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Abstract: Within a constructive homological algebra approach, we study the factorization and
decomposition problems for general linear functional systems (determined, under-determined, over-
determined). Using the concept of Ore algebras of functional operators (e.g., ordinary/partial differ-
ential operators, shift operators, time-delay operators), we first concentrate on the computation of
morphisms from a finitely presented left module M over an Ore algebra to another one M’, where
M (resp., M’) is a module intrinsically associated with the linear functional system Ry = 0 (resp.,
R’z = 0). These morphisms define applications sending solutions of the system R’z = 0 to the ones
of Ry = 0. We explicitly characterize the kernel, image, cokernel and coimage of a general morphism.
We then show that the existence of a non-injective endomorphism of the module M is equivalent to
the existence of a non-trivial factorization R = Ry R; of the system matrix R. The corresponding
system can then be integrated in cascade. Under certain conditions, we also show that the system
Ry = 0 is equivalent to a system R’z = 0, where R’ is a block-triangular matrix of the same size as
R. We show that the existence of projectors of the ring of endomorphisms of the module M allows
us to reduce the integration of the system Ry = 0 to the integration of two independent systems
Ry y1 =0 and Ry y2 = 0. Furthermore, we prove that, under certain conditions, idempotents provide
decompositions of the system Ry = 0, i.e., they allow us to compute an equivalent system R’z = 0,
where R’ is a block-diagonal matrix of the same size as R. Many applications of these results in
mathematical physics and control theory are given. Finally, the different algorithms of the paper are
implemented in a Maple package MORPHISMS based on the library OREMODULES.
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Utilisation du calcul de morphismes pour factoriser et
décomposer les systemes fonctionnels linéaires

Résumé : En utilisant l'algebre homologique constructive, nous étudions les problemes de fac-
torisation et décomposition des systémes fonctionnels linéaires (déterminés, sous-déterminés, sur-
déterminés). Apres avoir rappelé le concept d’algebre de Ore d’opérateurs fonctionnels (e.g., opéra-
teurs différentiels ordinaires ou aux dérivées partielles, opérateurs de décalage, opérateurs de re-
tard), nous nous concentrons tout d’abord sur le calcul des morphismes d’un module & gauche M
de présentation finie sur une algébre de Ore dans un second module M’ ou M (resp., M') est le
module intrinséquement associé au systéme fonctionnel linéaire Ry = 0 (resp., R’z = 0). Ces mor-
phismes définissent des applications envoyant les solutions du systéme R’z = 0 sur des solutions de
Ry = 0. Nous caractérisons explicitement le noyau, 'image, le conoyau et la coimage d’un mor-
phisme quelconque et montrons que l'existence d’'un endomorphisme non-injectif du module M est
équivalente a 'existence d’une factorisation non-triviale R = R; Rs de la matrice R du systeme. Le
systeme correspondant peut alors étre intégré en cascade. Sous certaines conditions de liberté, nous
prouvons aussi que le systeme Ry = 0 est équivalent & un systeme R’z = 0, ou R’ est une matrice
triangulaire par blocs. Nous montrons ensuite que l'existence de projecteurs dans 'anneau des en-
domorphismes du module M permet de ramener l'intégration du systeme Ry = 0 a celle de deux
systemes indépendants Ry y; = 0 et Roys = 0. De plus, nous prouvons que, sous certaines condi-
tions de liberté, les idempotents menent & des décompositions du systeme Ry = 0, i.e., permettent
de calculer un systeéme équivalent R’z = 0, ol R’ est une matrice diagonale par blocs. Plusieurs
applications de ces résultats en physique mathématique et théorie du controle sont présentées. Les
différents algorithmes proposés sont implémentés dans un package Maple appelé MORPHISMS qui est
basé sur la librairie OREMODULES.

Mots-clés : Systemes fonctionnels linéaires, problemes de factorisation et de décomposition, mor-
phismes, équivalence de systemes, symétries de Galois, intégrales premieres quadratiques du mou-
vement, lois de conservation quadratiques, controlabilité, algebre homologique effective, théorie des
modules, calcul symbolique.
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1 Introduction

Many systems coming from mathematical physics, applied mathematics and engineering sciences can
be described by means of systems of ordinary or partial differential equations, difference equations,
differential time-delay equations... If these systems are linear, they can then be defined by means
of matrices with entries in non-commutative algebras of functional operators such as the rings of
differential operators, shift operators, time-delay operators... An important class of such algebras is
called Ore algebras ([14]). See also [I6].

The methods of algebraic analysis give a way to intrinsically study a linear functional system by
considering its associated finitely presented left module over an Ore algebra (6}, BT}, AT, 44l A7, (67, [70]).
This idea is natural as the structural properties of the linear functional systems can be studied by han-
dling algebraic manipulations on the system matrix of functional operators, i.e., by performing linear
algebra over a ring which is also called module theory ([33, B2, [62]). The tools of homological algebra
have been developed in order to study the properties of modules ([62]), and thus, the structural prop-
erties of the corresponding systems. Using recent developments and implementations of Grébner and
Janet bases over Ore algebras ([I4},37]), it has been shown in [16, A7, @8, 49, 50, BT, 58, BI] how to make
effective some of these tools as, for instance, free resolutions, parametrizations, projective dimensions,
torsion-free degrees, Hilbert series, extension functors, classification of modules (torsion, torsion-free,
reflexive, projective, stably free, free). Applications of these algorithms in multidimensional control
theory have recently been given in [T5] [T6l, 24, B4, @5, 17, 48, 49, K0, BT, 66, 57, B, B9, 60, 67, [0, [71].

Continuing the development of constructive homological algebra for linear systems over Ore algebras
and, in particular [52, B8, B7], the first part of the paper aims at computing effectively morphisms
from a left D-module M, finitely presented by a matrix R with entries in an Ore algebra D, to a left
D-module M’ presented by a matrix R’. In particular, we show that a morphism from M to M’ defines
a transformation sending a solution of the system R’z = 0 into a solution of Ry = 0. In the case
where R’ = R, the ring end p (M) of endomorphisms of M corresponds to the “Galois symmetries” of
the system Ry = 0. In the case of 1-D linear systems, we explain how to find again classical results
on the concept of eigenring developed in the system theory and symbolic computation literatures.
Algorithms for computing morphisms are given when Groébner bases exist over the underlying Ore
algebra D. As an application, we show how to use the computation of the morphisms from two
modules in order to obtain quadratic first integrals of motion and conservation laws.

We then explicitly characterize the kernel, coimage, image and cokernel of a morphism from M to
M’ and deduce a method to check the equivalence of the corresponding systems Ry = 0 and R’ z = 0.
In Theorem [l we prove that the existence of a non-injective endomorphism of a left D-module M,
finitely presented by a matrix R with entries in an Ore algebra D, corresponds to a factorization of
the form R = Ry Ry, where R; and Ry are two matrices with entries in D. As a consequence, the
integration of the system Ry = 0 is reduced to a cascade of integrations. In Theorem B under certain
conditions on the morphism (freeness), we show that the system Ry = 0 is equivalent to a system of

the form
T1 TQ z1 o
(5 2)(2)-o g

where T, T» and T3 are three matrices with entries in D and such that ([Il) has the same dimensions
as R. We finish the section by giving a way to constructively compute r-pure autonomous elements
of a linear system (7, b6]).

In the fourth part of the paper, we show how to effectively compute the projectors of end (M)
and we prove in Theorem Bl that they allow us to decompose the system Ry = 0 into two decoupled
systems S y; = 0 and S y2 = 0, where S; and S are two matrices with entries in D. Consequently,
the integration of the system Ry = 0 is then equivalent to the integrations of the two independent
systems S7 y1 = 0 and S y2 = 0. Then, under certain conditions on the projectors (e.g., idempotent,
freeness), we prove in Theorem Hl that the system Ry = 0 is equivalent to a block-diagonal system of
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4 T. Cluzeau € A. Quadrat
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where T} and Ty are two matrices with entries in D and such that () has the same dimensions as R. In
particular, these conditions always hold in the case of a univariate Ore algebra over a field of coefficients
(i.e., ordinary differential /difference systems over the field of rational functions) and in the case of a
multivariate commutative Ore algebras due to the Quillen-Suslin theorem ([40, [62]) (e.g., linear system
of partial differential equations with constant coefficients). Moreover, if some rank conditions on the
projector are fulfilled, then, using a result due to Stafford (2, (9]), we prove that a similar result
also holds for the Weyl algebras A, (k) and B, (k) over a field k of characteristic 0 (i.e., linear system
of partial differential equations with polynomial /rational coefficients). Using recent implementations
of both Quillen-Suslin and Stafford results in the library OREMODULES ([I5, 24], B9, [60]), we obtain
a constructive way to compute the decomposition (B) of Ry = 0 when it exists.

We point out that, for all the above-mentioned results and, hence, for all the corresponding algo-
rithms, no condition on the system Ry = 0 is required such as D-finite, determined, under-determined,
over-determined, i.e., this approach handles general linear systems over an Ore algebra. To our knowl-
edge, the problem of factoring or decomposing linear functional systems has been studied only for a
few particular cases. For scalar linear ordinary differential operators or linear determined ordinary
differential systems, we refer to [, &, O [3, 25, 27, 29, B0, 63, 64, 66]. Generalizations to linear
determined difference and g¢-difference systems appear in [ [[1] and see [88, [68, [69] for D-finite par-
tial differential systems (and finite-dimensional determined systems over an Ore algebra with rational
coefficients). A more general work in that direction is included in [28]. For similar cases where the
base field is of positive characteristic and also for modular approaches, see [, 7, I8, 19, 20 26l 54].

All along the paper, we illustrate our results by considering some applications coming from math-
ematical physics (e.g., Galois symmetries of the linearized Euler equations, quadratic first integrals of
motion and conservation laws, equivalence of systems appearing in linear elasticity) and control theory
(controllability, r-autonomous elements, decoupling of the autonomous and controllable subsystems).

The different algorithms presented in the paper have been implemented in the Maple package
MorpPHISMS based on the library OREMODULES ([15]). This package is available on the authors’ web
pages and on the one of OREMODULES (see [I5] for the precise address) with a library of examples
which demonstrates the main results of the paper. In an appendix added at the end of the paper, we
show how to use MORPHISMS and OREMODULES in order to explicitly compute the different examples
developed in the paper. Finally, we note that this paper is an extension of the congress paper [21].

the form

2 Morphisms of linear functional systems

2.1 Finitely presented modules and linear functional systems

In this paper, we consider linear functional systems defined by matrices with entries in an Ore algebra
D and we study them by means of their associated left D-modules. In this first subsection, we gather
many useful definitions and properties on these concepts.

Definition 1 ([T4, [T6]). Let A be a ring, o an endomorphism of A, namely,

o(a+b) =a(a)+a(b),

Va,be A, { o(ab) = o(a)o(b),

and § a o-derivation, namely, 6 : A — A satisfies:

INRIA



Using morphism computations for factoring and decomposing linear functional systems 5

1. A (non-commutative) polynomial ring A[0;0,4] in O is called skew if it satisfies the following
commutation rule:

VYVae A, da=oc(a)d+(a). (3)

An element P of A[0;0,d] has the canonical form:
P=> a0, reZ;={0,1,2.} acA i=1..r
i=0

If a, # 0, the order ord(P) of P is then r.

2. Let k be a field and A be either k, the commutative polynomial ring k[z1,...,z,] or the com-
mutative ring of rational functions k(x1,...,2,). The skew polynomial ring

D = A[01;01,01] -+ [Om; Om, Om)
is called an Ore algebra if the following conditions are fulfilled:
O’i5j=5j0'¢, lgi,jgm,
ai(é)j):aj, 1< <1<m,
6¢(6j)=07 1<j<i<m.
An element P of D has the canonical form
P= Z a, 0", rE€Zy, a, €A,
o<|v|<r

where v = (v1,...,v,) € Z} denotes a multi-index of non-negative integers, |[v| =v; +---+ 1,
its length, and 0¥ = 97" - - - 94,
If there exists v € Z such that |v| =r and a, # 0, then the (total) order ord(P) is r.

We note that the commutation rule @) must be understood as a generalization of the Leibniz rule
for functional operators, namely, for an unknown y, we have:

day) =o(a)dy+d(a)y.
Let us give a few examples of skew polynomial rings and Ore algebras.

Example 1. 1. Let k be a field, A = k, k[n] or k(n), 0 : A — A the forward shift operator,
namely, o(a)(n) = a(n + 1), and § = 0. Then, the skew polynomial ring A[9; o, 0] is the ring of
shift operators with coefficients in A (i.e., constant, polynomial or rational coefficients).

2. Let k be a field, A = k, k[t] or k(t), 0 =1id4 and 6 : A — A the standard derivation %. The
skew polynomial ring A [9;id4, 4] is then the ring of differential operators with coefficients in

A (i.e., constant, polynomial or rational coefficients).

3. If k is a field and A is respectively k, k[z1,...,x,] or k(z1,...,2,), then we can consider

. da
0i = ZdA[aUUl761]"'[ai—1§¢7i—176i—1]’ 5l(a) = Oz

the standard derivation of a € A with respect to ;. Then, the Ore algebra A[0;;1d, d1] - - - [On;1d, 6;,]
is the ring of differential operators with respectively constant, polynomial or rational coefficients.
The last two algebras are called the Weyl algebras and they are respectively denoted by:

An (k) = k[zq, ..., 2,][01;1d, 81] - - - [On; id, 0p],
B, (k) = k(z1,...,2,)[01;1d,01] - - - [On; 1d, 64

RR n° 5942



6 T. Cluzeau € A. Quadrat

4. Let k be a field, A = k, k[t] or k(¢t), and A [61; ida, %} the ring of differential operators with
coefficients in A. Let h € Ry be a positive real and let us denote by o2(a) = a(t — h) the time-
delay operator and dz(a) = 0 for all a € A. Then, A [81;ida, 2] [02;02,0] is the Ore algebra of
differential time-delay operators with coefficients in the ring A.

We refer the reader to [I4] for more examples of functional operators such as, for instance, differ-
ence, divided difference, g-difference, g-dilation operators and their applications in the study of special
functions and combinatorics.

We recall that a ring A is said to be left noetherian if every left ideal I of A is finitely generated
as a left A-module, namely, if there exists a finite family {a;};—1,.. ;1) of elements of A which satisfies
I'=Day+-+ Dayyy. A similar definition exists for right noetherian rings.

Proposition 1 (B2]). If A is a left (resp., right) noetherian ring and o is an automorphism of A,
then the skew polynomial ring D = A[D; 0, 8] is a left (resp., right) noetherian.

The examples of Ore algebras given in Example [l are left and right noetherian rings. Moreover,
they are domains, namely, the product of non-zero elements is non-zero.

Proposition 2 ([I4]). Let k be a computable field (e.g., k = Q, F,), A be either k, k[z1,...,x,] or
k(xi,...,zn) and A[O1;01,61] ... [Om; Om, dm] an Ore algebra satisfying the following conditions
() = a;; i + by,

0i(x;) = aij x; + bi; l<i<m, 1<j<n,

0i(z;) = cij
for certain a;; € k\ {0}, bi; € k, ¢;j € A. If the ¢;; are of total degree at most 1 in the x;’s, then a
non-commutative version of Buchberger’s algorithm terminates for any monomial order on 1, ..., xy,
01,y ...,0m, and its result is a Grobner basis with respect to the given monomial order.

Proposition Bl holds for the examples of Ore algebras given in Example[ll In the rest of the paper,
we shall only consider left noetherian domains which satisfy the hypotheses of Proposition

In what follows, we shall assume that a linear functional system (LFS) is defined by means of
a matrix of functional operators R € D%*P  where D is an Ore algebra. Then, we consider the
D-morphism of left D-modules (i.e., the left D-linear application) defined by:
D1><q _R> Dl Xp (4)
(/\1, ey )\q) [— ()\1, ey )\q) R = (23:1 )\i Ri17 N 72;'1:1 )\z Rip).

Generalizing an important idea coming from number theory and algebraic geometry, we shall consider
the left D-module
M = D" /(D' R)

which is the cokernel of the D-morphism defined by (@).

This idea can be traced back to the work of B. Malgrange ([41]) on linear systems of PDEs with
constant coefficients and it has been extended to the variable coefficients case by M. Kashiwara ([31]).
We refer to [I6] for the extension to linear functional systems.

Finally, we note that if & is a field, V a finite-dimensional k-vector space of dimension p, F € kP*P
and D = k[X] the commutative polynomial ring in X with coefficients in k, then the D-module

D?/((X I, — E)D?) = DV?/(DV? (X I, - E)")
plays a central role in the study of the reduction of the endomorphism F of V' (see [12]).

Before explaining the main interest of the left D-module M, we first recall some basic concepts of
homological algebra used in the sequel. We refer the reader to [62] for more details.

INRIA



Using morphism computations for factoring and decomposing linear functional systems 7

Definition 2. A sequence (M;,d;)icz, of left D-modules M; and D-morphisms d; : M; — M;_1,
with the convention that M_; = 0, is said to be:

1. a complez if, for all i € Z, d; od;y1 = 0 or, equivalently, imd;1; C kerd;. The complex
(M;,d;)iez, is then denoted by:

diy2 dit1 d; di—1
S Z‘+1—)Mi—L>Mi71—)...

The defect of exactness at M; of the complex (M;,d;)icz, is defined by:

H(MZ) = kerdz/lm di+1.
2. exact at M; if kerd; =imd; 11, i.e., H(M;) = 0.
3. exact if kerd; =imd; 11, for all i € Z,..

4. split exact if it is exact and there further exist left D-morphisms s; : M;_1 — M, satisfying the

following conditions:
Sir108; =0,
Vi€ Zy, { 1

s;0d; + dit1 0841 = tdpg,.
The complex (M;_1, 8;)icz, is then exact.

Using @), we obtain the exact sequence
pxa B, plxp T, pp — pYXP /(DX R) — 0, (5)

where 7 denotes the canonical projection of D'*P onto M that sends an element of D'*P onto its
residue class in M. The exact sequence () is called a finite presentation of M and M is said to be a
finitely presented left D-module.

Let us describe M in terms of its generators and relations. Let {e;}i1<i<p (resp., {f;}1<j<q) be the
standard basis of D**P (resp., D1*9), namely, the basis of D'*P formed by the row vectors e; defined
by 1 at the i*" position and 0 elsewhere. We denote by y; the residue class of e; in M, i.e., y; = 7(e;).
Then, {y;}1<i<p is a set of generators of M as every element m € M is trivially of the form m(u),
where p1 = (p1,...,pp) € DY*P| and thus, we obtain m = w(u) = Y0, wiw(e;) = >4, piyi. The
left D-module M is then said to be finitely generated. Now, for j = 1,...,q, we have

fiR=(Rj1,...,Rjp) € (D" R)= 7(f; R) =0,

where:
p p
ﬂ—(fJR):ZRjkﬂ—(ek):ZRjkyka ]:la7q
k=1 k=1
Hence, the generators {y;}1<i<p of M satisfy the relations > 7_, Rjryx = 0 for j =1,...,q, or, more

compactly, Ry = 0 where y = (y1,. .. ayp)T'

Example 2. Let us consider the equations of a fluid in a tank satisfying Saint-Venant’s equations
and subjected to a one dimensional horizontal move, developed in [23]:

{ yi(t —2h) +ya(t) — 24(t — h) =0, )

y1(t) + y2(t —2h) — 20t — h) = 0.

