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Abstract

Through a regularization procedure, few approximation schemes of the local time
of a large class of one dimensional processes are given. We mainly consider the local
time of continuous semimartingales and reversible diffusions, and the convergence
holds in ucp sense. In the case of standard Brownian motion, we have been able to
determine a rate of convergence in L?, and a.s. convergence of some of our schemes.
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1 Introduction

Let (Xt):>0 be a continuous process which is defined on a complete probability
space (2, F, Fy, P). It is supposed that (F;) verifies the usual hypotheses.

1. Let X; = M, + V, be a continuous (F;)-semimartingale, where M is a
local martingale and V is an adapted process with finite variation. In the
usual stochastic calculus, two fundamental processes are associated with X:
its quadratic variation and its local time. Indeed, [t0’s formula related to
functions f € C? is the following:

t 1 st
FX0) = [(Xo)+ [ F(X)AXo+ 5 [ f/(X)d < X >,
where < X >=< M > is the quadratic variation of either X or M.

The random measure g — f(fg(XS)d < X >, is absolutly continuous with
respect to the Lebesgue measure: there exists a measurable family of random

Preprint submitted to Stochastic Processes and their Applications4th September 2007



variables (L¥(X),z € R,t > 0), called the local time process related to X,
such that for any non-negative Borel functions g:

t
/ g(X)d < X >,= / g(2) LF(X)da. (1.1)
0 R
Moreover, t — L¥(X) is continuous and non-decreasing, for any = € R.

Besides, an extension of It6’s formula in the case of convex functions f may
be obtained thanks to local time processes. Namely,

FOX) = F(Xo) + [ (X)X, + 5 [ i (),

with f” the left derivative of f and f” the second derivative of f in the
distribution sense.

2. The density occupation formula (1.1) gives a relation between the quadratic
variation of a semimartingale and its local time process. We would like to show
that the existence of the quadratic variation implies the weak existence of the
local time process at a fixed level. For our purpose, it is convenient to use the
definition of the quadratic variation which has been given in [23], in the setting
of stochastic integration by regularization [24]: for any continuous process X,
its quadratic variation [X]; is the process:

1 rt

[X], = lim(ucp) - / (Xore — X,)>ds, (1.2)
e € Jo

provided that this limit exists in the (ucp) sense. We denote by (ucp) the

convergence in probability, uniformly on the compact sets (c.f. Section I1.4 of

[18]). In the case of a continuous semimartingale X, the quadratic variation

defined by (1.2) coincides with the usual quadratic variation < X >.

Let € > 0 and X be a continuous process. Let us introduce a family
(Je(t,y),y € R, t > 0) of processes, which will play a central role in our study:

1 ft

Tty = 2 [ (Tyexen = yex) (Koo = X.) ds. (1.3)
It is actually possible (see 3. of Section 2 for details) to prove that, if X is a
continuous process such that [X] exists, then the measures (J(t,y)dy) on R

weakly converge as € — 0:

t
lim(ucp) [ )t )dy = [ FX)dlX]., (1.4)
for any continuous function f with compact support.

As a consequence, if we suppose that X is a semimartingale, the occupation



times formula implies:

tim(ucp) [ f(y)Jt.v)dy = [ F@)LUX)dy.

Thus, in a certain sense, the measures (J.(¢,y)dy) converge to (L{(X)dy) as
e — 0. As a result, it seems natural to study the convergence of J.(t,y) to
L{(X) when ¢ — 0 and y is a fixed real number.

Let us remark that, if J.(¢,y) converges in (ucp) sense, then its limit is equal
to the covariation [X, Iy<x3]s (c.f. (2.1) for the definition of the covariation).

3. Our first approximation result concerns (Jc(t,y)) when X belongs to a
class of diffusions stable under time reversal. This kind of diffusions has been
studied in [17] and [15]. We consider the generalization made in Section 5 of
[25]. Let X be a diffusion which satisfies

t t
X, = X, +/ o (s, X,)dB, +/ b(s, X,)ds. (1.5)
0 0
It is moreover assumed that the following conditions hold:

Vt € [0,T], X; has a density p(t,z) with respect to Lebesgue measure,
0, b are jointly continuous,

0*(s,.) € Wi (R), b(s, ) € Wiz (R), zp(s,.) € Wi (R),

po(s,.) € WEH(R) hold for almost every s € [0, 77,

opo® Pzp ¢ [1([0,4] x R), t €]0,T).

(1.6)
To a fixed T' > 0, we associate the process

X, = Xr_u, u€l0,T). (1.7)

According to Theorem 5.1 of [25], (Xy)uejo,r) is a diffusion which verifies the
following equation:

X, = Xo + /ua(T — 5, X,)dBs + / B(T — 5, X,)ds, (1.8)
0 0

where [ is a Brownian motion on a possibly enlarged space and bis explicitly
known.

Theorem 1.1 Let X be a diffusion which satisfies (1.5)-(1.6). Then

lir%(ucp) Je(t,z) = LY (X), VzeR.



Our limit in Theorem 1.1 is valid when z is fixed. We have not been able to
prove that the convergence is uniform with respect to x varying in a compact
set.

4. For simplicity of notation, we take x = 0 and we note J.(t) instead of
Je(t,0). The proof of Theorem 1.1 is based on a decomposition of J.(¢) as a
sum of two terms. It is actually possible to prove (see Section 3) that each
term has a limit. However, theses limits cannot be expressed only through
LY(X). Modifying the factor o< x,,.1 — Ijo<x,} in Je(t) and developing the
product gives (see point 4. of Section 2 for details):

Jo(t) = I2(t) + IX(t) + Re(t), (1.9)
where
1t 1 gt
HORS /O XfeoniTox,copdu + = /0 Xiosome Loy du, (1.10)
() = % /0 X Mix oyt % /O XFlix e, (1.11)

and (R.(t)):>o is a process which goes to 0 a.s. as € — 0, uniformly on compact
sets in time. Note that in (1.10) and (1.11), we have systemically introduced
Xutont instead of X, in order to guarantee that I3(t), I*(t) are adapted
processes. This will play an important role in the proof of our results, in
particular to obtain the convergence in the (ucp) sense.

The decomposition (1.9) seems at first complicated. However, it is interesting
since it may be proved (see Theorem 1.2 below) that, under suitable assump-
tions, I3(t) and I*(t) converge to a fraction of L?(X), as € — 0.

Theorem 1.2 i) If X is a continuous semimartingale, then

1
lim (ucp) I3(t) = S LX),

it) If X is a diffusion which satisfies (1.5) and (1.6), then

liny (ucp) I4(t) = 5LU(X)

Remark 1.3 (1) We would like to emphasize that the choice of strict or large
inequalities in (1.10) and (1.11) is important. Indeed, the Lebesque mea-
sure of {u; X, = 0} may not vanish. Note that, in Tanaka’s formula (c.f
(3.4) below), X;" is associated with H{x,~o,. This heuristically explains
our choice.

(2) When X is a standard Brownian motion, we will prove (see Theorem 1.4

below) that the two terms of the sum in I3(t) and I*(t) converge separately
to 1LY (X).



(3) Applying Theorem 1.2 to the process (X; — )i>o gives

1
lim (ucp) I3(t,z) = iLf(X), where

1 st 1 st _
[3(t,x’) = E/O (X(u_i_g)/\t—x)Jr][{Xugx}dU/‘i‘;/0 (X(u+5)/\t—x) ][{Xu>x}du.

