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T -class algorithms for pseudocontractions and
k-strict pseudocontractions in Hilbert spaces

Jean-Philippe Chancelier
December 4, 2007

Abstract

In this paper we study iterative algorithms for finding a common ele-
ment of the set of fixed points of k-strict pseudocontractions or finding a
solution of a variational inequality problem for a monotone, Lipschitz con-
tinuous mapping. The last problem being related to finding fixed points
of pseudocontractions. These algorithms were already studied in [I] and
[9] but our aim here is to provide the links between these know algorithms
and the general framework of 7-class algorithms studied in [3].

1 Introduction

Let C be a closed convex subset of a Hilbert space H and Pc be the metric
projection from H onto C. A mapping  : C — C is said to be a strict
pseudocontraction if there exists a constant 0 < k < 1 such that :

1Qz — QyII* < [|lz — y|I” + &lI(I = Q)z — (I - Q)ylI*, (1)

for all , y € C. A mapping @ for which ([) holds is also called a k-strict
pseudocontraction. As pointed out in [I] iterative methods for finding a com-
mon element of the set of fixed points of strict pseudocontractions are far
less developed than iterative methods for nonexpansive mappings (k = 0)
2, B © M 8 M0, 01, 02 03, 04, 05]. We will, in section B of this article,
consider the algorithm [[studied in [I] and we will show that this algorithm can
be viewed as a 7 -class algorithm as defined and studied in [3].

Section Blis devoted to the case k = 1 for which previous algorithm cannot be
used. A mapping A for which () holds with x = 1 is called pseudocontractive.
We will see that pseudocontractive mappings are related to monotone Lipschitz
continuous mappings. A mapping A : C — H is called monotone if

(Au— Av,u —v) >0 forall (u,v)€C?.

A is called k-Lipschitz continuous if there exists a positive real number k such
that
|Au — Av|| < klju —v| for all (u,v) € C2.



Let the mapping A : C — H be monotone and Lipschitz continuous. The
variational inequality problem is to find a u € C such that

(Au,v —u) >0 forall veC.

The set of solutions of the variational inequality problem is denoted by VI(C, A).

Assume that a mapping @ : C — C is pseudocontractive and k-Lipschitz-
continuous then the mapping A = I — @ is monotone and (k + 1)-Lipschitz-
continuous and moreover Fix(Q) = VI(C,A) [O, Theorem 4.5] where Fiz(Q)
is the set of fixed points of @, that is

Fiz(Q) = {z€C : Qr =z} (2)

Thus, to cover the case £ = 1, algorithms which aims at computing Py r(c, 4)®
for a monotone and k-Lipschitz-continuous mapping A are investigated. We will,
in section Bl mainly use results from [9] to prove that the general algorithm that
they use can be rephrased in a slightly extended 7 -class algorithm framework.

2 7T-class iterative algorithm for a sequence of
r-strict pseudocontractions

Let (Qn)n>0 be asequence of k-strict pseudocontractions, x € [0, 1) and (ap)n>0
a sequence of real numbers chosen so that a,, € (k,1). We consider as in [T] the
following algorithm :

Algorithm 1 Given g € C, we consider the sequence (Tn)n>0 generated by
the following algorithm :

Yn = QpTy + (1 - an)annv

e 2 2 2
Co 2 {z € Clllyn = 21 < llow = 21 = (1 = an)(an = &)l|en = Quaal*}
D, Z{zeC| (&, — 2,20 — x,) >0},

Tn+1 = Pc,nD,)T0-

We will show that this algorithm belong to the 7-class algorithms as defined
in [3] and deduce its strong convergence to Przg when F # () and where F' o

Mn>o0 FZLL‘(Qn)
For (x,y) € H? define the mappings H as follows :

def |

H(z,y)={2€H (z—y,x—y) <0} (3)

and denote by Q(z,y, z) the projection of z onto H(x,y) N H(y, z). Note that
H(x,x2) =H and for x # y, H(x,y) is a closed affine half space onto which y is
the projection of x.



