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Abstract: we show that the solution to an oscillatory-singularly perturbed ordinary differential equation
may be asymptotically expanded into a sum of oscillating terms. Each of those terms writes as an oscillating
operator acting on the solution to a non oscillating ordinary differential equation with an oscillating correction
added to it.

The expression of the non oscillating ordinary differential equations are defined by a recurrence relation.
We then apply this result to problems where charged particles are submitted to large magnetic field.

1 Introduction and results

Purpose
The goal of this paper is to manage and justify the asymptotic two scale expansion as € — 0 of the
solution X, (t) = X, (¢;x, s) to the following singularly perturbed dynamical system:

dX t— 1
—= =a(t, TS,XE) + gb(t,XE), X (8%, 8) = x, (1.1)

and to apply this to models of charge particles submitted to a strong magnetic field which is possibly
non uniform.

More precisely, C}" standing for the space of functions that have continuous and bounded deriva-
tives until the order m, we assume that

a(-,-,-) € (CTH (R x R x RY)4, 0 — a(t,0,x) is 2r—periodic for every ¢ € R and x € R%, (1.2)
b(,-) € (G (R x RY))*, (1.3)

for some m > 0. In particular, it implies that |V, - b| < C, uniformly on R x R?. We also suppose
that the solution Z(t, 6;z) to
0Z
o0
is known and 27 —periodic in @ for every t € R and z € R<.
Under those assumptions, we prove that X.(-;x,s) : R — R¢ admits the following expansion:

b(t,Z), Z(t,0;2) = z, (1.4)

t— t— t—
X (t:x,8) = XO(t, —— 1 x, 8) + eX (t, —— 1 x, 8) + 2X2(t, — 1%, 8) + ..., (1.5)
g 19 19

*LMAM, Université de Bretagne Sud, Centre Yves Coppens, Campus de Tohannic, F-56000, Vannes



as ¢ — 0, where the X'(t,0;x, s) are 2r—periodic in 6. The initial condition in ([[.T) is assigned to
X0 by: _

X%(s,0;x,5) = x and X’(s,0;%,5) =0 fori > 1. (1.6)
Motivations
The target we have in mind while writing this paper is the conception of pic-methods for plas-

mas submitted to large magnetic field. Direct applications of this are the simulation of magnetic
confinement fusion or isotope resonant separation experiments.

A plasma submitted to a strong magnetic field could be modelled by several Vlasov equations,
according to experimental conditions. For instance if we are interested in describing the global
behaviour of a plasma in a magnetic confinement fusion experiment, the following equation

ofe
ot

+v -V ff+ ((E(t,x) + %/) +v x (B(t,x) + %)) W fe =0, fi—s = fo, (1.7)

for a small parameter € would be a relevant model equation. In equation (@), fe(t,x,v) is at time
t, the particle density of the plasma in position x and with velocity v. The vector M € S? gives the
direction of the strong magnetic field. This direction may depend on ¢ and x. the vector N € S?
with A L M is the direction of a strong electric field (M may also be 0). The vector fields E and
B are electric and magnetic fields that may contain a self consistent part. We shall call the scaling
leading to this equation the “Guiding Centre Regime”.

If now we are interested in understanding what happens close to the plasma boundary in a
tokamak, we would prefer to use the so called “Finite Larmor Radius Regime”. In other words, we
would consider an equation of the type:

€

ot

M
VS (Bl ) v ) ) VT =0, S = fo,  (18)

where the meaning of f(t,x,v) is the same as above and where v = (v - M)M, v, =v —vj.
Lastly, for isotope resonant separation we would be interested in regarding

afe

ot

+V'v1f6+(E(tv?ﬂx)+vx(B(tﬂtiTs;x)“i’%))'vaE: ) f\st:s:fO; (19)

where the electric and magnetic fields E(t, t*TS, x) and B(t, t*TS, x) oscillate with the same frequency
1/(2me) as the cyclotron frequency of the plasma particles.

We refer to Frénod and Sonnendriicker [@, Iﬁl, @, B, E], Frénod, Raviart and Sonnendriicker
[E] and Frénod and Watbled [E] where those models are explained and asymptotically analysed.
In particular, they give indication on how to get the self consistent part of the electric field in
some examples and under suitable assumptions. Complementary works concerning the asymptotic
behaviour of those kind of equations are also led in Golse and Saint Raymond @, E], Saint Raymond
[@], Brenier [E], Grenier [E, @], Jabin [@}, Schochet [@], Joly, Métivier and Rauch [24]. We also
refer to mathematical or physical works where similar methods are used: [@, @, , E, , @, @, ﬂ,

(YENER
It is relatively easy to see that equations ([.7), ([.§) and ([.9) enter the framework of a singularly

perturbed convection equation reading:

Ou,
ot

1
+a-VuE+gb-VuE =0, U=y = Uo, (1.10)

for x € R and t > s. At least formally, the solution u.(t,x) is given by

ue(t,x) = ug(Xe(s;x,t)). (1.11)



Numerical methods to solve equation ([.7), ([.§) or ([.9), or similar ones, will be applications
of generic methods solving () Since u. contains high frequency oscillations, using in state any
well known numerical method to solve ([.10}) would compel to use a very small time step.

Yet, in order to relax this constraint, we may follow, at least, two strategies. The first one
could be based on the work presented in Frénod, Raviart and Sonnendriicker [E] where we proved
that u. writes uc(t,x) = >~ 'U(¢t, t_Ts, x), and where we determined the equations satisfied by
every terms U’. Since those equations are independent of ¢, the computation of the first terms U*
could be led using a standard numerical method. Then an approximation of u. would be given by:
ue(t,x) = YO8 iUt L= x), for some k € N.

The second strategy consists in using an approximation X.(;x,s) =~ Zf:o e X (t, =2, 5),
of (L), for some k € N, after computing X%, X',...,X* Then the expression ([L.11) yields an
approximation of ue: uc(t,x) ~ ug( K X (s, —1=2:x,t)). This motivates the present work.