There exists obviously a similar result where I3(t, z) is replaced by IX(t, ).

5. In the Brownian case, we will give complements to Theorem 1.1 and The-
orem 1.2. The first one concerns Theorem 1.2. Obviously, I3(¢) and I*(¢) can
be decomposed as:

L) = TP + I22() +ri(t), T = 12 () + IP2() +ré(t),  (1.12)

where
S / X(u+e allpx,>0ydu, 2 / Xu-l—s)/\t]I{X <opdu. (1.13)
r3(t) = - / X{oondix,—opdu, (1.14)
[4 ' / X ]I{X(1L+e)/\t>0}du [42 / X ]I{X(TL+€)/\t<O}du (1 15)
ri(t) =~ /0 X lx,, ooy du, (1.16)

and r3(t),r}(t) converge a.s. to 0 as € — 0 (c.f point 1. of Section 5).

Theorem 1.4 Let X be a standard Brownian motion. Then,

(1) 1
liy (uep) I(1) =l (ucp) I2(1) = {LU(X),
(2) 1
liny (uep) I(1) =l (ucp) I22(1) = 1LU(X).
Moreover, for all T > 0,9 €]0, %[, there exists a constant C' such as

gCe%, 1=1 or2.
L2(Q)

sup
t€[0,T]

o 1
19(t) - ZLY(X)

Remark 1.5 The ucp convergence of I¥1(t), I%*(t) in Theorem 1.4 is still
true (see [3]) if X; = [j 0(s)dBs, where B is the standard Brownian motion
and o : Ry — R a function which is Holder continuous of order v > i and
such as |o(s)] = a > 0.



Then, we will give below a complement related to Theorem 1.1. In Theorem
1.6, we determine the rate of convergence of J.(¢,z) to L¥(X) in L*(Q), as
e — 0.

Theorem 1.6 Let X be the standard Brownian motion. For all T > 0,x €
R, 0 €]0, %[, there exists a constant C such as:

< Ces .
L2(Q)

Ve €]0, 1], sup

te[0,7

J(t) = LY(X)|

In the setting of stochastic integration by regularization (see for instance [22],
[20], [21], [23] and [24]), the ucp convergence is mainly used. So, Theorem
1.1, 1.2, 1.4 are of this type. It seems interesting to investigate the almost
sure convergence. There exists few results using this type of convergence in
[9]. Our version of Theorem 1.1 formulated in terms of a.s. convergence is the
following.

Proposition 1.7 Let X be the standard Brownian motion and (€,)nen be a
decreasing sequence of non-negative real numbers which satisfies 3252, \/€; <
00. Then, for any x € R, almost surely,

lim sup |J,(t,x) — Lj(X)| =0,

n=00 40,7

, 1
lim sup [I}'(t,z)— ZL;C(X) =0, =12

0 0,1

6. Let (X:)i>0 be a continuous process with values in R. Let us briefly enu-
merate processes which admit local time processes (Lf(X),z € R,t > 0). The
most popular ones are semimartingales (see for instance Section VI of [19]).
Moreover, there exists a version of (L7 (X),z € R,t > 0) such that x — LY
is right-continuous for any ¢. When X is a Markov process, the local time
process (L) at level x is defined as a specific additive functional (see [6]),
and through excursions in Chapter IV of [5]. A construction of the local time
process related to one dimensional diffusions has been given in Chapter VI of
[11]. A large class of Lévy processes admits local time process (see Chapter
V of [5]). Beyond semimartingales and Markov processes, local time process
associated with Gaussian processes may exist (c.f. [8]) as occupation densi-
ties. A particular example of Gaussian process which has local time process is
the fractional Brownian motion. Tanaka formula and Ito-Tanaka formula have
been given in [7].

The definition of (L7 (X),x € R,¢t > 0) may not directly refer to the paths
of (X¢)i>o. For instance, if X is a continuous local martingale, (L7 (X),t >



0) may be defined as the unique adapted process vanishing at 0 such that
| X — x| — L¥(X) is a local martingale. Therefore, it may be interesting to
perform approximation schemes of (L7 (X),z € R,t > 0) which involve more
directly the paths of X. In the case of semimartingales, we deduce easily
from the occupation times formula and right continuity of ¢ — L7(X) that
%fg Trocx,<otrad < X >, tends to LY(X) as e — 0.

The Lévy excursion theory (c.f. [27]) gives other kind of approximation by
the count of the downcrossings number or of the excursion number before a
given time. In the case of diffusion, the convergence of normalized sums to
local time have been studied in [1] and [13]. Finaly, we may refer to [16] and
[2] for approximations of the local time for Lévy’s processes.

7. Let us briefly detail the organization of the paper. Section 2 contains few
preliminary lemmas and complements related to some results stated in the
Introduction. The proof of Theorem 1.1 is given in Section 3. Section 4 contains
the proof of Theorem 1.2. The Brownian case is studied in Section 5 (proof of
Theorem 1.4) and in Section 6 (proof of Theorem 1.6).

Some results of this paper were announced without any proof in [4]. Moreover,
the setting in [4] was the Brownian one.

Let us adopt two conventions, which will be used in the sequel of the paper:

e [0, 7] will denote a given compact interval of time,
e in the calculations, C' will denote a generic constant.

2 Decomposition of J.(t) and preliminary lemmas

This section has five independent parts. In the two first ones, we recall some
known results related to Fubini’s stochastic theorem (c.f. Lemma 2.1 below)
and Holder continuity properties (c.f. Lemma 2.2 below). Proofs of develop-
ments given in the Introduction may be found in points 3. and 4. We end this
Section by a technical lemma.

1. Let us start with a modification of Fubini’s theorem. This result may be
found in Section IV.5 of [19] and is crucial in most of our proofs. It permits
to express some Lebesgue integrals as stochastic integrals with respect to
martingales. This allows to obtain (ucp) convergence via Doob’s inequality
(see for instance the proof of Proposition 3.1).

Lemma 2.1 Let (H(u,s),s € R,u > 0) be a collection of predictable processes
which are measurable with respect to (u, s,w). If one of the following hypotheses

holds:



i. (X,)s>0 is the standard Brownian motion and [3 [y E(H (u,s)?)dsdu < oo,
1. (Xs)s>0 s a continuous semimartingale and (H(u,s))su>o0 i uniformly
bounded,

then, almost surely,

/Ot Vot H(u, s)dXS] du = /Ot Vot H(u,s)du} dX,, Vt=0.

2. Let us recall some Holder continuity properties of the Brownian motion and
its local time process.

Lemma 2.2 Let 0 €]0, %[,T > 0 and X be the standard Brownian motion.

i) Then, there exists a positive random constant Cs € L*(Q2) such as a.s.
Xy = Xy | < Gsly —y'I°, Vy.y' €[0,7T].

i1) The Brownian local time is Hélder continuous in space: there exists a posi-
tive random constant Ks € L*(Q) such as a.s.

IL{(X) — LY (X)| < Ksla—d|°, Yte[0,T],a,d €R.

In the further proofs, as soon as § €0, %[ and T are given, the constants Ky, Cj
may be considered as fixed.

