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∑
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i∈A

V (i) > −∞

�05U-h#&/�*cb %Eb��0%f%Eb�,d;h,.�05 -6'&2 e.% -+,4]S5U,.- !18
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Ç
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x
¶^¸70�1A0D,GBT¸:E6´v.WEF*-570
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</¶T0�µ�5:´dBT¸:Eb.60

»¼3=1(B9¸�EWB
x
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V (x) ≤ V (a) − 1
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k = V (1, 1)
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»¼1936µ

(1, 1)
BA3

(0, k)
<
(0, k − 1)

<�ÇHÇ�ÇH<
(0, 0)

Ç
V
µ�5:´dBD¿?0H°�190mE=´90+3=»�EFB�*G0mE=´dB
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V
873=8?ÑP870H·6EWBA,G.60=Ç
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EF*-*?0
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3 e�~U')3+!.�"!12E`a2j#&%(24*	'),
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B9,-3=8

(T (Σ, X),→R

�T´9³?´tBA0�µß3W.60�1TB9¸70�´90
B^3F»�B90H19µ�´
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¶^¸:0�1A0
→R

,-´^¿70
Ï:870m¿
E=´+»¼3=*-*G3W¶�´HÛ Î ¸70�8

t ∈ T (Σ, X)
,-´�EÀB90H19µ¤<�*-0
B

Pos(t)
¹�0�BA¸70�´d0�B�3F»T,GBA´(º�36´9,GB9,-3=8:´HÇ

>73=1
ρ ∈ Pos(t)

<}*-0
B
t|ρ

¹�0+B9¸70(´957¹?B90H19µ 3=»
t
EFBTº�36´9,rBA,G368

ρ
<?E=8:¿�*-0
B

t[s]ρ
¿?0�8:3FB90+B9¸:0

190Hº7*-E6°
0Hµz0H8/BD3F»�BA¸70�´957¹?BA0�1Aµ EFB+º�36´9,rBA,G368
ρ
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ÇKÒ&¸70�´90
BZ3F»vEF*-*@´957¹:´dB9,GB957B9,-3=8:´

,-´�¿70�873=B90H¿À¹}³
Sub

Ç
� ��� Y V4XWV4PUY
	 ��� � � �
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%
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�

t →R µ

2 ��%>b�,1'), 2j# �s'&/�`},
(g, M) ∈ R (
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p ∈ Pos(t) (
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σ ∈ Sub (
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t|p = σ(g) (

�65U-
(
e$30'k�0`E`

t′ (

µ(t′) =
∑

t′=t[σ(d)]p

M(d).
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f(x, y) 7→ g(a) : 1/2|y : 1/2

<
¶^¸70�1A0
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EF8:¿
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3=8
y
Ç?Ò&¸70�8

f(b, c)
1A0�¶^1A,rBA0H´NB93

g(a)
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¶^,rBA¸
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R
2j#k~�30#&2E%(2ED0,$`g8 �0`a;h39#&%i#&/�'),1`a8z%G,1' |;�2E5H�0%I2E5KJ�2 e �05H- 305�`g8 2 e %Eb�,$'c,s,�&+2j#&%(# #130;h,he./�5U*1%(24365

V : T (Σ, X) → R ( %
2E%>b

inf i∈A V (i) > −∞ (
�65U-h#$36;7,

ε > 0 (
#&/�*cb %Eb��0%

� m�� %Eb�,^-6'&2 e.%73 e ,c�+*cb '&/�`}, 2j# `},$#.# %>b��65 −ε ���
e$36'^,c�+*cbz~U')3+!.�"!12E`a2j#&%(24*z'),

%
'&2E%:, '&/�`},

g → M ∈ R (
%>b�,	-0'&2 e.%

∆MV (g) =
∑

d

M(d)(V (d) − V (g))

#1�0%I2j#E]f,&#
∆MV (g) ≤ −ε.

� m�� -0'&2 e.%!.,$2E5 J�` ,&#.#i%Eb��05 −ε
2j#f~U'),$#1,$'&D0,.- !18h#&/�!&#&%I2E%(/�%I24305�#

���e$30',.�"*.b	%:,$'&;
s ∈ T (Σ, X) (

e$30'@�6`E`
µ %
2E%>b

s → µ (
e$36' �6`E`�#&/�!&#&%I2E%(/�%I24305

σ ∈ Sub (2 e
∆µV (s) ≤ −ε

(
%Eb�,$5 %Eb�,�-6'&2 e.%

∆σ(µ)V (σ(s)) =
∑

s′

µ(s′)(V (σ(s′)) − V (σ(s)))

#1�0%I2j#E]f,&#
∆σ(µ)V (σ(s)) ≤ −ε

� m�� -0'&2 e.%�!.,12E5KJB`},$#.#_%Eb��05 −ε
2j# ~U'),$#1,$'&D0,.-B!18B*.365�%:,�&+%(#

