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Abstract: Given a locally bounded real function g, we examine the existence of a 4-covariation
lg(BT), BH, B BH], where BY is a fractional Brownian motion with a Hurst index H > 1. We
provide two essential applications. First, we relate the 4-covariation to one expression involving the
derivative of local time, in the case H = i, generalizing an identity of Bouleau-Yor type, well-known
for the classical Brownian motion. A second application is an It6’s formula of Stratonovich type for
f(BH). The main difficulty comes from the fact B¥ has only a finite 4-variation.
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1 Introduction

The present paper is devoted to generalized covariation processes and an It6’s formula
related to the fractional Brownian motion. Classical 1t6’s formula and classical covaria-
tions constitute the core of stochastic calculus with respect to semimartingales. Fractional
Brownian motion, which in general is not a semimartingale, has been studied intensively
in stochastic analysis and it is considered in many applications in hydrology, telecommuni-
cations, economics and finance. Finance is the most recent one in spite of the fact, that,
according to [31] the general assumption of no arbitrage opportunity is violated. Interesting
remarks have been recently done by [7] and [40].

Recall that a mean zero Gaussian process X = B is a fractional Brownian motion with
Hurst index H €]0, 1] if its covariance function is given by

1
Kp(s,t) = Q(ISIZH P = [s — ), (s,1) € R, (1.1)
An easy consequence of that property is that

E(BE — BH)? = (t — )%, (1.2)



Before concentrating on this self-similar Gaussian process, we would like to make some general
observations.

Calculus with respect to integrands which are not semimartingales is now twenty years
old. A huge amount of papers have been produced, and it is impossible to list them here;
however we are still not so close from having a truely efficient approach for applications.

The techniques for studying non-semimartingales integrators are essentially three:

e Pathwise and related techniques.
e Dirichlet forms.

e Anticipating techniques (Malliavin calculus, Skorohod integration and so on).

Pathwise type integrals are defined very often using discretization, as limit of Riemann
sums: an interesting survey on the subject is a book of R.M. Dudley and R. Norvaisa ([14]).
They emphasize on a big historical literature in the deterministic case. The first contribution
in the stochastic framework has been provided by H. Follmer ([18]) in 1981; through this
significant and simply written contribution, the author wished to discuss integration with
respect to a Dirichlet process X, that is to say a local martingale plus a zero quadratic
variation (or sometimes zero energy) process. In the sequel this approach has been continued
and performed by J. Bertoin [4].

Since 1991, F. Russo and P. Vallois [35] have developed a regularization procedure, whose
philosophy is similar to the discretization. They introduced a forward (generalizing 1t6), back-
ward, symmetric (generalizing Stratonovich) stochastic integrals and a generalized quadratic
variation. Their techniques are of pathwise nature, but they are not truely pathwise. They
make large use of ucp (uniform convergence in probability) related topology. More recently,
several papers have followed that strategy, see for instance [36], [37], [38], [41], [16]. One
advantage of the regularization technique is that it allows to generalize directly the classical
1t6 integral. Our forward integral of an adapted square integrable process with respect to the
classical Brownian motion, is exactly It0’s integral; the integral via discretization is a sort
of Riemann integral and it does allow to define easily for instance a totally discontinuous
function as the indicator of rational numbers on [0,1]. However the theorems contained in
this paper can be translated without any difficulty in the language of discretization.

The terminology ” Dirichlet processes” is inspired by the theory of Dirichlet forms. Tools
from that theory have been developed to understand such processes as integrators, see for in-
stance [27], [28]. Dirichlet processes belong to the class of finite quadratic variation processes.

Even though Dirichlet processes generalize semimartingales, fractional Brownian motion
is a finite quadratic variation process (even Dirichlet) if and only if the Hurst index is greater
or equal to % When H = %, one obtains the classical standard Brownian motion. If H > %
it is even a zero quadratic variation process. Moreover fractional Brownian motion is a
semimartingale if and only if it is a classical Brownian motion.

The regularization, or discretization technique, for those and related processes have been
performed by [15], [17], [22], [39], [43] and [44] in the case of zero quadratic variation, so H > 1.
Young [42] integral can be often used under this circumstance. This integral coincides with
the forward (but also with the backward or symmetric) integral since the covariation between
integrand and integrator is always zero.

As we will explain later, when the integrator has paths with finite p-variation for p > 2,
there is no hope to make use of forward and backward integrals and the reference integral
will be for us the symmetric integral which is a generalization of Stratonovich integral.



The following step was done by T.J. Lyons and coauthors, see [25, 26], who considered,
through an absolutely pathwise approach based on Lévy stochastic area, integrators having
p-variation for any p > 1, provided one could construct a canonical geometric rough path
associated with the process. This construction was done in [8] when the integrator is a
fractional Brownian motion with Hurst parameter H > %; in that case, paths are almost
surely of finite p-variation for p > 4.

Using Russo-Vallois regularization techniques, [16] has considered a stochastic calculus
and some ordinary SDEs with respect to integrators with finite p-variation when p < 3. This
applies directly to the fractional Brownian motion case for H > % A significant object
introduced in [16] was the concept of n-covariation [Y1,...,Y;] of n processes Y1,...,Y,.

Since fractional Brownian motion is a Gaussian process, it was natural to use Skorohod-
Malliavin approach, which as we said, constitutes a powerful tool for the analysis of integrators
which are not semimartingales. Using this approach, integration with respect to fractional
Brownian motion, was attacked by L. Decreusefonds and A. S. Ustunel [11] and it was studied
intensively, see [6], [1] and [2], even when the integrator is a more general Gaussian process.
Malliavin-Skorohod techniques allow to treat integration with respect to processes, in several
situations where the variation is larger than 2. In particular [2] includes the case of a fractional
Brownian motion B¥ such that H > %. The key tool there, is the Skorohod integral which
can be related to the symmetric-Stratonovich integral, up to a trace term of some Malliavin
derivative of the integrand. In the case of fractional Brownian motion, [2] discussed a Itd’s
formula for the Stratonovich integral when the Hurst index H is strictly greater than %.

Other significant and interesting references about stochastic calculus with fractional Brow-
nian motion, especially for H > %, are [12, 13, 24, 29, 30]. Some activity is also going on with
stochastic PDE’s driven by fractional sheets, see [21].

Our paper follows “almost pathwise calculus techniques” developed by Russo and Vallois,
and it reaches the H = i barrier, developing very detailed Gaussian calculations. As we
said, one motivation of this paper, was to prove a It6-Stratonovich formula for the fractional
Brownian motion X = B for H > i. Such a process has a finite 4-variation in the sense
of [16] and a finite pathwise p-variation for p > 4, if one refers for instance to [14, 25]. We
even prove that the cubic variation in the sense of [16] is zero even when the Hurst index is
strictly bigger than %, see Proposition 2.3.

If one wants to remain in the framework of ”pathwise” calculus, It6’s formula has to be of
Stratonovich type. In fact, if H < %, such a formula cannot make use of the forward integral
Jo9(B7)d~B* considered for instance in [36] because that integral, as well as the bracket
[g(BH), BH], is not defined since an explosion occurs in the regularization. For instance, as
[2] points out, the forward integral fOT BId~BH does not exist. The use of Stratonovich-
symmetric integral is natural and it provides cancellation of the term involving the second
derivative.

Our Ito’s formula is of the following type:

t
FBIY = 1(BH) + /O (BB,

As we said, when H > %, previous formula has already been treated by [2] using Malliavin
calculus techniques.
The natural way to prove a [t6 formula for an integrator having a finite 4-variation is to



write a fourth order Taylor expansion:

f// (Xt)

f(Xiqe) = f(Xe) + f1(Xe) (Xppe — Xi) + 5 (Xege — Xo)?
(3) (4)
+féXt)(Xt+a — X1)® + f2(4Xt)(Xt+s .0

plus a remainder term which can be neglected. The second and third order terms can be
essentially controlled because one will prove the existence of suitable covariations and the
fourth order term provides a finite contribution because X has a finite fourth variation. If H =
%, the third order term can be expressed in terms of a 4-covariation term [f®)(X), X, X, X];
it compensates then with the fourth order term.

At our point of view, the main achievement of this paper is the proof of the existence of
the 4-covariation [g(BY), BY, BH BHY] for H > %, g being locally bounded, see Theorem
3.7. Moreover, we prove that it is Holder continuous with parameter strictly smaller than
%. The local boundedness assumption on g can be of course relaxed, making a more careful
analysis on the density of fractional Brownian motion at each instant. For the moment, we
have not investigated that generality.

That result provides, as an application, the It6-Stratonovich formula for f (BH ), f being
of class C*, see Theorem 4.1.

A second application is a generalized Bouleau-Yor formula for fractional Brownian motion.
Fractional Brownian motion B has a local time (¢ (a)) which has a continuous version in
(a,t), for any 0 < H < 1, as the density of the occupation measure, see for instance [3, 20].
In particular, one has

[ atwitis = [ gt @ia

1
First we mention the result for the classical Brownian motion B = B?. A direct conse-
quence of [19, 38] and [5] is the following: for a locally bounded function f , we have the
equality,

[F(B), B, = - /R f(a)£7 (da),

where the right hand side member is well-defined, since (£7(a))ser is a semimartingale. We
will refer to the previous equality as to the Bouleau- Yor identity.
Our generalization of Bouleau-Yor identity is the following:

18 B BB =3 [ s @da

This is done in Corollary 3.8. We recall also that, for H > %, a Tanaka type formula has been
obtained by [9] involving Skorohod integral.

The technique used here is a "pedestrian” but accurate exploitation of the Gaussian
feature of fractional Brownian motion. Other recent papers where similar techniques have
been used are for instance by [23] and [32]. Some of the computations are made using a Maple
procedure.

The natural following question is the following: is H = i an absolute barrier for the
validity of Bouleau-Yor identity and for the It6-Stratonovich pathwise formula?



