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On Mirkovi¢-Vilonen cycles and crystal combinatorics

Pierre Baumann and Stéphane Gaussent*

Abstract

Let G be a complex connected reductive group and let GV be its Langlands dual.
Let us choose a triangular decomposition n™Y @ Y @ n™V of the Lie algebra of GV.
Braverman, Finkelberg and Gaitsgory show that the set of all Mirkovié-Vilonen cycles
in the affine Grassmannian G(C((t)))/G(C[[t]) is a crystal isomorphic to the crystal of
the canonical basis of U(nt""). Starting from the string parameter of an element of the
canonical basis, we give an explicit description of a dense subset of the associated MV
cycle. As a corollary, we show that the varieties involved in Lusztig’s algebraic-geometric
parametrization of the canonical basis are closely related to MV cycles. In addition, we
prove that the bijection between LS paths and MV cycles constructed by Gaussent and
Littelmann is an isomorphism of crystals.

1 Introduction

Let G be a complex connected reductive group, GV be its Langlands dual, and ¢ be its affine
Grassmannian. The geometric Satake correspondence of Lusztig [23], Ginzburg [13] and
Beilinson and Drinfeld [3] is a tensor equivalence from the category of G(C|[[t]])-equivariant
perverse sheaves of C-vector spaces on ¢ to the category of complex finite dimensional repre-
sentations of GV. In this equivalence, the representation that corresponds to a perverse sheaf
L is the hypercohomology of L, endowed with a suitable action of GV (which depends on the
choice of a pinning of G).

We fix now a pair of opposite Borel subgroups in G, so as to be enabled to speak of
weights and dominance. Then each dominant weight A for GV determines a G(C[[t]])-orbit ¥,
in ¢. Under the geometric Satake correspondence, the intersection cohomology of the (usually
singular) closure %, becomes the underlying space of the irreducible rational G¥-module L(\)
with highest weight .

In [28], Mirkovié¢ and Vilonen present a proof of the geometric Satake correspondence valid
in any characteristic. Their main tool is a class 2°(\) of subvarieties of %, the so-called MV
cycles, which affords a basis of the intersection cohomology of 4. It is tempting to try to
compare this construction with standard bases in L(A), for instance with the canonical basis
of Lusztig [24] (also known as the global crystal basis of Kashiwara [16]).

Several works achieve such a comparison on a combinatorial level. More precisely, let us
recall that the combinatorial object that indexes naturally the canonical basis of L(A) is the
crystal B(\). In [9], Braverman and Gaitsgory endow the set 27(\) with the structure of a
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crystal and show the existence of an isomorphism of crystals Z(\) : B(\) — Z°(\). In [12],
Gaussent and Littelmann introduce a set I’fjs(w)\) of “LS galleries”. They endow it with the
structure of a crystal and they associate an MV cycle Z(§) € Z(\) to each LS gallery 6 €
T'/5(7). Finally they show the existence of an isomorphism of crystals y : B(\) — T'js(72)
and they prove that the map Z : I'f(7x) — Z°(\) is a bijection. One of the results of the
present paper (Theorem 27) says that Gaussent and Littelmann’s map Z is the composition
Z(A) o x71; in particular Z is an isomorphism of crystals.

Let A be the lattice of weights of GV, let n™V @ h @& n"" be the triangular decomposition
of the Lie algebra of GV afforded by the pinning of G, and let B(—o0) be the crystal of
the canonical basis of U(n™"). Then for each dominant weight A, the crystal B()\) can be
embedded into a shifted version T, ® B(—00) of B(—00), where woA is the smallest weight

of B(A). It is thus natural to consider a big crystal B(—o0) = @,.5 Th ® B(—00) in order
to deal with all the B(\) simultaneously. The isomorphisms Z(\) : B(A) — Z()\) then

assemble in a big bijection Z : B(—00) — £. The set 2 here collects subvarieties of ¢ that
have been introduced by Anderson in [1]. These varieties are a slight generalization of the
usual MV cycles; indeed 2 O Z()) for each dominant weight A. Kamnitzer [14] calls the
elements of 2 “stable MV cycles”, but we will simply call them MV cycles. The existence of
the crystal structure on 2 and of the isomorphism of crystals = mentioned above is due to
Braverman, Finkelberg and Gaitsgory [8].

The crystal B(—oo) can be parametrized in several ways. Two families of parametriza-
tions, usually called the Lusztig parametrizations and the string parametrizations (see [6]),
depend on the choice of a reduced decomposition of the longest element in the Weyl group of
G; they establish a bijection between B(—o00) and tuples of natural integers. On the contrary,
Lusztig’s algebraic-geometric parametrization [26] is intrinsic and describes B(—o0) in terms
of closed subvarieties in U~ (C[[t]]), where U~ is the unipotent radical of the negative Borel
subgroup of G.

A central result of the present paper (Theorem 16) provides an explicit description of the
cycle Z(tg ® b) starting from the string parameter of b € B(—o00). In the course of his work
on MV polytopes [14], Kamnitzer obtains a similar result, this time starting from the Lusztig
parameter of b. We explain in Section 4.3 that our result is equivalent to Kamnitzer’s one. We
feel that our approach, which is foreign to Kamnitzer’s methods, has its own advantages. In-
deed we obtain four new results. Firstly, we translate Braverman, Finkelberg and Gaitsgory’s
original definition of the crystal operations on 2 in a concrete formula (Proposition 14).
Secondly, we have an explicit birational morphism from a variety of the form C® x (C*) to
E(to ®b) (Remark 17). Thirdly, we show how the string cone (i.e., the domain of parameters
for the string parametrization) appears naturally with MV cycles (Proposition 18). Fourthly,
we explain why Lusztig’s algebraic-geometric parametrization is closely related closed to MV
cycles (Proposition 20).

The paper consists of four sections (plus the introduction). Section 2 fixes some notation
and gathers facts and terminology from the theory of crystals bases. Section 3 recalls several
standard constructions in the affine Grassmannian and presents the known results concerning
MYV cycles. Section 4 defines Braverman and Gaitsgory’s crystal operations on MV cycles and
presents our results concerning string parametrizations. Section 5 establishes that Gaussent
and Littelmann’s bijection Z : FES(’)/)\) — Z()) is a crystal isomorphism. Each section opens
with a short summary which gives a more detailed account of its contents.

We wish to thank M. Ehrig, J. Kamnitzer, P. Littelmann, I. Mirkovi¢, S. Morier-Genoud



and G. Rousseau for fruitful conversations, vital information and/or useful indications.

2 Preliminaries

The task devoted to Section 2.1 is to fix the notation concerning the pinned group G. In
Section 2.2, we fix the notation concerning crystal bases for G¥-modules.

2.1 Notations for pinned groups

In this whole paper, G will be a complex connected reductive algebraic group. We assume
that a Borel subgroup B* and a maximal torus 7' C BT are fixed. We let B~ be the opposite
Borel subgroup to BT relatively to 7. We denote the unipotent radical of B* by U*.

We denote the character group of T' by X = X*(T'); we denote the lattice of all one-
parameter subgroups of 7' by A = X, (T). A point A € A is a morphism of algebraic groups
C* — T, a — a*. We denote the root system and the coroot system of (G,T) by ® and
®V = {aV | a € D}, respectively. The datum of BT splits ® into the subset ®, of positive
roots and the subset ®_ of negative roots. We set ®Y = {a¥ | @ € ®;}. We denote by
Xip={neX|Va e€dY, na’)>0tand Ay ={X e A|Vaed, (a,N >0}
the cones of dominant weights and coweights. We index the simple roots as («;);er. The
coroot lattice is the subgroup Z®" generated by the coroots in A. The height of an element
A= Y ierniey in ZOY is defined as ht(\) = >°,.;n;. The dominance order on X is the
partial order < defined by

nz20<=n—60¢cNb,.

The dominance order on A is the partial order < defined by
A>p < \—peNDY.

For each simple root oy, we choose a non-trivial additive subgroup x; of Ut such that
a’z;(b)a= = x; (a<ai’)‘> b) holds for all A € A, a € C*, b € C. Then there is a unique morphism

@; : SLy — G such that
1 b a 0 aV
vi (0 1) =z;(b) and ¢; (O a1> =a

for all a € C*, b € C. We set

1 0 _ 0 1
yi(b) = ¢; <b 1> and 3 = y; <_1 O).

Let Ng(T) be the normalizer of T in G and let W = Ng(T)/T be the Weyl group of
(G,T). Each element 5; normalizes T'; its class s; modulo T is called a simple reflection.
Endowed with the set of simple reflections, the Weyl group becomes a Coxeter system. Since
the elements s; satisfy the braid relations, we may lift each element w € W to an element
w € G so that w = 5;, ---5;; for any reduced decomposition s;, ---s; of w. For any two
elements w and w’ in W, there exists an element A\ € Z®" such that ww’ = (—1)* w w’. We
denote the longest element of W by wg. We extend the additive form ht to A by setting
ht(A) = ht(A — woA)/2 (the result belongs to 37Z).



Let a be a positive root. We make the choice of a simple root «; and of an element w € W
such that o = wa;. Then we define the one-parameter additive subgroups

-1

ZTo b wa(b)w and z_o:b—wy(b)w (1)

and the element 5, = ws;w'. Products in G may then be computed using several commu-

tation rules:

e For all A € A, all root a, all a € C* and all b € C,
a o (b) = 24 (a<a’)‘>b) at. (2)
e For any root o and any a,b € C such that 14 ab # 0,
Oév
za(a)z_a(b) =x_a(b/(1+ab)) (1 4+ ab)” za(a/(1+ ab)). (3)

e For any positive root a and any a € C*,

\% \%

Y Sa=55a % . (4)

Zo(a) x,a(—a_l) zola) = x,a(—a_l) zo(a) :c,a(—a_l) =q

e (Chevalley’s commutator formula) If a and 3 are two linearly independent roots, then
there are numbers C; ;o g € {£1, 42, £3} such that

xg(b)_lxa(a)_lxﬁ(b) Tala) = H Tia+jp (Ci,jvoé,ﬁ(_a)ibj) ()
2,7>0
for all @ and b in C. The product in the right-hand side is taken over all pairs of positive
integers i, j for which ia 4+ 70 is a root, in order of increasing i + j.

2.2 Crystals

Let GV be the Langlands dual of G. This reductive group is equipped with a Borel subgroup
BTV and a maximal torus TV C B™"Y so that A is the weight lattice of TV and ®V is the
root system of (GY,T"), the set of positive roots being ®Y. The Lie algebra g of GV has a
triangular decomposition g¥ =n=Y @ hY G nhV.

A crystal for GV (in the sense of Kashiwara [19]) is a set B endowed with applications

&, fi :B—BU{0}, e,¢i:B—=ZU{-00}, and wt:B — A,

where 0 is a ghost element added to B in order that the maps €; and f, may be everywhere
defined. These applications are required to satisfy certain axioms, which the reader may find
in Section 7.2 of [19]. The application wt is called the weight.

A morphism from a crystal B to a crystal B’ is an application ¢ : B U {0} — B’ U {0}
satisfying ¢(0) = 0 and compatible with the structure maps é;, fi, €i, w; and wt. The
conditions are written in full detail in [19].

Given a crystal B, one defines a crystal BY whose elements are written b¥, where b € B,
and whose structure maps are given by

wt(bY) = — wt(b),
ei(0) = i(b) and ;i (bY) = &i(b),
&(bY) = (fib)Y and fi(bY) = (b)Y,



where one sets 0¥ = 0. The correspondence B ~» BV is a covariant functor. (Caution: Usually
in this paper, the symbol V is used to adorn inverse roots or objects related to the Langlands
dual. Here and in Section 4.5 however, it will also be used to denote contragredient duality
for crystals.)

The most important crystals for our work are the crystal B(oco) of the canonical basis of
U(n™Y) and the crystal B(—oo) of the canonical basis of U(n™"). The crystal B(oo) is a
highest weight crystal; this means that it has an element annihilated by all operators €; and
from which any other element of B(co) can be obtained by applying the operators f;. This
element is unique and its weight is 0; we denote it by 1. Likewise the crystal B(—o0) is a
lowest weight crystal; its lowest weight element has weight 0 and is also denoted by 1.

The antiautomorphism of the algebra U(n™") that fixes the Chevalley generators leaves
stable its canonical basis; it therefore induces an involution b — b* of the set B(co). This
involution * preserves the weight. The operators f; and b — ( fzb*)* correspond roughly to
the left and right multiplication in U(n™V) by the Chevalley generator with index i (see
Proposition 5.3.1 in [17] for a more precise statement). One could therefore expect that fi
and b — ( f]b*)* commute for all ¢,5 € I. This does not hold but one can analyze precisely
the mutual behavior of these operators. In return, one obtains a characterization of B(o0)
as the unique highest weight crystal generated by a highest weight element of weight 0 and
endowed with an involution * with specific properties (see Section 2 in [18], Proposition 3.2.3
in [20], and Section 12 in [8] for more details).

For any weight A € A, we consider the crystal T with unique element t), whose structure
maps are given by

Wt(t)\) =\, Eit\= fit}\ =0 and Ei(t)\) = gOi(t)\) = —00

(see Example 7.3 in [19]). There are two operations @ and ® on crystals (see Section 7.3

e~ —

n [19]). We set B(—o0) = @ycp Th ® B(—00). Thus for any b € B(—o00), any A € A and
any ¢ € I,

gi(thx ®b) = g;(b) — (a4, A), éi(ty ®b) =t)\ ®é;(b),

Pi(tr ®b) = ¢i(b), filta ®b) = t) ® fi(b),
wt(ty ® b) = wt(b) + A

We transport the involution * from B(co) to B(—o0) by using the isomorphism B(—o0) =

B(c0)" and by setting (b¥)* = (b*)" for each b € B(oo). Then we extend it to B?go) by
setting
(A @)™ =t_\_wi(p) @b

For A\ € A, we denote by L()\) the irreducible rational representation of GV whose highest
weight is the unique dominant weight in the orbit WA. We denote the crystal of the canonical
basis of L(A) by B(A). It has a unique highest weight element by, and a unique lowest weight
element byoy, which satisfy €;bpign = fiblow = 0 for any 7 € I. If X\ is dominant, there is a
unique embedding of crystals k) : B(A\) — B(oco) ® T); it maps the element bpign to 1 ® ty
and its image is

{b®@ty\|be B(co) such that Vi € I, g;(b*) < (i, )}
(see Proposition 8.2 in [19]). If A is antidominant, then the sequence

(k-x)Y
SAAAN

B(\) = B(-\)Y (B(oo) @ T_)" = Ty @ B(—o0)



defines an embedding of crystals ¢y : B(\) — T) @ B(—00); it maps the element bjy, to £y ® 1
and its image is

{tA®b| b€ B(—00) such that Vi € I, p;(b*) < —(a;, \)}.

3 The affine Grassmannian

In Section 3.1, we recall the definition of an affine Grassmannian and explain that it is endowed
with the structure of an ind-variety. In Section 3.2, we present several properties of orbits
in the affine Grassmannian of G under the action of the groups G(C[[t]]) and U*(C(())).
Section 3.3 recalls the notion of MV cycle, in the original version of Mirkovi¢ and Vilonen
and in the somewhat generalized version of Anderson. Finally Section 3.4 introduces maps
from the affine Grassmannian of G to the affine Grassmannian of Levi subgroups of G.

An easy but possibly new result in this section is Proposition 5 (iii). Joint with Mirkovié
and Vilonen’s work, it implies the expected Proposition 7, which provides the dimension
estimates that Anderson needs for his generalization of MV cycles.

