
�! ���1
 � ���/�(� % � �������L
�� �F� ¬ }u�v® � � �	
 � t 7→ ft

� �/�
���� � �	�P�P��� �  �=��� � � ���

R+ 7→ C∞(X)
���P� � � � � � ��� 
R� ¬ }u�f®  ��� t > 0

" �
� �	� " ���1
7�/� ��� �	� � f0 7→ ft


�� �F
 ��� � � �9�9� � ����� ���,% � ��� � �	�P�P��� � ��
 � ����������� �! � ���������	��
���0" ���� � �	��)�P��� �I� �����/
�� �R� 
 � �! 
L+

1 (X) � � �	
 � (t, f0) 7→ ft
� ���.���� � �	�P�P��� �9� ������	� � �! ��� � � ���R� �����L
 �

� � ���
f0

���	�
ft

� ���1�R����
���
(� �	� ���1
��7�������(��� ��1���L����%?�' 
L1(X)

" �
� �	�	� " ���P
��/� � ���	� � f0 7→ ft


4� �F
��	� � �F� �,��
�������������� �! �8� �����=� ��� ���� � �	���P��� � � �	� ���P
 � ���R�
� ��1���L� � %(" � �����/
�� �R� 
 �

µ0 7→ µt
�	� M+(X)

�R�/�(� ���P� � ¬ }k�k®9�1��� � �3 ��� ����% g ∈ C2(X) ∩
C∞(X)

����� ���1
I�/
� �R�=��

µt

�1� � � ��
��1�R� �#%
ft ∈ L+

1 (X) ∩ C∞(X)
 �������	�

t > 0
�

â�ã&ä½âÖÞ



���������	��
������������������
���������������� � �

� �	��" �	�P
 �/� � ���	� � µ0 7→ µt
� �?�	� �#�P� �F
��,% ��� �7
���
�� � � �����L
 � � ��� ��
 � �1
(��� � �

µ0
���	�  ��� 
 ���4�

k���P
 � �������
(� " � 
����=� 
 δkµt

δµk
0

(x1, . . . , xk;µ0)
� �9� 
 �	� ��
�#� 
(�1* � ���=�P�  ���R� �,% ����=�	� 
(�  ���

µ0 ����� ����% ����=����
(� ��
 � ���	� � �.���� � �	���P��� �R�,% ��� �7
���
�� � � �����L
 �	�
x1, . . . , xk

�'������
����
 �(* �  
σ(x)

*
V (x, y)

*
ψ(x, y; z)(1 + |z|β+d)

�
 �L��� � � �
C2(X)

� ���& �=��� � � ��� �! 
x
�=�P�  ���R���2% � � ���

��
 � �P
(� � �F��� ���P
 �?� ���R� �����L
R�(* ���1
�� 
���(� � 
����=� 
 δkµt

δµk
0

(x1, . . . , xk;µ0)
��
F�1
��	��� �#� ��� �	� 
 �

���� � �	�P�P��� �R�,%���� �7
���
�� � � �����L
����
x1, . . . , xk

�	� ���P

�F� �P���L� ��%��! ���1
 �7�������(�/� �P���

(C2(X))∗

�
�R� �1��� � �����=�L���(*

∥

∥

∥

∥

∇2

(

g,
δ2µt

δµ2
0

)∥

∥

∥

∥

≤ ‖g‖C2(X)C(t, ‖µ0‖)
� � ���,�����/
6����P� � ��� �

C(t, ‖µ0‖)
 ��� ���	���#� � � �	� 
 � � ��� � �	�P�P��� ��2% ��� �7
���
 � � � ��� �D
  �=��� � � ���P�

g
�

� ��" � �	� 
 � ���1
�� ��R�=�3� � � ���1�I�! � �	�'" ���1
9�/� � ���	� � f0 7→ ft

4� � 
��	��� �F� � ��
��������������J�! � � ����� � � �

���� � �	�P�P��� � � �	� ���P
I� ���R� �F� �P���D����%(" �/� ��� �	� ���
µ0 7→ µt

�	�
(C1(X))∗

�R�/�(� ���P� �
‖µt‖M(X) ≤ C(t)t−1/α‖µ0‖(C1(X))∗ .

� 
 �/����� � § Z&beZ�O;lkZcb�qrX�ZcO*O9^½G[cKsO lu�8io�kOhN0lkpMpMbr^M� t 7→ µt
beZ�^siu[&y*ik^f[cbr^Y_Mik_1Z½br^ M+(X) ¬ _s^Mq�br�kOb�[]Z�a]O9Zw[ca]bry�[cbrik^ª[]i

L1(X)
®�b�^2[cKsO$^MivacN []ikp8ikqrik�kXªlvZSl���_M^sy�[cbrik^.iu�

t
lu[
t = 0

��ivalua]�Mb�[]a]lkacX
µ0£�KsbryzKªbeZ�^siu[�lk�sZcikqr_I[cO9q�X�y�iv^v[]b�^Y_Miv_sZ�£�b�[cKma]O9Zcp8O9y¡[S[ci�Á�O*�8O9Zc�k_MO$N0O9lkZc_Ma]O � M�O*^sy*O�[cKsO(^MO;y�O9Z]Zcb�[\X[]i0£ ivac�3br^�[cKMO£4O9lk�3[civp1ivq�iv�kX3iu�

M(X)
M£�KMbeyzK�£�brq�q��1OO*nYpsq�ivb�[]O9x�b�^�[cKsO^MO�nY[�J%KMO9ika]O*N �

	 � � �' � � _sa%Zw[cazlo[]O*�vX3b�^�xIO9lkq�br^M��£�b�[]K�O9df_slo[]b�iv^ ¬ }u�v® beZ4[cKMO�Z]luN0O�lkZ%br^�[]KMO�pMa]O*�Yb�iv_sZ%ZwO;y¡[]b�iv^lk^sx�brZ)�slkZcO9x$ik^�[cKsO�ik�sZcO*a]�olo[]b�iv^�[cK1lo[hlZcikqr_I[cbrik^�[ci�[]KMbeZ O9df_slu[cbrik^0brZ l <snYO;x�p1ivb�^f[hik�Dl�N3lupMpsb�^M�
ut 7→ Ft

M£�KMO*a]O���ika
ut ∈ C([0, t0],M+(X))

[cKMO���_s^sy¡[]b�iv^
Ft
Zwivq��vO9Z [cKMOO;df_slo[]b�iv^

d

dt
Ft(x) = −|∆|α/2(σ(x)Ft(x)) − (Vt(x, [u]),∇Ft(x)) − divVt(x, [u])Ft(x)

+

∫

(Ft(x− z)ψt(x− z, z, [u])− Ft(x)ψt(x, z, [u]))) dz
¬ �k�v®

£�b�[cK�[]KMOb�^sb�[]brlkq�xMlo[zl
F0 = u0

I£�KMO*a]O

Vt(x, [u]) =

∫

V (x, y)ut(dy), ψt(x, z, [u]) =

∫

ψ(x, y; z)ut(dy).

¢ ^ iva]xIO9a�[ciªZwivq��vO�[cKMbeZ�O9df_slu[cbrik^._sZwbr^M�mJ%KMO9ika]O*N � � C0£4O0yzK1lu^M�vO$[]KMO3_M^M�Y^Mio£�^2��_M^sy�[cbrik^ Ft
[ci

Gt(x) = σ(x)Ft(x)
q�O;lkxIbr^M��[ci�[cKsOO9df_slo[]b�iv^

d

dt
Gt(x) = −σ(x)|∆|α/2Gt(x) − (Vt(x, [u]),∇Gt(x))

+ [(Vt(x, [u]),∇ ln σ(x)) − divVt(x, [u])]Gt(x)

+

∫

(σ(x)σ−1(x − z)Gt(x− z)ψt(x− z, z, [u])−Gt(x)ψt(x, z, [u]))dzdy.
¬ �1C;®
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��@ �������	��� ����� ���L��������� � ���

§ pMpMqrXYb�^M� J%KMO*ivacO9N � � C�[ci O;df_slo[]b�iv^ ¬ �1C9®3XfbrO*qexMZ�l´Zwivq�_I[]b�iv^ Ft = U(t, s)Fs
[]i´[cKsO � lu_syzKYXpsaciv�Mq�O9N iu�&O9df_slu[cbrik^ ¬ �k�f® b�^�[cKsO���ika]N

Ft(x) =

∫

σ−1(x)G(t, s, x, y; [u])σ(y)Fs(dy),

£�KsbryzK0beZ _M^Mbedf_MO%��ika
Fs
�1O9b�^M����a]ikN

C∞(X)
lk^sx�£�KMO*a]O

G(t, s, x, y; [u])
beZ�[cKMO ��acO9O*^$��_M^sy¡[]b�iv^3iu�

O;df_slo[]b�iv^ ¬ �1C;® �&§ Z)beZ)luqeZciS[]KMO�y*lvZwO�br^3J%KMO*ivacO9N � � C�O9df_slu[cbrik^ ¬ �v�v®&beZ)xI_slkqI[ci�lZcb�N0brqrlka)O9df_slu[cbrik^½�s_I[h£�KMbeyzK3_M^Mqrb��vO ¬ �v�k®�pMa]O9ZcO*a]�kO;Z y�iv^sZ\[zlu^f[]Z � M�O*^1y�O�[]KMO��ÐluN0brq�X�iu�D[]KMO�ikp8O*azlo[]ikazZ U(t, s)
O�nY[cO9^sxMZ

[]i l Zw[ca]ik^M�vq�X�y*ik^f[cbr^Y_Mik_1Z�ZwO9N0b��vaciv_MpsZ0iu�beZwivN0O�[ca]brO9Z3br^
L+

1 (X)
lu^sx M+(X)

�£�KMO9acOmZw[ca]ik^M�
y*ik^f[cbr^Y_Mb�[\Xmb�^ y*lvZwO M(X)

beZ�_M^sxMO*azZ\[]ifiIx2b�^.[]KMO3ZwO9^sZwO0ik� []KMO0£ O;lu�ª[]ikp8ikqrik�kXªik� M(X) � J%KMO�vO*X�psacivp1O9aw[\X3ik��[]KMbrZ�ZcO*N0br�ka]ik_Mp���ikqrqrio£�Zh��a]ikN ¬ }�@f®¡³ Ft ∈W 1(X)
lu^1x

‖Ft‖W 1(X) ≤ C1(t0)(t− s)−1/α‖Fs‖M(X)
¬ �v�k®

£�KsO*^MO9�kO*a
t > s

lu^sx
Fs ∈ M(X) �

² O(ZcKsluqrq���ikqrqrio£ ^Mio£¯[cKMO�Z]luN0Oqrb�^sOiu�)lua]�k_MN0O9^v[�lvZ%b�^mJ%KMO9ika]O*N � � C��M_M[�£�b�[]K u0
�8O*br^M��lk^

lkac�sb�[]a]lkacX0O*qrO*N0O9^v[�ik�
L+

1 (X)
iva M+(X) � ¢ ^1Z\[]O9lkx�iu� ¬ �PC9®4iv^MOKslkZ

‖(L1(s) − L2(s))g‖L1(X) ≤ C1‖u1(s) − u2(s)‖M(X)‖g‖W1(X).
¬ �k�v®

� iv^sZcO9df_MO*^f[]q�Xv ¬ �v�v®¡ ¬ �v�u®� ¬ �v�k®4XYb�O9qrx

sup
0<s≤t

‖Fs([u
1]) − Fs([u

2])‖L1(X) ≤ t1−1/αC1C2(t0)‖u0‖M(X) sup
0<s≤t

‖u1(s) − u2(s)‖L1(X).

¬ �u�f®
M�O*^sy*O�[]KMO�N3lupMpMbr^M�

ut
[]i
Ft
br^�[]KMOZw_s�sZwO*[4ik�

S0C([0, t0],M+(X))
iv�I[]lkb�^sO9x��YX <MnIbr^M�

u0
beZ4l

y*ik^f[cazlky�[cbrik^�£�KMO*^MO9�kO9a
t1−1/αC1C2(t0)‖u0‖M(X) < 1. ¬ �f}k®

� iv^sZcO9df_MO*^f[]q�X�iv^MOik�M[]lubr^sZ�l3Zcikqr_I[]b�iv^�[]i ¬ }k�k®%ik^�[]KMOb�^f[]O*a]�Glkq [0, t1] ��ikaSlu^YX t1 ≤ t0
Z]lo[]brZw��XYb�^s�

¬ �v}u®��£�KsbryzK´beZ_M^Mbedf_MO3��iva u0 ∈ C∞(X) ��¢ � t1 < t0
ik^MO�y*lu^ a]O*p8O9lu[[cKMbeZpMa]iIy�O9xM_MacO�Zw[]lkaw[]b�^s�

��a]ikN [cKMO([cbrN0O
t1
ik�M[]lubr^Mbr^M��l3_M^sbrdf_MO(y*ik^f[cbr^Y_slo[]b�iv^�iu��[cKMO$Zwivq�_I[]b�iv^�[ci3[]KMO�br^v[]O*a]�oluq

[0, t2]
£�b�[cK

t2 − t1
Z]lo[cbeZw��Xfbr^M� ¬ �v}k®�MO�[zy �Á�O�[�_sZ�ZwKMio£ [cKsOmacO;df_Mb�a]O9x�y�iv^f[cbr^f_sb�[\X pMacivp1O9aw[]b�O;Z0iu��[cKsOmy�ik^1Z\[]ac_sy�[cO;x�Zcikqr_I[]b�iv^ � VY_spMp1ifZwO

u1(t), u2(t)
lua]O�[cKMO�<MnIO;x�p8ikbr^f[]Z%[]i

ut 7→ Ft
¬ b � O � []KMO�y�iv^sZ\[]ac_1y¡[cO;x�Zcikqr_I[]b�iv^sZ [ci3O9df_slu[cbrik^ ¬ }k�k®c®£�b�[cK3xIb�ÀDO*a]O*^f[)b�^sb�[]brlkqI�Glkq�_sO9Z

u1
0, u

2
0 ∈ M(X)

�8iu[cK3Z]lo[]brZw��XYb�^M� ¬ �v}k® � Á½O*[ U i(t, s), i = 1, 2
kxIO9^Miu[]O

[]KMO�y�ivaca]O9Zcp8ik^sxIbr^M�$pMacivpslu�flo[]ikazZ)[]i ¬ �k�k® � J%KMO9^

u1(t) − u2(t) = U1(t, 0)u1
0 − U2(t, 0)u2

0 = (U1(t, 0) − U2(t, 0))u1
0 + U2(t, 0)(u1

0 − u2
0)

=

∫

U2(t, s)(L1
s − L2

s)U
1(s, 0)u1

0 ds+ U2(t, 0)(u1
0 − u2

0).
¬ �k�v®

� iv^sZcO9df_MO*^f[]q�X

sup
0≤s≤t

‖u1(s) − u2(s)‖M(X) ≤ ω sup
0≤s≤t

‖u1(s) − u2(s)‖M(X) + ‖u1
0 − u2

0‖M(X)

â�ã&ä½âÖÞ
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£�b�[cKªl
ω ∈ (0, 1) ¬ �1O9b�^M�3�vb��vO*^��YX3[cKMOq � K � Z � iu� ¬ �v}k®c®�slu^sx�[cKY_sZ

(1 − ω) sup
0≤s≤t

‖u1(s) − u2(s)‖M(X) ≤ ‖u1
0 − u2

0‖M(X).

J%KMbeZ�brN0pMqrb�O;Z[cKsO�y�iv^v[]b�^Y_Mb�[\X ¬ O*�vO*^´Á½brpsZcKMb�[�K�y*ik^f[cbr^Y_Mb�[\XI®�ik�%[cKMO�N3lkpMpMbr^M� µ0 7→ µt
br^´[cKMO

^sika]N [civp1ivq�iv�kX3�8iu[cK�br^
L+

1 (X)
lk^sx M(X) �J%KMO�y*ik^f[cbr^Y_Mb�[\Xik�

f0 7→ ft
lkZ�l

L1(X)
¤>�oluqr_MO;x���_M^1y¡[cbrik^�iu�

t
��ikqrqrio£�Z½��a]ikN{[]KMO�ZclkN0O pMa]ikp8O*ac[\X

ik��[]KMOq�br^MO;lua�pMa]ik�MqrO*N �Vf[zlo[]O*N0O*^f[ ¬ b��M®���ikqrq�io£�ZD��a]ikN¯[cKsOhp8ivZ]Zwbr�Mbrq�b�[\X�[]i�xIb�À8O9acO9^f[cbelo[cO)[cKMO O9df_slo[]b�iv^���ika µt
£�b�[cK�a]O9Zcp8O9y¡[

[]i0[cKMO(b�^Mb�[cbeluq&y�iv^sxIb�[cbrik^ªlua]�Mb�[cazlua]X3^f_sN(�8O*a�ik��[]b�N0O;Z*8lkZ%[]KMO�a � K � Z � iu��[]KMOO9df_slu[cbrik^ªxIO*p8O*^1xMZ�iv^
µt
df_slkxMa]lu[cbey*luqrqrX � � b�À8O9acO9^f[cbelo[cbrik^�qrO9lvxMZ�[]i3[cKMO�[cbrN�O(^Mik^I¤¥KMivN�iv�kO9^MO*iv_sZ%O9df_slu[cbrik^�iu��[\XYp1O ¬ }k}v®¡£�KsivZcO�£4O*qrq�¤>p8ivZcO9xI^sO9Z]Zh��ivq�qrio£�Z%lu�flubr^���a]ikN J%KsO*ika]O*N � � C �J�i3�kO*[ ¬ �M®%ik^MO�O*nf[]O*^sxsZ%[cKMO�lk�1io�vO <MnIO9x�p1ivb�^f[�lkac�v_MN0O*^f[]Z ��a]ikN M(X)

[ci
(C1(X))∗

_sZcb�^M�
br^sZw[cO;lkx�iu� ¬ �v�k®%lu^sx ¬ �u�v® []KMOb�^sO9df_sluqrb�[cbrO9Z

‖(L1(s) − L2(s))g‖(C1(X))∗ ≤ C1‖u1(s) − u2(s)‖(C1(X))∗‖g‖L1(X)lk^sx�acO;Zwp8O9y�[cbr�kO*qrX

sup
0<s≤t

‖Fs([u
1]) − Fs([u

2])‖(C1(X))∗

≤ t1−1/αC1C2(t0)‖u0‖(C1(X))∗ sup
0<s≤t

‖u1(s) − u2(s)‖(C1(X))∗ .