3. Let Y and Z be continuous processes. In [21], the covariation of Y and Z
has been defined as:

]_ t
Y, 2 = lim(uep)~ [ (Voye = Y3) (Zore = Z,) ds, (2.1)
€— € JOo
if the limit exists.

Let X be a continuous process with finite quadratic variation [X]| = [X, X]
(c.f.(1.2)). According to Proposition 2.1 of [21]:

P90 = [ PG (XX, Vigec.  (22)

The aim of this section is to explain how (2.2) combined with (2.1) leads to
(1.4). Let f be a continuous function with compact support and let F' be its
primitive which vanishes at 0. Taking Y; = F(X;) and Z; = X; in (2.1) and
using (2.2) comes to:

i (uep) + [ (F(Xo1) = F(X)) (Xore — X,)ds =[F(X), X],

= [ (X )dlx),. (23)



We now express the integral on the left hand-side of (2.3) through f instead of
F.Since F(z) = [ (]I{y@} — ]I{y<0}) f(y)dy, applying Fubini’s theorem gives:

LR (X — FOG) (X = X0 ds = [ (0 9)f ()

€

It is now clear that (1.4) is a direct consequence of (2.3).
4. We would like to prove (1.9). First, let us introduce R.(?):

1 t
R(t)=— /( (To<xurey = Tgoexa)) (Xuge — X)) du

t—e)t

1 rt
__/( (]I{O<Xt} — ]I{O<Xu}) (Xt - Xu) du, t > 0.

€ J(t—e)t
Then,
1 t
J(t) = R(t) = - /0 (Tjo<xrn) — Tpoexn)) (Xrone — Xu) du. (2.4)
Using
Tixron>0r — Lixus0y = Lixg,on>0.x0<0y — Lixon<o.x,>0  (25)

and developing the product of the integrand in (2.4) lead to

1 t
Je(t) = Re(t) = - /0 [ Xt L0050 X0} = Xt nt Lx oy 0,<0 X050}

_XU]I{X(1L+6)/\t>07XU«<0} + XU]I{X(1L+6)/\t<07XU>O} du
Since X My oy = X and —X Tix <oy = X, (1.9) follows.

5. In (1.9), R.(t) may be viewed as a remainder term. The lemma below
ensures the convergence to 0, in the a.s. sense, of this kind of terms. A proof
of Lemma 2.3 may be found in [3].

Lemma 2.3 Let X be a continuous process and let a,b,c,d : [0,1] x [0,T +
1] — R, be Borel functions such that

0<b(e,t) —alet) <e |cle,s) —d(e,s)| <e t,s€[0,T+1],e€[0,1].

Let us consider

N 1 rblet)
Re(t) = - /( : (XC(QS) — Xd(e,s)>][Asd57 0<t<T,
€ Ja(e,t
where (Ag)scor+1] @5 @ collection of measurable events.
Then R.(t) tends a.s. to 0 as € — 0, uniformly on [0,T]. Furthermore, if X



is the standard Brownian motion and § €]0, %[, there exists a positive random
constant Cs € L*(Q) such that, almost surely,

sup |R.(t)] < Cse’.
t€[0,T]

3 Proof of Theorem 1.1 and associated results

1. Let X be a continuous process. We have the following decomposition of

Je(t):

Je(t) = =11(t) + I2(t), (3.1)
with
t Xs € Xs
1X(t) :/0 %H{kxs}d& (3.2)
t Xs € Xs
(1) = /0 S S e,y . (3.3)

The goal of this section is the study of the convergence of I!(t) and I2(t) as
e — 0.

The first result concerns I!(t) (see point 2. for the proof).

Proposition 3.1 Let X = M +V be a continuous semimartingale, with M a
continuous local martingale and V' an adapted continuous process with bounded
variation. It is moreover supposed that both dV and d < M > are absolutely
continuous with respect to the Lebesque measure. Then

¢
lim(ucp) I (t) = / Mo x 1 dXs.
e—0 0

Remark 3.2 If X is a diffusion which satisfies (1.5), then Proposition 3.1
applies and I11(t) converges to [y Ljo<x,}dXs in (ucp) sense when e — 0.

Let X be the time reversal process, defined by (1.7). The study of I?(t) may be
reduced to the one of f; X”jXS ]I{0<)? }ds (c.f. point 3. for details). Obviously,

this term is of I'(t)-type. Consequently, its convergence may be obtained
by using Proposition 3.1, if we know that X is a nice semimartingale. This

property holds when X is a diffusion which satisfies (1.5) and (1.6). This
justifies the interest of reversible diffusions.

Proposition 3.3 If X is a diffusion which satisfies (1.5) and (1.6), then

1
lir%(ucp) I2(t) = X;F — X + §L§(X).

10



The proof of this result is postponed in point 3. below.

Remark 3.4 (1) When X is a diffusion which satisfies (1.5) and (1.6), then
IN(t) and I2(t) converge as € — 0. Theorem 1.1 is a direct consequence
of Tanaka’s formula:

‘ 1
X=X+ /O To<xydX, + SL9(X). (3.4)

(2) When X is a standard Brownian motion, it can be proved directly that
J(t) converges to LY(X) (c.f. [4]).

2. Proof of Proposition 3.1. Let X be a continuous semimartingale with
canonical decomposition X = M + V. The key of our proof is to write I!(¢) as
the sum of a semimartingale plus a remainder term. From a technical point of
view, the semimartingale will be obtained by expressing I} (t) through X(sene
instead of X,,.. Namely,

t ~
1) = [ WoexydX, = IO + 110 + (o) (3.5)
with
= t1 t
I:(t) :/0 ~(Misrone = M) TLjo<x.yds —/0 Tjo<x,ydM; (3.6)
- t1 t
DW= [ ZVieson = VoTpexads = [ Toexydvi, (3.7)
1 t
Aift,e) =~ /( s (oo = X)) Toaxyds. (3.8)

By Lemma 2.3, Ay(t,¢€) tends a.s. to 0, uniformly on the compact sets. We
will prove the convergence of I(t) (resp. I!(¢)) in step a) (resp. b)) below.

a) First, we will show that I'(t) tends to 0 almost surely. The key of our
approach is to write I!(¢) as an integral with respect to dV, through Fubini’s
theorem:

~ t (s+e)nt t
I:(t) :/0 (/ ]I{0<Xs}dvu> ds _/0 o< x,ydVs,

Thus
1 u
_/( - )+ ]I{0<Xs}d8 — ]I{O<Xu}| d|V|u

11



We observe that

1 u
lir% o Tio<x,yds — Tjo<x,} =0, (du) almost everywhere.  (3.9)
e~V € J(u—e

Since %f{;f&ﬁ T« x,yds is bounded by 1, and d|V|, absolutely continuous
with respect to the Lebesgue measure, then Lebesgue’s convergence theorem
implies that I!(¢) tends to 0, uniformly for ¢ € [0,T] , when € — 0.

b) Next, we will show that sup;c(o 7 I(t) tends to 0 in L2(2). We will prove

that I'(t) is a stochastic integral. Since Msyon — My = JETON gL, and
Mo« x,y is adapted, we have:

- t] (st+e)nt t
1) = /0 - / Loex.ydM, | ds — /0 joex.y M,

€

Stochastic Fubini’s theorem (i.e. Lemma 2.1) may be applied:

~ t (1 u
[€1<t) = /0 (—/ N I[{O<Xs}d8 — I[{O<Xu}> dMu

€ J(u—e)
As a result, I'(t) is a local martingale.