���
e$36'f,.�"*.bk%G,1'&;

s1, . . . , sn, s ∈
T (Σ, X) (

e$30'k�6`E`
µ %
2E%>b

s → µ (
e$30'��6`E`+e./�5U*1%I24305 #&80;h!c36`

f (
2 e

∆µV (s) ≤ −ε,

%Eb�,$5 %Eb�,�-6'&2 e.%

∆f(s1,...,µ,...,sn)V (f(s1, . . . , s, . . . , sn)) =
∑

s′ µ(s′)(V (f(s1, . . . , s
′, . . . , sn))

−V (f(s1, . . . , s, . . . , sn)))
#1�0%I2j#E]f,&#

∆f(s1,...,µ,...,sn)V (f(s1, . . . , s, . . . , sn)) ≤ −ε.
� ')3�3 e m ÈP» R ,�´�º�36´9,rBA,G.60�*-³ÔEF*-µ`36´dB�´d5:190H*G³�B90�1Aµ`,G8�EWB9,-87·�<�B9¸70H8 ¹}³ÔÒ&¸70H3=1A0�µ ±:<�B9¸:0�1A0
0
½?,-´dBA´N´d36µz04»¼578�°�B9,-3=8

V : T (Σ, X) → R
<F¶^,GB9¸

inf i∈A V (i) > −∞
<=EF8:¿`´93=µ`0

ε > 0
<

´d5:°�¸ÀB9¸�EWBH<7»¼3=1�EF*-*�´dBAEWBA0
a ∈ T (Σ, X)

</»¼3=1�E=*G*
µ
¶^,rBA¸

a → µ
<
∆µV (a) ≤ −ε.È�8Àº:E=1dBA,-°�57*�EF1m<}»¼3=1

a = g
<?¶40�¸:Eb.=0

a → µ
<:¶^¸70�1A0

µ(t′) = M(t′)
<:E=8:¿À¸70�8:°�0

∆µV (a) =
∑

t′ µ(t′)V (t′) − V (a)
=

∑
d M(d)(V (σ(d)) − V (a))

= ∆MV (g)
≤ −ε.



L�3W¶�<K¶^¸70�8
s → µ′

<K»¼361
a = σ(s)

<�¶T0z¸:Eb.60
a → µ

<�¶^¸:0�1A0
µ(σ(s′)) = µ′(s′)

<
EF8:¿À¸70�8�°
0

∆µV (a) =
∑

t′ µ(t′)V (t′) − V (a)
=

∑
t′=σ(s′) µ′(s′)V (σ(s′)) − V (a)

= ∆σ(µ′)V (σ(s))
≤ −ε.

È�8�E ´9E=µ`0�¶4Eb³6<�¶^¸70�8
s → µ′

<�»¼3=1
a = f(s1, . . . , s, . . . , sn)

<�¶T0�¸�Eb.=0
a → µ¶^¸70�1A0

µ(f(s1, . . . , s
′, . . . , sn)) = µ′(s′)

<:EF8�¿"¸70H8:°
0

∆µV (a) =
∑

t′ µ(t′)V (t′) − V (a)
=

∑
s′ µ′(s′)V (f(s1, . . . , s

′, . . . , sn)) − V (f(s1, . . . , s, . . . , sn)
= ∆f(s1,...,µ′,...,sn)V (f(s1, . . . , s, . . . , sn))
≤ −ε.
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EF1A0Z870H°�0H´A´9E=19³6Ç
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1
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2
EF8:¿

3
</¸73=*�¿�Ç Î 0Z¸�Eb.=0

t → µ
, �¤B9¸70H190

,-´4E�1A57*-0
(g, M) ∈ R

<?´d36µz0+º�3/´d,GB9,-3=8
p ∈ Pos(t)

<?´93=µ`0+´957¹:´dB9,GB957B9,-3=8
σ ∈ Sub

<6´95:°�¸
B9¸:EFB

t|p = σ(g)
<:E=8:¿�<?»¼361�EF*-*

t′
<
µ(t′) =

∑
t′=t[σ(d)]p

M(d)
Ç

¯},G8�°
0�E"¿?0�1A,G.WEFB9,-3=8
t → µ

,�´D8:0H°
0m´9´AEF1A,-*G³À./,�E"´93=µ`0�1A57*-0
(g, M)

<7»¼1A3=µ Ò&¸70H3=1A0�µ
Í?<?¶40Z3687*-³�870�0m¿"BA3`º7193W.60�BA¸:EWB^»¼361&E=*G*�1A57*-0

(g, M)
EF8:¿"B90H19µ

t
<:,r»

t → µ
.},-E

(g, M)B9¸70H8
∆µV (t) ≤ −ε
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t = σ(g)
Ç�24³�°�3=8:¿7,rBA,G368