² O$ZcKsluqrq�lupMpMqrX�[cKMO0lu�8io�kOa]O9Zc_Mq�[]Z�[]i�[]KMO$Zw[c_sxMX�ik� [cKMO�ZwO9N0b��vaciv_Mp�iu�)p8ivZcb�[]b��Yb�[\X�psacO;ZwO9ac�Ybr^M�y*ik^f[cazlky�[cbrik^sZ
TtF (µ) = F (µt)

iv^([]KMO�Zcpslky*O4ik�8�8ik_s^sxIO9x$��_M^1y¡[cbrik^1Z ik^ M+
M (X)

k£�KMbeyzK�beZ)l�Zc_M�I¤
ZcO�[�br^ M+(X)

y�ik^1ZwbeZ\[]b�^s�$iu�&N0O9lkZc_Ma]O9Z £�b�[]K�^Mika]N3Z �8ik_s^sxIO9x��YX
M � Á½O*[ C0(M+

M (X))
xIO*^Mik[cO

[]KMO0y�qrivZc_MacO(b�^
C(M+(X)) ¬ [cKMO3Zcpslky*O(ik�)N�O;lkZc_Ma]O9ZSbrZ�y�iv^sZwbexIO9acO;xªb�^A[cKMO ∗ ¤¥£4O9lu��[civp1ivq�iv�kXM®�ik�[]KMO�ZwO*[%ik��p8ikqrXf^sikN0brlkqs��_s^sy¡[]b�iv^sluqeZ

Csym
∞,fin(X )

y�ik^1ZwbeZ\[]b�^s�(iu� <s^Mb�[cO�q�br^MO;lua�y�ivN(�Mbr^slo[]b�iv^sZh��iu��[cKMO
��_s^sy¡[]b�iv^sluqeZ%iu�&[cKMO���ivacN

F (µ) =
1

m!

∫

gm(x1, . . . , xm)µ(dx1) · · ·µ(dxm) = (gm, µ⊗̃m) ¬ � �u®

£�b�[cK
gm ∈ Csym

∞ (Xm) �m§ Z$p8ikqrXf^sikN0brlkq ��_M^sy�[cbrik^slkqrZ$lua]O3�Y^Mio£�^ [cim�8O�xMO*^sZcO�br^ C(M+
M (Z))��iva�y�ikN0pslvy¡[�Zcpslky*O9Z

Z ¬ £�KMbeyzK�brZ�l0xIbracO;y¡[�y�iv^sZcO9df_MO*^1y�O�iu��[]KMO ² O9b�O9a]Zw[cazlkZ]Z [cKMO9ika]O*N�®¡Yb�[���ikqrq�io£�Z[]Kslo[��iva(l�qriYy9luqrq�X.y�ivN�p1lky¡[�N0O*[ca]bry3Zcpslky*O
X
[cKMO�Zcpslky*O

C0(M+
M (X))

y*ik^sZcbrZw[]Z�ik��O*qrO*N0O*^f[]Z
F��a]ikN

C(M+
M (X))

Zc_syzK�[cKslu[
Fn → F

b�^
C(M+

M (X))
I£�KMO*a]O

Fn(µ) = F (χnµ) ¬ χn
�8O*br^M�0[cKMO

br^sxIbey*lu[civa ��_s^sy¡[]b�iv^ªiu��[]KMO�slkq�q�ik�&azlkxIbr_sZ
n
£�b�[]K�ZcikN0O <MnIO9x�y*O*^f[cO9az® �t�O;y*lkq�q�[cKslu[�[cKMO(�Glkacbelo[]b�iv^sluq½xMO*a]b��olo[]b��vO δF
δµ
¬ ika�ZcKMikac[cqrX δF ®�ik��l���_s^sy¡[]b�iv^sluq F ∈ C(M(X))beZ�xIO�<s^MO9x�lvZ

δF (x, µ) = lim
h→0,h>0

1

h
(F (µ+ hδx) − F (µ)).

J%KsO�Zwpslvy�O
C1(M+

M (X))
beZxIO�<s^MO9x lvZ�[cKMO�Zcpslvy�O9Z�ik� ��_M^1y¡[cbrik^1luqeZ�Zw_1yzKA[]Kslo[

δF
O�nIbeZ\[zZ���ika�luqrq

x ∈ X
lu^sx

µ ∈ M+
M (X)

lu^1xmbeZ�l�y�ik^f[]b�^Y_Miv_sZ���_s^sy¡[]b�iv^2ik�)[\£ i��olua]brlk�Mq�O;Z�[]KMO*a]O ��� ^MO0ZcO*O9ZS�YX
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br^sZcp1O;y¡[]b�iv^�[]Kslo[���iva
F ∈ C1(M+

M (X))
lk^sx�lua]�Mb�[]a]lkacX

µ, ν ∈ M+
M (X)

[cKMO���ivacN(_sqrl

F (ν) − F (µ) =

∫ 1

0

ds

∫

δF (x, µ+ s(ν − µ))(ν − µ)(dx)

KsikqexMZ�lu^1x�[cKslu[�[cKMO�Zwp1lky�O
C0(M+

M (X))
y�iv^v[zlubr^sZ%[]KMO$Zcpslky*O

C1
0 (M+(X))

iu����_M^1y¡[cbrik^1luqeZ%��acivN
C1(M+

M (X))
Zw_1yzK�[]Kslo[

δF (·, µ) ∈ C∞(X)
_M^Mb���ika]N0q�X3��iva

µ ∈ M+
M (X) �


�� ·Y» � · 	 �>��� � �	��
�� ���P
7��� �R�=�7� � � ���P�3�' ����1
����
�� � � � ���� �1����
 ������� � � ��� ���	�,% ���P� �
V (x, y)

���	�
ψ(x, y; z)(1 + |z|d+β)

�
��L��� � �F�
C∞(X) ∩ C1(X)

���? �=��� � � ���P�I�' 
y
�=�P�  ���R� �,% � � ��� � 
R� �P
4����� �

� ���P
 �9�����R� ��� �D
R��� ���1
��
� � " ���1
9�/� � ���	� � (µ0, t) 7→ µt

� �I� ���� � �	���P��� � � ������	� � �! �� �/� ���R� �����L
R��� � ���
µ0

*
µt

����1�R��� )

 � 
4� �	� ���1
 � 
� � � ��1���L����%

�

� �	� " ���P
9 �����	�2% �' ���	��
��� � �P
���� �F����
TtF (µ) = F (µt)

��
�#� 
R� � ���� � ����� � � ��� ��
 � ����������� ���
C(M+(X))

���	� ���
C(M+

M (X))
 ��� ���5��� � ����� %

M
* �>�=���4� � �?� � ����� ���,% � ��� � �	�P�P��� � ���

C0(M+
M (X)) �

� �	�	� " ���P
 �R�/�R� �P���
 C1,2
0 (M+

M (X))
�! 
C1

0 (M+
M (X))

����1�R� � � �	� �/�! > �=�	��� � ������� �
F
� � ���

δF (x, µ)�
 �	� ���#� � � �	� 
 � � ��� � �	�P�P��� ��2% ��� �7
���
 � � � ��� �D
 �	�
x
� � ��� ���1
 �#�� � ����� ��
(����	�7��
��R�	� � � �	��
 �

�
 �L��� ���	� � �F�
C∞(X)

�=���  R���R���2%9 ���
µ ∈ M+

M (X)
��
F����
 ��
 � � �?��� �	�P�����R� ��� �������
 �' ���1


� 
���
���� � ��� LB
�! ���1
I� 
�� �����������

Tt
���

C0(M+
M (X)) �

� �	��"����1
 � �P���
I�! �1���,%�������� ���  �=�	��� � ������� � C2,sym
∞,fin(X)

����P�� � � �	� �/�! 7���	��
���$���� � �	� � � � ���P���! ���1

 �=�	��� � ������� � �'  ���R� ¬ � �o® � � ��� g ∈ C∞(X)

�
��	� � �#� � � �	�/
R� ��� �7
���
�� � � �����L
 � � ��� � � � �#�� �
�����/��
(����	�6��
��R�	� � � �	��
 �9� 
��L��� ���	� � � �

C∞(X)
� �I��� ���?�6� ����
 �! ���1
 � 
���
���� �F��� LB

�
	 � � �' � ¬ bÖ®0J%KMOªy�iv^f[cbr^f_sb�[\X ik��[]KMO�N0lkpMpMbr^M� t → µt

br^ [cKMO�£4O9lu� []ikp8ikqrik�vX ��ikqrq�io£�Z$��a]ikN
xM_sluqrb�[\X � Á½O*[�_sZ�ZcKMio£¯[cKslu[�b�� un

0 ∈ M+(X)
y�iv^f�vO*a]�kO;Zh£4O9lu�YqrX3[ci

u0 ∈ M+(X)

n → ∞ I[]KMO*^

un(t)
y�iv^f�vO*a]�kO;Z%[ci

u(t)
£4O9lk�fqrX���ika�O9lkyzK

t > 0
D£�KMO*a]O

un(t)

n = 1, 2, . . . , u(t)

lua]O�[]KMO�<MnIO9x
p8ikbr^f[]Z ik�D[cKMO�N3lupspMb�^s�

ut 7→ Ft
¬ y�ik^1ZwbexIO*a]O9x$br^0[cKMO�psaciYiu�Diu�8[cKsO�pMa]O*�Yb�iv_sZ�[]KMO*ivacO9N3®&£�b�[cK3br^Mb�[cbeluqxslo[]l

un
0 , u0

acO;Zwp8O9y�[cbr�kO9q�X � Á�O�[ Un(t, s)
lu^sx

U(t, s)
xIO*^siu[cO$[cKsO$pMa]ikp1lu�vlu[civa]Z�y*ika]acO;Zwp8ik^sxMb�^M��[ci

un(t)
lu^sx

u(t) � P�iu[]bry*O�[cK1lo[�[]KMO$lvxGj\ikbr^f[Sivp1O9a]lu[cika�[ci�[]KMO�ikp8O*azlo[civa Lt
��a]ikN�[]KMO(a � K � Z � Lt(Ft)ik� ¬ �k�v®4O9df_sluqeZ

L∗
t g = −σ(x)|∆|α/2g + (Vt(x, [u]),∇F(t)) +

∫

(g(x− z) − g(x))ψt(x, z, [u]))dz.
¬ � @v®

� O*^siu[cbr^M�

γn
t (x) = Vt(x, [u

n − u]) =

∫

Vt(x, y)(u
n(t) − u(t))(dy),

δn
t (x, z) = ψ(x, z, [un − u])(1 + |z|d+β)

â�ã&ä½âÖÞ
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¬ £ O�_sZwO%[]KMO�^siu[]lu[cbrik^sZ)b�^f[ca]iIxI_sy*O9x0br^0[cKMO�psaciYiu�Diu�D[]KMO�pMa]O*�Ybrik_sZ&[]KMO*ivacO9N�® lu^sx0_1Zwbr^M� ¬ �k�k® XfbrO*qexMZ

γn
t (x) =

(∫ t

0

(Un
s,0)

∗(L∗
n,s − L∗

s)U
∗
t,sV (x, ·) ds, un

0

)

+ (U∗
t (t, 0)V (x, ·), un

0 − u0),

δn
t (x, z) =

(∫ t

0

(Un
s,0)

∗(L∗
n,s − L∗

s)U
∗
t,sψ(x, ·; z)(1 + |z|d+β)ds, un

0

)

+ (U∗
t (t, 0)ψ(x, ·; z)(1 + |z|d+β), un

0 − u0).

M�O*^sy*O

|γn
t (x)| ≤ K

(∫ t

0

(sup
x

|γn
s (x)| + sup

x,z
|δn

s (x, z)|)ds, un
0

)

+ |(U∗
t (t, 0)V (x, ·), un

0 − u0)|

��iva�ZwivN0O�y*ik^sZw[]lk^f[
K
£�b�[cKªl0ZwbrN0b�qelua�O;Z\[]b�N3lu[cO���ika

δt
XYb�O9qrxMb�^M����iva

ξt = sup
x

|γn
t (x)| + sup

x,z
|δn

t (x, z)|

[]KMOO9Zw[cbrN3lo[]O

ξt ≤ K

∫ t

0

ξsds+sup
x

|(U∗
t (t, 0)V (x, ·), un

0 −u0)|+sup |(U∗
t (t, 0)ψ(x, ·, z)(1+ |z|d+β), un

0 −u0)|

¬ £�b�[]K�ZcikN0OSiu[cKsO*a�y�iv^sZ\[zlu^f[ K ® � § Z []KMOZwO*[]Z4iu�½��_s^sy¡[]b�iv^sZ V (x, ·) lk^sx ψ(x, ·; z)(1 + |z|d+β)
lua]O

y*ikN0pslvy¡[�b�^
C∞
¬ �1iv_M^sxIO;xA£�b�[cK._M^Mb���ika]N0q�Xm�8ik_s^sxIO9x.xIO9acbr�olo[cbr�kO;Z]®�D[cKMO0qelkZw[�[\£ i�[cO9acN3Z�ik^2[cKMOa � K � Z � ik��[cKMbeZ�br^MO9df_slkq�b�[\X�[]O*^sx�[]i/K*O9aci�lvZ n → ∞ _M^sb���ivacN0qrX���iva t ∈ [0, T ]

��iva�lua]�Mb�[cazlua]X
T > 0 �

� iv^sZcO9df_MO*^f[]q�X ¬ xI_sO�[ci ��aciv^f£%luqrq� ZqrO*N0N3lv®[cKMO�ZclkN0O�KMivqrxMZ���ika ξt  lu^sx´KsO*^sy*O���ika γt
lk^sx

δt �
� iv^sZcO9df_MO*^f[]q�Xv ¬ �k�v®4b�N0pMqrb�O;Z

(g, un(t) − u(t)) = O(1) sup
s∈[0,t]

ξs

∫ t

0

s−1/αds+ |(U∗
t (t, 0)g, un

0 − u0)|

��ivalua]�Mb�[]a]lkacX
g ∈ C∞

�£�KMbryzK2b�N0pMqrbrO9Z�[cKsO0y*ik^Y�kO9ac�vO*^sy*O ¬ g, un(t) − u(t)) → 0
lk^sxmKMO9^sy�O�[]KMO

£4O9lk��y�iv^f�vO*a]�kO9^sy�O
un(t) → u(t) �¬ b�bÖ® H X ¬ be®�[]KMO3ZwO9N�br�ka]ik_sp Tt

pMacO;ZwO9ac�vO9Z�[cKMO0Zwp1lky�O;Z
C(M+

M (X))
lk^sx

C(M+(X)) � Á�O�[�_sZZcKMio£�[cKslu[)[cKMO�Zcpslvy�O
C0(M+

M (X))
beZ)br^Y�Glkacbelu^f[ _M^sxMO*a []KMO�lky�[cbrik^0iu�8[cKMbeZhZcO*N0br�ka]ik_Mp � J�i�xIi�[cKMbeZiv^MO�^MO9O9xMZh[ci�ZwKsio£ []Kslo[ [cKMO���_M^sy�[cbrik^slkq

F (µt)
�8O*qrik^M�fZ [ci

C0(M+
M (X))

��iva lk^fX
t > 0

lk^sx
F
iu�

��ivacN ¬ � �u® � ¦sika4ZwbrN0pMq�bey�b�[\X0q�O*[ _sZ �kbr�kO�[cKMO�lua]�k_MN0O*^f[zZ���ikah[cKMO�y*lvZwO k = 1
ik^MqrXkIxIO9^Miu[]b�^M�

g1 �YX g¬ [cKMO�vO*^MO9a]lkq½y*lvZwO�beZ�df_Mb�[]O�ZwbrN0b�qelua¡® � Á�O�[ χn
xIO9^Miu[]O�l3ZwN0iYiu[]KMO9x�br^sxIbey*lo[]ika%��_M^1y¡[cbrik^ªik��[]KMO�slkq�q

ik�8azlkxMb�_sZ
n
br^
X ¬ ly�iv^v[]b�^Y_Miv_sZ&��_M^sy�[cbrik^0[]Kslo[)O;dv_1luqeZ ik^MO�br^�[cKMbeZ)�1luqrq=v�Glk^MbeZwKMO;Z�ik_I[zZwbexIO%[]KMO��slkq�qik��azlkxIbr_sZ

n+ 1
lk^sx�brZ%�8ik_M^1xIO9x��YX�iv^MO�O*�kO9acXY£�KMO9acOG® � VYbr^sy�O���iva�l0y�ikN0pslvy¡[ X [cKMOp8ikqrXY^MikN0beluq��_s^sy¡[]b�iv^sluqeZSlkacO(�f^sio£�^ª[ci��1O0xIO*^1ZwO$b�^

C(M+
M (X)) ¬ £�KsbryzK.R brZ�lk^mO9lvZwX�y�iv^sZwO;df_MO*^sy*O�iu�h[cKMO

² O*brO*azZw[cazlkZ]Z½[]KMO*ivacO9N3®�o[cKsO ��_s^sy¡[]b�iv^sluq (g, µt(χnµ0))
�8O*qrik^M�fZ�[]i

C0(M+
M (X))

��ika lu^YX
n � M�O9^sy�O

ä�ä�É�NPORQRSRT
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b�[�acO9N0lkb�^1Z�[ci�ZwKsio£¯[]Kslo[
(g, µt(χnµ0))

y�ik^Y�vO*a]�kO9Z4[]i
(g, µt(µ0))

��iva�lkac�sb�[]a]lkacX
t
_s^Mb���ivacN0qrX���ika

lkq�q
µ0 ∈ MM (X) �)§ �flubr^�_sZcb�^s� ¬ �v�v®4ik^sO�£�a]b�[cO9Z

(g, µt(χnµ0)−µt(µ0)) =

(∫ t

0

(Un
s,0)

∗(L∗
n,s − L∗

s)U
∗
t,sV (x, ·)ds, un

0

)

+(g, U(t, 0)(χnµ0 −µ0)).

