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Abstract

In this report, we consider the problem of scheduling an application
composed of independent tasks on a fully heterogeneous master-worker
platform with communication costs. We introduce a bi-criteria approach
alming at maximizing the throughput of the application while minimiz-
ing the energy consumed by participating resources. Assuming arbitrary
super-linear power consumption laws, we investigate different models
for energy consumption, with and without start-up overheads. Building
upon closed-form expressions for the uniprocessor case, we are able to
derive optimal or asymptotically optimal solutions for both models.

Scheduling, energy, master-worker platforms, communication

Résumé

Dans ce rapport, nous étudions 'ordonnancement d’une application
composée de taches indépendantes qui doivent étre exécutées sur une
plate-forme maitre-esclaves hétérogene ou le cout des communications
ne peut étre négligé. Nous proposons une approche bi-critere visant a
maximiser le débit de l'application tout en minimisant 1’énergie dissi-
pée par les ressources de calcul utilisées. En supposant que les lois de
puissance électrique consommeée sont super-liméaires, nous considérons
différents modeles de consommation énergétique, avec ou sans cout de
démarrage. A partir de formes clauses pour le cas avec un seul proces-
seur nous construisons une solution asymptotiquement optimale pour les
deux modeles.

Ordonancement, énergie, plates-formes maitre-esclaves, communication
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1 Introduction

The Earth Simulator requires about 12 megawatts of peak power, and Petaflop systems may
require 100 MW of power, nearly the output of a small power plant (300 MW). At $100 per
MegaWatt.Hour, peak operation of a petaflop machine may thus cost $10,000 per hour [12].
And these estimates ignore the additional cost of dedicated cooling. Power consumption is also
a critical factor because most of the power consumed is released by processors as heat. Current
estimations state that cooling solutions are rising at $1 to $3 per watt of heat dissipated [23].
This is just one of the many economical reasons why energy-aware scheduling has proved to
be an important issue in the past decade, even without considering battery-powered systems
such as laptop and embedded systems.

Many important scheduling problems involve large collections of identical tasks [7, 1]. In
this paper, we consider a single bag-of-tasks application which is launched on a heterogeneous
platform. We suppose that all processors have a discrete number of speeds (or modes) of
computation: the quicker the speed, the less efficient energetically-speaking. Our aim is to
maximize the throughput, i.e., the fractional number of tasks processed per time-unit, while
minimizing the energy consumed. Unfortunately, the goals of low power consumption and
efficient scheduling are contradictory. Indeed, throughput can be maximized by using more
energy to speed up processors, while energy can be minimized by reducing the speeds of the
processors, hence the total throughput.

Altogether, power-aware scheduling truly is a bi-criteria optimization problem. A common
approach to such problems is to fix a threshold for one objective and to minimize the other.
This leads to two interesting questions. If we fix energy, we get the laptop problem, which
asks “What is the best schedule achievable using a particular energy budget, before battery
becomes critically low?”. Fixing schedule quality gives the server problem, which asks “What
is the least energy required to achieve a desired level of performance?”.

The particularity of this work is to consider a fully heterogeneous master-worker platform,
and to take communication costs into account. Here is the summary of our main results:

e We use arbitrary super-linear power consumption laws rather than restricting to relations
of the form P; = s“ where P, is the power dissipation, s the processor speed, and « some
constant greater than 1.

e Under an ideal power-consumption model, we derive an optimal polynomial algorithm to
solve either bi-criteria problem (maximize throughput within a power consumption threshold,
or minimize energy consumption while guaranteeing a required throughput).

e Under a refined power-consumption model with start-up overheads, we derive a polynomial
algorithm which is asymptotically optimal.

These results constitute a major step with regards to state-of-the-art scheduling techniques
on heterogeneous master-worker platforms. The paper is organized as follows. We first present
the framework and different power consumption models in Section 2. We study the bi-criteria
scheduling problem under the ideal power consumption model in Section 3, and under the
more realistic model with overheads in Section 4. Section 5 is devoted to an overview of
related work. Finally, we state some concluding remarks in Section 6.
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2 Framework

We outline in this section the model for the target applications and platforms, as well as the
characteristics of the consumption model. Next we formally state the bi-criteria optimization
problem.

