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Abstract: We consider operators defined on a Riemannian manifold M™ by Ly (u) = —div(T'Vu) where
T is a positive definite (1, 1)-tensor such that div(T) = 0. We give an upper bound for the first nonzero
eigenvalue \; 7 of L in terms of the second fundamental form of an immersion ¢ of M into a Riemannian
manifold of bounded sectional curvature. We apply these results to a particular family of operators defined
on hypersurfaces of space forms and we prove a stability result.
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1 Introduction

Let (M™, g) be a compact, connected m-dimensional Riemannian manifold. In this
paper, we are interested in extrinsic upper bounds for the first nonzero eigenvalue of
elliptic operators defined on (M™,g) (i.e. in terms of the second fundamental form of
an isometric immersion of (M™, ¢) into an n-dimensional Riemannian manifold (N™, h)).
The elliptic second order differential operators Ly, which we are interested in, are of the
form

Lyu = —divy (TVMu)

where u € C*°(M), T"is a (1, 1)-tensor on M (which will be divergence-free and symmet-
ric), and divy; and VM denote respectively the divergence and the gradient of the metric
g. In the sequel, we will denote by A; 7, the first nonzero eigenvalue of such operator L.

When T is the identity, Ly = L4 is nothing but the Laplace operator of (M™, g). In
this case, it is well known that if (M™, g) is isometrically immersed in a simply connected
space form N™(¢) (¢ = 0,1, —1 respectively for the Euclidean space IR", the sphere $" or
the hyperbolic space IH"), then we have the following estimate of A\ = A; ;4 in terms of
the square of the length of the mean curvature

MV (M) < m/M (|H|* + ¢) dv, (1)

where dv, and V(M) denote respectively the Riemannian volume element and the volume
of (M™,g) and where H denotes the mean curvature of the immersion of (M™, g) into
N"(c). Furthermore, the equality in (1) occurs if and only if (M™, g) is immersed as a
minimal submanifold of some geodesic hypersphere of N"(c¢). For ¢ = 0, this inequality
was proved by Reilly ([17]) and can easily be extended to the spherical case ¢ = 1 by
considering the canonical embedding of $” in IR"*! and by applying the inequality (1) for
¢ = 0 to the obtained immersion of (M™,g) in IR"™'. For immersions of (M™,g) in the
hyperbolic space IH", Heintze ([14]) first proved an L., equivalent of (1) and conjectured
(1) which was finally obtained by El Soufi and Ilias ([9]). Note that, the estimates shown
in [14] and [9] are given for immersions of (M™, g) in a space which is not necessarly of
constant sectional curvature.

Later, these estimates were extended to more general operators called L, (0 < r <mn)
defined on hypersurfaces (M™, g) of N™*1(c). Let us first define these operators. Let
¢ be an isometric immersion of (M™,g) into N™"!(c) and denote by A its shape (or
Weingarten) operator. For any integer r € {0, ...,n}, the (1, 1)-tensors 7, of Newton are
defined inductively by: Ty = Id and T, = S,.Id — AT,_1, where S, is the r-th elementary
symmetric function of the eigenvalues of A (i.e. the principal curvatures). Note that T,
is a free divergence tensor because the ambient space is of constant curvature (see for
instance [19]). The r-th mean curvature of ¢ is H, = (1/(")) S,. Now, the operator L,
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is defined by L, = Lr, which is the linearized operator of the first variation of S,1 ([18]).
It is important for our paper to know when L, is elliptic. Walter proved in [21] that if
H,.1 > 0 and if the immersion ¢ is convex (i.e. the second fundamental form is semi-
definite), then 7, is positively definite (i.e. L, is elliptic). This result was strengthened
by Barbosa and Colares ([6]). They proved without any convexity assumption that if
H,.1 > 0 and if, in the case ¢ = 1, ¢(M) is contained in a hemisphere, then L, is elliptic.
For simplicity the first nonzero eigenvalue of L, will be denoted Ay, (which is Ay 7,). The
first extension of the Reilly inequality (1) to such operators L, was obtained by Alencar,
do Carmo and Rosenberg ([4] and [5]). They proved that if (M™, g) is an m-dimensional
compact immersed hypersurface of the Euclidean space IR™*! and if H,,; > 0 then

Al,r/ H.dvy < (m—r) <m) / H?,  dv,
M rJ) Jm

and equality holds if and only if (M™,g) is a geodesic sphere of IR™*. In our paper
[12] (theorem 1.1, see also [11]), we obtained a similar optimal upper bound for A;, of
hypersurfaces of any space form N™"1(c). We proved for all 0 < r < m — 2, that if
H,y1 >0 and if ¢ is convex (i.e. the second fundamental form is semi-definite) then

H? H?
ALV (M) < (m—7) (T) /M %dvg 2)

and equality holds if and only if ¢ immerses M as a geodesic sphere of N™*1(c).