Lemma 1 The sequence generated by Algorithm O coincide with the sequence
given by Tp11 = Q(xq, Tn, Tnxy) with :

wr T+ Rpy 1 (/{—

7o) 2 25 2 (B2 o R, and o) -+ (1 0)Quo)

1—a,
(4)

2T, — I =kl + (1 — K)Qnx. (5)

Moreover, we have :

Proof :Let k € [0,1), a € (k,1), y = az + (1 — a)Qz for a x-strict pseudo-
contractions @ and define T'(z,y) as follows :

Py @ {zen | ly—zI <llo -2 - (1 - a)a - m)llz - Qal} .

(6)

We first prove that I'(z,y) = H(x, Tx) where T is defined by equation ().

ly =21 =l = 21 < (1 = @)(a = w)]lz - Qa*

=2y —2) = o=z < —(1 = a)a— &)= - Q]

—2y—2)+ @2y —2) - o -2 < =1 - a)a - K)o - Qal

—2y—2)+ @2y -2) < -1 -a)a—r)z- Qal’

y—2y—2)+@—2y—2) < (@—r) {y— o0 - Qa)

(y—zy+z—-224(k—a)lz—Qx) <0

Tz —
<y—x,y+x—22+(lf_—a) (:c—y)>§0
—

which gives :
z+y 1 (K-«
_ _ - — — <
<Z 2 2(1—04)(9” v y> = 0

and since we have v — Tx = (1/2)(1 — §=2)(z — y) with (1 — §=2) > 0 this is
equivalent to (z — Tz,x — Tz) < 0. For y, = apx, + (1 — an)ann, we thus
obtain that C,, = ['(xn,yn) = H(xn, Thry,) and since by definition of H we
have D,, = H(xo, ) the result follows. The last statement of the lemma (H) is
obtained by simple rewrite from equation (@) ([l

r ¢t 00

We prove now that 7}, for all n € N belongs to the 7 class of mappings.

def

Definition 2 7T ={T: H— H|domT =H and (Vxe€H)Fiz(T)C H(z,Tx)}
Lemma 3 for alln € N and T,, defined by equation @) we have T,, € T.

Proof :Using Lemma [[l we have 2T,, — I = kI 4+ (1 — k)@Qy. If we can prove
that when @ is a k-strict pseudocontraction the mapping «I + (1 — k)@ is



quasi-nonexpansive then the result will follow from [3, Proposition 2.3 (v)]. For
(z,y) € H? we have :

sz + (1—r)Qz—y— (1—r)yl* =[xz —y)+ (1 - £)(Qz — Qy)|
= wllz—yl* + (1 - 8)Qz — Qyl* — (1 - K)|lz — y — (Qz — Qy)||*
|

)

= slle =yl + (1= 0)Qw - Qyl — k(1 - w)llz —y — (Qu - Q)
< e —yl? + (1= n) (IQz - QulI* = #ll(I - @)z — (1 - QI
< eyl + =Rl =gl = o - y)?

Thus the mapping I+ (1—x)Q is nonexpansive and thus also quasi-nonexpansive.
|

Definition 4 [3] A sequence (T),)n>0 such that T,, € T is coherent if for every
bounded sequence {zn}n>0 € H there holds :

2
{z@uaﬂ—%n<m

= M(zn)nz0 C Nnxo Fiz(T,) (7)
> 50120 = Tnza* < 00 > >

where Mz )n>0 is the set of weak cluster points of the sequence (z,)n>0.

Lemma 5 Let (Qn)n>0 be a sequence of k-strict pseudocontraction such that
Fix(Q.,) = F which does not depends on n and for each subsequence o(n) we
can find a sub-sequence pu(n) such that Q) — Q with Fiz(Q) = F and Q is a
k-strict pseudocontraction. Then, the sequence (Ty,)n>0 given by @) is coherent.