RR n° 5942



8 T. Cluzeau € A. Quadrat

Let D=Q [61; 1, %] [02; 02, 0] be the Ore algebra of differential time-delay operators with coefficients

in Q defined in 4) of Example [ll and let us consider the system matrix:

2
Re [ %1 2O s (7)
1 03 —20,09

The D-module M = D'*3/(D1*2 R) is then defined by the following finite presentation
0—>D1X2£>D1X3L>M—>O,

as the rows of R are D-linearly independent, i.e., kerp(.R) = {\ € D2 | AR =0} = 0.

To develop the relations between the properties of the finitely presented left D-module M defined
by () and the solutions of the system Ry = 0, we need to introduce a few more concepts of module
theory (see [62] for details).

Definition 3. 1. Let N be a left D-module. We denote by homp (M, N) the abelian group of the
D-morphisms from M to N. If M has a D-D’ bimodule structure, i.e., M is a right D’-module
which satisfies (am)b = a(mb) for all @ in D and b in D’, then homp (M, N) inherits a right
D’-module. In particular, if D is a commutative ring, then homp (M, N) is a D-module.

2. If N = M, then we denote the non-commutative ring of endomorphisms of M by endp(M).
Moreover, we denote by isop(M) the non-abelian group of isomorphisms of M, namely, the
group of injective and surjective D-morphisms from M to M.

3. A finitely generated left D-module is called free if M is isomorphic to a finite power of D, i.e.,
there exists an injective and surjective D-morphism from M to D'*", where r is a non-negative
integer. r is then called the rank of the free D-module M.

4. A finitely generated left D-module M is called projective if there exist a left D-module N and
a non-negative integer r such that M @& N = D' " where @ denotes the direct sum of left
D-modules and P 22 ) means that P and ) are isomorphic as left D-modules. We note that N
is then also a projective left D-module.

5. A projective resolution of a left D-module M is an exact sequence of the form

LB, p, o p A gy oy, (8)
where the P; are projective left D-modules. If all the P; are free left D-modules, then @) is
called a free resolution of M. Finally, if there exists a non-negative integer s such that P, =0
for all » > s and the P; are finitely generated free left D-modules, then () is called a finite free
resolution of M.

6. Let ) be a projective resolution of a left D-module M. We call truncated projective resolution
of M the complex defined by:

d: d d
—3>P2—2>P1—1>P0—>0

Let us suppose that a finitely presented left D-module admits a finite free resolution (we note that
it is always the case for the Ore algebras defined in Example [l as it is proved in [I6]):

R
—

0 — D7  fe, prxey B plxpe T hp o, 9)

INRIA
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Let F be a left D-module. Then, applying the functor hom(-, F) to the following truncated free
resolution of M
0 — prxe AR plan B plao g

we get the following complex (see [62])
R L R . p—} (10)
where, for i = 1,...,1, R;. is defined by:
R;. : FPi-t —  FPi
G

Cpi—l
We can prove that, up to isomorphisms, the defects of exactness of ([[l) only depend on M and F and
not on the choice of the finite free resolution [{@) of M. See [62] for more details. In particular, we

note that these defects of exactness can be defined by using any projective resolution of M and not
necessarily a finite free resolution of M as we have done for simplicity reasons. They are denoted by:

— (Ri) (= Ri(.

exth (M, F) 2 kerg(Ry.) = {n € FP° | Ry n = 0},
extlb(M, f) = kerf(RiH.)/imf (Rl), ) > 1.

It is quite easy (see [62]) to show that
ext (M, F) = homp(M, F),

which proves that the abelian group kerz(R;.) of F-solutions of the linear functional system R1n =0
is isomorphic to homp (M, F). We refer to [16], BTl A1] for more details. The abelian group kerz(R;.)
is sometimes called the behaviour of the left D-module M = D1*Po /(D1*P1 Ry) ([45, 46, 52, 67, [70]).
Moreover, if we want to solve the inhomogeneous system Ry n = (, where { € FP1 is fixed, then, using
the fact that (@) is exact, we obtain that a necessary condition for the existence of a solution n € FPo
is given by Rs ¢ = 0 as we have:

R177:<:>R2(R17]):R2<:>R2<=0.

In order to understand if the compatibility condition Re ¢ = 0 is also sufficient, we need to investigate
the residue class of ¢ in exth (M, F) = kerz(R2.)/(Ry FPo). If its residue class is 0, then it means that
¢ € FPr satisfying Ro ¢ = 0 is such that ¢ € (Ry FP0), i.e., there exists n € FP° such that Ryn = (.
The solution 7 is generally not unique as we can add any element of kerz(Ry.) = {n € F?° | Ry n = 0}
to it.

Definition 4 ([62]). 1. A left D-module F is called injective if, for every left D-module M, we
have: '
extp(M,F) =0, i>1.

2. A left D-module F is called cogenerator if homp (M, F) = 0 implies M = 0.

If F is an injective left D-module, then Ry = 0 is a necessary and sufficient condition for the
existence of n € FPo satisfying Ry n = (. Moreover, if F is a cogenerator left D-module and M is
not reduced to the trivial module 0, then homp (M, F) # 0, which means that the system R1n =0
admits at least one solution in FP°. Finally, if F is an injective cogenerator left D-module, then we
can prove that any complex of the form () is exact if and only if the corresponding complex ([{@) is
exact.
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10 T. Cluzeau € A. Quadrat

Proposition 3 ([62]). For every ring D, there exists an injective cogenerator left D-module F.
In some interesting situations, explicit injective cogenerators are known. Let us give some examples.

Example 3. 1. If Q is a convex open subset of R", then the space C°° () (resp., D'(f2)) of smooth
functions (resp., distributions) on €2 is an injective cogenerator module over the commutative
ring R[01;1d, 61] - - - [On;1d, 6,,] of partial differential operators with coefficients in R (see [E1]).

2. If F is the set of all functions that are smooth on R except for a finite number of points, then
F is an injective cogenerator left R(t) [9;idg ), & ]-module. See [Z1] for more details.

To finish, let us recall two classical results of homological algebra.

Proposition 4 ([62]). 1. Let us consider the following short exact sequence of left D-modules:
0— M L% 7 — 0.
If M" is a projective left D-module, then the previous exact sequence splits (see 4) of Defini-
tion ).
2. Let F be a left D-module. Then, the functor homp (-, F) transforms split exact sequences of left

D-modules into split exact sequences of abelian groups.

2.2 Morphisms of finitely presented modules

2.2.1 Definitions and results

Let us first introduce a few definitions of homological algebra concerning morphisms of complexes.
See [62] for more details.

Definition 5. 1. Let (P, d;)iez, and (P,d})icz, be two complexes of left D-modules. A mor-

phism of complezes f : (P;,d;)iez, — (P}, d})icz, is a set of D-morphisms f; : P; — P such
that

Vi>1, djofi=fi_10d,

i.e., we have the following commutative diagram:

dit2 dit1 d; di—2
L P e P; — P4 — ...
b fia Lt b ria
d’; d d’ d’;
i+2 , it1 f i , i—2
L— P, — P — P/_,. — ...

2. A morphism of complexes
[ (P di)iez, — (P}, d})iez,

is said to be homotopic to zero if there exist D-morphisms s; : P; — P/, ; such that (s_; = 0):
Vi>1, fi=d 08 +s-10d;.

By extension, two morphisms of complexes
o f (P di)iez, — (P, d})iez,

are homotopic if f — f’ is homotopic to zero.

INRIA



Using morphism computations for factoring and decomposing linear functional systems 11

3. A morphism of complexes
[ (P di)iez, — (P, d})iez,
is called a homotopy equivalence or a homotopism if there exists a morphism of complexes
g: (P, d})icz, — (Pi,di)icz.
such that fog—idps and g o f — idp are homotopic to zero, where idp = (P, idpi)iez+. The
complexes (P, d;)icz, and (P}, d})icz, are then said to be homotopy equivalent.
We have the following important result. See [51], 62] for a proof.
Proposition 5 (|51, 62)). Let (P;, di)icz,. (resp., (P}, d})icz, ) be a truncated projective resolution of
M (resp., M'). Then, a morphism f: M — M’ induces a morphism of complezes

f : (PL) d’i)’iEZ+ — (Pz/) df’L)’LEZ+

defined uniquely up to a homotopy.
Conwversely, a morphism of complezes

(P di)icz, — (P, d})icz,

from a truncated projective resolution (Pj,d;)icz., of M to a truncated projective resolution (P;,d;)icz.,
of M’ induces a morphism f: M — M’.

We deduce the following interesting corollary.

Corollary 1. Let
Dpxa B, pixe T, 0,
pixd’ B poa’ Ty,
be a finite presentation of respectively M and M'.
1. The existence of a morphism [ : M — M’ is equivalent to the existence of two matrices

pPeDP? Qe DY

satisfying the commutation relation:

RP=QR. (11)
We then have the commutative exact diagram
pixa o pixp T oA
l.Q L.p L (12)

’ .R’ / w’
Dixd =%, ptx» T, M —0

where f(w(\)) = 7' (A P), for all A € D**P.

)

2. Moreover, if we denote by R} € D%X4 ¢ matriz satisfying
kerp(.R') = D% R},
then P and Q are defined up to a homotopy, i.e., the matrices

?ZP—&-ZlRI,
Q=Q+RZ+ Z> R,

where Zy € DP*7 and Zy € D9%% are two arbitrary matrices, also satisfy the relation:

RP=QR.
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12 T. Cluzeau € A. Quadrat

In the particular case where R’ = R, from Corollary [, we obtain that the existence of an endo-
morphism f of M is equivalent to the existence of two matrices P € DP*P and @ € D9*7 satisfying
the following commutation relation:

RP=QR. (13)

Before illustrating Corollary [l let us give a direct consequence of this corollary which shows one
interest of computing morphisms between finitely presented left D-modules.

Corollary 2. With the same hypotheses and notations as in Corollary O, if F is a left D-module,
then the morphism P.: FP — FP defined by

V¢eFr, (P)() =P,

sends the elements of kerz(R'.) to elements kerz(R.), i.e., F-solutions of the system R'¢ = 0 to
F-solutions of the system Rn = 0.

Proof. Applying the right-exact functor homp (-, F) (see [62]) to the exact commutative exact diagram
(), we obtain the following exact commutative exact diagram:

Fo B 5 homp(M,F) 0
Te TP Tr
Fio & m O pomp(t,F) o

Up to an isomorphism, we have seen at the end of the previous subsection that we can identify
homp (M, F) (resp., homp(M’, F)) with kerz(R.) (resp., kerz(R'.)). A chase in the previous exact
diagram easily proves that, for all ¢ € kerz(R’.), we have f*({) = P( € kerz(R.). O

Remark 1. From Corollary Bl we see that the computation of morphisms from a finitely presented
left D-module M to a finitely presented left D-module M’ gives some kind of “Galois symmetries”
which send solutions of the second system to solutions of the first one. This fact is particularly clear
when we have M = M’: we then send a solution of the system to another one.

As an example, we now apply Corollary [l to a particular case and recover in a unified way the
so-called eigenring introduced in the literature (see [4, [TT], [T'7, [T8), 26, 64, 69]).

Example 4. Let D = A[0;0,d] be a skew polynomial ring over a (commutative) ring A and two
matrices E, F € AP*P. Let us consider the matrix of functional operators R = (0 I, — E) € DP*?P
(resp., R' = (0 I, — F) € DP*P) and the finitely presented left D-module M = D'*?/(D*P R) (resp.,
M’ = DY /(D*P R")). Let 7 (resp., ') be the canonical projection of D*P onto M (resp., M')
and {e;}1<i<, the standard basis of D'*P. As we have seen in Subsection Xl {y; = 7(e;)}1<i<p and
{Zl' = W/(ei)}lgigp satisfy:

Oyi =21 _1Eijy;, i=1,....p,

6zi:Z§:1Ejzj, izl,...7p.

Let f be a morphism from M to M’. Then, there exist P;; € D (i,j = 1,...,p) such that
fly:) = Z?:l P;; zj. Using ([[d), we easily check that we can always suppose that all the P;; belong
to A, i.e., P € AP*P. By Corollary [ there exists @ € DP*P satisfying (I

Clearly, f is the zero morphism if and only if there exists a matrix Z € DP*P satisfying P = Z R'.
As the order of P is 0 in 0 and that of R’ is 1 in 9, we obtain that Z =0, i.e., P=0and Q = 0.

Now, let us suppose that P and @Q are different from zero. As both the orders of R P and R’ in 0
are 1, we deduce that the order of @ must be 0, i.e., @ € AP*P. Then, we get:

@) < @L-E)P=QI,-F)
& o(P)O+S(P)—-EP=Qd—QF
& (0(P)-Q)d+ (5(P)—EP+QF)=0. (15)

(14)
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Using morphism computations for factoring and decomposing linear functional systems 13

The first order polynomial matrix in the left-hand side of () must be equal to 0 so that:

@« { 5(P)=EP—o(P)F. (16)

We then obtain the following commutative exact diagram:

0— Dbx» L opoe T, o g
| .o(P) L.p L (17)
0 — Dl><p i) Dl><p L) M’ —0.

Conversely, if there exist P € AP*P and @ € AP*P which satisfy ([[H]), we then check that we have
(@, i.e., the commutative exact diagram () where the morphism f : M — M’ is defined by

VmeM, f(m)=x(AP),

and A € D'*P is any element such that m = 7(\).

The previous results prove that we have:

p
homp(M,M') = f: M — M'|f(y;) =Y Pz, i=1,....,p, P€ AP §(P)=EP—0o(P)F 3,
j=1

p
endp(M) =< f: M — M|f(y:)=>_ Pjy;, i=1,....p, P€ AP?, §(P)= EP - PE
j=1

For instance, if we consider the ring A = k[t] or k(t) and D = A [9;ida, %], then ([[B) becomes

{ Q(t) = P(1),
) (18)
B(t) = B(t) P(t) - P(t) F(0),

whereas, if we consider the ring A = k[n] or A = k(n) and D = A[0;0,0] with o(a)(n) = a(n + 1),
then (@) gives:

{ Qn - U(Pn) - Pn+17 (19)

EnP,—0(P,)F,=Ey P, — Pyi1 F, =0.

We find again in a unified way known results concerning the eigenring of a linear system (see [64} M,
11, 17, 18, 26], 69] for more details).

Finally, if F is a left D-module, then applying the functor homp (-, F) to the commutative exact
diagram (), we obtain the following commutative exact diagram:

R

FP — FP «— homp(M,F) —0
T o(p). TP T
FP Lo homp(M',F) «— 0.

If n € homp(M', F), i.e., n € FP is a solution of the system 97 = F 5, then the previous commutative
exact diagram shows that ¢ = Pn is a solution of 8¢ = E(, i.e., ( = f*(n) € homp (M, F). Indeed,
we have:

0C—E(=0(Pn)—E(Pn) =0c(P)On+dP)n—(EP)n=0(P)(@n—Fn)=0.
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14 T. Cluzeau € A. Quadrat

For instance, if D = A [6; id 4, %], using ([I¥), we obtain:

I~ E(1)C(t) = (P n(t) — (B(t) P)n(t) = P(H) dn(t) — P(t)n(t) — (EP)n(t)
— P(t) (9n(t) — F(t)) = 0.

If we now consider D = A[0; 0,0], using ([[d), we have:

CnJrl - En Cn = In4+1Mn+1 — En Pn M = I'n+1 (77n+1 - Fn 7771) =0.

Remark 2. In the case where F' = F is a matrix of differential operators in 9., we point out that, in
the inverse scattering theory, (P, F) is called a Laz pair and ([[§) is the Lax relation (|3, B5]). We just
want here to recall the classical example of the Korteweg-de Vries (KdV) equation but similar results
hold for the sine-Gordon equation, the Boussinesq equation, the nonlinear Schrédinger equation, the
Toda lattice... See [3] for more details. The relations between endp (M), the eigenring, the inverse
scattering method and the complete integrability of Hamiltonian systems and evolution equations will
be studied in details in a forthcoming publication.

Let us consider the differential ring Q{u} formed by differential polynomials in w, namely, poly-
nomials in a finite number of derivatives of u with respect to x and ¢, the prime differential ideal of

Q{u} defined by
o (on) 0%
P= Vot °“\az) "o

the differential ring L = Q{u}/p and its quotient field K = {n/d | 0 # d, n € L}, i.e., the differential
field defined by the KdV equation:

ou ou &3u

We refer the reader to [B2, [61] for more details on the different concepts of differential algebra.
Let us consider the rings of differential operators with coefficients in K

A=K [0,3id, 2],
D = A[0;id, & = K [04;id, 2] [9431d, &]

the two following differential operators

E=-48+6ud, +3 <@> e D,
ox

R:(?t—EeD7

and the finitely presented left D-module M = D/(D R).

Extending the ideas developed in Example Bl we can easily check that an endomorphism f of M
can be defined by an element P € A (Q = P € A) satisfying R P = P R. In particular, if we consider
the Schridinger operator P = —0% + u with the potential u, we can check after tedious computations
that we have:

ou ou u

Hence, if u satisfies the KdV equation (1), then the Schrodinger operator P defines an endomorphism
of the left D-module M. In particular, if 7 is a solution of the evolution equation

_0n 2n an ou\
R"‘at+4<ax3) 6“(333 oz )17
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Using morphism computations for factoring and decomposing linear functional systems 15

then a new solution ¢ of Rn = 0 is obtained by applying the Schrédinger operator P to 1, namely:

(=Pn=—55 +tun

Conversely, we can also interpret R as defining an endomorphism of the left D-module N = D/(D P),
meaning that, if 1 satisfies the Schrédinger equation Pn = 0, then ( = R satisfies P = 0.

In the inverse scattering theory, a key point is that the smooth one-parameter family of differential
operators t —— —02 + u(x,t) defines an isospectral flow on the solutions of the evolution equation
0¢m = En, namely, if ¢)(x) is an eigenvector of the differential operator —92 4 u(z,0) with eigenvalue
A, then the solution n(x,t) of the equation 0; n(z,t) = En(x,t) with the initial value n(z,0) = ¥(x)
is an eigenvector of the differential operator —92 4 u(z,t) with the same eigenvalue A. This result
directly follows from the integrability condition 9;P = E P — P E, i.e., the KdV equation. Using
the previous result, the inverse scattering method then proves that the non-trivial KdV equation is
completely integrable. We refer the reader to [B, B3] for more details and examples.

2.2.2 Algorithms

Before giving two algorithms for the computation of morphisms between two finitely presented left
modules, we first recall the notion of the Kronecker product of two matrices.

Definition 6. Let £ € D7*P and F' € D"** be two matrices with entries in a ring D. The Kronecker
product of E and F', denoted by E ® F', is the matrix defined by:
EnwF ... E,F
EQF = : : : e plar)x(ps)
EqnF ... EgpF

The next result is very classical.

Lemma 1. Let D be a commutative ring, E € D™™4, F € DY*P and G € DP*™ three matrices. If
we denote by row(F) = (Fla, ..., Fye) € DYX9P the row vector obtained by stacking the rows of F one
after the other, then the product of the three matrices can be obtained by:

EFG =row(F)(ET Q).

