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©�Y�~u����se�?~�foY?�*n�i�~��¶~un�m!¢-~PbE~�X&s�ik�
N

�k�q~Pb�Y?mod?¤�U-Vknqd+nqd�~ui²n�X&��s<mgf�~ui=f�dhjk©ctvY?��f+�Ós�m�jkfhn���n�fvb,iNY�fv¢
s�moªed?§Ís<m+X&s�moY*��Y'iNY'm�~u����b¼�Ós<m�~u��� �'s�X&�N~uiNn�Y:d�dgjN©ctvY?��f+fhs
moY'�<jk��~ufhn�s�i¼mojk��Y?d?¤\U-VkY�~�iN~u��bcdgnqd�f�~uª<Y?dwn�i=fhs�~��'�'s�jki=fwfoVkY��Is<dodhn�©kn���n¬fvb¯su� �'s<~���n�fhn�s�iNd\~uX&s�ik���k��~Pb<Y'm�d'¤wZ\sufoY�fhV�~�f+~*ikY'¢
�ÓY:~�fhjNmhY*s��!s�jNm+XEsc�cY?�6nqd�fhVN~uf�iksuf�~����6�'s<~���n�fhn�s�iNd�~�mhY*~u����s�¢!Y:��§ ¢�Vknq��V,X*~�ª�Y?d+dhY'i�dgY&n�i´moY?~��98¦¢
s�mo���C~��k�k��n��?~�fon�s<iNd'¤*¹´Y
moY��ÓY?m-fhs;:
s�b�Y?m!Y'f\~u�A¤�<���=Í�Ós�mw~ui�s�¨�Y?mh¨en�Y'¢ s����'s<dgf�~�����sc�'~ufhn�s�i�jNdgn�ik�EfhVNY���ses��IY'm�~�fon�¨<Y��=~uX&Y\foVkY's<mhb<¤

y�Y'iks�fhY*©eb
S := {1, · · · , N}

foVkY�dhY�f�s��-�N��~Pb<Y'm�d'§ ¢�VNn���V²~umoYEfhsC©IY£n�i=fhY'mo�kmoY�foY?�´~�d��'jNdvfos�X&Y'm�d?§
P(S)

fhVkY�dhY�f�s��
�'s<~u��n�fhn�s�iNdzµ¶~����I��s=dhdhn�©k��YzdgjN©NdgY'fod!su�

S
·�§
P1(S) := P(S)\{∅,S}

foVkY�dhY�f-su� iks<i£fomhn�¨en�~�����s=~u��n¬fon�s<iNd?§=~�iN�
P2(S) ⊂ P1(S)foVkY�dgY'fwsu����s=dhdhn�©N��Y��'s<~u��n�fhn�s�iNd?¤

> n�¨�Y?i
x ∈ IRN

~uiN�
S ∈ P(S)

§!¢!Y��cY'iks�fhY
x(S) :=

∑

i∈S xi

¤¸¥i�fhVkY¯dgY:p=jkY'�
xi

¢�n����-©IY�n�i=fhY?mh�kmoY�foY?� ~<d�foVkY
~�XEs<jki=f6�N~unq�&©eb�jNdhY'm

i
§��Ós�m

i = 1, . . . , n
§edgszfoVN~�f

x(S)
XEY:~uiNd8fhVkY\~�X&s�jki=f6�N~�n��E©eb��'s<~u��n�fhn�s�i

S
¤�¹ n¬foV*Y?~���V*�'s<~u��n�fhn�s�i

S ∈ P(S)
n�d�~<dhdhsc��nq~�foY?�*~�mhY:~u�G¨�~u��jkY?����s<dgf

c(S)
¤8¹´Y+dh~PbEfoVN~�f

x ∈ IRN
n�d-~�i��#���?	@�"�#�0��	#�*n��

x(S) = c(S)
§k~ui��£n�i�foVkn�d

�?~�dhYz¢
Y+�'~����
x(S)

foVkY�~u����sc�?~�fhn�s�i�su�8��s=~u��n¬fon�s<i
S
§c�Ós<mw~u���

S ∈ P(S)
¤ U-VkY;�
A+�
�/�"�!s���~&��s=~u��n¬fon�s<i

S
n�d�fhVkY�~�XEs<jki=f

e(S, x, c) := c(S) − x(S).

U-Vknqd�n�d�fhVkY��cn9BGY'moY'i���Y�©IY�fv¢
Y'Y?i²¢�VN~�f�fhVkY���s=~u��n¬fon�s<i²¢!s<jk���¸V�~P¨�Y&fhs,�N~Pb�n��wn�fEn���iks<mhY:�,fhVkY�sufhVNY'm��N��~Pb<Y'm�d'§�~uiN�¸foVkY
~�XEs<jki=f!n�f!VN~<d8fos��N~PbEjNdhn�ik�E~u����sc�?~�fhn�s�i

x
¤DC ikY?�<~�fon�¨<YwY�°k�'Y?dod8�Ós�m
��s=~u��n¬fon�s<i

S
X&Y?~ui�d8fhV�~�f!n�f-¢!s<jk���&©IY�~<�c¨�~ui=fo~���Y?s�jNd

�Ós<m
S
fhs*mojki¯n¬f�d�s�¢�i¯©kjNdhn�ikY:dhd?¤6¥i¼s<mo�cY?m
fhs�~P¨<s�nq�*fhV�~�f?§I~&��s=dhdhn�©k��Y�¢-~Pb£su�8~u����se�?~�fon�ik�£�'s<dgfod��'s�iNdhn�dgfod-n�i¼X*~�°cn�XEn�³'n�ik�

foVkY+X&n�ikn�X*~u� Y'°k��Y?dod?¤.U-VNn�d�~�XEs<jki=fod-n�i¼dgs<��¨en�ik�EfhVkYz�Ós�����s�¢�n�ik�&s<�cfhn�X&n�³:~�fhn�s�i��kmos�©k��Y'XFE

max
ε∈IR

x∈X

ε; x(S) = c(S); ε + x(S) ≤ c(S),
�Ós�mw~����

S ∈ P2(S). (LP )

G\Y'moY£¢!Y&f�~uª<Y*n�i=fhsC~<�'�'s�jki=f�fhVkY�dgY'f�su���Is<dodgn�©k��Y£��s<~���n�fhn�s�i�d
P2(S)

¢�VNn���V¸nqd�~¼dhjk©NdhY�f�su�
P1(S)

§8~�d�¢!Y?��� ~<d�fhVNY�dgY'f
X ⊂ IRN

moY?dgfhmon���fhn�ik�&fhVNY���Vks�nq��Y+s��8~�����sc�'~ufhn�s�iNd?§k~�d-fvbe�knq�'~�����b�¢�n����ÍVN~��k��Y?i¯n�i¼�km�~���fhnq�'~��Ídgn�fhj�~�fhn�s�i�d'¤!¹,Y�do~Pb*foVN~�fwfoVkY
~�����sc�'~�fon�s<i

x
n�dD�/�"�#�"��H)�!�\n¬�wµ¶n�i¼~��N�cn¬fon�s<i�fhs&fhVNY�mhY?��~ufhn�s�i

x(S) = c(S)
·-n�f\©�Y?��s<ik�<d
fos

X
¤6¹´Y��'~����GfoVkY�dhY�fws��.dhs���jcfhn�s�i�d

s��
(LP )

foVkYI�?�
�#�����"	#%
��¤\U-VNYJ�"	#%&�\n�d\fhVNY�dgY'f�s����ÓY:~�dhn�©N��Y�~�����sc�'~ufhn�s�i¯�Ós�m\¢�Vkn���V�Y'¨�Y?mhb�Y�°k��Y:dhdwsu� ��s=~u��n¬fon�s<iNd�n�i
P2(S)

nqd
iks<ikikY?�<~�fon�¨<Y�¤�¥¦�GfhVkYz��s�moY�nqd iks<i*Y'X&�cfvb<§�foVkY'i£n�f
�'s�i=fo~�n�i�d.fhVkY���Y:~�dgfo�'s�moY�¤�U-VNY?dhY�fv¢!s��cY/KNiNn¬fon�s<iNd6s����'s�moY\~ui��&��Y:~�dgfo��s<mhY
�<Y'ikY?mo~���n�³'Y�fhVkY�jNdhjN~���s�ikY:d �Ós<m�¢�Vknq��V

X = IRN
~�iN�

P2(S) = P1(S)
§IdgY?Y�`cVN~u�k��Y'bL<��P�.=Í~ui��£foVkY+Vknqdvfos�mon��?~u�ImhY'�ÓY'moY'iN�'Y?d

n�iM< N�=¦¤8¥¦� fhVNY���Y?~<dvf���s�moYwnqd
iksuf-mhY:�cjN�'Y?�*fos�s<ikY��Is�n�i=f?§es�iNYz�?~ui£X&n�ikn�X&n�³'Y+~uX&s<ik��n�fod�dhs���jcfhn�s�iNd fhVNY�X&n�ikn�X*~��IY'°k��Y?dodzµÓsu�
�'s<~u��n�fhn�s�iNd-¢�Vks=dgY+Y'°k��Y?dod-nqd�iksufw©Nn�iN�kY?�N·�¤O:
b�n�iN�cj��0fhn�s�i¯s<ikY+s�©cf�~un�i�fhVkY+�kmoY'iejN�'��Y?s���jNd?§k~*��s�i���Y'�kf\�cjkY+fos�`c��VkX&Y'nq�c��Y'm
<�����=
µ¶dhY'Y�~u�qdhs�foVkY�~�°cn�s�X*~�fon�³:~�fhn�s�i�n�i¼]C~<dh��VN��Y?m?§er.sufhfhY'm�d�~ui���U-n tgdP<*Q.=Ó·0¤

¥i¯foVkY�dhY?p=jkY'�Í¢!Y�~<dhdhjkX&Y�fhV�~�f
X

nqd\~&�Is���b=VNY?�cmos�i ¤-U-VkY?i
(LP )

nqdw~*��n�ikY?~�mw�kmos���m�~uX«¢�n�fhV
N + 1

¨�~umonq~u©k��Y?d�~�iN�
~<d-X&~�ieb�~�d

2N − 2
Y�°c�k��nq��n�f\��s�i�dvfomo~�n�i=fod�µ¶n¬�

P2(S) = P1(S)
·�§Nn�i¯~<�k�cn�fhn�s�i�fhsEfoVkYSRvn�X&�k��n��'n¬f�T+�'s�iNdgfhm�~un�i=f

x ∈ X
¤

`en�iN�'Y-fhVkY\�'s�X&�kjcf�~�fon�s<iEs���foVkYw��Y?~<dvf���s�moY-~uiN�E�kmoY'iejN�'��Y?s���jNd.ikY'Y:�kd8fos�dgs<��¨<Y�~���n�ikY?~�m8�kmos���m�~uX�¢�n�fhV*�Is<dodhn�©k��b
2N −2�'s�i=fhm�~un�i=fod.©kjcf6s<ik��b

N +1
¨�~�mhnq~u©k��Y?d?§u�<Y'ikY?mo~ufhn�s�i�s��G�'s�iNdgfhm�~un�i=fod.nqd8~�iN~�fojkm�~u�k~u�N�kmhs=~���V ¤�¹,YwdhVks�¢±n�iEfhVNn�d8��~u�IY'm8foVN~�f:§

n���fhVkY���s=dvf+�Ójki��0fhn�s�i�VN~�d�~¼��Y'mhfo~�n�i �'s�ie¨�Y'°cn¬fvbC�Nmhs<��Y?mgfvb<§ÍfoVkY'moY£Y�°cnqdvf�d�~¯�¶~<dvf��kmhsc�'Y?�cjkmoY&�Ós�mE��s<iNdvfomo~�n�i=f��<Y'ikY?mo~ufhn�s�i ¤
U-VkY?i¼¢!Y�dgVks�¢TfhVN~uf�dhb=X&X&Y�fomhnq�+�=~uX&Y?d-VN~P¨<Y�dgbeX&X&Y�fomhnq�+dgs<��jkfhn�s�iNd?§N~ui��¯mhY?��~ufhY�dhs�X&Y���s<i<fon�iejks<jNd-moY'�q~�°k~�fon�s<iNd
fhs*foVkY
�cY:dh~���moY'�=~�fhn�s�i�su�8���q~�dodgY:d!s���dhX*~u��� �k�q~Pb�Y'm�d?¤VU�n�iN~u����b�¢!Y+~ui�~u��bedhY�fhVkY��'s�X&�kjcf�~�fhn�s�i¯s��ÍfhVNY+�kmhY?iejN����Y's<��jNd?¤

{�jkm�Vebe��s�fhVkY:dgnqd�s�i,fhVNY£��s<dgf��ÓjkiN��fhn�s�i´n�d�~���Y?ikY'm�~u��n�³?~�fon�s<i�s��!��n�ikY:~um��kmosc�cjN�0fon�s<i,�=~uX&Y?d+�kn�do��jNdodhY?�Cn�i�{�¢!Y?iW< �#=¦¤
> Y?ikY'm�~�fon�s<iCsu�!�'s�iNdgfhm�~un�i=fod\n�i�fhVknqd��'~�dhY�¢-~�dz~u��moY?~��kb�dgfhjN�kn�Y:�Cn�iMG\~�����Y��×tvs<mo� §XGwY'��X&n�iN��~�iN�C�ZY�moiNdvfoY'n�i[< �#=¦¤�G\s�¢!Y?¨�Y?m?§
�Ós<m£��Y?ikY'm�~�fon�ik�²�'s�iNdgfhm�~un�i=fod�fhVkY?b±dhs���¨�Y¼~ µÓX&n�°cY?� n�i<foY'�<Y'm£��s<i=fhn�i=jNs�jNd�·��kmhs<©k��Y'X n�i ¢�Vknq��V±foVkY��k~ufo~´su�zfhVNYC��n�ikY:~um
�kmosc�cjN��fhn�s�i´�<~uX&Y&~umoY�n�ie¨�s<��¨<Y?��§�~ui��CfoVN~�f+X*~Pb¼©�Y&Y'°e�IY'i�dgn�¨�Y<¤\:
b���s<i=fhm�~�dgf?§G¢!Y*dhs���¨�YE~��Nmhs<©k��Y?X su�
X�jN��V´dgX*~u����Y'm
dhn�³?Y�§6~�iN�¸Y�°efhY?iN�¸foVkY�~��k�kmos<~���VÍ§�~<d�¢-~�d�~���moY?~<�cb,do~unq��§�fhs�fhVkY�dgY:~um���V¸su�\dhb=X&X&Y�fomhnq�£dhs���jcfhn�s�i�d�~ui��¸fhs¼foVkY��?~�dhY£su�
�'s�i=fhn�iejks�jNd-moY'�q~�°k~ufhn�s�iNd?¤