Concerning the extended Bouleau-Yor identity, this is certainly not the case. Similar
methods with more technicalities allow to establish the 2n— covariation [g(BH), B, ...  BH]
and its relation with the local time of B¥ when H = n > 3. We have decided to not
develop these details because of the heavy technicalities.

As far as the ”pathwise” It6 formula is concerned, it is a different story. It is of course
immediate to see that for any 0 < H < 1, if B = B one has B = 2fg Bsd°Bs. On the
other hand, proceeding by an obvious Taylor expansion, on would expect

2n’

t
1
B} = 3/0 B2d°B, — 5B. B, Bl: (1.3)

provided that [B, B, B]; exists; now Remark 2.4 below says that for H < l this quantity
does not exist and for H > % it is zero. Therefore a Ito formula of the type (1 3) is valid for
H > % not valid for H < § The study of a pathwise It6 formula for H €%, 1] is under our
investigation.

The paper is organised as follows: we recall some basic definitions and results in section
2. In section 3 we state the theorems, we make some basic remarks and we prove part of the
results. Section 4 is devoted to the proof of Ité’s formula and section 5 contains the technical
proofs.

1
4

2 Notations and recalls of preliminary results

We start by recalling some definitions and results established on some previous papers
(see [36, 37, 38, 39]). In the following X and Y will be continuous processes. The space of
continuous processes will be a metrizable Fréchet space C, if it is endowed with the topology of
the uniform convergence in probability on each compact interval (ucp). The space of random
variables is also a metrizable Fréchet space, denoted by LY(£2) and it is equipped with the
topology of the convergence in probability.

We define the forward integral

t 1 t
/ Y,d~ X, := limucp / Yo (Xyte — Xu)du (2.1)
0 el0 g Jo
and the covariation
1 t
[X,Y]; = laiﬁ)l ucp 6/ (Xyte — Xu) (Yyre — Yy )du. (2.2)
0
The symmetric-Stratonovich integral is defined as
t 1 t
/0 Y, d° X, = lalﬁ)l ucp % /0 You(Xute — X(u—eyvo)du (2.3)
and the following fundamental equality is valid
t t 1
/ Y. d°X, — / Yd X, + 5 (XY, (2.4)
0 0

provided that the right member is well defined. However, as we will see in the next section,
the left member may exist even if the covariation [X,Y] does not exist. On the other hand



the symmetric-Stratonovich integral can also be written as

Xu—i—e - Xu

e du. (2.5)

t t
/ Y,d°X, = limucp / (Yuge + Ya)
0 el0 0
Previous definitions will be somehow relaxed later.

If X is such that [X, X] exists, X is called finite quadratic variation process. If [ X, X] = 0,
then X will be called zero quadratic variation process. In particular a Dirichlet process (the
sum of a local martingale and a zero quadratic variation process) is a finite quadratic variation
process. If X is finite quadratic variation process and if f € C2(R), then the following Itd’s
formula holds:

FX) = 000 + [ FO0 X+ 5100, X 26)

We recall that finite quadratic variation processes are stable by C! transformations. In par-
ticular, if f,g € C! and the vector (X,Y) is such that all mutual covariation exist, then
[f(X),9g(Y)]: = fg 1'(Xs)g' (Xs)d[X,Y]s. Hence, formulas (2.4) and (2.6) give:

FO0) = £ + [ FX)EX,, 27)

Remark 2.1 1. If X is a continuous semimartingale and Y is a suitable previsible process,
then [, Yud~ Xy is the classical I1t6’s integral (for details see [36]).

2. If X and Y are (continuous) semimartingales then fo Y, d° X, is the Fisk-Stratonovich
integral and [X,Y] is the ordinary square bracket.

3. If X = BH | then its paths are a.s. Hélder continuous with parameter strictly less than

H. Therefore it is easy to see that, if H > %, then BY is a zero quadratic variation
1 1 1
process. When H = %, B = B? is the classical Brownian motion and so [B*,B*]; = t.

In particular Ito’s formula (2.7) holds for H > %

4. If X = B is a classical Brownian motion, then formula (2.6) holds even for f € VVI(I)S(R)

(see [19, 38]). On the other hand, if (¢:(a)) is the local time associated with B, then in
[5] it has shown that

£(B) = 1(Bo) + | £(BydB.~ 5 [ rla)tida) (28)

The integral involving local time in the right member of (2.8) was defined directly by
Bouleau and Yor, for a general semimartingale. However, in the case of Brownian
motion, Corollary 1.13 in [5] states that for fivzed t > 0, ({t(a))qer S a classical semi-
martingale; indeed that integral has a meaning as a deterministic Ito’s integral. Thus,
for g € L% (R), setting [ such that f' = g and using (2.6) and (2.8), we obtain what

will be called the Bouleau-Yor identity:
[ st@)tutin) = ~[o(3). B). (29)

1
Corollary 3.8 will generalize this result to the case of fractional Brownian motion B*.



5. An accurate study of "pathwise stochastic calculus” for finite quadratic variation pro-
cesses has been done in [39]. One provides necessary and sufficient conditions on the
covariance of a Gaussian process X so that X is a finite quadratic variation process and
that X has a deterministic quadratic variation.

Since the quadratic variation is not defined for BY when H < %,

substitution tool. A concept of a-variation was already introduced in [39]. Here it will be
called strong a-variation and is the following increasing continuous process:

we need to find a

o Xu Xy
[X]g = hﬁ)l ucp / Kute = Xul* | (2.10)
3

A real attempt to adapt previous approach to integrators X which are not of finite quadratic
variation has been done in [16]. For a positive integer n, in [16] one defines the n-covariation

[X1, ..., X" of a vector (X!,..., X™) of real continuous processes, in the following way:
XL - Xxh. (X, - XD
(X1, .., Xt —hﬁ)lucp/ (Kupe W (K “)du. (2.11)
€ 0 g

Clearly, if n = 2, the 2-covariation [ X7, X3]| is the covariation previously defined. In particular,
if all the processes X; are equal to X than the definition gives:

t X — X"
[X,..., X](t) := limucp / Mdu, (2.12)
—_—— €l0 0 €
n times
which is called the n-variation of process X. Clearly, for even integer n, [X]™ = [X, ..., X].
—_———
n times

Remark 2.2 1. If the strong n-variation of X exists, then for allm >n, [X,...,X] =0

—_——
m times
(see [16], Remark 2.6.3, p. 7).
2. If [X,..., X] and [X]™) exist then, for g € C(R),
—_——
n times
t X — X, " t
lim ucp / g(Xu)Mdu _/ g(X)d[X, X, ..., X]., (2.13)
el0 0 g 0
see [16], Remark 2.6.6, p. 8 and Remark 2.1, p. 5).
8. Let f1,..., fn € CYR) and let X be a strong n-variation continuous process. Then

(XD,  fa(X)) = /0 FX) - FAX)AIX, . X ().

n times

4. In [16], Proposition 3.4 one writes a Ité’s type formula for X a continuous strong 3-
variation process and for f € C3(R):

F(Xy) = f(Xo) /f W) d° X, —/ (X)X, X, X]. (2.14)

7



In particular the previous point implies that

1

FOG) = FOX0) + [ F(X0d X, = 170, XX,

5. Let us come back to the process X = BH. In [16], Proposition 3.1, it is proved that its
strong 3-variation exists if H > % but, even for the limiting case H = %, we have that
the 3-covariation [B, B¥ BH] = 0.

1
3

6. In [39], Proposition 3.14, p. 22, it is proved that the strong %—vam’ation of BH exists

1
and equals pgt, where pg = E[|G|"], with G a standard normal random wvariable.
Consequently,
3, ifH=1%
B = (2.15)
0, ifH>1.

In section 4, we will be able to write a It6’s formula for the fractional Brownian motion
with index % <HCK % Let us stress that, in that case, B/ admits a (strong) 4-variation but
not a strong 3-variation.

We end this section with the following remark: as it follows from the fifth part of the
remark above, the 3-variation of a fractional Brownian motion B is zero when H > % This
result can be extended to the case of lower Hurst index:

Proposition 2.3 Assume H > %. Then the 3-covariation [B, B | BH] exists and vanishes.

Proof. For simplicity we fix t = 1. It suffices to prove that the limit when ¢ goes to zero
of E[( 01 (Bl . — BI)3)?], is zero. We will prove in fact that the limit, when & | 0 of the
following integral

° O<u<v<l g2

equals zero.
For any centered Gaussian random vector (N, N’) we have:

E (N3(N")3) = 6Cov*(N, N') + 9Cov (N, N')Var(N) Var(N).

Indeed, it is enough to write E (N3(N')?) = E [N®E ((N')? | N)] and to use linear regression
(see also the proof of Lemma 3.7, p. 15 in [39] for a similar computation).

Denote (N, N’) = (BY__—B B, _—B!) and n.(u,v) = Cov(N, N'). Therefore, previous
integral J. can be written as

3

Je =12 // M dudy + 9 - 24H 1 AH =2 // ne(u, v)dudv =: I + J2.
O<u<wv<1 € O<u<wv<1

Since

Ne(u,v) = = (v —u+ e + v —u— e —2Jv — ),

N =



a direct computation shows that

v (u U)du B 1 (’U+€ 2H+1 + (v —8)2H+1 _2,UZH+17 if v > e
, FNVREE S0 Y | (04 e)2HAL — (e —0)2HHL _2HHL f g <y <e,

and then,
// uvdudv—/dv/nguvdu+/dv/175uv
O<u<v<1

L, 2H+2 L,
~ — 0.
H° 2H(H+1)(2H+ I A
Hence, J2 ~ 9 - 24H+1%54H, when € | 0, for any H > 0, and lim, g Jg =0 for any H > 0.