We give now some references concerning perturbed ordinary differential equations. First, we
think to the Lindstedt-Poincaré method explained in Poincaré [@] where the steady state periodic
solutions to a perturbed second order ordinary differential equation is studied. Then the Krylov-
Bogoliubov-Mitropolsky method, see [E] and [@}, allows to describe the transitory behaviour of the
solution to a perturbed ordinary differential equation to a periodic solution.

We also cite the works of Verhulst [ and Sanders and Verhulst [B4] (see also Mickens [RJ])
where the Method of Averaging is developed to treat perturbed ordinary differential equations and
adiabatic invariants in Hamiltonian systems.

Lastly, we mention the work initiated by Tikhonov [, @, @] and developed by Vasilieva and
others (see the review paper of Vasilieva [} and the references in it).

This work is also related to homogenisation methods based on weak—x convergence and two scale
convergence. The most important ideas about those tools may be found in Tartar [@}, Bensoussan,
Lions and Papanicolaou [[], Sanchez-Palencia [BJ], N’Guetseng [B(], Allaire []] and Frénod, Raviart
and Sonnendriicker [f.

Theorems
We first justify the expansion (@) until order 0.

THEOREM 1.1 Setting

2m

&ty =5 [ @00, (1.12)
2m Jo

with 97

a%(t.0,y") = {2(t,0:y")}{a(t.0.2(1.6:y")) — 7 (1.6:y")}. (1.13)

under assumptions ), 7.8) with m =0 and @), for anyx € R4, s € R, T € R and any € > 0,
the solution X (+;x,s) of (Il.1) exists on [s, s+ T, is unique and the sequence (Xc(+;x,s)) satisfies:
t—
lim sup |X€(t;x, s) — XO(t, —S;x, s)| =0, (1.14)
e—0 te(s,s+T) €

| - | standing for the Buclidean norm on R, where X° satisfies

XO(t,0;x, 5) = Z(t,0, Y (t;x, 5)), (1.15)
and where Y° is the solution to

dyY"©

= a%(t, Y%, Y%s;x,s) =x. (1.16)



In the Theorem above, V,Z(t, 6; z) stands for the Jacobian matrix of z — Z(t, 6; z).

In order to set this Theorem and to justify the expansion (@) for higher orders, using a Van
der Pol transformation, we define Y. being such that

t—s
Xe(t;x,8) = Z(¢, T;Yg(t,x,s)) =[Z(Y.)]e, (1.17)
where for any function f we write [f(Y L YB) for f(t 2, Y (6%, 8),..., YE(tx,5)) and
[FOY°, YY) for f(t, =2, YO(t;x, 5), .. Y (t;x,8)). Tt is an easy game to show that
aY . t—s -
d—ts =a’(t, JY) = [@%(Y)]e; Yo(s:%x,8) =x. (1.18)
Indeed, derivating ([L.17) and using ([.1§) we get
dX. 1.0Z 0Z
7 = clag (Yol + [5 (Yo . +{v2(Yo)}{a"(Yo)}, = -+ b(X ), (1.19)

and we have the initial condition X.(s;x,s) = x.
We also use the following notation. For a vector field Z, The i—th component of {VFZ}{x", ... x*},
fort=1,...,d, is given by:

o*Z;
({VCZCZ}{XO,Xl,...,Xk})Z. = Z mx% . ka (120)

I, ulk=1

In order to simplify we shall sometimes denote {VFZ}{x% x°,... x%} by {VFZ}{x"}*.
Now for k£ > 0 we recursively define

17 .
Ak(t,e,yo,...,yk)zé/ att,o,y°, ..., y")do —ak(t,y0, ..., y"), (1.21)
0

where @° and a° are given by ([.13) and ([L.12) and where for k > 1 we have:
dk(tQ O... {Voa t@y }{y +OAF 1(t9y0,...,yk’1)}+

—{V2 30 (t,6;y°) (Z{y +OATTN(E,0,y0, ..y 1),y’“_j+191'1’“]‘_1(1@9,3’0,--~,y’“_j_1)})+
Jj=1

k,{v O(t,0;y°) Hy' + 0A°(t,0,y°) 1~

k—1 N ) ) aAkil
O( DAV AT (103", Y TIHE (¥} + T (1050 ),
§=0
(1.22)
and 1 fem
ak(t,y% ...,y = —/ ar(t,0,y°, ...,y") do. (1.23)
2m Jo
With those notations, we can state the asymptotic expansion of Y,
Y. =Y +e(Y+[0A°)) +2(Y2 4 [0AY]) + ... . (1.24)
In other words, defining for k > 1,
1 ~ - -
YE = (Yo - YO —e(Y! H[9A%)) — - — FTI(Y R 4 [9AR2),)) — [0ART1, (1.25)

= S(YE YR — oA

we have the following Theorem.



THEOREM 1.2 Under assumptions @), and ) for any x € R, s € R and T € R, the
sequences (Y¥(:;x,5)), for k=0,...,m, are bounded in L>=([s,s + T]) and we have

lim sup |Y5(t;x, s) —Yo(t;x,s)‘ =0, and lim sup ‘Yf(t;x,s) —YH(t;x, s)| =0,

e—0 te(s,s+T| E_’Ote[s,s-i-T]

(1.26)

for k > 1, where YV is solution to and where Y* is the solution to

dy*

— = ak(t,Y%,...,Y"), YF(s;x,5) =0. (1.27)

As a consequence of this Theorem and of ([L.17), defining (X% (¢;x, s)) by:

1 _ _ 1 _ _

X = (- (x0 —— Ren) — L o) (128)

for k > 1, we have the rigorous justification of asymptotic expansion (@)

THEOREM 1.3 Under assumptions (@), and ) for any x € RY, s € R and T € R, the
sequences (X (;x,5)), for k=1,...,m, are bounded in L°([s,s + T]) and we have:

t—
lim sup ‘Xf(t;x, s) — XFk(t, i
€

;x,8)| =0, 1.29
€—0 te(s,s+T| ‘ ( )

where XF writes

X*(t,0;x,s) = {VZZ(t, 0; YO (t; %, s))}{Yk(t;x, s)+ HAkfl(t, 0, Y (t;x,s),..., YY" (t;x, s))}—i—
k—1

1 . - -~

(V220 Y (1, )} (0 (Y7 (6x,5) + 0AT (1,0, YO (6, 9), ., Y (1%, 9))

Jj=1

YR (tx,s) + OAF I (,0, YO (t;x, 5), ..., YFTI T (1 x, s))})+
1 ~
Tt E{vzkz(ta e;YO(t;Xa S))}{Yl(t;xa S) + er(ta GaYO(t;Xa S))}ka (130)

with Y* solution to (1.27).