We point out that Lemma [0 is only valid for commutative rings. Let us consider a commutative
ring D and the matrices R € DI, R’ € D9 %P P € DP*P and Q € D9%? . Then, from the previous
lemma, we have

RP =RPI, =row(P)(RT ® L),
QR =1,QR =row(Q) (I, ® R'),

which implies that ([[dJ) is equivalent to:

T ’
(row(P) 1ow(Q)) ( n ek >=

_Iq ® R/

This leads to an algorithm for computing matrices P € DP*?" and Q € D7%7 satisfying @) in
the case where the Ore algebra D is commutative.

Algorithm 1. e Input: A commutative Ore algebra D, R € D7*P and R’ € DI *p',
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16 T. Cluzeau € A. Quadrat

e Output: A finite family of generators {f;};cr of the D-module homp (M, M'), where
M:D1><p/(D1><qR), MI:D].Xp//(D1><qI RI),
and each f; is defined by means of two matrices P; and Q; satisfying the relation (), i.e.:
YAe DY fi(n(\) =7 (\P), i€l

1. Form the following matrix with entries in D:

RT I/ / ’ /
K = < N 2;’%/ ) e pPr'+ad)xqep’ (22)
q

2. Compute kerp(.K), i.e., the first syzygy left D-module of DWxwr'+ad) i by means of a com-
putation of a Grébner basis for an elimination order (see [I6]). We obtain L € Ds*@»'+ad’)
satisfying:

kerp(.K) = D' L.

3. Fori=1,...,s, construct the following matrices

Pi(j,k)=r(L)Q,(G —1)p' + k),
Qi(l,m) =r,(L)1,pp' + (1 —1)¢ +m),

where 7;(L) denotes the i*" row of L, E(i,j) the i x j entry of the matrix E, j = 1,...,p,
k=1,....,p/,1=1,...,qand m =1,...,¢". We then have:

RP,=Q;R, i=1,...,s.

4. Compute a Grobner basis G of the rows of R’ for a total degree order.

5. Fori=1,...,s, reduce the rows of P; with respect to G by computing their normal forms with
respect to G. We obtain the matrices P; which satisfy

?Z‘ = Pi—l—ZiRl,

where Z; € DP*9 are certain matrices which can be easily obtained by means of a factorization
(see [15] for details).

6. For i =1,...,s, define the following matrices
Q;=Qi+ RZ.
The pair (P;, Q;) then satisfies the relation:
RP,=Q; R

Remark 3. If we denote by R, € D%*9¢ a matrix satisfying kerp(.R') = D'*% R}, we then note
that any matrix of the form

Q. =Qi+RZi+ Z| R},

where Z/ € D9%% is an arbitrary matrix, also satisfies the relation R P; = Q; R’

INRIA



Using morphism computations for factoring and decomposing linear functional systems 17

Remark 4. As D is a commutative ring, we know that homp(M, M’) has a D-module structure.
Let us prove that the family {f;};cs obtained in the output of Algorithm [0 generates homp (M, M’).
Let us consider f € homp(M,M’'). By Corollary [l we know that there exist P € DP*?’ and
Q € D% such that RP = Q R/, i.e., (row(P) row(P))K =0, where K is defined by (). Using
the fact that the matrix L, defined in Step 2 of Algorithm [ generates kerp(.K), we obtain that
(row(P) row(P)) € (D'*% L), i.e., there exists (a1,...,as) € DX such that

P=3 b,

(row(P) row(P)) = (a1,...,a5) L = { Q=>",0;Q;,

where the matrices P; and @Q; are defined in Step 3 of Algorithm [[I Using the definitions of P; and
Q, defined in Steps 5 and 6 of Algorithm [l we then get:
P=3 0P~ (X i Z) R,
{ Q= Zf:l @ Qi— R (Zf:l @i Z;).
If we denote by H = >°7_, a; Z; € DP*4 then we easily check that the pair (H R', R H) defines

an element of homp (M, M') homotopic to 0, meaning that the morphism f € homp (M, M’) can be
defined by the pair (37, o P, >0 ; Q;), ie., f =", a; f;, which proves the result.

_ Hence, if { fi}ie is a family of morphisms obtained by Algorithm [Mand defined the pairs of matrices
(P;,Q;), then any element f € homp (M, M’) has the form f = >"._; «; fi, where o; € D for i € I,
and f can be defined, up to a homotopy, by the pair:

(Z 0T, Za@) |

icl el

icl

Example 5. Let us consider again Example @l Applying Algorithm [ to the matrix R defined by (@),
we obtain that the D-endomorphisms of M are generated by the matrices

(5] a9 2043 81 82
P, = s +20407 a1 —2040; 2 a3 01 0 ,
oy Oy —ry Oy ap +ag + as (8% +1)
and
a1 — 20401 ag+2a401
Qa = < o o > )

where a1, ag, a3 and a4 are arbitrary elements of D, i.e., we have:
v/\eD1><3’ foz(ﬂ-(A)) :77(/\Pa)'

As it is noticed in 1) of Definition B if D is a non-commutative ring, then homp (M, M) is an
abelian group or generally an infinite-dimensional k-vector space. Hence, the only possibility to access
homp (M, M’) is to use a certain “filtration”, i.e., to only consider morphisms of hom p (M, M') which
can be defined by means of a matrix P with a fixed total order in the functional operators 0; and a
fixed degree in z; for the numerators and denominators of the polynomial/rational coefficients. We
obtain the following algorithm:

Algorithm 2. e Input: An Ore algebra D, two matrices R € D9*P, R’ € D?*?P" and three
non-negative integers «, 3, .
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18 T. Cluzeau € A. Quadrat

e Output: A family of pairs (P;, Q,)ics satisfying:

R?i = @i Rla

ords(P;) < @, ie., P; = 2 0<|v|<a al’ o,
andVvelZ}, 0< v <a al’) € APxP gatisfies :
degw(num(a,(,i))) <,

deg, (denom(a,(,i) ) <7,

where ordy(P;) denotes the maximal of the total orders of the entries of P;, degz(num(a,(f)))
(resp., degw(denom(a,(f)))) the maximal of the degrees of the numerators (resp., denominators)

of al(,z). For all i € I, the morphisms f; are then defined by:
YAeDYP o fi(m(N) =7 (A Py).
1. Take an ansatz for P satisfying the input
PG,j)= Y biDoY, 1<i<p 1<j<p,
0<|v|<a

where bl(,i’j ) is a rational function whose numerator (resp., denominator) has a total degree g

(vesp., 7).
2. Compute R P and denote the result by F.

3. Compute a Grobner basis G of the rows of R’ for a total degree order.

4. Reduce the rows of F' with respect to G by computing their normal forms with respect to G.

5. Solve the system for the coefficients of bl(,i’j ) so that all the normal forms vanish.

6. Substitute the solutions into the matrix P. Denote the set of solutions by {P;}cr.

7. For i € I, reduce the rows of P; with respect to G by computing their normal forms with respect
to G. We obtain P; for i € I.

8. Using rj(RP;) € (D' R'), j =1,...,q, where r;(RP;) denotes the j** row of RP; € DI*¥
compute a matrix Q; € D?*¢ satisfying RP; = Q; R, i € I.

If we search for morphisms with only polynomial coefficients, i.e., v = 0, then we note that the
algebraic system in the coefficients b(ui’j ) that we need to solve in Step 5 of Algorithm Bl is linear.
Hence, the solutions of this system belong to field k. However, if we look for morphisms with rational
coeflicients, we then have to solve a non-linear algebraic system in the coefficients b,(f’j )
its solutions generally belong to the algebraic closure k of k.

, meaning that

Let us illustrate Algorithm Bl by means of an example.

Example 6. We consider the so-called Euler-Tricomi equation 0% u(x1,z2)—z1 03 u(z1,r2) = 0 which
appears in the study of transonic flow. Let D = A3(Q) be the Weyl algebra, R = (97 —x1 03) € D and
M = D/(D R) the associated left D-module. Using Algorithm B we can compute the endomorphisms
of M defined by P € D with given total order in 9; and total degree in ;. We denote by endp(M)q.3
the Q-vector space of all the elements of endp (M) defined by a differential operator P, g which total
order (resp., degree) in 0; (resp., x;) is less or equal to « (resp., 3), where o and (3 are two non-negative
integers. Below is a list of some of these Q-vector spaces obtained by means of Algorithm
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Using morphism computations for factoring and decomposing linear functional systems 19

e endp(M)o, is defined by P=Q =a, a € Q.
e endp(M); 1 is defined by

P:al—I—ag@g—i—%a3x282+a3x131,
Q= (a1+2a3) + a2+ 2 azx2 o + azxy 1,

where a1, as and az € Q.
e endp(M)a is defined by P = Q = a1 + a2 02 + a3 93, where ay, az, a3 € Q.
e endp (M) is defined by

P:a1+a282+%a3m282+a,3m181+a4322+%a5x2822+a5m18182,
Qz(a1+2a3)+a282+%agxgag—kagxl@l+a48§+a5m18182+2a582+%a5x2822,

where ay,...,a5 € Q.

Remark 5. If D is a non-commutative ring, then we note that homp (M, M’) is generally an infinite-
dimensional k-vector space and an abelian group. In particular, homp (M, M) has no non-trivial mod-
ule structure, a fact implying that there does not exist a finite family of generators of hom p (M, M)
as a left or right D-module.

However, if M and M’ are two finite-dimensional k-vector spaces (e.g., the linear systems defined
in Example Bl with A a field, integrable connections, D-finite modules [I4]), we can then compute a
basis of the finite-dimensional k-vector space homp(M, M’). In order to do that, we need to know
some bounds on the orders and degrees of the entries of solutions of ([[Tl) so that we can know whether
or not Algorithm B finds a k-basis of the morphisms. In some cases, such bounds are known. Let us
recall some known results.

In Example Bl we saw that if D = A[0; 0, 0] was a skew polynomial ring over a (commutative) ring
A, E,F € AP*P and R = (01, — E), R' = (01, — F), the morphisms from M = D'*?/(D*P R) to
M’ = DY*P/(D1*P R) are defined by means of matrices P € AP*P satisfying:

§(P)=EP—o(P)F. (23)
Hence, we need to solve ([Z3). There are two main cases:

1. If A = k[t] or k(t) and D = A[9;ida, %], then (Z3) becomes P(t) = E(t) P(t) — P(t) F(t). A
direct method to solve the previous linear system of ODEs is developed in [§]. Another method,
based on the fact that the entries of the matrices E, F' and P belong to a commutative ring A,
uses the equivalence of the previous system with the following first order linear system of ODEs

§(row(P)) = row(P) (E" ® I) — (I, ® F)), (24)

where ® denotes the Kronecker product (see Definition Bl). Hence, computing homp (M, M') is
equivalent to computing the A-solutions of the auxiliary linear differential system (24l) (see for
example [8, 7, I8, 26l 64]). Consequently, we can use the bounds appearing in [2 [B] on the
degrees of numerators (and denominators) of polynomial (rational) solutions to deduce bounds
on the entries of P. We note that in that case, the matrices P and @ are necessarily of order
0 in 9. We may precise that these bounds depend only on the valuations and degrees of the
entries of the two matrices E and F'.
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2. If we consider the ring A = k[n] or A = k(n) and D = A[0;0,0] with o(a)(n) = a(n + 1), then
&3) becomes P, 1 F,, = E,, P,,. A direct method to solve the previous linear difference system
is developed in [6]. Another one, based again on the fact that the entries of the matrices E,,
F,, and P, belong to a commutative ring A, uses the equivalence of the previous system with
the following first order linear discrete system:

row(P,11) (EX @ I,) = row(P,,) (I, ® F,). (25)
Moreover, if E € GL,(A), i.e., the matrix E is invertible, then £H) becomes
row(Fpi1) = row(Py) (I, ® F) (EZ: ® Ip)_l)'

As in the differential case, some bounds exist on the degrees of numerators (and denominators)
of polynomial (rational) solutions of the previous system (see [I} [f]), and thus, for the matrices

P and Q.

Finding bounds in more general situations is a subject for future researches.

2.2.3 Applications: quadratic first integrals of motion and conservation laws

We illustrate the interest of the computation of morphisms in the search of quadratic first integrals of
motion of linear systems of ODEs and quadratic conservation laws of linear systems of PDEs.

We consider the Ore algebra D = A [6; ida, %] of ordinary differential operators with coefficients
in a commutative k-algebra A (e.g., A = kl[t], k(t)), where k is a field, and R = (01, — E) € DP*P.
Using ([I8), we easily check that any solution P € AP*P of the following Liapunov equation

P(t) + ET(t) P(t) + P(t) E(t) = 0

defines a morphism from the finitely presented left D-module N = D'*?/(DY*P R) to the the finitely
presented left D-module M = D*P/(D**P R), where R = (— (91, + ET)) € DP*P denotes the formal
adjoint of R (as we have DP R = D'*P (9 I, + ET), we can also use the matrix (9 I, + ET) instead
of R in the definition of N).

We recall that the formal adjoint R of a matrix R of differential operators is obtained by contracting

the column vector Rn by a row vector AT and integrating the result by parts (see A8, @9, 50]). Hence,
there exists a bilinear application ® which satisfies:

AT (Rn) =n (RAT) +0(2(\,n)). (26)
In particular, in our case, we have:
Mo @n—En) =0T +XTE)n+0\"n) =0T (—(OX+ET X)) +0 (" N). (27)

If F is a left D-module and n € FP satisfies the system 0n — E'n = 0, then, following the results
obtained in Example @l A = P 7 is a solution of 9\ + ET X\ = 0. Hence, using (&), we then get

o™ N =0a(n" Pn) =0,

which proves that the quadratic form V = n? P17 is a first integral of the motion of the system
0n — En = 0. Hence, we obtain that there exists a one-to-one correspondence between the quadratic
first integrals of the motion of the form V = an n, where P € AP, of the system dn — En =0
and the morphisms between the left D-modules N and M, i.e., the elements of homp (N, M).

We note that if E is a skew-symmetric matriz, namely, ET = —E, then we get
~R=(01,+E")=(01,- E) =R,
N = M and homp (N, M) = endp(M). Such a particular case appears in mechanics.

Let us illustrate the previous result.
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Example 7. Let us consider the example of a linear system of ODEs defined in page 117 of [34] and
let us compute its quadratic first integrals. In order to do that, let us introduce the following matrix
of coefficients

0 1 0 0
—w2 0 (6% O Ax4
E=1"0 o o 1 |cQwar
0 0 —w? «

the ring D = Q(w,a) [0;id, 4] of differential operators, the matrix R = (914 — E) € D*** of
differential operators and the D-module M = D'**/(D'** R). Then, we have R = (—(8 I;+E7T)) and

N = D4 /(D4 R). Using Algorithm [ we obtain that an element of the D-module homp (N, M)
can be defined by means of the matrix

¢ wt Co w2 —w?(cra+ca) ¢1 w?
p— —Co w? Cc1 w? —C1 w? + Co Qv —Co
- —w?(cra—c3) —cw?—caa e (a®+w?) —cra+tc |’
C1 w2 C2 —C1 &x — C2 C1

where c; and ¢y are two constants, which leads to the quadratic first integral V(z) = 27 Pz, i.e.:

Viz) = caw'zi(t)? —2caw?zi(t)zs(t) +2c1w? 21 () 24(t) + c1 w? 22(1)? — 201 w? 2o (t) 23(¢)
+ep o w3(t)? + cr w?az(t)? — 21 axs(t) 2a(t) + e w4 (t)?.

More generally, let us consider a matrix R € D9*P of differential operators, R € DP*4 its formal
adjoint and the finitely presented left D-modules M = D'*?/(D'*4 R) and N = D'*9/(D'*P R). Let
us suppose that there exists a morphism f from N to M defined by P € D?*P and @ € DP*9, i.e.,
we have the commutative exact diagram:

Dl Xp _§> D1><q 77_l> N —0
l.Q L.p L

pixa _Hopixe T o,

Applying the right exact functor homp(-, F) to the previous commutative exact diagram, we then
obtain the following commutative exact diagram

FP ES Fi  — kerg(R) «—0
TQ TP Tr

Fi o A o kerr(R.) «— 0,

where f*(n) = Pn. Hence, if n € FP is a solution of R = 0, then A = P 7 is a solution of R =0 as:

R(Pn)=Q(Rn) =0.

Therefore, using [@28), we obtain that V' = ®(Pn,n) is a quadratic first integral of the motion of
system Rn =0, i.e., V satisfies 9V = 0.

An extension of the previous ideas exists for the computation of quadratic conservation laws of
linear system of PDEs, namely, a vector ® = (®y,...,®,)7 of quadratic functions of the system
variables and their derivatives which satisfies div® = Z?:l 0; ®; = 0, where n denotes the number of
independent variables. Let us give a simple example as the general theory follows exactly the same
lines.
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Example 8. Consider the PDE A y(x1,22) = 0, where A = 2403 € D = Q [81; id, 8%1] {82; id, 8%2}
is the Laplacian operator in R?. Multiplying Ay(z1,22) by a function A(x;,x2) and integrating the
result by parts, we obtain:

AAyY) = (AN y =0 (A (01y) = (O N)y) + 92 (A (D2y) = (92 A) y)- (28)

Using the fact that R = A is a differential operator with constant coefficients and R = R, we then
obtain homp (N, M) = endp(M) = D. Hence, if F is a D-module (e.g., C*°(2)), then, for all « € D
and y € F satisfying Ay =0, A = ay is then a solution of A XA = 0. Substituting A = ay in [25), we
finally obtain

divd =01 &1 + 0 P =0,

with the notation:

o_ [ (¥ (O1y) —yGriay)
ay)(Oey) —y (02 ay) ’

3 Reducible modules and factorizations

3.1 Modules associated with a morphism and equivalences

Let f: M — M’ be a morphism between two left D-modules. Then, we can define the following left

D-modules:
ker f = {m € M| f(m) = 0},

imf={m' e M'[ImeM: m = f(m)},
coim f = M/ ker f,
coker f = M’ /im f.

Let us explicitly characterize the above-mentioned kernel, image, coimage and cokernel of a mor-
phism f : M — M’ between two finitely presented left D-modules M and M’.

Proposition 6. Let R € D¥?, R’ € DY*?P' | M = D'*?/(D'*4 R) and M’ = DY*¥' /(D**4 R'). Let
f i M — M’ be a morphism defined by two matrices P € DP*P and Q € DI*9 satisfying ().
Then, we have:

1. ker f = (D'*" S)/(DY*9 R), where S € D"*P is the matriz defined by:
kerp ( ( }]; )) =D (§ —T), TeD™* (29)

2. coim f = DY*P/(D*" §),

3. im f = <D1X<P+q’> ( g, )) /(D4 RY),

4. coker f = D1><:D// <D1><(p+q/) ( ]f:;/ ))

Proof. 1. Let m € ker f and write m = 7(\) for a certain A € D'*P. Then, f(m) = 7/(\ P) = 0 implies
that AP € (D'*4 R'), i.e., there exists p € D**? satisfying AP = pR'. Hence, m = w()\) € ker f
implies that there exists p € D*4" guch that A P = u R'. Conversely, we easily check that any element
(A —p) €kerp(.(PT RT)T) gives m = m()\) € ker f, which proves the result.
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2. Using the canonical short exact sequence
0 — ker f — M -2 coim f — 0,

where i (resp., p) denotes the canonical injection (resp., surjection), M = D1*P/(D'*% R) and ker f =
(D'*7 8)/(D*4 R), we obtain the following exact sequence

0 — (D7 8)/(D™1 R) - DVP/(D'*4 R) -2 coim f — 0,

which proves that coim f = D'*? /(D% S) (see [62]).
3. For all A\ € DY*P | we have f(m(\)) = 7/(\ P), which clearly proves that we have:

im f = <D1X<P+q’> ( g, )) /(DY R).