Our approach to obtain such estimates was a generalization of the conformal technic
used by El Soufi and Ilias and in this approach the convexity assumption was essential
to obtain the estimate (2). Nevertheless, it is natural to ask if such estimates still valid
without the convexity assumption. In this paper, to answer this purpose, we use a different
approach inspired by the method of Heintze ([14]). In fact, an L., estimate similar to (2)
will be a consequence of an estimate (theorem 1.1) obtained in a more general setting:
for the operators Ly defined above and for ambient spaces not necessarly of constant
sectional curvature.

Before stating the results, we need to define the following normal vector field Hrp. If
¢ is an isometric immersion of (M™, g) in (N",h) and B is its second fundamental form
then we define Hy at a point x € M, by

Hp(z) = Z B(Te;, e;)

where (e;)1<i<m is an orthonormal basis of the tangent space of M at x.
The main result of our paper is the

Theorem 1.1 Let (M™,g) be a compact, connected, m-dimensional Riemannian ma-
nifold (m > 2) and let ¢ be an isometric immersion of



(M™, g) in an n-dimensional Riemannian manifold (N™, h) of sectional curvature
bounded above by §. If § < 0 we assume that (N™, h) is simply connected and if § > 0 we
assume that ¢(M) is contained in a convex ball of radius less or equal to w/4v/8. Let Ly
be an elliptic operator defined on (M™, g) as above. Then, we have

Ao < SUPM | Hr|? + supy, 6(tr(T))?
b= infy, tr(T)

and if equality holds then ¢(M) is contained in a geodesic sphere.

When (N™, h) is a simply connected space form and T = T,., we deduce from this
theorem an estimate of \;, without the convexity assumption. In fact, we have

Corollary 1.1 Let (M™,g) be a compact, connected and orientable m-dimensional Rie-
mannian manifold (m > 2), immersed in a space form (N™*(c),h) (¢ = 0,—1,+1).
Assume, if ¢ =1, that ¢(M) is contained in a ball of radius w/4. If H.yq > 0 for

r € {0,....,m — 1}, then we have

m\ sup,; H2,; + sup,, (cH?
e

and equality holds if and only if ¢(M) is a geodesic sphere.

This last corollary has just been obtained independently by Alencar, do Carmo and
Marques ([3]).

When |Hr| is constant, we show a different estimate which is usefull in the proof of
stability results; indeed, we have the

Theorem 1.2 Let (M™,g) be a compact, connected, m-dimensional Riemannian ma-
nifold (m > 2) and let ¢ be an isometric immersion of

(M™, g) in an n-dimensional Riemannian manifold (N™,h) of sectional curvature
bounded above by 0. If § < 0 we assume that (N™, h) is simply connected and if § > 0 we
assume that ¢(M) is contained in a convez ball of radius less or equal to w/4v/5. Let Ly
be an elliptic operator defined on (M™, g) as above. Then, we have

A < S?JP(|HT||H| + otr(T))

and if equality holds then ¢(M) is contained in a geodesic sphere.

As a consequence, we have the



Corollary 1.2 Let (M™,g) be a compact, connected and orientable n-dimensional Rie-
mannian manifold (n > 2), immersed in a space form (spfmnpi,h) (¢ = 0,—1,+1).
Assume, if ¢ = 1 that ¢(M) is contained in a ball of radius w/4. If forr € {0,....,m — 1},
H,..1 is a positive constant, then we have

A < sup ((m —7) <T) (Hy o H) + cH,,)>

and equality holds if and only if ¢(M) is a geodesic sphere.

This paper is structured as follows: the first part deals with the proofs of these theo-
rems and corollaries and in a second part we give an application of our results to the
stability problem of hypersurfaces of constant r-th mean curvature in a space form. The
results of this paper were announced in the note [13].