3.1 Definitions

We denote the ring of formal power series by ¢ = C|[t]] and we denote its field of fractions
by £ = C((t)). We denote the valuation of a non-zero Laurent series f € £ by val(f).
Given a complex linear algebraic group H, we define the affine Grassmannian of H as the

space # = H(#')/H(O). The class in S of an element h € H(#") will be denoted by [h].

Ezample. If H is the multiplicative group G,,, then

val
H =X O 2L,

More generally, if H is a torus, then the map A +— [t'] is a bijection from the lattice X, (H)
of one-parameter subgroups in H onto the affine Grassmannian 7.

The affine Grassmannian .7 has the structure of an ind-scheme (see [2] for H = GL,, or
SL,, and Chapter 13 of [21] for H simple). This means that .7 is a ringed space isomorphic
to the direct limit of a system

Ay s Ao s

of schemes of finite type over C and of closed embeddings. We here observe that a subset of 77
which is noetherian for the induced topology is necessarily contained in 7%, for some n > 0.

When H is reductive, 5 can be H (¢ )-equivariantly embedded in a projective space
P(V), where V is an infinite dimensional representation of H (). In other words, there is
an H (. )-equivariant very ample line bundle on .7°. Moreover one can find an increasing and
exhaustive filtration of V' by H(&')-invariant finite dimensional subspaces V,,. The assignment
H;, = A NP(V,) then defines a directed system as above, such that each 7, is a projective
variety and is invariant under the action of H(0).

The affine Grassmannian of the groups G and T considered in Section 2.1 will be denoted
by &4 and .7, respectively. The inclusion T' C G gives rise to a closed embedding .7 — ¥.



3.2 Orbits

We first look at the action of the group G(&) on ¢ by left multiplication. The orbit G(&)[t}]
depends only on the W-orbit of A in A, and the Cartan decomposition of G(£") says that

v= || G

WAEA/W

For each coweight A\ € A, the orbit %, = G(O)[t"] is a quasiprojective scheme of finite type
over C. If X is dominant, then its closure is

G = |_| G (6)
BEAL 4
AZp
this is a projective scheme of finite type over C.
From this, one can quickly deduce that it is often possible to truncate power series when
dealing with the action of G(&) on ¢. Given an positive integer s, let G(,) denote the s-th
congruence subgroup of G(&), that is, the kernel of the reduction map G(0) — G(0/t°0).

Proposition 1 For each noetherian subset Z of &, there exists a level s such that G fizes
Z pointwise.

Proof. Consider ¢4, = | |,en,, %, The Cartan decomposition shows that (¥,),>0 is an
ht(v)<n

increasing and exhaustive ﬁ(lt)ration of 4, and Equation (6) shows that each ¥, is closed. We

conclude that each noetherian subset Z of ¢ is contained in ¥, for n sufficiently large. To

prove the proposition, it is thus enough to show that for each integer n, there is s > 1 such

that G ,) fixes 4, pointwise.

Let A € A, and choose s > 1 larger than («, ) for all « € ®. Using that G (s) is generated
by elements (1 + t*p)* and z,(t*p) with A € A, o € ® and p € @, one readily checks that
G ) fixes the point [t*]. Since G (s is normal in G(&), it pointwise fixes the orbit &\. The
proposition follows then from the fact that each 4, is a finite union of G(&)-orbits. O

We now look at the action of the unipotent group U*(.#") on ¢. It can be described by
the Iwasawa decomposition
g =| | U
A€A
We will denote the orbit U*(#)[t*] by S3. Proposition 3.1 (a) in [28] asserts that the closure
of a stratum Sf is the union

ss= || s (7)
HEA
+(A—p1)>0

This equation implies in particular
+ _ of +
Sy =53\ <U qucaiv> ’
el

which shows that each stratum Sf is locally closed.



As pointed out by Mirkovi¢ and Vilonen (Equation (3.5) in [28]), these strata S)jf can be
understood in terms of a Biatynicki-Birula decomposition: indeed the choice of a dominant
and regular coweight £ € A defines an action of C* on ¢, and

Sf={re9| lim, = [}
aeCx

for each A € A. We will generalize this result in Remark 9. For now, we record the following
two (known and obvious) consequences:

e The set of points in ¢ fixed by the action of T is precisely {[t*] | A € A}; in other words,
47T is the image of the embedding .7 — ¥.

o If Z is a closed and T-invariant subset of ¢, then Z meets a stratum Si[ if and only if
[t € Z.

The following proposition is in essence due to Kamnitzer (see Section 3.3 in [14]).

Proposition 2 Let Z be an irreducible and noetherian subset of 4. Then {\ € A | ZNS§ #
@} is finite and has a largest or smallest element. Denoting this element by p, the intersection
ZnN Sf is open and dense in Z.

Given an irreducible and noetherian subset Z in ¢, we indicate the coweight p exhibited in
Proposition 2 by the notation uy(2).

Proof of Proposition 2. We first observe that the Cartan decomposition and the equality
g7 = {[t"] | A € A} imply that (%,)T = {[t*"] | w € W} for each coweight v € A. Tt
follows that (%V)T is finite. Recall the subsets 4, = | |,ea ++ 9, used in the proof of Propo-
ht(v)<n

sition 1. Then (%,)7 is finite for each n € N. Since ¥, is closed and T-invariant, this means
that it meets only a finite number of strata Sf. Thus a noetherian subset of ¢ meets only a
finite number of strata Sf, for it is contained in ¥, for n big enough.

Assume now that Z is an irreducible and noetherian subset of 4. Each intersection Z ﬂSiE
is locally closed in Z and Z is covered by a finite number of such intersections, therefore there

exists a coweight u for which the intersection Z ﬂSff isdensein Z. Then Z C S,jf; by Equation
(7), this means that y is the largest or the smallest element in {\ € A | ZNS5 # @}. Moreover
ZN Sff is locally closed; it is therefore open in its closure in Z, which is Z. [J

Ezxamples 3. o If Z is an irreducible and noetherian subset of ¢, then Z N S;;(Z) N Sl;(z)
is dense in Z. Thus Z and Z are contained in SL 2N S;_( 7)- One deduces from this the

equality p+(Z) = p+(2).

e For any coweight A € A, pi (%) = pt (?A) is the largest or smallest element in the orbit
WA

We now present a method that allows to find the parameter A of an orbit ¥\ or S)jf to
which a given point of ¢ belongs. Given a C-vector space V, we may form the . -vector
space V ®@c £ by extending the base field and regard V' as a subspace of it. In this situation,
we define the valuation val(v) of a non-zero vector v € V ®c ¥ as the largest n € Z such
that v € V ® t"0; thus the valuation of a non-zero element v € V is zero. We define the



valuation val(f) of a non-zero endomorphism f € End » (V ®c %) as the largest n € Z such
that f(V ®c 0) CV @t"0; equivalently, val(f) is the valuation of f viewed as an element in
Endc(V) ®c A

For each weight n € X, we denote by V() the simple rational representation of G whose
highest weight is the dominant weight in the orbit W, and we choose an extremal weight
vector v, € V() of weight 1. The structure map g — gy, from G to Endc(V(n)) of this
representation extends to a map from G(#) to End »(V(n) ®c #); we denote this latter
also by g +— gy (y), or simply by g — (g-7) if there is no risk of confusion.

Proposition 4 Let g € 4(X%).

(i) The antidominant coweight X\ € A such that [g] € 9\ is characterized by the equations
Vne Xiy, (0, A) =val(gy(y)-

(ii) The coweight A € A such that [g] € S¥ is characterized by the equations

Vne Xy, £\ =—val(g-vi,).

Proof. Assertion (ii) is due to Kamnitzer (this is Lemma 2.4 in [14]), so we only have to prove
Assertion (i). Let n € X . Then for each weight # of V (1), the element t* acts by ¢t
on the #-weight subspace of V(n). Here (\,0) > (A, n), for A is antidominant and 6 < n. It
follows that Val((tA)V(n)) = (\,n); in other words, the proposed formula holds for g = t*.
To conclude the proof, it suffices to observe that Val(gv(n)) depends only of the double coset
G(0)gG(0), for the action of G(O) leaves V(n) ®c € invariant. [J

We end this section with a proposition that gives some information concerning intersec-
tions of orbits. We agree to say that an assertion A(A) depending on a coweight A € A holds
when A is enough antidominant if

AN €Z) (YAeA) (Viel, (o, \) <N) = A(N).

Proposition 5 (i) Let \,v € A. If S{ NS, # @, then A > v.
(ii) Let X € A. Then Sy NSy = {[t"]}.

(iii) Letv € A such thatv > 0. If X\ € A is enough antidominant, then SY, NSy = S

)\erﬁg)\.

The proof of this proposition requires a lemma.

Lemma 6 Letv € A such thatv > 0. If A € A is enough antidominant, then Sj\rJrVﬁS; C 9.
Proof. For the whole proof, we fix v € A such that v > 0.

For each n € X, we make the following construction. We form the list (61,62,...,60n)
of all the weights of V(n), repeated according to their multiplicities and ordered in such a
way that (6; > 6; = i < j) for all indices 4,j. Thus N =dimV(n), 6, =n > 0; for all i > 1,



and 01 + 0y + - - - + Oy is W-invariant hence orthogonal to Z®". We say then that a coweight
A € A satisfies Condition A, (\) if

Vje{l,...,N}, <(91—0j,)\>§<0j+(9j+1+---+(9]v,l/>.

Certainly Condition A, (X) holds if A is enough antidominant.

Now we choose a finite subset ¥ C X, that spans the lattice X up to torsion. To
prove the lemma, it is enough to show that S;\:LU NSy C ¥, for all antidominant A satisfying
Condition A,(X) for each n € Y.

Let A satisfying these requirements and let g € U~ (J¢)t* be such that [g] € S¥, . We
use Proposition 4 (i) to show that [g] € %\. Let n € Y. Let (v1,ve,...,vN) be a basis of
V(n) such that for each 4, v; is a vector of weight 6;. We denote the dual basis in V(n)* by

(v}, v3,...,v5); thus v} is of weight —6;. Then
val(gy () = min{val((v;,g ;) ‘ 1<i,j <N}

The choice g € U~ (#)t* implies that the matrix of gv(y) in the basis (v;)1<ign is lower

triangular, with diagonal entries (¢ Let ¢ < 7 be two indices. Then
J

1IN

) _ t<9j+1+‘9j+2+"'+9N7>‘> (

g-(vi/\’UjJrl/\’UjJrz/\-"/\UN g-vl-)/\vjﬂ/\ijrg/\---/\vN.

Therefore

val((v,g-vi)) + (041 + 012+ + 0N, A)
= val({v; Avj g Avig A ON, g (Vi Avjpr Avjpa A Aun)))
= val((g~* - (V ANVip AT g A UN), 0 AUjp1 AUjpa A s AUN))
> val(g~! - (Vi Nz A Avy))
=0j+ 01+ +ON,A+1v);

the last equality here comes from Proposition 4 (ii), taking into account that [g] € S;\Zry and

that vj Avigy A+ Avy is a highest weight vector of weight —(0; + 641 + -+ + 0n) in
ANV ()%, By Condition A, ()\), this implies

val((v},g-vi)) = (05, A) +(0; + 011+ -+ 0n,v) = (0, A).

Therefore val(gy () = (7, A). On the other hand, val(gy ;) < val({v],g - v1)) = (n,A). Thus
the equality val(gy ;) = (n,A) holds for each n € Y, and we conclude by Proposition 4 (i)
that [g] € 4. O

Proof of Proposition 5. We first prove Assertion (i). We let C* act on ¢ through a dominant
and regular coweight £ € A. Let \,v € A and assume there exists an element x € S;\F ns,.
Then L

(] =lima ¢ -2 belongsto S, = U S

a—0
vEA
A>v

This shows that A > v.

10



If 4 € A is enough antidominant, then
S LA ()

by Lemma 6 and Formula (3.6) in [28]. Thus S;f NS, = {[¢*]} if p is enough antidominant.
It follows that for each A € A,

Synsy =t (Shns,) = {1} = {[t]}.

Assertion (ii) is proved.
Now let v € A such that v > 0. By Lemma 6, the property

Vo,reA, (0<7<vandA<o<A+v)= (S}, NS, CY,) (8)
holds if A is enough antidominant. We assume that this is the case and that moreover
WAN{oceA|o<A+v}={A}

We now show the equality SL_V nsy, = S;\F_H/ N ¥, Let us take x € SL_V N %,. Calling o
the coweight such that x € S, we necessarily have A < o < A+ v. Setting 7 = A+ v — o0,
we have 0 < 7 < v and z € S, NS, whence z € %, by our assumption (8). This entails
o € WA, then o0 = A, and thus x € S . This reasoning shows S,J\Zr,, N, C S,J\Zr,, NSy . The
converse inclusion also holds (set 7 = v and o0 = A in (8)). Assertion (iii) is proved. [J

Remark. Assertion (ii) of Proposition 5 can also be proved in the following way. Let K be
the maximal compact subgroup of the torus 7. The Lie algebra of K is ¢ = i(A ®z R). The
affine Grassmannian ¢ is a Kahler manifold and the action of K on ¢ is hamiltonian. Let
p i 9 — € be the moment map. Fix a dominant and regular coweight £ € A. Then R}

acts on ¢ through the map R} — C* S 7. The map (p,1§) from ¢ to R strictly increases
along any non-constant orbit for this Ri-action. Now take A € A and x € S;\r NSy . Then
lim, oa® -z = limg_,ooa® - & = [t)‘]. Thus (u,i€) cannot increases strictly along the orbit
RY - . This implies that this orbit is constant; in other words, = = [t].

3.3 Mirkovié¢-Vilonen cycles

Let \,v € A. In order that S, N%, # @, it is necessary that [t"] € ?,\T, hence that v—\ € Z®V
and that v belongs to the convex hull of WA in A ®7 R.

Assume that A is antidominant and denote by L(woA) the irreducible rational representa-
tion of GV with lowest weight A\. Mirkovi¢ and Vilonen proved that the intersection S} N %,
is of pure dimension ht(v — \) and has as much irreducible components as the dimension of
the v-weight subspace of L(wpA) (Theorem 3.2 and Corollary 7.4 in [28]). From this result
and from Proposition 5 (iii), one readily deduces the following fact.

Proposition 7 Let \,v € A with v > 0. Then the intersection Sj\q_y NSy (viewed as a
reduced subscheme of 4 ) is of pure dimension ht(v) and has as much irreducible components

as the dimension of the v-weight subspace of U(ntV).

Proof. As an abstract variety, SL_V N S, does not depend on A, because the action of t#

on ¥ maps S;\:LU NSy onto S;\Zr utw 1 Sy " for any p € A. We may therefore assume that
A is enough antidominant so that the conclusion of Proposition 5 (iii) holds and that the
(A + v)-weight space of L(wpA) has the same dimension as the v-weight subspace of U(n™V).

The proposition follows then from Mirkovié and Vilonen results. [J

11



If X is a topological space, we denote the set of irreducible components of X by Irr(X).
For \,v € A, we set

5@»:&%$¢@Q.