2.1 Application and platform model

We consider a bag-of-tasks application A, composed of a large number of independent, same-
size tasks, to be deployed on a heterogeneous master-worker platform. We let w be the amount
of computation (expressed in flops) required to process a task, and § be the volume of data
(expressed in bytes) to be communicated for each task. We do not consider return messages,
instead we assume that task results are stored on the workers. This simplifying hypothesis
could be alleviated by considering the cost of longer messages (append the return message for
a given task to the incoming message of the next one).

The master-worker platform, also called star network, or single-level tree in the literature,
is composed of a master Ppaster, the root of the tree, and p workers P, (1 <u < p). Without
loss of generality, we assume that the master has no processing capability. Otherwise, we can
simulate the computations of the master by adding an extra worker paying no communication
cost. The link between P,,4ster and P, has a bandwidth b,. We assume a linear cost model,
hence it takes a time /b, to send a task to processor P,. We suppose that the master can
send /receive data to/from all workers at a given time-step according to the bounded multi-
port model [13, 14]. There is a limit on the amount of data that the master can send per
time-unit, denoted as BW. In other words, the total amount of data sent by the master to
all workers each time-unit cannot exceed BW. Intuitively, the bound BW corresponds to the
bandwidth capacity of the master’s network card; the flow of data out of the card can be
either directed to a single link or split among several links, hence the multi-port hypothesis.
The bounded multi-port model fully accounts for the heterogeneity of the platform, as each
link has a different bandwidth.

2.2 Energy model

For processors based on CMOS technology, power consumption is dominated by the dynamic
power dissipation P;, which is given as a function of the operating frequency, Py = Ceg-V? - s,
where Cug is the average switched capacitance per cycle, V is the operating voltage, and s
is the operating frequency. Among the main system-level energy-saving techniques, Dynamic
Voltage Scaling (DVS) plays a very important role. DVS works on a very simple principle:
decrease the supply voltage to the CPU so as to consume less power. But there is a minimum
voltage required to drive the microprocessor at the desired frequency. So DVS reduces the
power consumption by changing the clock frequency and voltage settings. For this reason,
DVS is also called frequency-scaling or speed scaling [15]. Most authors use the expression
P; = s®, where a > 1. We adopt a more general approach, as we only assume that power
consumption is a super-linear function (i.e., a strictly increasing and convex function) of the
processor speed. We denote by P, the power consumption per time unit of processor P,.
We deal with a discrete voltage-scaling model. The computational speed of worker P, has
to be picked among a limited number of m, modes. We denote the computational speeds
Su,i, meaning that the processor P, running in the ith mode (noted P, ;) takes X/s,; time-
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units to execute X floating point operations (hence the time required to process one task of
A of size w on P,; is w/s,,;). The power consumption per time-unit of P, ; is denoted by
Bu,i- We will suppose that processing speeds are listed in increasing order on each processor
(Su1 < su2 < -+ < Sym, ). Modes are exclusive: one processor can only run at a single mode
at any given time.

There exist many ways to refine the previous model in order to get realistic settings.
Under a fluid model, switching among the modes does not cost any penalty. In real life,
it costs a penalty depending on the modes. There are two kinds of overhead to consider
when changing the processor speed: the time overhead and the power overhead. However,
most authors suppose that the time overhead is negligible, since processors can still execute
instruction during transitions [6], and time overhead is linear in processor speed. We may
also wonder what happens when the utilization of a processor tends to zero. There also exist
two policies: either (i) we assume that an idle processor does not consume any power, so the
power consumption is super-linear from 0 to the power consumption at frequency s,,1; or (ii)
we state that once a processor is on, it will always be above a minimal power consumption
defined by its idle frequency, or speed, s, 1. We can have any combination of the previous
models.

In addition, there are different problems when dealing with consumption overhead. First of
all, we have to specify when the consumption overhead is paid, as one can have an overhead
only when turning on the worker, when turning it off, or for each transition of mode; a
processor turned on can consume even when idle.