¬ �k~v®J%KsO2ZcO9y�iv^sx�[cO9acN�KMO9acO2brZ�_M^Mb���ika]N0q�X¨ZcN3luqrq=��8O9y9lu_sZcO
g ∈ C∞(X)

Slu^sx
U∗

t,0

pMa]O9ZcO*a]�kO;Z0[cKsbrZ
psacivp1O9aw[\Xª_M^sb���ivacN0qrXk�lvZ�[cKMO�y*iYO G�y�brO*^f[]Z�ik�%lkq�q �vO*^MO9a]lu[civa]Z�lua]O0_M^Mb���ika]N�qrXm�8ik_M^1xIO9x xI_MO0[]i�[cKMO
lvZcZc_MN0pI[]b�iv^ [cK1lo[ |µ0| ≤ M � ¦Miva$[]KMO <sazZ\[�[cO9acN []KMbeZ0brZ�^Mik[3xMb�a]O9y�[cqrX´ik�Y�Yb�iv_sZ � H _M[0£4O�y*lu^_1ZwO�[cKsO$[]acbeyz�ª��a]ikN []KMO3psluac[ ¬ bÖ® � P�lkN0O*qrXk�y*ik^sZcbrxMO*a <sazZ\[�[cKsO$��_s^sy¡[]b�iv^sZ g iu� ��ika]N V (x, ·) lu^sx
ψ(x, ·; z)(1 + |z|d+β)

lu^sx2pMa]io�kO$[cKMO3ZcN3luqrq�^MO;ZcZ�_sZcbr^M� ��aciv^f£%luqrq� ZSq�O9N0N0l �$² KsO*^.[cKMbeZ�beZxIik^MO[]KMO�ZcN0lkq�qr^MO;ZcZ4iu�&[cKsO�<sa]Zw[%[cO9acN b�^ ¬ �v~k®4�8O9y�ivN0O9Z�y�qrO9lka �
¢ [�a]O*N3lubr^sZ4[]i0ZcKMio£¨[]Kslo[ Tt

beZ�Zw[ca]ik^M�vq�X�y*ik^f[cbr^Y_Mik_1Z iv^�p8ikqrXY^MikN0beluqD��_M^1y¡[cbrik^1luqeZ%iu�&[cKMO���ika]N
¬ � �o® �)§ �flubr^�qrO�[�_sZ%a]O9xM_sy�O�[cKsO�xIbrZ]y�_1ZcZcb�iv^�[]i�[cKMO�y9lkZcO k = 1

iv^Mq�X � J%Kf_1Z%£ O�^MO9O9x�[ci3ZcKMio£ []Kslo[
(g, µt)

[cO*^1xMZ�[]i
(g, µ0)

lvZ
t → 0

��ika�lk^YX��kbr�kO9^
g ∈ C∞(X)

_M^sb���ivacN0q�X���ika
µ0
£�b�[]Kml0�1iv_M^sxIO;x

^sika]N � ¦sika%[cKsbrZ�b�[�beZ%O*^Miv_M�kK�[ci3pMa]io�kO�[cKslu[

sup
‖µ0‖≤M

‖U(t, 0)∗g − g‖C∞(X) → 0,

£�KsO*a]O
U(t, 0)

brZ[cKMO�psacivpslu�flo[civa�y*ika]acO;Zwp8ik^1xIb�^s��[]i
µ0 � H4_I[�[cKsbrZ���ivq�qrio£�Z�lk�vlubr^2��acivN�[cKsO�ik�I¤ZcO*a]�olo[]b�iv^ [cKslu[([cKsO�y�iYO�G3y*b�O9^f[]Z$iu��[cKsO�y*ika]acO;Zwp8ik^sxMb�^M�ª�vO*^MO9a]lu[civa]ZlkacO�_s^Mb���ivacN0qrX �1iv_M^sxIO;x ��ika

‖µ0‖ ≤M �¬ b�brbe®�«hdf_slo[]b�iv^ ¬ }k�k® XYbrO*qexMZ

d

dt
F (µt = −

∫

σ(x)|∆|α/2δF (x, µt)µt(dx) +

∫ ∫

(V (x, y),∇xδF (x, µt))µt(dx)µt(dy)

+

∫

(δF (x + z, µt) − δF (x, µt))ψ(x, y; z) dzµt(dx)µt(dy)
¬ �o�v®

��iva
F ∈ C1,2

0 (M+
M (X)) � J�i3psacio�vOS[]Kslo[ F �8O*qrik^M�fZ%[ci0[]KMO(xIivN3lubr^�ik� LB

1ik^MO^MO9O9xMZ�[ci�ZcKMio£
[]Kslo[

(F (µt)−F (µ0))/t
KslkZ�l�q�brN0b�[�lkZ

t→ 0
_s^Mb���ivacN0qrX���ika�lkq�q

µ0
��acivN M+

M � J%KMO acO9pMa]O9ZcO*^f[]lu[cbrik^

F (µt) − F (µ0) = t
d

dt
|s=0 F (µs) +

∫ t

0

(

d

ds
F (µs) −

d

ds
|s=0 F (µs)

)

ds,

brN0pMqrb�O;Z[cK1lo[(b�[$beZ(Zc_=G�y�brO*^f[�[]iAZwKsio£ []Kslo[ d
dtF (µt) − d

ds |s=0 F (µs)
[cO9^sxMZ([ci K9O*a]iªlkZ

t → 0_s^Mb���ivacN0qrX.��ika
µ0
��a]ikN M+

M � H4_I[0xM_MO�[]i ¬ �u�k®*�[cKMbeZ$xMb�ÀDO*a]O*^sy*O�y9lu^ �8O�£�a]b�[c[cO9^ lkZ$lmqrb�^sO9luay*ikN$�Mb�^1lo[cbrik^ ¬ £�b�[]K¨�1iv_M^sxIO;x¨y�iYO G�y�brO*^f[zZ]®0ik��[cKMOAxMb�ÀDO*a]O*^sy*O9Z3ik��[cKMOª��ivacN (φ, µt − µ0)
£�b�[cK

�vb��vO*^���_M^sy�[cbrik^sZ
φ
��a]ikN

C∞
lu^sx�[]KMOmbr^v[]O*�va]lkqrZ ∫

(δF (x, µt) − δF (x, µ0))µ0(dx) � J%KsO <sazZ\[xMb�ÀDO*a]O*^sy*O9Z�[]O*^sx2[ci K9O*a]i��YXA[cKMO3pslkaw[ ¬ b�bÖ®�iu� [cKMO�J%KsO*ika]O*N � J%KMO0br^f[cO*�va]lkq brZZcN3luqrq)�8O9y*lk_sZcO�ik�[]KMO0y�ik^f[]b�^Y_Mb�[\X�iu�
δF (x, µ)

b�^
µ ¬ _s^Mb���ivacN iv^ x lu^sx µ ��acivN y*ikN0pslvy¡[�ZcO�[zZ]® � H4X�J%KsO*ika]O*N � � �¬ b��M®�[cKsO0Zcpslvy�O C1,2

0 (M+
M (X))

beZ�br^f�olkacbelu^f[S_s^sxIO*a�[]KMO3lky�[cbrik^Aik�h[]KMO3ZwO9N�br�ka]ik_sp
Tt
lu^1xAKMO9^sy�O

a]O*psacO;ZwO9^v[zZ%l�y*ika]O �

â�ã&ä½âÖÞ
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¬ b��M®�¦sikqrq�io£�Z���acivN []KMOmp8ivZ]Zwbr�Mbrq�b�[\X�[ci�lkpMpMa]iGnIb�N3lo[]O�[cKMOm��_M^sy¡[]b�iv^sluqeZ���acivN C1,2
0 (M+

M (X))¬ [civ�kO�[]KMO*a%£�b�[cK�[cKsO*bra�xIO*a]b��olu[cbr�kO9Zz® �YX�p1ivq�XY^MivN0brlkqrZ9Y£�KMbryzK���ikqrqrio£�Z4��acivN g)a]ikp8ivZcb�[]b�iv^ §�� C�iu�&[cKMO
§ pMp8O*^sxIb�n �

� ��� 	 �*
 � ���©��
����	 �0��� �.	%�&�
Á�O�[

h > 0
�1O0l�p8ivZcb�[]b��vO$p1luazluN0O�[]O*a ��² O�ZcKsluqrq�xIO*^Mik[cO��YX δx []KMO � bra]lvy�N0O9lvZw_sacO�lo[ x ��§ �vO*Xa]ikqrO�b�^�[cKsO�[cKMO9ika]X�iu�&N�O;lkZc_Ma]O�¤¥�Glkq�_sO9x�qrbrN�b�[]Z�brZ%psqrlGXvO9x��YX�[cKMObr^sy�qr_sZcb�iv^

x = (x1, . . . , xl) 7→ hδx = h(δx1
+ · · · + δxl

), ¬ � C;®
£�KsbryzKmxIO�<s^MO;ZSl�KMikN0O*ivN0ika]pMKMbeZwN �1O*[\£ O9O*^

SX lu^sx�[cKsO�ZcO�[ M+
δ,h(X)

iu�
h
¤¥Z]y*lkq�O;x <s^Mb�[cO$Zc_MN3Z

ik�
δ
¤¥N0O9lkZc_Ma]O9Z �Á�O�[

X
lk^sx

D
�8O�[cKMOªZ]luN0OªlkZ�b�^©J%KMO9ika]O*N � � Cu%lu^sx qrO�[ B1, . . . , BK

�1Oªl y�ivq�qrO9y�[cbrik^�ik�
y*ik^sxMb�[]b�iv^sluqrq�X.p8ivZcb�[]b��vO�ikp8O*azlo[]ikazZbr^

C∞(X), . . . , C∞(XK)
a]O9Zcp8O9y¡[]b��vO*qrXA[]Kslo[��kO9^MO*azlo[]O�¦MO9q�qrO*a

ZcO*N0br�ka]ik_Mp1Z�lu^sx�;br^psluac[cbey�_Mqelua;;KslG�kO�a]O*pMa]O9ZcO*^f[]lu[cbrik^ ¬ �k�k® �&§ ��� ���
 � � ZB(t)
�' 
K
¤ ��� %7�	� � 
������ � � ���

�	� X D£�KMO*a]O(lk^fX�y�ivq�qrO9y�[cbrik^ªik� k ≤ K
p1luac[cbey�qrO9Z�br^f[cO9a]lvy¡[Slvy*y�iva]xMb�^M�0[]i

Bk
DbrZ�xIO�<s^MO9xª[cKMa]ik_M�vK

b�[]Z��kO*^sO*azlo[civa

LBf(x1, . . . , xl) =

K
∑

k=1

Lkf(x1, . . . , xl) =

min(K,n)
∑

k=1

∑

I⊂{1,...,l}:|I|=k

(BI
kf)(x1, . . . , xl)

¬ �u�k®

¬ ZwO9O�^Miu[zlo[cbrik^1Z4��ika BI
k

b�^ªJ%KMO9ika]O*N � � }u® �
² O�ZwK1luqrq½Z\[]_sxIX�^sio£ l0Zcy9luqrb�^M�0qrb�N0b�[�iu��[cKMOqelua]�kO�^Y_MN(�8O*a�ik��pslkaw[]bry*q�O;Z%£�KMO*a]O k ¤¥lkacX3pslkaw[ Lkik�s[]KMO��kO9^MO*azlo[]ika&brZ Z]y*lkq�O;x��YX[cKsO%�Ðlky¡[]ika

hk−1 lk^sx x = (x1, . . . , xl)
beZ Zc_M�sZw[cb�[c_I[]O9x��YX(l�N�O;lkZc_Ma]O

lvy*y*ikazxIb�^s��[]i ¬ � CG® � � O9^Miu[]b�^M� F (hδx) = f(x)
��ika

f ∈ Csym(X )
XfbrO*qexMZ�[]KMO�Z]y*lkq�O;xA�vO*^MO9a]lu[cika

iv^
C(M+

δ,h(X))
�vb��vO*^��YX

(Lh
BF )(hδx) =

K
∑

k=1

hk−1 ¬ �o�v®
£�b�[cK

Lh
kF (hδx) = (Lkf)(x). ¬ �o�f®

¦sika�l�q�br^MO;lua�ikp8O*azlo[]ika
Bk
b�^
Csym(Xk)

q�O*[
B̃l

k, l = 1, 2, . . . ,
xMO*^Mik[cO�[cKMO3qrbr^MO9lka�ivp1O9a]lu[civa]Z

Csym(X l) → Csym(Xk)
xIO�<s^MO;x�lvZ

(B̃l
kg(x) =

l
∑

q=1

(−1)l−q

∫

Xl−q

Bx

k

(∫

Xq

g(y, z)δ⊗̃q
x

(dy)

)

δ⊗̃(l−q)
x

(dz),

£�KsO*a]O�ik��y*ik_MazZcO
x ∈ Xk  y ∈ Xq  z ∈ X l−q lu^1x Bx

k

N0O9lk^sZ%[]KMO�lky�[cbrik^�iu�
Bk
iv^�[]KMO�olua]brlk�MqrO

x � ¢ ^�pslkaw[]bry*_Mqelua;
(B̃1

kg(x) = Bk

(
∫

g(y)δx(dy)

)

= (Bkg
+)(x), ¬ �k}k®

ä�ä�É�NPORQRSRT



�k� �������	��� ����� ���L��������� � ���

(B̃l
kg(x) =

l
∑

q=1

(−1)l−q

q!(l − q)!
(Bx

1 g(x, . . . , x, z, . . . , z)) |z=x,
¬ �o�v®

£�KsO*a]O
x
beZ%£�a]b�[c[cO*^

q
[cbrN0O9Z�lk^sx

z
beZ%£�acb�[w[]O*^

l − q
[cbrN0O9Z�br^�[cKMOqelkZw[���ika]N(_Mqel �

� � »��h» ���Ð��� »	� � �
�� 
 � ���	�
Bk

� 
 ����P� 
��R��� � �	� 
+* � �	
 �
Bk1 = 0

� � 
��
F (µ)

�
 ���	� 
�� �+% ¬ � �o®�� � ���
g = gm ∈ C2,sym

∞ (Xm)
���	� �L
��

x = (x1, . . . , xn)
� � ���

n ≥ max(2, k)
�
9�(�1��� 
�� � ���1
��

hk−1Lh
kF (hδx) =

m
∑

l=1

hl−1

∫

Xm−l

(

Φk
h[B̃l

kgw](hδx)
)

(hδx)⊗̃(m−l)(dw), ¬ � �u®

�>�P
 � 

gw(z) = g(w, z)

���	�
Φk

h[B̃l
kgw]

� �7���	� 
�� �5% 	 ����1���R� � � ��� � ��� �! � � �1
��	���2� �
	 � � �' � H4X ¬ �u�k®¿¤ ¬ �o�v®

hk−1Lh
kF (hδx) =

1

m!
hm+k−1

∑

I⊂{1,...,n}:|I|=k

BI
k

∑

j1,...,jm=1

g(xj1 , . . . , xjm
),

£�KsO*a]O
BI

k

N0O9lk^sZh[cKMO�lky�[cbrik^�ik�
Bk
ik^3[]KMOS�olkacbelu�MqrO9Z

xI � � O9^Miu[]b�^s�$�YX q [cKsO�^Y_MN(�8O*a%ik�½b�^sxMO�nIO9Zbr^ {j1, . . . , jm} []Kslo[��8O*qrik^s�$[]i I ik^MO�a]O*£�a]b�[]O9Z4b�[�lkZ

hm+k−1

m!