4. Using the canonical short exact sequence
0—>imfi>M/i>cokerf—>O,

where j (resp., o) denotes the canonical injection (resp., surjection), M’ = DlXp//(Dlxq/ R’) and
im f = (DYP P + D> R")/(D**9 R'), we then obtain the following exact sequence

0— (DlX(P'HI,) < 1];/ >> /(D1><q’ R)) L) D1><p’/(D1><q’ R AN coker f — 0,

which proves that coker f = D1*?'/ (Dlx(pﬂl) ( }];/ )) (see [62). u

Let us state the first main result of the paper.

Theorem 1. With the notations of Proposition B, any non-injective morphism f : M — M’ leads
to a non-trivial factorization of R € DY*P of the form R= LS, where L € D?*" and S € D"*P.

Proof. Using [9) and the fact that RP = Q R/, i.e.,

-0 )=o

we obtain that (D9 (R — Q)) C (D'*"(S —1T)), and thus, there exists a matrix L € DI<"
satisfying:
R=LS, 30
Q=LT. (30)

We then obtain the following commutative exact diagram

0
!
0 ker f
! !
pixa B pbe T, ar (31)
L.z [ Lo
Dixr _5, Dixp &, coim f — 0,
! !
0 0
where p : M — coim f denotes the canonical projection. [l
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Let us illustrate Theorem [l by means of an example.

Example 9. We consider the linearized Euler equations for an incompressible fluid (page 519 of [39])

div ¥(x,t) =0,
O v(x,t) (32)

5 T gradp(z,t) =0,

where = (21, 29,23) and ¥ = (v1,v9,v3)" (resp., p) denotes the perturbations of the speed (resp.,
pressure). If we denote by D the Ore algebra

., 0 ., 0 ., 0 .0
Q |:817 lda 3_961} |:8271d7 5—;102] |:83, 1d7 3—963} |:8t7 lda §:|

of differential operators with rational constant coefficients, the system matrix corresponding to (B2)
is then defined by:

oh Oy O3 0
| o 0 0 0O 4x4
R= 0 8 0 o e D*"%,
0 0 0 05

Let M = D'*4/(D'** R) be the D-module associated with the system (B2). An endomorphism f of
M is defined by the following two matrices:

0 0 0 0 0 0 0 0
p_ 0 02 —0203 0 0= 0 0 0 0
T 0 =020 02 0 |’ 1 00 03 —02 03
0 0 0 0 0 0 —0205 03
We then obtain the following factorization R = L S of R, where:
L0 00 o 1 0 0 O
0 02 03 O
g 0 0 0 O
S=]10 -0, 0 0 |, L=

0 0 -1 0 O

0 0 & 0 00 01 0

0 0 0 1 3

We can check that ker f = (D'*®S)/(D'** R) # 0, which shows that R = LS is a non-trivial
factorization of R. The solutions of the system S7n = 0 are particular solutions of Rn = 0. If we
consider F = C°(12), where Q is an open convex subset of R*, we easily check that all F-solutions of
Sn =0 are given by

(x)  08(x) 0>T7 (33)

T
= (U1, V2, V3, = 0? - ’ )
n = (v1,v2,v3,D) ( D Dy
where ¢ is any function of C*°(Q N R3), i.e., [B3) gives a family of stationary solutions of (B2J).
Let us state a useful lemma.

Lemma 2. Let R € D9%P, R’ € D9 %P R" € D% be three matrices satisfying the relation R = R" R’
and let T € D" % be such that kerp(.R') = DY T". Let us also consider the following canonical
projections:

m 1 (DY R') — My = (D9 R') /(D R),

7o D1><q/ — My = Dqu//(Dlxq R//+D1><T’ T').
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Then, the morphism i defined by

Y:My — M
mo = m2(N) +— P(ma) =m(AR'),

s an isomorphism and its inverse ¢ is defined by:

(b . M1 — MQ
mq = 7T1()\RI) [ — ¢(m1) = 7T2(/\).
In other words, we have the following isomorphism of left D-modules:
(Dlxq’ R/)/(Dlxq R) ~ Dlxq’/(Dlxq R +D1><r’ T/). (34)
Proof. Let us prove that 1) is a well-defined morphism. We assume that we have mg = ma(\) = ma(X),
where A, X' € D7 Then, we have ma(A — \') = 0, i.e., A — X € (D4 R" 4 D' " T") so that there
exist 4 € D9 and v € D'*" such that A — X = p R"” 4+ v T’. We then have:
AN=XN)R =(uR"+vT" )R =pR
=m(A=-N)R)=m(uR)=0
= 71'1()\/ R/) = 7T1()\RI) = ’lﬁ(mg)
Now, let us prove that the morphism ¢ is also well-defined. Let us suppose that:
mi =m(AR)=m(NR), A\ XNeD>.
We have m(AR') — m (N R') = m (A — N)R') = 0, and thus, (A — ') R’ € (D9 R), i.e., there
exists u € D'*? such that (A — \') R’ = u R. Now, using the factorization R = R"” R', we then get

(A—=XN —pR") R’ = 0 so that we have A\— X —  R” € kerp(.R') = (D" T"). Therefore, there exists
v € D" such that A — X = p R"” + v T’ and then:

7T2(/\) — 7T2()\I) = 7T2()\ - )\I) = 7T2(/J,R/I + VTI) =0.
Finally, for all m; = m(AR') € My and ma = m2(\) € My, where A € Dlqu, we have

{ (¥ 0 @)(m1) = ¢(m2(A) = m(AR') = ma,
(¢ o) (m2) = p(m(AR')) = m2(A) = ma,

which proves that ¥ o ¢ = idps,, ¢ 0¥ = idys, and we thus have ([B4). O

We deduce the following corollary of Lemma Bl and Proposition
Corollary 3. With the notations of Proposition [A:
1. If L € D" denotes a matriz satisfying R = LS and kerp(.S) = D> Sy, where Sy € D™2%",

we then have:
L
~ Nlxr 1x(g+r2)
ker f = D /(D <52)>.

2. We have im f = coim f.

RR n° 5942



26 T. Cluzeau € A. Quadrat

Proof. 1. 1t is a straightforward application of the isomorphism (B4l) to this particular case.

2. Using the following two facts

R = (0 Lﬂ(ﬁ,),

kerp ( ( L )) — (s —T)),

where S € D™*P and T' € D", applying Lemma B to 3) of Proposition Bl we get:

0 I,

an ~ D1><(p+q)/ Dlx(q'Jr'r)
S =T

)) =~ DYP /(D" 8) = coim f.

We give a corollary of Proposition [l and Corollary

Corollary 4. With the notations of Corollary [ and Proposition @, a morphism f: M — M’ is:

1. the zero morphism (f = 0) if and only if one of the following conditions holds:

(a) There exists a matriz Z € DP*? such that P = Z R'. Then, there exists Z' € D9%% such
that Q = RZ + Z' R}, where the matriz Ry € D2*% satisfies kerp(.R') = (D'*% R}).

(b) The matriz S admits a left-inverse.

2. injective if and only if one of the following conditions holds:

(a) There exists a matriz F € D" such that S = F R.

(b) The matriz (LT ST admits a left-inverse.

3. surjective if and only if (PT R'™)T admits a left-inverse.

4. an isomorphism (f € iso(M)) if the matrices (LT ST)T and (PT R'T)T admit left-inverses.

Proof. 1. Using 3) of Proposition B, im f = 0 if and only if we have

DlxpP+D1xq/ R = D1><q’ RI,

that is, if and only if D**? P C D'*4" R’ which is equivalent to the existence of a matrix Z € DP*¢

such that P = Z R’. Now, substituting P = Z R’ into ([[I]), we then get:

RZR =QR = (Q—RZ)R =0.

Thus, there exists Z’ € D%% satisfying Q — R Z = Z' R}y, which proves the result. We note also that

1.a) is a trivial consequence of Corollary [

Let us prove 1.b). Using the canonical isomorphism € : coim f — im f, defined by

VmeM: elo(m))=f(m),
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where o : M — coim f denotes the canonical projection, we obtain that im f = 0 if and only if
coim f = DY*?/(D'*" §) =0 & D'*" S = D**?,

i.e., if and only if S admits a left-inverse.

2. From 1) of Proposition B ker f = 0 if and only if D'*" S = D4R, i.., if and only if there
exists F' € D" satisfying S = F' R.

Moreover, using 1) of Corollary B we have ker f = 0 if and only if D'X9 L + Dx2 G, = DIxr,
i.e., if and only if the matrix (LT ST)T admits a left-inverse.

3. f is surjective if and only if coker f = 0, i.e., from 4) of Proposition @, if and only if
DlXpP_’_Dqul R/ _ Dl)(p
which is equivalent to the fact that the matrix (PT R'T)T admits a left-inverse.
4. The result is a direct consequence of 2.b) and 3). O

Let us see how to apply the previous results in order to check the equivalence between two modules,
and thus, between two systems.

Example 10. We consider two systems of PDEs appearing in the theory of linear elasticity (see [41]):
one half of the so-called Killing operator, namely, the Lie derivative of the euclidean metric defined
by w;; = 1 for i = j and 0 otherwise (1 <i,j < 2) and the Spencer operator of the Killing operator:

d121:07
d — 20 =0,
di & =0, S
1 d122:07
7 (d2&1 +di &) =0, B
di z3+ 22 =0,
d2&2 =0, do z 0
2 <3 = U,
nggZO.

Let D =Q [81; id, 8%1 {82; id, 6%2} be the ring of differential operators with rational coefficients and
let us define the following two matrices

o 0 0
0 —1 0
01 °
1 1 3x2 / 0 o 0 6x3
R = ) 82 3 61 eD s R = 0 1 P eD s
0 d !
2 0 0 0,
0 0, O

and the associated finitely presented D-modules M = D'*2/(D'*3 R) and M’ = D'*3/(D'*S R/).
Using Algorithm [[, we find that the matrices

2 0 00 0O
1
P:(ég(f), Q=50 10100},
00 00 20
satisfy the relation R P = Q R/, i.e., they define a morphism f : M — M’ by:
f(&) = 21,
f(&2) = zs.
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The morphism f is injective as the matrix S (with the same notations as in Corollary Hl) defined by

o 8, o 92 0\
Lo, 0 0 o

satisfies the relation S = F' R, where:

0 2 0
10 0

F=1 10 20, —a
0 0 1

Moreover, f is surjective as the matrix (PT  R'T)T admits the following left-inverse:

1 0 000 00O
0 -6, 0001 0O
0 1 000 O0O0O

This proves that f is an isomorphism and M = M’.

To finish this section, we show an important application of Lemma In order to simplify the
exposition, we only consider here a commutative Ore algebra of partial differential operators but
the extension to non-commutative one can be easily obtained by using the concept of formal adjoint
instead of the simple transposition (|16}, @7, 48, 49]).

Let M be a D-module defined by a finite free resolution of the form (f). If we consider ([[[) with
F = D, we then obtain the D-modules:

extlb(M, D) = kerD(Ri_,_l.)/(Ri Dpi_l), 7 Z 17
~ kerp(.Rl,,)/(DY*Pi-1 RT), i>1.
Computing the first syzygy module of kerD(.R;ﬂ_l), we obtain a matrix Q7 € DPi-1%Pi guch that:
kerp(.Rf};) = (D7 Q).

Therefore, we obtain: ‘ )
extly (M, D) 2 (D*¥-+ QF) /(DY BY).

Using Lemma B we obtain
ext}y (M, D) & DYPics (DVPior BT 4 DVPiez PT), (35)
where FT' € DPi-1*Piei and PT € DPi-2*Pi-1 satisfy:
RE = FFQF,
{ kerp(.QT) = (D*7i-2 P

The isomorphism (BH) is useful for computation of the D-modules extjb(extlb(M ,D)), 1 <14, j<mn,
which play a crucial role in the study of r-pure differential modules as it is explained in [0, 47, B6].
We refer the reader to a future communication for more details on r-pure differential modules. Let us
illustrate these results on a simple example.
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Example 11. Let us consider the linear system of PDEs:

0%y B
0z (36)
0%y B
5%1 65C2 B
We easily check that we have:
z1 = ﬁ
83327 o 6y
% 4 22 = 8—$1a
0z ’ % _ 0
% _ 0 8332 ’
0x5 ’

We obtain that z; is an arbitrary constant, i.e., its Krull dimension is 0 ([62]), whereas z» is an
arbitrary function of x1, i.e., its Krull dimension is 1. An important issue in system theory is to be
able to classify the observables of a system of PDEs, namely, the differential linear combinations of
the system variables ([T6, 7)) in terms of their Krull dimensions. As it was explained in [A7], we need
to be able to compute ext’,(ext’; (M, D)), 1 < i, j < n, in order to achieve this classification. Let us
illustrate these computations of the system (Bf).

Let D=Q {51; id, 8%1} [62; id, 8%2} be the ring of differential operators with constant coefficients,
the matrix R = (d3 dj da)” and the D-module M = D/(D'*2 R).
Let us compute extjb(extiD(M ,D)), 1 <4, j <2. We have the following finite free resolution of M

0— D2 p2 D T A0, Ry=(di -—do).

T T
The defects of exactness of the complex 0 «— D i D2 D0 are:
ext), (M, D) = kerp(.RT) =0,
extL,(M, D) = kerp(.RY)/(D RT),
ext? (M, D) = D/(D¥*2 RY).

Using the following finite free resolution of the D-module ext% (M, D)
T
0— DL p2 2 p L ext2 (M, D) — 0,

where L = (d2 di), the defects of exactness of the complex 0 «— D ALpre Bep 0 are:
extd, (ext? (M, D), D) = kerp(.Ry) = 0,
exth (ext?,(M, D), D) 2 kerp(.L1) /(D Rz),
ext? (ext? (M, D), D) = D/(D'*2 LT).

We easily check that kerp(.LT) = (D Ry), which proves exth (ext? (M, D), D) = 0.

Moreover, we can check that kerp(.RY) = (D L), which shows that exth (M, D) = (D L)/(D R™).
Using Lemma B we then have

exth(M,D) = (DL)/(DRT) = D/(Ddy),
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as RT = dy L and kerp(.L) = 0. Using the following finite free resolution of ext: (M, D) 2 D/(D ds)
0— D - D — extL,(M,D) — 0,

the defects of exactness of the complex 0 «— D <2 D« ( are then defined:

extd, (exth, (M, D), D) = kerp(.dz) = 0,
exth (exth,(M, D), D) = D/(Ddy).

If we denote by

to(M) = M,
t(M)={meM|dmDm)<1l-r}, r=0,1,
to(M) =0,

the D-submodule M formed by the elements of M of Krull dimension less or equal to 1 — r, in this
precise case, we have the following exact sequences:

0 —t,(M) — t,_1(M) — extp(extp(M,D),D) — 0, r=12.
See [I0, B7] for more details. Hence, we obtain that:

t(M) = ext? (ext2, (M, D), D) = D/(D'*2 LT),
{ M/t (M) = D/(D dy).

Finally, using the fact that ext?, (ext’; (M, D), D) is a pure D-module of Krull dimension n—i ([0, 47]),
from the first equality, we find again that the Krull dimension of the residue class z1 of 1 in 1 (M)
is 0, which was easy to find directly on the simple example (B8l but could be much more difficult on
more general linear systems. We refer the reader to a forthcoming publication for more details and
difficult examples.

3.2 Reducible modules and block-triangular matrices

The next proposition will play an important role in what follows.
Proposition 7. Let us consider a matrix P € DP*P. The following assertions are equivalent:
1. The left D-modules kerp(.P) and coimp(.P) are free of rank respectively m and p —m.
2. There exists a unimodular matrizc U € GL,(D) and a matriz J € DP*P of the form
(9 0 (p—m)xm (p—m) % (p—m)
J_(Jl Jz)’ Ji €D , Jo€D s

where (J1  J2) has full row rank, i.e., kerp(.(J1 J2)) =0, satisfying the relation:

UP=JU. (37)

U:(%) (38)

The matriz U has then the form
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where the matriz Uy € D™*P defines a basis of kerp(.P), i.e., U is a full row rank matriz satisfying
kerp(.P) = DY™ Uy, and Uy € DP~™*P defines a basis of coimp(.P) = DY*? /(D™ U), i.e., Us
s a full row rank matriz such that we have the following split exact sequence

1x Uy 1x Wa 1x(p—
0—>l)m—>l)p—>l)(3”m)—>07
.[/1/1 ~(/2
— —

for certain matrices Wy € DP*™ and Wy € DP*(P—m)

In particular, we have the following relations:

UiP=0
Us P=J1U;1+ JoUs.

Proof. (1 = 2). Let us suppose that kerp(.P) and coimp(.P) are two free left D-modules of rank
respectively m and p — m. Let Uy € D™*P be a basis of kerp(.P), i.e., the full row rank matrix Uy
satisfies kerp(.P) = D**™ ;. Using the fact that we have the short exact sequence

0 — kerp(.P) — D"? = coimp (.P) — 0
and kerp(.P) = D™ Uy, we then obtain the following short exact sequence:
0 — DUxm L pixe 5 coimp, (.P) —0.
If we denote by N = D*P /(D™ UJ;), then we get:
coim (.P) = D'*?/kerp(.P) = N.

Using the fact that N is a free left D-module of rank p — m and denoting by ¢ : N — Dx®=m)
the associated isomorphism, by & : D'*? — N the canonical projection and by Wy € DP*(®~=™) the
matrix corresponding to the D-morphism ¢ o & in the canonical bases of D'*? and D'*(®~™) e then
obtain the short exact sequence:

0 — D1><m i) D1><p Wa Dlx(pfm) —0.
Using the fact that D'*(P=™) ig g free left D-module, by 1) of Proposition Bl the previous short exact

sequence splits, and thus, there exist two matrices Wi € DP*™ and U, € D®P~")*P such that we have
the Bézout identities:

Using the fact that U=t = (W;  Wa) € DPXP, we have

or = (5)r= (50 Canrbon )= (s ) o

which proves a part of the result with the notations:

JZ(UQPOU_l):(t% ﬁQ)EDPXP’ with (/3 JQ):U2PU71.
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Finally, if A € kerp(.(Uz PU™1')), we then have

AUsPU ) =0 & (AUs)P =0 AU, € kerp(.P) = D™ [y
sIpe DM \NUy =plU,;
s 3IpeD>m: (—p, ) €kerp(U)=0,
which proves that A = 0 as U € GL,(D), i.e., kerp(.(Us PU™')) = 0, and the matrix (J; J3) has
full row rank.

(2 = 1). Using the relation 1) and the fact that U is a unimodular matrix, we have the
commutative exact diagram

0 0
T T
0 — kerp(.P) — Dx» -, ptxr
T.U T.U
0 — kerp(.J) — DV» L pixp,
T T
0 0

which shows that kerp(.P) 2 kerp(.J) (more precisely, ker p(.P) = (kerp(.J)) U). Let us characterize
kerp(.J). Let us consider (A1, Ag2) € kerp(.J). We then have A\g (J1 J2) = 0 and using the fact
that (J; J2) has full row rank, we obtain that Ay = 0 and \; is any arbitrary element of D!*™
which proves that kerp(..J) = D™ and kerp(.P) is a free left D-module of rank m.

Similarly, we have imp(.P) = (imp(.J)) U as U is a unimodular matrix and:

AP = (AUHYI)T,

VA, e DV,
{ (nJ)U = (nU)P.