� Y�f.jNd�XEY?i=fhn�s�i�~���dhswfv¢
s\moY��ÓY?mhY?iN��Y:dÍmoY'�q~�foY?��fhs�fhVkY-dgjN©ctvY?��f�s��kfhVknqd.�N~���Y?m?§:fhV�~�f6�csziksuf8~�dodgjNXEY fhVN~uf.�'s<dgf��ÓjNiN�0fon�s<iNd
moY?dhjk��f��Ómos�X ~���n�ikY:~um��kmose�kjN�0fon�s<i��<~�X&Y�¤ Ukmos�X&Y?iW<×�.=6�<~P¨<Y�~�X&Y'fhVksc���Ós�m�mhY:�cjN�'n�ik��fhVkY&iejkX�©�Y?mzs�� ��n�ikY:~um��kmos��<mo~�X&d
fos�©IY+dgs<��¨<Y?�*n�i�s<mo�cY?m fosE�'s�X&�kjcfoY\foVkY��kmoY'iejN����Y's<��j�d)]edvfon����A§efhVkY:dgYz��n�ikY:~um-�kmos���m�~uX*d mhY?X&~�n�i�su�Í�q~umo��Yzdgn�³'Y<¤�r mhY?jc°£Y�f�~u�A¤
<��?��= �cY:dgn���iNY?�*~��'s���jkX&i£��Y?ikY'm�~�fon�s<i*X&Y�fhVNse�£�Ós�m
��s�X&�kjkfhn�ik��foVkY��NmhY?i=j�����Y's���jNd?¤�U-VNY'b&��n�¨�YwiNs�iejkX&Y'mon��?~u��mhY:dgjk��fod?§e~uiN�
n�fwn�dwiksuf�Y?~<dgb£fhs'KN��jNmhY�s�jkfwn¬��fhVknqdw~��k�kmos<~���V��'~ui�©IY+Y/BGY?�0fon�¨<Y+n�i¯�km�~���fhnq�'~��Gdhn�fhjN~ufhn�s�iNd?¤

^ � 	������Í".��������� 1 �����-".������	��

}�Y?��~u°cn�ik�*�'s�iNdgfhm�~un�i=fod
su�
(LP )

�Ós<mwdgs<XEY�s��ÍfhVNY���s<~���n�fhn�s�i�d�~uX&s�jki=f-fhs*dhs���¨�Y�fhVkY��Ós<����s�¢�n�ik�&�kmhs<©k��Y'XFE

max
x∈X,ε

ε; x(S) = c(S); ε + x(S) ≤ c(S),
�Ós<mw~u���

S ∈ E, (LPE)

Ë�Ë _ ß0ú0ß0ó



� ��� � %��
(��/%������ 	#�����#���
	��L����� �+���)�� � (�%��

¢�VkY?mhY
E
nqd.~\dhjk©NdhY�f�s��

P2(S)
¤ � Y�f�jNd��Ós�moX�jk�q~�foY!~�i�~u����s<mhn�fhVkX �Ós�m.dhs���¨=n�ik�

(LP )
§�©N~�dhY?�+s<i���Y?ikY'm�~�fon�s<i+su���'s�iNdgfhm�~un�i=fod@E

����� À ���Ó��� �����
��� 	 ������� �
!#"%$�" E

k := 0
§
E0 ⊂ P2(S)

¤
&%'('*)

•
|!s<X&�kjcfhY

xk
§kdhs���jcfhn�s�i�su�

(LPEk
)
¤

•
U�n�iN�

Sk ∈ P2(S)
dhjN��V�foVN~�f

c(Sk) − xk(Sk) ≤ c(S) − xk(S),
�Ós�mw~u���

S ∈ P2(S).

•
¥¦�

c(Sk) − xk(Sk) = val(LPE,k)
§Ndgfhs��Í¤

• Ek+1 := Ek ∪ {Sk}
]
k := k + 1

¤
+-,/.0&%'('*)

1 ,/.
C
f�Y?~<��V�n�fhY?mo~ufhn�s�i£foVkY�X&s<dgf
¨en�s��q~�fhY:���'s�iNdgfhm�~un�i=f!su�

(LP )
nqd�~��k�cY:��¤6`en�iN��YzfhVNYziejkX�©�Y?m-su���'s�iNdgfhm�~un�i=fod!su�

(LP )
n�d

KNiNn¬foY�§kfoVkY+~u����s<mhn�fhVkX�fhY'moX&n�i�~�fhY:d'¤.¥i¼~��N�cn¬fon�s<i�¢
Y+VN~P¨<Y\foVkY+Y?dgfhn�X*~�fhY

c(Sk) − xk(Sk) ≤ val(LP ) ≤ val(LPEk
).

µA�c¤��:·
U-VkY�K�modgf�n�ikY:p=jN~u��n¬fvb�Y�°c�kmoY?dodgY:d foVkYz�¶~���f�fhVN~uf

(xk , c(Sk) − xk(Sk)) ∈ F (LP )
§k¢�Vkn���Y�foVkY�dhY?��s<iN��n�d�~&��s<iNdhY?p=jkY'i���Yzsu�

foVkY+mhY?��~u°k~�fhn�s�i�su�8��s<iNdvfomo~�n�i=f�d'¤8`en�iN��Y
Ek

nqd-n�i���moY?~�dhn�ik��¢�n�fhV
k
§
val(LPEk

)
n�d-iks<ikn�iN��moY?~<dgn�ik�N¤.}�Y?��~ufhn�s�i²µÇ�k¤��?·
X*~Pb£©IY

jNdhY?���Ós<mw�cY?dhn��<ikn�ik�*~Edgfhs<�k�kn�ik�*��mon¬foY'mon�s<i ¤
U-Vknqd.~u�k�Nmhs=~���V §PVks�¢
Y'¨<Y'm:§?¢�n����ciNsuf.©�Y-Y/BGY?��fhn�¨�Y
jkik��Y?dod�¢!Y
VN~P¨�Y
~w�¶~<dvf.¢-~Pbzs���KNi��cn�iN�\foVkY-XEs=dvf.¨en�s<��~ufhY:����s<iNdvfomo~�n�i=f

s��
(LP )

¤ C KNm�dvfzdvfoY'�¼��s<iNdgnqdgfod�n�i¼jNdhn�ik��§kn�iNdvfoY?~<�¯su��fhVkY��'s<dgf��ÓjkiN��fhn�s�i¼n�fodhY'���v§I~&��s�¢!Y?m�Y?dgfhn�X*~�fhY<¤!U-Vknqdwnqd-foVkY�dhjk©ctvY?��f
s���foVkY+ikY�°ef\dhY?��fhn�s�i ¤

2 3 	54 �-" �������'�2�+�����«	��±�������
	�� �®�������6����	��

C�dhdhjkX&Y�foVN~�f�¢!Y�VN~P¨�YE~�f�s<jkm��kn�dh��s=dh~���~ �!	�6 �)%;�����0��� �����\su�
c(·)

s�¨�Y?m
P2(S)

§�nA¤ Y<¤�§�~*�ÓjNiN�0fon�s<i
Ψk : P2(S) → IRdhjN��V�fhVN~uf

Ψk(S) ≤ c(S),
�Ós<m\~u���

S ∈ P2(S).
µ�5N¤ �<·

U-VkY?i�n�iNdgfhY?~<�+su�NdhY?~�mo��VNn�ik�-foVkY
XEn�ikn�X�jkX�s�¨<Y'm iNs�i+fomhn�¨en�~��=�'s<~u��n�fhn�s�iNdÍsu�
c(S)−x(S)

§�¢!Y!X*~Pb�dhY?~�mo��Vz�Ós<mÍfoVkY!X&n�ikn�X�jkX
n�i

S
s��

Ψk(S) − x(S)
s�¨<Y'm

P2(S)
¤6¹´Y+s�©cf�~un�i�fhVkYz�Ós�����s�¢�n�ik�*~����<s�mon¬foVkX µÓ¢
Y+¢�mhn�fhY � : �Ós�m���s�¢!Y?m-©�s<jkiN�N·�E

����� À ���Ó��� �����
��� 	 ������� � ¾�798
!#"%$�" E

k := 0
§
E0 ⊂ P2(S)

¤
&%'('*)

•
|!s<X&�kjcfhY

xk
§kdhs���jcfhn�s�i�su�

(LPEk
)
¤

•
U�n�iN�

Sk ∈ P2(S)
dhjN��V�foVN~�f

Ψk(Sk) − xk(Sk) ≤ Ψk(S) − xk(S),
�Ós�mw~u���

S ∈ P2(S).

•
¥¦�

c(Sk) − xk(Sk) = val(LPEk
)
§Ndgfhs<� ¤

• Ek+1 := Ek ∪ {Sk}
]
k := k + 1

¤
+-,/.0&%'('*)

1 ,/.
¹´Y+VN~P¨�Y�fhVNY+Y?dgfhn�X&~ufhY<§Ndgn�X&n��q~um
fosCµÇ�c¤��?·/E

Ψk(Sk) − xk(Sk) ≤ val(LP ) ≤ val(LPEk
).

µ�5k¤ 5<·
U-Vknqd*~u�N�kmhs=~���V ¨enq~´��s�¢
Y'mEY?dgfhn�X*~�fhY:d&su��fhVkYC�'s<dgfE�ÓjNiN�0fon�s<i±nqd&su��n�i=foY'moY?dgfEs���foVkY�fv¢!s,�Ós�����s�¢�n�ik�²��s<iN�cn�fhn�s�iNd&~�mhY

do~�fon�d�KNY?�XEwµÓnÄ· KNiN�cn�ik�&fhVNY���s<~���n�fhn�s�i�X&n�iNn�X&n�³'n�ik�
S 7→ (Ψk(S) − xk(S))

s�¨�Y?m
P2(S)

nqdw��VkY:~u� §k~�iN�´µÓn�nq·
Ψk

nqd�~�d��'��s=dgY
~<d-��s=dhdhn�©N��Yzfhs

c(S)
¤DC i�~�fhjNmo~�� ~�dodgjkX&�cfon�s<i�nqd
fhV�~�f�fhVNY+��s�¢
Y'm-Y?dgfhn�X*~�foY

Ψk

nqd-�
A3�Z�/��s�¨<Y'm
Ek

§Nn�i�fhVNY�dgY?iNdgYzfoVN~�f

Ψk(S) = c(S),
�Ós�mw~u���

S ∈ Ek.
µ�5k¤ � ·

U-VkY�foVkY�~u©Is�¨�Y�~u����s<mhn�fhVNX fhY'moX&n�i�~�fhY:d'§�~�d!fhVkY��Ós<����s�¢�n�ik� � Y'X&X*~&dgVNs�¢wd'¤

Â : ËÍÂÄô
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7!» � � �������  �"����� � �����#� � � �\�&A+�Z�/�0� �/�"�����
 	���������� ��µ�5k¤ � · ��	#�!(#� �	� ���/�M�����-��� 2Z	�%�������� �"�$	
 �-�,�"�$�/% ��
 �����$�P� ��� H"�)%
	��P�����)%&������	�� � 	O�#��(4�����P	����*���� � �-�#� �#���!	.�"�#�0��	#� 	,�P� � �"(;�!�"�������"	�%&� �
� � À À� � ¥¦�6fhVkY*~����<s�mon¬foVkX �ks=Y:dziksufzfhY?mhX&n�iN~�foY�§ dhn�iN�'Y�foVkY&dgY'f

P2(S)
nqd KNikn�fhY<§ ¢!Y�VN~P¨�Y�fhVN~uf

Sk ∈ Ek

�Ós<m�dhs�X&Y
k
¤

:
b*foVkY�Y�°k~���fhikY:dhd
Vebe��s�fhVkY:dgnqd�µ�5k¤ � ·�§
Ψk(Sk) = c(Sk)

§cn�i¯��s<i=fhm�~��cnq�0fon�s<i�¢�n�fhV�fhVkY+dgfhs��N�kn�iN�&�'mhn�fhY?mhn�jkX�~uf-n�fhY?mo~ufhn�s�i
k
¤

�

¥¦f-mhY?X*~un�iNd!fhs�nq�cY?i<fon¬�Ób�n�i�¢�Vkn���V�dgn�fhj�~�fhn�s�i�d!¢
Y�~umoY�~u©N��Y�fhs&��s<iNdvfomhj��0f!��s�¢
Y'm
Y?dgfhn�X&~ufhY:d s�� fhVkY+�'s<dgf!�Ójki��0fhn�s�iÍ§kdgjN��V
foVN~�f6foVkYw�kmos�©N��Y?X su� KNiN�kn�ik�

Sk

n�d.fomo~<�0f�~u©k��Y�¤�¹,Yw¢�n�����dhY'Y�n�i�foVkYwikY'°ef!dgY:�0fon�s<i�foVN~�f8foVkY?dhYw�kmos��IY'mhfhn�Y?d8~�mhY<§un�i£~+��Y'mhfo~�n�i
dhY'iNdhY�§kdo~�fon�d�KNY:��n���fhVkY��'s<dgf
�ÓjNiN�0fon�s<i�V�~�d�~E�kmos��IY'mhfvb*su�.n�ikiNY'mw��s<ie¨�Y�°cn�fvb�¤

� � 	��E/�� �a�".	*$����6����	�� 1 ���2���

C�dhdhjkX&Y�foVN~�f�Y?~<��V��k�q~Pb�Y?m
i
nqd�~��'jNdvfos�X&Y'm�fhs�¢�Vknq��V,X�jNdgfz©IY��Nmhs�¨enq�cY?�C~�i,~�XEs<jki=f

bi ∈ IRp
s��
�'Y'mhfo~un�iC�<s=sc�kd?¤

U-VkY£~�X&s�jki=f�ikY'Y:�cY?�´©eb���s=~u��n¬fon�s<i
S
n�d

b(S) :=
∑

i∈S bi
¤ C�dhdhjkX&Y£~u�qdhs�foVN~�f�fhVNY£��s<dgf+su�
�kmhs�¨enq�cn�ik�

b
nqdzfhVkY&¨�~u��jkY

�Ójki��0fhn�s�i¯s��.~�i�s<�cfhn�X&n�³:~�fhn�s�i��kmos��<mo~�X«su�ÍfoVkY��Ós�����s�¢�n�ik�Efvbe�IY E

Min
z

f(z); Az = b, z ≥ 0, (Pb)

¢�VkY?mhY
f : IRm → IR

n�d*~¸�'s�ie¨�Y'°²�ÓjkiN�0fon�s<i ¤ U-VkY'i)¢
Y�dh��Y:~uª s��z~¸��s<ie¨�Y�°²�kmosc�cjN��fhn�s�i)�<~uX&YZ]
¢�VNY'i
f
n�d&��n�ikY?~�m

foVkn�d\mhY:�cjN�'Y?d
fhs£fhVkY+��n�iNY?~um\�kmhsc�cj��0fhn�s�i¯�=~uX&Y+dgY'fgfhn�ik��µÇdgY?Y�{�¢!Y?iM< �#=Ó·0¤
U-VkY����)2 %&�#�+2������'�"�����/�0��	#��su�.�kmhs<©k��Y'X
(Pb)

nqd
µÇ�cY'iks�fhn�ik�*©eb\R

·
T�fhVNY�dh�?~u�q~um-�kmose�kjN�0f0·

L(z, λ, s, b) := f(z) + λ · (Az − b) − s · z,

¢�n�fhV¯VkY?mhY
λ ∈ IRp

~uiN�
s ∈ IRn

+

¤8y\Y?iksufoY+©=b
v(b)

foVkY�¨�~u��jkY�su�
(Pb)

§knA¤ Y<¤�§
v(b) = val(Pb)

¤ � Y'f
z̄
©IY+dgs<��jkfhn�s�i�su�

(Pb̄)
§

~�iN����Y'f
(λ̄, s̄)

©�Y�~�i�~<dhdhsc��nq~�fhY:� � ~u�<mo~�ik��Y�X�jk��fhn��k��n�Y?m?§efoVN~�fwnqd'§

L(z̄, λ̄, s̄, b̄) = min
z

L(z, λ̄, s̄, b̄); s̄ ≥ 0; s̄ · z̄ = 0.
µ � ¤×��·

U-VkY?i��Ós�mw~uieb
z ∈ F (Pb)

§k¢
Y+VN~P¨<Y\foVN~�f

f(z) ≥ L(z, λ̄, s̄, b) = L(z, λ̄, s̄, b̄) − λ̄ · (b − b̄) ≥ L(z̄, λ̄, s̄, b̄) − λ̄ · (b − b̄).

]¼n�ikn�X&n�³?n�ik�*s�¨<Y'm
z ∈ F (P )

§�~uiN��jNdhn�ik�
L(z̄, λ̄, s̄, b̄) = v(b̄)

§Ns�©cf�~un�i

v(b) ≥ v(b̄) − λ̄ · (b − b̄).
µ � ¤ �=·

U-VkY?mhY'�Ós�moY�§8dhs���¨=n�ik�
(Pb̄)

�kmos�¨=nq�cY:d�~ui±~�¡*ikY�XEn�iks<mo~�i<f�su�
v(·)

§ Y'°c~<�0f¯µÓY?p=jN~�� fos
v(·)

·E~�f
b̄
¤ |!s�iNdhY?p=jkY?i=fh��b�§.�Ós�mE~u���

S ∈ P1(S)
§

c(S) = v(b(S)) ≥ v(b(Sk)) − (λk) · (b(S) − b(Sk)),
µ � ¤*Qu·

¢�VkY?mhY
λk

n�dE~ � ~u��m�~uiN��Y&X�jk��fhn��k��n�Y?mE�'s�X&�kjcfoY?�²¢�VNY'i±dhs���¨en�iN�
(Pbk )

¤²|!s�X&n�iN��©N~<��ª�fosCfhVNY��cY)KNikn�fhn�s�i s���fhVkY¯��s=dvf
�Ójki��0fhn�s�i

c(·)
§N¢
Yz�<Y�f-fhV�~�f

c(S) ≥ c(Sk) − λk · (b(S) − b(Sk)).
µ � ¤ N<·

`eY'f
ĉk := c(Sk) + λk · b(Sk)

¤ C
fwn�fhY'm�~�fon�s<i
K
§k¢!Y�s<©cfo~�n�i¯~E��s�¢
Y'm-Y?dgfhn�X*~�foY

ΨK(S)
su�

c(S)
§k¢�VkY?mhY

ΨK(S) := max
0≤k≤K

{ĉk − λk · b(S)} .
µ � ¤ �=·

> n�¨�Y?i
S ∈ P2(S)

§��cY?iksufoYz©eb
1S

n�fod\��VN~um�~���fhY'monqdvfon��\¨�Y?��fhs<m

(1S)i = 1
n¬�

i ∈ S; 0
s�fhVkY?mh¢�nqdhY�¤ µ � ¤��?�=·

¹´Y¼dh~Pb´fhV�~�f
y ∈ P2(S)

n��
y
nqd�fhVkY¼��VN~�mo~<�0fhY?mhnqdgfhnq�*¨�Y:�0fhs<m�s���~ui±Y'��Y'X&Y'i=f&su�

P2(S)
¤ ¥¦f&�Ós<����s�¢wd�foVN~�f&X&n�iNn�X&n�³'n�ik�

Ψ(S) − x(S)
s�¨<Y'm

P(S)
µ¶n�i�s�m��cY'm\fhs��<Y'ikY?mo~ufhY�foVkY�iNY�°efz�'s�iNdgfhm�~un�i=f�·-X&Y?~�iNd\dhs���¨en�iN��~£s<�cfhn�X&n�³:~�fhn�s�i¼�Nmhs<©k��Y?X ¢�n¬foV

N
¨�~umon�~�©k��Y?d
n�i

{0, 1}
~uiN�¯~&��s<i=fhn�i=jNs�jNd
¨�~umon�~�©k��Y

Min
w∈IR

y∈P2(S)

w −
n
∑

i=1

yixi; ĉk − λk ·

(

n
∑

i=1

yib
i

)

≤ w,
�Ós�mw~����

k ≤ K. (LK)

Ë�Ë _ ß0ú0ß0ó



� ��� � %��
(��/%������ 	#�����#���
	��L����� �+���)�� � (�%��

¥¦��foVkY���s<iNdgfhm�~un�i<f
y ∈ P2(S)

~�mhY*Y'°c�kmhY:dhdhY?�´~�d���n�ikY:~um��'s�iNdgfhm�~un�i=fod�s�¨�Y?m
{0, 1}n

§�foVkY'i
(LK)

nqd�n�i¸fhVkY£�Ós�moX&~uf�su�w~
X&n�°eY:����n�ikY?~�mz�Nmhs<��m�~uX µÓ¢�n�fhV

{0, 1}
~�iN�,�'s�i=fhn�iejks�j�d\¨�~umonq~u©k��Y?d�·0¤�U-VNn�d�Vks<���Nd�n�i´�N~umhfhnq��jk�q~umzn�i�foVkY Rgdgfo~�iN�k~um��C�?~�dhY�T0§

¢�VkY?i
P2(S) = P1(S)

§�dhn�i���Y

P1(S) =

{

y ∈ {0, 1}n; 1 ≤
n
∑

i=1

yi ≤ N − 1

}

.
µ � ¤��<�:·

¥i´~��k�cn�fhn�s�iÍ§Gfv¢!s�dgjN�?��Y:dhdhn�¨<Y��kmos�©N��Y?X&d�su� fvb=�IY
(LK)

�cn!BIY?mzs<ik��b¼©=b¯foVkY&~��k�cn�fhn�s�i,su� s<ikY��'jcf?¤�U-Vkn�d�dgfhmojN�0fojkmoY�X*~Pb
VkY?���C�Ós�m�~*�¶~�dgf\mhY:dgs<��jkfhn�s�i¯su�

(LK)
µÄfoVknqd\nqd�foVkY��'��~<dhdhn��?~u�Ídhn�fhjN~ufhn�s�i¼n�iC©km�~uiN��V¼~ui��¼��jcf�~u����s�mon�fhVkX*d?§N¢�VkY?mhY+Vks�fzdgfo~�mgf

s<�cfhn�s�iNd�~�����s�¢ fos*dg�IY'Y:��jN�¯�'s�X&�kjcf�~�fon�s<iNdo·�¤
	�» ���c������� � U-VkY*X&Y�fhVNse�¸�NmhY:dgY?i<foY?�¸VkY?mhY*nqd��'��s=dgY&fos¼fhVkY���s���jkX&i¸��Y?ikY'm�~�fon�s<i´X&Y'fhVksc�¸©ebMG�~u����Y'�×tvs�m��,Y'f�~u�A¤�§ < �#=¦¤
U-VkY�Y?dodgY?i=fhnq~u�Í�cn!BGY'moY'iN�'Y�n�dwfhVN~uf\< ��=.jNdgY:d�foVkY+fhmojkY�¨�~���jkY�su�8fhVNY���s=dvfw�ÓjNiN�0fon�s<i¼�Ós�m���Y'iNY'm�~�fhn�ik�EfhVNY�ikY?¢ �'s���jkX&i §InÇ¤ Y�¤�§
foVkY+�kmos�©k��Y'X«fos*©�Y�dhs���¨�Y:��~ufwY?~���V�n¬foY'm�~�fon�s<i�nqd�µÓ¢�VNY'i §N~<d-n�i < ��=¦§k¢!Y+��Vkses=dgY

P2(S) = P1(S)
·�E

Min
z

y∈{0,1}n

f(z) −
n
∑

i=1

yixi; Az =

n
∑

i=1

biyi; 1 ≤
n
∑

i=1

yi ≤ N − 1. (L′
K)

¥¦�!fhVkY*�cn�X&Y'iNdhn�s<i�s��
z
nqd��q~umo��Y�§Is�m�n��

f
VN~<dz~���s<X&�k��Y'°CY�°c�kmoY?dodgn�s�iÍ§NfoVkn�d�X*~Pb¯©IYEX�jN��V�X&s<mhY�Y�°c��Y?iNdhn�¨<Y�§�Y?dh�IY?��nq~u����b

�cjNmhn�ik�EfhVkY�K�modgfwn¬foY'm�~�fon�s<iNd
¢�VkY'moY+dgs<��¨en�ik�
(LK)

nqdwp=jkn¬foY���VkY?~�� ¤

����� 	�
����������������������
���! "�$#%�'&
UNs�m�fhVkY¸�kjkmo�Is<dhY�su�E��s�X&�N~�mhnqdhs�i fhs)s�jNm��kmoY'¨en�s�jNd�~ui�~u��bedhnqd'§w¢
Y�moY?�?~u����n�i foVknqd¼dgY:�0fhn�s�i ~�moY?dhjk��f�su�*{�¢!Y?i < ��=

µ¶��Y'iNY'm�~u��n�³?Y?�E©eb > m�~uiks�f�< �#=Ä·�§=~<d6¢
Y'���N~�d n¬f�d6�kmosesu�v§=dgn�iN��YwfhVkY���~ufgfhY?m6nqd dhVks�mhf?§��Ós�m �Nmhs�¨en�ik�zfhVkY�Y�°cn�dgfhY?iN��Y�~uiN�&�kmos�¨en��kn�ik�
~E�¶~<dvfw��s<X&�kjcfo~ufhn�s�i�su�8~ui¯~u����sc�?~�fhn�s�i�n�i�foVkY���s<mhYz�Ós�mwdh�IY?��n!K��z��n�ikY:~um��kmosc�cjN��fhn�s�i��<~uX&Y:d-su�ÍfoVkY��Ós�����s�¢�n�ik�E�Ós<mhXFE

Min
z

c>z; Az ≥ b, z ≥ 0 (P ′
b)

¹´Y��cY'iNsufhY�foVkY4�!�@2�%&���32 ���#� �"��� �)����	��&su�.�kmhs<©k��Y'X
(P ′

b)
©eb

L(z, λ, b) := c>z − λ>(Az − b)

¢�VkY?mhY
λ ∈ IRp

+

¤6U-VkY+�cjN~�� �kmos�©k��Y'X®n�d
sup
λ≥0

b>λ; c − A>λ ≥ 0.