2 Proofs of the results

Let (M™, g) be a compact, connected m-dimensional Riemannian manifold isome-
trically immersed by ¢ in an n-dimensional Riemannian manifold (N™ h) which sec-
tional curvature is bounded by . The manifold M is endowed with a symmetric de-
finite positive (1, 1)-tensor T' of free divergence. The associated operator Ly defined by
Ly(u) = —div(TVMu) is self adjoint and elliptic and we denote by A; 7 its first nonzero
eigenvalue.

Let pp € N and exp, the exponential map at this point. We consider (xi)1<i<n the
normal coordinates of N centered at py and for all x € N, we denote by r(z) = d(p, x),
the geodesic distance between py and x on (N", h). If § > 0 we assume that ¢(M) lies in
a convex ball around py of radius less or equal to 7/2v/.

Let ss and ¢s be functions defined by

\/igsin\/gr if §>0
85(7”) = r Zf5:0
ﬁsinh\/wr if <0
and
cos Vor if >0
cs(r)=4q 1 if6=0
cosh+/|0|r if <0
We remark that ¢ + ds2 = 1, s = ¢s and ¢ = —dss.



In the sequel, we denote respectively by V and V¥ the gradients associated to
(M™, g) and (N™, h). Tt is easy to see that the coordinates of Z = ss(r)V™r in the normal

local frame are (&‘mez . Furthermore, the tangential and normal projection of a

1<i<n
vector field X respectively on the tangent bundle and the normal bundle to ¢(M) will be
denoted respectively by Xt and X".
We recall now some facts and properties of the exponential map. Let U,V € T, N
and z € N. If we set X = exp, ! (). Then, we have

> ho(VVa;, (dexpy,) o (U)ha( Vs, (dexp,,) ( (V) = hy (U, V) (3)

i<n
On the other hand, exp,, is a radial isometry (Gauss lemma), that is for each x of N, we
have

ha((dexpy,) ¢ (X). (dexpy,) y () = iy (X.0) (4)

First, we begin by proving some lemmas

Lemma 2.1 For each x of M, we have

> 6 (TVM (‘“‘me> v (@m» < tr(T) — 0g.(TZ", Z") (5)

1<i<n
and equality holds if (N™,h) has a constant sectional curvature equal to §.

Proof: We compute the left hand side of (5)

vM <SJT(T)$Z) = —r05(r) — 5(r) (VMr)z; + S(S—(T)VMM

72 T

thus

5 o o (02, (42)) = 5 (S0, o

1<i<n 1<i<n

res(r) — sg(r) ss(r
+ 2 Z s )r2 o(7) 5£ )xigx(TVMr,VMxi)

1<i<n

2
+ Z % (T) gz (TVMJZZ', VM(EZ)

— 72
1<i<n

and using the fact that Y, ;. 2, VMa; = rVMr we deduce



3 o <TvM (S‘Sﬁmxi) Avl <85£T)xi)) = Sgg ) 3 g(TVM, VM)

1<i<n

- [(7’06(7“) — s | prea(r) — sslr) 35(7")} 9TV, V)

72 72

M

After an easy computation and noting that Z* = s5(r)V¥r, we obtain

> (TVM (ﬂ;)x) , VM (@x» = @ > gu(TVMay, VM)

1<i<n 1<i<n

+ (1 — M) 9o (TVMr, NMp) — 69,(TZ, Z1) (6)

r2

Since T is a positive symmetric (1, 1)-tensor, we can define a
natural positive symmetric (1, 1)-tensor v/7'. Indeed, if
(€i)1<i<m is an orthonormal basis at « which diagonalizes T
such that T = diag(jty, ..., ftam), then /T is defined at = by VT = diag(\/1,, - /1, )-

Now let (e;)1<i<m be an orthonormal frame in x, such that VTe,, lies in the
direction of VM7 and let e, be a unit vector orthogonal to
VVr in order to have: VTe,, = A\VVr + pue?,.
Then (6) becomes

£ o (o) (1)

D> hal xl,\/_ej)2+<1

) (TVMr, VMr) — §g,(TZ', Z") =

i<n
ji<m
s3(r) . 12
‘;2 Z he (VN2 VTe;)? Z Ny, AWNr) + hy (VN pel,))
i<n 1<i<n
j<m-—1
2
+ ( SN VIV -T2z (0

Now, setting v; = VTe; — h(v/Te;, VMr)VNr, for all j < m — 1, we rewrite the first term
of the right hand side of (7)



55(1) Z hy(V :L’l,\/Te])