Therefore, we have:
imp(.P) = imp(.J) = (DXP=™) (J; ).
Using the fact that the matrix (J; J2) has full row rank, we obtain that
(Dlx(pfm) (Jl Jg)) o~ DlX(pfm)7
which proves that coimp(.P) 2 imp(.P) (see 2 of CorollaryBl) is a free left D-module of rank p—m. O

Remark 6. We note that (B7) is equivalent to P = U~! J U, which means that the two matrices P
and J are similar.

We shall need the next two lemmas.

Lemma 3. Let R € DY*P, P € DP*P gnd Q € D7 be three matrices satisfying [I3). Assume
further that there exist U € GL,(D) and V' € GL4(D) such that

UP=JpU,
) (39)
Ve=JgV,
for certain matrices Jp € DP*P and Jg € D?*9. Then, we have the following equality:
(VRU Y Jp=Jo(VRU™). (40)
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Proof. We easily check that we have the following commutative diagram

L (VRU™Y)

D Xq Dl)(p
v .U
e . |

plxa l : Dixp

Q (RU Y|P

Dlxa Dixp
v l .U
1 / B /
D Xq D1><p

from which we obtain (). Let us give the corresponding explicit computations. Starting with the
second equation of ([Bd) and multiplying it on the right by R and using ([3]), we obtain:

JoVR=VQR=VRP=(VRU ) UP).
Now, using the first equation of [BY), we get
JoVR=(VRU ) (JpU),

and multiplying the previous equality by U ~! on the right, we finally have Jo (V RU™') = (V RU™!) Jp,
which proves (). O

Lemma 4. Let us consider two matrices of the form

0 0
JP_(Jl JQ)’

0 0
o= (5 0)

Jy € D—m)xm  J, c pp=—m)x(p—m)
Js3 € Da=0xL Jy € Dla=x(a=1

with the notations

and 1 <m < p, 1 <1< q. Moreover, let us suppose that the matriz (J1  J2) has full row rank. If
the matriz R € DY*P satisfies the relation

RJp—JoF,
then there exist three matrices
Ry € Dlxm, Ry € Dl><(:D*m)7 R_ge D(qfl)X(P*m),

such that:

Proof. Let us write
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where Rll S Dlxm’ ng S Dlx(pim), Egl S D<l}7l)><7n7 Egg S D(qfl)x(pim). Then, we have:

= RizJi RizJo
Rip—|( 2 Ll ,
F ( Rz J1 Raa J )

S

E—( 0 0 )
~ \ JsRi1+JsRo1 JsRio+JysRoy )

Therefore, we obtain Ry (J1  Jo) = 0. Using the fact that (J; J) has full row rank, we then get
R15 = 0, which proves the result. O

Let us state the second main result of the paper (the first fairy’s theorem).

Theorem 2. Let us consider R € D9*P, M = DY*? /(D4 R) and f : M — M an endomorphism
defined by two matrices P € DP*P and Q € D9*Y satisfying {I3). If the left D-modules kerp(.P),
coimp (.P), kerp(.Q), coimp(.Q) are free of rank respectively m, p—m, | and ¢—1 (where 1 <m <p
and 1 <1< q), then the following results hold:

1. There exist U € GLp(D) and V € GL4(D) satisfying the relations

P=U"'JpU,
Q=V"1JyV,
where Jp and Jg are the matrices defined by {d). In particular, the matrices U and V are

defined by

U= < Ur ) . U, € Dm*p Uy e D=m)xp,
U,

V= ( Vi )7 Vi € D4, V, € Dla=Uxa,
Va

where the matrices Uy and Vi respectively define the bases of the free left D-modules kerp(.P)
and kerp(.Q), i.e.,

kerp(.P) = D™ Uy,
kerp(.Q) = D™V,

and Uy and Vs respectively define the bases of the free left D-modules coimp(.P) = D*? /(D**™ ;)
and coimp (.Q) = DY*9/(D* V).

2. The matriz R is equivalent to R=V RUL.

3. If we denote by U= = (W1 W), Wy € DP*™, Wy € DPX(P=™) e then have:

=_(ViRWL 0
Vo RWy Vo RWy

) € D9*P,

Proof. 1. The result directly follows from 2) of Proposition [

2. Using the fact that the matrices U and V are unimodular, we obtain R = V~! RU, which
proves the result.

3. From Lemma Bl the matrix R = V RU ™! satisfies @[). Then, applying Lemma B to R, we
obtain that R has the triangular form (), where Ry, € D™ Ry € D> (=m) and Ry € Da—Oxp-m),
Finally, we have
ViRW; Vi RWy
Vo RW1 Vo RWy

where Vi RWy € D™ Vo RWy € D@=Dxm and Vi RW, € DX(—m) 'V, RW, € DWP—bx(p—m)
which finally proves the result. [l

R:VRU1=< )eDW,
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We refer to Remark [l of Section for more details on the way that we can constructively
obtain the unimodular matrices U and V defined in Theorem B by computing bases of free modules
over different classes of skew polynomial rings and Ore algebras.

Example 12. Let us consider the linearized equations of a bipendulum subjected to a horizontal

move described by
i+ Ly~ Lu=0,
lh lh

ot Ly~ Lu=o,
l2 l2
where I; and Iy are the length of the two pendulum and g is gravity. For more details, see [I5] and
the references therein. Let us define the ring D = Q(g, 11, 12) [9;id, %] of differential operators with
constant coefficients, the system matrix

o2 9 0 _9
- l l

o +L 4
LTh

R= € D¥*?

and the D-module M = D'*3/(D1*2 R).
Using Algorithm [l we obtain that an endomorphism f of M is defined by the matrices

0 0 gla
P = 0 g(lg—ll) gll s
0 0 I1129% 4 gly

©= (8 9(120—11) )

Using algorithms developed in [16], we obtain that kerp(.P), coimp(.P), kerp(.Q) and coimp(.Q) are
free D-modules of rank respectively 1, 2, 1 and 1. We can easily compute some bases of kerp(.P),
coimp (.P), kerp(.Q) and coim (.Q), and they are defined by means of the following matrices:

U, = (1182+g 0 —g),
1
- 0 0

Ua=| 9 ;
0 1 0

Vi=(1 0),

Vo=(0 1).

We can check that the matrices U = (UL UI)T € D*3 and V = (VI VI)T € D?*2 are unimod-

ular and:
0 0 0
!
Jp=UPU! = —32 Iy (I, 9% + g) 0 :

-1 gl (ll 62—1—9) g(lg —ll)

_ 0 0
Jo=VQV 12(0 gl — 1) )

Finally, we obtain that R is similar to the following triangular matrix:

1
A
1
Iy

0 0
R=VRU '=

I 1,82 +g) 2+2
lQ lQ
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Remark 7. Let D = A[0;0,] be a skew polynomial ring over a (commutative) ring of functional
operators A, a matrix R = (0, — E) € DP*P and M = D'*?/(D'*4 R) the left D-module associated
with the linear functional system dy = Ey. Using the results proved in Example Bl we then know
that any endomorphism f can always be defined by means of two matrices P € AP*P and @ € A9*9.
Hence, if A is a field (e.g., A = k(t), k(n)), then we can do linear algebra in order to compute the
bases of the A-vector spaces ker 4 (.P), coim4(.P), ker4(.Q) and coim4(.Q), i.e., compute the matrices
Uy € Am*P Uy € AP=m)xp 1 ¢ A%4a and Vi € AW4=D%4 defined in Theorem B as we then have

kerp(.P) =D ®4 kera(.P),
coimp(.P) = D ®4 coimy(.P),

and similarly for kerp(.Q) = D® s ker4(.Q) and coimp(.Q) = D®4 coim4(.Q), where D ® 4 - denotes
the tensor product of A-modules.

Example 13. Let us study the following simple PDE appearing in linear elasticity [53]

20

(AA))\+M

Ay =0,

where A = 97 + 02 denotes the Laplacian operator, a and 3 the Lame constants, A the Airy function
and 1) a potential defining the density of forces f, i.e., f = (019, 029)T is the gradient of 1.

Let us consider the ring D = Q(«, 3) [81; id, 8%1} {82; id, 8%2 of differential operators with constant
coefficients, the matrix of differential operators

_ 2p %
R- (2 Zosa)en

and the D-module M = D**2/(D R). Using Algorithm [[l we obtain that an endomorphism f of M
is defined by the following matrices:

(o0 —28 B
P‘<0(mmmA>’Q_&

We easily obtain that kerp(.P) = DUy, where U; = ((a +28) A 2 3), which shows that kerp(.P)
is a free D-module of rank 1. Moreover, we have coimp(.P) = D'*2/(DU;). Using the algorithms
developed in [T6, B8] based on the computation of ext},(N, D), where N = D/(D'*2? RT), we obtain
the following split exact sequence

0— D %, p2 Mopo
Wi Us (43)
) %)
with the notations:
1

T
55) . Wo=(=28 (a+28)A)T, l&::<—£§ o).

Hence, coimp(.P) = D'*2/(DU;) = k(DUsz) = D, where k : D'*?2 — coimp(.P) denotes the
canonical projection, which proves that coimp(.P) is a free D-module of rank 1.

Moreover, we have kerp(.QQ) = D and coimp(.Q)) = 0, which are two free D-modules. Hence, if
we take V =1 and form U = (U UJ)7, then we obain

28
(a+208)A

Wy = (0

U= € GLy(D),

0
1
20
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and R is then equivalent to the following matrix:

= 1 1
R=VRU " = <7(a+26)A 0).

Example 14. Let us consider again the equation of the tank subjected to a one dimensional horizontal
move defined by (). Using Algorithm [ we easily find that an endomorphism of the D-module
M = DY*3/(D'*2 R), defined in Example Pl can be generated by the following pair of matrices:

0 0 0 . .
P=| 280, —28.8, 0 = .
i 2 i 2 . @ (28162 —23@)

Using algorithms developed in [16], 24, @8] (9], we obtain:

g1 0 0
Yo -1 20,0, |

Up=(0 0 1),
Vl = (1 O)a
Va=(0 1),

which proves that kerp(.P) (resp., coimp(.P), kerp(.Q), coimp(.Q)) is a free D-module of rank 2
(resp., 1, 1, 1). Hence, by Theorem B if we form U = (UL UI)T and V = (V;T VI)T, we obtain

1 0 0
Ul=]10 -1 20,0, | € GL3(D),
0 0 1

and the matrix R is finally equivalent to the matrix:

Fovro=( % ! )
1~ 20:0:(08-1) )

We refer the reader to the library of examples of MORPHISMS ([22]) for more difficult examples.

4 Projectors, idempotents and decompositions

4.1 Projectors of endp(M) and decompositions

We start this section by a lemma which characterizes the projectors of endp (M) and we deduce an
algorithm for computing them.

Lemma 5. Let us consider a finite free resolution
R R
D1><q2 2 D1><q D1><p ™ M 0’

of a left D-module M and a morphism f: M — M defined by two matrices P € DP*P and Q € D9*1
satisfying [). Then, f is a projector of endp (M), namely, f? = f, if and only if there exists a
matrix Z € DP*1 satisfying:

P?=P+ZR. (44)
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Then, there exists Z' € D9%% such that:
Q*=Q+RZ+Z Rs. (45)
In particular, if R € D?*P has full row rank, namely, Ry = 0, we then have:
Q*=Q+RZ (46)
Proof. Multiplying () on the right by P, we obtain R P? = Q R P and using again (), we get
RP? =Q%R,

which shows that f2 : M — M can be defined by the matrices P? and Q2. From 1) of Corollary Al
the morphism f2? — f is 0 if and only if there exists a matrix Z € DP*? satisfying @). Then, there
also exists a matrix Z' € D?*% guch that [{H) holds (see also 2) of Corollary ). The end of the
lemma is straightforward. O

From this lemma, we deduce an algorithm which computes projectors of end p(M).

Algorithm 3. e Input: An Ore algebra D, a matrix R € D?*P and the output of Algorithm
for fixed «, B and 7.

e Output: A family of pairs (P;, Q,):c; and a set of matrices {Z; };c; satisfying
?12 = ﬁi +71‘ R, for Z; € DP*9,

orda(ﬁi) <a,ie., Pi= ZOSIV\S@ a,(f) o,

and V0 < |v] <« a,(f) € APXP gatisfies :

deg, (num(a)) < 3,

deg, (denom(a,(f))) <7,

where ordy(P;) denotes the maximal of the total orders of the entries of P;, degz(num(a,(f)))

(resp., degw(denom(a,(,i)))) the maximal of the degrees of the numerators (resp., denominators)

of al(,z). The morphisms f; are then defined by:
YAeDYP . fi(r(N) =n(\P;), i€l

1. Consider a generic element P =}, _; ¢; P; of the outpout of Algorithm B for fixed o, # and +,
where ¢; € k for i € I.

2. Compute P2 — P and denote the result by F.

3. Compute a Grébner basis G of the rows of R for a total degree order.

4. Reduce the rows of F' with respect to G by computing their normal forms with respect to G.
5. Solve the system on the coefficients of ¢; so that all the normal forms vanish.

6. Substitute the solutions into the matrix P. Denote the set of solutions by {P;};ecs.

7. For j € J, reduce the rows of P; with respect to G by computing their normal forms with respect
to G. We obtain P; for j € J.
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8. Using rk(ﬁi —P;)e (D R),k=1,...,p, where rk(ﬁi — P;) denotes the k*® row of ?? - P,
compute a matrix 7j € DP*1 gatisfying ?? — ?j = 7j R, for j € J.

We are now going to show how projectors can be used to decompose the system Ry = 0 into
decoupled (independent) systems S;y; = 0 and Sz y2 = 0 or, in other words, how to decompose the
left D-module M into two direct summands M; and Ms, namely, M = My & Mo.

We start with a first lemma.
Lemma 6. Let R € D9P M = D'*?/(D'*9R) and f € endp(M) be a projector, i.e., f> = f.

1. We have the following split exact sequence

0—kerf - M -2 coimf —0,

idy—f f
— —
where f¥: coim f — M is defined by:
vmeM, [fHp(m))= f(m). (47)

2. We have the following isomorphism

p:kerf — cokerf
m +— o(m),

whose inverse is defined by

1 :coker f — kerf
o(m) +— m— f(m),

where o : M — coker [ denotes the canonical projection.

Proof. 1. For all p(m) € coim f, we have
((idar = £) o f5)(p(m)) = f(m) — f*(m) =0,

ie., (idy — f) o ff = 0. Moreover, we easily check that (idy; — f) 04 = idker f. Now, for all m € M,
we have

(io (ida — f) + f* o p)(m) = m — f(m) + f(m) =m,
i.e., (io(idas — f)) + f% o p = idps. Multiplying the last identity by p on the left and using the fact
that poi =0, we get po f# o p = p which proves po fF = idcoim s and ends the proof of 1).

2. Let us check that ¢ is well-defined. We first note that m — f(m) € ker f. Let us consider
o(m) = o(m’) and let us prove that ¥(p(m)) = ¥(p(m')). The fact that we have o(m) = o(m’)
implies that o(m—m’) = 0, i.e., m—m’ € im f, and thus, there exists n € M such that m—m’ = f(n).

Then, we get ¢(p(m)) —(p(m")) = ¢ (p(m —m')) = ¥ (p(f(n)) = 0 as p(f(n)) = 0, which proves that
1 is a well-defined morphism.

Moreover, for all m € ker f, we have (¢ op)(m) = ¥(o(m)) =m— f(m) =m, ie., Yoy = idker ¢

On the other hand, for all o(m) € coker f, we have

(potp)(a(m)) = p(m — f(m)) = a(m),
i.e., p 0¥ = idcoker f, Which finally proves the result. O
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The next proposition gives a necessary and sufficient condition for the existence of a projector f
of endp (M), i.e., for the existence of a direct summand of the finitely presented left D-module M.

Proposition 8. Let R € D?*? and M = D'*P/(D'*9 R). With the notations of Proposition [@, if
f: M — M is an endomorphism of M, then the following results are equivalent:

1. f is a projector of endp(M), namely, f? = f.

2. There exists X € DP*" satisfying:
P=1I,-XS5. (48)

Then, we have the following commutative exact diagram

0
& !
pixr S, pbw 5, comf —0
L. L.p L
Dlxq _R> Dixp T M _ 07
|
ker f
!
0

where f* is defined by {F7)-

Proof. (1 = 2). By 1) of Lemma B the morphism f* defined by @) satisfies p o f# = idcoim f, and
thus, we have M = i(ker f) @ f*(coim f). Using the relation S P = T R, we obtain that f* induces
the following morphism of complexes:

pixr S, pbw 5, comf —0
LT L.p L s

pixa B pbe T, A .

Composing the morphisms of complexes corresponding to p (see Theorem [M) and f¥ we obtain that
the morphism id — p o ff = 0 is defined by the following morphism of complexes

D1><r2 -Sa D1><r S D1><p
L., —7r) L.y —p)
D1><r2 -Sa D1><r S D1><p

which must be homotopic to zero. Thus, there exist a matrix X € DP*" and Xy € D"*"2 such that:

I,—P=X5,
I —TL=S5X+X55.

The first equation gives (EF).
(2 =1). Using @J) and S P =T R, we obtain

P’=(I,-XS)P=P-XSP=P—(XT)R,

which proves that f is a projector by Lemma [l
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We remark that, substituting #8) into S P =T R, we obtain:
S(I,—-XS)=TR<S-SXS=TR.
We give a necessary and sufficient condition for a module to be a direct summand of another one.

Proposition 9. Let R € D?? and S € D™P be two matrices satisfying (D> R) C (D**" S). Then,
the left D-module M’ = D**P /(D'*" S) is isomorphic to a direct summand of M = D'*?/(D'*4 R),
i.e., we have

M = M' @ ker p, (49)

where p: M — M’ is defined by
VAe DY p(r(N) = K(N),

and k : DYP — M’ denotes the canonical projection, if and only if there exist two matrices X € DPX"
and T € D™ satisfying the following relation:

S—SXS=TR. (50)

Proof. (=). The isomorphism () is equivalent to the existence of a morphism g : M’ — M which
satisfies p o g = idpp (see [I6 62]). Following the same techniques as the ones used in the proof
of Proposition B () is then equivalent to the existence of P € DP*P, T € D"*9 and X € DP*"
satisfying:

= S-SXS=TR.
I,-P=XS5,

(<). From ([E0), we obtain S (I, — X S) = TR, and, if we set P = I, — X S, then we have the
following commutative diagram

{SP:TR

D1><r S D1><p laJ Wi 0

LT l.P

pixe £ poe T, o,

which induces a morphism g : M’ — M defined by:
YAe DY g(k(N\) = 7(AP).
Using k = p o, for all A € D'*P, we obtain:
(pog)(k(N) = p(x(AP)) = k(A P) = £(A) = K((A X)) = K(N).