∑

I⊂{1,...,n}:|I|=k

BI
k

m
∑

q=1

Cq
m

∑

j1,...,jq∈I

∑

i1,...im−q 6∈I

g(xj1 , . . . , xjq
, xi1 , . . . xim−q

)

=
hm+k−1

m!

m
∑

q=1

Cq
m

∑

I⊂{1,...,n}:|I|=k

BI
k

∫

Xq

∫

Xm−q

g(y, z)δ⊗q
xI

(dy)(δx − δxI
)⊗(m−q)(dz)

=
hm+k−1

m!

m
∑

q=1

Cq
m

m−q
∑

p=0

Cp
m−q(−1)p

∑

I⊂{1,...,n}:|I|=k
∫ ∫ (

BI
k

∫

g(y, z,w)δ⊗q
xI

(dy)

)

δ⊗p
xI

(dz)δ⊗(m−q−p)
x

(dw),

£�KsbryzK��YX�yzKslu^M�vb�^s�([]KMO�b�^sxMO�n
p
[ci�[]KMOb�^1xIO�n

l = q + p
lu^1x�_sZcbr^M�

Cq
mC

p
m−q = Cl

mC
p
l

acO;lkxMZ%lkZ

hk

m!

m
∑

l=1

hl−1Cl
m

l
∑

q=1

Cq
l (−1)l−q

∑

I⊂{1,...,n}:|I|=k
∫ [∫

BI
k

(∫

g(y, z,w)δ⊗q
xI

(dy)

)

δ⊗(l−q)
xI

(dz)

]

(hδx)⊗(m−l)(dw),

£�KsbryzK�XYb�O9qrxMZ ¬ � �u®4�fX ¬ C C*�v® �

â�ã&ä½âÖÞ
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§ Z%��ika F iu����ika]N ¬ � �u®4ik^sO�K1lkZ

δlF

δY l
(x1, . . . , xl;Y ) = (gm(x1, . . . , xl, ·), Y ⊗̃(m−l))

b�[���ikqrq�io£�Z���acivN ¬ � �k®�[]Kslo[�ik^sO$y*lk^AO*nf[]O*^sxm[cKMO�ikp8O*azlo[]ika Lh
k

[ci�lky¡[�ik^AN�ivacO$�kO9^MO*azluq�b�^=<1^Mb�[]O*qrX
xMb�ÀDO*a]O*^f[cbelu�sq�O���_M^sy�[cbrik^sZ

F (Y )
ik��N0O9lvZw_Ma]O9Z4�YX�[]KMO���ika]N(_sqrl

hk−1Lh
kF (Y ) =

∞
∑

l=1

hl−1Φk
h

[

B̃l
k

δlF

δY l
(Y )

]

(Y ). ¬ ��@v®

§ Z�l0xIb�a]O9y�[�y�iv^sZwO;df_MO*^sy*OSik� ¬ ��@v®4ik^MO�ik�M[]lubr^sZ�lkqrZci�[cKMO���ivq�qrio£�b�^s�
� � »��h» ���Ð��� »	� � � � � 
 � ���	�

Bk
�
7����1��
 �R��� � �	��
 * � �	
 �

Bk1 = 0
� � 
��

F (Y ) = (g, Y ⊗̃)
� � ���

g ∈ Csym
∞,fin(X ) ∩ C2(X )

����� ��� � �

f(x) = F (hδx) = (g, (hδx)⊗̃) =

M
∑

m=1

hm

m!

l
∑

i1,...,im=1

g(xi1 , . . . , xim
) ¬ �o~v®

 ���
x = (x1, . . . , xl)

� ���1
��

(Lh
BF )hδx) = (LBg, (hδx)⊗̃) +O(h), ¬ @v�v®

�>�P
 � 
 LB
� � ���	��
 �7�5% ¬ �v}u® ���	� O(h)

��
F�P
 ��� �I���
M � ���P
9�/�5� �	�/��� �����/)F������� �'�=�	� � ����7�1����
�� ��' 

g
" ���	� ‖g‖C2(X )

�
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Zh
B(t)
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¢ ^$VIO9y¡[]b�iv^���£4OhxIbex�lkq�qv[cKMO ^MO9y*O9Z]ZclkacXhj\ik�[]iSlkpMpMqrX�[]KMbrZ�[cKsO*ika]O*Nµ[]i�[cKMO%ZcXYZw[cO9N¯ik�Mb�^f[]O*azlky¡[]b�^s�Zw[]lk�MqrO0j\_MN0p©xMb�ÀD_sZcb�iv^sZ�Zcp1O;y�bL<sO9x��YX []KMOª�kO9^MO*azlo[]ikazZ ¬ }u�v®¡ ¬ }1C9® � ¢ ^ []KMbeZ�y*lvZwO�ivp1O9a]lu[cika ¬ �u�k®�8O9y*ikN0O9Z

Lf(x1, . . . , xl) = −
l
∑

j=1

σ(xj)|∆xj
|α/2f(x1, . . . , xl) + 2

∑

i<j

[

V (xi, xj)
∂f

∂xi
+ V (xj , xi)

∂f

∂xj

+

∫

(f(xi + x1, xj + x2) − f(xi, xj))ψ̃(xi, xj ;x1, x2)dx1dx2

]

, ¬ @1C;®

£�KsO*a]O
f
br^ []KMOªqelkZw[�b�^f[cO9�kazluq�xIO9p1O9^sxMZ�ik��y*ik_MazZcO�iv^�ik[cKMO9a�lua]�k_MN0O9^v[zZ�[cKslu[�lua]O�^Miu[�£�a]b�[c[cO9^

O*nIpMq�bey�b�[cqrX [ci ZcKMikac[cO9^©[cKMOª��ivacN$_Mqel � � qrO9lkacqrX C∞(X l)
beZ�br^Y�Glkacbelu^f[3_M^sxMO*a

L
��iva�O9lvyzK

l
�lu^sx

[]KMO3a]O9Zw[ca]bry�[cbrik^Aik�
L
[]i�O;lkyzK

C∞(X l)
�vO*^MO9a]lu[cO;ZSlª¦sO*qrq�O9a�ZwO9N�br�ka]ik_spm[cKsO*a]O ¬ �YX2J%KMO9ika]O*N�� � C9®£�KsO*^MO9�kO*a

ψ̃(x, y; z, w) ≤ C

1 + (|z| + |w|)2d+β
¬ @v�k®

£�b�[cK.ZwivN0O(p8ivZcb�[]b��vO
C
lk^sx

β ¬ Zw[ca]bry�[cqrXmZwp8O9lk�fbr^M��[cKMO0y�iv^sxIb�[cbrik^miv^m[cKsO�xIO9^sZcb�[\X�iu�h[cKMO�b�^f[]O*�kazluqivp1O9a]lu[civa�b�^ J%KMO*ivacO9N�� � C�xMb�ÀDO*azZ���a]ikN ¬ @f�u®*&�s_I[$[]KMO�iv^MqrX.a]O*qrO*�olk^v[$pMacivp1O9aw[\X2iu��[]KMbrZ�xIO9^sZwb�[\XbeZS[cKslu[�b�[xIO <s^sO9Z�l��8ik_s^sxIO9xAb�^f[]O*�kazluq�ikp8O*azlo[]ika;1£�KMbeyzKAbeZ�y�qrO9lkacqrX�[cKMO0y*lvZwO$_M^sxIO9a ¬ @v�u® ��§ �flubr^�YX�J%KMO*ivacO9N � � C�[]KMO$y*ika]O�iu��[]KMO(�vO*^MO9a]lu[cika L iu� Tt
�1O9q�iv^M�vZ�[ci�[]KMO$xMikN3lubr^ªiu�

L ¬ []lk�kO*^ªbr^mb�[]Za]O*psacO;ZwO9^v[zlo[]b�iv^�br^ M+
δ,h(X)) � J%KMbeZ%b�N0pMqrb�O;Z%[cKsO���ikqrq�io£�br^M��acO;Zw_Mq�[ �
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§ Z�l <sazZ\[�Z\[]O*p2b�^2[cKMO0xIbracO;y¡[]b�iv^miu�)[]KMO0y�O*^f[]a]lkq�qrb�N0b�[9½£4O$ZcKslkq�q�pMa]ikp8ivZcO�^Mio£ l�N0O�[cKsiYxm��ikaO;Z\[]b�N3lu[cbr^M�.[cKMO�azlo[cO�ik��y�iv^Y�kO*a]�kO9^sy�O�b�^¨J%KMO9ika]O*N } � Cu4b�qrqr_sZ\[]a]lu[cbr^M� b�[3iv^ iv_Ma3N3lubr^ N0iIxIO*q�ik�br^f[cO9a]lvy¡[cbr^M�.Z\[zlu�MqrO�psaciIy�O;ZcZcO9Z � J�i2[cKsbrZ0O9^sx�)iv^MO�^sO*O9xsZ([]i O9Zw[cbrN0lu[cO�ZwO9acbrO9Z ¬ ��@k® � J%KMbeZ$beZ�^Miu[xMb�G�y�_sq�[���iva��8ik_M^sxMO9x��kO9^MO*azlo[]ikazZ

Bk
¬ ZcO*OO*nMluN0pMqrO9Z�br^AVYO9y�[cbrik^ �o®�s�M_I[S�1O;y�ikN0O;Z�b�N0p8ivZ]Zwbr�MqrO�br^�vO*^MO9a]lkqMy*lvZwO � J�i(y�brazy�_MN$�kO*^f[ []KMbrZ xIbLG3y*_Mq�[\X$£4O�ZcKsluqrqM�kbr�kOSlu^3luq�[cO9ac^slu[cbr�kO�a]O*pMa]O9ZcO*^f[zlo[cbrik^$��ikah[cKMOq � K � Z � iu� ¬ ��@k® � ¦sika%[]KMO��kO*^sO*azlo[civa]Zhiu��[cKMO%j\_MN0p�[\XYp1OvI£ OZcKsluqrq�xIi0b�[%��iva�ZwbrN0pMq�bey�b�[\X�iv^Mq�X0��iva%[cKMOy9lkZcO

k = 1 �
¢ � B1

beZ��vb��vO*^��YX�[cKMObr^f[cO*�va]lkqDpsluac[�iu� ¬ CG®¡ ¬ �u®�Ib � O �

(B1g)(x) =

∫

(g(x+ y) − g(x) − (∇g(x), y)χ(y))ν(x, dy), ¬ @k�f®

[]KMO*^
Lh

1F (hδx)
O;dv_1luqeZ

∫ ∫ [

1

h
(F (hδx + h(δz+y − δz)) − F (hδx)) −

(

∇z
δF

δµ
(z;µ), yχ(y)

)]

(hδx)(dz)ν(z, dy)
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��iva
F (hδx) = f(x)

M�8O9y9lu_sZcOy�qrO9lua]qrX
∫

(f(x1 + y, x2, . . . , xn) − f(x1, . . . , xn) − (∇x1
f(x), yχ(y)))ν(x1, dy)

=

∫

(F (hδx + h(δx1+y − δx1
)) − F (hδx) − h

(

∇x1

δF

δµ
(x1;hδx), yχ(y)

)

ν(x1, dy).

M�O*^sy*O�[cKMOivp1O9a]lu[cika
Lh

1F
y*lu^��8OO�nY[cO9^sxIO9x��YX3[]KMO���ika]N(_Mqel

Lh
1F (µ) =

∫ ∫ [

1

h
(F (µ+ h(δz+y − δz)) − F (µ)) −

(

∇z
δF

δµ
(z;µ), yχ(y)

)]

µ(dz)ν(z, dy)

¬ @u�f®[]iA[]KMO���_M^sy�[cbrik^sZ
F
iv^�N0O9lvZw_sacO;Z�Zc_syzK�[cKslu[ δF

δµ (x;µ)
O�nIbeZ\[zZ* brZ0xIb�À8O9acO9^f[cbelu�MqrO�br^

x
 lk^sx�[cKMO

br^f[cO9�kazluq8b�^ ¬ @k�v® brZ4£4O*qrqDxMO <s^MO;x � ¢ ��N0ivacO9io�kO*a; δ2F
δµ2 (x, y;µ)

O�nIbrZw[]Z%lk^sx��8O*qrik^M�fZ [ci
C2(R2d)

lvZ l
��_s^sy¡[]b�iv^ªiu�

x, y
_M^Mb���ika]N0q�X���ika

µ
��a]ikN lk^YX��8ik_M^sxMO9x ¬ br^ª^MivacN�®%ZcO�[9s[cKMO9^ªO�nIpslk^sxIbr^M��[cKMO�a � K � Z �ik� ¬ @u�f®4b�^ h lu^1x�_1Zwbr^M� ¬ @v�k®4XYb�O9qrxsZ

Lh
1F (µ) =

(

B1
δF

δµ
, µ

)

+ h

∫ ∫ (∫ 1

0

δ2F

δµ2
(µ+ th(δz+y − δz))dt, (δz+y − δz)

⊗̃2

)

ν(z, dy)µ(dz). ¬ @v}k®

J%KsbrZ%beZ%[cKsOacO9pMacO;ZwO9^f[]lo[]b�iv^�£4O^MO*O;x�[]i3O9Zw[cbrN0lu[cO�[cKsOa]lu[cO�iu� y�iv^f�vO*a]�kO9^sy�OSb�^�J%KMO*ivacO9N } � � �
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B̃l
k

�olu^sbrZcK���ika�qelua]�kO
l ¬ £�KMbeyzK¨�kbr�kO;Z3lu^¨lu^1luqrXv[]bry�O*nIpMqrlk^slo[]b�iv^��iva�[]KMO��Ðlvy¡[�[]Kslo[�b�^f[cO9a]lvy¡[]b�^M��xMb�ÀD_sZcb�iv^sZSlkacO�ZcbrN�psq�O9a���ika�lu^slkq�XIZcbrZz® �%² O$ZcKsluqrq�xMO*N0ik^sZw[cazlo[]O[cKsbrZZw[]lu[cO9N�O9^f[%iv^MqrX3��ika%[]KMON0ivZw[�b�N0p8ikac[]lu^f[�y*lvZwO�ik���Mbr^slua]X�br^f[cO*azlky�[cbrik^sZ �
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B2g(x, y) = V (x, y)
∂g

∂x
(x, y) + V (y, x)

∂g

∂y
(x, y), ¬ @v�v®

���P
 �
B̃l

2 = 0
 ��� ���	�

l > 1 �

� �	� " �  
B2g(x, y) = c(x, y)

∂2g

∂x2
+ 2γ(x, y)

∂2g

∂x∂y
+ c(y, x)

∂2g

∂y2
,

�>�1
���

c
���	�

γ
����
7� %����/
 � �R��� �/� � �R��� 
 � �����

γ(x, y) = γ(y, x)
*!���P
 �

B̃l
2 = 0

 �������	�
l > 2

�
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	 � � �' � ¬ be®0QSZwbr^M�.[cKsOª�kO*^sO*azluq�xIO <1^Mb�[]b�iv^©iu� B̃l
2

br^�[]KMOªpMa]O9ZcO*^f[�Zwb�[c_1lo[cbrik^�XYb�O9qrxsZ0��ika
gl ∈

Csym(X l)

B̃l
2g

l(x1, x2) =

l
∑

q=1

(−1)l−q

q!(l − q!

q
∑

j=0

l−q
∑

i=0

Cj
qC

i
l−q

×
[

V (x1, x2)
∂

∂x1
+ V (x2, x1)

∂

∂x2

]

g(x1, . . . , x1, x2, . . . , x2, z1, . . . , z1, z2, . . . , z2) |z1=x1,z2=x2
,

£�KsO*a]O�b�^A[cKMO$qrlvZ\[S[cO9acN�[cKsO*a]O$lua]O
j
lua]�k_sN�O9^f[]Z

x1

q − j

lua]�k_MN0O9^v[zZ
x2

i
lua]�k_MN0O9^v[zZ

z1
�lu^1x

l − q − i
lua]�k_MN0O*^f[zZ

z2 � Á�O�[�_sZ�pMa]io�kO[]Kslo[�[cKMO3y*ifO�G�y�brO*^f[]Z�lo[ V (x1, x2)
lk^sx

V (x2, x1)
�8iu[]K

�olk^MbrZcK3br^�y*lkZcO
l > 1 � H4X0ZwXYN0N0O�[]acX�b�[4brZhO*^Miv_M�kK0[]i(xIO;luqs£�b�[cK�[cKMO <1a]Zw[ y�iYO�G3y*b�O9^f[hik^MqrX � M�O*^sy*Ok£4O�^MO*O;x�[ci0pMa]io�kOS[cKslu[

l
∑

q=1

Cq
l (−1)l−q

q
∑

j=0

l−q
∑

i=0

Cj
qC

i
l−qj

∂g

∂x1
(x, . . . , x, y, . . . , y) = 0

¬ m = i + j
�olua]brlk�Mq�O;Z

x
lu^1x

l − m
�olua]belu�MqrO9Z

y
®���iva(lu^YX xIb�ÀDO*a]O*^f[]brlk�Mq�O

g � Á½O*[(_sZ(ZcKMio£±[cKslu[[]KMOªy�iYO G�y*b�O9^v[�lu[ ∂g
∂x1

(x, . . . , x, y, . . . , y) ¬ m []b�N0O;Z x lu^sx l − m
[]b�N0O9Z

y
®$�olu^MbeZwKsO9Z���ika�lk^YX

m = 1, . . . , l,
b � O � [cK1lo[

m
∑

j=1

j+l−m
∑

q=j

Cq
l C

j
qC

m−j
l−q j(−1)l−q = 0.