Proof : Suppose that (zy,),>0 is a bounded sequence such that the left hand
side of (@) is satisfied. Using @) we have ||z, — Thzn| = (1 — K)/2]|2n — @nznl|
and Fiz(T,) = Fiz(Qn). Thus, verifying the coherence of (T),),>0 or the
coherence of (Q,)n>0 is equivalent. Consider now u € M(zy,)n>0, by hypothesis
| 2n — @nznl| — 0. Let o(n) a subsequence such that z,(,y — u, we extract a
subsequence p(n) such that Q) — @ and we thus obtain that z,;,) — u
and ||z,(n) — Q2zum)|l — 0. Now, if @ is a k-strict pseudocontraction, using [T}
Proposition 2.6] we have that I — @ is demi-closed and thus v € Fiz(Q) = F.
O

Remark 6 Given an integer N > 1, let, for each 1 <1 < N, S;: C — C be a
Ki-strict pseudocontraction for some 0 < k; < 1. Let = max{k; : 1 <i< N}
Assume the common fized point set F < NN, Fiz(S;) of {Si} is nonempty.
Assume also for each m, {A\n,i}ti=1,.. N is a finite sequence of positive numbers
such that Zfil My =1andinf, A\, ; > 0 for all 1 < i < N. Let the mapping
Qn : C— C be defined by :

N
Qna = Z An,iSi . (8)
i=1



Then using [1], for alln € N, Q,, is a k-strict pseudocontraction and Fix(Q,) =
F. Moreover for each subsequence \; (o, we can extract a subsequence i ,(n)

and (\;)1<i<n € (0, 1) such that Xiu(n) = Ai forall1 <i < N. We thus have
Q#(n) — ZZ £, S; and using previous lemma the sequence (Ty,)n>0 s coherent.

Given T, € T we can also consider [3] the following algorithm :

Algorithm 2 Given e¢ € (0,1] and xo € C we consider the sequence given by
the iterations Tp41 = xn, + (2 — €)(Thxn — Tp).

Gathering previous result the strong convergence of Algorithm [ to Prxzo and
the weak convergence of Algorithm B is obtained by [3, Theorem 4.2] that we
recall now :

Theorem 7 [3, Theorem 4.2] Suppose that (Ty,)n>0 s coherent. Then

(i) if F £ 0, then every orbit of Algorithm[@ converges weakly to a point in F
(it) For an arbitrary orbit of Algorithm [, exactly one of the following alterna-
tives holds :

(a) F # 0 and x,, —,, Prxo.
(b) F =0 and z, —, +00.
(¢c) F =10 and the algorithm terminates.

Remark 8 Note that using previous theorem and Remark[@ we obtain an other
proof of [1l, Theorem 5.1]. In fact the proofs are very similar but we just hilite
here the role played by T -class sequences.

3 7T-class iterative algorithm for a sequence of
pseudo contractions
Let F be a closed convex of H we define Ug as follows :
Up Z{T:H— H|domT =H and (VzeH)F C H(z,Tz)}. (9)

Of course we have T' € T < T € Upiq(T)-
A mapping @ : H — H is said F-quasi-nonexpansive if

V(z,y) e Hx F [|Qz —yll < |lz -yl (10)
and we can characterize elements of Up using the following easy lemma :
Lemma 9 2T — I is F'-quasi-nonezxpansive is equivalent to T € Ur.

Proof ‘The proof follows from the equality [B, (2.6)] :

(V(z,y) € H?) 4{y—Ta,x—Tz)= |27 - Do -yl — |l —y|*.  (11)



Definition 10 A sequence {T},}n>0 C Up is F-coherent if for every bounded
sequence {zn tn>0 € H there holds :

Ym0 llznt+1 = anQ < 00
{ Z - ||Z —Thz ||2 < 00 = M(Zn)nzo CcF (12)
n>0 ll=n nen

We propose now the following extension of [3, Theorem 4.2] for the two
algorithms @ and

Algorithm 3 Given z¢g € C we consider the sequence given by the iterations

Tp41 = Q(an Tns Tnxn)

Theorem 11 Suppose that (T),)n>0 is F-coherent for a closed convex F Then
(1) if F # 0, then every orbit of Algorithm[A converges weakly to a point in F' (i1)
For an arbitrary orbit of Algorithm[3, exactly one of the following alternatives
holds :

(a) F#0 and x,, —,, Ppxg.
(b) F=0 and z, —p, +00.

(¢) F =0 and the algorithm terminates.

Proof :The result is very similar to [, Theorem 2.9] and a careful reading of
the proof and remarks in [3, €] leads to the conclusion that it remains true as
stated here. O

We give now a typical application of this theorem.