��� »eÀ � » �(� ���*)�� ¿�»,+.-0/�132  �"����� � �����#�
b̄ := b(S)

� �P�����"�F� � ��� �%&	 H)�!�)�
(P ′

b̄
)
� ��� � 
 �����$� 1#�#�*��� � � � �)�������'�"	�%&�

� �-��	#� �/�S � � 	 ��� (F�#� � (����#� 	
 �0���4�#���/	��*���0��	#�
λ̄
� � �����
� �����#�

x̄ : S 7→ b(S)>λ̄
� �\�#�[�����!	@�"������	�� 6 ����� � 	��M���023�#�0��1#�

�
A+�
�/�"� 	��/	#%\�������	��"����H/�!� �"	.�#�*���0��	#��� �
� � À À� � U-VkY��cjN~���n�fvbCfoVkY's<mhb��Ós�m���n�ikY?~�m��kmos��<mo~�X&d�n�X&�k��n�Y:d

C(S) = b̄>λ̄
§.dhs¯fhV�~�f

x̄
nqd�~�i²~u����sc�'~ufhn�s�i ¤ > n�¨�Y'i ~�ieb

�'s<~u��n�fhn�s�i
S
§<dhn�iN��Y-foVkY��ÓY?~<dgn�©k��YwdgY'f6su�IfhVkY��cjN~u���cseY?d8iks�f �cY'�IY'i��&s�i

b
§<~�iN�EVkY'i���Y�§

λ̄
nqd.�ÓY:~�dhn�©k��Y-�Ós�m6fhVkYw�'s�momhY:dg�Is�iN�kn�ik�

�cj�~u���kmhs<©k��Y'X
Maxλ≥0{b(S)>λ; c − A>λ ≥ 0}

¤ :!b¯�cjN~���n�fvb�fhVkY?s�mob�~��<~�n�i §�¢!Y�VN~P¨�Y�foVkY'i�fhVN~uf
C(S) ≥ b(S)>λ̄ =

x(S)
§�nÇ¤ Y�¤�§

C(S) − x(S) ≥ 0
§c�kmos�¨en�ik��fhV�~�f

x̄
nqdw~ui¯~u����sc�?~�fhn�s�i�n�i�foVkY���s<mhY<¤

�

UNs�mw��n�iNY?~um��Nmhsc�cjN��fhn�s�i¯�<~�X&Y?d�n�i�fhVkY+�Ós<mhX*~uf
(P ′

b̄
)
§G{�¢
Y'i � d-foVkY's<mhY?X � ¤����kmos�¨�Y:d-iks�i¯Y'X&�cfvbeikY:dhdwsu��fhVkY��'s�moY+~uiN�

�kmos�¨en��kY?d*~¸��VkY?~��±¢-~Pb²su�+��s<X&�kjcfhn�ik�²~²��s<mhmoY?dh�Is�iN�cn�ik�´~u����sc�'~ufhn�s�i ¤)x6Y'f�n¬f��ks=Y:d&�kmos�¨=nq�cY¯ikY?n¬foVkY'm£~²dhY�f*su�+~���fhn�¨�Y
�'s�iNdgfhm�~un�i=fod!iks�m-~ui�~�����sc�'~ufhn�s�i£n�i£foVkY���Y?~<dvf���s<mhY<¤'46¨<Y'i�n¬� foVkY���s�moY\V�~u�k�IY'iNd!fos�©IY�Y:p=jN~u��fhs�fhVkYz��Y?~�dgfo�'s�moY�µÓ©Njcf-fhVN~uf
nqd
iks�f ªeiks�¢�iL�65?�%���	#%��¬·�§k~���s<iNdvfomo~�n�i=f8��Y?ikY'm�~�fon�s<i&�kmhsc�'Y?�cjkmoY�nqd dgfhn�����jNdgY'�Ójk���Ós�m �'s�X&�kjcfon�ik��fhVkY��kmhY?iejN����Y's<��jNd@]<dhY'Y�dgY:�0fhn�s�i
Qc¤

Z\sufhY!~u�qdgs�foVN~�f�n¬�k¢
Y ~<�k�zfhs�foVkY6�Ós<mhX�jk�q~�fhn�s�i+s��
(P ′

b̄
)
~ufÍ��Y:~�dgfÍs�iNY6��n�ikY:~um��'s�iNdgfhm�~un�i=f ¢�n¬foV���s<iNdgfo~ui=fÍmon���V=f�8¦VN~ui��+8¦dhnq�cY�§

foVkY'i�fhVNY+�kmhses���nqd�iksuf�¨�~u��nq��¤

7 8:9 � �2�
�Í".�����«����$�$������ 1 ".� 1 ������	��

U-Vknqd�dhY?��fhn�s�i �cY:~u�qd�¢�n�fhV²foVkY��?~�dhY£¢�VkY'i²Y:~���V µÇ~u���<mhY?�<~ufhY?��·\�N��~Pb<Y'm
i
n�d�n�i �¶~��0f�fhVkY�~u��moY'�=~�fon�s<i,s��

ni

��( �)���0���"�#�
RgY'��Y'X&Y'i=f�~umob��k�q~Pb�Y?mod,T�¤Í¥i*sufhVNY'm ¢
s�m��kd?§���s=~u��n¬fon�s<iNd8¢�n�fhV*s<ik��b&dhs�X&Y�su�GfhVNYwY'��Y'X&Y'i=f�~umob��k�q~Pb�Y?mod8~�mhY��Is<dodgn�©k��Y�§=~uiN�EfoVkY'n�m
�'s<dgf�n�d+~��Ójki��0fhn�s�i¸s��!foVkY*iejkX�©IY'm�s��
Y?��Y?X&Y'i=fo~�mhbC�N��~Pb<Y'm�d�n�i¸Y?~<��V´�'��~<dhd�s��-~�����moY'�=~�foY?�¼�k�q~Pb�Y?mod?¤*U-VkY*�cnqdh~���moY'�<~ufhY:�

Â : ËÍÂÄô
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�#�0��1���23�#�4��� Q

�Ós<mhX�jk��~ufhn�s�i´VN~�d�foVkY'moY��Ós<mhY
N̂ :=

∑

i ni

�k�q~Pb�Y'm�d?¤�¹´Y£�cY'iks�fhYEfhVNY£��s<dgf��ÓjkiN��fhn�s�i¸su�!fhVkY£�cnqdo~u���<mhY?�<~ufhY?���Ós<mhX�jk�q~�fhn�s�i
~��<~un�i�©eb

c(·)
]Nn�f�n�dw~��ÓjkiN��fhn�s�i¯su��fhVNY��Óm�~���fhn�s�i�su�.�cY'�IY'iN�Nd�s�ik��b£s<i�foVkY�i=jNX�©IY'm�su�.Y'��Y'X&Y?i<f�~umob*�k�q~Pb�Y'm�d!su�.Y?~���V����q~�dod

n�iCfoVkY*��s<~���n�fhn�s�iÍ¤�¹´YE~<dhdhjkX&Y�n�iCfoVknqdzdhY?��fhn�s�i §G�Ós<m\foVkY&dh~�ª�Y�s�� dgn�X&�k��n��'n¬fvb<§GfhVN~uf
P2(S) = P1(S)

¤ � Y�f�jNd�dhVks�¢ fhVN~uf
foVkY��cnqdh~���moY'�<~ufhY:�£�kmos�©k��Y'X®VN~�d�~&dhb=X&X&Y�fomhnq��dgs<��jkfhn�s�iXE
7!» � � ��� ����� � �#�
�����4� �����#�D� � � �)�)�

P2(S)
	�� �/�
�#����H/�!�\�"	@���*������	�� � 	,� � � �P(#� �)�@2�%&��23�#�$�"(  %
	 H)�!�/� � �S� �#�\�4�)��%�������� � � � 	

��� 1���%����#����H �\��/%��'���$�#�0��	#�WH"�/� 6 �"�/� ��!� � �)%"�I	,�'� � �'�)�#�4�I�)�!�#�
��� � � � �)�[� � �;(�� �/�@2�%
�023�#�$�"('�%&	 H)�!�)� � �#�4�F� �#�'�4�/�0%����
�)	#�9������	��-	 � � � � 	O	#��� �/	�%�6��+���"� �����\�����!	@�"������	���� �P��(Z�/� �����"�#�3�/	#%-�����V�)�!�/�4�)���$�#% �  �?� � �)%"�'	,��� � � �)�#�4�\�)�!���"� �
� � À À� � U-VkY6�kmos�©k��Y'X su�k�'s�X&�kjcfon�ik�wfhVkY!��Y:~�dgfo��s<mhY8n�i�fhVNY!�cnqdh~���moY'�=~�fhY:�w�Ós<mhX�jk�q~�fhn�s�i+©IY'n�ik�\�'s�ie¨�Y'°�§?n�fod�dgY'fÍsu�Ndhs���jcfhn�s�i
nqd��'s�ie¨�Y'°�¤wU�~�ª=n�ik�*foVkY�~P¨<Y'm�~u�<Yz¨�~���jkY�su� ~*��~umhfhnq��jk�q~umzdgs<��jcfon�s<iC~uiN�Csu�6~u���ÍfoVks<dhY�s��Äfo~�n�ikY:�¯©eb��IY'moX�jkfo~�fon�s<i¼©�Y'fv¢!Y?Y'i
�k�q~Pb�Y?mod
s���foVkY+dh~�XEY+�'��~<dhd?§c¢!Y�s<©cfo~�n�i¼~&dgbeX&X&Y�fomhnq��dgs<��jcfon�s<i ¤

�

`en�iN�'Y�foVkY?dhY*dgbeX&X&Y�fhmonq��dhs���jcfhn�s�i�dz~�mhYEdgsc�'n�~�����b��¶~un�m&µÓfhVkY?b�~u����se�?~�foY�foVkYEdo~uX&Y&~uX&s�jNi<fzfhs�nq�cY'i=fhnq�'~��8�k�q~Pb�Y'm�d�·-n¬f+nqd
s�� n�i=foY'moY?dgfwfhs�s�©cf�~un�i¼fhVNY'X fhVkmos�jN��V�~��cY?�cnq�'~ufhY:�¯�Ós�moX�jk�q~�fon�s<i ¤�y�Y'iNsufhYE©eb

yi ∈ {0, 1/ni, 2/ni, . . . , 1}
foVkY��Óm�~���fhn�s�i

s�� Y'��Y'X&Y'i=f�~umob��k�q~Pb�Y?modwsu�!�'��~<dhd
i
n�i,�'s<~���n�fhn�s�i

y ∈ IRN
]GfoVkY&dgY'f�su� �ÓY?~�dhn�©k��YE��s=~u��n¬fon�s<iNdws��8fhVkY&�cnqdh~���moY'�<~ufhY:���Nmhs<©k��Y?X

µÇ~u�<~�n�iC~<dhdhjkX&Y?��fos£©IY��Is���b=VNY?�cm�~u�Ä·-nqd�dgfhn����.�cY?iksufoY?�
X ⊂ IRN

¤\U-VkY?i¼fhVNY�moY?dhs�jkm���Y�~�����sc�'~�foY?��fos���s=~u��n¬fon�s<i
y
§I¢�VkY?mhY

yi ∈ {0, 1/ni, 2/ni, . . . , 1}
nqd�dvfon����.su�8foVkYE�Ós�moX

x(y) :=
∑

i xiyi

¤+U-VkY&��s<XE�Njcfo~ufhn�s�iCs��!dgbeX&X&Y�fomhnq��Y?��Y?XEY?i=fodzsu�6foVkY
��Y?~<dvfw��s<mhY�X*~Pb£©IY+¢�mhn�fgfoY'i¯~�d

max
ε∈IR

x∈X

ε; x(S) = c(S); ε + x(y) ≤ c(y),

�Ós�mw~u���
yi ∈ {0, 1/ni, 2/ni, . . . , 1}, i = 1, . . . , N.