Let us suppose that < M > is bounded. It is clear that

2
~ t (1 u
< 151 >t:/0 (—/( . ]I{0<Xs}d8 — ]I{O<Xu}> d< M >

€

T
g/ 4d < M >,=4 < M >
0

Consequently, (1}):co,r] is a martingale which is bounded in L*(€2). This allows
to apply Doob’s inequality:

B ( s (102) < () (3.10)
0<t<T
I mcads— 1 Cd<M
/0 (E /(ue)+ {0<X,}0S8 — {0<Xu}> < >ul -

By using (3.9) and by repeating the arguments developed in item a) above, we

<4E

may conclude that E (supogth(E(t)f) goes to 0 when € — 0. This implies
that lim_q (uep) I1(t) = 0.

Since < M >7 is not necessarly bounded, let us introduce the following se-

12



quence of stopping times:
T, =inf{t >0, < M >> n},

with the convention inf () = 4+00. Since MT" is a local martingale so that

< MT" >=< M >\, < n, then, for any n > 0, fel(t A T,) goes to 0
as € — 0, in the (ucp) sense. Using the fact that 7, is a non decreasing
sequence of stopping time converging to +o0o as n — -+oo, it follows that
lim_o (ucp) I'(t)=0. O

3. Proof of Proposition 3.3. Let us now suppose that X is a diffusion which
satisfies (1.5) and (1.6) . Since (Ijo<x,,.})s>0 is not a (F,)-adapted process,
we are not allowed to use Fubini’s theorem as in point 2. above. We will use
time reversal. Roughly speaking, time reversal allows to reduce the study of
I?(t) to the one of I!(t). First, we make the change of variable u =T — s — €
and we write I2(t) as a sum of two terms:

I2(t) = I*(t) + Do(e, 1), (3.11)

with

~ 1 T—e
[3@) = ]I{Egt}z /T_t (XTfu - XTfufe)I[{0<XT,u}du7

1 rT—(tve)
Az(@ t) = / (XTfu - XTfufe)I[{0<XT,u}du-
€ JT—t—e

By Lemma 2.3, AQ(}E, €) tends a.s. to 0, uniformly on the compact sets. Thus,
the convergence of I7(t) implies the one of I7(t) to the same limit.

Let us recall that X has been defined by (1.7). By Theorem 5.1 of [25],
(Xuw)uel 017 1s a diffusion which satisfies (1.8). Let us note that < X >;=
fy o*(T — s, X,)ds. Then,

. 1 [T v
I2(t) = “lean— | (Ko = X)Lz ydu.

Proposition 3.1 yields to
T

lim (ucp) I2(t) = — I
0 Tt

dX,.

{O<)?u}

We now express the limit of I2(¢) in terms of L?(X). By Tanaka’s formula, we
get:

. . T — 1 . —
X; - ij“:t - /T—t ]I{0<)?u}dX“ + §(L%(X) - L%ft(X))-

Since Xp = Xp and X, = X;, we have

- 1 N N
lim (ucp) I2(t) = X" — X{ + §(L%(X) — Ly_(X)).
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In a last step, we express (L{(X)iep,r via (LY(X))teo,r)- Since  — L¥(X) is
right-continuous, we obtain:

0% 0 (i L [T
Lp(X) — Ly_y(X) = lim —

a—0 v JT—¢t {0<Xvu<a}d <X Zu

1 T
— i —/ i 0 (T — w, Xy, )du,
alil})a - {0<Xp_y< }U( w, Xr_y)du

]_ t
— i —/]1 woi(s. X)ds (s=T —u),
lim — | Tjo<x.<ayo™ (s, Xs)ds (s u)

1t 1
_ i —/]1 wd < X >.= ~L9(X). 3.12
am = f, Ho<Xo<a) 5L (X) (3.12)

As a result, I2(t) tends in the ucp sense to X;" — Xy +1L(X) when e — 0. O

4 Proof of Theorem 1.2

We have already observed in the proof of Theorem 1.1 (see Section 3) that
time reversal property allows to reduce the convergence of I%(t) to the one
of I'(t). The same property permits again to obtain the convergence of I(t)
via the one of I*(t). We begin with the study of I3(¢) in point 1, and we will
deduce the convergence of I*(¢) in point 2.

1. Proof of point ). In this part, X will be a continuous semimartingale
with canonical decomposition X = M + V. Reasoning by stopping (see point
2.b of the proof of Proposition 3.1) allows to suppose that M, < M > and
the total variation of V' are bounded processes. Let us recall that I3(¢) has
been defined by (1.10). Our aim is to prove that I?(¢) goes to 3 LY as e — 0.
Our approach is based mainly on Tanaka’s formula and Fubini’s theorem.

1.a. By using Tanaka’s formula, we get:
N N (u+e)nt 1 0 0
Ko = X0+ [ ooy dX, + 5L (X) = LX),

Since X[ Tx,<oydu = 0, integrating the previous relation over [0, T gives

1 st N 1 rt (ute)At
- /0 XuroneLixuopdu=— /0 Lix.<o} / Iix.>0pd X,

1
+§(L?u+e)/\t(X) - LS(X))]I{Xugo} du.

The process (I{x,<o0})u>0 is adapted, thus

14



Lty 1 rt (ute)At
—/0 X(u+s)/\t]I{Xu<0}du:E/0 /u ]I{XS>0}]I{XH<O}dXs du

€
1 t
+5 /0 (Leypoyne(X) = LYUX ) I ix, <opdu. (4.1)

The same method applies to X~ instead of X . Combining the two expressions
comes to:

3 1 rt (u+te)Nt
I (t):_/o / Iix,>0,x,<0ydXs | du

€

1 st (ute)Nt
_E/o / I x,<0,x,>00dXs | du

1 t
tam [ (Lol X) = LX) du.

L.b. Study of 5 [§(L{, o0 (X) = L3(X))du.
First, we write (L(()que)/\t(X) LY%(X)) as a Stieltjes integral with respect to
dL(X):

Lot 0 1 rt (wtont
oo | Eusone ) = L2 = o [ [T d180x) ) du.

Next, Fubini’s theorem gives

1

26/ (Leugopne(X) — 2/ ( /(S ) )dLS(X%

tsAe
= — dL%(X).
2/0 ~dLY(X)

Since LY(X) = [¢ dL%(X), we obtain

SANE€

t
[ oneX) = 200 = 2200 < [ |22 1] argex), o<e<T

Observe that ‘S/\E 1‘ is bounded by 2 and tends to 0 for all s €]0,7] as € — 0.
Consequently, Lebesgue’s theorem implies

1t 1
lim—/ (e X) = LHQ0))du = SLY(X) =0, a.s.

0 2¢ Jo \lute

uniformly on ¢ € [0, T].

Le. Study of L i (/""" Wiy, 50 x,<0ydX.) dus
Obvioulsy,

15



1 rt (ute)At 1 rt (ute)nt
E/o / Tix,>0,x,<0ydXs du:g/o / Iix,>0,x,<00dVs | du

1 rt (ute)At
_'_E /0 / ]I{XS>07Xu<O}dMS du

Since V' has bounded variation, we can proceed as in step 1.b. above.