We then have p o g = idjss, which shows that the exact sequence 0 — kerp MBS M —0
splits, and thus, we obtain M = kerp & g(M’), i.e., M = M’ @ ker p as g is an injective morphism
(g(m) = 0= m = p(g(m)) = 0). O

Remark 8. If S has full row rank, i.e., kerp(.S) = 0, using the factorization R = L S, (&) becomes:

(I, —SX-TL)S=0=SX+TL=1,. (51)

Hence, we obtain that the matrix (X7 LT)T admits a left-inverse. Note that (&) is nothing else
than the generalization for matrices and non-commutative rings of the classical decomposition of a
commutative polynomial into coprime factors. Indeed, if R belongs to a commutative polynomial ring
D = k[x1,...,2,], where k is a field, then (BIl) becomes X S+ T L = 1 (Bézout identity), i.e., the
ideal of D generated by S and L is the whole ring D and we obtain that R = L S is a factorization of
R into coprime factors L and S.
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We have the following corollary of Proposition

Corollary 5. With the hypotheses and notations of Proposition [d, we have the equality:

I,— P
1xr — 1x(p+q) P
D" s <D ( - ))

Proof. Using the factorization R = L .S and (@8], we obtain the following equality

I,-P\ (X
("a")=(3)s
which proves the first inclusion. The second inclusion is a direct consequence of (Bl) as we have
XS=1,—P and:

S—SXS+TR=(S T)<XRS>:(S T)<I”;2P>.

Let us state the third main result of the paper.

Theorem 3. Let R € D9*P and let us assume that the left D-module M = D'*P /(D**4 R) admits a
decomposition of the form M = ker f @ im f, where f € endp(M). Moreover, let us suppose that F is
an injective left D-module. Then, with the notations previously introduced in this section, we obtain
that a solution n € FP of Rn =0 has the form n = ( + X 7, where { € FP is a fundamental solution
of S¢ =0 and T € F" is a fundamental solution of the system:

Lt=0, (52)
S2 T=0.

Hence, the integration of the system Rn = 0 is equivalent to the integration of the two independent

systems S¢ =0 and @2).

Proof. Applying the functor homp(-, F) to the commutative exact diagram (BI) and using the fact
that F is an injective left D-module, we obtain the following commutative exact diagram:

Fio Ao kerr(R.) «—0
TL [ Te

S B kerg(S) — 0.

Fr2
Let us first prove that an element of the form
n=C+XT,

where ¢ € FP (resp., 7 € F") satisfies S ¢ = 0 (resp., (£2)), is a solution of the system R»n = 0. Using
the factorization R = LS and S = 0, we get:

Rp=RC+R(X7)=L(SO)+L(S(X7)=L(S(XT)).

Using the fact that 7 satisfies the second equation of (B2) and the exactness of the last horizontal
exact sequence of the previous commutative exact diagram, there exists 77 € FP satisfying 7 = S7.
Substituting this relation into the first equation of (E2), we obtain:

LT=L(SH) =R7=0.
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Then, using ([B0), we obtain:
ST—S(X(S7)=TR7)=0=SX1)=8S7=L(S(X7))=L(ST) =R7=0.

This last result proves that R = 0, and thus, n = ( + X 7 is a solution of the system Rn = 0.

Conversely, let us prove that any solution n € FP of Rn = 0 has the form of n = ( + X 7, where
¢ € FP satisfies S¢ = 0 and 7 € F" satisfies (B2). Let us consider € FP satisfying Rn = 0, i.e.,
(LS)n = 0. Using the previous commutative exact diagram, we obtain that the element 7 € F"
defined by 7 = S satisfies (&2). Then, from (Bl), we obtain:

Sn—SXSn)=TRn=0=>5SX7)=r.

All the solutions of the inhomogeneous system S 7 = 7 are defined by the sum of the general solution
of S¢ =0 and a particular solution of S = 7, i.e., we have = ( + X 7, which ends the proof. [

We note that the previous result has already been obtained in [57] in the particular case where
M =t(M)® (M/t(M)),
where the torsion submodule ¢(M) is defined by:
t(M)={me M|30#£PecD: Pm=0}.

In control theory, the previous result gave a general answer to the question of knowing when a be-
haviour homp (M, F) can be split into the autonomous behaviour homp (¢(M), F) and the controllable
behaviour homp (M /t(M), F) (B3, B6, 48, 19, [67, [70]). We refer the reader to [, B8] for more details
and examples.

Let us illustrate Theorem Bl by means of an example.

Example 15. Let D be the Weyl algebra A;(k), namely, D = k[t] [6; idgpy, %], where k is a field of
characteristic 0 and let us consider the matrix of differential operators

o —t t 9
o te-t o 1 i
R=109 _t o+t 0-1 |€P (53)

0 0—t t 0

and the left D-module M = D1*4/(D'*4 R) associated with the linear system Ry = 0. We can easily
check that an endomorphism f of M can be defined by means of the following two matrices

100 0 f41 1 -1 —t

o100 bt |11 210 et

P=l 9000 |SF @@= 441 1 21 - |EHIT (54)
000 0 fo1 -1 41

i.e., we have R P = @ R. With the notations used in this section, we obtain the following matrices:

0 —t 0 0 10 t 0

0 0 00 1t 0 -1
5= 0 0 1 0 |’ L= 1 0 9+t 0-1

0 0 01 11 t 0
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Moreover, we easily check that P? = P, i.e., P is an idempotent of D3*3. Then, using (@), we obtain:

0

I
cooco
cooco
o~ oo

0
0
1
We can also verify that kerp(.S) = 0 which implies Sy = 0 (with the notations of this section).
Theorem Bl then asserts that the integration of Rn = 0 is equivalent to both the integration of
S ¢ =0, which easily gives

1
<1=§C1t2+02, G2=0C1, (=0, =0,

where C and Cs are two arbitrary constants, and the integration of L 7 = 0, which can easily be seen
to be equivalent to:

7'1:07 7'1207
T2:07 T2:07
=4
tTs+ 014 =0, 0?73+t =0,
6T3—T4:0. 74:873.

The third equation can be integrated by means of the Airy functions Ai and Bi which are the two
independent solutions of 8% y(t) — ty(t) = 0 (see [36]). We then have

T = 07

T2 = 07

75(1) = Cy Ai(t) + Cy Bi(1),
7'4(t) =C5 8A1(t) + Cy 8Bi(t),

where C3 and C4 are two constants. The general solution of Rn = 0 is then given by
% (& 2+ Cy
Ch

Cs5 Ai(t) + Cy Bi(t) ’
C3 0 Ai(t) + C4 9 Bi(t)

n=C+X7=

where C1, Cy,C3 and Cy are four arbitrary constants.

4.2 Idempotents of DP*? and decompositions

We are now going further by proving that, under certain conditions, the existence of idempotents P of
DP*P allows us to obtain a system Ry = 0 equivalent to Ry = 0, where R is a block-diagonal matrix
of the same size as R. We shall need the following three lemmas.

Lemma 7. Let R € DI*P be a full row rank matriz, i.e., kerp(.R) =0, and P € DP*P, Q € D9*? be
two matrices satisfying {I3). Then, if P is an idempotent, namely P? = P, so is Q, i.c., Q% = Q.

Proof. Multiplying ([@3)) on the right by P, we obtain RP? = Q RP. Using again (), we get
RP? = Q? R. Then, the relation P? = P implies RP = Q? R, and using again (), we obtain
Q’R=QR,ie, (Q>— Q)R =0. Finally, the fact that R has full row rank implies Q% = Q. O
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Lemma 8. Let R € DY*P be a full row rank matriz, i.e., kerp(.R) = 0, and M = D'*P/(D*9 R).
Let us consider a projector f: M — M defined by two matrices P € DP*P and QQ € D19 satisfying
@), PP=P+ZR and Q®> = Q+ RZ (see Lemma[d). If there exists a solution A € DP*9 of the
following Riccati equation

ARA+(P-IL)A+AQ+Z=0, (56)
then the matrices -
P=P+AR,
_ (57)
Q=0Q+ RA,

satisfy RP = QR, i.e., they define an endomorphism of M and they are idempotents, i.e., we have:
PP=P, Q' -=Q

Proof. By hypothesis, the matrices P and Q satisfy () and (@H). Let us define P = P+ A R for a
certain matrix A € DP*9. Then, we have:

P =(P+AR)(P+AR)=P>+PAR+ARP+ARAR.

Using ([3), we then get:
P =P’4+(PA+AQ+ARAR.

Then, from @) and P = P + A R, we finally obtain:
PP=P+(Z-A+PA+AQ+ARA)R.
Hence, we have P’ =Pif and only if A satisfies the following equation
(Z-—A+PA+AQ+ARA)R=0,

i.e., since R has full row rank, iff A satisfies the Riccati equation (Rf).
Finally, we have:

0°=(Q+RA)(Q+RA) =Q>+QRA+RAQ+RARA.

Using ([[3), we get
O =Q*+R(PA+AQ+ARN),

and using (@) and Q = Q + R A, we finally obtain:
QO =0+R(Z-A+PA+AQ+ARA) =0Q.
[l

Remark 9. We are currently not able to understand when the Riccati equation (Bfl) admits a solution.
This problem will be studied with care in the future. However, we can always try to compute a solution
A of (B8) with fixed order and fixed degrees for numerators and denominators by substituting an ansatz
in (B) and solving the quadratic system obtained on the coefficients of the ansatz.

Example 16. Let D be the Weyl algebra A;(Q), i.e., D = Q[t] [9;id, %], the matrix

d? d
— - = _1 D1><2
R <dt2 i ) <
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and the finitely presented left D-module M = D'*2/(D R). Searching for projectors of total order 1
and total degree 2, Algorithm Bl gives P, = 0, P> = I and

Py — —(t+a)0+1 t>+at | Py = (t—a)d —t*+at 7
0 1 0 0

Qs=—((t+a)0+1), Qi=(t—a)d+2,
where a is an arbitrary constant of Q. We can check that P? = P, + Z; R, i = 3, 4, where:
Zs=(t+a)? 0, Zy=(t—a)? 0T
Using Remark [l we obtain that (Bf) admits respectively the following solutions:
Az=(at ad—-1)T, Ay=(at ad+1)7.

The matrices (B7)) are then defined by

B. — atd?—(t+a)d+1 t2(1—ad)

3T (a0—-1)0*  —atd?+(t—2a)0+2 )’
@3_07

B, — atd®>+ (t—a)d —t2(1+ad)

1T (@d+1)8%> —atd®—(t+2a)0—1 )’
@4:15

and we can easily check that we have ?? =P, @3 =Q,, fori=3,4.

The next lemma characterizes the kernel and the image of an idempotent P of DP*P in terms of
projective modules.

Lemma 9. Let P € DP*P be an idempotent, i.e., P> = P. Then, we have the following results:

1. kerp(.P) and imp(.P) are two projective left D-modules of rank respectively m and p — m, with
0<m<p.

2. We have the following equalities:

imp(.P) =kerp(.(I, — P)),
imp(.(I, — P)) = kerp(.P).

Proof. 1. We have the following short exact sequence:

0 — kerp(.P) — DV? -2 imp(.P) — 0.
Let us define the D-morphism i : imp(.P) — DY¥P by i(m) = m, for all m € imp(.P). Now,
for every element m € imp(.P), there exists A € D'*P such that m = A P. Therefore, we have
((.P) oi)(m) = m P = X\ P? and using the fact that P? = P, we get ((.P) oi)(m) = AP = m, i.e.,

((.P)oi) = idjm (. p), which shows that the previous short exact sequence splits, and thus, we obtain:

DY? = kerp(.P) @ imp(.P). (58)
This proves that kerp(.P) and imp(.P) are two finitely generated projective left D-modules.
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Finally, we have
rankp (D'*P) = rankp (kerp(.P)) + rankp (imp (. P)),

and using the fact that, by hypothesis, D is a left noetherian ring, and thus, D has the Invariant
Basis Number (IBN) ([33]), we finally get rankp(D'*P) = p, which proves the first result.

2. The fact that P? = P implies that P (I, — P) = 0, which shows that imp(.P) C kerp(.(I, — P)).
Now, let A € kerp(.(I, — P)) and let us prove that A € imp(.P). Applying X on the left of the identity
I, = P+ (I, — P), we obtain A = X P, which proves kerp(.(I, — P)) C imp(.P) and the equality.

The second result can be proved similarly. O

We note that if P = 0 (resp., P = I,) is the trivial idempotent, then we have kerp(.P) = D'*? and
imp(.P) = 0 (resp., kerp(.P) = 0, imp(.P) = D*P), i.e., kerp(.P) and imp(.P) are two trivial free
left D-modules. We are going to show that the case where kerp(.P) and imp(.P) are two non-trivial
free left D-modules plays an important role in the decomposition problem.

The next proposition will play in important role in what follows.

Proposition 10. Let P € DPXP be an idempotent, i.e., P> = P. The following assertions are
equivalent:

1. The left D-modules kerp(.P) and imp(.P) are free of rank respectively m and p — m.

2. There exists a unimodular matric U € DP*P, j.e., U € GL,(D), and a matriz Jp € DP*P of the

form
0 0
Tp = ( 0 Ipm )

UP=JpU. (59)

U:(%) (60)

where the matrices Uy € D™*P and Uy € DP—=™)%P hape full row ranks and satisfy the conditions:

which satisfy the relation:

The matriz U has then the form

(61)

kerp(.P) = DY>™ Uy,
imp(.P) = DY>*@E=m) [,

In particular, we have the relations Uy P =0 and Uy P = Us.

Proof. (1 = 2). Let us suppose that kerp(.P) (resp., imp(.P)) is a free left D-module of rank m
(resp., p —m) and let U; € D™*P (resp., Uy € DP~™*P) be a basis of kerp(.P) (resp., imp(.P)) ,
i.e., (BI) holds. Let us form the matrix U defined by (G0).

Now, using [E8), for all A € D*P| there exist unique \; € kerp(.P) and Ay € im(.P) such that
A = A + Ao. Then, there exist unique p; € D™ and po € D*(P=m) guch that A\ = w1 Uy and
A2 = pg Us, and thus, a unique p = (1, p2) € DY¥P satisfying A = pU. Hence, using the standard
basis {e;}1<i<p of DY¥P for i = 1,...,p, there exists a unique V; € D'*? such that e; = V; U. The
matrix V = (V{T,..., VPT)T is thus a left-inverse of U. By hypothesis, D is a left noetherian ring, and
thus, D is stably finite ([33]), which implies that we then have UV = I,,, i.e., U € GL, (D).
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Finally, for all 4 € D*P, we have U, € imp(.P), and thus, there exists v € D'*P such that
puUs = v P. Using the fact that P? = P, we get:

pUs P=vP?=vP =puls.

In particular, we have f; (Us P) = f; Us, fori =1,...,p—m, where { fi}1<i<p—m is the standard basis
of Dlx(p—m), which proves that Us P = Us. Using U; P = 0, we finally obtain:

(U (PN _ (0O (0 O
e ) r= (o) = ()= (0 50 )
(2 = 1). Using the relation (B9) and the fact that U is a unimodular matrix, we have the
commutative exact diagram

0 0
T T
0 — kerp(.P) —  DXP £, pixe
T.u T.Uu
0 — kerp(.Jp) — DVx» B plxp
T T
0 0

which shows that kerp(.P) = kerp(.Jp) (more precisely, kerp(.P) = kerp(.Jp) U). Using the fact
that we have trivially kerp(.Jp) = D™ we obtain that kerp(.P) is a free left D-module of rank m.
Similarly, we have imp(.P) = imp(.Jp) U as U is a unimodular matrix and:

AP = (AU 1) T,

Y\, p € D,
{uumU:WWP

Therefore, we have imp(.P) 2 imp(.Jp). We now easily check that imp(.Jp) = D**P~™) which
proves that imp(.P) is a free left D-module of rank p — m. O

Remark 10. We note that (Ed) is equivalent to P = U~! Jp U, which means that the two matrices
P and Jp are similar.

We shall need the next lemma.

Lemma 10. Let us consider the following two matrices

0 0
— pPXp
Jp ( 0 Ipfm > eD ,

(62)
Jo = 00 € D1*1
Q 0 I, :
where 1 <m <p and 1 <1< q, and a matriz R € DI*P satisfying the following relation:
RJp=JgR. (63)
Then, there exist By € D™ and Ry € DW=D*®=m) sych that:
_ (R 0
A (T 0. o
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Proof. If we write . .
- Ri1 Rio
R=( o fe )
< R21  Rao )

where }_%11 S Dl><m’ }_%12 S Dlx(p—m), }_%21 S D(q—l)xm, EQQ S D(q—l)x(p—m)’ then, we have:
= Ri1 Rio ) < 0 0 > ( 0 Rio >
RJ = - = = — R
F < R21 R22 0 Ip—m 0 RQQ

o= (g, ) (i 7 )= (7 7 )
Q@ 0 Iq_l RQl R22 R21 RQQ '
Therefore, 3) implies that Ri2 = 0 and R2; = 0, which proves the result. O

We are now in position to state the last main result of the paper (the second fairy’s theorem).

Theorem 4. Let R € D?P and M = DY*?/(D'¥9R). Let f : M — M be a projector defined by
two matrices P € DP*P and QQ € D1 satisfying [1) and let us assume that:

P?=P Q*=Q.

If the left D-modules kerp(.P), imp(.P), kerp(.Q), imp(.Q) are free of rank respectively m, p—m, 1
and g —1 (where 1 <m < p and 1 <1< q), then the following results hold:

1. There exist U € GLy(D) and V € GL4(D) satisfying the relations
P=U1JpU,
Q=V-"1JyV,
where Jp and Jg are the matrices defined by (G3).
In particular, the matrices U and V' are defined by

U= ( gl ) , Uy e D™ Uye DP-m)xp,
2

V= ( g ) , VieD™, Ve Dlbxa,
Va

where the matrices Uy, Ua, V1 and Va respectively define the bases of the corresponding free left

D-modules, i.e., we have:
kerp(.P) = D™ Uy,

imp(.P) = DY>*®=m) 7,
kerD(.Q) = Dlevl,
imp(.Q) = D@D V.

2. The matriz R is equivalent to R=V RUL.
3. If we denote by U=t = (Wy W), Wy € DPX™ W, € DP*(P=m) e then have:

— ([ ViRW, 0 axp
R_< 0 VQRW2>€D . (65)
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Proof. 1. The result directly follows from 2) of Proposition [l

2. Using the fact that the matrices U and V are unimodular, we obtain R = V~! RU, which
proves the result.

3. From Lemma [ the matrix R =V RU ! satisfies the relation (). Then, applying Lemma [
to R, we obtain that R has the block-diagonal form (B4)), where Ry € D™ and Ry € Da—Dx(p—m)
Finally, we have
ViRWy Vi RW;
Vo RW1 Vo RWy

where Vi RW; € D™ Vo RWy € D@=Dxm and Vi RW, € DX—m) 'V, RW, € DWP—bx(p—m)
which proves the result. [l

R:VRU1=< )eDW,

Example 17. Let us consider again system (@) defined in Example Bl We can easily check that the

matrices
1 1 1
’ Q - 5 < 1 1 ) ’

0

0

2
define a projector f € endp(M) and satisfy P? = P and Q? = Q. As P and Q are two matrices
with rational coefficients, we obtain that kerp(.P), imp(.P), kerp(.Q) and imp(.Q) are trivially free
D-modules since we have

kerD(.P) =D®p kerQ(.P),
imp(.P) = D ®p img(.P),

and similarly for kerp(.Q) and imp(.Q)). Using linear algebra techniques, we then get
kerQ(.P):QUl, U1= ( 1 -1 0 ),

. 1 1 0
lmQ('P):Q1X2U2) U2: < 0 0 1 > I

kerg(.Q) = Q V1, i=(1 -1),

img(.Q) =Q V3, Vo=(1 1),
and thus, we obtain the following two unimodular matrices:
1 -1 0
U=|(1 1 0], V= ( 1 _11 )
0 0 1

By Theorem Bl we obtain that the matrix R is equivalent to the following block-diagonal matrix:

02 —1 0 0 >

o
R=VRU —( 0 1+8 —48,0,

We note that the first scalar diagonal block corresponds to the autonomous (uncontrollable) subsystem

z1(t) = y1(t) — y2(?),
Zl(t — 2h) — Zl(t) = O7

i.e., z1 is a 2 h-periodic function, whereas the second diagonal block corresponds to the controllable
subsystem

z2(t) = y1(t) + y2(t),

v(t) = u(t),

Zg(t) + Zg(t - 2h) - 4’1')(15 - h) = O7
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of the system R (y1,y2,u)? = 0. We note that the controllable subsystem is not flat ([T6, 24, &3,
18]) as the corresponding D-module D'*2/(D (1 + 032 — 40, 0,)) is not projective, and thus, not
free (see [I6] 24, ER] for constructive algorithms). Finally, the previous decomposition can be seen
as a generalization of the classical Kalman decomposition of state-space control systems ([#6]) for
multidimensional linear systems.