To compute JL we set ¢ = v — u. Then

3
1 _
=32

1
/ ((C+ )™ 1 |¢— e —20)* (1 ¢)de
0

1/e X
_ 36H-1 / (0 +1)2H + 10— 122 — 20°H)® (1 — c0)dg =: 3c5H 1911 _ 3.0Hq12,
0

Clearly, lim. oIt = [ ((0+1 V2H 410 — 12 — 292H)3d9 < oo, if H < % A similar

calculation shows that the second term tends to a convergent mtegral under the same condition
on H. This yields J2 ~ 3e68=1 [5((6 + 1)2H + |9 — 112 — 292H) df, as € | 0 and gives the
conclusion, since H > %. [ ]

Remark 2.4 ;From previous proof, we can also deduce that

(f 1(3515—35)3)2

s infinite for H < %; therefore if H < %, then 8-variation (B, BH B wvirtually does not
exist.

limE
el0

3 Third order type integrals and 4-covariations

In order to understand the case of fractional Brownian motion for H > i, besides the
family of integrals introduced until now, we need to introduce a new class of integrals.
Let again X,Y be continuous processes. We define the following third order integrals

as follows: for t > 0,

t 1 t
/ Y,d 32X, := limprob = / Yo (Xyye — Xu)?’du7
0 el0 € Jo

t 1 t
/ Y,d3 X, = limprob ~ / Yo Xu = X(u—epvo)’du, (3.1)
0 €l0 g Jo

t 1 t
/ Y, d**X,, := lim prob — / (Yo + Yro) (Xuge — Xo)3du.
0 €l0 2e 0



We will call them respectively (definite) forward, backward and symmetric third order
integral. If the above L%(Q)-valued function,

t t t
t— / Y,d 32X, respectively t— / Y, d3X,, t— / Y, d** X,
0 0 0

exists for any ¢ > 0 (and equals 0 for ¢t = 0), and it admits a continuous version, then such a
version will be called third order forward (respectively backward, symmetric) integral
and it will be denoted again by

t t t
< / Yud3Xu> respectively ( / Yud+3Xu> , ( / Yud°3Xu>
0 t>0 0 t>0 0 t>0

Remark 3.1 If X is a strong 3-variation process, then [X, X, X| will be a finite variation
process and

t t t
/ Y, d 32X, = / Y, dBX, = / Y d[ X, X, X]y. (3.2)
0 0 0

In particular, if X = BY is a fractional Brownian motion, with H > %, all the quantities in
(3.2) are zero. If H < % the strong 3-variation does not exists (see [16], Proposition 3). Recall
that if% <HC< %, the 8-covariation [BY, B BH] exists and vanishes (see Proposition 2.3),
hence fot Y,d[X, X, X], = 0. We shall prove that if 1 < H < & and if Y = g(B) then the
third order integrals also vanish, so (3.2) is still true (see Theorem 3.4 below). If H = 1 and
Y = g(BM) the third order integrals are not necessarily zero.

The following results relate third order integrals with the notion of 4-covariation.

t 1 t t
/ Yud°3Xu:§( / Y, d 73X, + / Y, d3X,),
0 0 0

provided two of the three previous quantities exist.

Proposition 3.2 1.

t t
/ Y, d3X, — / Y, d 73X, = [V, X, X, X,
0 0
provided two of the three previous quantities exist.

Corollary 3.3 Let X be a continuous process having a 4-variation and take f € C1(R).

1. If fo d—3X, exists, then fo w)dT3 X, exists and
t t
/ f(Xu)d+3Xu=/ f(Xu)d X, +/ F(X)d[X, X, X, X
0 0
2. If fg f(Xu)d3X, exists and if furthermore f € C*(R), then

t
[F(X), X, X], = /O FX)dx, + / XX X X X,

10



Proof. The first point follows immediately from Proposition 3.2 and Remark 2.2 3). To

prove the second part, a second order Taylor expansion gives, for s, > 0,

f"(Xs)
2

f(Xste) — f(Xs) = f/(Xs)(Xs—i—a - Xs) + (Xste — X5)2 + R(f,€,8)(Xste — X5)27

where R(f,e,s) converges to zero, ucp in s, when & goes to zero, by the uniform continuity
of f and of paths of X on each compact interval. Multiplying the previous expression by
(Xs1e — X;)?, integrating from 0 to t, dividing by e and using Remark 2.2 2) we obtain the
result. ]

In spite of the now classical notion of the symmetric integral given in (2.5), we need to
relax this definition. ;From now on, we will say that the symmetric integral of a process Y
with respect to an integrator X if

151%1 / Yo (Xuye — X(u— s)\/O)d

exists in probability and the limiting L°(Q)-valued function has a continuous version. We
will still denote that process (unique up to indistinguishability) by fg Y, d°X

Similarly, in this paper the concept of 4-covariation will be understood in a weaker sense
with respect to (2.11).

We will say that the 4-covariation [X1, X2, X3 X*] exists if
¢ (Xi—i-s — X&) cot (Xqil—i-s — X4)

U

du

lim
€0 Jo £
exists in probability and if that the limiting L°(2) valued function has a continuous version.
Clearly if fg Y, d° X, exists in the classical sense of Russo and Vallois, then it exists also
in this relaxed meaning; similarly, if [X*, X2, X3, X*] exists in the (2.11) sense, that it will
exist in the relaxed sense. We remark that when all the processes are equal, then a Dini type
lemma, as in [39] allows to show that the two definitions of 4-covariations are equivalent. We
remark that Proposition 3.2 and Corollary 3.3 are still valid with these conventions.
;From now on we will concentrate on the case when X = B¥ is the fractional Brownian
motion with Hurst index H.
In the statement of the fundamental result of this section we use the following definition:
we say that a real function ¢ fulfills the subexponential inequality if

lg(z)| < Le!l®!, with ¢, L positive constants. (3.3)

Theorem 3.4 Let i <H< %, t >0, and g be a real locally bounded function. The following
properties hold:

a) The third order integrals fo g(BEYd3BH exist and vanish if 1 1< H <
Henceforth, we assume H = i
b) The third order integrals fo diBB exist and are opposite, that is for any t > 0
t 1 1 t 1 1
[ atmhare —- / o(BAB]. (3.4)
0 0
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Moreover, the processes <f0 di?’B ) , are Holder continuous with parameter
t>0
strictly less than i.

c¢) If furthermore g fulfills the subexzponential inequality (3.3), the expectation and the sec-
ond moment of third order integrals are given by

e{ [o@haosl} =l [whavsl <=3 [ Segwhsl) o)

and

S p

) (3.6)

E{(/Otg<33>di333)2}=§ /] dudvE[gwi‘)g(B

O<u<v<t

1 1 1 1
X (/\11/\12(33 )? 4+ (M1daz + ALy) By B, + Madaa(B, ) — )\12>] ;
where the right hand sides of (3.5) and (3.6) are absolute convergent integrals. Here

Vo B Vi

Aoy — K1/4(U7U)
VUU—K1/4(U71’)2, . VUU—K1/4(U70)2,

A1 =
1 Vuv — Ky 4(u, v)?

A2 = —

. (3.7)

1 1
d) If g € C}(R) then the quantity in (3.4) is equal to %fg g’(Bff)d[BZ](f).

The proof of Theorem 3.4 is postponed to the last section. Let us note that composing
Borel functions and fractional Brownian motion is authorised:

Remark 3.5 If g is a, Lebesque a.e. defined, locally bounded Borel function then the compo-
sition g(BfT), t > 0 is a well defined, up to an a.s. equivalence, random variable. Preczsely,
if 91,92 are two Lebesgue a.e. modifications of g then g\(BY) = g2(BH) a.s. (since B has
a density function). Consequently, fg g1(BI a3 B exists if and only if fg go(BHYa*=3 B
exists and are equal.

The proof of the following result is easy obtained by a localization argument:

Proposition 3.6 The maps g — fo Ber di‘gBZI and g — fo d°3Ber are continuous
from L (R) to LO(£2).

Next result states the existence of a significant fourth order covariation related to the
fractional Brownian motion BY with Hurst index H = i. Its proof is obvious using parts b)

and d) in Theorem 3.4, Proposition 3.6, Proposition 3.2 2) and Remark 2.2 3).

1 111
Theorem 3.7 Let g € L° (R) and fix t > 0. The process ([g(B"*),B*,B",B"])i>0 is well
defined, has Holder continuous paths of parameter strictly less than % and is given by:

1 t 1 1 t 1 1
N A e Y Y ) L (3.8)
0 0

12



One consequence of Theorem 3.7 concerns the local time of the fractional Brownian mo-
tion. Let (¢/7(a)) be the local time as the occupation measure density (see [3, 20]). It exists
for any 0 < H < 1; moreover, if H < %, it is absolutely continuous with respect to a. We de-
note by (¢/1)'(a) the corresponding derivative. The following result extends to the fractional
Brownian motion with H = %, the Bouleau-Yor type equality (2.9) discussed at Remark 2.1
for the case of the classical Brownian motion:

Corollary 3.8 Let g € Lys.. Then, for fized t > 0,
1 1 1 1 1
o855 5Y = = [ gy @da (3.9)

Proof. Recall that [g(B%),B%,B%,Bi]t = 3t and so [g(B ) B! B4 L 3f

whenever g € C*(R) with compact support. By density occupatlon formula previous expres—
sion becomes —3 [ ¢'(a 64( )da. Integrating by parts, we obtain the right member of (3.9).
This shows the equality for smooth g. To obtain the final statement, we regularize g € L{X (R)
by taking g, = g * ¢n, where (¢,) is a sequence of mollifiers converging to the Dirac delta
function, we apply the equality for g being smooth and we take the limit. For the limit of
left members, we use the continuity of the considered 4-covariation. For the right members,
we use the Lebesgue dominated convergence theorem: in fact with recall that a — X;(a) is
integrable with compact support and on each compact the upper bound of |g,| is bounded
by the upper bound of |g|. ]

4 Ito’s formula
Let BH be again a fractional Brownian motion with Hurst index H.
Theorem 4.1 Let H > 1 and f € C*(R).
Then the symmetric integral fot fI(BIYd° B exists and a It6’s type formula can be written:
¢
1B = 1) + [ fBihes!. (11)

Remark 4.2 The most interesting case concerns the critical limiting case H = L. When,