1 rt (ute)At t 1 rs
L MesoxandV ) dul=| [ Moo (2 [ Tixcodu) av;
€ Jo u 0 € J(s—e)t

T 1 s
<
< /O Iix,>0) /(36) . Tix,<oydu

€

)

d|V1s.

Let s € [0, T] so that X > 0. Since t — X is continuous, + [+ Tix,<oydu =
0 as soon as € is small enough. Observing that E

JGs—o+ I[{Xugo}du‘ is bounded
by 1 allows to apply Lebesgue’s convergence t

eorem.:

1 st (ute)nt
tim = [ [ TixsoxacndVs ) du =0,

e—0 €
a.s, uniformly with respect to ¢ € [0, T].

Next we claim that

1 gt (ute)nt
lin% (ucp) —/ / Tix,>0,x,<0ydMs | du = 0. (4.2)
€= 0 u

€

We may mimic the former analysis which involves dVj, since we have at our
disposal a stochastic version of Fubini’s theorem (c.f. Lemma 2.1). More pre-

cisely,
1t (ute)nt t
—/0 (/ ]I{XS>O,Xu<0}dMs> du = /0 g(E, S)dMS,

€

with )
8) = Mxag) - / T <ordu.

9(€,s) {X5>0}6 (s} {X,<0}auU

Doob’s inequality comes to:

t 2 T
E < sup (/ g(e, s)dMs) ) <4FE </ lg(e, s)]Pd < M >S> .
tefo,7] \JO 0

It is now clear that (4.2) holds.

1.d. Study of  fj (/""" My, <o.x,50dX.) du
Although %fg (flfwg)/\t Tix, <07Xu>0}dXs) du is quite similar to
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% fot ( fé”“w Iy x, >0, Xugo}dXS) du, the difference between large and strict in-
equality forces us to study it independently. Similary to point 1.c, we have:

1 rt (ut-e)At 1 rt (ute)At
;/0 / ]I{ngo,xu>o}dXs du:;/o / ]I{ngo,xu>o}dvs du

1 /¢ (ute)At
+E/o / Ix,<o0,x,>00dM; | du.

For the first term, we have

1 rt (ute)At
E/o / Iix,<0,x.>00dVs | du

for 0 < ¢t < T. Let uw € [0,T] so that X,, > 0. Using the continuity of X, it
is clear that %fé“JFE)M I x,<0ydVs = 0 as soon as € is small enough. Moreover,
this term is bounded by the total variation of V. Thus, Lebesgue’s convergence
theorem gives

1

(ut-€e)At
- / L x,<0ydV| du,
€ Ju

T
< /O Ix,>0)

1 /T (ute)At
lim — 0 / H{ngo,Xu>0}d‘/s du = 0,

e—0 €
a.s, uniformly with respect to ¢ € [0, T].

For the second term, we proceed as in point 1.c. Fubini’s stochastic theorem
gives

1 rt (ute)At t ~
—/0 </ ]I{ngo,xu>0}dMs> du:/o Tix,<019(€, 8)dMs,

€
with X
g(e, s) = —/ . Iix,>o0ydu.

€ J(s—e)
Doob’s inequality comes to:

t 2 T
E < sup (/ Tix, <oy 9(e, s)dMs) ) < 4F </ Tix,<o1|g(e, s)|Pd < M >s> .
1 \Jo 0

telo, T

We claim that £ (fOT Tix.<op|g(e, s)Pd < M >s) tends to 0 as € — 0. Indeed
we decompose this term as a sum of two terms:

T T
b (/ G(e, 5)|?d < M >5> =k (/ T, <0y |d(e, 8)|°d < M >S>
0 0

T
+E ( /0 v, oy |3(c, 8)[2d < M >S> .
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Since X < 0 in the first term, g(¢,s) = 0 as soon as € is small enough and,
by Lebesgue’s convergence theorem, this term converges to 0 as e — 0. Since
g(€,s) < 1, the second term may be bounded by E (fOT Tix,—oyd < M >s). By
the occupation times formula,

T
| Mpmoyd < M >o= [ Wy Lidz =0,
0 R

Thus, sup,cpo ) * Jo (fé”“w I[{ngo,xu>o}dMs) du tends to 0 in L*(Q) as € —
0. O

Remark 4.1 By definition, I3(t) is a sum of two terms. We have not been able
to prove that each term converges. This explains that they have been gathered.
Let us explain where comes the difficulty. Let us start with (4.1) and let use
Fubini’s theorem in the integral which contains the local time. We get

t (1 s
(‘ /( Jl{Xu@}du> dLy(X).

€ J(s—e)t

t
| (s = LOO) D copdu = [

We recall that (% i Xu@}du) tends to l;x, <oy almost surely with respect

to Lebesgue measure. This result cannot gquarantee that (% f(ssfeﬁ 1 Xugo}dU)

converges dL%(X)-everywhere, since the random measure dL%(X) is singular
with respect to Lebesgue measure.

2. Proof of point ii). Let us now suppose that X is a diffusion which satisfies
(1.5) and (1.6) . We will use time reversal.
First, we decompose I(t) as

1 t—e 1 t—e
I}t) = E/o Xy x, . >opdu + E/o XoTix,, <opdu+ RN, (43)

with 1 st 1 rt
RY(t) = —/ X, Lix,>opdu + _/ XJ]I{Xt@}du'
€ Jt—e € Jt—e

Since L [ X, Tix,sopdu =L [1 (X — X[ )I{x,>0pdu, Lemma 2.3 applies and
the first term of R*1(t) converges a.s. to 0. The second term in the definition
RYL(t) above converges to 0 by the same way. Thus, R»!(t) converges a.s. to
0 as € — 0, uniformly on [0, 7.

Next, we make the change of variable s = T"— u — € in the two integrals in
(4.3):
1 T—e 1 T—e

I*Mt) = = Xr o, I ds + — X4, 1 ds + RM(t).
W) =2 | X M sods+ - | Xioo M <opds + Re(t)

We recall that X is defined by (1.7). By Theorem 5.1 of [25], (XU)UG[QT} is a
semimartingale. We obtain
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1 T—e 1 T—e
4 _ - — . + 4,1
1) = - /T Ko gds+ 2 [ XS+€]I{X oyls + RE(1),
L X il d ! X T~ _ds 4.4
~ e /Tft (storT M X015 T 7 | AsrarriZ<o) (4.4)
+R(t),
with
RY2(t) = RY(¢ L Xol-  dsi ! X;1,. . d
() = e()—gT_E GRS (Ko<}

It is clear that R»?(t) converges a.s to 0 as € — 0, uniformly on [0, T].

Since X is a semimartingale, point i) of Theorem 1.2 may be applied and the
term in bracket in (4.4) converges. Moreover, using (3.12), we get:

e—0

limy (ucp) 72() = 3 (EH(X) — L§,(X) = S LY(X).

5 Proof of Theorem 1.4

In this section, X will be a standard Brownian motion, and we fix § €0, %[
(c.f. Lemma 2.2). Since (—X) is a standard Brownian motion, then

lim I21(¢) = lim I22(t),  lim I (¢) = lim I2%(¢).

e—0 e—0 e—0 e—0

Consequently, we have to prove three distinct properties:

(1) the (ucp) convergence of I*?(t) to L?(X) (see point 2.),
(2) the (ucp) convergence of I32(t) to 1LO( ) (see point 3.),

(3) the rate of decay of I*(t) — $LY(X) as e — 0, ¢ = 1,2 (see point 2.).