1
<�¶T0�Ë}873W¶ BA¸:EWB

∆MV (g) ≤ −ε
Ç�24³Ô°�3=8:¿?,GB9,-3=8
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<�´9,G8�°
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g → M
<?EF8:¿

∆MV (g) ≤ −ε
<}¶T0Z¸:Eb.=0

∆µV (t) = ∆σ(M)V (σ(g)) ≤ −ε
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p = p1p2 . . . pk

,�´�3=»/*-0�8:·FB9¸
k > 0

<�B9¸:0�8
t
°HEF8(¹�0v¶^19,GBdBA0�8�E=´

f(s1, . . . , s, . . . , sn)EF8:¿
s → µ′

.},�E
(g, M)

Ç�24³ ,G8�¿?5:°�BA,G368Ô¸}³}º�3FB9¸:0H´9,-´H<
∆µ′V (s) ≤ −ε
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∆µV (t) = ∆f(s1,...,µ′,...,sn)V (f(s1, . . . , s, . . . , sn)) ≤ −ε
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� ��� Y V4XWV4PUY�� � � � T1X�V>X ��X�V4PUY���Y � ��PRYHX ��� X � � 
6N � ��T � " \ $q2ED0,$5��@#1,$%
S ⊂ T (Σ, X)3 ei%:,$'&;�# m

	 =�e./�5U*1%I24305 V : T (Σ, X) → R
2j#O#&/�!&#&%I2E%(/�%I24305^-+,c*1'),.�9#&2E5 Jl365

S
2 epe$30'k�6`E`

t, t′ ∈
S (
�05H- �6`E` #&/�!&#&%I2E%(/�%I24305�#

σ ∈ Sub (

V (σ(t)) − V (σ(t′)) ≤ V (t) − V (t′).

	 =[e./�5U*1%(24365 V : T (Σ, X) → R
2j#h*c365�%:,�&+%-",.*1'),.�9#&2E5KJ^305

S
2 efe$30'h�0`E`

t, t′ ∈ S (�05H- �0`E`
s1, . . . , sn

�05H-e./�5U*1%I24305 #&80;h!c36`
f (

V (f(s1, . . . , t, . . . , sn) − V (f(s1, . . . , t
′, . . . , sn) ≤ V (t) − V (t′).
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g
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d %
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� & �0;@~U`}, � m Ò&¸70zB90H19µ�´(EFº7º�0HE=19,-87·�,G8 f(x) → f(f(x)) : p1|g(f(x)) : p2|g(x) : p3EF1A0
f(x)
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f(f(x))
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g(f(x))

<�E=8:¿
g(x)
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V : T (Σ, X) → R ( %
2E%>b

inf i∈A V (i) > −∞ (�05U-h#130;h,
ε > 0 (
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f, s, s1, . . . , sn

EF8�¿
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<7¶40(¸:Eb.=0

∆f(s1,...,µ,...,sn)V (f(s1, . . . , s, . . . , sn)) ≤ ∆µV (s)
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∆σ(M)V (σ(g)) =

∑
d M(d)(V (σ(d)) − V (σ(g))) ≤ −ε
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d
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(g, M)
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B90�1Aµ�´�</BA¸7,-´&,�´&*-0H´A´T361T0mÁ/5:EF*�B93 ∑
d M(d)(V (d) − V (g))
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a → a : 1/2|b : 1/2
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V (a) = 10
<
V (b) = 2

<�EF8:¿%36¹:´90�1A.=0zB9¸:EFB
1/2× 10 + 1/2× 2− 10 < 0
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f(x) → x : p1|f(f(x)) : 1 − p1

f(x) → x : p2|f(f(x)) : 1 − p2
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p1 > 1/2
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p2 > 1/2
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{f(x), x, f(f(x))}
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−1 × pi + 1 × (1 − pi) = 1 − 2pi ≤ min(1 − 2p1, 1 − 2p2) < 0
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f(x) → f(f(x)) : p11
|g(f(x)) : p12

|g(x) : p13

f(f(x)) → h(g(f(f(x)), f(x))) : p21
|g(f(x)) : p22

|f(g(f(f(x)))) : p23ÈPB�,�´��ZE7Ç ´HÇHBA0�1Aµ`,G8:EFB9,-87·(,r»
p11

< p13
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{f(x), f(f(x)), g(f(x)), g(x)}
EF8:¿�368

{f(f(x), h(g(f(f(x)), f(x))), g(f(x)), f(g(f(f(x))))}
EF8:¿"B9¸70�¿719,G» BA´^3=»�BA¸70�195:*G0m´^EF1A0

1 × p11
+ 0 × p12

− 1 × p13
< 0

EF8:¿
0 × p21

− 1×
p22

+ 1 × p23
< 0
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