An element Z in a set Z°(\), is called an MV cycle. Such a Z is necessarily a closed,
irreducible and noetherian subset of ¢. It is also T-invariant, for the action of the connected
group T on S;7 N'%, does not permute the irreducible components of this intersection closure.
The coweight v can be recovered from Z by the rule uy(Z) = v; indeed Z is the closure of
an irreducible component Y of S;f N %), so that p4(Z) = py(Y) = v. The union

is therefore disjoint.
We finally set

Arguing as above, one sees that if Z is an irreducible component of S;\L NS, , then A and v
are determined by Z through the equations py(Z) = X and pu—(Z) = v. Using Example 3,
one checks without difficulty that for any irreducible and noetherian subset Z of ¢,

o4 7 . . . + —
Z € & <= 7 is an irreducible component of Sﬂ+ 2) N S“_( 2)
<~ dimZ = ht(uy(2) — p—(2)). (9)

A result of Anderson (Proposition 3 in [1]) asserts that for any A\,v € A with A\ antidomi-
nant,

Z\)y={Z¢€ f‘,tq(Z) =v,u_(Z)=Xand Z C % }.

This fact implies that if A < p are two antidominant coweights and if Z € 2°(u), then
th=> . Z € Z(\). The set 2 appears thus as the right way to stabilize the situation, namely

g:{tv.z

It seems therefore legitimate to call MV cycles the elements of 2.
From now on, our main aim will be to describe MV cycles as precisely as possible. The
easiest case is treated in the following example.

veMZe || f@%.

Ezample 8. This example addresses the case where G has semisimple rank 1. Then there is
just one simple root, say . Let A and v in A such that A\ > v; thus A — v = naV, where
n = (a,\ — v)/2 is a natural number. We specialize the equality

T_a(—a") = 24(—a) a® 55 za(—a)

to the value a = —qt™, where ¢ € €. Multiplying on the left by ¢¥ and noting that
(—q)* 5q o (qt") € G(O), we get the equality

[m_a(q71t7<a,>\+u>/2)tu] — [xa(qt<a,)\+y>/2)t)\:|

12



in 4. The element displayed here depends only on the class of ¢ modulo t"¢, and the map
qr [:ﬂ,a(q_lt—@)‘*‘”)ﬂ) t”] gives a bijection from

(0/t"0)" = {ao+art + - + an1t"" | (ag, a1, ..., an_1) € C", ag # 0}

onto S;f N S, . This latter is therefore isomorphic to the product C* x C"~! hence is irre-

ducible. It follows that the intersection closure Sy NS, is either irreducible (if A —v € N®Y)
or empty (otherwise). In other words, the map Z — (uy(Z),u—(Z)) is a bijection from 2
onto {(\,v) | A — v € Na"}.

To deal with the more general case requires an adequate indexation of 2. This will be
done in Section 4 using Kashiwara’s crystal bases.

3.4 Parabolic retractions

In Section (5.3.28) of [3], Beilinson and Drinfeld describe a way to relate ¢ with the affine
Grassmannians of Levi subgroups of G. We rephrase their construction in a slightly less
general context.

Let P be a parabolic subgroup of G which contains 7', let M be the Levi factor of P
that contains T', and let & and .# be the affine Grassmannians of P and M. The diagram
G «— P — M yields similar diagrams G(#) < P(#) - M(X¥) and ¥ <& 2 5 4.
The continuous map i is bijective but is not an homeomorphism in general (& has usually
more connected components than ¢). We may however define the (non-continuous) map
rp=moi ! from ¥ to /.

To the inclusion M C G corresponds an embedding .# <, 4. The group P(") acts on
A via the projection P(#) — M (') and acts on ¢ via the embedding P(.%") — G(.%).
The map rp can then be characterized as the unique P(J¢)-equivariant section of j.

For instance, when P is the Borel subgroup B, the Levi factor M is the torus 7" and
the group P() contains the group UT(.#). The map rg+ : 4 — 7, being a UT(X)-
equivariant section of the embedding 7 — ¥, sends the whole stratum S;\E to the point [t],
for each A € A.

Remark 9. The map rp can also be understood in terms of a Biatynicki-Birula decomposition.
Indeed let g, p and t be the Lie algebras of G, P and T. We write g = t © P, 9 for the
root decomposition of g and put ®p = {a € ® | g* C p}. Choosing now £ € A such that

Va € ®p, (,A\) 20 and Vae®\ Pp, (a,A) <0,

one may check that 7p(z) = lim o a® -z for each x € ¢. This construction justifies the
aeC*
name of parabolic retraction we give to the map rp.

As noted by Beilinson and Drinfeld (see the proof of Proposition 5.3.29 in [3]), parabolic
retractions enjoy a transitivity property. Namely considering a pair (P, M) inside G as above
and a pair (Q, N) inside M, we get maps ¢ TP, 1 4. The preimage R of Q) by the
quotient map P — M is a parabolic subgroup of G, and N is the Levi factor of R that contains
T. The composition rgorp is a R(#")-equivariant section of the embedding A~ — ¥ it thus
coincides with rg.

13



We will mainly apply these constructions to the case of standard parabolic subgroups.
Let us fix the relevant terminology. For each subset J C I, we denote by Uj[ the subgroup
of G generated by the images of the morphisms z4,; for j € J. We denote the subgroup
generated by T U Uj UU; by M; and we denote the subgroup generated by BT U Mj by
Pj. Thus My is the Levi factor of P; that contains 7. We shorten the notation and denote
the parabolic retraction rp, simply by r;. The Weyl group of M; can be identified with the
parabolic subgroup W; of W generated by the simple reflections s; with j € J; we denote
the longest element of W; by wq ;.

The Iwasawa decomposition for M; writes

Ay = | JUFOOI)
AEA

For A € A, we denote the U}(%)—orbit of [t)] by S)j\c"].

Lemma 10 For each A € A, S;\r = (711)71 (Sj\r’J) and wO,J5+ = (V"J)fl(S;’J)-

woil])\ -
Proof. Consider the transitivity property rg = rg orp of parabolic retractions written above
for P= Py, M = Mj and N =T. For the first formula, one chooses moreover () = TU:,", SO
that R = BT. Recalling the equality (rg+ )~ ([t)‘]) = S;\r and its analogue (rg)~* ([t>‘]) = S;\“J
for .#;, we see that the desired formula simply computes the preimage of [tA] by the map

TR =TQOTPp.
For the second formula, one chooses () = TU; , whence R = wy_; Bt W, 7L

e (120) =3 090 () =5,

Here we
have

and (rg)~* ( [t>‘]) = S;’J. Again the desired formula simply computes the preimage of [t*] by
the map rg =rgorp. U

To conclude this section, we note that for any J#-point h of the unipotent radical of Py,
any g € P;(¢) and any = € ¥,

ry(gh-z) = (ghg™") - rs(g9z) = rs(g), (10)

1

because ghg™" is a J£ -point of the unipotent radical of Py and thus acts trivially on ..

4 Crystal structure and string parametrizations

For each dominant coweight A\, the set 2°(\) yields a basis of the rational GY-module L(\).
One may therefore expect that 27(\) can be turned in a natural way into a crystal isomorphic
to B(\), an idea made precise by Braverman and Gaitsgory in [9]. Later in [8], these two
authors and Finkelberg extended this result by endowing 2 with the structure of a crystal

isomorphic to B(—o00). We recall this crucial result in Section 4.1; along the way, we char-
acterize the crystal operations on 2 in a suitable way for comparisons (Proposition 12) and
translate their definition in more algebraic terms (Proposition 14).

The central result of Section 4 is Theorem 16 (in Section 4.2). Given an element b €

e~ —

B(—00), this theorem describes the MV cycle Z(tp ® b) that corresponds to typ ® b € B(—00)
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almost as concretely as Example 8 describes MV cycles in the case of semisimple rank 1;
indeed the MV cycle Z(ty ® b) is given as the closure of an explicit subset f/ip, where c is
the string parameter in direction i of b. This description implies that MV cycles are rational
varieties.

In the course of his work on MV polytopes [14, 15], Kamnitzer was lead to a similar
construction of Z(tg®b), this time from the Lusztig parameter of b. In Section 4.3, we explain
how Kamnitzer’s result can be used to give another proof of our Theorem 16. In Section 4.4,
we investigate further the subsets f/ip when the tuple of integers c is not assumed to belong to
the string cone C;j. Our study here relies on Berenstein and Zelevinsky’s characterization of C;
in terms of i-trails [6]. Finally Section 4.5 presents an application of Theorem 16: we explain
how the algebraic-geometric parametrization of B(—oo) devised by Lusztig [26] is related to
MYV cycles.

4.1 Braverman, Finkelberg and Gaitsgory’s crystal structure

In Section 13 of [8], Braverman, Finkelberg and Gaitsgory endow 2 with the structure of
a crystal with an involution *. The main step of their construction is an analysis of the
behaviour of MV cycles with respect to the standard parabolic retractions. For a subset
J C I, we denote the analogues of the maps u+ for the affine Grassmannian .#; by pl.
The following theorem is due to Braverman, Finkelberg and Gaitsgory; we nevertheless recall
quickly its proof since we ground the proof of the forthcoming Propositions 12 and 14 on it.

Theorem 11 Let J be a subset of I and let Z € Z be an MV cycle. Set

Zy=ry(Z08) NS5 08, and Z7=Z0 () N ([#?)) N Sy,

where X = py(Z), v=p_(Z) and p = wo_j p+(Woj *Z). Then the map Z — (Z;,Z7) is a
bijection from Z onto the set of all pairs (Z',Z"), where Z' is an MV cycle in My and Z"
is an MV cycle in 4 which satisfy

u? () = s (2") = wog s (W7 2"). (1)
Under this correspondence, one has
pi(2) = i (Zy),

p—(Z) = p-(27),
S— _ . J _ J\ ——1rJ
wo,J piy (Wo, 7~ Z) = p(Zy) = py(Z27) = wo,y py (Wo, 7~ Z7).

Proof. Let us consider two coweights v, p € A, unrelated to the MV cycle Z for the moment.
The group H = U (J) acts on ¢4, leaving S, stable. On the other hand, S, ! is the H-orbit
of [tP]; we denote by K the stabilizer of [t?] in H, so that S;’J =~ H/K. Since the map r; is

H-equivariant, the action of H leaves stable the intersection S, N (r;)~(S, /Y, the action of

K leaves stable the intersection F' = S, N (r;)~1([t’]), and we have a commutative diagram

F——H xx F—= 8,0 (r;)"(S,")

H/K —=—— 5,
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In this diagram, the two leftmost arrows define a fiber bundle.

By Lemma 10, F' C S; NS, ; therefore the dimension of F is at most ht(p—v). The group
K is connected — indeed K = U (/) NtPG(O)t™7, so it leaves invariant each irreducible
component of F'. We thus have a canonical bijection C — C' = H xg C from Irr(F) onto
Irr(H x g F). If moreover X is a subspace of H/K = S;’J, then the assignment (C, D)
C' N (r;)~Y(D) is a bijection from Irr(F) x Irr(X) onto Irr(S; N (r;)~1(X)). We will apply
this fact to X = S;’J N S;\L’J, where A € A. In this case, each D € Irr(X) has dimension
ht(X — p), so the dimension of C' N (r;)~1(D) is dim C + ht(\ — p) < ht(A — v).

Now let Z be an MV cycle and set A\ = puy(Z), v = p_(Z) and p = wo s p4(Wo.; 1 Z) in
the previous setting. By Proposition 2 and Lemma 10,
ZnS;, ZNnSy=2zn(r,)(SH7) and m(mflz N S;:_lp> =Zn(ry) ' (S,7)

0,7

are open and dense subsets in Z. Thus Z = Z NS, N (ry)~! (S;\“J N Sp_"]) is a closed
irreducible subset of S, N (r;)~* (S;\“J N Sp_"]) of dimension dim Z = ht(A —v). It is therefore
an irreducible component C N (r;)~1(D), with moreover dim C' = ht(p — v).

One observes then that:

e CN(ry)! (Dn S;’J) =ZNS,; N (TJ)_l(S;’J), because both sides are equal to the closure
of Zin S; N (TJ)_l(S;’J); therefore C = Z N (ry)"Y([t"]) N S} .

e D=r;(2)=r;(ZNnS;) NS s,

e CCF=25nSF ﬂwo,J5+_1p, so u—(C) = v and uy(C) = wo,s pt(Wo, 7 'C) = p;
Wy, g

Equivalence (9) implies then that C is an MV cycle.

e D is an MV cycle in . with puf (D) = X and u? (D) = p.

Thus Z; = D and Z7 = C satisfy the conditions stated in the proposition.

Conversely, given Z’ and Z” as in the statement of the proposition, we set A = uJ(Z’),
v=nu_(2"), p=pl(Z'),C=2"0F,D=2'nS,”" NS/ and Z = Cn(r;)"Y(D). Then C
is an open and dense subset in Z”; it is therefore irreducible with the same dimension as Z”,
namely ht(p — v). Since it is a closed subset of F, C is an irreducible component of F. On
the other hand, D is an irreducible component of S, e S;\F’J. The first part of the reasoning
above implies thus that Z is irreducible of dimension dim C' + ht(\ — p) = ht(\ — v). Since
pi(Z) =X and p_(Z) = v, it follows from Equivalence (9) that Z = Z is an MV cycle.

It is then routine to check that the two maps Z + (Z;, Z”7) and (Z', Z") + Z are mutually
converse bijections. [J

We are now ready to define Braverman, Finkelberg and Gaitsgory’s crystal structure on
Z. Let Z be an MV cycle. We set

wt(Z) = s (2).

Given i € I, we apply Theorem 11 to Z and J = {i}. We set p = s; u+ (5, 1Z) and get a
decomposition (Zy;y, Z{}) of Z. Then we set

i(2) = {0 ZHDZLY and g(2) = (i, 2O =0, (12)
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Since py (Z)—p = ,u:{:}(Z{i}) —,u{_i}(Z{i}) belongs to Nev!, the definition for ¢;(Z) is equivalent

to the equation
1 (2) —p=i(Z) . (13)

The MV cycles &;Z and f;Z are defined by the following requirements:
i G2) = py(Z) + oy pa(iZ) = pe(Z) —af, and (62)0 = (fiz)® =z,

if 1y (Z) = p, that is, if ¢;(Z) = 0, then we set f;Z = 0.
These conditions do define the MV cycles ¢;Z and f;Z. Indeed they prescribe the com-
ponents (¢;Z)4} and (f;2)1 and require

i (@2) ) = 1 @2) = p(2) + of = pi (Zy) + of
pEH(@2)1) = s (@2)9) = pa (289 = uH(24y)

and

W (D)) = neFi2) = n4(2) = o = P (Zsy) - o
W ((F2)) = ne ((F)W) = p(29) = (24,

These latter equations fully determine the components (&;Z); and ( iz )iy because My;
has semisimple rank 1 (see Example 8).

One checks without difficulty that 2, endowed with these applications wt, &;, ©;, €;
and f;, satisfies Kashiwara’s axioms of a crystal. On the other hand, let ¢ — g¢¢ be the
antiautomorphism of G that fixes T' pointwise and that maps z44(a) to z+4(a) for all simple
root a and all @ € C. Then the involutive automorphism g — (g*)~! of G extends to G(¥)
and induces an involution on ¢, which we denote by x — z*. The image of an MV cycle
Z under this involution is an MV cycle Z*. The properties of this involution Z — Z* with
respect to the crystal operations allow Braverman, Finkelberg and Gaitsgory [8] to establish

——~—

the existence of an isomorphism of crystals = : B(—oo) — 2. This isomorphism is unique

and is compatible with the involutions * on B(—o0) and Z. One checks that

2ty @ 1) = {[t"]}, p—(E(tr ®@b)) = A, (14)
(tx®@b) =t* - E(to @ b), dim Z(ty ® b) = ht(wt(b)),

(1]

for all A € A and b € B(—00).
The following proposition gives a useful criterion which says when two MV cycles are
related by an operator é;.