(DNLP )

r6mos�©N��Y?X
(DNLP )

V�~�d
(Πi(1 + ni) − 2)

��s�i�dvfomo~�n�i=fod?§=¢�Vkn���V�nqd!X�jN��V���Y:dhd!fhV�~ui£foVkY (
2

P

i
ni − 2

) �'s�iNdgfhm�~un�i=fod!su�ÍfoVkY
iN~�n�¨<Yz�Ós�moX�jk�q~�fon�s<i�su��fhVkY+�cnqdo~u��moY'�=~�foY?�*�kmos�©N��Y?X�¤.¥¦�.~���s�¢
Y'm
©�s<jkiN�

Ψ
s��

c(·)
n�d�~P¨�~�n��q~u©k��Y&µÓn�i���~umhfhnq��jk�q~um
n�i�foVkY+�'~�dhY

s��.~&��s<ie¨�Y�°£�Nmhsc�cjN��fhn�s�i��<~�XEYP· fhVkY?i�foVkY���s<iNdgfhm�~un�i<f��<Y'ikY?mo~ufhn�s�i��Nmhs<©k��Y?X�X*~Pb*©�Y+¢�mon�fgfhY?i¼~�d

Min
y

ΨK(y) − x(y); yi ∈ {0, 1/ni, 2/ni, . . . , 1}, i = 1, . . . , N. (DNL)

U-Vknqd�nqd�~ui¯n�i<foY'�<Y'm+µÓ¢�n�fhV¼n�i�~<�k�cn�fhn�s�i¼~&��s<i<fon�iejks<jNd
¨�~umon�~�©k��YP·!��n�ikY?~�m��kmos���m�~uX&X&n�ik���kmos�©N��Y?X�¤

� 	 �+"����������!	������'�E��	�����".����� �£�����'	��

¥¦��~¸�k�q~Pb�Y?m
i ∈ {1, . . . , N}

nqd&fhVkY,~u��moY'�=~�fon�s<i�su�+~¸¨�Y?mhb���~�mh�<Y�iejkX�©�Y?m£su�+�k�q~Pb�Y?mod?§6foVkY'i ¢
Y¼X&n��<V=f*fhVkn�ikª)su�
~��k�kmosP°en�X*~�fon�ik��fhVNY\�cnqdh~���moY'�<~ufhY:���kmos�©k��Y'X ©=bE~u����s�¢�n�ik�

yi

fos+©�Ywn�i
[0, 1]

¤.U-Vkn�d6�kmhsc�'Y?dod.¢�n����k©IY\�'~�����Y?��fhVkY'�
	����0������	��+�
%&�)�!�@A3������	��£su�.���q~�dod

i
¤

� Y�f
{1, . . . , N1}

©�Y�fhVkYEdgY'f\su�6�N��~Pb<Y'm�d
�Ós�m\¢�VNn���V�~���s�i=fon�iejks<jNd�moY'�q~�°k~�fon�s<i�nqd���Y?mg�Ós<mhX&Y?� ¤�C %&�)�!�)A+�"(F�
	.�#�9������	���nqd
~�i�Y'��Y'X&Y?i<f�s��

S := [0, 1]N1 ×{0, 1}N2
§e¢�VkY'moY

N2 := N −N1
¤6U-VkY&µ¶dhbeX&XEY'fhmon��:·
~u����sc�'~ufhn�s�i*�Ós<m�~�moY'�q~�°cY?����s<~���n�fhn�s�i

y ∈ S
nqd

x(y) = x · y
¤

¥i�fhVkYz�'~�dhY\s���~��'s�ie¨�Y'°E�Nmhsc�cjN��fhn�s�i£�=~uX&Y�§<fhsE~�moY'�q~�°cY?����s<~���n�fhn�s�i*X�jNdgf
©IY��Nmhs�¨enq�cY?�
b(y) :=

∑n

i=1 yibi,
~�iN�*foVkY

~<dhdhsc��nq~�fhY:���'s<dgf�n�d
c(y) := v(b(y))

¤6¥i�fhV�~�f\�'~<dgYzfoVkY+��Y:~�dgfo�'s�moY�nqd�dgs<��jkfhn�s�i�su��fhVkY��Ós<����s�¢�n�iN���kmos�©N��Y?X E

max
ε∈IR

x∈X

ε; x(S) = c(S); ε + x(y) ≤ c(y),
�Ós<mw~u���

y ∈ S. (RNLP )

`en�iN�'Y£fhVNn�d��kmhs<©k��Y'X V�~�d�n�i�KNiNn¬foY'��b´X*~�i=b´��s<iNdvfomo~�n�i=f�d'§ÍfhVkY�n��cY:~¼su���<Y'ikY?mo~ufhn�s�i´su�w��s<iNdvfomo~�n�i=f�d�~u�k�IY?~�mod+fhs¼©IY�p=jkn�fhY
iN~ufhjkm�~u�A¤ > n�¨�Y?i¯~�i¼~u����sc�'~ufhn�s�i

x ∈ IRN
§cfhVkY��kmhs<©k��Y'X�s��VK�iN�cn�ik�&fhVkY�XEs=dvf\~<�0fon�¨<Y��'s�iNdgfhm�~un�i=f�X&~Pb�©�Y��Ós<mhX�jk�q~�fhY:�¯~�d

�Ós<����s�¢wd)EVKNi��
y ∈ S

dhjN��V�fhVN~uf

c(y) − x(y) ≤ c(y′) − x(y′),
�Ós<mw~u���

y′ ∈ S.
µ¶�N¤��P��·

U-VknqdwnqdwiNsuf�~�i�Y:~�dhb��kmos�©N��Y?X�¤ Gws�¢
Y'¨<Y'm:§kn�i¯fhVkY��?~�dhY+su�6~*��s<ie¨�Y�°��kmose�kjN�0fon�s<i��=~uX&Y�§NfhVkY���s�X&�kjkfo~�fon�s<i¯su�
v
~�iN�¯n¬f�d

dhjk©G�cn9BGY'moY'i=fon�~�� ~�f��Is�n�i=fod
bk := b(yk)

§
k ≤ K

§Í�kmos�¨en��kY?d+~¯��s<i=¨<Y�°���s�¢
Y'm�©�s<jkiN�´foVN~�f�¢
Y£�cY'iNsufhY£~��<~�n�i
ΨK

¤�U-VkY
�kmos�©N��Y?X�su�.��Y?ikY'm�~�fon�ik�&~&��s<iNdvfomo~�n�i=f-mhY:~��kd
foVkY'i¼~<d

Min
y∈S

ΨK(y) − x(y). (RNL)

¥¦fwX*~Pb£©IY+n�i=foY'mo�kmhY'fhY:��~<d�~���~umhfhnq~u����b�µÓ�Ós�m-foVkY�KNm�dvf
N1

¨�~�mhnq~u©k��Y?d�·!��s�i=fon�iejks<jNd-mhY?��~u°k~�fhn�s�i�su���kmhs<©k��Y'X
(LK)

¤

Ë�Ë _ ß0ú0ß0ó



N ��� � %��
(��/%������ 	#�����#���
	��L����� �+���)�� � (�%��

� � 	���¯�£���+����	�� 	����������"����&���!����	������

¥i&foVkn�d!dgY:�0fon�s<i*¢!Yw~<dhdhjkX&Y-�Ós�m fhVkY\do~uª<Y�su��dgn�X&�k��n��'n¬fvb�fhVN~uf
X = IRN

¤ � Y�f
η
©IY�~ � ~���m�~uik�<Y-X�jk��fhn��k��n�Y?m!~�dodhse�'n�~ufhY:�

¢�n�fhV�fhVNY+n�ikY:p=jN~u��n¬fvb���s�i�dvfomo~�n�i=fod
s���foVkY+��n�ikY:~um��kmos��<mo~�X
(LP )

µ
η
VN~�d��kn�X&Y'i�dgn�s�i

2N − 2
·�¤6y\Y?iksufoY

I1 := {S ∈ P1(S); ηS > 0}; J1 := P1(S) \ I1.
µ0Qc¤��.5<·

UNmhs<X fhVkY+�cjN~���n�fvb&fhVNY's�mob&su�Í��n�ikY?~�m
�Nmhs<��m�~uX*d'§<¢!Yzªeiks�¢ fhV�~�f
(x, ε1) ∈ S(LP )

n!BCn¬f-nqd �ÓY:~�dhn�©N��Y�~uiN��dh~ufhnqd,K�Y?d-��s<XE�N��Y)8
X&Y'i=f�~umon¬fvb£moY'�q~�fon�s<iNd
¢�n¬foV¼~ � ~u�<mo~�ik��Y�X�jk��fhn��k��n�Y?m@E

x(S) = c(S); ε1 + x(S) = c(S), S ∈ I1;
ε1 + x(S) ≤ c(S), S ∈ J1.

µ0Qc¤�� � ·

� Y�f
v1 := val(LP )

¤¯}wY'�q~�fhn�s�i µ�Qc¤�� � ·+n�X&�k��n�Y?d�n�i²��~umhfhnq��jk�q~um
ε1 = v1

¤¼¥¦f�nqd�n�XE�Is�mhfo~�i=f?§�Vks�¢!Y?¨�Y?m?§ÍfhsCª<Y'Y'�
ε1

~<d�~
¨�~umonq~u©k��Y�n�i¯�km�~���fhnq�'~u���'s�X&�kjcf�~�fhn�s�i�d-n�i¯s�m��cY?m!fos£~P¨�s<n���n�iNdgfo~�©kn���n�fhn�Y?d+µÇdgY?Y�fhVkY+moY'X*~umoª*©IY'��s�¢\·0¤

{�ikY\X&~Pb�fhmobEfhs�X*~�°cn�X&n�dhY�§<s�¨�Y'm!dgs<��jcfon�s<iNd8s��
(LP )

§�foVkYwX&n�iNn�X*~u�IY�°k�'Y?dod.�Ós�m
��s<~���n�fhn�s�i�d8n�i
J1
]=foVkn�d X&Y?~ui�d dhs���¨=n�ik�

foVkY��Ós�����s�¢�n�ik�&�kmos�©k��Y'XFE
max

x,ε1,ε2

ε2; x(S) = c(S); ε1 + x(S) = c(S), S ∈ I1;

ε2 + x(S) ≤ c(S), S ∈ J1.
(LP1)

¹´Y��cnq��iNsufwmoY'�IY?~�f-foVkY+��~<dvfw�'s�iNdgfhm�~un�i=fod
su��µ0Qc¤�� � ·0§N¢�Vkn���V¼~�mhY�~ujcfos�X*~�fon��?~u����b£do~�fon�d�KNY:��~ufw~uieb�dhs���jcfhn�s�i�su�
(LP1)

¤
	�» ���c����� � � r6mhs<©k��Y'X

(LP2)
n�d��ÓY?~�dhn�©k��Y<§�~�iN�¸~u�qdgsCp=jN~���n!KNY:�¸n�i¸foVkY�dhY'iNdhY&fhVN~uf�foVkY'moY*Y�°cnqdvf�d�~��ÓY?~<dgn�©k��Y£�Is�n�i<f��Ós�m

¢�Vknq��V²~u���6n�ikY?p=jN~���n�fvb,�'s�iNdgfhm�~un�i=fod�~umoY*dvfomhnq�0fo��b´dh~ufhnqd,KNY:� E+f�~uª�Y
(x, ε1)

dgs<��jkfhn�s�i´su�
(LP )

§�~�iN�
ε2 < ε1

¤£¥i²s<mo�cY?mzfhs
s<©cfo~�n�i�~�iejkX&Y'mon��?~u����b&dgfo~u©N��Y\�Ós�moX�jk�q~�fon�s<i §<VNs�¢!Y?¨�Y'm:§�s<ikY\V�~�d fhsEY'��n�X&n�iN~�foY��Is<dodgn�©k��b&mhY:�cjkiN�k~�i=f!Y?p=jN~���n�fvb*��s<iNdvfomo~�n�i=f�d'¤

{�iN�'Y
(LP1)

nqdwdhs���¨�Y:��§e¢!Y�X*~Pb���s<i=fhn�i=jNY�dhs���¨en�iN�&~&dhY?p=jkY?iN��Y�su���kmos�©k��Y'X*d-su��fhVNY��Ós�moX

max
x,ε1,...,εk+1

εk+1; x(S) = c(S); ε1 + x(S) = c(S), S ∈ I1;¤¤¤
εk + x(S) = c(S), S ∈ Ik;

εk+1 + x(S) ≤ c(S), S ∈ Jk.

(LPk)

`eY'fod
Ik

~�iN�
Jk

~umoY��kY/KNikY:��n�iN�cj��0fhn�¨�Y?��b�©eb

Ik := {S ∈ Jk−1; ηk
S > 0}; Jk := Jk−1 \ Ik,

¢�VkY?mhY
ηk

n�d
~ � ~���m�~uik�<Y�X�jk��fhn��k��n�Y?m!~<dhdhsc��nq~�fhY:�&¢�n¬foV*fhVNY\n�ikY?p=jN~���n�fvbE�'s�iNdgfhm�~un�i=fod8s�� �kmos���m�~uX
(LPk−1)

¤8U-VkY�dhY?p=jkY?iN��Y
dgfhs<�Nd-¢�VkY'i

Ik

nqd�Y'X&�cfvb<¤
y�Y'iks�fhY

vk := val(LPk)
¤z`en�iN�'Y�fhVNYEdhs���jcfhn�s�i

(x, ε1, . . . , εk)
s��

(LPk−1)
§I¢�n�fhV

εk+1 = εk

§In�dz~*�ÓY:~�dhn�©k��Y��Is�n�i=f�su�
(LPk)

§=fhVNY\dgY:p=jkY'iN�'Y
vk

nqd6iks<iN�cY:��moY?~�dhn�ik�N¤�¥¦�
vk = vk−1

~ui��
Ik 6= ∅

§<fhVNY'i
Ik

n�d
~�dhY�f s����'s�iNdgfhm�~un�i=fod.foVN~�f-~umoYw~u��¢
~Pbcd
~<�0fhn�¨�Y+~uf\~uieb£dgs<��jkfhn�s�i�su�

(LPk−1)
§N~uiN��~�f�foVkY�do~uX&Yzfhn�XEY

ηk−1
S = 0

§c�Ós�mw~����
s ∈ Ik−1

¤
:
b)fhVkY > s<���cX*~�i�8¦U�jN��ª<Y'm�U-VNY's�moY'X < � =¦§�¢
Y�ªeiks�¢ foVN~�f¼~���n�ikY?~�m��kmos��<mo~�X�do~�fon�d�KNY:d£foVkY,Vebe�IsufhVNY?dhn�d�su��dgfhmonq�0f

�'s�X&�k��Y'X&Y'i=fo~�mhn�fvb�¤
¥i¼sufoVkY'm\¢!s<mo�kd?§kn��6~*��n�ikY:~umw�kmos��<mo~�X�VN~<dw~'KNikn�fhY�¨P~���jNY�§kfoVkY'i¼n�fod��cjN~��ÍVN~<dw~�f\��Y?~<dvfws<ikY�dhs���jcfhn�s�i
dhjN��V¯fhV�~�f\n�fod\iks�ik³?Y'mos£��s<XE�Is�iNY'i=fodw�'s�n�iN��nq�cY�¢�n�fhV¯foVkY�dhY�f�su�6~���fhn�¨�Y+n�ikY?p=jN~���n�fvb��'s�iNdgfhm�~un�i=fodw~uf�~u��� �kmon�X*~���dhs���jcfhn�s�iNd?¤
`ej���V dvfomhnq�0fo��b ��s<XE�N��Y?XEY?i=fo~umon�fvb X�jk��fhn��k��n�Y?mod���s<n�iN�'n��kY¼¢�n¬foV fhVkY�mhY?��~ufhn�¨�Y¼n�i<foY'mon�s<m*su��fhVNY�dgs<��jkfhn�s�i dgY'f�su��foVkY��cjN~��
�kmos��<mo~�X¯¤6¹,Y��cY'iks�fhY�foVkY��cjN~�� su�

(LPk)
©eb

(DLPk)
§I~uiN��foVkY�moY'�q~�fhn�¨�Y+n�i=fhY?mhn�s�m�s���foVkY�dhs���jcfhn�s�i¼dhY�fw�Ós<m�fhVkY��kjN~u��~�d

ri S(DLPk)
¤

7!» � � ��� ��� � ���\��� ���/�����*��� �
vk > vk−1

��	#�!(#� � �
ηk−1 ∈ riS(DLPk−1)

�
� � À À� � ¥¦�

ηk−1 6∈ riS(DLPk−1)
§�fhVNn�d�XEY:~uiNd�fhVN~uf�dgfhmon���f���s<XE�N��Y?XEY?i=fo~umon�fvb�¢�n�fhV²s�iNY£�kmon�X*~u�!dgs<��jcfon�s<i �cseY?d+iNsuf

Vks<���XE.fhVkY?mhY+Y'°enqdgfod�~*��s=~u��n¬fon�s<i
S ∈ Jk

dgj���V�foVN~�f
x(S) = c(S) − εk

�Ós�mw~����
(x, ε1, . . . , εk) ∈ S(DLPk−1)

¤!`en�iN�'Y�~uieb
�ÓY:~�dhn�©k��Yw�Is�n�i=f

(x, ε1, . . . , εk+1)
s��

(DLPk)
nqd dhjN��VEfhV�~�f

(x, ε1, . . . , εk) ∈ S(DLPk−1)
§<¢
Y\�cY:�cjN��YwfhVN~uf

vk = εk+1 ≤
εk = vk−1

`en�iN��Y�foVkY���s<ie¨�Y'm�dhY\n�ikY?p=jN~���n�fvb�~u��¢-~Pbed
Vks<���Nd'§efoVkn�dw�kmhs�¨<Y?d!fhV�~�f
vk = vk−1

¤
¥¦�.s�i�fhVkY��'s�i=fhm�~umob

ηk−1 ∈ riS(DLPk−1)
§N¢�n¬foV�Y:~���V

S ∈ Jk

nqdw~�dodgsc�'n�~ufhY?��dgs<X&Y
(xS , ε1, . . . , εk) ∈ S(DLPk−1)µ¶¨P~���jNY?d-su�

εi

~umoY�nq�cY'i=fon��?~u��s�¨�Y?m
S(DLPk−1)

·
dgjN��V�fhV�~�f
xS(S) < c(S)− εk

¤6y�Y'iks�fhY�©eb
jk

foVkY+�'~�mo�cn�iN~��Is��
Jk

§k~uiN�
dhY�f

x̂ := (jk)−1
∑

S∈Jk
xS

¤�`en�iN��Y
S(DLPk−1)

nqd�~£�'s�ie¨�Y'°�dhY�f:§I¢
Y�VN~P¨<Y+fhV�~�f
(x̂S , ε1, . . . , εk) ∈ S(DLPk−1)

§G~uiN�
~���dhs

x̂S(S) < c(S) − εk

§k�Ós<mw~u���
S ∈ Jk

§k¢�Vknq��V¯n�X&�k��n�Y?d-foVN~�fwfoVkY'moY�Y�°cnqdvf�dwdgs<X&Y
ε̂ > εk

dhjN��V�fhVN~uf
(x̂S , ε1, . . . , εk, ε̂)nqdw~��ÓY?~<dgn�©k��Yz�Is�n�i=fwsu�

Jk

¤6U-VkY?mhY'�Ós�moY
val(DLPk) > ε̂ > εk

¤
�

Â : ËÍÂÄô
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�#�0��1���23�#�4��� �

	�» ���c����� ��� Cwi�n�i=fhY?mhn�s�m&8A�Is�n�i=f�dhs���¨�Y'm��kmhs�¨enq�cY?d�~ � ~u�<mo~�ik��Y*X�jk�¬fon��N��n�Y'mEn�i�fhVkY�moY'�q~�fhn�¨�Y�n�i=fhY?mhn�s�mEsu�
S(DLPk−1)

§
jkiN��Y:dhd�~²�kjkmon9KI�'~�fon�s<i �kmose�'Y?�cjNmhY¼nqd£�IY'mh�Ós�moX&Y?��¤ {�i fhVNY���s<i<fomo~�mhb<§�dgn�X&�k��nq��nq~u��~u����s�mon�fhVkX*d£�'s�X&�kjcfoYCn�iT��Y'iNY'm�~u�\~
� ~u��m�~uiN��Y\X�jk��fhn��k��n�Y'm\s�i�fhVkY+moY'�q~�fon�¨<Yz©Is�jNiN�k~umob*su�

S(DLPk−1)
¤

¥iEs�m��cY'm�fhszY?dgfhn�X*~�foY!foVkY-iejkX�©IY'm.su�GdvfoY'�Nd�n�i�foVkY���s<XE�Njcfo~ufhn�s�i�s����kmoY'iejN�'��Y?s���jNd?§:¢
Y-ikY'Y:�+foVkY
�Ós�����s�¢�n�ik���cY/KNiNn¬fon�s<i ¤

��»�� + �Ó��� À�+ � ��� µ¶nq· � Y'f
I ⊂ P1(S)

~ui��
S̄ ∈ P1(S)

¤.¹´Y
do~PbzfhVN~uf
S̄
�cY'�IY'i��kd�s�i

I
n��NfhVNY!¨�~u��jkY!su�

x(S̄)
n�d.�cY'fhY?mhX&n�ikY?�

©eb£foVkY+¨�~u��jkY?d
{x(S), S ∈ I}

¤�¹´Y�do~Pb*fhVN~uf
J ⊂ P1(S)

�cY'�IY'iN�Nd�s�i
I
n��.~�i=b

S ∈ J
�kY'�IY'iN�kdws�i

I
¤

µ¶n�nÄ·6`=foY'�
k
n�iEfhVNYw��s�X&�kjkfo~�fon�s<i�s��I�NmhY?i=j�����Y's���jNd�nqd6dh~�n���fhs+©IY-�/�
�)�)���0���#�Pn¬� ~uf.��Y?~<dvf8s<ikY�Y'��Y'X&Y'i=f6s��

Ik

�cseY:d8iksuf �kY'�IY'iN�
s<i

S ∪ (∪{I`; ` < k})
¤

y�Y'iks�fhY�©eb
1S

foVkY+¨�Y:�0fos�m
su�
IRn

¢�Vks<dhY
i
foV��'s=s<mo�kn�iN~ufhYzn�d��zn��

i ∈ S
§k~�iN���EsufoVkY'mo¢�nqdgY<¤�¥¦�

S
�kY'�IY'iN�kd-s<i

I
§cfhVNY'i

foVkY+��n�ikY:~um��kmos��<mo~�X
Min

x
x(S); x(S′) = 0; S′ ∈ I

VN~<d6¨�~u��jkYz� ]=©=b*�cj�~u��n¬fvb<§<¢
Y\�cY:�cjN��Y�Y?~<dgn���b�fhV�~�f
S
�kY'�IY'iN�kd!s�i

I
n!B

1S

n�d!~���n�ikY:~um �'s�X�©kn�i�~�fhn�s�i*s�� ¨�Y:�0fhs<mod
{1S′ , S′ ∈

I}
¤

7!» � � ��� ��� � ��� �
	��������������	���	��O %&�)�����)�!�"	#�9�+�������\�#� � 	#���
N
�/�"�/�)���0���#� �����$ � �

� � À À� � 4 ~���V¼Y:dhdhY'i=fhnq~u��dvfoY'��~<�k�kdw~*��n�ikY?~�m���s<iNdgfhm�~un�i<f:§N��n�iNY?~umo��b�n�iN�cY'�IY'i��k~ui=f\�Ómos�X(fhVNY���n�ikY:~um��'s�iNdgfhm�~un�i=fodw~���moY?~<�cb
~<�0fhn�¨�Y<¤6`en�i���Y

x ∈ IRN
§cfoVknqd�X*~Pb*se�?��jkmw~ufwX&s<dgf

N
fon�X&Y?d?¤

�

	�» ���c����� � � µÓnÄ·6¥i�s�m��cY'm!fhsEjkiN�kY'm�dvf�~uiN�&foVkY�iN~�fojkmoY�s��Íiks�i�Y?dodgY?i=fhnq~u�GdvfoY'�Nd?§c��s�i�dgnq�cY'm!fhVNY��?~�dhY\¢�VkY?i£foVkY���Y:~�dgfo��s<mhY
VN~<d�~�jkiknqp=jkY�Y?��Y?X&Y'i=f?¤�U-VkY'i�fhVkY&��s<X&�kjcfo~ufhn�s�iCs��8fhVkYE�kmoY'iejN�'��Y?s���jNdwmoY?�cj���Y?d\fhs�~uiCs<mo�kY'mon�ik��su�8fhVNY�iks<i�do~�fhjNmo~ufhY?�
�'s�iNdgfhm�~un�i=fod��Ós�����s�¢�n�ik�zfoVkY'n�m6¨�~u��jkYw~�f8foVkYw��Y?~<dvf���s�moY�¤.{�©=¨en�s�jNdh��b+fhVkY\i=jNX�©IY'm6s��Iiks<i&Y?dodgY?i<fon�~��kdvfoY'�Nd6X&~Pb�©�YwY'°efhmoY'X&Y'��b
�q~umo��Y<¤
µ¶n�nÄ·\{�ikY+��s<jk�q����VkY:��ª£jkiknqp=jkY'iNY?dod-su��fhVkY�dhs���jcfhn�s�i�su���kmos�©k��Y'X

(LPk)
n�i�s<mo�kY'm
fhs£dgfhs<��foVkY+�kmose�'Y?�cjNmhY<¤

µ¶n�n�nq· Cw�ÄfhY?m�VN~P¨en�ik�&dhs���¨�Y?�£�kmhs<©k��Y'X
(LPk)

§ks<ikYz�'s�jk�q��fhmob&fhs*��s<XE�NjcfhY+~ui��£Y'��n�XEn�iN~ufhY+~u���Gn�ikY:p=jN~u��n¬fvb���s�i�dvfomo~�n�i=fod fhV�~�f
�cY?��Y?iN�¯s�i�fhVNY+Y?p=jN~u��n�fvb���s<iNdvfomo~�n�i=f�d!s��

(LPk)
¤DG\s�¢!Y?¨�Y'm:§e¢!Y+�cs&iks�fwªeiks�¢ ~�i=b£�¶~�dgf�~����<s�mon¬foVkX �Ós�mw�ks�n�ik�&n¬f:¤

µ¶n�n�nq·Í¥¦f�nqd�jNdgY'�Ójk�A§�n�i�s�m��cY'm�fos\VN~P¨<Y dgfo~u©N��Y �'s�X&�kjcf�~�fon�s<iNd'§:fos���VkY:��ª\foVkY!��n�ikY?~�mÍn�iN�cY'�IY'i��k~uiN�'Y s��cfhVkY!Y?p=jN~u��n�fvb��'s�iNdgfhm�~un�i=fod
s��

(LPk)
¤6U-Vknqdw�?~ui�©�Y��cs<ikY�©eb£Y�¤ �N¤6~��z}Tfvb=�IY+s�mhfhVNs���s<iN~u���¶~���fhs<mhn�³?~ufhn�s�i §cdhY'Y < 5�=A¤

� 	 �����-".������	�� 	�� �!	���� �Í"����������®����$%�"����&���!�'��	������


 ��� � � �������� � ��& �
U-VkY
nq�cY?~�su�G��s�i�dvfomo~�n�i=f��<Y'ikY?mo~ufhn�s�i��?~ui�©�Y-Y�°efoY'iN�cY:�+fos�foVkY���s<XE�Njcfo~ufhn�s�i�s��N�kmoY'iejN�'��Y?s���jNd'¤�¹ n¬foVks�jkf.Y?i=fhY'mon�ik�\n�i=fhs

~����.�cY�f�~un���d?§N��Y�fzjNdzdg�IY?�'n¬�Ób�fhVNY�Y?dodgY?i=fhnq~u��dgfhY?� §I¢�Vkn���V�n�dwfhVkY��Ós�moX�jk�q~�fon�s<i�s��8fhVkY��kmos�©k��Y'X su�8��Y?ikY'm�~�fon�iN�£~£��s<iNdvfomo~�n�i=f
~u�ÄfhY'm�dgs<��¨en�ik�

(LPk)
E

|!s<X&�kjcfhY
S̄ ∈ Jk

dgj���V�foVN~�f
c(S̄) − x(S̄) ≤ c(S) − x(S),

�Ós�mw~����
S ∈ Jk.

µ�NN¤��P��·
G\Y'moY

k
§
Jk

~�iN�
x
~umoY���n�¨�Y?i ¤Í¥¦��¢
Y�VN~P¨�Yw~uf6s�jkm!�cn�dh�Is<do~u�cs�iN��bE~���s�¢
Y'm8©Is�jN�

Ψ
su�IfhVkY���s<dgf8�ÓjkiN��fhn�s�i

c(·)
§�foVkYw�kmos�©N��Y?X

fos*©�Y�dhs���¨�Y:�£moY?~��Nd�~�d@E |!s�X&�kjcfoY
S̄ ∈ Jk

dhjN��V�foVN~�f
Ψ(S̄) − x(S̄) ≤ Ψ(S) − x(S),

�Ós<mw~u���
S ∈ Jk.