H4X�ZcKMb��Ö[cbr^M��[cKMO�br^sxIO�n
q
b�^�O9lvyzK�Zc_MN�I^sluN0O*qrX�xIO9^Miu[]b�^M�

q +m− j
�YX

q
Ia]O9xI_sy*O9Z [cKsbrZ%O;dv_1lo[cbrik^

[]i
l
∑

q=m

m
∑

j=1

Cq+j−m
j Cj

q+j−mC
m−j
l−q−j+mj(−1)l−q/m−j = 0,

£�KsbryzK�lo�Ö[]O*a�Zcb�N0pMqrO�luqr�kO9�Ma]lkbrySN3lu^MbrpM_Mqelo[]b�iv^sZ%£�b�[cK��Mbr^MikN0beluq½y�iYO�G3y*b�O9^f[]Z%a]O*£�a]b�[]O9Z�lkZ
l
∑

q=m

(−1)l−qCq
l C

m
q

m
∑

j=1

Cj
mj(−1)m−j = 0. ¬ @ �u®

H4_I[4[cKsbrZ%KMivqrxsZ*IlkZ []KMOZw_MN io�vO*a
j
�olu^MbeZwKsO9Z ��ika%O9lvyzK <MnIO;x

m > 1
Ilu^sx�KMO*^1y�OS[cKMO�q � K � Z%a]O9xI_sy*O9ZK�[]i ∑l

q=1(−1)l−qqCq
l

M£�KMbeyzK�lk�vlubr^��olk^MbrZcKMO;Z4��ika
l > 1 �¬ b�bÖ®�J%KMOpsaciYiu��beZ�lu^slkq�iv�kiv_sZ � � N0b�[w[]b�^M��[cKMO(xMO�[]lkb�q�^Miu[]Oik^MqrX�[]Kslo[�br^sZw[cO;lkx�iu� ¬ @ �u®4iv^MO_sZcO9ZKsO*a]OS[]KMObexIO*^f[cb�[\X

l
∑

q=m

(−1)l−qCq
l C

m
q

m
∑

j=1

Cj
mj(j − 1)(−1)m−j = 0.

VYbrN0b�qelua]qrX�iv^MO�O;lkZcb�qrX3ZwKsio£�Z [cK1lo[
Bl

1

�olu^MbeZwKsO9Zh��ika%luqrq
l > 2

��ika%lu^YX0ZwO;y�iv^sx3ikazxIO9a xIb�À8O9acO9^f[cbeluq
ivp1O9a]lu[civa

B1
MZcKMio£�br^M��[cKMO�<1^Mb�[]O*^MO;ZcZ%ik��ZcO*a]brO9Z ¬ ��@v®4br^�y9lkZcO�ik�&br^f[cO9a]lvy¡[cbr^M�0xIb�À8_sZcbrik^sZ �

² O�y*lk^�pMa]io�kO�^Mio£ [cKMON3lubr^�acO;Zw_sq�[�iu��[cKMbeZ�ZcO9y�[cbrik^ �
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�� ·Y» � · 	 � ��� � �	��
�� ���1
 � ��R�=�3� � � ���1���! �	�P
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ψ̃ =

0
� � 
 �

gm(x1, . . . , xm) ∈ C2(Xm)
�����

F (µ) = (gm, µ⊗̃m)
� � ��R�=�/


µ = hδx
� � ���

x =
(x1, . . . , xn)

�����P
 �
sup
t≤T

‖T h
t F (µ) − TtF (µ)‖ ≤ hC(m,T, ‖µ‖)‖gm‖C2(Xm)
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TtF (µ) − T h
t (µ) =

∫ t

0

d

ds
T h

t−sPhTsF (µ) ds =

∫ t

0

Uh
t−s(PhLB − Lh

BPh)TsF (µ) ds, ¬ @ @v®
£�KsO*a]O

Ph
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t− s
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r − t
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Ω−1
s ys
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Ωtf(y) = f(Ωt(y))
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Ωt(z) = (z − ξt)/a
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a
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ξt
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t ≥ 0
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F (Y )
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g = gm ∈ C2,sym

∞ (Xm)
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µt =

µt(B)
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 � ���1
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L = Lh
B
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t F
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ΛBkh
t F (Y ) =

m
∑

l=2

h−1+l/2

∫

Xm−l

Φk
h[B̃l

kgz](
√
hY + µt)Y

⊗̃(m−l)(dz)

+ h−1/2

∫

Xm−1

(Φk
h[B̃1
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√
hY + µt) − (Bkg

+
z
, µ⊗̃k
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ΛB1,h
t F (Y ) =

∫

Xm−l

∫

X

B1gz(y)(dy)Y
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+

m
∑
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∫
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∫

X

B̃l
1gz(y)(
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hY + µt)(dy)Y
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ΩtF (Y ) = F ((Y − µt)/
√
h) = h−m/2

m
∑

p=0

(−1)m−p(g, Y ⊗̃p ⊗ µ
⊗̃(m−p)
t )

XYbrO*qexMZ

hk−1Lh
kΩtF (Y ) = h−m/2

m
∑

p=1

(−1)m−p

p
∑

l=1

hl−1

×
∫

Xm−p

∫

Xp−l
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)
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m
∑

l=1

hl−1
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∑

p=l

(−1)m−p
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∫
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∫

Xp−l
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√
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∑
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∑
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∑

p=r+l

Cm−p
m−l−r(−1)m−p





×
∫
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∫ ∫
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∫
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δF
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∑
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Zc_syzK3lpMa]iIy�O;ZcZ iva)£�b�[cK3b�[]Z)psacivp1O9aw[]b�O;Z ¬ KMio£4O*�vO*a;kZcO*OI> �f}�ADlu^sx0a]O���O9acO9^sy�O;Z�[cKsO*a]O*br^0��ika []KMO��kO9^MO*azluq[]KMO*ivacX.iu��Zc_syzK psaciIy�O;ZcZcO9Z9 lu^sx > �v��A> >Ï�u��A ��iva([]KMO�y*ika]acO;Zwp8ik^1xIb�^s�ªb�^=<1^Mb�[]O�xMb�N0O*^1Zwbrik^slkq ZcXIZ\[]O*N
ik� ¢ []i � Z�Zw[ciIyzKslvZ\[]bry�O9df_slu[cbrik^sZ0lkacbeZwbr^M�.b�^ [cKsO�y*ik^f[cO*nY[�ik�Sbr^v[]O*azlky�[cbr^M�.xMb�ÀD_sZcb�iv^sZ]®  ¬ brb�bÖ®�br^�y9lkZcO£�KsO*^mZcikqr_I[cbrik^sZ�[ci��Ybr^MO�[]bry(O9df_slu[cbrik^sZSlua]OacO9�k_Mqelua]bLK9b�^s��br^ª[]KMO$ZcO*^sZcO[]Kslo[�[]KMO$Zcikqr_I[]b�iv^ªN�O;lkZc_Ma]O
beZ�lu�sZcikqr_I[cO9q�X�y�iv^f[cbr^f_sik_sZ�£�b�[]KmacO;Zwp8O9y�[�[]i�Á½O9�1O;Zw�v_MO�N0O9lvZw_sacO��ivaSlkq�q&p1ifZwb�[cbr�kO([cbrN0O9Z ¬ lkZ�b�^2ik_Ma�1lkZcbry%O*nIlkN0pMq�O�iu��b�^f[]O*azlky¡[]b�^s��Z\[zlu�MqrO�pMa]iIy�O9Z]ZcO9Zz®¡o[]KMO�^MivacN±iu�D[cKsO�N0O9lvZw_Ma]O

h−1/2(Zh
B(t)−µt)

brZ
ik�½ikazxIO*a

h−1/2 ��ika%luqrqs[]b�N0O9Z9Ilu^sx�KMO*^sy*O�[]KMO��ÐlkN0b�qrX3iu��Zc_syzK�N0O9lvZw_sacO;Zhy*lk^�^Mik[4y�iv^Y�kO*a]�kO�£4O9lk�Yq�X[]i(lN0O9lvZw_sacO ��¢ ^3ik[cKMO9ah£4ikazxMZ*vik^MOSy*lu^3O*nIp1O;y¡[hiv^Mq�X 	wN(_syzK3£4O9lk�kO*a��%y*ik^Y�kO9ac�vO*^sy*O � � ^0[cKMO�qrO*�vO*qik�½pMa]ikpslk�vlo[]ikazZ*vik^MO�y*lk^�O�nIp8O9y¡[�y�iv^Y�kO*a]�kO9^sy�O�iv^�p8ikqrXY^MikN0beluq1��_M^sy¡[]b�iv^sluqeZ £�b�[]K�iv^Mq�X3Zc_=G�y�brO*^f[cqrX
ZcN0iYiu[cKmy*iYO G�y�brO*^f[]Z � Rmika]O*io�kO9a91lu^YX�N0O;lkZc_MacO(£�b�[]K2l�ZcN0ifik[cKAxMO*^sZcb�[\X�iv^ Rd y*lk^ª�1O0lupMpsaciGnIb�¤N3lu[cO9x��YX3[cKsO�Zw_MN iu��[]KMO � b�azlky�N0O9lvZw_Ma]O9Z hδx br^�Zw_syzK�l�£4lGX0[]Kslo[ |hδx − ν|h−1/2 brZ��1iv_M^sxIO;xiva�O*�kO9^.y*ik^Y�kO9ac�vO*^f[�[]i K*O*a]i�b�^2[cKMO3^sika]N iu�h[]KMO�Zcpslky*O

(C1(X))∗ � M�O*^1y�O�[cKMO3lkpMp1O;luazlu^sy*O$ik�[]KMOO�nIpMa]O9Z]Zcb�iv^ ‖(Zh
B(0) − µ0)/

√
h‖(C1(X))∗

�1O9q�io£ �

â�ã&ä½âÖÞ
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² O$ZcKsluqrq�y*ik^sZcbexIO*aS^Mio£°ik_MaS�slkZcbry�N�iIxIO9q�ik� VYO9y�[cbrik^ª� �S§ ZSb�[S��ikqrq�io£�Z%��a]ikN ¬ ~k�f®�1_M^1xIO*aS[cKMOlvZcZc_MN0pI[]b�iv^sZ�ik��J%KMO*ivacO9N } � �ª[cKMO��kO9^MO*azlo[]ika�ik��[cKMO�q�brN0b�[]b�^s�ApMa]iIy�O9Z]Z ΛB1

t + ΛB2

t

xIO <s^sO9Z$[cKMO
O9�kivq�_I[]b�iv^�ik�&qrb�^sO9lua%��_s^sy¡[]b�iv^sluqeZ

Fg(µ) = (g, µ)
�YX�N0O9lk^sZ�ik��[cKsOO9df_slo[]b�iv^

ġ(x) = −σ(x)|∆|α/2g(x) +

∫

(V (x, y)∇g(x) + V (y, x)∇g(y))µt(dy),
¬ ~ �u®

£�KsbryzK�br^3[]KMOSbr^Y�kO9a]ZcO�[cbrN0O��vb��vO9Z []KMOS[cazlu^sZw��ika]N3lo[cbrik^
Gt,s : gt 7→ gs

[cK1lo[ beZ �1iv_M^sxIO;x�br^
C∞(X)lk^sx�b�^

C∞ ∩ C2(X) ¬ lu�flubr^�lvy*y�iva]xIbr^M�([ci�J%KMO9ika]O*N � � Clu^1x�b�[]Z%iv�Y�fbrik_1Z%N�iIxIbL<1y9lo[cbrik^8® �J�i3pMa]io�kO�iv_Ma�y�O9^f[cazluq�qrb�N0b�[�£ OZcKsluqrq�^MO*O;x�[cKMO���ivq�qrio£�b�^s��lk_InIb�qrbrlkacX�acO;Zw_Mq�[ �
� · 	 	 � � ��
 � ����
�� ���1
 � ��R�=�7� � � ���1� �' ���1
����
�� � � �?�L
 �

g2 ∈ Csym
∞ (X2) ∩ C2(X2)

� ���1
��

sup
t≤T

E

(

g2,

(

Zh
B(t) − µt(µ0)√

h

)⊗̃2
)

≤ C(T, ‖Zh
B(0)‖)‖g2‖C2(X)

(

1 +
√
h

∥

∥

∥

∥

Zh
B(0) − µ0)√

h

∥

∥

∥

∥

C1(X))∗
+

∥

∥

∥

∥

Zh
B(0) − µ0)√

h

∥

∥

∥

∥

2

(C1(X))∗

)

¬ ~�@v®
� � ���

C(T, ‖µ0‖)
� 
��	� � �<����1� � ��� � ��� � ��
F�P
 �����	� � ���

h
�

	 � � �' � � ^sO�K1lkZ

E

(

g2,

(

Zh
B(t) − µt(Z

h
B(0))√

h

)⊗̃2
)

= E

(

g2,

(

Zh
B(t) − µt(Z

h
B(0))√

h

)⊗̃2
)

+

(

g2,

(

µt, Z
h
B(0) − µt(µ0)√

h

)⊗̃2
)

+ 2E

(

g2,
Zh

B(t) − µt(Z
h
B(0))√

h
⊗ µt, Z

h
B(0) − µt(µ0)√

h

)

.

J%KsO(O9Zw[cbrN3lo[]O(iu�h[cKMO <sa]Zw[�[]O*a]N y�ika]a]O9Zcp1iv^sxMZ�[]i�[]KMO <1a]Zw[�[]O*a]N�br^ª[]KMO$�sa]lvyz�kO�[Sik^ª[]KMO(a � K � Z � ik�¬ ~�@k®�M£�KMbeyzK���ikqrq�io£�Z ��a]ikN J%KMO9ika]O*N } � �0lk^sx�[]KMO���ika]N(_sqrl

E

(

g2,

(

Zh
B(t) − µt(Z

h
B(0))√

h

)⊗̃2
)

=
1

2h
E(g2, Zh

B(t)⊗2 − µt(Z
h
B(0))⊗2

+ µt(Z
h
B(0)) ⊗ (µt(Z

h
B(0)) − Zh

B(t)) + (µt(Z
h
B(0)) − Zh

B(t)) ⊗ µt(Z
h
B(0))).

J%KsO4a]O9df_Mbra]O9x$O9Zw[cbrN0lu[cO4��ika�[]KMO�ZcO9y�iv^sx�lu^sx([cKMbrazx([]O*a]N3Z lua]O �vb��vO*^��fX�[cKMO%[]KMb�azx0lu^sx�ZcO9y�iv^sx([cO*a]N
a]O9Zcp8O9y¡[]b��vO*qrX3b�^�[]KMO�Mazlkyz�kO*[4iv^�[]KMOa � K � Z � iu� ¬ ~ @k®¡M£�KsbryzK���ikqrqrio£�Zh��a]ikN J%KMO*ivacO9N � � � ¬ �M® �
² O�y*lk^�pMa]io�kO�^Mio£ [cKMON3lubr^�acO;Zw_sq�[�iu��[cKMbeZ�ZcO9y�[cbrik^ �
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�� ·Y» � · 	 � ��
 � �	��
�� ���P
������=�7� � � ���P� �! ���1
����
 � � � �?�L
��
g ∈ C2

∞(X)
�����1
��

sup
t≤T

∣

∣

∣

∣

E

(

g,
Zh

B(t) − µt(µ0)√
h

)

−
(

Gt,0g,
Zh

B(0) − µ0√
h

)∣

∣

∣

∣

≤ C(T, ‖Zh
B(0)‖)

√
h‖g‖C2(X)

(

1 +

∥

∥

∥

∥

Zh
B(0) − µ0√

h

∥

∥

∥

∥

2

(C1(X))∗

)

. ¬ ~k~v®

	 � � �' �)Á½O*[
Ufluc

h (t, s)
�8O%[cKMO��slvyz�Y£4lka]xpsacivpslu�flo[civa&y*ika]acO;Zwp8ik^1xIb�^s��[ci�[]KMO�pMa]iIy�O9Z]Z

(Zh
B(t)−

µt)/
√
h � J%KsO�q � K � Z � iu� ¬ ~�@v®%y9lu^��1O£�a]b�[w[cO9^�lvZ

sup
t≤T

∣

∣

∣(U
fluc
h (t, 0)Fg(ξ0) − (Gt,0g, ξ0)

∣

∣

∣

£�b�[cK
ξ0 = (Zh

B(0) − µ0)/
√
h
s£�KMbryzK�O9df_slkqrZ

sup
t≤T

∫ t

0

Ufluc
h (s, 0)(ΛB,h

s − ΛB
s )Gt,sg ds(ξ0).