We end this result list by giving explicit expressions. Using ([1.13) in ([L.29) we have the following
expression of &

al(t,0,y%,y') = {sz(t,9;y°)}71{{%a(t,9, Z(t,0;y")) H{V-Z(t,0;y°) H{y" + 0A°(t,0;y°) } -

(0T 1,0,y Hy' +0A°(1,0,5")) — {V2200,6:3°) Ha"(1,y°), v + 0A°(1,0,5)} -
AO

0190 A1, 0,y H 1, y")) + 2 (0.0.5)).
(1.31)

On another hand, if b is linear and independent of ¢, &2 is given by
a*(t,0,y".y"y*) = {VZZ(G;yo)}fl{{Vza(t,é’, Z(0:y°) HV-Z(0;y°) H{y® +0A (8, 6;y°,y') b+
1 - 2
S{V2a(t.0,2(0:y°) H{{V.Z(0: ") Hy" + 0A° (1. 055°)} | —
Al

01V ALt 0,y y ) HA (6,y)} + (G ALt 0,y y ) H& 1y, y)) + %(t, 0.5°y")).
(1.32)



The paper is organised as follow: in the second section we briefly prove the Theorems. Sectionﬁ is
then devoted to applications to models describing magnetic confinement fusion and isotope resonant
separation experiments. Among those applications, one involves a non uniform strong magnetic
field, in this case the computations are led using Maple.

REMARK 1.1 With very little changes we can apply the previous results to the case when b =
b(t,,x) also depends on 6, as soon as the regularity of b is enough and the assumption ([L.4) is
realized.

2 Proof of the Theorems

2.1 Sketch of the proof of Theorem

The key point to prove the results of this paper is Theorem @, in the same spirit as in Schochet
[@] This result is classical and known as Single Phase Averaging. We do not give a detailed proof
of it but only a formal sketch of it using expansmn ) of Y..

First, because of the deﬁnltlon (L13) of a° and the assumptions ([.9) - (L4) we deduce that the
function (¢,y°%) — a°(t, t £ y?) is regular enough to ensure that, for any ¢ > 0, Y.(+; X, s) exists, is
unique on [s, s + T] and remains in a bounded set of R independent of e.

Then expanding G°(Y.), using Ye = YO + 37, /(Y7 + [0A7~1].), we obtain

/\

oY, = dO(YO)+€{Vyod0(Y0)}{Y1+[9A0]5}+€2<{Voa (YO {Y? + [0AY).} +

(V2,a(Y0) }{Yl 1 0AY, }2)+-- ({Voa (YO Y + (AR )1+
{Vi

N~ N

z{w FIOAT YR [PARI )+

+%{v§ (YO H{Y' + [0A°).} )+ :

(2.1)
Plugging the expansion ([L.24) in the dynamical system ([L.1§) and identifying the terms of the same
order, we have

aY® 90A°]
— =G Y’ 2.2
ot * 00 (5,9, Y7), (22)
at the order —1, and at the order k — 1 for £ > 1 we have
aY*r  O[9A*] .
— =aM(t,0,Y",...Y"). 2.
e e = a0 Y0, YY) (23)
Then equation (|L.16) for Y, definition () of A¥ and equation () for Y* follow, ending the
sketch of the proof of Theorem D ]

2.2 Proof of Theorem [L.1]]

Existence and uniqueness of X. are consequences of existence and uniqueness of Y.. Then the
regularity of Z and Theorem B allows to pass to the limit in () in order to deduce ([1.14) and
(L.16) and thus prove the Theorem. [



2.3 Proof of Theorem [.3
From Theorem D, we deduce
Y. =Y (Y [0A ) + - + P 1 YR 1 [0AR2)) + R (YE 4 [9AF 1)), (2.4)

and then, from ([L.17) we deduce
X. = [Z(Y.)]e = [Z(Y")]e + e{V.Z(Y<)}_{Y' + [0A°].} + & ({VZZ(YE)}E{YQ + [0AM }+
%{vf 3 Y+ [0A] }2) 4o +s’“<{vzz O AYE+0AM
k—1
é{vzzm)}a@{w + AT e YA 4 [PAM N )+

+ 5 {v’c Z(Y°)H{Y! + [0A°).} ) +o(e®). (2.5)
Comparing this expansion with
X. = X% +e[XYe + - P XF 4 A XE, (2.6)

obtained from ([L.2§) and making the process ¢ — 0 give finally Theorem [L.3. [ |

3 Application to the gyrokinetic plasma

The dynamical systems associated with equations ([.7), (L.§) and ([.g) are in the form of ([.§), i.e.:

d [X t— 1 X.(s;x,v,s x
N : :a(ta—85X83V8)+_b(taxaava)a 8( ) == (31)
dt \ v, € € V(s;x,v,s) v

with variable (x,v) € R? x R? in place of x and with ad-hoc fields a and b. Then we can apply our
result saying that the solution (Xc(¢;%,v,s), V.(¢t;%x,v,s)) can be expanded as
0,, t— 8 1, t—s 92, L— 8
Xs(t;X,V,S):X(t,—;X,V,S)+€X (t,—;X,V,S)+€X(t,—;X,V,S)+..., ( )
€ € € 3.2
t— t— t—
Vo(tix,v,8) = VOt =%, v,8) + eVt —x,v,8) + 2V2(t, —5x,v,8) + ...,
€ € €

and that this expansion may be justified until any order if the regularity of the fields is enough.