We have the following important corollary of Theorem Hl

Corollary 6. Let us consider R € DI*P and the finitely presented left D-module M = D'*? /(D'*4 R).
Let f: M — M be a projector defined by two matrices P € DP*P and Q € D9*? satisfying (I3) and
let us suppose that:

PP=P Q*=Q.
Assume further that one of the following condition holds:

1. D = A[d;0,0] is a skew polynomial ring over a division ring A (e.g., A is a field) and o is in-
jective, as, e.g., the ring D = k(t) [8; idg (), %} of differential operators with rational coefficients
or the ring D = k(n)[0; 0, 0] of shift operators with rational coefficients (o(a)(n) = a(n+1)),

2. D = A[01;01,01] ... [On; 0n,0n] is a commutative Ore algebra where A is either a field k or a
principal ideal domain as, e.g., the ring of differential operators with coefficients in Z, Q, R,

3. D = A[d1;id,01] ... [On;1d,0,] is a Weyl algebra (Y a € A, 6;(a) = Oa/0x;, 1 < i < n), where
A=E[xy,...,2,] or k(xy,...,2,) and k is a field of characteristic 0, and:

Vv IV v
OO NN

Then, there exist U € GL,(D) and V € GLy(D) such that R =V RU™! is a block-diagonal matriz of

the form
= (R O axp
R= ( 0 Ry ) € D*P

where Ry € D™ Ry € D®P=Dx(=m) gpg:
m = rankp (kerp(.P)), [ =rankp(kerp(.Q)).

Proof. 1. By Lemma @ we know that kerp(.P), kerp(.Q), imp (.P) and imp (.Q)) are projective
D-modules. By ii) of Theorem 1.2.9 of (2], D is a left principal ideal domain. Therefore, kerp(.P),
kerp(.Q), imp (.P) and imp (.Q) are free left D-modules of rank respectively m, I, p — m and ¢ — [
(see [16, B2, [62]). The result directly follows from Theorem Hl

2. By Lemma [ we obtain that kerp(.P), kerp(.Q), imp (.P) and imp (.Q) are projective D-
modules. As D is a commutative polynomial ring over a field k£ or a principal ideal domain A, by
the famous Quillen-Suslin theorem, we know that they are free D-modules of rank respectively m, [,
p—m and ¢ —l. See [24] [62] for more details. Then, the result directly follows from Theorem El

3. By Lemma B we obtain that kerp(.P), kerp(.Q), imp (.P) and imp (.Q)) are projective left
D-modules. A result of J. T. Stafford asserts that projective modules of rank at least 2 over the Weyl
algebras A, (k) and By, (k), where k is a field of characteristic 0, are free. For more details, we refer
to [2Y, 60, 65]. The result directly follows from Theorem Hl O
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Remark 11. In order to constructively obtain the unimodular matrices U and V defined in Corol-
lary B we need to compute bases of the free left D-modules kerp(.P) and imp (.P), kerp(.Q) and
imp (.Q). In the first case of Corollary B we can use Smith or Jacobson forms in order to compute
bases of these modules over D = A[0; 0, 4] (see [A2, H6]). In the second case of Corollary B we can
use constructive versions of the famous Quillen-Suslin theorem of Serre’s conjecture ([62]). For more
details, we refer to 0] and references therein. See also [24] for an implementation. In the last case of
Corollary [l we can use the constructive algorithm recently obtained in [59, [60] and its implementation
in the package STAFFORD of OREMODULES available in [T5].

Remark 12. Let D = A[D;0,d] be a skew polynomial ring over a ring A, a matrix E € AP*P,
R = (01, — E) € DP*? and M = DY*?/(D'*P R) the left D-module associated with the linear
functional system 0y = FEy. In Example B, we proved that we could always suppose with any
restriction that f € endp(M) is defined by P € AP*P and @Q € A?*Y satisfying [[0) where F' = FE.
By Lemma [l we obtain that any projector f of endp (M) is defined by a matrix P € AP*P satisfying
P? = P+ Z R, where Z € DP*4. Using the fact that R is a first order matrix in 9 and P is a zero
order matrix in 9, we obtain that Z = 0, i.e., P2 = P. Now, the fact that R has full row rank, i.e.,
kerp(.R) = 0, by Lemma [ we obtain that Q? = Q. Hence, if, for instance, A is division ring and o
is injective, then the hypotheses of 1) of Corollary Bl are satisfied, and thus, there exist U € GL,(D)
and V € GL,(D) such that the matrix R = V RU~! is block-diagonal. We can then consider again
each of the blocks separately. If A is a field, then the matrices U and V can easily be obtained
by linear algebra as we have kers(.P) = A™*P Uy, ima(.P) = AP~™>P U, kera(.Q) = A9V,
ima(.P) = AW=0x0Vy and U = (U] U)T € GL,(A), V= (Vi VT € GL,(A).

Example 18. Let us consider again Example[[H i.e., let us consider the Weyl algebra D = A;(Q), the
matrix R € D*** of differential operator defined by (B3) and the left D-module M = D'*4/(D'*4 R).
Using the algorithm for computing projectors of endp(M), we obtain that the matrices P and @
defined by (B4 generates a projector f, which proves that M is decomposable. Moreover, we easily
check that P2 = P, i.e., P is an idempotent of D3*3. Now, using the fact that the entries of P belong
to the field k, we can easily compute bases of kery(.P) and imy(.P) = kerg(.(I4 — P)). This way, we
obtain that the following unimodular matrices (see Theorem HI):

o= oo
— o o O
SO o=
o O = O

Moreover, if we denote by
1 -1 0 1 0 0 -1
Vl_(o —11)’ ‘/2_(01—1 1)’

{ kerk[t](.Q) = (k[t]lXQ Vl),
imy (.Q) = keryy ((Is — Q) = (K[t} 2 V5),

and the matrix V = (VI Vi) € GL4(k[t]). Hence, the matrix R is equivalent to the following
block-diagonal matrix:

— O

then we have

;) 1 0 0
— | te-1) =@+t o 0
R=VRU" = 0 0 0 ~9

0 0 o (t+1)0—t
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Moreover, if we denote by

-1 0 0 0
-t -1 0 0
E=1"09 o 141 1 [€CLalklD
0o 0 -1 0
and W = E'V, we easily check that we have:

o -1 0 0
5 _ -1 _ t 0 0 0
R=WERUZ=1"9 o o —
0O 0 0 0

The diagonal blocks of the matrix R are equivalent to the two systems that we had to solve in
Example [[H in order to integrate the solutions of Rn = 0. Hence, we find again that the general
solution of Rn =0 is given by (B3).

Finally, if we denote by W = (WL WI)T, where Wi € D?** and Wy € D?**, we then have
kery (.Q) = (K[t]V 2 W), imy (.Q) = (k[t]V W),

i.e., Wy (resp., Wa) defines a basis of kerp(.Q) (resp., imp(.Q)) with coefficients in k[t], whereas V
(resp., V3) defines a basis with coefficients in k. Hence, this result explains why we can use the matrix
W instead of V.

Example 19. If we consider the idempotent P3 € D?*? defined in Example[[, where D = A;(Q), we
have rankp (kerp(.P3)) = 1 and rankp(imp(.P3)) = 1. Hence, we cannot use 1) or 3) of Corollary
in order to conclude that R = (9> —t0d — 1) is equivalent to R = (o 0), a € D, by means of
unimodular matrices over D. Indeed, we easily prove that kerp(.P3)) = D (0 —t), which implies
that kerp(.P3)) is a free left D-module of rank 1. However, we have imp(.P3) = D**2/(D (0 —1))
and it was proved in [59] that the last left D-module was not free. A similar comment holds for P, as
we have kerp(.P4) = D'*2/(D (0 —t)). Of course, if we consider the Weyl algebra B;(Q) instead of
D, namely, B1(Q) = Q(t) [8; id, %} , using a computation of a Jacobson form, we can easily prove that
R is equivalent to R = (0 0) (see 1) of Corollary Bl). However, we point out that some singularities
then appear in the matrices U and V' defined in Theorem Hl

Example 20. Let us consider the differential time-delay model of a flexible rod with a torque devel-
oped in [43]:

n(t) — g2t — 1) —u(t) =0, (66)
2910t = 1) = g2(t) — g2(t — 2) = 0.

Let us define the Ore algebra D = Q [0y;1, %] [02;02,0] of differential time-delay operators with

rational constant coefficients defined in 4) of Example [l and the corresponding matrix of the system

E8) defined by:
01 —01 02 -1 5
R = € D¥3.
( 2010, —0,05—-01 0 )

Let M = DY*3/(D'*2 R) be the left D-module associated with (B). Using Algorithm B we obtain
that the following matrices

1+03 —102(1+02) 0 L 14
—5 02
P= 2 0y —02 o1, Q:(O % ),
0 0 1
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define a projector f € endp(M). Moreover, we can check that P? = P and Q? = @, i.e., P and Q
are idempotents. Then, using 2) of Corollary B, we obtain that R is equivalent to a block-diagonal
matrix. Let us compute it. Using the implementation of the Quillen-Suslin theorem developed in [24]
or the heuristics given in [I6], we obtain the following unimodular matrices:

—20y 05+1 0

0 -1
U= —2 0o 0 S GL3(D), V= < 9 P ) S GLQ(D)
0 0o 1 ?
Using the fact that the inverse of U is then defined by
—580, —3(03+1) 0
U= 1 —0s o1,
0 0 1

we finally obtain that R is equivalent to the following block-diagonal matrix:

F-vey'—[ & 0 0.
0 0,(05-1) -2

As in Example [ for the tank model, we obtain that the first scalar diagonal block corresponds to the
autonomous (uncontrollable) subsystem, whereas the second diagonal block defines the controllable
subsystem (see also [E3]).

More examples of decomposable modules coming from mathematical physics and control theory
can be given. For instance, we refer the interested reader to [68] for some examples of PDEs.

5 Appendix: the MORPHISMS package

In this appendix, we illustrate the main features of the Maple package MORPHISMS ([22]) which uses
the OREMODULES library ([T5]). We consider again the examples developed in the paper and show
how to compute explicitly the different results. We refer the reader to the library of examples of
MorpHIsMs ([22]) for more details and examples.

5.1 Example @ (Euler-Tricomi equation)

> Alg:=DefineOreAlgebra(diff=[D1,x1],diff=[D2,x2],polynom=[x1,x2]):

> R:=evalm([[D1°2-x1xD2°2]1);
R:=[ D1? - 21D2* |

> End_[0,0] :=Morphisms(R,R,Alg,0,0):

> End_[0,0][1]; End_[0,0][2];
[a1]
[a1]
> End_[1,1]:=Morphisms(R,R,Alg,1,1):

> End_[1,1][1]; End_[1,1]1[2];
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3
{a1+a3D2+§a2xQD2+a2x1Dl ]

3
[ §a2$2D2+a2x1 D1+2as+ a1 +a3D2 :|
End_[2,0] :=Morphisms(R,R,Alg,2,0):
End_[2,0][1]; End_[2,0][2];
[ CL1+G2D2+G3D22 ]

[ CL1+G2D2+G3D22 ]
End_[2,1] :=Morphisms(R,R,Alg,2,1):

End_[2,1]1[1]; End_[2,1][2];

3 3
[ ag vl D1D2+§a6x2D22+a3D22+a4x1 D1+§a4x2D2+a2D2+a1 ]

[aﬁxz D1D2+§a4x2D2+§a6x2D22+2a4+a1+2D2a6+agD2+a3D22—|—a4x1 Dl]

5.2 Example [ (quadratic first integral)

Alg:=DefinelOreAlgebra(diff=[D,t],polynom=[t],comm=[alpha,omegal) :
> E:=evalm([[0,1,0,0], [-omega~2,0,alpha,0],[0,0,0,1],[0,0,-omega~2,alphall);

0o 1 0 O

—w* 0 «Q 0
b= 0 0 0 1
0 0 —w? «a
> R:=evalm(D-E);
D -1 0 0
w2 D -« 0
Ri= 0 0 D -1
0 0 w? —a+D

MorphismsConst (Involution(R,Alg) ,R,Alg);

4

pLw pow? —w?(pra+p)  prw?
—pa w? p1w? —prw?+pa —p2
—w?(pra—p) —prwi—pra  pi(@®+w?)  —pra+py |’
i prw? P2 —pro— p2 p
[ —prw? —ppw?  praw?+prw?  —prw?
p2 w? —p1 w? prw? —pra P2
praw? —pw? prwi+pa —pr(@?+w?) pra—ps |’
L —prw? —p2 D1 o+ D2

2!
[Ore_algebra, [“diff”], [t], [D], [t], [p1, p2, @, w], 0, [I, [I, [t], [I, I, [diff = [D, t]]]

> V:=QuadraticFirstIntegralConst (R, [x[1](t),x[2](t),x[3]1(t),x[4](£)],Alg);
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Vi=prwta(t)? — 21 (t) w? x3(t) pra + 221 (t) p1 w? 24(t) + 22(t)? pr w?
— 225(t) p123(t) w? + pra3(t)? w? + pras(t)? a? — 2x5(t) z4(t) p1 o + p1 2a(t)?

5.3 Example @ (linearized Euler equations for an incompressible fluid)

> Alg:=DefineOreAlgebra(diff=[D1,x1],diff=[D2,x2],diff=[D3,x3],diff=[Dt,t],
> polynom=[x1,x2,x3,t]):

> R:=evalm([[D1,D2,D3,0],[Dt,0,0,D1],[0,Dt,0,D2],[0,0,Dt,D3]]);

D1 D2 D3 0

Dt 0 0 D1
0 Dt 0 D2
0 0 Dt D3

R :=

> Morph:=GenMorphismsConst (R,R,Alg) :

> P:=Morph[1,1];

0 0 0 0
p._|0 D3*>  -D3D2 0
“ |0 -D3D2 D22 0
| 0 0 0 0 |
> Q:=Morph[2,1];
[0 0 0 0 ]
0= 0 0 0 0
“ |0 0 D3* —D3D2
|0 0 -D3D2 D2?
> TestInj(R,R,P,Q,Alg);
Notlnj
> S:=CoimMorphism(R,R,P,Q,Alg) [1];
1 0 0 0
0 D2 D3 0
S:=10 —Dt 0 0
0 0 Dt 0
0 0 0 1
> L:=Factorize(R,S,Alg);
DI 1 00 0
;._| Pt 0 00 DI
~ 1 0 0 -1 0 D2
0 0 0 1 D3

> Param:=evalm([[0],[-D3],[D2], [0]]);

0
—-D3
D2
0

Param :=
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>

5.4

Sol:=ApplyMatrix(Param, [xi(x1,x2,x3)],Alg);
0

ol | ~(FE 8l 92, 23)
3 E(al, 22, 53)

xz

0

ApplyMatrix(R,Sol,Alg);

o O o o

Example (Killing operator and its Spencer operator)

Alg:=DefinelOreAlgebra(diff=[D1,x1],diff=[D2,x2],polynom=[x1,x2]):

R:=matrix(3,2,[D1,0,1/2%D2,1/2%D1,0,D2]);
DI 0
D2 DI
2 2
0 D2

R :=

Rl:=evalm([[D1,0,0],[D2,-1,01,[0,D1,0]1,[0,1,D1],[0,0,D2],[0,D2,011);

[D1 0 0
D2 -1 0
0 DI 0
0 1 D1
0 0 D2
0 D2 0

Morph:=GenMorphismsConst (R,R1,Alg) ;

Morph = |[[ 0 00 00 0 00 0 0 -2 0

pr=1llg 2 0|’lo 2 0"|0o20|’l0 o0 0]
i 00 000 0] JOOOGO O
838],[383]},[00—100 ol [o01 00
i 00 000 2] [00000
0 0 00001 [00 200 01T 700200
D2 -D1 00 0 O0),]00 000 1]|,/0000 0
0 0 0002|] |00 000 0] |[0O0OO0OO
2.0 0 0 0 0

010100H

(000020
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> Q:=evalm(1/2+Morph[2,6]);
1 0 0 0 0 O
1 1
Q=0 50500
0 0 0 0 1 o0
> TestBij(R,R1,P,Q,Alg);
Bij
5.5 Example [2 (linearized bipendulum)
> Alg:=DefineOreAlgebra(diff=[D,t],polynom=[t],comm=[g,11,12]):
> R:=evalm([[D"2+g/11,0,-g/11],[0,D"2+g/12,-g/121]1);
Ro= 1 1
o g g
D24+ L 9
0 TR
> Morph:=GenMorphismsConst (R,R,Alg) ;
0 0 912 100 . . .
Morph = 0 —g(l1-12) gl1 ;10 10 | _ } ) {
0 0 1211 D2+ gl2 00 1 0 —gll+gi2 0
> P:=Morph[1,1];
0 0 912
P:=|0 —g(l1 —12) gl1
0 0 1211 D2 + g 12
> Q:=Morph[2,1];
0 0
Q=10 _gi1+g2
> Ul:=SyzygyModule(P,Alg);
Ul:=[D%*ll+g 0 —g ]
> SyzygyModule(U1,Alg);
INJ(1)
> Ext:=Exti(Involution(U1l,Alg),Alg,1);
g 0
Ext := [1],[D211+g 0 —g}, 0 1
D?l1 +g 0
> U2:=LeftInverse(Ext[3],Alg);
1
- 0 0
U2:=1| g
0 1 0
> U:=linalg[stackmatrix] (U1,U2);

INRIA
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D2l +g 0 —g
1
U = — 0 O
g
0 1 0
> V1:=SyzygyModule(Q,Alg);
Vi:=[1 0]
> ext:=Exti(Involution(V1,Alg),Alg,1);
0
ext:=[[1],[1 O],[l]]
> V2:=LeftInverse(ext[3],Alg);
V2:=[0 1]
> V:=linalg[stackmatrix] (V1,V2);
10
o-[31]
> J_P:=Mult(U,P,linalg[inverse] (U),Alg);
0 0 0
2 9
J.P = a 12 (D211 + g) 0
—1 gl (D%l +g) —gll +gl2
>  J_Q:=Mult(V,Q,linalglinverse] (V),Alg);
0 0
J-Q = 0 —gll+gl2
> R_bar:=Mult(V,R,linalglinverse] (U),Alg);
1
— 0 0
11
R_bar :=
1 (DU +g)g D*I2+yg
2 2 2
5.6 Example [[3 (linear elasticity)
> Alg:=DefineOreAlgebra(diff=[D1,x1],diff=[D2,x2],polynom=[x1,x2],comm=[alpha,betal):
>