1
H > i the result was also established in [2] using other methods.

Proof. Theorem 4.1 will be a consequence of Theorem 3.4. Let fix t > 0. In fact, we prove
that, for any f € C*(R),

f(B = f(BY) / f(BiaeBI — / FO(BHY g3 BH (4.2)

which implies the final result since fo 3)(BH)d*3 BY vanishes (see Theorem 3.4 a),b) and
Proposition 3.2 1) ).
We start with Taylor formula: for a,b € R we have

(b —a)?
2

f(b) = fla) = f(a)(b—a) + f"(a) + @) (a) (4.3)

13



+(b—(3(1) /(]1)\3f(4)()‘a+(1—)\)b)d/\
and also . .
f(@) = 1) = F0)a—0) + /) S 4 )@Y
+(a6b)4 /1 )\3f(4) (Ab+ (1= N)a)dX = —f/(b)(b—a) + £ (b) (b 2a)2 f(3)(b)
0
+ _6a)4 /01(1 = N* (SPa+ (1= 2p)) dx.
Since

1
£10) = @)+ FI@0 - )+ 6= o [ A(FD0a+ (1= b)) dx

0

and

we can write

(b—a)?

f(a) = f(0) = = ®)(b = a) + ()= + [P(a) =
b—a)? N @ (Aa+ (1 = A)b)dx
o—at [ (5 -5) 0ar a- i
Taking the difference between (4.3) and (4.4) and dividing by 2, we get
70) ~ g0y = TAETO oy L5y (o~ ay
b—a)! NS @W(xa+ (1 — A)b)dx
ro-at [ (% -5 ) r0a+ a- i
On the other hand, exchanging roles of a and b, we get
o) = 50y = ~HOELD 4 L0000 - 0y
o TA=0 =N L
+(b — a) /0 ( I >f4 (a4 (1 — A)b)dA.
Taking this time the difference between (4.5) and (4.6) and dividing by 2, we obtain
' ' 3) 3)
£(6) — flay = O IO gy SO ETEO oy - aptrgan)
where L ys g2 .
_ AT A (4) _
J(a b)_/o (6 ] +24>f (Aa+ (1= A)b)dA
1 )\3 )\2
= /0 <6 -7t 214) (f(4)()\a + (1= X\)b) f<4>(a)) X,

(4.4)



smcefO ()‘—3—%2+i)d)\:0
Setting in (4.7) a = B and b= B[1,_, we get

H H 1 npH 1 nH Bf—i—a — Bf
f(Bu+s) - f(Bu ) = (f (Bu ) +f (Bu+e)) f

B)(BH + 3)(BH BH _ BH\3
Using the uniform continuity on each compact real interval I of f® and of B¥, we observe
that sup,c; J (B, B ) — 0, in probability when ¢ | 0. Take ¢ > 0, integrate (4.8) in u on

[0,¢] and divide by e:

t ¢ H _ pH
[ - B = [ B+ 5B
0 0

€ 2e

2 12¢ €

By a simple change of variable we can transform the left-hand side and we finally obtain

- OB + 9B B - BEP [ g B B,
0

1 t+5 BH BH
: a2 [ Bl / (F(BIL) + F(BI) =P (19)
t
t £(3) BH 3) BH BH _ BH\3 t BH _ pHy4
_/ f ( u)—;f ( u+e)( u+6128 u) du—l—/ J(BH Bf+£)( u+6€ u) du.
0

The left-hand side of (4.9) tends, as ¢ | 0, toward f(Bf)—f(BE). Since SUP [0, J(BH B )
tends to zero, the last term on the right-hand side of (4.9) too tends to zero, by the ex-
1stence of the strong 4-variation. The second term in the right-hand side converges to
f s (BH)d*3BH | which exists by Theorem 3.4. Therefore, the first term on the right-
hand 81de of (4.9) is also forced to have a limit in probability. According to point b) of
Theorem 3.4, the symmetric third order integral has a continuous version in ¢; therefore the
second term must have a continuous version and it will be of course the symmetric integral
fO fI(BId°BI. (4.2) is proved.

|

5 Proofs of existence and properties of third order integrals

The main topic of this section is the proof of Theorem 3.4 which will be articulated from
step 1) to step VI).

Recall that i < HCK % We will consider only the third order forward integral, since for
the third order backward integral the reasoning is similar. Hence, let us denote

1

L@ = [ aBBl - B, (51)

and recall that the forward third order integral fg g(BH)d=3B was defined as the limit in
probability of I.(g)(t). For simplicity we will fix ¢ = 1 and simply denote I.(g) := I.(g)(1).
First let us describe the plan of Theorem 3.4 proof.

15



I) Computation of lim.|oE[I.(g)]. The limit vanishes for i < H < % If H = % and
assuming the existence stated in point b) the computation also gives (3.5).

II) Computation of lim. o E[I.(g)?]. We state Lemma 5.1 which allows to give an equivalent
of this second moment as € | 0. Again the limit vanishes for i < H< %, hence we get
point a). Henceforth we assume H = %. (3.6) is obtained assuming again the existence
stated in b).

III) Integrals on the right hand sides of (3.5) and (3.6) are absolute convergent and the proof
of point c) is complete.

IV) Proof of the ezistence of the forward third order integral (as a first step in proving b)).
First we reduce the study to the case of a bounded function g and then we establish the
existence under this hypothesis.

V) We prove the existence of a continuous version of the forward third order integral and
the Hélder reqularity of its paths.

VI) End of point b) proof: we verify (3.4) proving at the same time d). We state and use
Lemma 5.5.

The end of the section is devoted to the proofs of Lemmas 5.1 and 5.3 which are stated
at steps II), VI) and used in the proof of points b), d) of Theorem 3.4.

I) Computation of lim. o E[I(g)].
To compute the expectation of I.(g) we will use the linear regression for BZ, . — B, which
is a centered Gaussian random variable with variance 22 . Tt can be written as

Ky(u,u+¢) — Kg(u,u)

H H H

B),. - B, = Ko (u.u) B+ Z., (5.2)
where Z. is a Gaussian mean-zero random variable, independent from B with variance
g2H — 4u12H ((u+e)* —u?H — g2H)2 Therefore,

Bz{{—i—a - Bf = O‘a(u)BE + B (u)N, (5.3)
where N is a standard normal random variable independent from Bf and where, for u > 0
fixed, as € | O,

) 1 2H 2H  _2H L re\2H €
and
B2 () = 2 — 2wt = 2y (2, (5.5)
u

where 227 ¢ (z) := (1+2)2H —1—2?H ¢y (2) := (1 - iszgﬁg(x))Jr, with ¢ being a continuous
bounded function, ¢; a bounded function with the property limg | ¢o(z) = —1, limy o ¢1(x) =
1. Since 2H < 1 we can also write

62H

ag(u) = oW (1- 2Hu =21 0(51_2H)) , as €] 0. (5.6)
u

16



Moreover

€2H

B2 (u) = e2H (1 - 4u2H> +o(e™) as ¢ | 0. (5.7)

We can now compute the first moment of I.(g). Replacing (5.3) in the expression of I.(g)
and from the independence of N and B we obtain

3

1 a-\Uu 1 A=\U 2 u
E[L(g) = /0 W g [o(BHY(BIY] du + /O Soc (W & 1o pHY BH) du.

€ €
Cauchy-Schwarz inequality and the hypothesis on g imply that, for 0 < u < 1,
E[lg(BY)BY|] < LE [elefl\Bf@ <IE [eﬁBf\Bf@ < const.\/E[(BH)2] < const.u®! < oc.
In a similar way, it follows

E [lg(B, I(B? ] < const.y/E[(BL)¢] = const. w3 .

u
Hence, since i <HC %, ase | 0,

3 6H—1 1
a(u) 3 le 5 _ du
TU = 8 u3H ¢0 ( ) with ) u37H < 0.

Since i < HK %, letting € go to 0 we get

1 QU 2u
limE [I.(g)] :/0 <1im35(>5€()>E[g(Bf)Bf] du

el0 €l0 IS

and (3.5) is obtained using (5.4) and (5.5). Indeed, since + < H < 1, we have

2 1 gAH-1
Wuﬂ-— 26 (¢0¢1) , with / = < 0.
Clearly,
. o1 1
IEIIBIE[IE(Q)] =0, if 1< H < 3 (5.8)

If H= % Lebesgue dominated convergence implies that

lslﬁ)lE :—/ f BB ]du

and then (3.5) follows assuming the existence in the first part of point b) of Theorem 3.4.
Let us also explain the opposite sign in (3.5) for the backward third order integral. We need
to consider (see (5.3)

B — B — 4.(uw)BY + 3.(u)N (assume that u —e > 0),

17



where (see (5.4) and (5.5))

Hence (see (5.6))

€2H

G () = 5 (14 2Hu el 4 0(e172)) , as 2 | 0,

while (5.7) is still true for 3.(u)2. These relations give the opposite sign in (3.5) for the
backward third order integral. O

II) Computation of lim. o E[I-(g)?].

The computation of the second moment of I.(g) is done using again the Gaussian feature of
the process. We express the linear regression for the random vector (szrs BH Bﬂs BH).
We denote G = (G1,Ge, G5, GY) the Gaussian mean-zero random vector (BH BH Bf+6
BI BH _— BI') and we use a similar idea as in I). For instance (5.2) will be replaced by

(ggj . (g;> + <§§> ’ (5.9)

where the Gaussian mean-zero random vector Z° = (Z§, Z5) is independent from (G1, G2).