§ Z (ΛB,h
s − ΛB

s )Gt,sg
beZ(lªdf_slvxIa]lu[cbey���_M^sy�[cbrik^slkqhpMa]ikp8ikac[cbrik^slkq�[ci √

h
&[cKMO�a]O9df_Mbra]O9x.O9Zw[cbrN3lo[cO

��ivq�qrio£�Z ��acivN Á�O*N0N3l�� � C �
� � �&�3'4	�����	�� ' � 
���������� # � 	 ����� �.	%� ������
��#&��' �*	��
J%KsOSN0O�[]KMiIxMZ�xIO9�kO*qrikp8O9x�lu�8io�kO�y*lu^��1OlkpMpMqrb�O;x�lkqrZci�[]i$[]KMOlu^slkq�XIZcbrZ iu��pMaciIy*O9Z]ZwO;Z yzKslk^M�kbr^M�$[cKMO
^Y_MN$�1O9a(ik��psluac[cbey�qrO9Z9&lvZ�£4O�lua]O��vikbr^M��[ci.xIO*N0ik^1Z\[]a]lu[cO3^Mio£ ik^ [cKMO�O�nMluN0pMqrO�iu��y*ivlu�v_Mqelo[cbrik^M¤
��azlu�vN0O*^f[]lu[cbrik^�N0iIxIO9qrZ �J�i��kO9^MO*azluqrbDK*O�VYO9y�[cbrik^A}0br^Al0£%lGX�[]i�b�^1y�qr_sxIO�pMa]iIy�O;ZcZcO9Z�yzK1lu^M�vb�^M�0[]KMO�^Y_MN$�1O9a�iu� pslkaw[]bry*q�O;Z*
lvZcZc_MN0OS[cKslu[

D
lu^1x

X
lua]O�[]KMOZclkN�OlvZ br^�J%KMO*ivacO9N � � C�lk^sx�qrO�[ Bk : Csym(X ) 7→ Csym(Xk)


k = 1, . . . ,K

�8O4ik�M[cKsO ��ivacN ¬ CG�u®�£�b�[]K Bk
�1O9b�^M��y�iv^sxIb�[cbrik^slkq�qrXp8ivZcb�[]b��vO ivp1O9a]lu[cikazZ½br^

Csym(Xk)¬ [cKslu[SZw[]lu^1x���ika�[]KMO�pMa]iIy�O9Z]ZcO9Z%pMa]O9ZcO*a]�Yb�^M��[]KMO(^Y_MN$�1O9a�iu� pslkaw[]bry*q�O;Z�lu^sx�[]Kslo[�£4O*a]O�xIO9^Miu[]O9x Bkbr^mVYO9y�[cbrik^sZS}$lk^sx��k®�lk^sx
Pk
�8O*br^M��l$�ÐluN0b�qrX�ik��ZcXYN0N�O*[ca]bry�[]a]lk^sZcb�[]b�iv^��vO*a]^MO*qeZ4��acivN

Xk [ci X �
§ pMa]iYy*O9Z]Z ZB(t)

iu�
k
¤¿lua]X�br^f[cO*azlky�[cbrik^ªbr^

X ¬ p8ivZ]Zcb��MqrXªyzKslu^s�kbr^M�0[cKMO�^Y_MN(�8O*aSiu�)pslkaw[]bry*q�O;Z]®�y*lu^�8O�xIO�<s^MO9x�lk�vlubr^�[]KMa]ik_M�vK�[]KMO�kO9^MO*azlo[]ika ¬ �u�k®�I£�KMbeyzKªy*lk^��8O£�acb�[w[]O*^�br^�N0ivacO�xIO�[zlubrq�lkZ

LBf(x) =
K
∑

k=1

Lkf(x) =
K
∑

k=1

∑

I⊂{1,...,l}:|I|=k

[(BI
kf)(x) +

∫

(f(y,xĪ ) − f(x))Pk(x, dy)] ¬ C;�k�v®

��iva
x = (x1, . . . , xl)

£�b�[cK�lkac�Mb�[cazlua]X
l � J%KMOSZ]y*lkq�O;x3pMa]iYy*O9Z]Z)iv^ M+

δ,h(X)
beZ lk�vlubr^3�kbr�kO9^3�fX ¬ �o�f®¡

¬ �G�v® � � _sa$y*lkqry*_Mqelo[cbrik^1Z�br^ VYO9y�[cbrik^sZ0}ªlk^sx �m£4O*a]O�y9lua]acbrO9x.ik_M[$br^ Zc_syzK lm£%lGXm[]Kslo[�[cKMO9X´lua]OZw[cazlubr�kKf[c��ika]£4lka]xIqrX��kO*^sO*azluqrbLK9O9x3[]i�[cKMO�^MO9£¯N0iIxIO*q�ik��[]KMbrZ�ZwO;y¡[cbrik^ � ¦sika�br^sZw[]lu^1y�Ok ¬ � �o®� ¬ ��@k®%Zw[cbrq�qKsikqex�I£�KMO*a]O���ika%[]KMOb�^f[]O*�kazluq�ivp1O9a]lu[civa
Bk : Csym(X ) 7→ Csym(Xk)

iu��[cKMO���ivacN

Bf(x) =

∫

X

(f(y) − f(x))P (x, dy), x ∈ Xk,

â�ã&ä½âÖÞ
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[]KMOikp8O*azlo[]ika
B̃l

k : Csym(X l) 7→ Csym(Xk)
beZ��kbr�kO9^��YX

B̃l
kg(x) =

l
∑

q=1

(−1)l−q

∫ ∫ ∫

g(y, z)(δu − δx)⊗̃q(dy)P (x, du)δ⊗̃(l−q)
x

(dz). ¬ C;�1C;®

J%KsbrZ qrO9lvxMZ&[ci�[]KMO�y�ivaca]O9Zcp8ik^sxIbr^M���kO9^MO*azluqrbLK;lo[]b�iv^(iu��J%KMO9ika]O*N3Z)} � C%£�b�[]K$[]KMO�qelG£�ik�8qelua]�kO4^Y_MN(�8O*a�8O*br^M�3lu�flubr^�Zcp8O9y�bL<sO;x��YX ¬ C9�v®%lu^sx�[cKsOq�brN0b�[]b�^M�0pMa]iIy�O;ZcZ%ik��¾s_sy�[c_slu[cbrik^sZ��fX��kO*^sO*azlo[civa]Z ¬ ~k�v® �
� 
 �/����� � � _Ma�xIO;y�ivN�p8ivZcb�[cbrik^iu� Bk

��acivN ¬ C � C;�v®Db�^f[]i�[cKMO Zw_MN°ik� Bk
¬ [cKMO ^Y_MN(�8O*a�iu�Ipsluac[cbey�qrO9ZpsacO;ZwO9ac�Ybr^M�3psluac[z®�lu^sxª[cKMO$acO9N0lkb�^sb�^M�(j\_MN0pI¤>[\Xfp8O(p1luac[SbeZ�^Mik[S_M^sbrdf_MOvDlvZ�[]KMO�j\_sN�p1ZSpsacO;ZwO9ac�Ybr^M�

[]KMO�^Y_MN(�8O*ahiu�1p1luac[cbey�qrO9Z ¬ qrbr�kO�br^ H4ivq�[ K*N3lu^M^3y*ikqrq�beZwbrik^1Z]®&y*lk^$�8O�pM_I[ b�^0O*b�[cKsO*a)ik�1[]KMO9ZcO%[\£ i�pslkaw[zZ �
¢ ^´y*lvZwO0ik�4pM_sacO�j\_MN0p´br^f[cO*azlky�[cbrik^sZ Bk = 0

b�^ ¬ C9�v�k®�lu^sx.�Ybr^MO�[]bry0O;dv_1lo[cbrik^ ¬ C;�k®�[zlu�kO;Z�[cKMO��ivacN
d

dt
(g, µt) =

K
∑

k=1

∫ ∫

(g+(y) − g+(x1, . . . , xk))Pk(x1, . . . , xk; dy)µ⊗̃k
t (dx). ¬ C;�v�k®

M�O*^sy*O�[cKMO�vO*^MO9a]lu[cika ¬ ~u�v®4ik��[]KMO�q�brN0b�[]b�^M�3psaciIy�O;ZcZ4��iva%¾s_sy�[c_slu[cbrik^�y*lu^��8O£�acb�[w[]O*^�lkZ

ΛBk

t F (Y ) =

∫ ∫

(δF (z) − δF (y))Pk(y, dz)(Y ⊗ µ
⊗̃k−1)
t )(dy)

+
1

2

∫ ∫

(δ2F (z, z) + δ2F (y,y) − 2δ2F (y, z))Pk(y, dz)µ⊗̃k
t (dy) ¬ C;�k�f®

lk^sx�[cKMOxIXY^slkN�bey*Z4ik��[cKsOb�^Y�olua]brlk^f[ qrb�^MO;lua%��_M^1y¡[cbrik^1Z
Fg(Y ) = (g, Y )

brZ4�kbr�kO9^��YX0[]KMOO9df_slu[cbrik^

ġ(x) =

K
∑

k=1

N
∑

n=1

∫

[

n
∑

i=1

g(zi) − g(x) −
k−1
∑

i=1

g(yi)

]

Pk(x, y1, . . . , yk−1; dz1 · · · dzn)µ
⊗̃(k−1)
t (dy).

¬ C;�u�Y®
§ Z�b�^.[]KMO3pMa]O*�Yb�iv_sZ�ZwO;y¡[]b�iv^½�£4O3ZwKslkq�q)xMO*^Mik[cO3�YX Gt,s

[cKMO�y*ika]acO;Zwp8ik^sxMb�^M��O*�vikqr_I[cbrik^.ikp8O*azlo[]ikazZ
iv^

g
br^�b�^Y�vO*azZwOS[cbrN0O ¬ �slvyz�f£%luazx�psacivpslu�flo[civaz® �
² O�ZcKslkq�q y�iv^sZcbrxIO9aS^sio£°[cKMO0Z\[zlu^sxsluazxªN0iYxMO*q�iu�hy*ivlu�v_Mqelo[cbrik^mlk^sxª��azlu�vN0O*^f[]lu[cbrik^my�ivN(�Mbr^MO;x£�b�[cK.p8ivZ]Zwbr�MqrO�y*ikqrq�beZwbrik^A�MacO;lu�olu�vOkD£�KMO9acO

X = R+

Pk
xIiYO9Z�^Mik[�Glk^MbeZwK2ik^MqrX���ika

k
�8O*br^M��[\£4i

lk^sx�ik^MOvMZwi�[cK1lo[
P2(x1, x2; dy) = K(x1, x2)δ(x1 + x2 − y)dy + C(x1, x2, y1)δ(x1 + x2 − y1 − y2)dy1dy2,lk^sx
P1(x; dy1dy2) = F (x, y1)δ(y1 + y2 − x) dy1dy2 � J%KsO�y�ik^f[]b�^Y_Miv_sZ���_M^sy�[cbrik^sZ K,C, F lkacOy9luqrq�O;x�[cKMO�y�ivlk�k_Mqelo[]b�iv^½My�ivq�qrbeZwbrik^ªlu^1x���a]lk�kN0O*^f[]lu[cbrik^��kO9ac^sO*qeZ�acO;Zwp8O9y�[cbr�kO9q�X � J%KMO$y�ika]a]O9Zcp1iv^sxIbr^M�qelG£ ik��qelua]�kO�^Y_MN(�8O*azZ ¬ C;�v�u® [zlu�kO;Z4[cKMO���ivacN

d

dt
(g, µt) =

∫ ∞

0

∫ ∞

0

(g(x1 + x2) − g(x1) − g(x2))K(x1, x2)µ
⊗̃2
t (dx1dx2)

+

∫ ∞

0

∫ ∞

0

∫ x1+x2

0

dz(g(z) + g(x1 + x2 − z) − g(x1) − g(x2))C(x1, x2, z)µ
⊗̃2
t (dx1dx2)

+

∫ ∞

0

∫ x

0

dz(g(z) + g(x− z) − g(x))F (x, z)µt(dx)
¬ C;�v}v®

ä�ä�É�NPORQRSRT



�f� �������	��� ����� ���L��������� � ���

¬ y*lkq�qrO9x�VYN0ikqr_syzKMio�IZw�Yb� Z O9df_slu[cbrik^�b�^ªy*lvZwOSiu�&�Glk^MbeZwKMbr^M� C lk^sx F ® �)§ Z]Zc_MN0OS��iva�ZwbrN0pMq�bey�b�[\X3[]Kslo[lkq�q�br^f[cO9^sZwb�[cbrO9Z�lua]OS�8ik_M^1xIO9x ¬ N0ivacO�a]O9luqrbeZ\[]bry�lkZ]Zc_MN0pI[cbrik^sZ4£�brq�q��1O�xIbeZ]y�_sZ]ZwO;x�br^,> ��CRA�®¡³

sup
x1,x2,x

max(K(x1, x2),

∫

C(x1, x2, z)dz,

∫

F (x, z)dz) <∞. ¬ C9�v�v®
J%KsO*^ b�[$beZ(£4O*qrqh�Y^Mio£�^ []Kslo[ ¬ C;�v}u®�brZ$£ O9q�q p1ifZwO;x ¬ ZcO*O�O � � � >Ï}k��A4��ika0y�iflu�v_Mqrlu[cbrik^sZlk^sx'> �v}�A%br^
�vO*^MO9a]lkqMy*lvZwOG®¡ub � O � ��ikahlk^fX <s^Mb�[cO µ0

£�b�[cK�l <1^Mb�[]O�ZcO9y�iv^sx�N0ikN0O*^f[ ∫
x2µ0(dx) <∞ []KMO*a]O�O�nIbeZ\[zZl�_M^Mbedv_sO(�8ik_M^sxMO9xmZcikqr_I[cbrik^

µt
ik� ¬ C;�v}u®�£�b�[]KAl3�8ik_M^sxMO9xmZcO9y*ik^sx�N0ikN0O9^v[�lu^sxªpsacO;ZwO9ac�Ybr^M�0[cKMON3lvZcZ9sb � O � Zw_1yzK�[cKslu[ ∫ xµ0(dx) =
∫

xµt(dx) ��¢ ^ > �f}�A�lk^sx,> �k~ A�b�[SbrZ�ZwKsio£�^�[]Kslo[S[cKMbeZSO9df_slo[]b�iv^
KsikqexMZ lkqrZci�br^�[]KMO�Zw[ca]ik^s�(ZwO9^sZcO�£�b�[cK�[]KMO�xIO*a]b��olu[cbr�kO��8O*br^M��_M^sxIO9a]Zw[ciYiIx3br^�[cKsOSZcO*^sZcO�ik�½[cKMO�^MivacN
ik� M(X) � J%KMbeZ�lkq�qrio£�Z%[ci�xMb�ÀDO*a]O*^f[cbelo[]O[cKsbrZ�O9df_slo[]b�iv^�£�b�[]KmacO;Zwp8O9y�[�[ci0[]KMO(br^Mb�[cbeluq�N�O;lkZc_Ma]O µ0 �« dv_1lo[cbrik^���ika�lkq�q�xIO*a]b��olu[cbr�kO9Z%lkacO�ik�Y�Ybrik_sZcq�X3qrbr^MO9lka%lk^sx��YX�l0ZwbrN0pMq�Obr^sxI_1y¡[cbrik^�iv^MOZwO9O9Z4[cK1lo[

sup
x1,...,xl

∥

∥

∥

∥

δlµt

δµl
0

(x1, . . . , xl)

∥

∥

∥

∥

≤ Cl(µ0)t
ll! ¬ C;� �k®

��iva�luqrq
l
£�b�[]K�ZcikN0Oy�iv^sZw[]lu^f[

C(µ0) �VYbrN0b�qelua [ci$J%KMO*ivacO9N } � �£4O��vO�[h^Mio£�[]KMO���ivq�qrio£�b�^s��acO;Zw_sq�[hiv^0[cKMOSa]lu[cO�ik��y�iv^f�vO*a]�kO9^sy�O4[ci([cKMOqelG£ ik��qelua]�kO�^Y_MN(�8O*azZ ¬ C;�v}u® �

�� ·Y» � · 	�� ��
 ��� �R�=�/
 ¬ C9�v�k®?�	� ���1
 ��������=�L� � � ����)'����	��� �R� ����), �������/
 � � � � � ��� �/��� 
 � ¬ C9�f}u®�� � 
 �
gm ∈ C∞(Xm)

���	�
F (µ) = (gm, µ⊗̃m)

� � ��R�=� 

µ = hδx

� � ���
x = (x1, . . . , xn)

� ���1
��
sup
t≤T

‖T h
t F (µ) − TtF (µ)‖ ≤ hC(m,T, ‖µ‖)‖g‖C(Xm)

� � ��� ����� 
 ����1� �F��� �
C

��
F�P
 �����	� � ���
m,T, ‖µ‖ �

	 � � �' � ² O%ZcKslkq�qYlu�flubr^(_sZcO ¬ @�@k® � TsF (µ)
beZ lu^$b�^=<1^Mb�[]O*qrX(xIb�À8O9acO9^f[cbelu�MqrOh��_s^sy¡[]b�iv^½o[cKsO4�8ik_s^sxMZ

��iva%[cKMO�xMO*a]b��olo[]b��vO9Z4�8O*br^M�3�kbr�kO9^��YX ¬ C9� �o® � ¦sacivN ¬ C;�1C9®4b�[���ikqrq�io£�Z []Kslo[
‖B̃l

kg‖ ≤ 5lC‖g‖/l!, k = 1, 2,

lk^sx�KMO*^1y�O�ZcO*a]b�O;Z ¬ ��@f® [c_Ma]^sZ�iv_I[�[]i3�1O�y*ik^Y�kO9ac�vO*^f[ ��iva Ft(µ) = F (µt)
lk^sx�[cKMO$Zw_MN io�kO9a

l ≥ 2beZ%O9Zw[cbrN3lo[]O9x��YX

1

k!

∞
∑

l=2

hl−1

∥

∥

∥

∥

B̃l
k

δlFt

δµt

∥

∥

∥

∥

‖hδx‖k ≤ h

k!