Under the latter (more realistic) models, power consumption now depends on the length
of the interval during which the processor is turned on (we pay the overhead only once during
this interval). We introduce a new notation to express power consumption as a function of
the length t of the execution interval:

Puit) =Pt + PP (1)

where ‘,Bq(f) is the energy overhead to turn processor P, on.

To summarize, we consider two models: an ideal model simply characterized by 9.,
the power consumption per time-unit of P, running in mode i, and a model with start-up
overheads, where power consumption is given by Equation 1 for each processor.

2.3 Objective function

As stated above, our goal is bi-criteria scheduling. The first objective is to minimize the
power consumption, and the second objective is the maximization of the throughput. We
denote by p,; the throughput of worker P, ; for application A4, i.e., the average number of
tasks of A that P,; executes each time-unit. There is a limit to the number of tasks that
each mode of one processor can perform per time-unit. First of all, as P,; runs at speed
Su,i, it cannot execute more than s, ;/w tasks per time-unit. Second, as all modes of P, are
exclusive, if P, ; is at its maximal throughput, no other mode can be requested. So their
is a strong relationship between the throughput of one mode and the maximum throughput
Pu,i

available for all remaining modes. As le represents the fraction of time spent under mode

My, per time-unit, this constraint can be expressed by:

My W
Pu,i <1

Vou e [l.p],

S, i
i=1 U,
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Under the ideal model, and for the simplicity of proofs, we can add an additional idle mode
P, o whose speed is s,,0 = 0. The power consumption per time-unit of P, ;, when fully used,
is Pui (Puo = 0). Its power consumption per time-unit with a throughput of p,; is then

Pu,i W
ngw

Su,i

We denote by p, the throughput of worker P,, i.e., the sum of the throughput of each
mode of P, (except the throughput of the idle mode), so the total throughput of the platform
is denoted by:

p P my
P=D pu=_ Pui
u=1 u=1 i=1

We define problem MINPOWER (p) as the problem of minimizing the power consumption

P

B = Z B, while achieving a throughput p. Similarly, MAXTHROUGHPUT (3) is the problem
u=1

of maximizing the throughput while not exceeding the power consumption 3. In Section 3 we

first deal with an ideal model without power nor timing overhead (a processor can be turned
off without any cost). We extend this work to a more realistic model in Section 4.

3 Ideal model

Both bi-criteria problems (maximizing the throughput given an upper bound on power con-
sumption and minimizing the power consumption given a lower bound on throughput) have
been studied at the processor level, using particular power consumption laws such as P; =
s [2, 4, 5]. However, we are able to solve these problems optimally using the sole assumption
that the power consumption is super-linear. Furthermore, we also solve these problems at the
platform level, that is, for a heterogeneous set of processors.

A key step is to establish closed-form formulas linking the power consumption and the
throughput of a single processor:

Proposition 1. The optimal power consumption to achieve a throughput of p > 0 is

PBu,it1 — Pu,i

Su,i+1 — Su,i

Bu(p) = max {500

0<i<ma,

+ mu,l} )

. . . . Su,i Su,ig+1
and is obtained using two consecutive modes, Py, and Py o411, such that =20 < p < %

Proof. The minimization of the power consumption is bounded by two types of constraints:
i) The first constraint states that the processor has to ensure a given throughput, ii) The
second constraint states that the processing capacity of P, ; cannot be exceeded, and that the
different modes are exclusive. So our optimization problem is :

Moy
i W
MINIMIZE B, = Z Pusi P.i SUBJECT TO
=1 Cwi
Moy
D pui=p (2)
=1
Moy .
@w <1
— Su,i
i=1
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A first remark is that the throughput that the processor has to achieve must be lower
than its maximum throughput (p < 8"%), otherwise the system has no solution. Linear
program (2) can easily be solved over the rationals, and the throughput of the modes of the
processor depend on the total throughput that has to be achieved. If 0 < p < 8“’%, we
denote by ig the unique mode of P, such as S“T’io <p< 5“;70“ Then, we define S by the

following scheduling:

Sujio (Sujio+1 — WPu) - _ Sugior1(Wp — Suig)
pu,i0+1 —
W(Su,ig+1 = Susio) W(Su,ig+1 = Su,io)

pui = 0if ¢ & {ig,i0 + 1}.