Clearly,

(Biia Eﬂy) (Bgia__li?>3
€ €

I(9)* =2 // 9(BDg(BI)

O<u<v<1

dudv,

hence

E [I( _2]3{//0<u<v<1 (G1)9(G2) E <(GE) (G1)° yG1,G2) dudv}. (5.10)

Therefore we need to compute the conditional expectation in (5.10). For that reason, we need
the following lemma which will be useful again at step IV 2) where we prove the existence of
the L2-limit of I.. For random variables ¢, ¢, ¢., we will denote

"¢ vole) ase L0, if €2¢4eq., with E[Sup m\p] < o, Vp.
0<e<1

Lemma 5.1 Consider the Gaussian mean-zero random vector

G = (G1(u), Ga(0), G5(w), G5(0)) i= (B, BH, B, — BE BH_—BH),  (5.11)
and denote
A1l A2 u?t Ky (u,v) -1 .
<)\12 )\22> o (KH(U,U) v = Covig,,6u): (5.12)
1 1
Q1(u,v) == —3 (A11G1 + A12Ga) , Qa(u,v) = 3 (AM2G1 + A22Go) . (5.13)

18



a) For%§H<%, ase |0,

E <(G§’)32GZ):3 | G, Gz) (law) g8H-2 <9Q1Q2 - %)\12 + 0(1)> (5.14)

9

and

a’) fori§H<%, ase |0,

E<(Ge) a, G2> (law) 4H-— 1(3Q +o(1)), E((GE) | G, G> (law) 4H - 1(3Q2+0( 1)).
(5.15)

b) Denote G4(v) = Bgﬂ; B and G1,Ga, G5 as previously. Then, for H = %, ase | 0,
610,

€\3((¥0\3
. <(G3)5((5G4) | G, 02) 2790,Q, - g/\12 +o(1). (5.16)

¢) Equivalents in (5.14), (5.15), and (5.16) are uniform on {1 < u,1 < v —u}.
d) For k>0,
law
(G (ru), Ga(rv), G (ru), G () = R (G (w), Galv), G5(w), G5(v)  (5:17)
and

(G1 (ku), Ga(kv), Q1(Ku, Kv)Qa(kKu, Kv) — i)\lg(nu, m)))

(law) (KHGl(u),nHGg(v),n2H(Q1(U,U)Q2(U7U) - jﬁm(%’”))) : (5.18)

Remark 5.2 The computation of limits when € or (g,9) go to zero requires asymptotic equiv-
alent expressions of the conditional expectations (parts a) and b) of Lemma 5.1). However,
since we have to integrate on the domain {0 < u < v < 1}, we need to check that those are
uniform on u,v (see part ¢) of Lemma 5.1).

We postpone the proof of Lemma 5.1 and we finish the proof of (3.6). Let 0 < p < 1. The
second moment of I.(g) can be written as

Ge)3(Ge)3
E[322(0)] = [fycucar-oucver B {9(G1)9(G2) SHEE L dud
GE)3(GeE)3
+ ff0<v—u<61*970<u,v<1 E {g(Gl)g(GQ)(S)E#} dudv

Gj
+ ffal—P<u<1,51—9<v—u<1,v<1 E {Q(Gl)g(GQ)()E#} dudv

Using assumptions on g we can bound the first term by

o3H 3H
const. // 5— dudv = const. gOH—2+1=p
O<u<el=rP u<v<l €
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In the sequel of this step, we will use in a significant way point d) of Lemma 5.1.

Choosing 0 < p < 6H — 1, we can see that the first term converges to 0, as € | 0. A similar
reasoning implies that the second term converges also to 0. Let us denote e!™? = x and e” = &
(hence € = k€). In the third term we operate the change of variables u = k@ and v = k0.
Hence, as € | 0,

//KKLK“Q,KIE {g(G1<u>>g<G2<v>> (G5()(G3w)” } dudy

52
KE (N3 (GEE (kD)3
N //1<~<1 et ied 5ol E {Q(Gl(ﬁﬁ))g(Gz(%ﬁ)) Gl 225;4 (+0)) }/ﬁQdﬂdﬁ
KOH (GE(u3(GE (v))3
e I 2 e e e e

- / / E {g(x" G1(@))g(r" G2 (0))s
I<i<t i<v—i<i o<l

e ((Gé(u)>3(Gi(v>)3

52

| G (@), 02@)) } did?

5.14 - ~ . _
(5.14) / / E {g(x"G1(@))g(+ Ga ()T e8H 2
I<a<il<i—u<l b<

==

« <9Q1(ﬂ, Qs (i1, 7) — Zm(a, @)) } diidi

-/ B {g(sG1()g(s" G () () 12212
r<u<l,k<v—u<lv<1l

v
K
X <9Q1(Z’ %)QQ(%’ %) - %)‘12(37 v)>} du;lv

x g2H=2 <9Q1(u, 0)Q2(u, v) — Zm(u, v) + o(1)> } dudv

_ 8H-2 / /K R U CIOIIC0)

y <9Q1(u, ) Qo (1, v) — Zm(u, v) + 0(1)> } dudv,

where we have also used point ¢) of Lemma 5.1 to replace the conditional expectation by the
uniform equivalent asymptotics in (5.14) on {1 < 4,1 < © — @}. Therefore, as € | 0,

E [15(9)2] ~ €8H72E{§ // dudv g(G1)9(G2)((AM1G1 + M2G2)(A12G1 + A22G2) — Mi2) }.

JFrom the expression above (3.6) can follow. Moreover

1 1
imE [I.(¢)?] =0, if = < H < = 5.19
im [I(9)°] =0, i 1 <H<3 (5.19)
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which together with (5.8) gives a) of Theorem 3.4. O

III) Absolute convergence of the integrals in (3.5) and (3.6).

The absolute convergence of the integral on the right hand side of (3.5) is already explained
by the reasoning operated in ). We need however to justify the absolute convergence of the
integral on the right hand side of (3.6), which means

1 1
J= [ dwdorlgs!)
O<u<v<l1

1 1 1 1
X()\U)\lg(Bf)Z + ()\11)\22 + )\%Q)B; B;l + )\12)\22(33 )2 — )\12)| < 00.
We can write J = J; + Jo + J3 + Jy, where

1 1
Ji = // E(|&i(u,v))dudv, i =1,2,3, Jy := // E(lg(B, )g(B, ) 2|)du dv.
O<u<v<1 O<u<v<1

where

1 1 1
E1(u,v) = g(By)g(B, ) (Midiz + A1daz + Ay + Ai2A) (B, )2,

1 1 1 1 1
Ea(u,v) = g(By )g(B, )(A11ree + Aly) B, (B, — B,), (5.20)

1 1 1 11
&3(u,v) = g(B, )g(B, )A222(By + B, )(B, — By).
We set v = u(1 + n) so that

Ji = ff0<u<1,0<17<%—1 E(|8'L(u777)|)Udu dn,i=1,2,3,

1 1

J4 = ff0<u<170<,7<%_1 E(|g(B1iI )Q(Bs(1+n)))\12(u, 77)|)Udu d77

We introduce the following notations:

K (u u(1+1n)) = VuK(n), with K(n) := %(1+F+ V)
\/u w(l+n) — K2 (u,u(1+n)) =ul(n), with A(n) = ITF+n—K2(n).

We remark that
K(m)~1, asn]0  and K(n) ~ 3, as nT oo,

~

A(m) ~n, asn]0 or as 77Too

Using (3.7) we can write

A= —F="—7—, An=—F7=7"", A2 = ——F=— .
Vi Adn) Vi A(n) v A(n)
We can now prove that each J; is a convergent double integral. To illustrate this fact, we

prove the convergence of Jy, the computation being similar for the other integrals J;. We
recall that

J2 = ff0<u<1,0<7]<% 1 E(|[ A2z + A, |lg(B ) (B4(1+,7))B

1 ity LR S 1 K(n)

S pp

1 1
(qu(Hn) — By))ududn

P

VIFn+K2(n 1 1 1
- ff0<u<1,0<n<571 T() E(lg(B,)g (B:j(l_,_n))qu (Bu(l-i-n) — B.})|)du dn.
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By Cauchy-Schwarz inequality and taking in account the assumption on g we can write

1 1 1 1

1 1 1 1 1
Elg(By)9(Bu(1n) Bu (Byyy) — Bu)| < constu'nt/t,

On the other hand
i K2 2
+An2+ (n)m—, as n ] 0 and 5
A%(n) n A%(n)

Hence, we need now to study respectively the integrals

VIFn+K2(n) 1

~—, as n T occ.
Ui

ul/2
ff0<u<1,0<77<1 374 dudn < oo,

1/2 _ (oo dn pl/(nH1) 1725 _ 2 foo dn
ff0<u<1,1<7]<%—1 g dwdn = ;7 o g u'?du =3 ] A 1)32 < OO
This concludes the proof of point ¢) of Theorem 3.4. O

IV) Proof of the forward third order integral existence.
IV-1) Reduction to the case of a bounded function g

Suppose for a moment that we know the result when ¢ is bounded. Since the paths of B 1 are
continuous, we prove by localization that the result is true when g is only locally bounded.
Let o > 0. We will show that {I.(g) : € > 0} is Cauchy with respect to the convergence in
probability, i.e.

lim P(|L(g) — Is(g)| > a) = 0.
Jim (11(9) — Is(g)| > «)

1
Let M > 0, Q,, = {|B,| < M;Vu € [0,t +1]}. On Q,,, we have I.(g) = I.(g,,) and
Is(g) = I5(g,,) where g,, is a function with compact support, which coincides on g on the
compact interval [—M, M].
Therefore, P({|1:(g) — Is(g)] > a} N Q) < P(Q ). We choose M large enough, so that
P(€¢,) is uniformly small with respect to € and 6. Then

P({l(9) = Is(9)] = a} N Q) = P({{L=(95,) = Ls(9p)| = @} N 2y,)

< P(|I€(9M) - I5(9M)| > a)'

Since g,, has compact support, I.(g,,) converges in probability.

IV-2) Proof of the existence when g is a bounded function
Thus, it remains to prove that the sequence {I.(g) : € > 0} converges in probability, when ¢
is bounded. For this purpose, we even show that, in that case, the sequence is even Cauchy
in L2(Q).

We will prove the Cauchy criterium for {I.(g) : € > 0} :

lim B (I1-(9) — Is(9)]?) = fim E [1.(9)*] + E[15(9)*] — 2B [L(9)I5(g)] = 0.