µ�NN¤��:�<·

¥i�fhVNY��'~�dhY�su�.~E�'s�ie¨�Y'°£�kmose�kjN�0fon�s<i��=~uX&Y&µ¶dhY?�0fon�s<i � ·0§cfoVkY+��s�¢!Y?m
©Is�jNiN��VN~�d�~�i�Y'°e�NmhY:dhdhn�s<i�s���fvbe�IY

Ψ(S) := max
`∈L

{ĉ` − λ` · b(S)} ,
µ�NN¤��#Qu·

¢�VkY?mhY
L
nqd�~[KNikn�fhY,dhY�f:¤ U-VkY,�kmos�©k��Y'X fhs±©�Y¸dgs<��¨<Y?�)VN~<d�~�i Y�°c�kmoY?dodgn�s�i dhn�X&n���~�m£fos fhVNY�s�iNY�su���Nmhs<©k��Y?X

(LK)s��zdhY?�0fon�s<i � § ©kjcf£¢�n�fhV±fhVNY¯~<�k�cn�fhn�s�iN~�����s�i�dvfomo~�n�i=f
y ∈ Jk

¤±¥¦f£n�dEjNdhY��Ójk�-fos¸mhY?¢�mhn�fhY�n¬f£~<dE~´X&n�°eY:� µÇ�cnqdh�'mhY'fhY¯~uiN�
�'s�i=fhn�iejks�jNd ¨�~umon�~�©k��Y:do·���n�ikY?~�m6�kmos���m�~uX n�i*s<mo�kY'm8fos�©�Yz~u©k��Y�fos�dgs<��¨<Ywn�f Y/BGY?��fhn�¨�Y'��b�¤8U-Vknqd �?~ui*©IY��cs<ikYwn�i*fhVNY��Ós�����s�¢�n�ik�
¢-~Pb�¤ > n�¨�Y'i

z
~ui��

y
n�i

{0, 1}n
§N�cY'iNsufhY

az(y) :=
∑

{i;zi=0}

yi +
∑

i;zi=1}

(1 − yi).
µ�NN¤��.N<·

Ë�Ë _ ß0ú0ß0ó



�:� ��� � %��
(��/%������ 	#�����#���
	��L����� �+���)�� � (�%��

U-Vknqd+dhjkX s�i´iks�iNikY'�=~�fhn�¨�YE~uX&s�jNi<f�d\nqd�Y?p=jN~���fhs¯��n!B
y = z

§ ~uiN�,sufoVkY'mo¢�n�dhY�V�~�dz¨�~u��jkYE~uf+��Y:~�dgfE�<¤�U-VkY&��s�i�dvfomo~�n�i=f
az(y) ≥ 1

nqd-foVkY'moY��Ós<mhY�Y?p=jkn�¨�~u��Y'i=f�fhs&foVkY���s<iNdgfhm�~un�i<f
y 6= z

¤DG\~�����Y��×tvs<mo��Y'f�~u�A¤�< ��=.~u��mhY:~��cb*j�dgY:��foVknqd��Ós�moX�jN��~ufhn�s�i��Ós�m
foVkY���s<XE�Njcfo~ufhn�s�i�su��fhVkY+�kmoY'iejN�'��Y?s���jNd?¤

y�Y'iks�fhY
J̄k := P1(S) \Jk

fhVkYzdgY'f!s��GY'°k����jN�cY?����s<~���n�fhn�s�i�d'¤.U-VkY\�Nmhs<©k��Y?X s��Í��s<iNdvfomo~�n�i=f6�<Y'ikY?mo~ufhn�s�i*�'~�i£©�Y�¢�mhn�fgfoY'i
~<d

Min
w∈IR

y∈{0,1}n

w −
n
∑

i=1

yixi;































ĉ` − λ` ·

(

n
∑

i=1

yib
i

)

≤ w,
�Ós�mw~����

` ∈ L;

1 ≤
n
∑

i=1

yi ≤ N − 1;

az(y) ≥ 1,
�Ós<mw~u���

z ∈ J̄k.

(L̄L,k)

48°k�'��jN�kn�ik�EmoY?�cjki��k~ui=f-Y?p=jN~u��n�fvb&�'s�iNdgfhm�~un�i=fod?§<¢
Y�~���¢-~Pbcd6VN~P¨<Y
|J̄k| ≤ N

¤.r6mos�©k��Y'X
(L̄L,k)

dhY'Y'X*d fhVkY?mhY'�Ós�moY\s���~��?��Y'�kf�8
~�©k��Y��'s�X&�k��Y�°cn�fvb�¤


 ��� � ��& �.��� &���# # � � � 
�  "�$# � &
¥i�fhVkY+�?~�dhY�s���dhb=X&X&Y�fomhnq�z�<~�XEY:d'§c�cY:dh�'mhn�©IY?��n�i¯dgY:�0fon�s<i��c§efoVkY�~u�N�kmhs=~���V£nqd-dgn�X&n��q~um:¤8U-VkY�X*~un�i��cn!BGY'moY'iN�'Yznqd
fhV�~�f

dhn�i���Y�iNs�¢
niyi

nqd�~�i¼n�i=fhY?��Y?m\n�i
{0, ni}

mo~ufhVkY?m�fhVN~�i
{0, 1}

µÇdgY?Y��kmos�©k��Y'X
(DNLP )

·�§�foVkY�Y'°k����jNdgn�s�i¼�'s�iNdgfhm�~un�i=f\VN~�d
~*�cn!BGY'moY'i=f�Y�°c�kmoY?dodgn�s�i ¤�¹´Y+ikY'Y:��dhs�X&Y�iks�fo~�fon�s<iNd?¤ � Y�f

Y := {y ∈ IRn; niyi ∈ {0, . . . , ni}}
µ�NN¤��:�<·

©IY�fhVNYwdgY'f6su��dgjN��VE�Óm�~���fhn�s�iNd
y
¤ > n�¨<Y'i

z ∈ Y
§�¢
Y���ses�ª��Ós�m ~�iEY'°c�kmhY:dhdhn�s�i�s���foVkYwY'°c�'��j�dgn�s�i&��s<iNdvfomo~�n�i=f

{y ∈ Y ; y 6= z}
¤

UNs�m6foVN~�f
¢!Yzdg�N��n�f
y
~�d!~�dgjNX

y = y` + yu
§<¢�VNY'moY��Ós�m!Y?~���V£�'s�X&�Is�ikY?i<f

i
§
y`

i = min(yi, zi)
~�iN�

yu
i = max(yi − zi, 0)

¤
U-VkY?i

y ∈ Y
nqd�dhjN��V�foVN~�f

az(y) :=

n
∑

i=1

(zi − y`
i + yu

i )
µ�NN¤ ���<·

nqd�iks<ikikY'�=~�fon�¨<Y�§c~uiN��VN~<d-¨P~���jNY���n!B
y = z

¤8¹´Y+s�©kfo~un�i�fhVkY��Ós<����s�¢�n�iN�EdhY�fws�����s<iN�cn�fhn�s�iNd@E






y ∈ Y ; y` ∈ Y ; yu ∈ Y ; α ∈ {0, 1}n;
az(y) = 0; y = y` + yu;
αizi ≤ y`

i ≤ zi; 0 ≤ yu
i ≤ αi(1 − zi).

µ�NN¤ �k�:·

� � �¯�2�-".���!���²� �&´�-"��?�2�������

¹´Y+fhY:dvfoY?��fhVNY���s<��jkX&i¼�<Y'ikY?mo~ufhn�s�i�~����<s�mon¬foVkX*d-su�.fhVNY��Ós�����s�¢�n�ik�&�¶~uX&n���b�su�.fhY:d��kmos�©k��Y'X*d?¤-|!s<iNdgnq�cY?m-fhVkY��Nmhs<©k��Y?X
s��\~u����sc�'~ufhn�ik�C��s=dvf�d��Ós�mE~¼¢-~�fhY?m�ikY'fv¢!s<mhª´��s�iNikY?��fhn�ik�

N
�cn!BIY?mhY?i=fE��n�fhn�Y?d?¤ 4 ~<��V ��n�fvb

i
mhY:p=jkn�moY?d�~Cp=jN~ui=fhn�fvb

Qi,t

su�
¢-~�foY'm6s�¨<Y'm.fv¢
s��cn9BGY'moY'i=f6fon�X&Yw�IY'mon�se�Nd

t ∈ T
¤ Cw���kfoVkY?dhY\��n�fvb�Y'°c�k��s<n¬f
~�jkiknqp<jNY\dg�Nmhn�ik�

s
§<¢�n�fhV*iNs�dgjN�k�k��b�moY?dgfhmon���fhn�s�iNd?¤

UNs�m�Y?~<��V��IY'mon�se�
t
§cfoVkY�dgjN�k�k��b�nqd��cY'iks�fhY:�

Yt

¤
C dgn�fhY�i=jNX�©IY'moY?�

n
µÇdg�kmon�ik�£s�mz��n�fvbk·�VN~<d��'s=s<mo�kn�iN~ufhY:d

(xn, yn)
]IfhVkY&��s=dvf\s��6©kjkn����kn�ik��~£�kn��IY�©IY�fv¢
Y'Y'iCfv¢!s��'n¬fon�Y:d

n1
§
n2

s�� �'~u��~���n�fvb
Cn1,n2

nqd8�kmos��Is�mhfhn�s�iN~��efhs+foVkY�µ 4 jN����n��kY?~uiI·6�cnqdvf�~uiN�'Y
dn1,n2

©IY�fv¢
Y'Y?i&fhVkYwfv¢!s�dhn¬foY?d?§ufoVkYwjkikn�f!�Nmhnq��Y
©IY'n�ik�

p
¤wU-VkY�fosuf�~u���'s<dgf�µÄ�Ós<mz~£��n�¨�Y'i¼�'s<~u��n�fhn�s�i�·-n�iN�'��jN�kY?dz~u�qdgs£~ KN°eY:�C��s=dvf

IC
]IfhVkY�Y�°c�kmoY?dodgn�s�i¯s���foVkY�fosuf�~u���'s<dgf\nqd

foVkY'moY��Ós<mhY
f(C) := IC + p

∑

n1<n2

dn1,n2
Cn1,n2

.
µ¶�N¤ �<��·

U-VkY
	�s�¢
Fn1,n2,t

X�jNdgf\dh~ufhnqdv�Ób£fhVkY��?~u�N~<��n�fvb£��s�i�dvfomo~�n�i=fod?§c~�d-¢
Y'���Í~�d���n�m���VkVks�B � d
��~P¢ ~�fwY?~<��V�dhn¬foY��Ós�mw~����Gfon�X&Y?d@E

0 ≤ Cn1,n2
≤ Fn1,n2,t,

�Ós<m\~u���
t ∈ T ∀(n1, n2),

µ¶�N¤ � 5<·

∑

n2

Fn1,n2,t + Qn1,t =
∑

n2

Fn2,n1,t

�Ós�mw~����
t ∈ T, n1 6= s,

µ¶�N¤ � � ·

∑

n2

Fs,n2,t =
∑

n2

Fn2,s,t + VYt,
�Ós<mw~u���

t ∈ T.
µ¶�N¤ �<��·

U-VkY�X&n�ikn�X�jkX ��s<dgfw�cY?dhn���i��kmhs<©k��Y'X«�Ós<mw~E�'s<~���n�fhn�s�i
S
n�d
foVkY'moY��Ós<mhY

Min f(C),
dgjN©ctvY?��f
fos µÇ�k¤×��5<·

−
µÇ�k¤×���u·

.