Definition 12 For A : C'+— C a monotone and k-Lipschitz mapping, let Ty :
H x H — H the mapping defined by Tx(z,y) = Po(x — MAy). We also define
T)(\l)aj T\ (x, ) and T)(\2):17 Iz, Th(z,2)) = Th(x, Til)a:).

We assume that Ak € [a,b] C (0,1) and consider (A,)n,>0 a sequence of real
numbers such that A,k € [a,b]. To simplify the notations we will use T (resp.
T,g2)) for denoting T;i) (resp. Tii)).

Let F = VI(C,A), It is known that F is closed convex and that we have
Fix TA(l) = F. It is easy to see that F' C Fix(T)(\2)) but the inclusion may be

strict and thus we do not expect the mapping T)(\2) to be quasi-nonexpansive.
Following inequalities contained in the proof of 9 Theorem 3.1] we obtain F-
quasi-nonexpansive property as exposed now.

Lemma 13 T>E2) s F'-quasi-nonexrpansive where F o VI(C, A) or using Lemma
@ (TP +1)/2 € Up.



Proof : Let y = T)(\l)(x) and u € VI(C, A). We use the fact that for all z € H
and y € C Pox can be characterized as follows :

lz = yl* = ||z — Pox|® + ||y - Pox| (13)

and since A is a monotone mapping following the steps of the proof of [9]
Theorem 3.1] that we reproduce here we obtain :

2
ITP () — ul]

IN

2
e = Ay —ull” ~ [z = Ay — T ()]
2
o = ull® = o = TP @I + 2 (Ay,u - T (@) )
2
le =l - lz = T3 ()]
F2A(Ay — Au,u— y) + (Au,u— ) + (Ay,y - TP (@)))
2
o = ull” =l = T @) + 22 (Ay,y - T (@) )
2
o = ull® =l = yll* = 2 (2 =g,y ~ T (@) = Jy - T @)
+2)\ <Ay, Yy — T§2)(x)>
2 2
le = ull® = llz = ylI* = lly - T, ()]
+2 <3:—/\Ay—y,T§2)(:1:)—y>.

Further, since y = Po(z — AAz) and A is k-Lipschitz-continuous, we have

(x — My —y T)(\2) (z) — y> = <:c — Mz —y, T§2)(x) — y>

So, we have ;

2 2
1T () —

_|_

IN

IN A

IN

<)\A33 — My, T>(\2)(33) — y> < <)\A33 — MMy, T§2)(az) - y>

Mel|lz — y || T () — ]|

2
e —ull® — llz = yI* = |y — T @)+ 2xkl|z -yl T () — yl|
2
o = ull® + (22 = max (Jlo - oI T @) -yl ) (4)

2
[l = ul”

Corollary 14 If we consider R ol 4+ (1 —a)S where S is a non-expansive
mapping and define F = Fixz(S) N VI(C,A) then we obtain immediately that
Ro T)(\2) s a F-quasi-nonewpansive mapping.



Proof Let u € F then u = Ru and we have ||R o TA(Q) —uf < HTA(Z) — u|| and
the previous lemma ends the proof. O

Lemma 15 The sequence Q,, = 1/2(T,§2) + I) is F-coherent.

Proof :Let (Yn)n>0 a bounded sequence satisfying the left hand side of equa-
tion () and ¢ € M(yn)n>0. We can find a subsequence y,(,,y which converges
weakly to . For simplicity, we use the notation y, for the subsequence and
since it satisfies the left hand side of equation [IZ) we have ||y, — Qnyn| — 0.

By definition of @Q,, we also have ||y, — 7(12)yn|| — 0 and thus T,g2)yn — v From
equation () we obtain :

2 2 2
172 = ull” < Jla = ull® + 22 = Dmax (o - T2 1770 - T(Va])
Thus :

D 2 2) D 2 1
max (o = V2 TP - T{Ma)) < 55 (
2 2
< K (lo—ul + 1772 —ul) Il - 7]

Using Lemma [[3 the sequence T,g2)yn is bounded and we thus have from the
previous inequality |y, — T,gl)ynH — 0 and ||T7(12)yn - T,(Il)ynH — 0.
Using next lemma (Lemma [[) we therefore obtain that for (v, w) € G(T) :
(v—,w) = lim <v - T,(f)yn,w> >0.

n—oo

Thus we obtain that (v — ¢, w) > 0 which gives ¢ € T7(0) since T is maximal
monotone and then ¢ € F = VI(C, A). Thus @, is F-coherent. O

Corollary 16 Let (Ry,)n>0 a sequence of nonexpansive mappings such that for
each subsequence o(n) it is possible to extract a subsequence p(n) and find
R, such that R, (n)Yn —n—oo Buyn for every bounded sequence (yn)n>0 with
Fiz R, = S a fized set such that SNS # 0. Then, we also have that Q, =

1/2((Ry o Tr(f)) + 1) is F N S-coherent.