The first two terms converge to the same limit given in (3.6) as ¢ | 0 and 6 | 0. It
remains to show that lim. o 50 E[I:(9)15(g9)] equals to the right hand-side of (3.6), and then
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the Cauchy criterium will be fulfilled. A simple change of variable gives,

1
1 7{
ute zil) (Bv+6 B )

1 51
1-(9)15(g ff0<u<v<1 9(34)9(BU ) ( z 3 dudv

1

1
1 (Bu 3) B'u € B'ZI 3
+ff0<u<v<1 g(quI )g(Bv ) +6§ By ) dudv.

£

Taking the expectation of the expression above gives

lim E[I.(9)Is(g))] =2 lim E // 9(G1)g9(G2)E (GE) (G9) | G1, G2 | dudv
€10,610 10,610 0<u<v<1 ed ’
so that the result will be a consequence of (5.16). O

V) Proof of the existence of a Hélder continuous version.
It is enough to show the existence of a continuous version for ¢ € [0, 7], for any T > 0.
Suppose for a moment that for every g bounded we can show the existence of a (Holder)

continuous version for ( fo )d 3B )telo,r)- We denote it by (j(g)t)te[U,T]' Then, we can
define the associated version for a general g € Li* (R), by

I(g)(w) = 1(¢"") (),

1
where g™ = 9l—mms if w € {Supte[oﬂ |B) | < M}.
Therefore, it remains to prove that the forward third order integral has a Holder continuous
version (with Holder parameter less than ) when g is bounded and continuous.

We prove that the L2-valued function ¢ — I(g fO d—3B, i has a Holder continuous
version on [0,7]. We need to control, for s < t s, t in compact intervals,

(f;g<33>d-333 )

1 1
< [ cueues dudvElg(Bi)g(BIE1(u,v) + Ea(u,v) + Eslu,v) = Ao,

where &;(u,v), 1 =1,2,3, are given by (5.20). Let us denote

E [(I(9)(t) = I(9)(s))*] =

E1(u,0) = &1 (u,0)(B1)2, Ea(u, v) = Ex(u, v)BE (B —BI), €5(u,v) = &(u, v)(B: +B1)(BI —B.).

We denote again n = v — u. Therefore

E1(u,u+1) = Midiz + A1dag + A2y + Aiadog = ﬁﬁ% FAz 7 1+u/ni ek

Ea(u,ut 1) = Midor + Ay = a7 (u+ 0+ 3Vay/u 1 — Vuyi = /iJu+1)

B -+) = Mader =~k (1 i) = —ghou (14 )

Ay = L Vu _ 1 Vu/n
Atz = 2A\/a<1 + \/er\/ﬁ) DR <1 Ty 1+u/7l> ’
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where
= A )~ Ko 0) = Vi (1 et ) >

The functions 91 (x) = # and respectively ¥ (z) = % are positive increasing on

[0, +oo[ with limit 3, respectively 1 as z | co. Moreover, we see that \/u~+1n < u+ /1.
Therefore

- 1 = 8 4 10 ~ 4
0< & (u,u+n) < —, |E(u,ut+n)|<—4+—4+——, [E(u,u+n)]| < —,0< =A12 <
() < o ol tn)| < 0 S Bt )] <

Sl

Hence

1 1 1
ffs§u<v§t E |:|Q(qu )g(B': )||81(u7 U)|(B;Ll )2:| du dv < const. ffsguﬁt,0<r]§t_s dLﬁ] = COIlSt.(t — 8)

1 1 ~ 1 1 1
Jfocuct B [Ig(BZf o(BH)[E(u,v)| [BY (BY — B >|] dudo

i\w‘ ih—‘
_|_
W

i\w‘i\H

+ 10— )dudn

1 1
u4774

< const. ffsgugt,0<7]§tfs (8

N

— const.(8(t1 — s1)(t — s)1 + 4(tT — s1)(t — s)% + 10(¢1 — s1)(t — s)1) < const.(t — )2,

where p > 0,

1 1 1 1 1 1
Sfocnerei B [Ig(BZf Jo(B|eau, o)l (B + BB — B | dudv

dud 5
< const. [ [ cocroen<is \/gn"% = const.(t — s)4
and
1 1
// E [|g(B;j )g(BI)| |A12|| dudv < const.(t — s)2.
s<u<v<t
Therefore )
E [(I(9)(t) — I(g)(s))Q] < const.(t — s)1T27P, with p >0
The classical Kolmogorov criterion allows then to conclude. O

VI) Proof of (3.4) and point d).
It is not easy to make computations or to recognize the positivity using the right-hand side
of the second moment of the third order integrals, see (3.6). We need to give other expression
of the second moment but also to compute their covariance with the integral in point d).
This will be possible when g is smooth. Using Proposition 3.6 and an obvious approximation
argument it is enough to suppose that g € C1(R) with g and ¢’ bounded.

Since the third order integrals are continuous to prove (3.4) we need only to verify that
for fixed ¢t > 0

t 1 1 3 t 1 2
E (/ g(B,)d*B, F 2/ g’(Bff)du> = 0. (5.21)
0 0

This equality is a simple consequence of the following lemma;:
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Lemma 5.3 Let g, h be real functions, g € C*(R) and h locally bounded such that g,g',h
fulfill the subexponential inequality (3.3). The following equalities holds:

P { ([ s, )} - { (f g'(Bf>du)2} (5.22)
(o) ([t [t ([ o)

23)

Finally, by (2.15) we also get the statement in the point d). O

and

This achieves the proof of Theorem 3.4 and we can proceed to the proof of Lemma 5.3.

Proof of (5.22) in Lemma 5.3. To simplify notations, we write K for K1 (u,v) and A for
4

Vuv — K2, Hence

NG

A1 = N

A2 =

Let us introduce the matrix

M ut 0 . wi 0
= , Wit = 1
K % S S AL

and observe that, by (5.12), M M™* is the covariance matrix of (B, 4 . Furthermore, if

) ()

@ NH: Bl

1
4
U
Ni, Ny are two independent standard normal random variables, then <

After some algebraic computations, we obtain

1 1 1 1
Mi1A12(By)? + (M1da2 + A) By By + A2X22(B )% — A2

(), (o (), s 2

Therefore, by (3.6), for t =1,

of (swsiost)’

= $ ycucocr dude [glwtNyg (5 00+ ) (552 - 55+ )

N 2
= %ff0<u<v<1 du dvE {Ql(uiNl)gl (%Nl + %Nzﬂ 2E { <f J (B, )du) } )



The second equality is given by the following identity, for a,b,c € R, a > 0,

E [g(aNl)g <2N1 + ZN2> (iNlNg - c% (N2 — 1))} —E [g'(aNl)g’ (ZNl + ZNQH ,
(5.24)

which can be obtained by direct calculation, using Gaussian densities, the assumption on g
and integration by parts.
This concludes the proof of (5.22). O

Proof of (5.23) in Lemma 5.3. We Verify nowa more general covariance type equality be-

l 1
tween the third order integral fo B.)d 3B, ; with a random variable of the form fo B, )du:

U

Let g, h be real locally bounded functions fulfilling the subexponential inequality (3.3). Then

e{([ a@haeh [ weban} = -Se{ ['a [ womhuehous! +xes))

(5.25)

Before verifying this result, wes prove (5.23). Taking again ¢ = 1, (5.25) implies that the left
member of (5.23) equals

3 [ byophy (Yot K i

where we denote again K = K1 (u,v), A = \/uv — K?. As in the proof of (5.22), we can write
4

A
Nl + fN27

’u4

i 1 1
Bl =uiNy, B} =

i\»—“ N

where Ni, Na are again independent N (0,1) random variables. Therefore (5.27) gives

_/ dv/ duE{ u4N1)h<KN1+‘§N> [uNij_\/gui]}' (5.27)

Similarly to identity (5.24), we can establish the following, for a,b,c € R, a > 0:

E <g(aN1) h <2N1 + ;Ng> (T - ;’NQ)) —E <g’(aN1) h <ZN1 + ;Ng» . (5.28)

The proof follows easily again using integration by parts. We apply (5.28) with a = ui,
b= K, c=+A. Hence, (5.27) gives
)}

;’/Oldv/olduE{g’(uiNl)h<£N1+ }IA )) / dv/ duE{ DB

that is the right member of (5.23).

SN
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We come back to the proof of (5.25) and we follow a similar reasoning as for the evalu-
ation of the second moment of the third order integral, see point ¢) of Theorem 3.4. Since

1 1
[ g(B)d=3B,! is the limit in L?(Q) of I.(g), then

1 1 1 1 1
E </ g(BHd 3B, / h(B, )dv) is the limit of JI + J2,
0 0
where

= L Yy (PauE (g(BIYBE,. — BIBRBYY) = [ [Y duE (g(G)R(Gy) €2
E’_afo Ufo U g( u)( u+e u) (v) _fofo U g( 1) ( 2) c 5

J2 =1 [Ldv [ duk (g<33 (B — Bh(B. )) = Jo Jy duE (g(Ga)h(Cr)

—~
(U I
—
w
~

using the same notations as for the evaluation of the second moment at point c).
We can write

= Jo Jy auE {g(G(G)E ({42 | Gy, ) }

3 {B[9(G1)h(G2) M1G1 — Mi2Go)] + o(1)},

by the point a’) of Lemma 5.1, since H = i. Moreover, by the point ¢) of the same lemma
the estimates are uniform in v and v. Therefore Lebesgue dominated convergence theorem
says that

1 1 1
hmJl —/ dv/ duE[ (Bj)(AllBjJrAme)].

Proceeding similarly for J2, using again Lemma 5.1, we obtain

1 1 1 1
lime o J2 = =3 [y dv [y duE {9(33 )W(B, )(M2B, + A2B, )}

1 1 1 1
— 3 o} au [oBDHBH B! +aush)].