In this section, we first lead the computations in the case of Isotope Resonant Separation Regime
with the restriction that M is constant and B(¢,6,x) = 0 until the order 1. Then, with the same
restrictions, we treat the case of the Guiding Centre Regime until the order 2 and we give the result
for the Finite Larmor Radius Regime until the order 0. The forth example concerns the Guiding
Centre Regime with a variable strong magnetic field and a constant B until the order 1.

From the physical point of view, the last example is relevant to understand the behaviour of a
plasma in a tokamak. This example shows that the generic computations made before, coupled with
the use of Maple, enable to deduce the result relatively comfortably.



3.1 Isotope Resonant Separation Regime with constant strong magnetic
field

In the case of Isotope Resonance Separation Regime, i.e. of equation (E), a and b are:

0
a(t,0,x,v) = M , b(t,x,v) =b(v) = ) (3.3)
E(t,0,x) +v x B(t,0,x) v x M

For simplicity, we restrict to the case when B(t,6,x) = 0 and when M = e; is a constant vector,
(e1,e2,e3) being the frame of R3. Then Z(t,0;z,w) and {V, ., Z(t,0;z, w)}~! are given by

Z(t,0;z,w) = z , {VZ,wZ(t,G;z,W)}_lz ! 0 , (3.4)
R(O)w 0 R(-0)

where R(6) is the matrix of the rotation of angle —@ around M,

1 0 0
RO)=10 «cosf sind (3.5)
0 —sinf cosf

We have the following result.

THEOREM 3.1 IfE(t,0,%) is C}(R x R x R®) and 2r—periodic in 0, the first term of the expansion
@) of the solution (X (t;x,v,s), Ve(t;x,v,5)) to

axX av t— 1
SE= Ve d—;:E(t,—S,X€)+—V€xM, X.(s:%,v,8) =x, Vo(s;x,v,8)=v, (3.6)
g &

is given by

XO(t,0:%,v,5) = YO(hix,v,5), VO(t,05%,v,5) = ROYU"(t:x, v, 5), (3.7)

where (YO(t;x, v, s), U%(t;x,v,s)) is solution to

a I Tat T 2n
Proof. Tn view of (.L13) and ([.12), here we have

Y’ au® 1 7"
o / R(—O)E(t,0,Y")do, Y°(s;x,v,s) =x, U's;x,v,s) =v. (3.8)
0

0
R(6)u® u
a’(t,0,y° u’) = ) &y )= | g g ! . (39)
R(-0)B(1,0,y°) o | RC-OB(O.y) do
0
Then the proof of the Theorem is straightforward. ]

In order to obtain the system satisfied by the second term (Y, U') of the expansion we notice that
R(0) = —R(5 +6)+ R(%) is such that foe R(o)do = 0P+ R(6), with P the matrix of the orthogonal
projection onto M. We have

0 0 0 100
R@O)=|[0 sinf 1—cos§| andP =10 0 0f-. (3.10)
0 cosf—1 sin @ 0 0 O



Then, from ([L.21)), we get:

0A (t 0 y u’ / / , (3.11)
oc— — E(t,0,y°))
where we denote [ f 0)do — & [, f(o)do by f do — "do)(f(o)). We also get
Jo I 0 0
2m
at(t,0,y%,u yt ul) = /do——/do B0y ))) -

)V E(t,0,y°)(y' + R(0)u’)
zﬂ 1 / R(—9)E(t,s,y°) dc) 0
/ - _/ : + OE ]
—0)VE(t,0,y%)uf R(=e )815 (6 y")
(3.12)

2w

Then using (fo do — - do) (R(c)) = R(9) and 5= [,

o R(0)df = R(%) — P, we obtain

al(t,y’,u’,y',u") =

u—i—27r/27r /da——/ (tay))d@
1

(%/0 RCOVE0.y)0)y + (2 /0 R(~0)V,E(t, 0, y"YR(0)d0)u’

(RCE) - P)(5 /Tia OB(L,s,y") de)

%/% /do——/ 0)VE(t, 7,y") ) do) uf
0
[ i i) (oG] P

Hence we can state the following Theorem.

THEOREM 3.2 IfE(t,0,x) is CZ(RxRxR?) and 2m—periodic in 0, the second term of the expansion
(B2) of the solution (X.(t;x,v,s), Vo(t;x,v,s)) to ([5.4) is given by

Xt 0;%x,v,8) = Y (t;x,v,8) + R(O)U°(t; %, v, 5)

Vit 0;x,v,s) = R(OU(t;x,v,s) + R(0 /U——/ci; E(t,0,Y(t;x,v,s))),
(3.14)



where (Y*, U%) is solution to

dzl |+—/27r /do——/ (toYO))dG—

T 1 27 0
(B() - P)gs [ RSB Y ).
aut 1 T 0 e o 0 0
= = (2—/ R(-0)VE(0,YO)d0) Y + (5 [ R(-0)%E(t,0, Y*)R(0)ds) U° —
0
2w
(5= / /do - —/ o\VLE(t, o YO))da)U,r
27r 27r
do - (t o YO))d9
Y!(s;x,v,5) =0, Ul(s;x,v,s)=0.
(3.15)
3.2 Guiding Centre Regime with constant strong magnetic field
In the case of the Guiding Centre Regime, i.e. of equation ([.7), we have
v 0
a(t,0,x,v) =a(t,x,v) = , and b(t,x,v) =b(v) =
E(t,x) +v x B(t,x) N+4+vxM
(3.16)

As previously, we make the restriction B(t,60,x) = A/ = 0 and M = e;. Since this situation
is similar to the previous one with the only difference that E(t,x) does not depend on 6 we can
directly deduce the following Theorem.