Proposition 12 Let Z and Z' be two MV cycles in 9 and let i € I. Then Z' = &;Z if and
only if the four following conditions hold:

p—(2") = p(2),
sipy (502" = sipy (i 2),
p(Z') = pe(2) + af,
7'oZ



Proof. We first prove that the conditions in the statement of the proposition are sufficient
to ensure that Z' = €;Z. We therefore assume that the two MV cycles Z and Z’ enjoy the
conditions above and we set

p=sip(5i'Z) =sipy (50 7),
v = (2) = (7)),
F =8, 0 (@) ([t
The proof of Theorem 11 tells us that
C=27n (T{i})_l([tp]) NS, and Cc'=7Z'n (T’{i})_l([tp]) ns,

are two irreducible components of F'. The condition Z’ O Z entails then C’ O C, and thus
C" = C. It follows that
ZzW =0 =07 = 7't}

This being known, the assumption p4(2') = p4(Z) + ) implies Z' = &, Z.

Conversely, assume that Z' = ¢€;Z. Routine arguments show then that the three first
conditions in the statement of the proposition hold. Setting p, v, F', C' and C’ as in the proof
of the sufficiency condition, we get

C=CNF=z28nNnFr=z72UnFr=0nF=C"

On the other hand,

— _7{i} +7{Z}
Zgy =8, st

_7{2} +7{Z} _ /
(2) €% " NS lzn = Ly

+(

Adopting the notation C' from the proof of Theorem 11, we deduce that
ZNnSs, N (r{i})ﬂ(s;,{i}) —0n (r{i})il(z{i} A S;,{i})
contains
Z'08, 0 () (S = Cn ) TN (Z n S, ).
The closure Z of the first set is thus contained in the closure Z’ of the second set. [J

For each dominant coweight A € Ay, the two sets B(\) and 2°(\) have the same car-
dinality; indeed they both index bases of two isomorphic vector spaces, namely the rational
irreducible GV-module with highest weight A and the intersection cohomology of %, respec-
tively. More is true: in [9], Braverman and Gaitsgory endow Z'(\) with the structure of a
crystal and show the existence of an isomorphism of crystals Z(A) : B(A\) — Z°()\) (see [9)],
p. 569).

Proposition 13 The following diagram commutes:



Proof. Let Z,Z' € 2°(\) and assume that Z’ is the image of Z by the crystal operator defined
in Section 3.3 of [9]. The definition of this operator is so similar to the definition of our (in
fact, Braverman, Finkelberg and Gaitsgory’s) crystal operator é; that a slight modification of
the proof of Proposition 12 yields

p-(2") = p-(2),
sipy (502" = sipg (i 2),
p(Z') = pe(2) + af,
Z'2Z

By Proposition 12, this implies that Z’ is the image of Z by our crystal operator €;. In other
words, the inclusion Z°(\) — 2 is an embedding of crystals when Z°()\) is endowed with the
crystal structure from [9].

Thus both maps Zo,,, and Z(A) are crystal embeddings of B(\) into 2. Also both maps
send the lowest weight element by, of B(A) onto the MV cycle {[t“’o)‘]}. The proposition
follows then from the fact that each element of B(\) can be obtained by applying a sequence
of crystal operators to bjgy. [

Remark. One can establish the equality = o ((B()\)) = Z(\) without using Braverman and
Gaitsgory’s isomorphism =Z(A) by the following direct argument. Let Z € Z/()\). Certainly
p—(Z) = woA, so by Equation (14), Z71(Z) may be written t,,) ® b with b € B(—occ). Take
i €I andset p=s;pu_(5 7). Then 3;7'Z meets Ssilp’ and thus {tsflp} belongs to 5,17,

for 5,717 is closed and T-stable. From the inclusion Z C %, we then deduce that [tP] € G,
Using Equation (6) and the description (¢,)" = {[t“#] | w € W}, this yields

p€{wn|weW, pe Ay such that A > p}.
On the other side,
p—wor=sip (5 ' Z) = p(Z) = py (2*) —sipr (51 27) = @i(Z7)ey.
These two facts together entail ¢;(Z*) < (a;, —wo). Since
0i(Z27) = pi(ETHZ)) = @i(E7H2)) = @il (tuer © 1)) = @il _wor—wir) © b*) = @i (b"),

we obtain ¢;(b*) < (a;, —woA). This inequality holds for each ¢ € I, therefore the ele-
ment t,,, ® b belongs to 1, (B(A\)). We have thus established the inclusion Z71(2/(\)) C
twor(B(A)). Since B(A\) and Z(\) have the same cardinality, this inclusion is an equality.

We end this section with a proposition that translates Braverman, Finkelberg and Gaits-
gory’s geometrical definition for the crystal operation €; into a more algebraic language. For
each positive integer k, we consider the subset

C[t_l]z = {a,kt_k + -+ a_lt_l ’ (a,k, R ,a_l) S (Ck, a_y # O}

of /. For k =0, we set C[t™!]; = {0}.
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Proposition 14 Let Z be an MV cycle, let i € I, and let k € N. Then é¥(Z) is the closure
of the set
{yi(ptei(z)) zlpe t™*0 and z € Z}.

Moreover the morphism
(p:2) = i (pt?) 2
from C[t71]2 x Z to é¥(Z) is birational.

Proof. We adopt the notation used in the proof of Theorem 11, with here J = {i}. We
set A = 4 (2), v = p_(2), p = sips(5712), Z = ZN S N S; N (s—isjl_lp) There is

7

an irreducible component C' of F = S, N (rg;) *([t”]) and an irreducible component D of
Sp_’{z} N S;\r’{i} such that Z = C'N (riiy) " H(D).
Example 8 and Formula (12) imply that

D= S;’{i} n S;L,{i} _ {yi(qflt&'(z))[tp] | = ﬁx}.

We set

D=8, ST = {utg O] | g € 07).

By Theorem 11, the closure Zj, of Z, = C'N (r{i})*l(Dk) is an MV cycle; by definition of the
crystal operations, Z;, = é¥(Z).

Assume for simplicity that & > 0 (the case k = 0 is similar but has a small notational
complication). Then

Dy = {yi(pt=@)x | pe t 70> and x € D}

= {yi(ptai(z))r+7{i}(z) ‘ pet™F0™ and 2 € Z}.

Moreover the map (p,z) — y;(pt¥?)) x from C[t7']3 x D to Dy is dominant and injective.
Now consider the map

I t o x 7 — 9, (p,z)r— yi(ptei(z))z.

Since C is stable under the action of the group yi(A'), the Pp-equivariance of 7, imply
that Zy = f(t"*0* x Z) and that f induces a bijection from C[t~1]3 x Z onto a dense subset
of Z,. We conclude that Zj, is the closure of f(t~%¢ x Z) and that f defines a birational
morphism from C[t71]¢ x Z to Zy. O

Remark 15. Let Z be an MV cycle and ¢ € I. The particular case k = 0 of Proposition 14
implies that Z is stable under the action of y; (ptei(z )) for any p € 0. It follows that for each
integer ¢ € Z, the closure of

{yi(p) z | z € Z and p € . such that val(p) = c}

,.A,L'(Z)*C

is €; (Z) if ¢ < ei(Z) and is Z otherwise. In any case, it is an MV cycle.
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4.2 Description of an MV cycle from the string parameter

We first recall the definition of the string parameter of an element in B(—o0). To each
sequence i = (i1,...,7;) of elements of I, we associate an injective map ¥; from B(—o0) to
N! x B(—o0) by the following recursive definition:

e Uy :B(—00) — B(—00) is the identity map.
e If/ > 1andb € B(—00), then ¥;(b) = (cl,\I/j(ﬁllb)), where ¢; = ¢;, (b) and j = (ia, ..., 7).

To the sequence i, one also associates recursively an element w; € W by asking that w; is the
longest of the two elements wj and s;, wj, where j = (i2,...,%;) as above. Finally, one defines
the subset

B(—00); = {b € B(—c0) | A(ky,.... k) €N, b=¢&" .. &1},

From Kashiwara’s work on Demazure modules [18] (see also Section 12.4 in [19]), one deduces
that:

e B(—0); depends only on w; and not on i.
e If i is a reduced decomposition of the longest element wy of W, then B(—00); = B(—00).

e B(—00); is the set of all b € B(—00) such that W;(b) has the form (c;(b),1) for a certain
Ci(b) e N,

The map c; : B(—o0); — N implicitly defined in the third item above is called the string
parametrization in the direction i. Its image is called the string cone and is denoted by C;j.

Given a sequence i = (iy,...,7;) of elements of I and a sequence p = (p1,...,p;) of
elements of #, we form the element

¥i(P) = yi (p1) - vi, (P1)-

Given the sequence i as above and a sequence ¢ = (cy,...,¢) of integers, we set
Yie = {lni(p)] | p € ()" such that val(p;) = &},
where ¢; = —¢j — ka:jﬂ ck<aij,aivk>.

Theorem 16 Let i€ I' and b € B(—o0);; set ¢ = ci(b). Then the MV cycle Z(tg ® b) is the
closure of Yjc.

Proof. We use induction on the length [ of the finite sequence i. The assertion certainly holds
when [ = 0, for in this case b = 1, ¢ = (), and thus both Yj . and Z(ty ® b) are the one-point
set {[t°]}.

Now let i € I' and b € B(—o0);. Set c;(b) = (c1,...,¢), j = (i2y...,4) and V' = ffllb.
Then ¢’ belongs to B(—o0); and ¢;(b’) is the sequence d = (c2, ..., ¢). By induction, we may
take for granted that L

E(to & b/) = f/:ivd'

Since = is an isomorphism of crystal, we deduce
Z(to @ b) = Z(to @ €M) = E(&5! (tg @ ) = & (YJ d).
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On the other hand, we turn the equality ¢;, (b') = 0 to advantage by computing

_ !
ein (Vi ) = eilto @1) = 20, (V) = — (i, wt(V)) = = > el 0l ) =1 + 1.
k=2

Proposition 14 then says that éfll <§7- d> = ?@, which concludes the proof. [J

Js

Remark 17. The last assertion of Proposition 14 implies the following more precise statement.

Leti€ I' and b € B(—00);. Write ci(b) = (c1,...,¢;) and set e; = 22:34-1 (i, o ). Then
the map
rree ) o [ 1t )]

induces a birational morphism from C[t=1% x --- x C[t71]2 to the MV cycle Z(ty @ b).

c1 c
This shows that MV cycles are rational varieties, a fact however already known from
Gaussent and Littelmann’s work (see for instance Theorem 4 in [12]).

4.3 Link with Kamnitzer’s construction

As we have seen in Section 4.2, the choice of a reduced decomposition i of wg determines a
bijection ¢; : B(—o0) — (i, called the “string parametrization”. The decomposition i also
determines a bijection b; : NV — B(—0), called the “Lusztig parametrization”, which reflects
Lusztig’s original construction [24] of the canonical basis on a combinatorial level. We refer
the reader to [25], [30] and Section 3.1 in [6] for additional information on the map b; and its
construction.

Let b € B(—o0) and let i be a reduced decomposition of wg. Theorem 16 explains how
to construct a dense subset in the MV cycle Z(tp ® b) when one knows the string parameter
ci(b). In his work on MV polytopes, Kamnitzer [14] presents a similar result, which provides
a dense subset of Z(ty ® b) from the datum of the Lusztig parameter b; ! (b). Our aim in this
section is to compare Kamnitzer’s result with Theorem 16.

Our main tool here is Berenstein, Fomin and Zelevinsky’s work. In a series of papers
(among which [4, 5, 6]), these three authors devise an elegant method that yields all transitions
maps between the different parametrizations of B(—oo0) we have met, namely the maps

bj_lobi:NN—>NN, cjobi:NN—>Cj, bj_loci_1 ¢ — NV, cjoci_1 G — G,
where i and j are two reduced decomposition of wg. In recalling their results hereafter, we
will slightly modify their notation; our modifications simplify the presentation, at the price
of the loss of positivity results.

We first alter the string parameter c; by defining a map & from B(—o0) to Z" as follows:

an element b € B(—o0) with string parameter c¢;(b) = (c1,...,cn) in direction i is sent to the
N—tup1~e (€1,...,¢EN), where & = —c¢j — Zk:jJrl e, O%'vk>- We denote the image of this map
¢; by G;.

Let i = (i1,...,14;) be a sequence of elements of I and let a = (aq,...,q;) be a sequence

of elements of C*. Assuming that the product s;, ---s;, is a reduced decomposition of an
element w € W, Theorem 1.2 in [5] implies the existence of an element z;(a) in U~ whose
image in BT\G is the same as y;(a)@w'; this theorem also implies that if i is a reduced
decomposition of wg, then the map z is a birational morphism from (C*)V to U~. Now
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under the same assumption, the map yj; is also a birational morphism from (C*)V to U~. If
i and j are both reduced decompositions of wgy, we therefore get birational applications

zloz -1 1

5 ¥ ©°%, % oy and yfl °Yi (15)
from CV to itself. After extension of the base field, we may view them as birational applica-
tions from # N to itself.

We need now to define the process of tropicalization. Here we go off Berenstein, Fomin
and Zelevinsky’s purely algebraic way based on total positivity and semifields and follow a
more pedestrian path.

Let k and [ be two positive integers and let f : #* — J#* be a rational map, represented
as a sequence (f1,...,f;) of rational functions in k indeterminates. These indeterminates
are collectively denoted as a sequence p = (p1,...,pr). We suppose that no component f;
vanishes identically. Now choose j € {1,...,1} and m = (my,...,m;) € Z*. There exists a
non-empty (Zariski) open subset Q C (C*)* such that the valuation of fj(ait™,. .., axt™*)
is a constant fj, independent on the point a = (ay,...,a) in Q. (It is here implicitely
understood that if a € €0, then neither the numerator nor the denominator of the rational
function f; vanishes after substitution.) The term of lowest degree in f;(ait™, ..., apt™*)
may then be written f]( )th where fJ is a rational function with complex coefficients in the
indeterminates ap, ..., ag. Of course, f] and fJ depend on the choice of m € ZF, but the
open subset 2 may be chosen to meet the demand simultaneously for all m. Indeed, as we
make the substitution p; = a;t™, each monomial in the indeterminates p1, ..., pr in the
numerator or the denominator of f; becomes a non-zero element of J#". To find the term

fi(a)t!i of lowest degree in fj(ait™, ..., axt™"), we collect the monomials in the numerator
of f; that get minimal valuation, and likewise in the denominator. The role of the condition
a € () is to ensure that no accidental cancellation occurs when we make the sum of these
monomials, in the numerator as well as in the denominator. Since there are only finitely
many monomials, there are only finitely many possibilities for accidental cancellations, hence
finitely many conditions on a to be prescribed by 2. Moreover monomials in the numerator
or the denominator of f; are selected or discarded according to their valuation, and we can
divide R* into a finite number of regions, say R¥ = DM ... D® | so that the set of selected
monomials depends only on the domain D) to which m belongs. Since the valuation of each
monomial depends affinely on m, the regions DX, ..., D® are indeed intersections of affine
hyperplanes and open_ affine half-spaces, hence are locally closed, convex and polyhedral.
For the same reason, f] depends affinely on m in each region D(’“) for its part, fj remains
constant when m varies inside a region D("). Finally we note that the choice of the domain
Q C (C*)*, the decomposition R¥ = DM ... 11 D® and the reduction fir— (fj, f;) may be
carried out for all j € {1,...,1} at the same time. In particular each m € Z* yields a tuple
f= (fl, . ,fl) of integers and a rational map f = (fi,..., f;) from C* to C!. We summarize
these observations in a formalized statement:

Let £ : % — 1 be a rational map, without identically vanishing component. Then there
exists a partition R¥ = DM ...y D® of R into a finite number of locally closed polyhedral

convex subsets, there exist affine maps f"(l),...,f"(t) : RF — R!, there exist rational maps
£ O . CF — C!, and there exists an open subset Q C (CX)E with, the following property:
for eachr € {1,...,t}, each lattice point m in DU NZE each point a € Q, and each sequence

€ () such that the lower degree term of p; is a;t™, the map f has a well-defined value
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in () at p, the map £ has a well-defined value in (C*)' at a, and the term of lower
degree of fj(p) has valuation f]m (m) and coefficient f;r)(a).