Â : ËÍÂÄô
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Z\sufhY�fhV�~�fw��ses��IY'm�~�fon�s<i*n�d-�'��Y:~umo��b&�kmos�Kkf�~u©k��Y\©IY�fv¢
Y'Y?i��'n¬fon�Y:d'§kdhn�i���Y&µÓnÄ·6foVkYzn�ie¨�Y:dvfoX&Y'i=f-�'s<dgf!nqd-dgVN~�mhY:�*©IY�fv¢
Y'Y'i���n�fhn�Y?d?§
~�iN�¸µÓn�nq·!foVkY�fv¢!s&�IY'mon�sc�kd�dgfhmojN��fhjkmoY+~u����s�¢wd-~E©�Y'fgfoY'mwjNdhY+su�¶��~P¨�~un���~�©k��Y��?~u�N~<��n�fhn�Y?d?¤

U-VkY��'s�X&X&Y'm���nq~u� dhsu�Äfv¢-~umoYPCw¥v]C]�`F5N¤ �k§k~uiN�¯n�fodwjkikn��Ós�moX®m�~uiN�cs<X®iejkX�©�Y?mw��Y?ikY'm�~�fos�m:§=V�~�d�©IY'Y?i�j�dgY:���Ós�mw�<Y'ikY?m�8
~ufhn�ik�&fhVkY��N~�fo~Es����kmos�©k��Y'X*d-¢�n�fhV¯m�~uiN�cs<X���se�?~�fon�s<i�s�����n�fhn�Y?d?¤6Y+��s<X&�N~umoY?��fhVkmoY'Y+�cn!BGY'moY'i=fwX&Y�fhVNse�Nd-fhs*��s<X&�kjcfhY�foVkY
�kmoY'iejN�'��Y?s���jNd@E.fhVkY��'��~<dhdhn��?~u��~u����s<mhn�fhVNX µÓiks£�'s�iNdgfhm�~un�i=f���Y'iNY'm�~�fhn�s�iI·0§=fhVkY���s�i�dvfomo~�n�i=f-��Y'iNY'm�~�fhn�s�i¯~u�N�kmhs=~���V£n�i < ��=A§�~uiN�
s<jkm�ikY'¢ ��s<iNdgfhm�~un�i<f-��Y?ikY'm�~�fon�s<i�X&Y�foVksc�¸µ¶�'~�����Y?�¯Z�| > ]�·0¤

U�~u©k��Y?d��+~�iN���&�kn�dh�k�q~Pb&fhVkY+moY?dhjk��fod
�Ós�mw�kn9BGY'moY'i=fw�kmos�©k��Y'X(dgn�³'Y:d���¤
C��?��s�m��cn�ik��fhs�fhVkY:dgY\mhY:dgjk��fod?§eZz| > ] dhY'Y?X&d6fhs�©�Y\fhVkY�©�Y:dvf-~uX&s�ik��fhVkY\fhVkmoY'YwX&Y'fhVksc�kd?¤ � ~umo��Y�¨�~���jkY:d s�� dvf�~uiN�k~�mo�

�cY?¨en�~ufhn�s�i�~���dhs-fhY?iN�+fos\dgVNs�¢¸~�i�n�XE�Is�mhfo~�i=f��cY'�IY'i��cY'iN�'b+su�efhVNY!�IY'mh�Ós�moX*~uiN�'Y8su�N��s<iNdgfhm�~un�i<f���Y'iNY'm�~�fhn�s�i�X&Y�foVksc�kdÍfhswfoVkY
�k~ufo~�su��foVkY��kmhs<©k��Y'X¯§<¢�VNY'moY?~�d
���q~�dodhn��?~u�NX&Y'fhVksc��n�d!X&s�moY�dgfo~u©N��Y<¤�¹´Y�~u�qdgs�iksufon��'Y?�*foVN~�f���s<iNdgfhm�~un�i<f
��Y?ikY'm�~�fon�s<i&fhY'i��kd
fos�©IY���Y?dod6Y'¡*�'n�Y?i=f
¢�VkY?i*fhVNY\iejkX�©IY'm
su� n�fhY?mo~ufhn�s�iNd ikY'Y:�cY?�*fhs K�iN�*foVkY\�kmoY'iejN�'��Y?s���jNd6n�iN�'mhY:~�dhY?d@EÍn�f
X*~PbE©�YzY�°c�k�q~un�ikY?�
©eb£foVkY+n�iN��moY?~<dgn�ik�Ei=jNX�©IY'm�su�.��jcf�d�su��fhVNY���s�i�dvfomo~�n�i=f-��Y'iNY'm�~�fhn�s�i�~u����s<mhn�fhVkX¯§e¢�Vknq��V¼~umoY�moY?~�����b*fhn�X&Y���s<iNdgjNXEn�ik��¤

|!n¬fon�Y:d'§N�N~�fo~ |!��~<dhdhn��?~u� G�~u����Y'�×tvs�m�� :
s<ikiN~ui�d
µ � §��?���=· µg��Qe¤ �k§k�k¤ 5=· µv�:�k¤ Nk§N�k¤ �=· µv�:�k¤×�c§N�c¤×��·
µA�c§��?���=· µ�5 5k¤×�c§k�k¤ 5=· µv� � ¤×�c§G�:�k¤ �<· µv�@5N¤ �k§��:�k¤ N=·
µÇ�k§��?���=· µ�Q��k¤×�c§�Qc¤ �<· µv�:�k¤*Qe§k�c�<¤ Q�· µv�@NN¤ �N§��?�N¤ �=·
µ�Qe§��?���=· µv�#Q#Nk¤×�c§�5N��¤ �<· µ¶�N��¤×�c§G��Q��c¤ 5<· µ0Q��N¤ � §G�:�c�<¤ N=·
µ�Nk§��?���=· µ � N Nk¤ 5k§G�#Q � ¤×��· µv��QZQe¤ 5k§k�c�P�c¤ �<· µg�:�k��¤*Qe§�5 5<�k¤ �<·
µÇ�k§��?���=· µv�@5<�<�k¤ �N§ � � 5k¤ �<· µA�ZQ�5k¤*Qe§G���:� � ¤ � · µg�?�N��¤���§�Q��=�c¤ �<·

U�~u©k��Y*� E�µ�CÍ¨<Y'm�~u��Y<§ `efo~ui��k~um��£�cY?¨=nq~�fon�s<i�·!su�8��s<XE�Njcfo~ufhn�s�iN~��Gfhn�XEY£µ¶n�i¼�kd�·

|!n�fhn�Y?d?§N�k~ufo~ |!�q~�dodhn��?~u� G�~u����Y'�×tvs�m�� :!s<ikiN~�iNd
µ � §��:���=· µv�:�k§k�<· µ � §��:· µ � §��:·
µÇ�k§��:���=· µ�5=�c§k�<· µÇ�k§N��· µÇ�k§N��·
µ¶�N§��:���=· µ¶� � §k�<· µ�Qe§N��· µ�Qe§N��·
µ0Qc§��:���=· µv�P��Nk§c�=· µv�<��§ N=· µv�<��§k�=·
µ�NN§��:���=· µÇ�<�u�k§c�=· µv�P�c§����P· µv�P�c§����P·
µ¶�N§��:���=· µÇ�k�:�c§c�=· µv�P�c§��@5=· µv�.5k§�� � ·

U�~�©k��Y�� E.}ws�jkiN�kY?�¸µ¶~P¨<Y'm�~u��Y<§ dgfo~�iN�k~�mo�*�cY?¨en�~ufhn�s�i�·!su�.jNdhY?����s=~u��n¬fon�s<iNd

� äGÌ0Ö��PÐ?ÒAÑvÅÍÎgÌ0Ã���ý0ÐPÅÇÈoÒAÆ×Ì0Ã=ë�÷�Æ×Ã:ØPÌ��Íæ�û0Þ0Þ0Þwï:ÜIû!ÊIË ô
	Eë�Ý ñ�Ì
ÊGä Ü�� ëPû:é wñ
��ò

Ë�Ë _ ß0ú0ß0ó



�P� ��� � %��
(��/%������ 	#�����#���
	��L����� �+���)�� � (�%��

� �����-"������
���

<��)=+] ¤ :
s�b�Y?m?§k]²¤�]¼s�moY?~�j §N~ui���] ¤�U�mhjN��VNs�i ¤!r.~�mgf�~u�<Y��kY?dw�'s��cf\Y'f�fo~�mhn!K��'~ufhn�s�i¼�cY:d�n�ik�Ómo~<dvfojN�0fojkmhY:d'¤ � Y?dwXEl'fhVksc�cY:d
�kY+�N~umhfo~���Y��cY+��s��kf?¤N[\i¯dhjkmo¨�s<�Ç¤.UÍY:��Vkiknq�'~�� }�Y'�Is�mhfw}�r 8��@Nk§�|!n�m�~uiks�§N�u���=�c¤

< �#=P:z¤�Ukmos�X&Y?i ¤�}wY?�cjN�'n�iN��foVkY�i=jNX�©IY'm�su����n�ikY?~�m-�kmhs<��m�~uX*d6iNY'Y?�kY?���Ós�m�dgs<��¨en�ik��foVkY�iejN����Y's<��jNd
�kmos�©N��Y?X«su�
n
8¦��Y?modhs�i

�=~uX&YzfhVkY?s�mob�¤��O��%&	" �"��� � 	#��%����#� 	,��� ��)%&�#�0��	#���#��� ���)�"�#%&�"�e§�� N E �<���
	c� 5��N§N�:���3Qc¤
< 5�=�r.¤ 4w¤ > n����Ç§k¹�¤�]¼jkmomo~Pb<§e~�iN��]²¤ G�¤k¹´mhn���V=f?¤�� %&� �)�����"���V	
������'��.�#�0��	#��¤ C��'~<�cY'X&nq��r mhY:dhd?§ � s<iN�cs�iÍ§��?� NN��¤
< � =PC�¤ ��¤ > s��q�cX*~ui&~ui��\C�¤ ¹�¤uU�jN��ª�Y?m?¤cr.s<��beVkY:�cmo~��=�'s�ie¨�Y'°���s<ikY?d?¤c¥i'G�¤ ¹�¤���jkVki&~uiN�'C�¤ ¹�¤uUÍj���ª�Y'm:§�Y?�kn¬fos�m�d'§ � ��� �"�#%
�������/�����*�������/�\�#��(4%&�)�!�����"( � �����$�/�\�0§k�N~u�<Y?dz�?��	 � �k§=r6mhn�iN�'Y�fhs<i § �:�<�u�N¤<r mhn�iN��Y'fhs<i¯[\ikn�¨�Y'm�dhn¬fvb£r mhY:dhd?¤

< �#=+y�¤ > mo~�iksuf:¤XC �<Y'ikY?mo~���n�³'Y:�&��n�ikY?~�m �kmosc�cjN��fhn�s�i£X&sc�cY'�0E.~�jkikn��Óben�iN��X&sc�cY'�A¤��L�#� � �)� �������"�����O%&	
2�%
�#�'�\���+2u§�5 � E �k�:�
	
�<���k§I�:� N<�k¤

< ��=PC�¤�G\~�����Y��×tvs<mo� §N}+¤�G\Y'��XEn�ik��§N~uiN� �&¤N�ZY�moiNdgfhY'n�i ¤ |!s�X&�kjkfhn�ik�&fhVkY+iejN�'��Y?s���jNd-¢�VkY?i�foVkY���VN~�mo~<�0fhY?mhnqdgfhnq�w�Ójki��0fhn�s�i¯nqd
�<n�¨<Y'i�n�X&�k��nq��n�fh��b E6~&�'s�iNdgfhm�~un�i=f-�<Y'ikY?mo~ufhn�s�i�~u�k�kmos<~<��V ¤��/���$�/%����#�0��	#���#� ��� 	,������� � � � �"	#% ��§G� � E 5=�ZQ�	�53Q��c§N�:���=�c¤

< Q�=+] ¤k]C~�do��Vk��Y'm:§e��¤ C�¤ ]²¤cr.sufgfoY'm�d'§k~�iN��`�¤ G�¤NU-n tgd?¤8U-VkY���Y?ikY'm�~u�IiejN����Y's<��jNd�~�iN�*foVkY+moY?�cjN�'Y?���<~uX&Yz�kmos��IY'mhfvb�¤������$�)% 5
���#�0��	#���#� ��� 	,������� � � � �"	#% ��§G�c�ZE N=��	I�:���N§N�?�<�<�k¤

< N�=+�ZY�mo�£{zdg¢-~u�q��§k�<Y?~ui¼y�Y'moªcd'§N~�iN�FG\~�iNd-r.Y�fhY?mod?¤6r6moY'iejN�'��Y?s���jNdw~�iN��i=j�����Y's���jNd-s��.~*�'s=s<��Y?mo~ufhn�¨�Yz�<~�XEYZE ��VN~�mo~<�0fhY?m�8
n�³?~ufhn�s�iNd�©=b�fhn���V=f���s=~u��n¬fon�s<iNd?¤£¥i���%&(���� ���)%�� ������	�� �#���D	#�@�/�)%&�)� �"�F	#�   �%&	)AZ���4�#�0��	#� �#��(��� �0���'��@������	�� ��� �����
�D��%���H@H"�"�#� ���O���.H/�?� 	��! " "# ��§�¨<s���jkX&Y�� � s��  �	#%��$� �)��	#� �/�#�L��� � �D	#�'��� � §G�N~u�<Y?d+�:�3Q�	c�c�:�k¤N`esc��¤�]C~uf?¤G]¼Y�°cnq�'~ui�~k§
]Cl�°cn��'sN§��:��� NN¤

< ��= > ¤G{�¢!Y?i ¤ {�i�foVkY���s<mhY�su����n�ikY:~um��kmosc�cjN�0fon�s<i��=~uX&Y?d?¤ �L�#� � �)� �������"�#�$�O%&	
2�%
�#�'�\���+2u§I� E 5<��N�	+5+Q��k§��?�+Qu�c¤
<��?��=+Z�¤�r mhY?jc°�§ U
¤�:!Y?iN�k~���nA§I��¤G]C~un��¬�ÓY?mgf:§I~�iN� C�¤ ��jkn�����n�suf?¤�|�%+jkm\Y'f�iejN����l's<��j�d\�cY:d6tvY?jc°C�cY�moY?��s<jk¨emhY?X&Y'i=f?¤�� ��&�'�

����/%
�#�0��	#� ��� ���)�"�#%&�"�e§ 5 � E 5��Z5
	�5 N 5N§<�u�<���N¤
<����)=+y�¤�`c��VkX&Y'nq�c��Y'm:¤wU-VkY�iejN�'��Y?s���jNd�su� ~���VN~um�~���fhY'monqdvfon����ÓjkiN��fhn�s�iC�=~uX&Y�¤)(*���� � �  Z �*���"( �L�#� � �)� �������/�0§8��Q�E��<�?� 5�	

�<��Qu�k§G�?�<���k¤
<��:�#= � ¤ `�¤�`eVN~��k��Y?b�¤ {�i¯©N~u�q~ui���Y?��dgY'fodw~�iN����s�moY?d?¤,+-��1������S�/�)�
��%&�"� ��	&2 � �������/�.-O����%����)%�� ��§ � � E � � 5
	 � ���N§k�?�<�3Qe¤

Â : ËÍÂÄô



Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)��������� �	��
�

���������� ��� ���

ISSN 0249-6399


	Introduction
	Constraints generation
	Lower estimates of the cost function
	Convex production games
	Linear production games

	Symmetries and disagregation
	Partial continuous relaxation
	Computation of the prenucleolus
	Generation of constraints and prenucleolus
	General case
	Case of symmetric games

	Numerical experiments