R:=matrix(1,2,[(D1°2+D272) "2, (2*¢beta)/(alpha+2*beta)*(D1°2+D272)]);

2 3(D1? + D2?)
R:=| (D1 +D2%)? “— —“—~
{ (D1 + DZ) a+20
Morph:=GenMorphismsConst (R,R,Alg) ;

0 0
Morph := H[ (a+28)D2% + (a+28)D1> 2p3 }

0 23 10
[0 (a+2ﬂ)D22+(a+2ﬁ)D12}’{0 1]]’[[25}’[0}’[1]“
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> P:=Morphl[1,2];
p._ 0 -2
T 10 (a+28)D2%+ (a+26)D1?
> Q:=Morph[2,2];
Q=[0]
> Ul:=SyzygyModule(P,Alg);
Ul :=[ D2°a+2D2°3+D1*°a+2D1*°3 24 |
> SyzygyModule (U1l,Alg);
INJ(1)
> Ext:=Exti(Involution(U1l,Alg), Alg, 1);
Ext:=[[1],[ D2?a+2D2°3+D1’a+2D1*3 24 ] 2 . 2P 2, |]
’ | D2°a+2D2°3+D1°a+2D1° 3
> U2:=LeftInverse(Ext[3],Alg);
1
=] —— 0
2| =55 0]
> U:=linalg[stackmatrix] (U1,U2);
D22 a+2D22 3+ D1%a+2D1%5 28
U:= 1 0
20
> V1:=SyzygyModule(Q,Alg);
Vi=[1]
> R_bar :=Mult(V1,R,linalglinverse] (U),Alg);
2 2
R_bar := M 0
a+20
5.7 Examples [[3l and I8
> Alg:=DefineOreAlgebra(diff=[D,t],polynom=[t]):
> R:=evalm([[D,-t,t,D], [D,t*D-t,D,-1], [D,-t,D+t,D-11, [D,D-t,t,D11);
D —t t D
R D tD-t D -1
| D —t D+t D-1
D D-t t D
> Morph:=Morphisms(R,R,Alg,0,0);
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as aj 0 0

. 0 ao 0 O
Morph = 0 0 a5 0 |
0O 0 0 ag
—taz+tas —ay + as —as3 +as —az + as —tas +tas+ aq
a2 —az — ay az —az2 +as ai
—tag+tas+as —az3—ay —az+as 2a3—as —tas +taz+ ay ’
—tas +tas — ay —asz+ax —as+as —tas+tas+ar+ as
[O?“e_algebm, [“diﬁ”]v [t]7 [D]7 [t]a [ala az, CL3], 0, []7 []7 [t]7 []? []7 [dZ_[f = [D’ t”]

5.7.1 Factorization (Example [TH)

> P:=subs({al[1]=0,a[2]=1,a[3]=0}, evalm(Morph[1]));

1.0 00
01 00
Pi= 0 0 0O
0 0 0O

> Q:=Factorize(Mult(R,P,Alg),R,Alg);

t+1 1 -1 —t
1 1 -1 0
Q= t+1 1 -1 —t
t 1 -1 —t+1
> S:=CoimMorphism(R,R,P,Q,Alg) [1];
D —t 0 0
0 D 0 O
§i= 0O 0 1 0
0 0 0 1
> L:=Factorize(R,S,Alg);
1 0 t D
L1t Do
|1 0 D+t D-1
1 1 t D
> X:=Factorize(evalm(1-P),S,Alg);
00 0 0
00 0 0
X=109010
0 0 0 1
> simplify(evalm(Mult(P,P,Alg)-P));
00 0 O
00 0 O
0 0 0 O
00 0 O
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simplify(evalm(Mult(Q,Q,A1g)-Q));

0 0 0O
0 0 0O
0 0 0O
0 0 0O
SyzygyModule (S,Alg) ;
INJ(4)
Ul:=SyzygyModule(P,Alg) ;
0 010
vt = [ 000 1 ]
SyzygyModule (U1l,Alg) ;
INJ(2)

Ext:=Exti(Involution(U1l,Alg),Alg,1);

1 0
10 0 01 0 0 1
Ext'_[OI}’[OOOI]’ 0 0
00
U2:=LeftInverse(Ext[3],Alg);
1 0 0 O
U2 = [ 01 0 0 ]
U:=linalg[stackmatrix] (U1,U2);
0 010
0 0 0 1
U= 1 0 0 O
01 00
V1:=SyzygyModule(Q,Alg) ;
1 0 -1 0
VI=lo 1 -1 —
SyzygyModule (V1,Alg) ;
INJ(2)
ext:=Exti(Involution(V1l,Alg),Alg,1);
1 0
|10 10 -1 0 1t
“Eo 1 |0lo 1 t—1 =t |1 0
1 1

V2:=LeftInverse(ext[3],Alg);

|

o O
o O
I

e
= O
—_

V:=linalg[stackmatrix] (V1,V2);
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1 0 -1 0
0 1 t—1 -t
V= 0 0 1 0
0 0 -1 1
> R_bar:=Mult(V,R,linalgl[inverse] (U),Alg);
-D 1 0 0
tDb—t -D—¢t 0 0
Rbar:=| pi4y D-1 D —t
-D 1 0 D
5.7.2 Decomposition (Example [I8])
> Idem:=Idempotents(R,Morph[1],Alg,Morph[3]);
1 0 0 O 1 0 0 O 0 0 0O 0 0O
Tdem — 1 0 0 01 00 0 0 0O 0 0O
=10 oo o0l'loo1rol’]oooo0ol|’|0oo0 1
0 0 0O 0 0 0 1 0 0 0O 0 0 O
> P:=Idem[1];
1 0 0 O
01 00
Pi= 0 0 0O
0 0 0O
> Q:=Factorize(Mult(R,P,Alg),R,Alg);
t+1 1 -1 —t
1 1 -1 0
Q= t+1 1 -1 —t
t 1 -1 —t+1

> Ul:=SyzygyModule(P,Alg);

> SyzygyModule(U1,Alg);
INJ(2)

> U2:=SyzygyModule(evalm(1-P) ,Alg);

100 0
UQ"[010 ]

> U:=linalg[stackmatrix] (U1,U2);

o

0010
00 0 1
U=11 90 0o
010 0

> V1:=SyzygyModule(Q,Alg) ;
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5.8

szz{l 0 -1 0]

01 -1+t —t
SyzygyModule (V1,Alg) ;
INJ(2)

V2:=SyzygyModule (evalm(1-Q) ,Alg) ;

10 0—1]

VQ:Z[O 1 -1 1

V:=linalg[stackmatrix] (V1,V2);

-1 0
-1+t —t
-1
-1 1

V.=

O = O
= o = O
o

linalg[inverse] (V);

—t -1 t+1
-1 0 1
—t—-1 -1 t+1
-t -1 t

—_ = = =

R_bar :=Mult(V,R,linalgl[inverse] (U),Alg);

-D 1 0 0
tb—-t -D—-t 0 0

0 0 0 -D

0 0 D tD-t+D

R_bar :=

E:=eVa1m([[_1, O) O: O],[_t: _1: O, 0],[03 O: t+1’ 1],[0: 0: _1,011);

-1 0 0 O

—t -1 0 0

E:= 0 0 t+1 1
0

W:=Mult(E,V,Alg);

R_barbar:=Mult(W,R,linalg[inverse] (U),Alg);

D -1 0 0
t D 0 O
0 0 D -t
0 0 0 D

R_barbar :=

Examples and

Alg:=DefinelOreAlgebra(diff=[D,t],polynom=[t]):
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> R:=evalm([[D~2,-t*D-111);
R:= [ D2 —tD-1 ]

> Morph:=Morphisms(R,R,Alg,1,2);

Morph := |

[—2a4+a3+a6t2—a1D+(—ag+a4)tD+a5t2D a1t + as t? ]
2a6+2asD +agtD az+ast+astD+ast?D |’

[—aﬂ)+2%t—2@4%m+aﬂ2D—tDay+mtD],

[Ore_algebra, [“diff”], [t], [D], [t], a1, a2, a3, a4, as, a], 0, [J, ], [t}, I, [, [duff = [D, t]]]]

> Proj:=Projectors(R,Morph[1],Alg,Morph[3]);

Proj = | 0 0 1—a1D—tD ayt+¢t? —a1D+tD ayt—+¢2 10 ]
"1 =1 o | 0 1 ’ 0 0 o1

Vv

P1:=Proj[2];

Pl o= [ 1—a1D—tD ait+t2 }

0 1

> Zl:=Factorize(evalm(Mult (P1,P1,Morph[3])-P1),R,Morph[3]);

a?+2a1t+t2 }

ZZ:::[ 0

> Q1l:=Factorize(Mult(R,P1,Morph[3]),R,Morph[3]);
Ql:=[ -tD—a;D—1 ]
> Lambdal:=Riccati(R,P1,Q1,Z1,Morph[3],1,1);

alt

Al:= [[{ “1+a,D ]]7 [Ore-algebra, [*dift”], [¢], [D], [t], [a1], 0, [], {], [¢], [], I, [diff = [D, ¢]]]]

> PP1l:=evalm(P1+Mult(Lambdal[1,1],R,Morph([3]));

—a1D—tD+a1tD? ajt+t>2—a t(tD+1)

1
PP1 ‘_|: (—1—|—a1D)D2 2—|—tD—CL1tD2—2a1D

> QQ1l:=Factorize(Mult(R,PP1,Morph[3]),R,Morph[3]);
QQ1 := [0]

> verifl:=simplify(evalm(Mult(PP1,PP1,Morph[3])-PP1));

verif 1= [8 8]

—a1D+tD alt—t2 :|

> P2:=Proj[3];

P2 = { 0 0

> Z2:=Factorize(evalm(Mult (P2,P2,Morph[3])-P2),R,Morph[3]);

a12—2a1t—|—t2 :|

Z2 = [ 0
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> Q2:=Factorize(Mult(R,P2,Morph[3]),R,Morph([3]);
Q2 = [ tD—a;D+2 ]
> Lambda2:=Riccati(R,P2,Q2,Z2,Morph[3],1,1);

alt

A2:= n[ RIS }1, (Ore_algebra, [*dift”], [t], (D, [t], [ax], 0, [}, [, [1 [ ) [diff = [D, ]}

> PP2:=evalm(P2+Mult(Lambda2[1,1] ,R,Morph([3]));

—a1D+tD+a;tD?  ayt—t2—a;t(tD+1)

PP2:=|: (1+ a; D) D? ~tD—-1-a;tD?*—-2a; D

> QQ2:=Factorize (Mult(R,PP2,Morph[3]),R,Morph[3]);

QQQ::[l]

> verif2:=simplify(evalm(Mult (PP2,PP2,Morph[3])-PP2));

. 0 0
verif2 = [ 0 0 }

5.9 Examples 2, B, T4 and 07 (fluid in a tank subjected to a 1-dimensional
horizontal move)

> Alg:=DefineOreAlgebra(diff=[D1,t],dual_shift=[D2,s],polynom=[t,s]):

> R:=evalm([[D2"2,1,-2+«D1%D2], [1,D2°2,-2*D1*D2]]);

D22 1 —2D1D2}

R:=1"1 p2® _opiD2

> Morph:=MorphismsConst(R,R,Alg);

n P2 2p3 D1 D2 _
Morph := | 2psD1+py p1—2psD1 2p3 D1 D2 ’ [ PPl A ;
pa D2 —ps D2 P3 D22 +p1+Dp2 +p3 b2 "
[Ore_algebra, [“diﬁ‘”, “dual_shift”]a [t, 3]7 [Dl, D2]a [ta SL [plv b2, P3, p4]7 0’ H’ []7 [t7 8]7 H’ []7
[diff = [D1, t], dual_shift = [D2, s]]]
> Morphl;
1 0 1 0 0
0 0],]0 1 0],
D2 —D2 0 0 1+D2? 0 1 0 01

0 0 0 2D2D1 0
2D1 —2D1 0 0 0 2D2D1 |, |1
0

0 0 10

0 0 0 1

[[‘%D”?H H?éH 1]

5.9.1 Factorization (Example [[4])
> P_subs:=subs({p[1]=0,p[2]=0,p[3]1=0,p[4]=D2,p[5]1=0},eval (Morph[1]));

0 0 0
P_subs:= | 2D1D2 —2D1D2 0
D22 -D2?2 0
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> Q_subs:=subs({p[1]1=0,p[2]=0,p[3]1=0,p[4]1=D2,p[5]=1},eval (Morph[2]));

—2D1D2 2D1D2

Q_subs := 0 0

> Lambda:=evalm([[0,0],[0,0],[-1,111);
0 0
A= 0 0
-1 1

> P:=simplify(evalm(P_subs+Mult(Lambda,R,Alg)));

0 0 0
P:=| 2D1D2 -2D1D2 0
1 -1 0

> Q:=simplify(evalm(Q_subs+Mult(R,Lambda,Alg)));

Q= 0 0
" | 2D1D2 -2D1D2

> Ul:=SyzygyModule(P,Alg);

1o 0
vl ':{0 -1 2D1D2}

> SyzygyModule(U1,Alg);
INJ(2)

> Ext:=Exti(Involution(U1l,Alg),Alg,1);

0
1ol [1 0o 0
Bt = {0 1]’{0 1 2D1D2]’ 2D1D2

> U2:=LeftInverse(Ext[3],Alg);
U2:=[0 0 1]

> U:=linalgl[stackmatrix] (U1,U2);

1 0 0
U=|0 -1 2D1D2
0 0 1
> V1:=SyzygyModule(Q,Alg);
Vi=[1 0]

> ext:=Exti(Involution(V1,Alg),Alg,1);

0
ext:=[[1],[1 0], [ 1 ]]
> V2:=LeftInverse(ext[3],Alg);
V2:=[0 1]

> V:=linalg[stackmatrix] (V1,V2);
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1
-r

= O
| I |

> R_bar:=Mult(V,R,linalgl[inverse] (U),Alg);

R_bar := {

D22 -1 0
1 —-D2? 2D1D2*—-2D1D2

5.9.2 Decomposition (Example [I7])

> Morphl:=GenMorphismsConst(R,R,Alg);

0 0 0 0 2D2D1 01 0 1 0 0
Morphl = 2D1 -2D1 0 |,| 0 O 2D2D1 |,|1 O O],]0 1 O ,
D2 —-D2 0 0 1+D22 00 1 0 0 1
[ -2D1 2D1 0 0 0 1 1 0 ]
0 0 10 0’| 1 0’0 1
> Idem:=IdempotentsConst(R,Morphl[1],Alg,0);
1 1 1 -1
- =0 - — 0
2 2 2 2 0 0 O 1 0 0
Idem = 110,—_110,000,010,
2 2 2 2 0 0 O 0 0 1
0 0 1 0 0 O
[Ore_algebra, [“diff”, “diff”], [z1, z2], [D1, D2], 21, 2], [], O, |, [], [=1, =2], [], [],
[diff = [D1, z1], diff = [D2, 22]]]
> P:=Idem[1,1];
1 1
- =0
2 2
p=1]11
2 2 0
0 0 1
> Q:=Factorize(Mult(R,P,Alg),R,Alg);
11
12 2
@ = 1 1
2 2

> Ul:=SyzygyModule(P,Alg);

> SyzygyModule (U1,Alg);

Ul:=[1 -1 0]

INJ(1)

> U2:=SyzygyModule(evalm(1-P) ,Alg);
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1 1 0
U'g'_[001]
> U:=linalgl[stackmatrix] (U1,U2);
1 -1 0
U:=1]1 1 0
0 01

> V1:=SyzygyModule(Q,Alg);

> V2:=SyzygyModule(evalm(1-Q) ,Alg);

V2i=[1 1]
> V:=linalg[stackmatrix] (V1,V2);
1 -1
Ve [ bt }
> R_bar:=Mult(V,R,linalglinverse] (U),Alg);
[ -1+ D2? 0 0
R-bar = [ 0 1+D22 —4D2D1 ]

5.10 Example (flexible rod with a torque)

> Alg:=DefineOreAlgebra(diff=[D1,t],dual_shift=[D2,s],polynom=[t,s]):

> R:=evalm([[D1,-D2+D1,-1], [2+#D2+D1,-D1-D2°2%D1,0]]);

D1 —D1D2 -1

B:=19p1p2 -DI-D22D1 0

> Morph:=GenMorphismsConst (R,R,Alg) :

> Idem:=IdempotentsConst(R,Morph[1],Alg,2);

Idem =
D2 (1 4+ D22 D2 (1 + D2?
00 0 10 0 1+ D22 _% 0 D22 %
oo0oo0l,lo1 0], ) : ,
00 0 00 1 2D2 —D2 0 ~2D2  14D2
0 0 1 0 0
[Ore_algebra, [“diff”, “dualshift”], [¢, s], [D1, D2], [¢, s], [], O, [, [I, [t s, [], [J

[diff = [D1, t], dual_shift = [D2, s]]]

> P:=Idem[1,3];
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D2 (1 + D22
1+ D2? —%
T 2p2 _D2?
0 0
Q:=Factorize (Mult(R,P,Alg) ,R,Alg);
; D2
Q:: 2
0 0

Ul:=SyzygyModule(P,Alg) ;
Ul:=]-2D2 1+D2* 0]

SyzygyModule (U1l,Alg) ;
INJ(1)

U2:=SyzygyModule (evalm(1-P),Alg);

-2 D2 0
ve=| 5 V]

U:=linalg[stackmatrix] (U1,U02);

—2D2 1+D2% 0
U:= ) D2 0
0 0 1

U_inv:=linalg[inverse] (U);

D2 1 D22

i
U_inv := 2 2 2
1 -D2 0
0 0 1
V1:=SyzygyModule(Q,Alg);
Vi=[0 1]

V2:=8yzygyModule (evalm(1-Q) ,Alg) ;
vei=[ -2 D2 |

V:=linalg[stackmatrix] (-V1,-V2);
0 -1
V= [ 2 D2 }
R_bar:=map(factor,Mult(V,R,U_inv,Alg));

D1 0

R-bar = [ 0 DI(D2—1)(D2+1)

6 Conclusion

0
-2

|

Within a constructive homological algebra approach developed in this paper, we have obtained new and
general results on the factorization and decomposition problems of linear systems over Ore algebras.
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We point out that no particular assumption on the linear functional systems was required. Hence,
the different results of the paper can be applied to under-determined or over-determined as well as
D-finite ([T4]) or general determined linear systems. In particular, we have shown how some classical
results of the literature of the factorization and decomposition problems such as the ones using the
concept of the eigenring ([, [T}, 64 28| 26, I7]) could be seen as particular cases of Theorems [ B
and @l

Moreover, we have shown how our results could be applied in mathematical physics (e.g., Galois
symmetries of the linearized Euler equations, quadratic first integrals of motion, quadratic conservation
laws, equivalence of linear systems appearing in linear elasticity) and in control theory (controllability,
autonomous elements, decoupling the autonomous and the controllable subsystems of a tank and a
flexible rod).

Finally, all the algorithms presented in the paper have been implemented in the package MOR-
PHISMS ([22]) of OREMODULES (see [15]). This package is available on the authors’ web pages as well
as the ones of OREMODULES (see [I5] for the precise address). A library of examples, including the
ones of the paper, is also available and it illustrates the main results obtained in this paper and the
main functions of MORPHISMS.
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