We define the tropicalization of f as the map f*°P : R¥ — R! whose restriction to each
D) coincides with the restriction of the corresponding f'(r); this is a continuous piecewise
affine map. If the rational map f we started with has complex coefficients (that is, if it comes
from a rational map from C* to C! by extension of the base field), then the convex subsets
D) are cones and the affine maps £(") are linear.

With this notation and this terminology, Theorems 5.2 and 5.7 in [6] implies that the
maps

bj*lobi:NN—>NN, éjobi:NN—>Cj, bjflof:;l:CiHNN, &oé G —C

are restrictions of the tropicalizations of the maps in (15).
One may here observe a hidden symmetry. Using the equality wy? = (—1)2pv, where
2p" is the sum of all positive coroots in ®Y, one checks that the birational maps yJTl A

and zj_l oy; are equal. These maps have therefore the same tropicalization. In other words,

¢;0 b; and bj_1 o éi_l are given by the same piecewise affine formulas. The sentence following

Theorem 3.8 in [6] seems to indicate that this fact has escaped observation up to now.

In [14], Kamnitzer introduces subsets Al(n,) in ¢, where i is a reduced decomposition of
wo and ne € NV. Combining Theorem 4.7 in [15] with the proof of Theorem 3.1 in [14], one
can see that Z(ty ® bij(n,)) is the closure of Ai(n,). On the other hand, Theorem 4.5 in [14]
says that

Al(ne) = {[2i(q)] la=(q1,--..qn) € ()N such that val(g;) = n;}.

Now fix b € B(—o0) and a reduced decomposition i of wy. Call ¢ = (é1,...,¢n) the
modified string parameter ¢;(b) of b in direction i and call ne = (ni,...,ny) the Lusztig
parameter bi_l(b) of b w.r.t. i. The rational maps f = zi_l oy; and g = yi_1 o z; are mutually
inverse birational maps from # " to itself, and by Berenstein and Zelevinsky’s theorem,

f'P(&) = n, and g"P(n,) =¢.

The analysis that we made to define the tropicalization of f and g shows the existence of
open subsets Q and €’ of (C*)" and of rational maps f and g from C¥ to itself such that:

e For each a € Q and b € , f(a) and g(b) have well-defined values in (C*)".

e For any N-tuple p of Laurent series whose terms of lower degree are a1t, ..., antN with
(a1,...,ay) € 9, the evaluation f(p) is a well-defined element q of (#*)"; moreover the
lower degree terms of the components of q are fi(a)t™, ..., fy(a)t™v.

e For any N-tuple q of Laurent series whose terms of lower degree are b1t™, ..., byt"N with
(b1,...,by) € &, the evaluation g(q) is a well-defined element p of (.#*)"; moreover the
lower degree terms of the components of p are g;(b)t°l, ..., gn(b)tV.

Because f and g are mutually inverse birational maps, so are f and g. One can then assume
that these two latter maps are mutually inverse isomorphisms between Q and ', by shrinking
these open subsets if necessary. Thus f and g set up a bijective correspondence between

~

Q= {p e ()N

each p; has lower degree term
a;t% with (ag,...,an) € Q
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and

O = {qe ()N

each ¢; has lower degree term
bjtnj with (bl, ey bN) ey

In other words, to each p € 0 corresponds a q € Q' such that yi(p) = 2i(q), and conversely.
This shows the equality

{lti)] | p € Q} = {[z1(q)] | a € ¥}

By Kamnitzer’s theorem, the right-hand side is dense in A'(n,) hence in Z(tg ® b). We thus
get another proof of our Theorem 16, which claims that Z(to®b) is the closure of the left-hand
side.

Remark. We fix a reduced decomposition i of wy. Each MV cycle Z such that p—(Z) = 0
is the closure of a set Yj. for a certain ¢ € C;; indeed there exists b € B(—o0) such that
Z = Z(to ® b), and one takes then ¢ = c;(b). It follows that S; is contained in the union

UceCi f/ip. On the other side, each Yi,c is contained in S, . One could then hope that S is
the disjoint union of the Y; . for ¢ € C;, because the analogous property Sy = U, env A (na)
for the subsets considered by Kamnitzer holds (see Proposition 4.1 in [14]).

This is alas not the case in general, as the following counter-example shows. We take
G = SL4 with its usual pinning and enumerate the simple roots in the usual way (a1, e, as).
We choose the reduced decomposition i = (2,1,3,2,1,3) and consider

1 0 0 0
g =y2(=1) y1(1/t) y3(1/t) ya(t) y1(=1/t) y3(=1/t) = _01 ¢ i 1 (1) 8
“1t 1 01

If one tries to factorize an element in gG(&) NU~(£") as a product

y2(p1) y1(p2) ¥3(p3) y2(pa) y1(ps) y3(ve)

using Berenstein, Fomin and Zelevinsky’s method [4], and if after that one adjusts ¢ =

(c1,...,cq) so that (val(py),...,val(pg)) = (¢1,...,Cs), then one finds
Clgoa 62<0, C3<Oa 6421, 6521, CG>1-

These conditions on ¢ must be satisfied in order that [g] belongs to }7170. However the equations
that define the cone C; are

120, 0220, c3=2c520, cot+c3>c4 205+ 0.

We conclude that [g] & Ueec, Ve

4.4 A description of the string cone C;

The following result complements Theorem 16.

Proposition 18 Leti= (i1,...,in) be a reduced decomposition of wo and letc = (cy,...,cN)
be an element in ZN . Let Z be the closure of Yic and let X be the coweight clozg/l +-- -—i—cNoz;/N.
Then Z is an MV cycle, p_(Z) =0 and p4(Z) € X\+N®Y. Moreover iy (Z) = X if and only
if c € C;.
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The only truly difficult point is to prove that ¢ € C; if puy(Z) = A\. We will again ground
our proof on Berenstein and Zelevinsky’s work [6], this time on the notion of i-trail. We first
recall what it is about.

We denote the differential at 0 of the one-parameter subgroups z,, and x_,, by E; and
F;, respectively; they are elements of the Lie algebra of G. Let i = (i1,...,ix) be a reduced
decomposition of wy, let v and § two weights in X, let V' be a rational G-module, and write
V = D,cx Vy for its decomposition in weight subspaces. According to Definition 2.1 in [6],
an i-trail from « to 0 in V is a sequence of weights = = (v = v0,71,...,7n = 0) such that
each difference ;1 — ~; has the form nja;; for some non-negative integer n;, and such that
EZ e B I\IIV defines a non-zero map from Vs to V,. To such an i-trail 7, Berenstein and
Zelevinsky associate the sequence of integers d;(m) = (vj—1 + v, aivj> /2.

Assume moreover that G is simply connected. In that case X is the free Z-module with
basis the set of fundamental weights w; and we can speak of the simple rational G-module
with highest weight w;, which we denote by V(w;). Then by Theorem 3.10 in [6], the string
cone C; is the set of all (c1,...,cny) € ZY such that >_;dj(m)e; > 0 for any i € I and any
i-trail 7 from w; to wos;w; in V(w;).

The following lemma explains why i-trails are relevant to our problem.

Lemma 19 Leti, c, Z and X\ be as in the statement of the proposition, let i € I, and assume
that G is simply connected. Then (w;, A — p4.(Z)) is the minimum of the numbers }; d;(m)c;
for all weight § € X and all i-trail © from w; to § in V(w;).

Proof. Let us consider an i-trail 7 = (y0,71,...,vn) in V(w;) which starts from vy = w;.
Introducing the integers n; such that v;_1 —v; = nja;;, we obtain v; = w; — ng:l nyoy, for
each j € {1,..., N} and so

We then compute

J—1

V ~ ~

zd o z(w za>) Gy = s+ 4 i,
k=1

where we set as usual & = —¢; — S 0 _jr1Celai;, o ) for each j € {1,...,N}.

We adopt the notational Conventlons set up before Proposition 4. In particular, we embed
V(w;) inside V (w;) ®c # and we view this latter as a representation of the group G(.#¢"). We
also consider a non-degenerate contravariant bilinear form (?,?) on V(w;); it is compatible
with the decomposition of V'(w;) as the sum of its weight subspaces and it satisfies (v, F;v') =
(Fyv,v") for any i € I and any vectors v and v’ in V(w;). We extend the contravariant bilinear
form to V(w;) ®c 2 by multilinearity.

By Proposition 2, (w;, u+(Z)) is the maximum of (w;,v) for those v € A such that S;f
meets ffqi. Using Proposition 4 (ii), we deduce that

(Wi, u-(2)) = max{—val(g_1 Uy ‘ g € G() such that [g] € ffc,i}

= max{— val((v, yi(p)_l : Uwi))

v € V(w), pe ()N s t. val(p;) = 6j},
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where we wrote p = (p1,...,pn) as usual. Moreover we may ask that the vector v in the last
maximum is a weight vector.

Let us denote by M the minimum of the numbers ) d;(m)c; for all i-trail 7 in V/(w;)
which start from w;. We expand the product

(_1)n1+---+nN p’fl

ny
_ .. .p
vi(p) - exp(—pnFiy)---exp(—p1Fi,) = Z = FZLVN T Fz?l

l... |
ni,..,nN 20 e "IN
and we substitute in (v, y;(p) ™ - v, ): We get a sum of terms of the form

7”L1!---7”LN!

nN ni
<v, F;; F; UM)-
If such a term is not zero, then the sequence
T = (Wi, Wi —N10G,, Wi — N1 — N2y, .., Wi —N10G — =+ — NN )

is an i-trail and the term has valuation
N
nicL +---+nycey = Zdj(ﬂ')cj‘ — (wi,)\> > M — <w,~,)\>.
j=1

Therefore the valuation of (v, y;(p) ! -v,,) is greater or equal to M — (w;, A) for any v € V (w;);

we conclude that (w;, puy(2)) < (wi, A) — M.

Conversely, let 7 be an i-trail in V(w;) which starts from w; such that 3, d;(m)c; = M.
With this i-trail come the numbers nq, ..., ny as before. By definition of an i-trail, there is
then a weight vector v € V' (w;) such that

<U, EZLVN o Fz?l ’ vwi) # 0.

Given (ai,...,an) € (C*)V, we set p = (a1t®,...,ant’N) and look at the coefficient f
of tM—{wiA) in (v,yi(p)*1 -vwi). The computation above shows that f is a polynomial in
(a1,...,an); it is not zero since the coefficient of aj* ---ay¥ in f is

(_1)n1+---+n1\/ ny n
1
nyl---ny! (U’FiN i .U“i> 7 0.
Therefore there exists p € (£ )" with val(p;) = ¢; such that (v,y;(p)~" - v.,) has valuation
< M — (wi, A). It follows that (wi, u+(Z)) = (wsi, A) — M, which completes the proof. OJ

We now proceed to the proof of the proposition.

Proof of Proposition 18. Let i, ¢, Z and A as in the statement of the proposition. That Z is
an MV cycle is a direct consequence of Remark 15, applied repeatedly. Next we observe that
f’i,c is contained in Sy, by definition of this latter; this entails that p_(Z) = 0.
If c is the string in direction i of an element b € B(—0o0), then Z = Z(ty ® b) by Theorem
16 and therefore
(4 (Z) = wt(Z) = wt(to @ b) = wt(b) = wt (& --- V1) = A.

11
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The equality py(Z) = X holds therefore for each ¢ € C;.

It remains to show that iy (Z) — A belongs to N®Y and that it is zero only if ¢ € C;. To
establish that, we may assume without loss of generality that G is simply connected; indeed
our subset f/ip is contained in the connected component of ¢ that contains [1], and it is known
that an isogeny of groups induces a morphism between their respective affine Grassmannians
which restricts to an isomorphism between their “neutral” connected components (see for
instance Section 2 of [12]). We may then make use of the fundamental weights w; and of the
G-modules V' (w;).

We first observe that py(Z) — u—_(Z), u—(Z) and X belong to the coroot lattice Z®";
therefore pi(Z) — X belongs to Z®". Now let i € I. The sequence

T = (Wi, Si;Wi, SipSiyWiy « -+, WoW;)

is an i-trail in V' (w;) for which all d;(7) = 0 for each j. By Lemma 19, we deduce

(wi, A — uy (2)) < Zdj(w)cj =0.

This is enough to guarantee that p4 (Z) — A € N®Y.

Suppose now that p4(Z) = A. Lemma 19 implies then that >, d;(m)c; > 0 for all i € I,
all weight 0 € X and all i-trail 7 from w; to § in V(w;). In particular, this holds for all i € T
and all i-trail 7 from w; to wps;w; in V(w;). By Theorem 3.10 in [6], this implies ¢ € ;. O

4.5 Lusztig’s algebraic-geometric parametrization of B

The Lusztig parametrizations b; are practical because they permit a study of B(—oc) by
way of numerical data, but they are not intrinsic for they depend on the choice of a reduced
decomposition i of wg. To avoid this drawback, Lusztig introduces in [26] a parametrization
of B(—00) in terms of closed subvarieties in arc spaces on U~. We will first recall shortly his
construction and then we will explain a relationship with MV cycles. For simplicity, Lusztig
restricts himself to the case where G is simply laced, but he explains in the introduction of
[26] that his results hold in the general case as well.

Lusztig starts by recalling a general construction. To a complex algebraic variety X and
a non-negative integer s, one can associate the space X, of all jets of curves drawn on X, of
order s and at the origin. In formulas, one looks at the algebra Cs = C[[t]]/(t**!) and defines
X, as the set of morphisms from SpecC; to X. If X is smooth of dimension n, then X is
smooth of dimension (s + 1)n. There exist morphisms of truncation

= X1 =2 Xg— = X = Xo =X

the projective limit of this inverse system of maps is the space X (&). Finally the assignment
X ~» Xy is functorial, hence X is a group as soon as X is one.
Now let i be a reduced decomposition of wg. The morphism

Yi: (a1,"' ,CLN) = yil(al)"'yiN(aN)

from (C)V to U~ gives by functoriality a morphism (y;)s : (C5)Y — (U7),. Given an element
d=(dy,...,dy) in NV we may look at the image of the subset

(tdl(cs) X oo X (th(CS) - (CS)N
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by (yi)s- This is a constructible, irreducible subset of (U™)s. If s is big enough, then the
closure of this subset depends only on b = b;(d) and not on i and d individually. (This is
Lemma 5.2 of [26]; the precise condition is that s must be > ht(wtb).) One may therefore
denote this closure by V} 4; it is a closed irreducible subset of (U™), of codimension ht(wtb).
Proposition 7.5 in [26] asserts that moreover the assignment b — Vs is injective for s big
enough: there is a constant M depending only on the root system ® such that

(%73 =Vys and s> M ht(wt b)) — b=V

for any b, b’ € B(—00). Thus b — V}, s may be seen as a parametrization of B(—oco) by closed
irreducible subvarieties of (U™ )s.