∞
∑

l=2

hl−2(C(µ0)t)
l‖hδx‖k, k = 1, 2,

Zci�[]Kslo[S[cKMbeZ�brZ�y�iv^Y�kO*a]�kO9^f[�lu^sxAiu�)ikazxIO9a
O(h)

�1iv_M^sxIO;xª��ika�O9lvyzK
t ¬ lk^sxmZc_=G�y�brO*^f[cqrXmZcN0lkq�q h ® �M�O*^sy*O ¬ PhLB − Lh

BPh)TsF (µ)
beZ�ik��iva]xIO9a

h
br^ ¬ @ @k®¡�£�KsbryzK©brN�psq�brO9Z�[cKMOAZw[]lu[cO9N�O9^f[�iu��[cKMOJ%KsO*ika]O*N �

² O�y9lu^´^Mio£ ik�M[]lubr^ [cKsO�y�O9^f[cazluqhqrbrN�b�[$a]O9Zc_Mq�[���ika([cKMbeZ$N�iIxIO9q �1lkZcbry9luqrq�X.y�ikpYXYbr^M�ª[cKsO�lua]�k_M¤N0O9^v[zZ4iu�½[]KMO�pMacO9�Yb�iv_sZ VYO;y¡[]b�iv^½IO*�vO*^�£�b�[cK�lkxMxMb�[]b�iv^sluq�Zcb�N0pMqrb�<8y*lo[]b�iv^sZh[cKslu[%£4O�xIi(^Mik[�^MO*O;x�lu^YX
ZcN0iYiu[cKs^MO9Z]Z(ik��[cKsO�y*iYO G�y�brO*^f[]Z$iu�Sp1ivq�XY^MivN�beluq4��_M^1y¡[cbrik^1Z ¬ Zwbr^sy*O�lkq�q Bk

lua]O��8ik_s^sxIO9x1® � J%KY_sZbr^sZw[cO;lkx�iu� Á½O*N0N3l0� � C�£ O��kO*[

â�ã&ä½âÖÞ



���������	��
������������������
���������������� � �

� · 	 	 � � ��
 � ����
�� ���1
 � ��R�=�7� � � ���1� �' ���1
����
�� � ��� �L
 �
g2 ∈ Csym

∞ (X2)
� �	�P
 �

sup
t≤T

E

(

g2,

(

Zh
B(t) − µt(µ0)√

h

)⊗̃2
)

≤ C(T, ‖Zh
B(0)‖)‖g2‖

(

1 +

∥

∥

∥

∥

Zh
B(0) − µ0√

h

∥

∥

∥

∥

2

M(X)

)

� � ���
C(T, ‖µ0‖)

� 
��	� � �<����1� � ��� � ��� � ��
F�P
 �����	� � ���
h
�

§ ^sx�[cKMO9^ªZwbrN0b�qelua�N0iIxIbL<1y*lu[cbrik^�iu� J%KMO*ivacO9N � � C�XYbrO*qexMZ4[cKsO���ikqrq�io£�br^M�3y�O9^v[]a]lkqDq�brN0b�[�a]O9Zc_Mq�[ �

�� ·Y» � · 	�� � � � �	��
�� ���P
������=�7� � � ���P� �! ���1
����
 � � � �?�L
��

g ∈ C∞(X)
�����1
��

sup
t≤T

∣

∣

∣

∣

E

(

g,
Zh

B(t) − µt(µ0)√
h

)

−
(

Gt,0g,
Zh

B(0) − µ0√
h

)∣

∣

∣

∣

≤ C(T, ‖Zh
B(0)‖)

√
h‖g‖

(

1 +

∥

∥

∥

∥

Zh
B(0) − µ0√

h

∥

∥

∥

∥

2

M(X)

)

. ¬ C;��@f®

J%KsbrZ�acO;Zw_Mq�[�beZ�^MO9£{O*�vO*^���ika�y�iflu�k_sqrlu[cbrik^�N�iIxIO9q ¬ £�b�[]Km�olu^MbeZcKMb�^s� C lu^sx F ®�lk^sxªO9�kO*^ª£�b�[cKsik_I[[]KMO0O9Zw[cbrN3lo[cO�iu�4y�ik^Y�vO*a]�kO*^1y�O � J%KMO0iv^Mq�XªpsacO9�fbrik_1Z�a]O9Zc_Mq�[�iv^m[cKsO0y*O*^f[cazluq�qrb�N0b�[���ikay�iflu�k_sqrlu[cbrik^N0iIxIO9q%lkpMp8O9lua]O9x�b�^ >DC @ A¥ lk^sx b�[3brZ0xIO9�kiu[]O9x [ci2[cKMOªy*lvZwO�iu�Sik^MqrX xIbeZcy*acO*[cO�N0lvZcZ0xIbeZw[ca]b��M_M[cbrik^ �J%KsO(lua]�k_MN0O9^v[zZ%b�^ >LC�@ A&lkacO�df_Mb�[cO(xMb�ÀDO*a]O*^f[���a]ikN�ik_MazZ�lk^sx�[cKMO9X�xMi�^Miu[S�kbr�kO�lu^YX�O9Zw[cbrN0lu[cO;Z%��ika
y*ik^Y�kO9ac�vO*^sy*O �
� � �����&���3�9��
�#������ �������������z#�	 �s!��*��	�����������
�� �o����')#��*�����
Á�O�[

B
lu^sx

B∗ �1O�l3acO;luq�ZcO*p1luazlu�MqrOIH%lu^slvyzKmZwpslvy�O�lk^sxªb�[]Z�xI_sluq�£�b�[]KAxI_slkq�b�[\X�xIO*^Mik[cO;xª�YX (·, ·)lk^sxA[cKMO3_M^sb�[(�1luqrqrZxIO9^Miu[]O9x.�YX
B1
lu^sx

B∗
1 ��¢ [��ivq�qrio£�ZS��acivN�[cKsO�Vf[civ^MO�¤ ² O9b�O9a]Zw[cazlkZ]ZS[cKMO9ika]O*N[]Kslo[ <s^Mb�[cOSxMb�N0O*^1Zwbrik^slkq ¬ ivahy�XYqrb�^1xIacbey*lkqe®���_M^sy¡[]b�iv^sZ)ik�D��ika]N Ff (v) = f((g1, v), . . . , (gm, v))

£�b�[cK
g1, . . . , gm ∈ B

lk^sx
f ∈ C(Rm)

lkacOAxMO*^sZcO2br^¨[]KMO.Zcpslvy�O
C(B∗

1)
ik� ∗ ¤¥£ O;lu�YqrX y�iv^f[cbr^f_sik_sZ�8ik_s^sxIO9x2��_M^1y¡[cbrik^1Z�ik^.[cKMO3_s^Mb�[��1luqrq b�^

B∗ �3² O3^MO9O9x.l�N�ivacO0pMa]O9y*brZcO3Z\[zlo[]O*N0O*^f[�[cKslu[[cKMO;ZwOlkpMpMa]iGnIb�N3lo[]b�iv^sZ�y9lu^ª�8O�yzKMifZwO9^ªb�^.Zw_1yzKml�£%lGX�[]Kslo[S[cKMO9XªacO;Zwp8O9y�[�xIb�À8O9acO9^f[cbelo[cbrik^ � J%KMbeZ��Ðlvy¡[�brZy*ac_1y�beluq ��iva�ik_Ma$O�nIp8ivZcb�[]b�iv^ lk^sx.[cKsO�lu_I[]KMika$xIbrx ^Miu[I<1^sx b�[�b�^ []KMO�qrb�[]O*azlo[]_MacO ��² O�ZcKslkq�q ^MO*O;xb�[$iv^MqrXA��iva�[cKsO�y*lvZwO�iu�
B = C∞(X)

£�b�[cK
X
�8O*br^M�

Rn ika�b�[]Z�Zc_M�MN3lu^Mb���ikqex�)lk^sx £ O�acO;xI_sy�Olu[w[]O*^f[cbrik^�ik^MqrX3[]i0[cKMbeZ�y*lvZwO �
² O�ZwK1luqrq½ZclGX3[]Kslo[�l$�ÐlkN�brqrX P1, P2, · · ·

iu��[]KMOqrb�^MO;lua�y*ik^f[cazlky�[cbrik^sZ4br^
B
iu�&[cKsO���ika]N

Pjv =

Lj
∑

l=1

(wl
j , v)φ

l
j ,

¬ C;�k~f®

£�KsO*a]O
φl

j

lk^sx
wl

j

lua]OmZwivN0O <s^Mb�[cOAqrbr^MO9lka�br^sxIO*p8O*^1xIO*^f[�ZcO�[zZ0��a]ikN [cKMO2_M^Mb�[��slkq�qeZ
B∗

1

lu^1x
B1a]O9Zcp8O9y¡[]b��vO*qrXk���ika]NUlu^´lupspMaciGnIbrN3lo[cbr�kO�bexIO*^f[cb�[\Xk&b��4[]KMO�ZcO9df_MO9^sy�O

Pj
y*ik^Y�kO9ac�vO9Z�Zw[ca]ik^M�vq�X�[]iª[cKMO

bexIO9^v[]b�[\X�ikp8O*azlo[civa�lkZ
j → ∞ �

ä�ä�É�NPORQRSRT



� @ �������	��� ����� ���L��������� � ���

J�i�ZcO*O$[cKsO$O*nYbeZw[cO*^1y�O�iu� Zc_syzKAl��ÐluN0brq�Xv�q�O*[�_sZ�yzKMiYifZwO�l <s^sb�[]O 1
j

¤>^sO�[
x1, x2, . . . , xLj

b�^2[cKMO
�1luqrq {‖x‖ ≤ j} �lu^1x2qrO�[ φl

j

�1O�lªy*ikqrq�O;y¡[cbrik^.iu��y�iv^f[cbr^f_sik_sZ�^Miv^I¤¥^MO*�flo[cbr�kO���_M^1y¡[cbrik^1Z�Zw_1yzK2[]Kslo[
φj(x) =

∑

l φ
l
j(x)
�1O*qrik^s�vZ$[ci

[0, 1]
O*�vO*a]Xf£�KsO*a]Ok)O;dv_1luqeZ$iv^MO���ika ‖x‖ ≤ j

lu^sx��olu^sbrZcKMO9Z$��iva
‖x‖ ≥ j + 1

lk^sx Zc_syzK [cK1lo[$O;lkyzK
φl

j

O9df_slkqrZ(ik^MO�b�^�lA^MO*br�kKY�8ika]KMiYiIx iu�
xl

j

lk^sx´�olu^sbrZcKMO9Z���ika
‖x− xl

j‖ ≥ 2/j � J%KsO*^�[cKMOivp1O9a]lu[cikazZ

Pjf(x) =

Lj
∑

l=1

f(xl
j)φ

l
j(x) =

Lj
∑

l=1

(f, δxl
j
)φl

j(x)

��ivacN lu^�lupMpMa]iGnIb�N3lu[cbr�kO�brxIO9^f[cb�[\X�b�^
B = C∞(X) �

� � »��h» ���Ð��� »	� � ��
 �������P� ��
/�$ ��� �	�,%
P1, P2, · · ·

�! �#��� � 
=���	� 
��1�R� ��� ���8���	� 
 ���=���� � ������� � ���1� �	�
B
���	��
�� �5% ¬ C;�k~k®� ���R� ��� � ��� ���5� �	�/� � �	� 
 ��� 
 � � � �#% �	�

B
� �	�P
 �

� � "3 ��� ����% F ∈ C(B∗
1 )

���1
  ��� �	�,%
Fj = F (P ∗

j )
������ 
�� � 
R� �F�

F
�=�P�  ���R���2% � � �	
 ���	� ���P
I� ���R�

� ��1���L� � % �! 
C(B∗

1 )
"1*

� �	� " ���P
 ��
 
4� � � � �P� �R� � �	� 
 ���=�=�
���
ε1, ε2, · · ·

����� �  �����	�2% �! ���� � ����� � � ���P�
Πj

���
C(B∗

1 )
� � ���

���P
 ����� � 
 � ���1�R� � � �	� � �! �#��� � 
 ���	� 
��� � ���=���	��� � � ���1�/�! ���P
 ��� ���,% � ���  �=�	��� � ���1� �! 
µ ∈ B∗

�! ���1
  ���R�

Fj,ν(µ) = exp







−εj
Lj
∑

l=1

(φl
j , µ− ν)2







, ν ∈ B∗,

�R�/�4� ���P� �
Πj(F )

� ���P��
 � � 
 � � �
F
�=�P�  ���R� �,% ���

B∗
1

*
� �	�	� " �  F � �

k
� �	�/
R� ���� � �	�P�P��� �R�,%.��� �7
���
�� � � �����L
 �	� ���1
 ��
��1��
 ���P� �

δkF (µ)(v1, . . . , vk)

4� � � � �

����� � � � ∗ ) � 
 �����2%:� ��� � �	�P�P��� �  �=��� � � ��� �! 
k + 1

� ���R� �����L
R�(* ���1
�� ���P
6� 
 �R�	��� � �	��
R�?�' ���P

����� 
 �

k
�! 

Πj(F )
������ 
�� � 
 � � ���1
 ����R��
 � �1���	���	� �.��
��R�	� � � �	��
 � �! 

F
�=���  ���R� �,%?���

B∗
1

�
	 � � �' � ¬ be®%P�iu[]bry*O�[cKslu[

P ∗
j (µ) =

Lj
∑

l=1

(φl
j , µ)wl

j .

J%KsO�acO;df_Mb�a]O9x.y�iv^Y�kO*a]�kO9^sy�O���iva[cKMO���_M^sy¡[]b�iv^sZ�ik�%[cKMO3��ivacN
Fg(µ) = exp{(g, µ)}  g ∈ C∞(X)��ivq�qrio£�Z ��acivN []KMOxIO <s^sb�[]b�iv^�ik��[]KMO�lupspMaciGnIbrN3lo[cbr�kOSbrxMO*^f[cb�[\XkI��iva

Fg(P
∗
j (µ)) = exp{(Pjg, µ)}.

¦sikalua]�Mb�[cazlua]X
F ∈ C(B∗

1 )
[cKMO3Zw[]lu[cO*N0O9^v[�beZSiv�I[]lkb�^sO9xA[cKMa]ik_M�vKmb�[]ZlupspMaciGnIbrN3lo[cbrik^A�fX�[]KMO0q�br^I¤

O;lua�y�ikN$�Mbr^slo[]b�iv^sZiu��O*nIp1iv^MO*^f[cbeluqh��_M^sy�[cbrik^sZ
Fg
¬ £�KMbryzK�brZ$p1ifZcZcbr�Mq�O��fX.[]KMO�Vf[]ik^MO*¤ ² O*brO*azZw[cazlkZ]Z[]KMO*ivacO9N�® �¬ b�bÖ®&¦Mika�lu^YX j [cKMO ��_M^sy�[cbrik^slkq Fj(µ) = F (P ∗

j (µ))
y�qrO9lua]qrX�y9lu^��8O4£�acb�[w[]O*^(br^�[]KMO ��ika]N

Fj(µ) =

fj(y(µ))
£�b�[cK

y(µ) = {(φ1
j , µ), . . . , (φ

Lj

j , µ)} lk^sx fj
�1O9b�^M���8ik_M^sxMO9xAy*ik^f[cbr^Y_Mik_1Z���_M^1y¡[cbrik^1ZSik�

â�ã&ä½âÖÞ



���������	��
������������������
���������������� �f~

Lj
�Glkacbelu�sq�O;Z ��§ pMpsaciGnIbrN0lu[cbr^M� fj

<sazZ\[$�fX2[cKsO3��_M^sy�[cbrik^sZ
eε∆fj

lu^sx.[]KMO�qelo[c[cO*a(��_M^sy�[cbrik^´�YX.l
qrbr^MO9lka�y�ikN$�Mbr^slo[]b�iv^

hj
ik� []KMO ��lu_1ZcZcbrlk^A��_s^sy¡[]b�iv^sZiu�4[cKsO0[\Xfp8O

exp{−εj
∑Lj

l=1(yj − ξj)
2} �£ O[]KMO*^ªxIO�<s^MO

Πj(F (µ)) = hj(y(µ))
1£�KMbryzK�O9^oj\ioXIZh[]KMOa]O9df_MbracO;x�pMa]ikp8O*ac[\X �¬ b�brbe® � ^MO�ik^MqrX�^MO9O9xMZ4[]i3^Miu[]bry*OS[]Kslo[�b�� F beZ k []b�N0O;Z�y�iv^v[]b�^Y_Miv_sZcq�X�xIb�ÀDO*a]O*^f[cbelu�MqrOkY[]KMO*^

δkFj(µ)(v1, . . . , vk) = δkF (P ∗
j (µ))(P ∗

j v1, . . . , P
∗
j vk)

lk^sx�[cKMO9^�[]KMOa]O9Zc_Mq�[%��ivq�qrio£�Z4��acivN ¬ bÖ® �
� � '4�(� ������
#������
�� ��	�� ��

� � »��h» ���Ð��� »	���<�
 � �������/%���� � �=�����

k
*����1
���
9
�� � � � �7�����	� 
���7�/� � ���	� �

f 7→ Φk[f ] = Φ[f ]
 �����

���1
I� �1���

Csym(Xk)

�F� ���1
 �1���,%�������� ���  �=��� � � ��� ��� ����� �/
 ���R�=��
R� �' I����� 
 �
k
�R�/�(� ���1� �

∑

I⊂{1,...,n},|I|=k

f(xI ) = Φk[f ](δx) ¬ C C9�f®

 ��� ���,���5��� � ����� %��P���	� �
x = (x1, . . . , xn)

�	� X �
��� � �I�/� � ���	� �=�P� � ���1
  ���R�

Φk[f ](Y ) = (f, Y ⊗̃k) +

k−1
∑

l=1

(−1)l(Φk
l [f ], Y ⊗̃(k−l)) ¬ C C�CG®

� � ���
Φk

l [f ]
�
��	� �3�1���R� � �	��� �%7��� 
R��
��R� �	� � ����=�	� 
(�I���	� 
��� ��1
���� � ����  �����

Csym(Xk)
�F�����1
 ���� � �	��)

�P��� �  �=��� � � ���P� �! 
k − l

�����R� ��� �D
R���
� �/�P��� � ��� �=�L���(*

Φ2[f ](Y ) =
1

2

∫ ∫

f(y1, y2)Y (dy1)Y (dy2) −
1

2
f(y, y)Y (dy). ¬ C�CG�k®

� 
 �/����� � H4ik[cK�ZwbexIO9Z%ik� ¬ C�C;�k®4�olu^MbeZcK�br^ªy*lkZcO n < k �
	 � � �' � � �1ZwO9ac�Ybr^M�([]Kslo[

∑

I⊂{1,...,n},|I|=k

f(x1) = (f, (δx)⊗̃k) − σ,

£�KsO*a]O
σ
xMO*^Mik[cO9Z�[cKMO(Zc_MN�io�kO9a%[cKMO(y*ikN$�Mb�^1lo[cbrik^1Z�£�b�[]Kª^Miu[SN�ivacO�[]Kslu^

k − 1
xIb�À8O9acO9^v[Sp1ivb�^f[]Z9

iv^MO�O9lvZwbrq�X�ik�I[zlubr^sZ4[cKslu[
∑

I⊂{1,...,n},|I|=k

f(x1) = (f, (δx)⊗̃k) − 1

k!

k−1
∑

j=1

jj!
∑

J⊂{1,...,n},|J|=j

P jf(xJ , z)δ
⊗̃(k−j−l)
x

(dz),

£�KsO*a]O
Pj
N�O;lu^sZ4[]KMO�ZcXfN0N0O�[]acbDK9lu[cbrik^�io�kO*a4[]KMO�<sazZ\[

j
�olkacbelu�MqrO9Z4ik��[]KMO�kqr_Mbr^M�0ikp8O*azlo[civa

Pf(x1, . . . , xn−1) = f(x1, x1, x2, . . . , xn−1).
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� ¦sacivN�[]KMbrZ���ika]N(_Mqel�[cKsO�acO;df_Mb�a]O9x Zw[]lu[cO*N0O9^v[(��ikqrq�io£�Z��YX Z\[]a]lkb��vKv[c��ika]£4lka]xAb�^1xI_sy¡[]b�iv^ [civ�kO�[]KMO*a£�b�[cK�[]KMOO�nIpMqrbry*b�[���ivacN$_Mqel

Φk
l (f) =

k−1
∑

il=l

il

il−1
∑

il−1=l−1

il−1 · · · i2
i2−1
∑

i1=1

i1P
i1 · · ·P i1f.