2
i1 <n
j<m-—1
2
_ s5(r) N M N Noy)2
= % ; (hr(V 2i,0) + ha(VTe;, VMY (V2 V 7’))
J m—1
_S?(?‘) N_. . \2 s3(r) VTe: VM )2 N, woN_\2
== Z he (V™ 2, 05) —|——T2 Z hy(VTe;, V1) hy (V¥ z;, V1)
i <n i <n
j<m—1 j<m—1
2
+zsi <2'” ) S h(VTes, VM) (Vs 0 ha (VN V) 8)
i <n
j<m—1

We compute each term of the right hand side of (8). Using the standard Jacobi field
estimates (cf for instance corollary 2.8, p 153 of [20]), we have for all v orthogonal to V¥r

5(1)

r2

(dlesp))), ©)] < 1ol ©)

with equality if V has a constant sectional curvature equal to 6. Now v; is orthogonal to
V¥r and then applying successively (3) and (9), we obtain

33(7") Z h (VN.Z' U')2 _ U Z |1} ‘
r2 T iy Vg :c J Jlx
i<n j<m—1 j<m-—1
j<m-—1
= Y WTel2— Y ho(VTe;, VVr)? (10)
1<j<m—1 1<j<m—1

Moreover, from (3) and (4), we have for all v orthogonal to V¥r

Z P ( Neow (VNSL‘Z', VNT) = hy, ((d(exp;01)$ (v), (d exp;ol)z (VNT)>

1<i<n

= h, ((dexppo) ()X/r)
= (0, V() =0 (1)

Hence, the last term of the right hand side of (8) vanishes identically. Now, reporting
(10) in (8), and noting that >, he(VVx;, V¥7)? = 1 by (3), we find
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5(1) Z he(VNai, VTe;)?

) > he(VTe;, VMr)?

1<j<m—1

< > WVTel+ (

1<5<m—1

= tr(T) — |VTen|> + ( ) > he(VTe;, VMr)?  (12)

1<j<m—1

Furthermore, from (9) and (11), we deduce that

2
Sd(r) Z (hx(VNfL'z, /\VNT) + hm(vai’ Mejn))2

2
1<i<n

2(r 82 r *
— iﬁ(zl)\z >, hx(Vin,VNr)2+%“2 > ha(VVaiep,)?

1<i<n 1<i<n

827”

Finally, by reporting (12) and (13) in (7), we get

o (TvM (400, 9 (402)) < 1) - Tl

1<i<n
2
) Z h TQJ,VM) )\286(27‘)"'_#2
T

(5
j<m-—1

(13)

+<1— i( >) L(VTVMr e,,)? + (1— jf;")) > (VTVYr ) —6g,(T2", Z")

1<i<m—1

= tr(T) — |VTe m|2+A2 ‘5( )+ +(1— 55 (r >)gx(\/_V rem)? — 0gu(TZ, ZY)

now

gx(ﬁVMr, em) = hx(ﬁem, VVr) =\

and

A2 4 p? = |VTe,,|?



And after simplification, this gives the desired inequality and if (N" k) is of constant
sectional curvature all the inequalities above are in fact equalities. O

Now, we will prove the

Lemma 2.2 For all symmetric divergence-free positive definite (1,1)-tensors T on M,
we have
divy (TZY) > (tr(T))es + h(Z, Hy)

and if T is the identity and (N™, h) has a constant sectional curvature equal to §, then
equality holds.

Proof: We use the same local frame as in the proof of lemma
(2.1) and we compute divy(TZ") in this frame by using the fact that T is a free
divergence tensor (i.e. Y- ;. (VYT)e; = 0)

dioy(TZ') = Y gu(ViI(TZ),e) = ) 9.((VIT) Z' 1)

1<i<m 1<i<m
= > 0u(V¥Z'Te)= > ho(VYZ! Tey)
1<i<m 1<i<m
= Y ho(VEZTe) = Y ho(VEZ" Te;)
1<i<m 1<i<m
= > h(VYZ,Te)+ Y ho(Z,B(Te;e;))
1<i<m 1<i<m
= Y ha(VEZ,Tes) + ha(Z, Hr) (14)
1<i<m

Now, we want to estimate Y, .. ho(VYZ,Te;). We first have

Y h(VYZTe:) = ) ha(VE(s5VVr), Te;)
1<i<m 1<i<m
= Gha(VVrT(VVP)) 55 > huo(VIVNr, Tey)
1<i<m
= sho(T(VNP) (VNP)) + 55 D ho(Vi, Ve VTe;) (15)