Our next result shows that Lusztig’s construction is related to MV cycles and to Braver-
man, Finkelberg and Gaitsgory’s theorem. We fix a dominant coweight A € A, . By Propo-
sition 1, the map = — x - [t*°] from G(O) to ¢ factorizes through the reduction map
G(0) — G5 when s is big enough, defining thus a map

To: Gy =G, s x- [t

On the other hand, we may consider the two embeddings of crystals k) : B(\) < B(co) ® Ty
and tyyx 1 B(A) & Tyor ® B(—0), as in Section 2.2. Finally, the isomorphism B(oco)Y 2
B(—0o0) yields a bijection b +— b¥ from B(co) onto B(—o0).

Proposition 20 We adopt the notations above and assume that s is big enough so that the
map T, exists and that the closed subsets Vyv 5 are defined for each b®ty in the image of k.
Then the diagram

R

B(\)————im(k))

LwOA]/ lb@t,\»—»Ts(vays)

Tyor @ B(—00) —— %

commutes.

Proof. This is a consequence of Theorem 16, combined with a result of Morier-Genoud [29].
We first look at the commutative diagram that defines the embedding t,,,x, namely

/B()\) %B(TOA)V - B(—lwo)\)
B(co) ® Ty Tyor @ B(—00) + — = B(00) ® T_yoa-

The two arrows in broken line on this diagram are the maps b — b"; they are not morphisms
of crystals. The map from B(—wgA) to B(\) obtained by composing the two arrows on the
top line intertwines the raising operators é; with their lowering counterparts f; and sends
the highest weight element of B(—woA) to the lowest weight element of B(\); it therefore
coincides with the application denoted by ®_,,,» in [29].

Now let b € B()). We write r)(b) = b’ ® t) and fi_w())\(q):}m)\(b)) = V" ® t_yyr; thus
Lwgh (B) = tyer @ (0)Y. We choose a reduced decomposition i of wy and we set (¢1,...,¢én) =
&((0")Y) and (di,...,dn) = b 1((¥')V) (see Section 4.3 for the definition of the map &).
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Corollary 3.5 in [29] asserts then that d; = (a;;, —woA) + ¢; for all j. Setting now ¢ =
ci((0")Y), comparing the definition of Lusztig’s subset Vi, with the definition of Y;. and
using Theorem 16, we compute

Vi) s - [t20A] = twoX - ¥ o = 100 - E(tg @ (1)) = E(twer @ (1)) = (E 0 tugr) (b).

0

5 BFG crystal operations on MV cycles and root operators
on LS galleries

Let A € Ai; be a dominant coweight. Littelmann’s path model [22] affords a concrete
realization of the crystal B(\) in terms of piecewise linear paths drawn on A ®7R; it depends
on the choice of a path joining 0 to A and contained in the dominant Weyl chamber. In [12],
Gaussent and Littelmann shape a variation of the path model, replacing piecewise linear
paths by galleries in the Coxeter complex of the affine Weyl group W2, They define a set
Ffs(’w\) of “LS galleries”, which depends on the choice of a minimal gallery -y, joining 0 to A
and contained in the dominant Weyl chamber. Defining “root operators” e, and f, for each
simple root « in ®, they endow I’fs(w)\) with the structure of a crystal, which happens to
be isomorphic to B()A). Using a Bott-Samelson resolution 7 : f](yA) — %, and a Bialynicki-

Birula decomposition of 3(vy) into a disjoint union of cells C(§), Gaussent and Littelmann
associate a closed subvariety Z(6) = 7(C(9)) of 4 to each LS gallery § and show that the
map Z is a bijection from I'fg(7y) onto Z°(N).

The main result of this section is Theorem 27, which says that Z is an isomorphism of
crystals. In other words, the root operators on LS galleries match Braverman and Gaitsgory’s
crystal operations on MV cycles under the bijection Z.

Strictly speaking, our proof for this comparison result is valid only when A is regular.
The advantage of this situation is that elements in I'[¢(y») are then galleries of alcoves. In
the case where A is singular, Gaussent and Littelmann’s constructions involve a more general
class of galleries (see Section 4 in [12]). Such a sophistication is however not needed: our
presentation of Gaussent and Littelmann’s results in Section 5.2 below makes sense even if
A is singular. Within this framework, our comparison theorem is valid for any A, regular or
singular.

A key idea of Gaussent and Littelmann is to view the affine Grassmannian as a subset of
the set of vertices of the (affine) Bruhat-Tits building of G(#7). In Section 5.1, we review
quickly basic facts about the latter and study the stabilizer in U™ (J¢") of certain of its faces.
We warn here the reader that we use our own convention pertaining the Bruhat-Tits building:
indeed our Iwahori subgroup is the preimage of B~ by the specialization map at ¢ = 0 from
G(0) to G, whereas Gaussent and Littelmann use the preimage of B*. Our convention is
unusual, but it makes the statement of our comparison result more natural. Section 5.2
recalls the main steps in Gaussent and Littelmann’s construction, in a way that encompasses
the peculiarities of the case where A is singular. The final Section 5.3 contains the proof of
our comparison theorem. To prove the equality é;Z(5) = Z(eq,;0) for each LS gallery ¢ and
for each ¢ € I, we use the criterion of Proposition 12. The first three conditions are easily
checked, while the inclusion Z(§) C Z(eq,d) is established in Proposition 30.
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5.1 Affine roots, the Coxeter complex and the Bruhat-Tits building

We consider the vector space Ag = A ®z R. We define a real root of the affine root system
(for short, an affine root) as a pair (a,n) € ® x Z. To an affine root (a,n), we associate:

e the reflection sa, : 2 +— z — ((o, z) — n) a" of Ag;
e the affine hyperplane H, , = { € Agr | (o, z) = n} of fixed points of sq p;
e the closed half-space H,, = {z € Ar | (o, ) < n};

e the one-parameter additive subgroup xq ,, : b — x4 (bt") of G(£'); here b belongs to either
Cor .

We denote the set of all affine roots by ®f. We embed ® in ®*% by identifying a root
a € ® with the affine root (a,0). We choose an element 0 that does not belong to I; we set
I = 11 {0} and g = (—0,—1), where 6 is the highest root of ®. The elements a; with
i € I* are called simple affine roots.

The subgroup of GL(AR) generated by all reflections s, ,, is called the affine Weyl group
and is denoted by waft Foreachi e I aff, we set 8; = Sq,. Then waft is a Coxeter system when
equipped with the set of generators {s; | i € I*f}. The parabolic subgroup of W generated
by the simple reflections s; with 4 € I is isomorphic to W. For each A\ € Z®", the translation
7y : © — = + X\ belongs to W2, All these translations form a normal subgroup in Waf,
isomorphic to the coroot lattice Z®, and W2 is the semidirect product W2 = Z&V x W.

The group W2 acts on the set ®* of affine roots: one demands that w(HE) = H,4
for each element w € W2 and each affine root § € ®*T. The action of an element w €
W or a translation 7y on an affine root (a,n) € ® x Z is given by w(o,n) = (wa,n) or
7 (a,n) = (a,n + (a, ). One checks that wsqw ™ = syq for all w € WA and o € $of.
Using Equation (1), one checks that

(W) zala) (M) = 2y (a) (£a) (16)

in G(A), forall A\ € Z&V, w e W, a € * and a € 7.

We denote by §) the arrangement formed by the hyperplanes Hg, where 3 € ot Tt
divides the vector space Ar into faces. Faces with maximal dimension are called alcoves; they
are the connected components of Ar \ Uycg H. Faces of codimension 1 are called facets;
faces of dimension 0 are called vertices. The closure of a face is the disjoint union of faces of
smaller dimension. Endowed with the set of all faces, Ag becomes a polysimplicial complex,
called the Coxeter complex «7?; it is endowed with an action of W,

The dominant open Weyl chamber is the subset

Ciom = {x € Ar | Vi € I, {(a;,z) > 0}.

The fundamental alcove

Afund = {1’ € Cdom ‘ <(9,.%'> < 1}

is the complement of | J; jarr H, ;- We label the faces contained in Agnq by proper subsets of

I by setting

(bJ: ﬂHOéi \ U H(;i

ied ielaff\ J
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for each J c I*. For instance ¢z is the alcove Agng and ¢y is the vertex {0}. Any face of
our arrangement § is conjugated under the action of W2 to exactly one face contained in
Afund, because this latter is a fundamental domain for the action of W2 on Ar. We say that
a subset J C I is the type of a face F if F is conjugated to ¢; under W&,

We denote by B the (Iwahori) subgroup of G(.#') generated by the torus T and by the
clements z4(ta) and z_y(a), where o € &, and a € €. In other words, B is the preimage of
the Borel subgroup B~ under the specialization map at t = 0 from G(&0) to G. We lift the
simple reflections s; to the group G(#') by setting

8 = xai(l)x*ai(_l)xai(l) = x*ai(_l)xai(l)x*ai(_l)

for each i € I*f. We lift any element w € W to an element @ € G(#) so that @ = 5, - - - 57,
for each reduced decomposition s;, - - - s; of w. This notation does not conflict with our earlier
notation s; for ¢ € I and w for w € W. For each A € Z®", the lift 7, of the translation 7
coincides with t* up to a sign (i.e., up to the multiplication by an element of the form (—1)
with p € Z®VY).

The affine Bruhat-Tits building .#2 is a polysimplicial complex endowed with an action
of G(#). The affine Coxeter complex @™ can be embedded in .#*" as the subcomplex
formed by the faces fixed by T'; in this identification, the action of an element w € W2 on
/™! matches the action of @ on (#*)T. Each face of .#2 is conjugated under the action
of G() to exactly one face contained in Agy,q; we say that a subset J C I aff i the type
of a face F if F' is conjugated to ¢;. Finally there is a G(.#")-equivariant map of the affine
Grassmannian ¢ into .#*¥ which extends the map [t*] — {\} from 47 into &7 = (7af)T,

Given a subset J C I™ we denote by P; the subgroup of G (") generated by B and the
elements 5; for i € J; thus B = Py and G(0) = P;. (The subgroup Pj is the stabilizer in
G(X) of the face ¢ ;. For each g € G(¥'), the stabilizer of the face g¢ s is thus the parahoric
subgroup gp ;g . This bijection between the set of faces in the affine building and the set of
parahoric subgroups in G(#") is indeed the starting point for the definition of the building,
see §2.1 in [10].) To shorten the notation, we will write P; instead of P{i} for each i € I?f,
Similarly, for each i € I*%, we will write W; to indicate the subgroup {1, s;} of W2f,

We denote the stabilizer in U™ (¢) of a face F of the affine building by Stab (F). Our
last task in this section is to determine as precisely as possible the group Stab, (F') and the
set Stab, (F')/Stab, (F) when F and F’ are faces of the Coxeter complex such that F’' C F.
We need additional notation for that. Given a real number a, we denote the smallest integer
greater than a by [a]. To a face F' of the Coxeter complex, Bruhat and Tits (see (7.1.1) in [10])
associate the function fr : a — sup,cp (o, z) on the dual space of Ag. If & € @, then [ fr(a)]
is the smallest integer n such that F' lies in the closed half-space H, ,. The function fp is
convex and positively homogeneous of degree 1; in particular, fr(ia+ j8) < ifrp(a)+jfr(5)
for all roots o, 3 € ® and all positive integers 7, j. When F and F’ are two faces of the Coxeter
complex such that F' C F, we denote by ®3T(F’, F) the set of all affine roots 3 € &4 x Z
such that F' C Hg and F ¢ Hj; in other words, (a,n) € ®2T(F', F) if and only if o € &,
n = fr(a) and n + 1 = [fr(a)]. We denote by Stab, (F’, F) the subgroup of U™ (%)
generated by the elements of the form z(a) with 8 € @3 (F', F) and a € C.

Proposition 21 (i) The stabilizer Stab (F') of a face F of the Cozeter complex is generated
by the elements x(p), where « € &4 and p € O satisfy val(p) > fr(a).
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(ii) Let F and F' be two faces of the Coxeter complex such that F' C F. Then Stab, (F', F)
is a set of representatives for the right cosets of Staby (F) in Stab, (F'). For any total order
on the set ®(F' | F), the map

(aﬁ)ﬁeq>1ff(F',F) = H zg(ap)
Be@sf (F/,F)

s a bijection from CEFEF) onto Stab, (F', F).

Proof. Ttem (i) is proved in Bruhat and Tits’s paper [10], see in particular Sections (7.4.4)
and Equation (1) in Section (7.1.8). We note here that this fact implies that for any total

order on @, the map
(Pa)aca, — H Tq <paﬂfF(a)1)
QE(I)+

is a bijection from &'®+ onto Stab, (F).

We now turn to Item (ii). We first observe the following property of ®3f(F’, F): for each
pair 4, j of positive integers and each pair («, m), (3,n) of affine roots in <I>iﬁ(F’, F) such that
ia+j0 € @, the affine root (ia+ 55, im+jn) belongs to @iﬁ(F', F). Indeed F' C Hy ,yNHg,p,
implies F' C H;q4j8,im+jn, and the inequality

frlia+3jB) 2 ifr(a) — jfr(=B) = ifr(a) + jn >im + jn

shows that F' € H;_ iBimtin Standard arguments based on Chevalley’s commutator for-
mula (5) show then the second assertion in Item (ii).

Now the map (o, m) — a from ®*T to & restricts to a bijection from ®3f(F’  F) onto a
subset @', of ;. We set | = &, \ ®/.. We endow P with a total order, chosen so that
each element in ®/_ is smaller than all elements in @'/, and we transport the order induced

on & to ®3(F’, F). By Item (i), each element in Stab, (F’) may be uniquely written as a

product
I 2« <pat(fF' (aﬂ) (17)

Oé€<1>+

with (pa)aes, in 0%+. We write po = aq + tq, for each o € P’ , with a, € C and ¢, € 0.
Thus for each (a,m) € @iﬂ(F’,F), we have pot!fr/ (@1 = g t™m + ¢, t!17F(@] On the other
hand, [ fr(a)] = [fr(c)] for each a € ®’|. We may therefore rewrite the product in (17) as

11 o (aatm> 2 (qat(fp(aﬂ) I1 =« (pat[fp(aﬂ)

(a,m)e®af (F/,F) aed’]

We rearrange the first product above using again Chevalley’s commutator formula: there
exists a family (ra)ae¢/+ of power series such that this product is

H Ty <aatm) H Ty (rat[fF(o‘ﬂ >

(a,m)e@fE (F,F) aed’,
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and for fixed numbers aq, the map (gq) — (ra) is a bijection from O+ onto itself. We
conclude that the map

((ag), (Pa)) — H x5<a5> H T (patffF(Oéﬂ)

Bedaf (F/F) acdy

is a bijection from CeY(FF) « 0%+ onto Staby (F’). This means exactly that the map
(g,h) — gh is a bijection from Stab, (F',F) x Staby(F) onto Staby(F’). The proof of
Item (ii) is now complete. [

Things are more easy to grasp when F is an alcove and I’ is a facet of F, because then
@‘f(F ', F) has at most one element. In this particular case, certain commutators involving
elements of Stab (F’) and Stab (F') automatically belong to Stab (F').