Pujig =

First, one can note that S is feasible, and respects all constraints of Linear program (2).

% ~ Suig(Suio+l — W) T Suig+1 (WP = Sujie)
— Pt W(Suiot1 = Suio) ’
- ﬁu,iw o (Su,io—i—l - wpu) + (wp - Su,io) 1
i— Sui Su,io+1 — Suyig Su,io+1 — Suyig .

Let &’ be an optimal solution, &' = {p;, 1, - }. As & is a solution, it respects all the

constraints of Linear program (2). So:

/
) pu,mu

Moy My / W
Sy ama 3y
=1 1=1

Su,i

Let imin be the slowest mode used by &', and i, the fastest. Then we can distinguish three
cases:

o If 2., > 49 Or 2,in = %o and p&,io < Puyio: In both cases, pﬁmo < Pu,ig, SO there
exists € > 0, such that pfmo = pu,io — €. Then we can look at the power consumption of
S’

V

Moy, Moy
sz,iﬁw‘ > PioRuio + ( Z Pém) Rujig+1
i—1

i=ig+1
p;,ioﬁ’u,io +(p— p;,io)ﬁﬂ,ioJrl

(Pujio — €)Ruio + (P — Pusip + €)Rujig+1
PuioRuio T Puio+1Buio+1 + € (Rujio+1 — Ruio)
> PusioRusio T Puio+18uio+1-

And so our solution does not consume more power, and is thus also optimal.

o If 4.« < 19+ 1 0Or iy = 290 + 1 and p;,io—i—l < Puyio+1: In both cases, ,o'w-oJrl <
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Puyio+1, SO there exists € > 0, such that py, ; .1 = Pujig+1 — €. Then, we have:

io
/ _ / > ~ =
Pui = P~ Pujig+1 = P~ Pujio+l T €= Pujig T €
=1
tmax ./ 10 ! /
And Z P % _ Z P % n Pruig+1¥
i—1 Su,i i1 Su,i Suig+1
10 / /
> w2y Pui n Puig+1%
o Suio Suig+1
i T € Duintl — € 1 1
wPio + Wit > 1+ we — > 1.
Su,ig Su,ig+1 Su,ig Su,ig+1

which is in contradiction with the second constraint.

e Otherwise we know that either iy, < ig, S0 p;’imm > Puipin = 0, OF imin = %9 and
Priivss = Pusimin- 10 both cases p, ; > Py, and, for the same reasons, p,; >
Pujimax- We also know that (at least) one virtual processor among P, ;, and P, ;,4+1 has
a throughput in &’ strictly smaller than in S (otherwise the power consumption of &’ is
greater). Let call that processor P,. The idea of the proof is to give an amount €y, of
the work of P; , to P,. As P, is faster than P; , , it takes less time to P, to process

€min than to P; , . During the spared time, P, has time to do an amount €pax of the

min

work of P; . Basically, emin and epax are defined such as the throughput in the new
scheduling S” of either P;_. , or P, is set to its throughput in S:

p{li,imin = p’,u{imin — €min

pZ,a = p;,a + €min T €max

Pg,imax = p;’imax_ €max

o = p,; otherwise.

)

, .
(pu imax pu,imax> S, imax (Su a — Suim )
: y Emax = €minA; A = : : —

. / ~
€min = min pu Tmin pu im'n; ’
e o )\ Su:imin (Suaimax - Su?a)
A gives the relation between the amount of work taken from F; , and the amount of

work of P; _ that can be performed by P, during its spared time.

max
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S” still respects the given constraints:

My, M,
§ : 1" 2 : / .

pu,i - pu,i =P
i=1 i=1

My, /! Moy, / /! /! /!
Z pu,i _ Z pu,i + pu,imin + pu,a + pu,imax
i=1 Su,i i=1 Suyi St,imin Su,a Su,imax