§ Z)£4O�lua]O4br^f[cO9acO;Z\[]O9x0br^$[]KMO�Z]y*lkq�O;x([]a]lk^sZw��ika]N0lu[cbrik^sZ9o£4O�ZwKslkq�qsb�^f[ca]iIxI_sy*O%[cKMO�^1lo[c_sa]lkqsZcy9luqrb�^s�br^
Φ[f ]
xIO�<s^Mbr^M�

Φk
l [f ](Y ) = hkΦk[f ](Y/h). ¬ C�C;�v®

¢ ^�[]KMbrZ%^siu[]lu[cbrik^sZ ¬ C�C;�k®4XYb�O9qrxMZ4[]KMO���ikqrqrio£�b�^M�3Zcb�N0pMqrO��M_I[���_M^1xMluN0O*^f[zluq���ivacN$_Mqrl

hk
∑

I⊂{1,...,n},|I|=k

f(xI) = Φk
h[f ](hδx) = (f, (hδx)⊗̃k) +

k−1
∑

l=1

(−h)l(Φk
l [f ], (hδx)⊗̃(k−l)). ¬ C C*�Y®

�0��� �&»Yº � · ¼�� 	 · � �9� � J%KsO�lu_M[cKMiva(beZ[cK1lu^M�f��_Mq [ci.t�ik�8O*ac[ci��S_MO K9lvxMl H%lo[zluqrqrl���iva(KMbeZ(KsivZcpMb�¤
[zluqrb�[\X br^´[cKsO�Q�^Mb��vO*azZwbexMlvx § _I[]ik^MivN0l2RªO�[]acivp1ivq�b�[]lk^sl ¬ Q § R �RmO�nIbry*i2y*b�[\XM®¡�[]KMbeZ$£4ika]�.�1O9b�^M�br^Mb�[cbelo[]O9x´xI_Ma]br^M��[cKMO�lu_I[]KMika � Z��YbeZwb�[�[]imQ § R b�^ lk_I[c_MN0^��k�k�u� � J%KMO�lk_I[cKMiva�beZ�kazlo[]O���_Mq []i2V ���lk_M�8O*ac[Slu^sxªR �8§ �fbelu^���iva�[]KMO*bra�KMifZwpsb�[zluqrb�[\X�b�^ ¢ PSt ¢\§ ¬ ¦Mazlu^sy*O;®�s[]KMbrZS£4ika]���8O*br^M��y�ivN0pMq�O*[cO;xxM_Macbr^M��[cKMO0lu_I[]KMika � Z��YbeZwb�[S[]i ¢ PSt ¢\§ b�^A[cKMO3ZcpMacbr^M���u�k�v� � J%KMO�lk_I[cKsikaS[cKslk^M�IZ�[]KMO�acO*��O*a]O*O9Z���ika[]KMO*bray�iv^sZ\[]ac_1y¡[cbr�kO�y�a]b�[]brdf_MO�iu� [cKMO�<sazZ\[xIazlo�Ö[iu�h[cKMbeZ�pslup8O*alu^1xARmlkaw[]b�^MO $ O*a]^MO9_Mb�qrqrO$��iva�df_Mbeyz�
psacik��O9Z]Zwbrik^slkq8[\Xfpsb�^M�0ik��[cKsbrZ�N3lk^f_1Zcy*acbrpI[�b�^ªÁ�lo[cO*n �
��	 �o	%��	���'4	��
>LC�A�V �s§ qr�1O9�kO9acbris §�� M�brq��8O*ac[9 $ � E�ivq�iv�kivq�[zZwio� � VY_sa�q�Oy�ivN0p1ivaw[]O*N0O*^f[�lkZcXYN�pM[ciu[]brdf_MO�xI_�^MioXvlk_lvZcZciIy�br`(_M^sO�xIb�ÀD_sZwbrik^.xI`*�v`*^M`9ac` ¬ ¦sacO9^syzK1® > § ZwXYN0pI[cik[cbey(�8O*K1lG�fbrikaSiu�)[]KMO��kO*a]^MO9q&lvZcZciIy�belo[cO;x£�b�[cK�l�xIO*�vO*^MO9a]lu[cO�xIb�ÀD_sZwbrik^1A � �S� t � Rmlu[cK �f§ y*lkx � VIy*b � VYiIy � t � � lk^ � � � � � ¬ �k�k�v�v®¡�C;}1C�¤C;}u~ �
> ��A �$� � �8§ qexIik_sZ � � O�[]O*a]N�br^MbeZ\[]brylk^sx�Z\[]iIyzKslkZw[cbey�N�iIxIO9qrZ���ika�y*ivluqrO9Z]y�O9^sy�O ¬ lu�k�vacO9�vlu[cbrik^�lk^sx�y�iu¤lk�k_Mqelo[]b�iv^1®¡³ªl.a]O*�Yb�O9£ iu��[cKsOªN�O;lu^I¤ <sO9qrx�[cKMO9ika]X ��ika3pMa]ik�1lu�Mbrq�beZw[]Z � H4O9ac^Miv_Mqrq�b � � 
 ¬ C;~k~v~v®¡�u¤>� @ �
> ��A �$�k§ pMpMqrO*�slk_MN � Á½`9�fX(pMaciIy*O9Z]ZwO;Z�lk^sx$Zw[ciIyzKslvZ\[]bry4y*lkqry*_Mqr_sZ � � lkN(�Ma]bexI�kO�Vf[c_1xIb�O;Z br^ § xI�olk^sy�O;xRAlo[cKsO*N3lo[]bry9Z*s~v� � � luN$�Ma]brxI�vOQ�^Mbr�kO9a]Zcb�[\X3ghacO;ZcZ9 � luN$�MacbexI�vOkM�u�v�u� �
> ��A �$� « � H%lua]^sxIikacÀ8¤¥P�b�O9qrZcO*^ O�[±lkq ¬ «hxMZ � ® Á½`*�YX pMa]iYy*O9Z]ZwO;Z*³ J%KMO*ivacX lu^sx § pMpMqrbry9lo[cbrik^1Z �H4brac�YK��k_sZcO*a;I�k�k�PC �
> }�At � H%lkZ]Z � Vf[ciIyzKslvZ\[]brymxMb�ÀDO*a]O*^f[cbeluqSO9df_slu[cbrik^sZ3£�b�[cK j\_sN�p1Z � g)a]ik�slk� � VY_Ma]� � C ¬ �u�k�k�f®� C*¤ C;~¬ O*qrO9y�[ca]ik^Mbey9® �
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> ��A $ � g � H4O*qelG�f�Ybr^ � �S_slk^f[c_MN �Mazlu^syzKMbr^M�pMa]iIy�O;ZcZcO9Z lk^sx0^Mik^sq�br^MO9lkahxIXY^slkN�bey*Zhiu��N(_sq�[]brdf_slk^v[]_MNZcXIZ\[]O*N3Z � � ik�Yq �8§ y*lvx � PSlu_M�ªVMVMVIt ��� 
 � � ¬ C;~�@ @v®¡ C9�u� @o¤C9�f}k� � «)^M�vq � J&lu^sZcq � b�^AVIio� � g)KYXIZ �
� ik�Yq � � � ��� ¬ C9~ @�@v®�s}�@PC�¤\}�@v� � � �

> � A $ � H4O*qelG�Y�fbr^½ $ � E�ivq�iv�kivq�[zZwio� �!� ^ �kO9^MO*azluq%�Yb�^sO�[cbey�O9df_slu[cbrik^ ��iva3N3lu^YX´psluac[cbey�qrO�ZwXIZw[cO*N3Z£�b�[cK b�^f[]O*azlky¡[]b�iv^½&��a]lk�kN0O*^f[zlo[cbrik^´lk^sx y�iflu�v_Mqrlu[cbrik^ � g)a]iYy � t � VYiIy � Á�ik^sx ��§ � ��� ¬ �k�k�f�k®¡
C*¤¿�v� �

> @�A $ � H4O*^Mbr^M��O�[�luq � ¦Mazlky�[cbrik^slkq�qrXmZ\[zlu�MqrO0xIbrZw[ca]br�M_I[cbrik^1Z ��¢ ^½³ $ � � _ � ESika]ikqrO*�DDP � P VY�Y�kivaw[zZwio�ol¬ «hxMZ � ®hVf[ciIyzKslvZ\[]bry%RªiIxIO9qrZ�ik�DVf[]ac_sy�[c_MazluqMJ�_Ma]�M_MqrO*^sy*O�b�^�g)qelkZcN3l � RªifZcy*io£ Vf[]lu[cO�Q�^Mb��vO*azZwb�[\XkRmivZ]y�io£¯�k�k�k� ¬ br^ªt�_sZ]Zwbelu^8® �
> ~�A� � ¤¥R � H4ik^YXv8ghK � � ik_Ma]a]L*�kOv1g � g)a]brik_Ma]O�[ � VIO*N0b�¤¥�ka]ik_sp1O;ZSxIO0¦MO9q�qrO*aZc_Ma�_M^MO��olua]b�`*[c`����8ikazxy*ikN0pslvy¡[cO0O*[�psaciv�Mq�L9N0O9Z�lu_InAqrbrN�b�[cO;Z�b�^f[]`*�ka]iu¤¿xIb�À8`9acO9^f[cbrO*qrq�O�xI_.ZcO9y*ik^sxAikazxIa]O$xIiv^M^slu^f[qrb�O9_
lk_�pMacbr^sy*b�p8OxI_�N0lunIb�N$_MN �s§ ^M^ �M¢ ^sZw[ � ¦sik_Ma]b�O9a9 ��a]O*^Miv�MqrO 
 ��� � ¬ C;~k��@f®¡M�v�k~o¤\}k�1C �

>DC9��A ²{� H4a]lk_M^½ E � M�O9pMp � J%KsO $�qelkZcio��xIXY^sluN0bey*Z�lk^sx�b�[zZ0¾s_sy�[c_slu[cbrik^sZ�b�^©[]KMO C	�uP q�brN0b�[�ik�br^f[cO9a]lvy¡[cbr^M�0pslkaw[]bry*q�O;Z � � ivN�N � Rmlu[cK � g)KYXYZ � � � ¬ C;~ � �k®¡ C9�PC�¤C�C;� �
>DC�C�A�t � §(� � lua]N�iv^slMDÁ ��
 _ � � b�ÀD_sZwbr�kO�KYXIxIaciIxIXY^slkN0bryqrbrN�b�[]Z���iva�ZcXIZ\[]O*N3Z�iu�hbr^f[cO9a]lvy¡[cbr^M��xMb�ÀD_I¤Zcbrik^sZh£�b�[]K <s^Mb�[cOSa]lk^M�kO�azlu^1xIikN b�^f[]O*azlky¡[]b�iv^ � � ivN0N � Rmlo[]K � g)KYXYZ � 
 ���½� � ¬ C;~k~ �u®¡Y}u�f}G¤\}�@u� �
>DC;��A�ghK � � ik_saca]L*�vO � VY_Ma�qel$��ika]N�O�br^v[]O*�vacik¤¥xIb�ÀD`*a]O*^f[cbr`*qrq�O�xI_��k`9^M`*azlo[]O*_Ma4br^=<s^Mb�[c`;ZwbrN3luq�x�� _M^�ZwO9N0b�¤�vaciv_Mp8O�xMO�¦MO*qrqrO*a�Zc_Ma�_M^MO�olua]br`�[c` � VY`*N � J%Ks`*ika]b�xI_�g�iu[cO9^f[cbrO*q>;C9~v�v}G¤¿�k�sk« nIp8ivZc`�� �
>DC9��A �$� � lG£�Zwiv^ � � acb�[cbey*lkq)xIXY^sluN0bey*Z�lu^1xm¾s_1y¡[c_1lo[cbrik^1Z���ika�l�N�O;lu^ <sO*qex2N�iIxIO9q)iu�%y�iYikp8O*azlo[]b��vO�8O*K1lG�fbrika � � � Vf[]lu[ � g)KYXIZ � � 
 ¬ C9~ @k�v®�M�u~o¤F@v} �
>DC*��A �$� � lG£�Zcik^ � RªO9lvZw_sacO*¤ $)lkq�_MO;x Rmlua]�kio�2g)aciIy*O9Z]ZwO;Z � M�O*^M^sO9df_Mbr^ g � Á � ¬ O9x � ®�« y�ikqrO�x�� « []`�xIOpsaciv�slu�Mbrqrb�[]`9Z�xIO(VIlkb�^f[c¤¥¦&qrik_Ma 

S¢ ¤ C;~k~PC � VYpMa]b�^s�kO*a�Á�O9y¡[ � P�ik[cO;Z�Rmlo[]K � C;}u�PC ¬ C;~k~k�f®¡ C�¤\�u�v� �
>DC;}�A �$� � lG£�Zcik^.O�[$lkq � ��O*^MO9a]lkq�bDK*O;x RªO*KMqrO*a�VYO*N0br�ka]ik_MpsZlk^sx � lo[zluqrXf[cbey/H azlu^1yzKMb�^s��ghaciIy�O;ZcZcO9Z£�b�[cK ¢ N0N0b��va]lu[cbrik^ � g�ik[cO*^f[]brlkq § ^slkq � � 
 � 
 ¬ �k�k�u�Y®¡ �k}G¤¿~ � �
>DC9��A �$� §���� lG£�Zwiv^½u� � � �kaw[]^MO*a � Á½ik^s��[]b�N0O%�1O9KslG�Yb�iva�ik�1br^f[cO*azlky�[cbr^M�SxMb�ÀD_sZcb�iv^sZ �o¢ ^�³�� � t � l�P�ivaca]brZ¬ «hx � ® Vf[ciIyzKslvZ\[]bry � luqey�_Mqr_sZ&br^ § pspMq�bey*lu[cbrik^ � g)b�[cN3lk^�t�O;ZwO;luazyzK�P�ik[cO9Z&br^$Rmlu[cKMO9N3lo[cbey*Z VYO9acbrO9Z� � C;~ � ¬ C;~�@�@f®¡M�u~u¤¿}u� �
>DC � A �$� §�� � lG£�Zcik^�G� � � �uac[c^MO9a � Rª_Mq�[cbrq�O9�kO9qvqelua]�kOhxMO*�Ybrlu[cbrik^sZ�lu^sx�b�^f[cO9a]lvy¡[]b�^M�SxIb�ÀD_sZcb�iv^sZ � ghaciv�slu� �J%KsO*ika]X�t�O9qrlu[ � ¦&brO*qexMZ� �½� � ¬ C9~v~u�f®�I�f�k�u� @ � �
>DC @�A�R � � O9lvy�iv^f_��P � ¦Miv_Ma]^Mb�O9a9�« � J�lk^Mac` � t�lu[cO.iu�(y*ik^Y�kO9ac�vO*^sy*Oªiu�$l Z\[]iYyzK1lkZw[cbeyªpsluac[cbey�qrOAOZcXIZ\[]O*N ��iva%[cKMO�VYN0ivq�_syzKsio£�Zw�Yb�y�iflu�k_sqrlu[cbrik^�O;dv_1lo[cbrik^ � RmO�[cKsiYxMikq � � ikN0pM_I[ �s§ pMpsq � ghaciv�slu� �
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