Proof :Let u € SN S, since R, is nonexpansive we have : ||R,, o T§2) —ul <
||T)(\2) — ul|, Thus equation ([[H) can be replaced by :

2 2
o = ull® = |77z~ ull)

(15)

2 2 2
1R o TP =l < Jlo = ul + (282 = ) max (o = 7{al|, 1Tz - 7))

proceeding as in previous lemma we obtain that for (y,)n,>o0 a bounded se-

quence satisfying the left hand side of equation ([[Z) for the sequence of map-

ping R, o T2 we also have up to subsequences that |y, — él)ynH — 0 and



||T7$2)yn - Tél)ynH — 0 and thus also ||y, — T}f’yn” — 0. Thus, as before, if ¢
is a weak limit of (y,)n>0 we have ¢ € F. Moreover, we have :

||T,S2)yn - RMV” < ||T,§2)yn — Ynll + lyn — Rp 0 Tv(zz)yn”
H| Ry 0 TPy — Ry o TPyl + 1Ty — vl (16)

Thus
liminf | 7Py, — R,v| < liminf | TPy, — v

which by Opial’s condition is only possible if R,v = v. We conclude that
v € FNS which ends the proof. O

def

Lemma 17 [9] Let T : H — H the mapping defined by Tv = Av + Nov when
v e C and Tv =0 when v & C where N¢ is the normal cone to C at v € C.
Let G(T') be the graph of T and (v,w) € G(T'). Then for x € C we have the
following inequality :

7@, _
<v — T>(\2)a:, w> > <v — T>(\2)a:, AT)(\2):1: — AT>(\1)I> - <v — T>(\2)33, #

Proof ‘The proof of this inequality is given in [9], we reproduce it for the sake
of completeness. The mapping 7' is maximal monotone, and 0 € T if and only

if v e VI(C,A). Let (v,w) € G(T). Then, we have w € Tv = Av + N¢gv
and hence w — Av € Ngv. So, we have (v —t,w— Av) > 0 for all t € C
. On the other hand, from T)(\z)(x) = Po(x — )\ATA(l)(x)) and v € C we have
<:C — MMy — TA(Q)(:E), T)(\2) () — v> > 0 and hence <’U - T)(\2)(x), T;Q)(x) —TA+ AT)(\I)x> >

0. From (v —t,w — Av) > 0 for all t € C' and T;\Z)(x) € C, we have

<v — T>(\2):17, w> > <v — T>(\2):17, Av>
(2) @ LVz-a (1)
> <U—TA :C,Av> —(v—-"T, x,Ai—i—ATA T
A
= <v — T;\Q)x, Av — ATA@)x> + <’U — T)(\2)x, ATA(Q)x — AT)(\I)x>
7% —
Ny —T@ A LT
o~ 70, EEZL,
2 2 1 o TWr—u
> <v—T§ )x,AT)(\ )a:—AT; )x> — v—T)(\ )x,%

O



We end this section by gathering previous results in a main theorem. The
proof is immediate by applying Theorem [[1l The first statement is a new result.
The second statement when applied to the sequence R,, = a,Id + (1 — a,)S
with ay, € [0,¢) and ¢ < 1 gives the same result as [0 Theorem 3.1].

Theorem 18 Let (R,,),>0 @ sequence of nonexpansive mappings satisfying the
hypothesis of Corollary A and (T7§2))n20 the sequence of mappings defined on
Definition[IA. Then, every orbit of Algorithm[A applied to the sequence of map-
pings R, o T,g2) converges weakly to a point in F' and the sequence generated by
Algorithm [ converges strongly to Prxg.
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