1<i<m

And using the standard Jacobi field estimates (see lemma 2.9 p 153 of [20]) we can find a
lower bound of the last term of (15). Indeed, we have for all vector & orthogonal to VN7
at z, the inequality
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C,
ho(VEVYr,€) > S—j|£|i

and equality holds if N has a constant sectional curvature equal to . Thus,

D ha(VNE VN VTe) = Y (VY VP VTe) + ha(Vg, YV VTey)
1<i<m 1<i<m—1
> 2 Z IVTe;|? + u2hm(vgnVNr, er)
0 <i<m—1
¢ ¢
> 8—6 Z |VTe;|? + MQS—(S
9 1<i<m—1 J

and reporting this inequality in (15), we obtain

Z ho(VYZ,Te;) > es| VT (VP + ¢ Z IVTe; | + 1i2cs (16)

1<i<m 1<i<m—1

now
A2 = hx(ﬁem, vir)? = hm(ﬁe’nw (Vr)h)?

= Balen, VI(VYr)? < VTV 2

and if T' is the identity, this last inequality is an equality. Furthermore, it is easy to verify
that

A p? = [VTey,)?
thus, inequality (15) becomes

Z hz(VgZ, Te;)) > csA\* +cs Z |\/T€Z|§ + pPes
1<i<m 1<i<m—1

= tr(T)cs

and inserting this last inequality in (16) we complete the proof of lemma 2.2. O

Lemma 2.3 We have
(5/ gx(TZt,Zt)dng/ tr(T)cgdvg—/ |Hr|sscsdv,
M M M

11



Proof: If § # 0, then

(N

5/ g(TZ, ZHdv, = 5/ (TVMes(r), VMes(r))dv,
M

= —5/ de(TV cs(r))es(r)dv,

= / divy (T Z ) csdv,
M

—_

> /cgtr(T)dvg—/ |Hrp|sscsdvy
M M

where the last inequality is proceeding from the previous lemma 2.2. Moreover, if § = 0,
then ¢s(r) = 1 and we have

0:/ diUM(TZt)C(;dUgZ/ c?;tr(T)dvg—/ |Hpl|sscsdvg
M M M

This concludes the proof. O
We can now give the proof of our results.

Proof of theorem 1.1: Let py € N and r(xz) = d(po, x), where r(z) is the geodesic
distance between py and z. We will use Sa(r) 2, as test functions in the variational cha-
racterization of A\; r but the mean of these functlons must be zero. For this purpose, we
use a standard argument used by Chavel and Heintze before ([14] and [8]). Indeed, let Y

be a vector field defined by

[ ssldg,p)
Yq—/MWequ (p)dvy(p) € T,N

From the theorem of fixed point of Brouwer, there exists a point py € N such that Y,, =0
and consequently, for a such pg, the mean of s5(r) a:, will be zero. But for § > 0, we must

assume ¢(M) is contained in a ball of radius 7r/ 44/5. Indeed, in this case ¢(M) lies in a
ball of center py (the point py such that Y, = 0) with a radius less or equal to 7/2v/§
(this hypothesis is necessary in the proof of the preceding lemmas). It follows from above
and the variational characterization of A\, 1, that

2
)\LT/ dvg—)\lT/ A dvg—)\lT/ > ( ) dv,
1<i<n

<5 () 5,




() 5 (402) o

and using lemmas 2.1 and 2.3, we obtain

)\I,T/ sjdv, < /tT(T)dvg—5/ g(TZ', Z")dv,
M M M

< / r(T)dv, — / (T)cgdvg—i-/ |Hr|sscsdv,

< 5/ tr(T dvg+sup|HT]/ ssCsduy

1
< 5/ tr(T)s3dv, + sup | Hy| sup (—)/ tr(T)sscsdv,
M M v \tr(T) ) Ju

Furthermore, from lemma 2.2, we deduce

/tr(T)3505dvg < /5(2;|HT|dvg+/ ssdivy (T Z")dv,
M M M
= /s§|HT\dvg+/ divM(55TZt)dvg—/ g(VMs5, TZ")dv,
M M M
= /s§|HT|dvg—/ csss9(VMr, TVMr)dv,
M M

Since ¢; and s; are positive functions (because for 6 > 0, ¢(M) C B(po, 7/2V/3)), we
deduce that