1. First, we briefly show that r3(¢) and r2(¢) (defined by (1.14) and (1.16))
tend to 0 as € — 0, uniformly on [0, 7. By the occupation times formula,

t
/0 ]I{Xuzo}du = /R]I{x:()}Lf(X)d:E =0.

Consequently, r3(t) vanishes. Next, we decompose ri(t) and we make the
change of variable v = u + €:

1ot Lot
ri(t) = ;/ X, My, —oydv + ;/ X Mix,—oydu.
€ t—e
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As previously, the first integral in r?(¢) vanishes. By Lemma 2.3, the second

term tends a.s. to 0 as € — 0, uniformly on [0, 7], and we have

(8] < Cse®. (5.1)

2. Next, we study the convergence of I*%(t) (defined by (1.15)).
Since T¢x,,, . .,<0} 18 not (F,)-measurable, we "approximate” it by
E(Wx,,..n<0y|Fu)- Let us remark that this term is a function of X,,. Indeed,

E(]I{X(u+e)/\t<0} |fu) = E(]I{X(u+e)/\t7XU<7X’M} |Xu)’

:q)(_L)’
eN(t—u)

where ® is the distribution function of the A(0, 1)-law.

We introduce it in I2?(t). This leads us to consider a new decomposition of
I42(t):

1 st X
I92(8) = AN(E) + A2(t —/X+<I> _2ul g 5.2
B0 = AN + A0 + ¢ [ Xie (=2 ] d (5.2
where
1t X
Ag(t):—/xj Ty, oy — @ [ ——— || du, (5.3)
e Jo Hurane<t} eN(t—u)

A1) = % /(ZE)+ X+ [(ID (- %) du— @ (-%)] . (5.4)

The main term is 1 [ X, ® (—%) since it converges to $LY(X) (see point
2.a. below). In point 2.b, we will show that Al(¢) + A2(t) tends to 0.

2.a. Study of % f(f X, o (—%) du. By the occupation times formula,

[io()oe el o

We make the change of variable y\/e = z and we get

%/Ot XFo (—%) du = /OOO y®(—y) LYY (X)dy.

Since [;° y®(—y)dy =

e (<) 2000 = [T (1700 - £800)

€



By the Holder property of the Brownian local time (c.f. Lemma 2.2),

%/Ot X+ (-%) - iL?(X)

Therefore L [ X @ (—%) converge to +L?(X) a.s, uniformly on [0, T7.

< <K5 /OOO y“l@(—y)dy) €t (5.5)

2.b. Study of Al(t) + A2%(t). First, we modify Al(t) as follows:

1 ot X,
Al(t)= ;/0 X7 [H{XW@} - <—%>]

1 t
+- X; []I{Xt<0} -

€ J(t—e)t

U

)1

A

Secondly, we decompose Il x, <o) — (

- X —X. —X.
Jii — P | —— P -
wen =0 (i) | (H =
— Xy —Xu
| ——|—-P(— ]| .
=) 2 (G
Multiplying by X, and integrating over [(t — €)™, ¢] give rise to four integrals,
but we remark that the third one is equal to —A?(t). Then,
Ac(t) + A%(t) = Re(t) + DE(t) + Di(t) + RE(1), (5.6)

where

1 o X,
R(t)= ;/0 Xr lﬂ{xu+e<0} - <—%>

1 t
DX(t) = ]I{Xt<0}z /(te)+ XFdu,

1 rt —X;
D3t :——/ X+o(——2t )4
() € Jit—eo+ <\/u+e— ) “
1 st X -X
Rt :—/ X ——— | —a = du.
(t) € Jit—eo+ " [ <\/u+e—t Ve “
For u fixed, 1td’s formula applied to ¢(z,s) = ® (—\/ﬁ),
(¢(z,s) € C*(]0, +o0l, [u, u + €[), comes to:

veXp (ate—s
$( Xy, 0) — (X, u) = / T ))dXs, Vo € [u,u+ .

\/2m u+e—s
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Since the Lebesgue measure of {u; X, = 0} vanishes, this formula, used for
v=u-+eifu € [0,(t—e)"], and for v =t if u €](t — €)™, ], leads to

U+E eXp UTe—S
Tix, . <0} — ( ) / - H:_g dXx,, (5.7)

t ex
) ()
ute—t m(u+e—s)
Using (5.7) and (5.8) permits to obtain a new expression of A!(t) + A?(t):
Ac(t) + AZ(t) = De(t) + DI(t) + DI(t), (5.9)

where ,

1 rt (ute)At EXP (—ﬁ)
D)= - / X / dX, | du.
0 u

€ 2r(u+e—s)

In the rest of the paragraph, we will prove that each term D!(¢) tends to 0,
uniformly on the compact set. Let us observe that, in D?(¢) and D?(t), the
lenghts of the intervals of integration are smaller than e. It will be shown that
the convergence of these terms holds almost surely and is a consequence of the
continuity of X. As for the first term D!(t), we observe that it is a martingale
(via Fubini’s theorem) and we use Doob’s inequality to get the convergence
in the L? sense.

Convergence of D?(t) to 0. Since Iy, X;" = 0, we have

]_ t
D20 = (1 [ (X = XD Txcapdu)

t—e)t
By Lemma 2.3, D(t) tends a.s. to 0, uniformly on [0, 7] and we have

sup ‘D ‘ |Cse’. (5.10)
t€[0,T]

Convergence of D?(t) to 0. Let us introduce X;" in D3(t), we get

D3(t) = =1 [ e (X = XH® (725 du

+1 f(t g+ X (=) du.

In the first term, by using the fact that ¢ is bounded by 1 and Lemma 2.2
(Holder property of t — X;), we get

1 X Cs|
—/ (X — X5)P <7t> du| < 1Gl It — uldu < |C5]é.
(

€ J(t—e)t Vu+e—t € Ji—e)t
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2
Let us consider the second term in D3(t). Since ®(x) < Ce ™t for any x < 0,
we obtain:

1t - X, C rt .
— X | ——— | du| < —/ X;Me” Tt du.
€ /(t—e)+ ¢ <\/u +e— t) u| S e Ji—or ! € Y

x2
The function defined on R by  — ze” *+9 is non-negative and bounded

by \/2(u+ € — t)e_%. Consequently,

1 ft
< C- \/ —t)du < C'v/e.
) (u+e—t)du Ve

Thus, D3(t) converge a.s. to 0 uniformly on [0, 7] and

! /t Xpo[——2 )4
- — | du
eJi—or ' \Vute—t

sup |D3(t)| < |Cs|e® + Cv/e. (5.11)

t€[0,T]

Convergence of D!(t) to 0. In order to use Fubini’s theorem (i.e. Theorem
2.1), first we prove that

t (ute)At
/ </ E {Hf(u, s)] ds) du < 00,
0 u

where

X, X?
TR S G )

e/2m(u+¢e—s) u+e—s)

By Cauchy-Schwarz inequality, we have

O S)gQJEKX;)ﬂE [exp (—mfix_))]

Since X, is a centered Gaussian random variable with variance r, we can
calculate explicitly the two expectations which appear in the right-hand side
of the previous inequality:

4 3 9 2X?  Jute—s
BX =3¢ B [exp <‘ﬁ>] “\asrure

Since s > u = 3s + u + € > 4u, reporting in the inequality gives

N

E[Hf(u,s)} Q(L)%, Vu € [0,1], s €]u, u + €.

e \ut+e—s
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u+e—s

By an easy calculation, it may be proved that f; (fé“’%)/\t ( u ) ds) du <

0o. Consequently, Fubini’s stochastic theorem may be applied, we have:

¢ s 1 XF X2
Dl(t) = —/ / - i exp | —=—————~ | du | dX,.
0 \JGs=oF €, /271(u+ € — ) 2(u+€—s)

Thus, (D1(t),0 < t < T) is a square integrable martingale, and by Doob’s
inequality, we get:

B ( s (D07) < a8 (D).

te[0,7

and

[ s XTexp(—osa 2
E[(DXT))’| = E /0 [/(sey :J;%tf;)))du} *

The Cauchy-Schwarz inequality applied to the term in brackets gives:

E {(Dﬁl(T))Z} S /oT [/(:—E)+ 2me(u Jlr €— S)E ((X:) ¢ S) du] ds.