Finally
1
hm(J1+J2 /dv/ duE[ )h( ;‘)(AHB + A\2B, )]

which is the desired quantity. O
This achieves the proof of Lemma 5.3 and we can proceed to the proof of Lemma 5.1:
Proof of point a) in Lemma 5.1. We write the covariance matrix of (G, Ge, G5, G5) by

blocks:
A1y AE)
A = 129

By classical Gaussian analysis, we know that the matrix A. and the covariance matrix of the
vector Z¢ in (IV.1) can be expressed as:

A. = A5 A and Kze = A5y — A(AS))". (5.29)
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Ay — u?f KH(“»”) e _ aa(u)u2H ’VE(Ua U) e _ g2 na(uvv)
e Ky (v, u) vt e Ve (v, u) as(v)'UQH P ke e2H 7
where a. is given by (5.4) and
Ye(u,v) := Cov(G5,G2) = 5 (u+e)* —u2H —jv —u — e + v — u|?H),
Ne(u,v) = Cov(G§,G3) = 5 ([v —u+el* + |v —u— e[ —2jv — u|?H).

Also recall that Al_l1 = (Nij)ij=1,2 is the inverse of the covariance matrix of (G1,G2) (see
(5.12)). We can see that

Ye(u,v) = H (w1 4 v —u* 1) e +o0(e) as €] 0, (5.31)
and

ne(u,v) = H2H — 1)Jv — u|*# 722 + 0(¢?), as € | 0. (5.32)
We split the proof in several steps.

Step 1: expansion of the matrix A..
We express its components by

_ (ai1 ais
A = <a§1 0, ) (5.33)

Using (5.6), (5.29) and (5.31), when ¢ | 0, gives

A _ _
a5y = Mioe(w)u T+ 127: (u, v) = —%eQH—I—H (M1 + A2)u?H =L 4 N |v — ul?H Y e+o(e).
(5.34)

The asymptotics of the other coefficients a;; behaves similarly, since
a5y = Mac (W) u* + Aoxye(u,v), a5 = Azac(V)v* + Aiye (v, ),

asy = )\22045(”)“2H + A2 (v, w).

The expansion as € | 0 for the matrix A, becomes

_%QH + k11 + o(g) —%621{ + k12e + o(e)
s , (5.35)
_%521‘1 + kote + o(e) —%EZH + kaze + o(e)

where ki; := kij(u,v) i,j = 1,2,

kll(u,v) klg(u,v) -
(kzl(uw) kzz(u,v))_ (5.36)
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(A1 + A2)u?H 71 4 Aol — w271 (Mg + Ag2)u? 71 4 Agg|v — w21
H
(M2 + M) N fu — o1 (Agg 4+ Ap2)v?H L+ Aqagfu — o] 2H L

Step 2: expansion of the matrix Kze.
We claim that the expansion of the matrix Kz when ¢ | 0, is:

Kz(1,1) Kz(1,2)
Kye = : (5.37)
Kz-(1,2) Kz:(2,2)

with

Kz:(1,1) = &2 — %6“{ + k11t T2 4 o(e!T2H)
KZE(L 2) — —%641{ + k12—5k2151+2H + 0(€1+2H) (5.38)

Kz:(2,2) = 2 — 241 | ) 1420 | (142,

We compute Kze explicitely. Clearly, the computations for Kz:(1,1) and Kz-(2,2) are
similar. Using (5.29)-(5.32) and (5.35), for ¢ | 0,

Kz:(1,1) = 28 — a5, ac (w)u® — a5y (u, v)

_ G2H _ 4H (_% ¥ kyel2H 4 0(6172H)) (=1 4 Hu2H-1g1-2H 4 o(-1-2H))
_l42H <_% T kel 2H 4 0(51721{)) (H (u2H71 tlo— u,qu) 1 0(1))

_ 2H _ AH (m _ (%HUQH—l + %)51—2H I 0(61—2H)>

_ l+2H (—%H (qu—l - u‘QH—l) n 0(1)> _ 2H _ %gw 4 kel T2H g (12,

whereas

Kz:(1,2) = ne(u,v) — a§pa:(0)0*H — a5 ye(v,u) = €2 (H(2H — 1)|v — u*72 + o(1))
_AH (_% 4 hygel2H +0(€172H)) (_% L 21120 0(51*2H))

_ 142 (_% tkyqel—2H 4 0(51—211)) (H (UQH—I Flo— u|2H—1) 4 0(1))

— —%84}1 4 k12<2H<521 61+2H 4 O(€1+2H).

Step 3: the law of the vector Z¢.
Using (5.37) and (5.38) we observe that the Gaussian vector Z¢ can be written as

@i) = <u(e)i1\/71(€le(e)N2> ’ (5.39)
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where N7, Ny are independent standard normal random variables, independent also of G1, Gs.
Moreover, for € | 0,

v(e) =l (1 - %EQH +cie + o(e)) , pu(e) =3 <_/\% 1 ocpel72H 0(51—21{))
(5.40)
0(e) = e (1 - %EQH +c3e + o(e)) ,

where ¢; := ¢;(u,v), 1 =1,2,3,

B itH > bty iH > 1
Cl(U’?U) - k11 )\%1 fH I CQ(U” U) = kia+ka1 _ A11Ai2 lfH _ 1 >
5 T 128y ! =1 2 32 — 4
and

ka2 H 1
c3(u,v) := { i A, M2 =
1YL koo 4 Mz _ A _1
P +35 - 1w UHH =

Indeed, when ¢ | 0,

1/2

v(e) = /Kz:(1,1) =l (1 - %EQH + k11e + 0(5)) =cH (1 - %EQH + %5

el <1 — %5”1 + e 4 0(6)) , ifH > 1
)\2
_ﬁ(EAH + 0(5)) — ) )
el (1 — Mg2H g (Ru %)84— 0(5)) , ifH =1
Kype(12) c4H (7%+k1242rk21 el1=2H | o(c1-2H)
p(e) = v

e (1—)‘%62H+01€+0(6)>
_ _ A2
— g3H (—% + Bradha 1=2H 4 (] 2H)) <1 + AL e 4 JlAH 0(5))

— 3H (_ X2 _ Ml 2H | kiatkor [1-2H 1—-2H
€<4 Sttest + H2gile +o(e ))

e3H (7% + W&—QH + 0(81_2H)) ’ HH >

IS

3H A kio+k A11A 1-2H 1-2H : _
€ (—%—F( 125721 — A2 )e +o(e )), ifH =

N,

and

0(e) = vV Kz:(2,2) — 1i2(e)

A A 2
= \/5211 _ %541{ + kooeH2H 4 o(g1+2H) _ c6H <_i? 4 coel—2H | 0(51—21{))

2
— \/EQH _ %gw + Kogel+2H %5286}1 + o(el+2H)
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A A2 12 A k
:€H<1_22€2H+k226 12€4H+0(€)> :€H<1_22€2H+225

4 16 8 2
2, N el (1 - %EQH + %E + 0(5)) , ifH >}
( + 22) 4H + O(E) —
32 128 H A2 2H ka2 Al A3y ; 1
g <1*T5 +(T*W*m)€+0(€)), lfHZZ
Step 4: the law of the vector (G5, GY).
We claim that, for € | 0,
G5 (law) Niell + Q% — %Nﬁ?’H + Rie + o(e)
= , (5.41)
G% Noell 4 Qqe?2H — (%Nl + %Ng)s:m + Roe + o(e)

where

Ry = k11G1 + k12G2 and Ry := k21G1 + k22 Go.
Indeed, using (5.33), (5.35), (5.39) and (5.40), when ¢ | 0, we get

law
G5 = a5,G1 + a5yGa + 25 2 (- ML 4 fyie 4 0(€))Gr + (= 22628 + kige + 0(e)) G2

+efl(1 - %EQH + cie +o(e)) Ny,

(law)

G5 = a5,G1 + a5,G2 + 75 (=222 4 fy1e + 0(€))G1 + (=222 + kage + 0(€))Go

+e3H (=212 4 ooel 20 4 (1 2H) )Ny + eH (1 — 22e2H 4 c3e + 0(e)) No.

Step 5: evaluation of the law of G5GY.
As a consequence of previous step,

G%GZ (lgV) EQH(Nl + Qlé‘H — %Nlé‘ZH + R1€17H + 0(617H))(N2 + Q2€H

(law)

—(AEN1+ 22 N )l + Roe! M+ o(e!711)) =72 (N1 N2 + (N1Qa + NaQu)e™

(law)

H@Q1Q2 — APNT — AR Ny Ny)e 4 o(M)) "= (N1 N2 + 52),

where

A12 A1+ A2

law
Ss( e H(N1Q2 + No@Q1 + (Q1Q2 — =~ N7 — 3

1 N1N2)€H +0(€H)).

Step 6: evaluation of the law of (G5G7)3.
We observe that, when € | 0,

(law)

5212 2H (N1 Qg + No©1)? + 0(1)) and 2 "2 o(e3H).
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Hence
(G5G5)° ") {2H(N Ny + 8.)} "2 68 (NBNG + SNZNZS, + 3Ny NpS2 + §2)
law
U2) 6H [ N3 NS + 3NZNZ[NI Qs + NoQy]e
+[ONEINZQ1Q2 — B2 N{ENZ — 32222 N3N + 3NF N, Q3 + 3N N3 Q3] + o(2H)}.

Step 7: computation of the conditional expectation in (5.14).
Consequently, for € | 0

£\3 €3 (law
(USRI o2 NENG + [3NE N Qa + BNENSQulE!

+ONZNZQ1Q2 — B2 NENZ — 3212222 NENG 4 3N N2 Q3 + 3N N3 Q22 + o(e2H)}.

Since N1, Ny are independent standard normal random variables, also independent of Gy, Ga,
we obtain the conditional expectation in (5.14). O

Proof of b) of Lemma 5.1. The proof is similar as for a). We will only provide the most
significant arguments in several steps. Asymptotics for € | 0, § | 0 of some functions of
(€,6) in fractional powers can be done using a Maple procedure (see http://www.iecn.u-
nancy.fr/~gradinar/procalc.ps). Equalities involving such a procedure are indicated by
(*). Recall that the Hurst index is here H = 1.