Lemma 22 Let F be an alcove of the Coxeter complex and let F' be a facet of F. Let
(a,m) € @4 x Z be the affine root such that F' lies in the wall Hy,, and let (3,n) € &
be such that F C H . We assume that B is either positive or is the opposite of a simple
root, and that (8 75 —a. Then for each q € O and each v € Staby (F', F), the commutator
255(q)vaan(q) vt belongs to Staby (F).

Proof. There is nothing to show if ' C H, , since v =1 in this case. We may thus assume
that Stab, (F', F) = {(a, m)}, then there is an a € C such that v = 24 m(a).
Suppose first that § = a. Then

26.0(0) v 25.0(0) 0T = 250(0) Tam (@) a0 (—q) Tam(—a) = Ta(gt" + at™ — gt — at™) = 1.

Therefore the assertion holds in this case.

Suppose now that 3 # a. The facet F’ is contained in the closure of exactly two alcoves,
F and say F”*, the latter lying in H,,,. Then fr+(a) = m. We observe that no wall other
than H, ,, separates F* and F. In particular, Hg, does not separate F* and F', because
f # £a. Since F lies in Hy , so does F*, and thus fr«(8) < n. Therefore for any pair of
positive integers i, j such that ia + jB is a root, fp=(ia + jB) < im + jn. This means that
F* lies in the half-space sz—l—jﬁzm—f—]n
and F', and we conclude that F' lies in the half-space H;_ iBrimin’
formula (5) implies that

Again, the wall H;o4;3,im+jn does not separate F™*
Chevalley’s commutator

xﬁ,n(Q)vxﬁ,n(Q)_l U_l :xﬁ,n(Q) xa,m( )x@ ( )xa m( a)

= 11 ziatspimrin(Cijapa’(—=a)).
4,j>0
Here the product is taken over all pairs of positive integers 7, j such that i« + j3 is a root.
The assumption about 3 in the statement of the lemma implies that such a root ia + j0 is
necessarily positive. By Proposition 21 (i), each factor in+4;8,im+jn (C’idﬂ,ﬁai(—q)j) belongs
to Stab (F). Thus the commutator z3,,(q) v 2g,(q) "' v~! belongs to Stab (F). O

Remark. The first assertion in Proposition 21 (ii) means that Stab (F’) has the structure of
a bicrossed product Stab (F’, F') x Stab (F') (see [31]) whenever F' and F’ are two faces in
the Coxeter complex such that F/ C F. Suppose now that F is an alcove and that F’ is a
facet of F. Then Proposition 21 (i) and Lemma 22 imply that each element v € Stab, (F', F)
normalizes the group Stab(F'). Thus Staby(F) is a normal subgroup of Stab(F”’) and
Stab (F”) is the semidirect product Stab (F’, F) x Stab, (F).
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5.2 Galleries, cells and MV cycles

We fix a dominant coweight A € A, . As usual, we denote by P, the standard parabolic
subgroup Py of G, where J = {j € I | (oj,\) = 0}. Besides, we denote by {Auna} the
vertex in Agppnq with the same type as {A}. Finally, there is a unique element w) in yaft
with minimal length such that A = wx(Agunq). Thus among all alcoves in .7 having {\} as
vertex, w(Agund) is the one closest to Agyng-

We denote the length of wy by p and we choose a reduced decomposition s;, ---s;, of
it, with (i1,...,ip) € (I®)P. The geometric translation of this choice is the datum of the
sequence

w=({0}cyorclr>---oI,cT,>{\})

of alcoves and facets (also known as a gallery) in &/*F, where
Pj = S " Sij (Afund) and F;- = S " sij—l((b{l'j})'

By Proposition 2.19 (iv) in [32], these alcoves and facets are all contained in the dominant Weyl
chamber Cyom. The choice of the reduced decomposition s;, ---s;, of wy and the notations
Py, Atund, v» will be kept for the rest of Section 5.

We define the Bott-Samelson variety as the smooth projective variety

Y(m) =G(O) x Py x -+ x P,/ B.

B B B
We will denote the image in X(v,) of an element (go, g1, ... ,9p) € G(O) x B, x --- x P; by
the usual notation [go, g1, ..., gp]. The group G(€) acts on 3(yy) by left multiplication on
the first factor. There is a G(&)-equivariant map 7 : [go, g1, -, 9p] — Jog1 - Ip [t)‘fund] from
3(72) onto %.

The geometric language of buildings is of great convenience in the study of the Bott-
Samelson variety. Indeed each element d = [go,01,...,0p] In 2(%\) may be viewed as a
gallery

§=({0}=ACA;DAICA DDA CA, DA (18)

in 7 where

A;=go--gi(Apma) for 0 < j <p,
Al =go--gj-1(¢g,y) for 1<j<p,
and Aerl =90 gp{)‘fund}-
(This gallery has the same type as 7,, that is, each facet A;» of 0 has the same type as the
corresponding element I‘;» in 5. We also observe that the vertex A;) 41 of the affine building
corresponds to the element 7(d) of the affine Grassmannian.) Thus for instance the point

[1, SitsSigy - - ,%] in 2(%\) is viewed as the gallery v,. With this picture in mind, one proves
easily the following proposition.

Proposition 23 The restriction of ™ to 7~ (%)) is a fiber bundle with fiber isomorphic
to P\/BT.
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Proof. Let J = {j € I | (aj,A) = 0}. The set S of alcoves whose closure contains ¢ is in
canonical bijection with the set of all Iwahori subgroups of G(#") contained in Pj, hence
with Py/B = P;/B*. In particular, P; acts transitively on S.

Now let F' = n~!([t*]) and let H be the stabilizer of [t"] in G(&); thus H D P\ = Py.
Since 7 is G(O)-equivariant, H acts on F' and there is a commutative diagram

Y4 —— G(O) xy F

y l

9 —————G(0)/H.

It thus suffices to prove that F' is isomorphic to S.

Each element d € F can be viewed as a gallery § in #2 stretching from {0} to {)\}, as
n (18). We claim that Ag always contains ¢ ;. When all faces of § belong to <7*F, this claim
follows from the proof of Proposition 2.29 in [32] (with projig;{A} = ¢.s); the general case is
obtained by retracting § onto .27 from the fundamental alcove, see Lemma 3.6 in [32].

We finally consider the map f:d — Ag from F to S. Corollary 3.4 in [32] implies that f
is injective, because in any apartment, there is only one non-stammering gallery of the same
type as ) that starts from a given chamber Agy. On the other side, f is Py-equivariant;
it is thus surjective, for Py acts transitively on the codomain. We conclude that f is an
isomorphism from F onto S. [J

This proposition implies the following equality, which we record for later use:
|| +p = dimX(y)) = dim %), + dim(Py/B*) = ht(\ — woA) + dim(Py/B™). (19)

Our next task is to obtain a Bialynicki-Birula decomposition of the Bott-Samelson variety.
The torus T acts on the latter by left multiplication on the first factor. If we represent an
element d € 53(7)\) by a gallery § as in (18), then d is fixed by T if and only if all the faces
Aj and A’ are in the Coxeter complex o/ aff o~ (_7aM)T We devote a word to this situation:
a gallery 0 as in (18), of the same type as 7y, all of whose faces are in 7%, is called a
combinatorial gallery. The weight v such that A;) 1 = {v} is called the weight of 0; it belongs
to A + Z®Y, because {v} has the same type as {\}.

We denote the set of all combinatorial galleries by I'(yy). This set is in bijection with
W x Wiy x---xW; ; indeed the map (do, d1,...,6p) — [5_0,5_1,...,@] from Wx W, x---xW;,
to i](’y)\) is injective and its image is the set of T-fixed points in the codomain. Concretely
this correspondence maps (g, 61,...,0,) € W x W x --- x Wy, to the combinatorial gallery
whose faces are

Aj = 60 e 5j(Afund) and A; == (S(] e 5j*1(¢{ij}) (20)

and whose weight is
V= 5051 ce 5p)\fund. (21)
The retraction rg from 4 onto 47 = A can be extended to a map of polysimplicial

complexes from £ onto (37T = 7af  Following Section 7 in [12], we further extend
this retraction to a map from X(vy) onto X(vx)? = I'(y,) by applying it componentwise to
galleries. The preimage by this map of a combinatorial gallery ¢ will be denoted by C(9).
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Our aim now is to describe precisely the cell C'(d) associated to a combinatorial gallery 4.
Representing the latter as in (18), we introduce the notation

Stab. (8) = Stab.y (Ap, Ag) x Stab. (Af, A;) x --- x Stab (AL, A).

Proposition 24 Let § be a combinatorial gallery and let (do,01,...,5,) be the sequence in
W x Wy, x -+« x W, associated to § by Equations (20). Then the map

(vo,vl,...,vp) — [UO %, %71 (% 5051, 50(51711)2 50(51(52,..., 50---51,_171 Up 505p]

from Stab. () to 3(vy) is injective and its image is C(9).

Proof. Set
Staby(§) = Stab, (Af)  x  Stab (A})  x  --. X Staby (A})/ Staby (A,).
Stab.y (A,) Stab(A;)  Stabi(A,_))
From the inclusions
Staby.(A;) C8---0; B---0; (for 0 < j < p),

Stab.(A)) C G(0)dy

Stab+(A;‘) - (S(] s (Sj,1 PZ']. 60 6] (fOI‘ 1 < j < p),
standard arguments imply that the map
- —1 —1 —1
f i [vo,v1,. .. vp] = [v0 00, do w1 80d1, Gt V2 800102, ..., B0 Op1  Up 0o+ Op ]

from Stab, (8) to 3(7y) is well-defined.

The proof of Proposition 6 in [12] says that an element d = [go, g1, ...,0p] in the Bott-
Samelson variety belongs to the cell C(§) if and only if there exists ug, u1,...,u, € UT(X)
such that

9091+~ §jAfund = ujAj and uj,lA;» = ujAg

for each j. Setting vg = up and v; = uj:lluj for 1 < j < p, the conditions above can be
rewritten
gog1 - - -ng = VU1 - " " Vj 001 -+ (5]' B and v € Stab+(A;),

which shows that f([vg, v1,...,vp]) = d. Therefore the image of f contains the cell C'(6). The
reverse inclusion can be established similarly.
The map f is injective. Indeed suppose that two elements v = [vg,v1,...,vp] and v/ =

[vg,v],...,v)] in Staby (d) have the same image. Then

P
VU1 -+ Uy 5051---5j 3:0601---v; 5051---5j B
for each j € {0,...,p}. This means geometrically that

< < < !/ AN
VU1 * ;0001 * *  0j Afund = VgV -+ - U G001 - 05 Afund;
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in other words, vovy - - - v; and vyv} - - v} are equal in U+ (J¢)/ Stab (A;). Since this holds

for each j, the two elements v and v are equal in Stab. (4).

We conclude that f induces a bijection from Stab, (§) onto C(J). It then remains to

observe that the map (vo,v1,...,vp) — [vo,v1,...,vp] from Stab (0) to Stab, (J) is bijective.
This follows from Proposition 21 (ii): indeed for each [ag, a1,. .., ap] € Staby (d), the element
(vo,v1,...,vp) € Staby(8) such that [vg,v1,...,v,] = [ag,a1,...,ap] is uniquely determined

by the condition that for all j € {0,1,...,p},

v; € ((Uo cee Uj_l)_l(ao v aj) Stab+(Aj)) N Stab+(A9, A]’).

The definition of the map 7, Equation (21), Proposition 21 (ii) and Proposition 24 yield
the following explicit description of the image of the cell C(§) by the map 7.

Corollary 25 Let 6 be a combinatorial gallery of weight v, as in (18), and equip the set
P (AY, Ay) with a total order. Then 7(C(6)) is the image of the map

(aip) — ] I =zslaip) | ]

3=0 \ peei(Al,A))

from H?:O A58 4o @,

Certainly the notation used in Corollary 25 is more complicated than really needed. Indeed
except perhaps for j = 0, each set <I>‘1H(A;, A j) has at most one element. Each inner product
is therefore almost always empty or reduced to one factor. Keeping this fact in mind may
help understand the proofs of Lemma 29 and Proposition 30 in Section 5.3.

We now endow I'(7,) with the structure of a crystal. To do that, we introduce “root
operators” e, and f, for each simple root « of the root system ®. These operators act on
I'(x) and are defined by the following recipe (see Section 6 in [12]).

Let 0 be a combinatorial gallery, as in Equation (18). We call m € Z the smallest integer
such that the hyperplane H, ,, contains a face A;, where 0 < 7 <p+1.

e If m =0, then e,¢ is not defined. Otherwise we find k € {1,...,p+ 1} minimal such that
A} C Hom, we find j € {0,...,k — 1} maximal such that A; C Hgy 1, and we define the
combinatorial gallery e,d as

(fo}=AjcA;DAICA D---DA)C
Sa,m-i-l(Aj) 2 3a7m+1(A;‘+1) C D samt1(A_y) C Sa,m+1(Ay_1)
D TaV (A;e) C Tav (A_k) D C Ty (A_p) D TaVv (A;;-i-l) ={v+ av})'

Thus we reflect all faces between A; and A} across the hyperplane H, 41 and we translate
all faces after A} by a”. (Note here that sq ,11(A%) = A and that sam+1(A}) = Tav(A}).)
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o If m = (a,v), then f,0 is not defined. Otherwise we find j € {0, ..., p} maximal such that
A} C Hopm, we find k € {j +1,...,p + 1} minimal such that A} C Hgm+1, and we define
the combinatorial gallery f.,0 as

(fo}=AjcA;DAICA D---DA)C
sa,m(A_j) D Sam(Ah1) C - D Sam(Ak_1) C Sam(Dy_1)
O 7w (D)) CToav(By) Do C 1o (By) D Toav (D)) = {v —a'}).

Thus we reflect all faces between A; and A} across the hyperplane H, ,, and we translate all
faces after A} by —a". (Note here that sq,;,(A%}) = A’ and that sqm(A}) = T-av(A}).)

With the notations above, the maximal integer n such that (e,)"d is defined is equal to —m,
and the maximal integer n such that (f,)"d is defined is equal to («,v) — m.

The crystal structure on I'(y,) is then defined as follows. Given § € I'(v,), written as
in (18), and i € I, we set

wt(d) =v, €i(0)=—-m and ¢;(0) = (a;,v) —m,

where v is the weight of § and m € Z is the smallest integer such that the hyperplane Hq,
contains a face A;, with 0 < j < p+ 1. Finally ¢€; and f; are given by the root operators e,
and fo,.

Let § be a combinatorial gallery, written as in (18). We say that ¢ is positively folded if

Vie{l,....p}, Aji=4A; = (A} A) £ 2.

We define the dimension of § as
P
dimd = "[23 (A}, A,)|.
=0

(These are Definitions 16 and 17 in [12].) Thus for instance the gallery -, is positively folded
of dimension
dimvy = |®4 | + p = ht(A — woA) + dim(Py/B™F), (22)

by Equation (19). We denote the set of positively folded combinatorial gallery by I'"(v,).
Arguing as in the proof of Proposition 4 in [12], one shows that for each § € T'"(v,) of weight

v,

dimvyy —dimé > ht(A — v).
We say that a positively folded combinatorial gallery ¢ is an LS gallery if this inequality
is in fact an equality. The set of LS galleries is denoted by FIJSS(W)\)- Then Corollary 2 in [12]
says that I'f4(7,) is a subcrystal of I'(v,) and that for any gallery § € I'fy(7,), there is a
sequence (o, ..., aq) of simple roots such that § = f,, - fa,7A. The following proposition
makes the link between LS galleries and MV cycles; it is equivalent to Corollary 5 in [12]
when A is regular.