2

Let s > u > 0, we introduce A = F ((XJ)Qeufes—s). Since X, — X, is

independent from X, we have

21y /(s — uw)u / 62u/

_wre)? P
e ute—s 2(5 u) drydl‘

Since

+ )2 2 s—u-+e 2(s —u)z x?
y+a) v L 2As—wey |
ute—s 2(s—u) 2(s—u)(ute—2s) s—u-+e s—u-+e

we obtain

4 | u+e—s / gstwe)f)d u(s —u+e€)yut+e—s
:L‘e u(s—u—r+e :L' 3 .
V2 \ u(s —u+e) 2(s+u-+e):

< %, reporting in the integral

Since u > s—€ = s—u-+¢e < 2 and

s+u+e ~
gives:
du
< .
ploiy) <o (/ Ve )f VT
Hence,

Elsup (D!0))’| < CVTe, (5.12)

t€[0,T]
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and D!(t) converge to 0 in L?*(2), uniformly on [0, T7.

2.c. We are now able to prove point 2. of Theorem 1.4. It is clear that (5.2)
and (5.9) imply:

FA800) = i)+ 02+ 020 + (7 [ o (<) — 200

(5.13)

IFA(t) -
The (ucp) convergence of I*?(t) to +L?(X) and

5
< Ce?,
L2(Q)

sup
t€[0,T]

1
19%() = S L9(X)

is a direct consequence of inequalities (5.10), (5.11), (5.12) and (5.5).
3. Finally, we study the convergence of I32(t) (defined by (1.13)).

We follow the same method as in point 2. Since X,/ is not (F,)-measurable,
we "replace” it by E(X,f,.|F,). This leads us to consider the following decom-
position of I3%(t):

I32(t) = I2(t) + T2 (1) + A¥(1),

where
ffv?(t):% /0 tE(Xj+e|]-"u)]I{Xu<0}du, (5.14)
2= [ (X~ EOGLIFD) Loy (5.15)
i [ (BOGEIR) = BXLIFD) Tandu, (316)
AP (1) = % /( ;m (X" = B AF)) T, <opdu. (5.17)

The main term is I>3(t) since it converges to TLY(X) (see point 3.a. below).

In point 3.b , we Will show that Tf’Q(t) tends to 0. As for A>2(t), since X;" —
E(XH |FR) =Y, =Y, with Y, = E(X[|F),s € [(t — e)T,¢], Lemma 2.3
applies and A% 2( ) converges a.s. to 0 as € — 0, uniformly on [0, T7.

3.a. Study of I>?(t). First, let us remark that F(X;" |F,) is a function of
X,. Indeed,

Xy
BXEIF) = vaa (32,
where g(z) = E((G+x)") and G is a Gaussian random variable with A/(0, 1)-
law.
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By the occupation times formula, we have:

B2(t) \[/ < ) *(X)dx.

The change of variable y\/e = x gives

Pt = [ o)L (X)dy

Since
[ 9)dy = E (J°(G+y)tdy) = E (Tigsny [26(G + y)dy),
=3E(GT)) =1,
we have

B0~ 11000 = [ gl (LX) ~ LX)y

Consequently, the Holder property of the Brownian local time (c.f. Lemma
2.2), implies that:

- 1 0
120 - {1000 < EGE ([

(G + y)*y‘;dy) < Cés.
Therefore I*2(t) converge to TLY(X) a.s, uniformly on [0, T7.

3.b Study of 73’2(15). Our goal is to show that 7‘3’2( t) is a martingale, in order
to apply Doob’s inequality. To begin with, we write (X;jrE — E(X;;J]—"u)) and
( (X JF) — E(X [ F )) as stochastic integrals using Ito’s formula.

Let u, € be fixed. We define M, = E(X,[ | Fs), s € [u,u+ €]. (My)scpuute is a
martingale and

Ms - E((Xu-i-s - Xs + Xs)+|JTS) - f(saXs)a

where

f(say) = /R(x + y)+pu+5—s(x)dx = /O+OO Zpu-i—s—s(z - y)dz,

o a?
e 2(ute—s)

and pye—s(z) = V2 (utes)’

Since %(,Tg(s,y) 5f( ,y), applying Ito’s formula to f € CY?([u,u + €[, R)

comes to:
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Flute Xurd) — / X)dX,, wel0,(t— et (5.18)

£t X,) — / X)dX,, uelt—et . (5.19)

Let us evaluate g—g(s,y). Writing f(s,y) = ffyoo(x + Y)Pute—s(z)dz allows to
calculate the y-derivative of f:

of B +o0 - -y
gy (5 =~ | [ Pures(@)dr =1-0 (ﬁ) ’

where @ is the distribution function of the standard Gaussian distribution.
Let us observe that
flut e Xyye) = flu, Xo) = Mype — My = Xy — B(X | F),
and
Ft,X0) = flu, Xo) = My — M, = BE(X[, | F) — BE(X[ | F).

As a result, reporting (5.18) and (5.19) in 7:”2(75) gives:

() = L /t /(Wwa o (——2 Vx| 1y, —oyd
el Vite—s oyt

Since x — 1—®(x) is uniformly bounded by 1, Fubini’s theorem (i.e. Theorem
2.1) may be applied, we have

—3,2 11 s — X,
[’t:/—/ 1—d [ ——2 )1 du| dX,.
U N Y MG E Py e

Thus, (Tf’Q(t),O < t < T) is a square integrable martingale. By Doob’s in-

equality, we get:

E ( su |7372(t)|2> < 4F /T [1 /8 (1—® (i)m durds
te[O,IC)F] ‘ = 0 € J(s—e)t W {Xw<0} .

Finally, we will show that the right-hand side of the inequality above converges
to 0. Recall that fOT Iix,—0yds = 0, let us introduce two cases: X, < 0 and
X > 0.

e We have:

Tix,>0y

1 s —X
- 1 — (I) B ]I d
€ /(35)+( (m)) {X,<0}0U
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1 s
< Lix,>op (E /(SE)+ ]I{Xu<o}du> -

We have already proven that the right-hand side of the prior inequality goes
to 0, as € — 0, a.s. and in L'(Q).

a2
o if X, <0, by using |1 — ®(«)| < Ce™ 7 for any a > 0, we get

C s _ X2
< _/ 674(u+€78) du
(

€ J(s—e)t

1 s -X
- 1-¢& | ——— )1 d
e/(s—s)+< (x/u—i-e—s)) {Xu<opdt

The change of variable v = u + € — s gives:

C e x2
g—/ e dv.