THEOREM 3.3 If E(t,x) is CZ(R x R®), the first and second terms of the expansion of the
solution (X (t;x,v,s), Ve(t;x,v,38)) to

dX dVv 1
dta =V,., dta =E( X))+ EVE x M, X.(s;x,v,8) =x, V. (s;%,v,5) =, (3.17)
are given by
XO(t,0;x,v,5) =Y (t;x,v,5), VO(t,0;x,v,s) = R(OYU(t;x,v,s), (3.18)
and
Xt 0;x,v,8) = Y (t;x,v,8) + R(O)U° (t; %, v, 5), (3.19)
Vi(L,0:%,v,5) = ROYU (6%, v, 5) + ROE(, YO (5%, v, 5)), |
where (YO(t;x,v,s), U%(t;x,v,s)) is solution to
dy?® du®
ek Uﬁ, ek =E|(t, Y?), Ys;x,v,8) =x, U%s;x,v,s) =v, (3.20)
and where (Y1, U%) is solution to
le ™
dU! 1
— = PUELY)Y' + 5tr((l — P)V,E(t,Y")) (R(fg) ~-P)U° +
1
§tr((R(—g) — P)V,E(t, Y°) (I — P)U° — (R(—g) ~ P)V,E(t, YO)U{ - (3.21)
T OE
R-Ty - )24, YO
r-5) - Py,

Y!(s;x,v,5) =0, Ul(s;x,v,s)=0.
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In the computations leading to this Theorem, we use, among other formula,

( /Oja - % /Ojg) (R(fa)) = —R(-0), % OQWR(e) 6 = R(fg) — P, —R(O)R(—) = R(0),
(3.22)

and

37 ) ROTEEYORO)MS = Su((1 - PILBE YY) (RF) - P) + (3.23)

%tr((R(—g) — P)V,E(t,Y%))(I — P).

Now we turn to the characterisation of (X2, V2). For this purpose we notice that here

at(t,0,y%,u’,y ut) =

R(O)u' + R(OE(t, y")
R(—0)V:E(t,y)y' + R(-0)VLE(t,y*)R(0)u’ + R(—0)V,E(t, y°)u| + R(—H)%—?(t, v |

In order to get now #A! we need first to compute

0 0 2T 0 0 2T
( /Oda o /Odo) (R(0)) =1 - R(®), ( /Odo - /Odo) (R(~0)) = I — R(~0). (3.25)

Secondly,

/do— QW/CZ )%E(t,y*)R(0)) =

0 0 0
inZ in 20
PV,E(t,y°)(I — R(0)) + (I — P)V,E(t,y°) | 0 st sing — 2o
sin 260 Csind sin® 6
° 2
0 0 0
in 26 in%0
(R(—g) )V.E(ty") | 0 —S”; 1—cosf— st ,
.2 W
0 sin 9—1—0059—1 STQH
which also reads (3-26)
(/do — —/ o) VLE(t, y" ) R(o )) = PV,E(t,y")(I — R(¥)) +
1 T 1 i T
5 R(—0 ) P)V,E(t,y )(R(9)+R(§)—P)+§(R(—§)—P)VzE(t,yO)(R(§)—P)-

Hence integrating (B.24)) we have

R(O)u' + (I — R(0)E(t,y")

OAL(t,0,y°,u’ y' ul) = +
T (73(9)VIE(15,>’°)>'1 — (I = R(-0) (VE(t, y*)uf + %—?(tyo)))
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0
s s +
((Pva(t, yO (I — R(0)) + %( — R(—0) + R(§) — P)V,E(t,y°)(R(0) + R(§) — P))uo)

(1 ] 0 o O), (3.28)
(3(R-3) = PIVEEY)(R(G) ~ P)u

In order to obtain the expression of &2, we need to compute

(V. wZ(t,0,y°,0") ) { Vs valt, 0, Z(t, 0, y°, u®)) H{ V. w Z(t, 6; y°, u°) }

{(yz)+ 9A1(t,9,y°,“07y1’u1)}
( 0 R(9>) <(y2>+0A1(t,9,y07u°’y1’“1)) -
R-0OV,E(t,y’) 0 ) \\u?

R(G)UQ + R(e)va(tvyO)yl - (R(e) - I) (VZE(t7y )U'H (9 ( O))+
(PVE(y*)(I = RO)) + 5 (R(3) - P)VE(,¥°)(R(0) + R(3) - P)+
L(R(O - 3) — P)VE(L,y") (R(3) - P) )u’ . (3:29)

R(-0)VE(tY") (y* + R(6)u’ + (I - R(6)E(t.y"))

(V2,a(t,0,Z(t, 0;y ))}{{VMZ(t,e;yO,uO)}{(y1>+oAO(t,e,yO,uO)}}2

. (3.30)

({V§E<t, O} (15"} + 265 ROWO) + {RO, Rw)uO})) |

A direct but heavy computation also leads the derivatives Vyoyqul(t, 0,y°,u’ y' u')a’(t, y°, u’),
- OA!
Vyrw AL 0,y 00y ut)al(ty? ul vt ul), and == (5, 0,y",u’, v uh).

Then in view of (), we get &2, which, integrating with respect to 6 leads to a2 and to the
equation satisfied by (X2, V?2). Then we have the following Theorem.

THEOREM 3.4 If E(t,x) is CJ(R x R3), the third term of the expansion ([3.3) of the solution
(Xc(t;x,v,8), Ve(t;x,v,38)) to ) is given by

X2(t,0;%x,v,8) = Y2(t;x,v,8) + R(O)U' + (I — R(0)E(t, Y°(t;x,v,5)),
V3(t,0;x,v,s) = R(O)U*(t;x,v,s) + RIOVLE(E YO (t;x,v,8) Y (4%, v, 5) —
(R(0) — DVLE(t, YO(t; x, v, s)(U” (t;x,v,5) + aa—?(t,YO(t;x,v, s)))+
(PVIE(t,YO(t;x,v, s))(I — R(9)) + 5(R(g) — P)VE(t, Y°(t;x, v, 5)) (R(6) + R(E) - P)+
%(R(G D) PYB( Y (v, ) (RO ))Uo(t _—_—
(3.31)
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Moreover (Y?2,U?) is solution to

df = U+ (R(g) ~ P)V,E(, YO)Y! + (I - P) (VmE(t,YO)Uﬂ + aa—]f(t YO))+
(PVE® YOI - P) + (R(5) - PIVZE(L Y) (R(5) - P) U~ (3:32)