Proposition 26 The map Z : § — n(C(8)) is a bijection from T'ig(va) onto Z(N); it maps
a combinatorial gallery of weight v to a MV cycle in Z(\),.
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Proof. We fix v € A. We denote the set of combinatorial galleries of weight v by I'(vy,v) and
we set [T (ya,v) =TT (y,) NT(yx,v). By construction,

~lsh= || c.

66F(’YA 7V)

We set 3 = (%) and X = 7 1(Sf N%). Since S} N, is of pure dimension
ht(v — woA), Proposition 23 and Equation (22) imply that X is of pure dimension

ht(v — wo)) + dim(Py/B") = dim v, — ht(\A — v).

Proposition 23 implies also that the map Z + 7~1(Z) is a bijection from the set of irreducible
components of S} M%) onto the set of irreducible components of X.
By Lemma 11 in [12], a cell C(0) meets ¥ if and only if § is positively folded. Therefore

X=nal(SHnz= || (CE)n).
delTt (ya,v)

Now let § € T (7, v). Proposition 24 says that the cell C(d) is isomorphic to Stab. (§), hence
is an affine space of dimension dimJ. Thus the intersection C'(4) N 32, which is a non-empty
open subset of C'(9), is irreducible of dimension dimé < dim~yy — ht(A — v). It follows that
the irreducible components of X are the closures in X of the subsets C'(§) N'Y, for § running
over the set of LS galleries of weight v.

To conclude the proof, it remains to observe that

7(C(0) N¥) = 7(C(9))
for each § € Tt (vy, ), since C(8) N'Y is dense in C(4). O

5.3 Root operators and the comparison theorem

The aim of this section is to show the following result.
Theorem 27 The bijection Z : T{y(vy) — Z(\) is an isomorphism of crystals.

The existence of an isomorphism of crystals from B()) onto I'f4(7,) was already known;
see for instance Theorem 2 in [12] for the case A regular. The theorem above says that the
map Z ' oZ()\) is actually such an isomorphism. For its proof, we need two propositions and
a lemma.

Proposition 28 Let § be a combinatorial gallery of weight v, as in (18), and let i € I. Call
m the smallest integer such that the hyperplane Hy, , contains a face A;» of the gallery, where
0<y<p+1l

(i) The image of w(C(8)) by the retraction gy is {zq, (pt™)[t"] | p € O}.

(ii) The following equality holds:

sy (571 7(C) = v = ((as,v) = m) ay.
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Proof. We collect in a set J the indices j € {0,...,p} such that <I>§FH(A;,AJ») contains an
affine root of the form (a;,n) with n € Z. For each j € J, there is a unique integer, say n;,
so that (a;,n;) € @iﬁ(A;, A;). (Thus n; = fA; (cv;) in the notation of Section 5.1.)

All these integers n; are larger or equal than m. We claim that

{mm+1m+2,...} D{n;|jeJ}2{mm+1,... (,v)—1}. (23)

Consider indeed an integer n in the right-hand side above. Since the gallery § must go from
the wall H,, ,, to the point v, it must cross the wall H,, ,. More exactly, there is an index
j €{0,...,p} such that A, C Hy, ,, and A; Z H, ,; this implies that (a;,n) € @iﬂr(Ag,AJ),
and thus that j € J and n = n;.

We apply now the parabolic retraction 7(;; to the expression given in Corollary 25. Equa-
tion (10) allows us to remove all factors in the product that belong to the unipotent radical
of Py (A). We deduce that ry;y (7(C(0))) is the image of the map

(a;) = [T #asn; (@)[t"]
jed
from C7 to .#;;. Assertion (i) follows now from (23) and from the fact that [¢”] is fixed by
all subgroups zq, »(C) with n > (o, v).
From there, one deduces easily Assertion (ii) using Lemma 10 and Example 8. [J

For a combinatorial gallery 0, written as in Equation (18), and an integer k € {0,...,p+1},
we set

Stab+(5)>k = Stab+(A;€, Ak;) X Stab+(A;€+1, Ak+1) X o+ X Stab+(A;, Ap)’

W(C(5))2k = {UkUkJrl s Up[tl/] ‘ (Uk, Vk+1s- - - ,vp) S Stab+(5)2k}.

Lemma 29 Let § be a combinatorial gallery, as in Equation (18), and let k € {1,...,p+ 1}.

(i) Let u € Staby (A}). Then the left action of u on & leaves w(C(0))>i stable. More
precisely, for each (v, ..., vp) € Staby(0)sk, there exists (vy,...,v,) € Staby (6)>x such that

Vg O [t7] = wvg - - 0p[tY]  and (Vje{k—i—l,...,p}, A=A =>vj:v;»>;

moreover the equality v, = vy holds as soon as u € Stabi (A}).

(i) Let p € 0% and let p € A. Then the left action of p* on 4 leaves w(C(0))>y stable.
Suppose moreover that p € 1+ t0 and let (vg,...,vp) € Staby(8)>k. Then there exists
(Vs - -+, vp) € Staby (0)sr such that
U -0 [tY] = pPuy, - up Y] and (Vj e{k,....p}, A=A = v :vé»).

(111) Let (vk,...,vp) € Staby(d)>k, let a be a simple root of the root system ®, and let
c € C*. Call m the smallest integer such that the hyperplane H, n, contains a face A;, where
0 <j<p+1, form the list (ky,ka,...,kr) in increasing order of indices | € {k,...,p}
such that @3 (A]A)) = {(a,m)}, and find the complex numbers c1, ca, ..., ¢, such that
Vg, = Tam(cs). Assume that ¢ +c1 +co+ -+ c¢s # 0 for each s € {1,...,r}. Then
To,—m(1/c)vy, - - v,[t"] belongs to w(C(6)) k-
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Proof. The proof of these three assertions proceeds by decreasing induction on k. For k =
p+1, all of them hold: indeed the element u in Assertion (i), the element p* in Assertion (ii)
and the element z_, _,,(c) in Assertion (iii) fix the point [t"].

Now assume that & < p and that the result holds for £+ 1. If @iﬂ(A;, A,) is empty, then
Stab, (A}, A,) = {1}. Assertions (i), (ii) and (iii) follow then immediately from the inductive
assumption, after one has observed that the element u in Assertion (i) belongs by assumption
to Stab, (A},) and that Stab (A}) = Staby(Ay) C Staby (A}, ;). In the rest of the proof,
we assume that @iﬁ(A;, A,) is not empty; it has then a unique element, say (¢,n), with of
course ¢ € . Let (vg,...,vp) € Staby (6)> and write v, = x¢ n(b).

Consider first Assertion (i). The element uvy, belongs to Stab (A}). By Proposition 21 (ii),
there exists v}, € Stabi (A}, A,) and v € Stab,(A,) such that uv, = vju'. The induc-

tive assumption applied to « and (vgt1,...,vp) € Staby(0)>k4+1 asserts the existence of
(Vigs -+ 0p) € Staby(0)srq1 such that w'vgyy---vp[t"] = vj_ - vp[tY], with the further
property that v; = v;- for all j > k verifying Aj—l = Aj. Certainly then wv v, - vp[t”] =

VU - Vp[tY]. Now assume that u € Staby (A,). By Proposition 21 (i), we may write u
as a product of elements of the form zg,(¢) with ¢ € & and (8,n) € ®, x Z such that
A, € Hg . Lemma 22 now implies that uv, € vy, Stab, (A, ), which establishes v}, = v,. This
shows that Assertion (i) holds at k.

Consider now Assertion (ii). Let a € C* be the constant term coefficient of p and set
q= (p<<,u> — a<C7u>)/t_ Then

Pu, =T (bp@w))pu = 2.0 ()u'p" = vju'pH,

where o' = ba'S", v = z¢,41(q) and v}, = z¢, (V). Observing that u' € Staby(A,) and

using the inductive assumption and Assertion (i), we find (v} ,...,v;,) € Staby(0)sx11 such
that w'phoy, | - vp[t"] = vp - - vp[t]; in the case a = 1, we may even demand that v; = v

for all j > k verifying A; ; = A, Then prvgvy v, [t"] = vjvp - v, [t7], which shows
that Assertion (ii) holds at k.

It remains to prove Assertion (iii). We distinguish several cases.

Suppose first that { # «. By Lemma 22, the element

U=2T_q,-m(—1/c) (Uk)il T_a,—m(1/c) vy,
belongs to Stab; (A,). Using Assertion (i), we find (v} ,...,v,) € Staby (0)>k41 such that

vy g O[] = vy - op[tY]. Moreover vy = v, = Zam(cs) for each”s e {1,...,r}, for

Ap.—1 = Ay, Applyin,g the in,ductive /z}ssumptjon, we find (v}, q,...,v,) € Staby (6)>k11
such that x_o —m(1/c) vy -+ vp[t7] = vy g -0, [t7]. Then

T_a,—m(1/c) UpVk41 " Up[ty] = UkUngl T Ug[t”],

which establishes that Assertion (iii) holds at k in this first case.
The second case is when ( = a but n # m. Then n > m, by the minimality of m. Let p
be the square root in 1+ t& of 1+ ¢t"~"b/c. Equation (3) implies that

Teq,—m(1/c)v, = x_o(1/ct™ ) (bt")
=p o (™) z_o(1/ct™)p~*"

«

=p" vvkuv_oh_m(1/c)p*0‘v.
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Assertion (i) allows us to find (v}, ,,...,v,) € Staby (§)>x11 such that P Vg1 0[] =

Vpyq - Up[t’], with the further property that vj = v, = xqm(cs) for each s € {1,...,7}.
2

We apply then the inductive assumption and find (v} 41>---5Vp) € Staby(6)>r41 such that
T, —m(1/e)vpyq - vp[t] = vy - - - vy [t¥]. Then
v
Lo, -m(1/€) Vv - 0, [t7] = D wpvig o [,

and a final application of Assertion (ii) concludes the proof of Assertion (iii) at k in this
second case.

The last case is (¢,n) = (o, m). In this case, k&; = k and b = cx,. The assumptions of the
lemma imply that b + ¢ # 0. Equation (3) says then that

T am(1/)0y = Tam(be/(b+ ) (L +b/¢) " & _am(L/(b+0)).

Applying the inductive assumption, we find (vj_,...,v,) € Staby(0)sx11 such that

P (/b4 €)) vy - 7] = Vhpn - v f2)
Using now Assertion (ii), we see that
2 (1/€) 01 - 1] = T (bef b+ €)) (1 +b/) ™ty -+ 0[]
belongs to 7(C(J))>k. This concludes the proof of Assertion (iii) at k. O

At the end of their paper [12], Gaussent and Littelmann describe several cases where
one can read on the LS galleries that the MV cycles associated to them are included one in
another. This question is further investigated by Ehrig, who computes an extensive list of
examples in [11]. The next proposition proposes a sufficient condition.

Proposition 30 Let § be an LS gallery and let o be a simple root of the system ®. If the
gallery ey is defined, then Z(8) C Z(ey0).

Proof. We represent § as in (18). We assume that e,d is defined and we let m € Z and
0 <j<k<p+1be as in the definition of e,d. We call (k = ko, k1,...,k-) the list in
increasing order of indices [ € {1,...,p} such that @i‘_ﬁ(A;, A) = {(a, m)} Finally we equip
Pa(A), Ay) with a total order.

Let (a;5) € Hl?:o COF(ALA) e g family of complex numbers such that ag, (am) +
Ay (aym) T F Qg (am) 7 0 for each s € {0,1,...,7} and set

Jj—1 P
v = H xzg(a;3) foreachle{0,1,...,p}, A= Hvl and B= Hvl_
ﬁe@iE(AivAl) =0 =5

By Corollary 25, the element AB[t”] describes a dense subset of Z(4) when the parameters
a;g vary. To establish the proposition, it therefore suffices to show that AB[t"] belongs to
Z(eq0). What we will now show is more precise:

For any non-zero complex number h, the element Ax_q _pm—1(h)B[t"] belongs to w(C(en9)).

We first observe that g m+1(1/h) € Staby (A}), for A C Hg my1. Using Lemma 29 (i),
we find (v}, v} q,...,v,) € Staby (d)>; such that

’p
Tt (/) BE"] = o)y -+ o)1)
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We may moreover demand that v, = v, = Zam(ak, (,m)) for each s € {0,1,...,r}, for

A;Crl = A;S. We set

k-1 p
C = H v) and D = H vy,
1=j I=k+41

and then B[t"] = 2z4,m41(—1/h)Cuv;, D[t"]. Using Lemma 29 (iii), we now find (vj,,, v},
.,vp) € Staby (6)>p41 such that
2 —a,—m (1/ @k (a,m)) D] = v 110140 - v [£7].

We finally set

E = LTa,m (ak,(a,m))x—a,—m(_1/ak,(a,m))xo¢,m (ak,(a,m))7
p
F= xa,m(_ak,(a,m)) H 02/7
I=k+1
K = xfa,fmfl(h)xa,erl(_l/h)-

Then Az_q —m—1(h)B[t"] = AKCEFt"].
We now observe that
{(a’m+1)} I—lsa,m+1(q)iﬂ(A,"A‘)) it :ja
O (50,m41(A)), Saymi1(4))) = m
Samt1(PAT(A]LA)) if j <1<k,

and that
O (o (A]), 7o (A)) = v (@3 (AL A)) i 1> k.

These equalities, the definition of e,d, Equation (16) and Proposition 21 (ii) imply that the
sequence

<U07 v xa,m—l—l(h)(t(erl)av%)U; (t(WhLl)aV%)fl’
(t(m—l—l)a\/%)/u;—i_l (t(m—i—l)a\/%)flj o (t(7n—|—1)()4\/%),U;gil(t(rn-i—l)oz\/%)fl7
£ T (— (o) ) £Vt L t“vv;,’t—“v)

belongs to Stab, (eqd). Proposition 24, Equation (21) and the definition of the map 7 then
says that
\4 \4 — \4
A xa,erl(h) (t(m-i-l)oz %) C (t(m-i-l)oz %) 1 e F[tu]

belongs to m(C(eqd)). An appropriate application of Lemma 29 (ii) shows that the element
—aV

obtained by inserting extra factors (—h)*o‘v and (—ah(a’m)) “ in this expression, respec-

tively after A and before t*, also belongs to 7(C(eqd)). Now Equation (4) allows to rewrite

K = (=)™ Zamar(h) (0 55)  and B = (000 50) T (—ap o)

and we conclude that AKCEF[t"] = Ax_q —m—1(h)B[t"] belongs to m(C(en0)), as announced.
g
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Proof of Theorem 27. Obviously Z preserves the weight. Comparing Proposition 28 (ii) with
Equation (13), we see that Z is compatible with the structure maps ¢;. The axioms of a
crystal imply then that Z is compatible with the structure maps €;. Now let § be an LS
gallery of weight v, as in (18), let ¢ € I, and assume that the LS gallery e, is defined. Then
the two MV cycles Z(6) and Z(eq,0) satisfy the four conditions of Proposition 12. Indeed
the first and the third conditions follows immediately from the fact that Z(d) € Z()\), and
Z(eq;0) € Z(N)yyav; the second condition comes from Proposition 28 (ii) and from the
second assertion of Lemma 6 (iii) in [12]; the fourth condition comes from Proposition 30.
Therefore Z(eq,0) = €;Z(0); in other words, Z intertwines the action of the root operators
on I'f(y») with the action of Braverman and Gaitsgory’s crystal operators on 2°()). This
concludes the proof that Z is a morphism of crystals. Since Z is bijective and both crystals
I'f5(72) and 2°()) are normal, Z is an isomorphism. O
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