/tr(T)5505dvg§/ s3|Hr|dv,
M M

and if equality holds, then ¢(M) lies in a geodesic sphere. Finally, we have

H
)\17T/ sidv, < 5/ tr(T)s3dv, + Sy | T|/ |Hr|sidv,
M M

infyr tr(T
Sup |HT | / 2
< otr(T —_— d
< (suptarr(ry) 4 SN [ g,
and this completes the proof of the theorem 1.1. O

Proof of theorem 1.2: We assume now that |Hr| is constant. Then from the first step
of the preceding proof, it follows that

13



)\1,T/ sidv, §/(5tr(T))3§dvg+]HT]/ ssCsduy
M M M

Now applying lemma 2.2 to the identity, we get

/ div(Z")ssdv, > m/ (cass + (VNr, H)s3) du,
M M

and an easy computation gives

/ div(Z")ssdv, = —/ sscs|VMrPdv, <0
M M

From this, we deduce

/3505dvg§/ |H|s3dv,
M M

thus

A / Sdv, < / (1ol [ H| + 6tr(T))s2dv,
M M
which completes the proof. O

Proof of corollaries 1.1 and 1.2: (M™,g) is a compact, connected and orientable
n-dimensional Riemannian manifold (n > 2) isometrically immersed by ¢ in a simply
connected space form N™1(c) (¢ = 0,1 or —1 respectively for R"*!, §"*' or H"*') and
A is the Weingarten operator associated to the second fundamental form of the immersion.
When ¢ < 0, assumptions of theorems 1.1 and 1.2 are trivially verified. For ¢ = 1, we
assume that ¢(M) lies in a ball of radius 7/4. Since H,+; > 0 with ¢(M) contained
in a hemisphere when ¢ = 1, then L, is elliptic ([6]). Finally, under these hypotheses,
the corollaries follow from the theorems by applying them to the special (1, 1)-tensors T,
defined in the introduction and by using the following relations: tr(7T;) = (n —r)(")H,
and tr(AT,) = (n —r)(") Hy+1 ([17)).

Furthermore, from theorems, if inequalities expressed in corollaries are equalities, then
¢(M) is a geodesic sphere. Conversely, if ¢(M) is a geodesic sphere, then M is totally
umbilical and we have: H, = H] and L, = (T) HTA, where A is the usual Laplacian, and
we have equality. |

Remark 2.1: A generalization of these results to Schrodinger type operators L = L+ q,
where ¢ € C°°(M) can be easily obtained. Denoting by \o( Ly + ¢) the second eigenvalue
of L, and by u a first positive eigenfunction of L, we consider the vector field Y defined
by

14



S(S(d(p()ap)) -1
Y, = / ——ex u(p)dv eT, N
Po Iy d(po,p) ppo (p) (p) g(p) Po
Since u is positive, we can apply again the argument of fixed point used in the proof of

theorem 1.1. Then, there exists a point py such that Y,, = 0 and the functions &‘T(T)mz are

Lo-orthogonal to u. Now, from the variational characterization of \o(Ly + ¢q), we have

)\Q(LT‘I’Q)/JWS(%(T)dUg §/ Z g (TVM (i:)xl) v (@x,)) dvg—l—/qugdvg

M 1<i<n

this gives us the inequality

supy [Hr|*

< 2PM T
Aa(Lr +4) < infy, tr(T)

+ sup(otr(T) + q)
M
and when |Hr| is constant, we have
Xo(Lr + q)/ sydv, < / (|Hp||H| + 6tr(T) + q)s3dv, (17)
M M
and finally,
Xo(Ly +q) < sup (|Hr||H|+ 6 tr(T) + q)

This last relation (17) will be very useful for the proof of stability results.
3 Applications to stability

Consider an m-dimensional hypersurface with constant r 4+ 1-th mean

curvature immersed in a space form N™%!(c) whose sectional curvature is constant
equal to ¢

(¢ =0,—1,1). First, recall briefly the variational problem associated to these

hypersurfaces (for more details see for instance [4] and [6])

Let ¢ : (M™, g) — (N™%1(c), h) be an orientable compact

hypersurface oriented by the global normal field 7, and let us define the functionals

AO = / d’l)g s Al = / Sld’l)g
M M
and for each r, 2 <r <m,

— 1
v r—1

15



Where we put k(s) = (m—s)("). Now, let F :] —e,e[xM — (N™(c), h) be a variation
of the immersion ¢ for all t €]—¢, ¢[. The immersion F'(t, .), its r-th elementary symmetric
function and the associated functional A, will be denoted respectively by F;, S,(t) and
A, (t). Moreover, we set f = (£ |,_o, 7).