%tr(([ ~ P)V,E(t, YY) (I - P))U° — %tr((R(fﬁ

5) = PIZE( Y")(R(F) - P)UC,

du?
dt

Str((7 — P)VB(,Y?)) (R(-

= PV,E(t,Y°)Y?*+

3) - P)U + %tr((R(—g) ~ P)GE(1,Y%)(I - P)U'+
PV,E(t,YOE(t,Y") — (PVIE(t, YO)P + %tr(([ - P)VE(t,Y°))(I — P)+
Sr((R(-5) ~ PYVEB(, X)) (R(—3) ~ P))B(t, YO)+

%{ng(t,YO)} ({Y1 Y'}+2{Y U0} + {(I - P)U°, (I - P)U°}+

{(R(=3) = PYU", (R(=3) - P)U"})+
(P — R(=5){VZE(L YO HY' U} + (1 - P)({VZE(L YO HUJ, Uf} + 8VtE (YO U} )~
P{V?E(t, YO)}{(I P)U°, U} -
L= PY{ZB(L YOI~ PYU°, UR) — 3 (R(~ ) — P)(V2B(5, YO} (R(5) ~ P)U°, Uf) -
( —(I-P) (sz(t, YO)) + PV,E(t,Y°)(I — P)+
i(] — P)V,E(t,Y")(I - P) + %(R(fg) - P)V,E(, YO)(R(g) - P))EH (t, YO)+
(P R(-2)VE( YU} + (P - R(-D)VE(y)(R(G) - P, YO)+
(P— R(fg))aztE (t, YO)Ylf(IfP)(aZ”;E (t,Y%U}H%(t YO)) ang (t,Y°)(I-P)-
(%(1 _p) ang (£, YO) (I — P) + Z(R(—g) _P) aZtE (. YO)(R() ~ P))U°. (333)

3.3 Finite Larmor Radius Regime with constant strong magnetic field

In the case of Finite Larmor Radius Regime ([[.§) with M = e, we have

a(t,0,x,v) = ( M ) and b(t,x,v) = b(v) = ( v ) ) (3.34)
E(t,x) v x M
Z(t,0; 2, w) — (Z+R(9)W) Vet 0x,v)) T = (I R(Q)) . (3.35)
R(O)w 0 R(-0)

with R and R defined by (B.§) and (B.10).

Here we give the result for this case only for the order 0. We have

G0(t.0.y° u0) = uﬁ + R(—OE(Y" + R(0)u’,t) (3.36)
o R(-OB(* + RO ) |
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and
27

1
ujl + 7 R(—0)E(y® + R(0)u’,t) df
) T 50 . (3.37)
— R(—0)E(y" + R(0)u’,t) do
27T 0

a’(t,y",u’) =

Hence we have the following Theorem.

THEOREM 3.5 If we assume that B(t,x) is CL (R x R3), the first term of the expansion ([3.3) of the
solution (X (t;x,v,s), Ve(t;x,v,8)) to

dX. 1 dV.
7 :‘[S||+E‘/EL7 pr

is given by

1
=E(t,X:) + EV; x M, X (s;x,v,8) =x, VL(s;x,v,8) =v, (3.38)

XO(t,0;x,v,s) = YO (t;x,v,s) + R(OU°(t;x,v,s), VO(t0;x,v,s) = ROU(t;x,v,s), (3.39)

where (YO(t;x, v, s), U%(t;x,v,s)) is solution to

dy?° 1 [ dut 1 [
— =U%+ — R(—O)E(Y" + R(6)U°, ) db —:—/ R(-0E(Y? + R(6)U°,t)do
Ul g [ REOBY ROV, T = o [T REOENY + ROV 1) ab
(3.40)
with the initial conditions
YO(s;x,v,s5) =x, U's;x,v,s) =v. (3.41)

3.4 Guiding Centre Regime with variable strong magnetic field

Here we study a situation representative of what happens inside a tokamalk, i.e., the Guiding Centre
Regime with a variable M, with A/ = 0 and B = e3. In other words we consider the following
system:

dX A% 1
dta =V., dta =E(X:)+ V. xe3+ EVE x M(X.), Xc(s5x,v,8) =x, V(s;x,v,8) =V,
(3.42)
where
— X9 —T2 I 0
1 . 1
M(x) = \/ﬁ z; | = pT(x)er, with p(x) = \/ﬁ —x xy O (3.43)
0 0 0 1
where x = (21,72, 23) in the frame (e1,ez,e3) of R3. In this case
v 0
a(t,0,x,v) =a(t,x,v) = , and b(t,x,v) = b(x,v) = ,  (3.44)
E(t,x) + v X e3 v X M(x)
and thus, R(#) being defined by (B.3),
2224212 cos(8) z1z2(cos(9)—1) zisin(f)
” 2124227 22122222 Vz12+222
Z(t, 9; z, W): , where pTRp _ 2122(0205(9)2—1) z1 +222 0025(9) 2z :sQin(G)2
p'(z)R(0)p(z)w S i Vet
Vz12+222 Vz12 4222 COS(G)
(3.45)

and we have the following Theorem.
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THEOREM 3.6 IfE(t,x) is CZ2(RxR3), the first term of the expansion ([5.3) of the solution (X.(t;x, v, s),
V.(t;x,v,s)) to is given by

XO(t,0:3,v,5) = YO(t:x,v,5) . VO(t,6:3,v,5) = P ORGP U6 x,v,5), (3.46)
where (Y°(t;x,v,s), U%(t;x, v, s)) is solution to
ay°’ — dau®  _ _
— = A(YO)U?, - =B(Y",U% + A(YO)E|(t,Y°) + U° x A(Y")es,
9 y2u1 y1U2 U2
) Y2 —yiy2 0 112 + yo?
with Aly) = ——— | — 2 0|, and B(y,u yluQ — You1)u , (3.47)
2 Y12 + yo? y;yz y(1) 0 Y12 +y2

YO(s;x,v,5) =x%,, U%s;x,v,s)=v.