Step 1: linear regression.
We can write

G5\ el 720
(Gi) = Ay <G2> + (Zi’é , (5.42)

with
Acs = APAT and Kyes = A5 — A s(ASD)*. (5.43)
Here
1
A€75 — (aE(u)\/a 75(“7”)) , A6,5 _ €2 ne,d(ua U) , 5.44
2= ) aso)ve) 2 T e ob (5:44)
with

Nes(u,v) = Cov(G5, G3) = (\v—u+5y%+|u—u—gy%—|U—u|% —\v—u+5—e\%).

DN |

Therefore, when € | 0,6 | 0

Ne(u, v) = _8|v6—5u]g +o((c +6)2). (5.45)
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Step 2: ewpansion and computations for the matriz A, s.

We can write
1> 1>
A o= ay; Qo
£,0 +— ) ) 9
g1 Q29

aj; = A1 (u)yvu 4 A2v:(u,v),  ajy = Azae(u)y/u + A2y (u, v),
agl = )‘12055(1))\/5 + )‘11’)/5(1}) ’LL), a’g2 = A22a5(v)\/17 + /\12’75(7)7 U)

Hence, as in part a) step 1),ase | 0,6 | 0,

with

_/\%5% + k11 + o(e) —%6% + k12¢ + o(¢)
Asm (5.46)
— 2257 4 k16 + 0(8) —22257 + kaad + o(5)

where, k;; are given by (5.36).

Step 3: computations related to matric K zs.
We can write

KZE,(S(].,].) KZE,6(1,2)
Kyes = , (5.47)
Kye5(1,2) Kye6(2,2)

where if € | 0, 6 | 0, we have

wlw
S~—
N
o
=]
~—~
N
[\
N~—
I
(=%
=
|
=
N}
(o)
+
T
[\V)
)
(«%)
(I
+
=)
—~
(o)
wlw

Kyes(1,1) = 7 — Mig 4 kyie? + o(e

)
(5.48)

Kes(1,2) = —M2c263 4 B2z 4 E2leas 4 o((c + 6)2).
Indeed,
Kyes(1,1) = ez —a§jae(u)vVu—ajsve(u,v) and Kyes(2,2) = 52 — a%ya5(v) v — ady s (v, ),

hence the expansions of those two coefficients are similar as in part a) step 3). The expansion
of the remaining element behaves differently. Indeed, for € | 0, § | 0,

Ke5(1,2) = 0e5(u, v) = aipas(v)y/o — afyys(v,u) = ——=— +o((e +0)?)

N

—&

52 (—% + kpoe? + o(s%)> (—% + 153 +o(5%)) — 3§ (—% + ket + o(e%)>

g <\f =ity o<1>> = ) = —22¢34% + Begt 4 baedg 4 of(e + 0)?).

Step 4: the law of the vector (Z°°, ZS"S).
Computations give

ZZ0\ (law) v(e) Ny
an 4
<z§:5> <u(s,5)N1—|—0(5,5)N2 ) (5.49)
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where Np, No are independent standard normal random variables, also independent of G, Ga
and where

1 3 3 1 1 1
v(e) =e1 %51 +o(e1), u(e,d) = —%5155 +o((e2 +62)?),
1 1.1 3 A2, 1.1 A3 3.1
0(e,8) = 8% + zetal — o — Hactol + (i — bz 4 g o
+ (A12>\22 k21

Indeed, v(g) is given by the first equality in (5.40), when € | 0. The other coefficients are
given by

ue,5) = KZ((;” 0(c.0) = VK ys (2.2) — 12(=,0)

and we use the results in the previous step. Hence, we have

law 3 3
Z?é(—)Nl i_ )‘11N1€4 +0(€4)
law 1.1 1.1 3
75° "2 Nygt 4 22 Npetat — M2 Nped st — M2 Nye1oE — 22 N,
Anidiz _ ki
+ (2

ot 10?224) Npe1d1 + (A%izz k21> Nyetdi +0((52 +52) ),
Step 5: the law of the vector (G5, GY).
Using the first line of (5.41), (5.50) and (5.48), when £ | 0, § | 0, we obtain

G‘E( )N154 +Que? — “leg +0(6%),

G2 () U2 N6t 4 Q0% — A2 Npdt + Ryd + M2 Npet ot — M2 Npe ot — A2 Nyt
(T (Alézx\m — B2y 1024) Naeidi + (/\12/\22 - km) Noc s +0((52 +52) ),

(5.51)
with @1, Q2 given by (5.13) and Ry is as in part a) step 4)

Step 6: computation of the law of GgGi.
JFrom (5.51), when e | 0, 6 | 0, we get

G5G4, (lax) () (law) NiNpeibi + (%NlNz + Q1N2> €261 + N1Qqeid2 + ( 128]\71]\72

_%N1N2+%Q1N2>5%5%+( )\12N2+Q1Q2> % L

222 Ny Noe 161 + o((e2 + 52)2).
Step 7: Computation of the conditional expectation in (5.16)
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When ¢ | 0, § | 0, it follows

(G )5(G5) (law) (x) (law)

€d

NENyE " 4+3</\12N13N3+Q1N2N2>5 +3Q2N3N26_i
+3<<121§ —%) N§N§’+Q%N1N23+3A12Q N12N3) 55*%

+3 (—%Nf’Ng’ + Q%Nf’Ng) e716% + 22QyN3NZ — 202 NENZ + 9Q1 Q2 N2NZ + o(1)

Since N, N are independent standard normal random variables, independent of G1, G2, we
deduce finally the conditional expectation in (5.16). O

Proof of ¢’) in Lemma 5.1. Using notations (5.9), we recall that

N et [, (G i
= (6] 7 = (@), o

Therefore, the left member of the first equality in (5.15) can be written as

(G5)° _ G N AN G 22
E( | G1,Gy | = A G 1+Z1 = | A G 1+3 Ae Go 1E[(Zl)]
= (a1,G1 + a§G2)” + 3(a1, G + afyGa) Kz¢ (1, 1),

according to the notations in (5.33), (5.34) and (5.37). Recall that, by (5.35) and (5.36),
aj, = —%EQH + ke +o(e), where ki1 = H(Aq + Ap2)u? =1 — Mo H|u — v|?11
ajy = )‘12 e2H 1 koe +o(e), where kip = H(Ag + Ao2)u =1 — Npo H|u — v|2H 1,
and by (5.38), Kz-(1,1) = £2H — ’\%541{ + o(e). Hence, we obtain
c 3
E (@ ‘ Gl,Gg) = {[—%82}] + killé‘-f- O( )} Gl + |: )\12 2H + k125 +O( )} GQ}
+3 { 25122 ke + o(e)| Gr + [~ + kiae +0(e)| Ga } (2 — 2311 4 o(e))
=3 [ A1 G — A2 @] + o(e).
This gives (5.15). O
Proof of ¢) in Lemma 5.1. We need to show that the asymptotics in (5.14), (5.15) and
(5.16) are uniform in u and v. We do the job for (5.14), the others behaving similarly. It is
enough to analyze the uniformity of the expansions on {1 < u,1 < v — u} of a.(u), v:(u,v)

and 7. (u,v), when £ | 0, because the other asymptotics are obtained in terms of those ones.
When ¢ | 0, by (5.4) we have

() = gt (22— - 2H) = 1 <(1 P (6)”) L) o ().



this provides a uniform expansion on {u > 1}. Similarly, when & | 0, one obtains

Ye(u,v) = % ((u—|—5)2H —u?H —jy—u—e? + (v —u)2H) = % |:’LL2H ((1 + %)21{ - 1)

2H
2H
—(v—u) <‘1— vfu

— 1>} =H (u* =1 4 v —u71) e + o(e)

uniformly on {1 < u,1 < v —u} and when ¢ | 0,

Ne(u,v) = 3 (v—u+e)?f + v —u—el —2(v—u)?H)
2H 2H
= (ot [(1 +5) -] - 2} = H(2H — 1)|v — u?7 262 + o),

uniformly on {1 < v —u}. O

Proof of d) in Lemma 5.1. We look for the homogeneity degree of all quantities used so
far. For a function f = f(e,u,v) we shall denote

degs,u,v(f) =p<= f(/ig, Ku, E’U) = /pr({;" u, U)'
where we make the convention that

v(g,u,v) = e (u,v), Kz(i,7)(e,u,v) := Kz:(i, j)(u,v).

We have:
deg, (o) =0, by (5.4),
deg, ., (\iy) = —2H, by (5.12),
deg. ,,,(7) = 2H, by (5.31),
deg. (1) = 2H, by (5.32),
deg. ,, ,(ai;) = 0, by (5.29), (5.30) and (5.33),
deg. ., ,(Kz(i,7)) = 2H, by (5.29), (5.30) and (5.37),
dega,u (V) = degauv( )= dega,u,v(a) = H, by (5.39).

;From this, (5.9) and (5.33), recalling that G1(u) = BY, Go(v) = BY, we deduce that

G5 (ku) = afi (ku, kv)G1(ku) + a5 (ku, kv)Ga(kv) + Z1¢ (Ku, Kv)

aw) ajy (u, U)K,HGl (u) + ajs(u, v)/{HGg(v) + /-@HZf(u, v) (law) I{HG‘E(U),

and in a similar way, G5¢(kv) = k1 G5(v). Therefore (5.17) is proved. On the other hand,
using (3.7) and (5.13), we obtain

9Q1 (ku, kv)Q2(Ku, Kv) — Z)\lg(,‘iu, KV) = Z[()\n(nu, kv)G1(ku) + M2(ku, £0)Ga(kv))

(law)

X (A12(ku, k0)G1(Kku) + Ao2(ku, KU)Ga(kv)) — Ai2(ku, Kv)] =

ZH (X1 (4, 0)G1(u) 4+ 2w, v)Ga(v) (M2(u, v)G1 (1) 4+ Mgz (u, v)Ga(v)) — £ 2H Ao (u, v)]

| ©
=
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and consequently (5.18) is also proved. O

This achieves the proof of Lemma 5.1.
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