€ J(e—s)t+

1 s -X
- 1-& ———— )1 d
e/(s—s)+< <\/u+e—s>) {Xu<opdt

2
Since X, # 0, %fé_sV e~ dv converges to 0 a.s and in L'(2), as € — 0.

Then, by Lebesgue Theorem, F (fOT E Jomer (1 — @ (\/%))]I{Xu<0}dlb}2 dS)

converges to 0. O

6 Proofs of Theorem 1.6 and Proposition 1.7

1. In this Section, X is supposed to be the standard Brownian motion. It
is convenient to adopt the convention that X, = 0 if s < 0. The proof of
Theorem 1.6 is based on the identity

t 1
10 = 1900) = = (1) = [ MeraaX,) + (120) - X7 = 31200)
0
(6.1)
In step 2. (resp. 3.) below, we study the convergence of I1(t) (resp. I%(t)). We
will use Theorem 1.4 to obtain the convergence of I%(t) to its limit. In step 4.
we will show Proposition 1.7.

2. Study of the convergence of I!(t). We will use (3.5). Let us remark
that I!(t) = 0 since X is a martingale. Therefore (3.5) reduces to:

t ~
10 = [ LpexdXo = IHD) + Aute), (6.2)

where I'(t), Ai(t,€) are defined by (3.6), respectively (3.8). As for Ay(t,e),
Lemma 2.3 gives:

sup |Ai(t,€)] < Csé’. (6.3)
t€[0,T]
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Let us now deal with I'(¢). Recall that < X >,= u, the inequality (3.10)

becomes:
T (1 [u I . ] 2d
/0 <E /(u6)+ {0<X,} ™ H{o<Xu} 5) wl .

.. u 2
By writing (f(u,€)+ Troex,y — ]I{0<Xu}ds) as

B ( sup (7(0)) < a5

0<t<T

’ //[ e Moy Moy = Toexap) (Mo, ) = To<xay Jdsds’,

we obtain:

~ SI[ s<s!
E(SUPogth([sl(t))z) < foT {ff[(ue)tu]? {e2< :

E ((Toex,) — Tjoex))(Moex, ) — Tpoex,))) dsds'} du.

The expectation in the previous integral may be computed explicitly:

E ((H{0<X5} - I[{0<Xu})(]I{O<XS/} - ]I{0<Xu}))
= P(0< X,,0<Xy)—P0<X,,0<X,)—P0<X,,0<Xy)
+P(0 < X,),

=+ (F55) + £(555) - £(559)

with f(x) = Arctan(y/x). Consequently, we have to determine the upper
bound of

T | P -y _ o /
/O {//[u—e)+,u] {62 : (f(u S/S)+f(u 3 S)_f(s s S)) deS}du.

The integral may be calculated, then bounded via the inequality f(z) < /x
(see [3] for the details of this fastidious calculus). We get

p ( wp <f§<t>>2) < OVTVe (6.4)

0<t<T

3. Study of the convergence of I*(t). First, we decompose I2(t) — X;" —
sL)(X) as:

1) - X - 51000 = (B0 = X7 = S1000) + Mol (65)

€
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- t]
I2(t)= /0 E(X(s+e)/\t — Xo) Ljo<xss 0} 45,

1t 1 rt
A2(t7 E) = E /(t—5)+ (Xere - Xs) ]I{O<XS+6}dS -~ /( (Xt - Xs) ]I{O<Xt}d3-

€ J(t—e)t
Lemma 2.3 gives

sup |Ag(t, €)| < 2C5¢€°. (6.6)

t€[0,T]

The relation (6.5) leads us to study the convergence of I2(t) to X; + TLY(X),

as € — 0. The idea of our approach is to express I2(t) through I*'(t) and
I*2(t). First, we decompose I2(t) as a sum of two terms:

t
[2 /XS+E)/\t]I{O<X(s+e)/\t}dS /OXS]I{O<X(s+e)At}dS'

The change of variable u = s + € in the first term gives:

t t+e
/O X(srontL{o<x poprds = Xunt o< x 0y,

t
— X, Tjoxy + /0 X Tgex,ydu

— /0 Xu]I{0<Xu}du.

After easy calculations, we get:

]2 X+ + - / ]I{0<Xu} - ]I{0<X(u+6)/\t}) du — — / X+du

Next, we use again (2.5), we obtain:

~ 1 €
Tt = X0+ I + 1220 = = [ Xdu+ 7).

€J0

where it is recalled that I*'(t), I*%(t), r4(t) are defined by (1.15)-(1.16). Hence,
we get

() - X7 = 31200 = (190 - 71900 ) + (102 = 32200

1 [ Xrdu s i), (6.7)

€Jo

According to Lemma 2.2, we have:

/ X+du' < (6.8)

sup
t€[0,1]
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Then, using (5.1) and Theorem 1.4 comes to

< Ces. (6.9)

~ 1
P2 = X;" = SL8(X)
L2(Q)

sup
t€[0,T]

It is clear that Theorem 1.6 is a direct consequence of (5.1),(6.1), (6.2), (6.3),
(6.4), (6.6), (6.8) and (6.9). O

4. We now demonstrate Proposition 1.7. Let us consider a sequence (€,)nen
of positive real numbers decreasing to 0, such that >272, |/ < oo.

First, we show the almost sure convergence of I}?(¢) to +L(X), as n — oo.
Note that Theorems 1.4 and 1.6 do not permit to obtain the a.s. convergence
results stated in Proposition 1.7, via the Borel Cantelli lemma, since we cannot
take 6 = %

Recall the identity (5.13):

1 1t X 1
IR2(t) = 7 LA(X) = DXt + DA + DA + - [ X (=Z2) = L0 ).
20 = {2000 = Do+ D20+ D20 + (1 [ e (<32 - Jeo)
According to (5 5), (5 10) and (5 11) the quantities
( I X+<I>< ) (X)) ) and D3(t) goes to 0, as € — 0, with a
rate of decay of order 0 < %
holds in the almost sure sense.

But 1t does not matter since the convergence

We now focus on D!(t). According to (5.12), we have F {supte[O,T] (D} (t))ﬂ <
C'y/e. Then, the Borel Cantelli Lemma implies that, for all ¢ > 0, (Deln (t)) .

converge almost surely uniformly on [0, T]. Hence, we get the a.s. convergence
of I**(t) to 1LY(X), as n — oo.

The convergence of I:!(¢) to $LY(X) may be obtained by using the symmetry
of Brownian motion.

Let us now investigate the convergence of J. (t). It is clear that (6.1), (3.5),
(6.5) and (6.7) imply that J.(t) — L2(X) is equal to:

() + AL() + (121(1) -
FAX(t) + 1l
We proceed as in the convergence of I2(t). From inequalities (6.3), (6.6), (5.1)
and (6.8), it may be deduced that Al(t) + AZ(t) + r(t) — £ [§ X.Fdu tends
a.s to 0 as € — 0. Note that we have already shown that (Iff(t) — iL?(X)),

1 = 1,2, converges a.s. as n — o00o. Finally, the a.s. convergence of feln (1), as
n — 0o, may be obtained through (6.4). O
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