The term X1(t,0;%,v,s) is given by

1
XU (1 0%, v, 5) = 35 (YolQ(cos(G) —1)U% + YO, (YO, U0, + YO, U0%) sin(6) + Y11(22),
1
XL5(1,0:%,V,5) = 5 (Y%Q(cos(e) S 1)U% 4 Y% (YO, U0 + YO, U, sin(d) + Y1292),
1
X!5(t,0:%,v,5) =5 ((4{01U01 — Y%, U%) (cos(6) — 1) + Y50 + sin(@)UogQ),

(3.48)
where Q= VY% % +Y%%? and where Y(t;x,v,s) is solution to

dY'?
= (( —02Y%U% 4+ 2Y°, Y0, (U, YO, + U%Y%))Yl1 + ((2U01Y02 — U Y002

2Y%,%(—U% YO, + U%Y%))Yl2 + Y% UM 0% - YO, Y0,02UL, — O3Y E; — YO,U 03—

2Y%,U%(-U% Y%, + U%Y%)Q) /94,
dY12 0 0 0 0 2 0 2 0 0 0 0 1 2+ 0 0
2= ((2U2Y1—U1Y2)Q —2Y1(—U1Y2+U2Y1))Y1+<—QY1U1—

2Y01Y02(7U01Y02 +U02Y01))Y12 7Y01YOQQQU11 +Y012U12Q27

DBY%LE; + Q3Y%, U 4+ 2Y%, U%(-U% Y%, + U02Y°1)Q> /94,

ay!
= 3 _ (QQYolEl + QQYOQEQ + (U02Y01 + U012 _ U01~Y'02 + UOQQ)QQ _

(Y00t + Y02U02)2)/93,

(3.49)
with E being evaluated in Y°. The result concerning V1(t,0;x,v,s) is given in the appendiz @

Y!(s;x,v,s) =0,

This Theorem is the consequence of the following computations. Setting A = p” Rp we have
1 0 I

_ 0
{VZ,wZ(t,G;z,W)} = and {VZ,wZ(t,H;z,W)} ' . (3.50)
V.(Aw) A ATV, (Aw) AT
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Then, since in this example %—% =0, and

Aw
a(t,Z(t,0;z,w)) = ) (3.51)
E+ Aw x es
applying ([[.19) and ([.13) we get
Aw

a’(t, 0,2z, w) = : (3.52)

—ATV,(Aw)(Aw) + ATE + w x ATe;

and since fo% Adf = OQW AT = 27 A, and fOQW — ATV, (Aw)(Aw) = 3, we finally get the first part
of the Theorem.

The second part of the Theorem is obtained following the computation program described in the
previous sections using Maple.

A Appendix : V! for the Guiding Centre Regime with vari-
able strong magnetic field

The computations of this appendix have been realized using Maple5.5, on computers of Medicis
Centre, Ecole Polytechnique, Palaiseau, France.

The electric field E and its derivatives being evaluated in Y?, and 2 standing for 1/(Y?1)2 + (Y?2)2,
the term V(t,0;x,v,s) of the expansion (B.9) of the solution to (B.49) is given by :
Vii(tx,v,s) = (((2Y01U01 +Y%U%)02 - 2Y% 2 (Y, U% + Y02U02)>Y11+
<Y01U02§22 —2Y% YO, (YO, U + Y02U°2)>Y12 LY UL+ YO Y0070 + QPYO Byt
Q*Y%U% + Y%, U%(—U% Y% + Y°1U°2)Q) cos(6) + ((793U°3 +U%Y )Y+
Yo, U0%Y%QY" — YO,08U s + Q2YC, °Ey + Q2Y % B YO, + U%0 +
U0 (—U% Y% + Y01U02)92>sin(0) + ( —?Y%U% + 2Y% YO (—U% Y, + Yoong))Yll—i—
<(2U01Y02 — Y% U%)02 4 2Y°% (U0 YO, + Yoong))Ylg FY% U0 - YO, YL,0%U, -
Y E; - Q°Y%,U% - Y, U%(-U% Y, + Y01U02)9> /94, (A.1)
Vlg(t; X,V, 8) = (((UolYOQQQ — 2Y01Y02(Y01U01 —|— YOQUOQ))Yll + ((Yoonl —|— QYOQUOQ)QQ—
2Y% (YO U% 4+ Y%U%) | Y's + YO, Y0000 + Y%, UL + QP Y%Es — Q°Y°, U%—
YO, U%(-U% Y% + Y°1U“2)Q) cos(6) + (Y°1U03Y02QY11 4+ (—°U% + QU% Y% )Y -
YO,0%U s + Q2Y YR, + Q2Y%°E, — U000 — U0 (-U% Y%, + Yoong)QQ)sin(O)—&—
@Y U% - U%Y%)0% — 27, (—U% Y + YO U%) | Y+
(—2°Y%U% —2Y% Y% (—U% Y%, + YO, U%) Y, — YO Y2%.02Ul, + YO, Ul0i-
DY%E; + Q°Y? U% + YO, U%(-U% Y% + Y°1U02)Q> /94, (A.2)
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Vit x,v,s) = (93U13 —*Y%E; — Q°Y%E; + (U% Y% — YO, U%)0° -
(7U01Y02 +Y01U02)2)cos(9) + ((U01Q2 7Y01(Y01U01 +Y02U02))Y11+
(U%0° — Y% (Y% U + Y% U%) Y + Y%0°UYS + Q°E; + Y0192U11)sin(9)+
Y E; + Q°Y%E, + (U012 +Y°%U% —U% Y% + U022)Q2 _ (YO1U01 + Y02U02)2 /Qs7 (A.3)

where Ul (t;x,v, s)) is solution to:

dut,

dt

Y9, Q7 + (=Y * U% —2Y°%; YO,.° U°1 +2Y%*U%, +2Y“12 Y22 U% +Y%2 v, U% -U% Y% Y°,® —2v0,?
U% Y%7 + Y% % U% Y% —4U% Y%°% Y°) @5+ Y% 3Y% 7 YOl  + Y%t Y%t Y% YO ?) (YO U% + YO,
U°,) QS) Es +(4 Q% Y% U% — Y% ® Q% U% + Y% Y% (—Y%° U% - U% Y% YO + Y% % U% +U% YO YO)
Q* + Y% % YO, (YO, +Y0) (YO, U +Y0, UYY) (22) Ul + ( —Q7 Y% U%+Y°% (8 Y% 2% U% Y U% YO, —U°,
YO YO +5U% Y0 Y0 +2Y %% U%) 07— Y% (8 Y% U Y22 — Y0 Y%7 U% +7Y% % YO U% - Y°, YO,°
U% +6 Y% U% +7 Y% U0% — Y%, Y% U0 - Y%° U%) @%) Y + (Y02 YO,7 U%° -8 U U% Y07 +7
U%% U% Y%7 + Y%,° Y% g UU%J +6 U% Y°,7 U%% +Y%°% U%® Y% 4+ vO0,*! Y017 U%% 45 U%% YO,° ¥0,°

—1/4 (( —4Y% 08 Yy 82 4ay0,% 08 OEL ) Yis 4 ( —40° Y05 4+ (=Y°,2 U% +4Y%, U°, YO, —4U°,

U03+U°3 v, Ul YO’ 5 v, v0, U, U2 £ sy, ® v0,2 U, U°12t19Y° U0, 09,7 Y0, 0 U0, U’y
Y°,°v0, —9U0 U°, Y°6Y°1+U°2U“ Y°4Y°3—16U°2U°3Y° +3Y°4Y°3U0 U% +Y%°
Y“22U° 51+3Y°53 Y“4U“2—15Y°56Y°2U“2U° +3Y“3 +uo, U“2—5Y“6U“ U°,?

12+8Y% U% U%? v%°% —6Y%*® v0,% U% U, UO +19Y° 5Y° 2 u; U, U01+7
v°,% O, U“3 U“2 U“1 +3 Y°14 v°,% U% U°% U% +16 Y°,® Y°* U°; U, U“2> Q4 (-4 Q% U% YO, —Y°,2Qf
Y% U%+Y% (Yol Y,% U% —U% Y% * +U% Y%° ¥0 — v v%°% U% +Y% % U% Y% % +Y%° Y°,® U%+U"%
YO, vo, % pyo,t U°1) Q' — Y%, % (YO, +Y0) (YO, U% +Y0, U%) 02) U12+(6 Q8 Y02 YO, By —2 Y% (—Y%% 42
YOi%) Q° By +4 0F Y%7 FEL 4 0F YOy 522 ¥0, — 08 YO, U + Y0 (Y0 U% U +3 Y% U%° 4+ U% Y
U% +12Y% U%%+2Y%° U% - Y% U% Y%, +4 Y°2 U°12 +3U% Y%7 +Y% U%%) Qf + (=YY% ° Y%° U%°> +2
Y%7 v0,? U% U% +10 YO, YO, 3 U°1 U, +U°a 2 Y% % —3Y% Y%° U%% -8 Y%, U%% Y% ° —v°,* U

U°1—3U° Y%, +U0 Y03 v U0 +2Y° U02 QYO;,;U‘%2Y012—2Y01 U‘HYOEU0 42 Y0,

Y°, U% % —4U% 1U% —6 U0 2 y0, yo,8 U0 2y0,% _y0,% U%2 YO, Qf — Y%, (-8 U, —2Y9%,

Y0,7 U%° — 7 YO U032 YOt — 32(024 U0 2 Y°1 A9Y07 Y0 U%% —2 ¥0, 7 U0 Y07 4 ¥0,* Y°2 Uu%% -9
Yo, * Y% U% U% — 14 Y%°® v°,% U%% — 9 U%” Y%? Y“ 2-7v9%°% U%% +11 Y% ® v0,% U%,? + Y0, U°3 Yo, *
U°% +Y%,% U% Y% S U +7U% U°g YO,5 — 14 ¥0, % Udy v0,8 U0, 4 U0, U% Y%?% v°,% 4+ 12 Y%, 1 Y0,2
U% +2 Y% Y° U% U% +U% Y%° U% Y°7° +10 U%° YO, g Yo, * Yo, U022 -6 U%% Y%° Yo 2) 02 4o
YOt ¥, (Y0, +Y%) (—U% YO, +U% YO) (YO U° +Y0, UOZ)) Yl + ( —6Y%°% U3 vt U v0,2 2
U03 U, 2 yo 5+5Y0 2Y0 SUU 3 _5 U0, Uo 2Y0 5_U0 YO, 6U0 +8Y°, 5Uo 2U03—Y0 4Yo 2Uo 2+Y0 3

Y°3U°2 Y°3Y03U02 4Y°2U0 4+6Y° U°3Y° Y02Y°4U°3 6Y°1U°3Y0§4 %+12
Y°5U° Y0,2 U°?75Y°4U°3Y°2U°2 Y°2U0 %5U027Y014U0,1Y02; 19 Y% )
U"2+Y°3U0 Y0,° U% +4 0% U U Y“"+14U0 u°,% — Y“*"YU U0 +Y“2U° Y°4
u°, 5Y“2U°2U°1—6Y° Y“2U° uo,? +9U°2Y°2Y°3U°3+12U° Y°4U“ Y“1—18Y“ U02

U, Y023+18 Y0 Y% ! U% UY) 24 y0,” Y“2 U0, 0% —5 Y7 Y0, U0, UV 6 Y,° Y0, U0 0% — 2 ¥0,° Y°,
0% U% 2 v%,% Y0, U°4U°3+5Y0 v0,7 00, U% 4 2.¥0,2 ¥0,0 U0, U% — 2 ¥, v0,% U0, Ul 12 ¥0,

U, v°,° U°373Y02 Y°,* U u° 27Y02 U° Y0, 1 Uo,”? 17U°1 U% Y° 4YU2 U0274U01 U% Y°,* U%

YO —17U% U% U% Y%7 YO, 44 U°% YO.° U%) 0 4+ (6 U 0! 46 Y%7 Y07 U%° + Y0t U U — YO,
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