To formulate the variational problem we need to determine the derivative

of S,(t) with respect to t ( cf [18])

%to ( / sm(t)dvp;h) — [ (elm =15, ~ (r +2)5,s2) o,

and an easy calculation shows that

A(0) = /M (=(r +1)Sy11 + #) fdo, (18)

where & is a constant. On the other hand, the balance volume is the function V' :] —¢,¢[—
IR defined by

V(t) = / Fdu,
[0,t[x M

for which, we have

d

Gl v [ g (19)
dt t=0 M

The isometric immersion ¢ is a critical point of the functional A,, with constant balance
volume (i.e. A/(0) = 0 for all variations such that V'(¢) = 0) if and only if for all variations,

we have

AL(0) + AV'(0) =0

where A is a Lagrange’s multiplier. It follows from (18) and (19) that for all variations
and for a constant

/ (—H,11+ k) fdv, =0

Thus, M is a constant r + 1-th mean curvature hypersurface if and only if, ¢ is a critical
point of A,., with constant balance volume and in this case

A0) = [ (L) + af) fi (20)

where we put ¢ = k(r + 1)H, o — mfg HH, .1 — ck(r)H,. We give now a definition for

the stability of hypersurfaces with constant r-th mean curvature H,; following [4] and

6].

16



Definition 3.1 Let (M™, g) be an orientable compacte hypersurface of
(N™*1(c), h) with H,1 constant. Then (M™, g) is H,,-stable if
A”(0) > 0 for all variations such that V (t) = 0.

From theorem 1.2, we deduce the following theorem

Theorem 3.1 Let (M™, g) be an orientable compact riemannian manifold

of dimension m > 2 and ¢ an isometric immersion of (M™, g) in

H™. Then if (M™,g) is a nonegative constant, M is H,,-stable if and only if
®(M) is a geodesic sphere.

Remark 3.1: Note that Alencar, do Carmo and Rosenberg have proved this stability
result for hypersurfaces of IR™™! ([4] and [5]). Barbosa and Colares extend it to hyper-
surfaces of JH™ " and of an open hemisphere of ™, but without using estimates of the
eigenvalues of the second variation operator ([6]). In [11] and [12], we proved indepen-
dently a stability result for convex hypersurfaces of IH™"' and $™%!, by using an upper
bound of the second eigenvalue of the second variation operator (of A,).

Proof of theorem 3.1: A straightforward computation shows that geodesic spheres are
H, ;-stable. In fact such spheres are totally umbilical. This implies that H, = H{ and

—1
L, = (m )H;A.
r—1
Variations (Fy), for which V(t) = 0 are variations such that [,, fdv, = 0 ([6]). For such
variations we have from (20):
A0 = [ (AF =m0 ) do,
M
> H{/ (>\1 —m(H? + c)) fPdv, =0
M
where \; denotes the first nonzero eigenvalue of the Laplacian. This proves the stability
of the geodesic spheres. Conversely,

suppose that ¢ is H,q-stable. This implies that A”(0) > 0 for all variations (F}) such
that V(t) =0, and from (20), we have

/M (Lo + q)(f) fdvy > 0

for any function f such that [ 1 Jdvg = 0. Hence, by the min-max principle, we deduce
that
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)\Q(Lr + Q) 2 0
and from the inequality (17) of the remark 2.1, we have

k
k()
r+1

Xo(Ly +q) /

sidv, < / (k(r)HTHHl +k(r+1)H, o —
M M

Hl Hr-i—l) Sgd’Ug

and consequently

k(r)
r+1
now, using the fact that H, o < HyH,,1, with equality at umbilical points ([4]), we obtain

0< / <k(r)Hr+1H1 +k(r+1)H, 12 —m HlHr—l-l) sidv,
M

k
k(T)Hr_;,_lHl + k(?“ + 1)Hr+2 - m%ﬂlHr_;_l <

(k('r) +k(r+1) — mff)l) HyHyi

and it is easy to verify that

thus finally, we get
/ (Hr+2 — Hr+1H1>S§d’Ug =0
M
hence M is totally umbilical and then it is a geodesic sphere. O
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