17T min ;% imax
M

/
j : Pui n €min T €max €min €max

i=1 Su,i Su,a Styimin Su,imax

2T
Pui 14+ A 1 A
= () e ()

i=1 Su,i u,o St,imin Su,imax

Moy /
o z :pu,i +
; Sui
=1 ’
€min A Su,imax (5u7a - 5u,imin) _ Su7a(5u7a - 5u,imin)
Suﬂmin

( ) - U,
St,imax — Su,a

Su»imin Suvo‘ (Suyimax - Su’a)

Lz

Pui 1

S, 5
i=1 U,

And the power consumed by the new solution is not greater than the original optimal

one:
Moy Moy
/ /!
Z pu,i'ﬁﬂ,i - Z pu,iﬁu,i = 6minﬁu,imin + 6maux«@-u,z'max - (emin + €max)ﬁu,a
i=1 =1

= €min (‘ﬁuyimin - ﬁu,a) + )\emin (ﬁu:imax - ﬁu,a)
ﬁuﬂ'min - ﬁu,a 4 S, imax ﬁu,imax - J?{u,o¢>

Su@ - Suvimin Suvimin Suﬂ'max - Su,a

6min(su,oz - Su,imin) <

v

ﬁu,imax - ﬁu7o¢ _ ﬁfu’a B ﬁ’uaimin>

6min(su,oz - Su,imin) <
Suﬂmax Suya Suya Suylmin

> 0 because of the convexity of 8.

At each iteration, we set the throughput of either iy or imax to its throughput in S ,
so the number of virtual processors which have different throughputs in S” and S is
strictly decreasing. At the end, either one of the two other cases is reached so S does
not consume more power than 8”, or S = 8”. Overall, our scheduling is optimal.
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Then we consider the power consumption of S:

Bulp) = PiioRuio + Pisio+1Ruig+1
_ Suyp (3u7i0+1 —wp) Su,io+1(w/) - Su,io)
= Ruig +
W(Su»io-i-l - Suﬂ'o) w(suﬂ'o-i-l - Su,io)

Su,io+18uio+1 — SwioRujio  SujioSuio+1 (Rusio+1 — Rusio)

ﬁu,’io—f—l

Su,i0+1 - Su,io W(Su,io+1 - Su,’io)
B wpmu,io—s-l — Puio  SusioPusio+1 — Suio+1Pusio
Su,ig+1 — Su,io Su,ig+1 — Su,io
B PBuio+1 — Busio PBusio+1 — Pujio ~ Suyip+1 — Susio
= wp — Su,ig ] — + Buio ] ]
Su,ig+1 — Su,ig Su,ig+1 — Su,ig Su,ig+1 — Su,ig

PBuio+1 — Pusio

Su,io-‘rl — Su,ig

= (Wp - Suﬂ'o) + muﬂ'o

As P8 is super-linear, we have, if j < k:

k — j +1 — j 9' 1= »'
5]3% sB’U,J > mu,j+ %u,] N ‘Bu,k > (Sng _ SUJ);BU J+ ;Buj + mu,j
Su,k — Su,j Su,j+1 — Su,j Su,j+1 — Su,j
and, if j > k:
Pus — Fur _ Fugin — Py Pugi1 — Puy
u,j i < u,j u,j - ;pu’k > ‘Bu,j _ (Su,j _ Suvk)u
Su,j — Su,k Su,j+1 — Su,j Su,j+1 — Su,j

As syip < wpy < Sy ip+1 and P is super-linear, we have, for all if s, > 54,:

i1 — ; - .

(wp — %J)M +Pui = (wp— Su,io)M +
Suyitl  Suyg Suyi+1 — Suji

PBu,it1 — Puyi

<(Su’i° — Suji) "+ P
Su,i+1 — Suyi
PBu,i+1 — Pu,i
S (W,O — Su,io)u + ;‘Bu,io

Sui+1 — Su,i
PBujio+1 — Pusio

Su,i0+1 - Su,io

+ mu,io == mu(P)

< (WP — Su,ig )
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And, if 54,541 < Sy, SO We have:

Tuior — P o — P
(Wp = sug)————— +Pug < (Wp— Suior1)—— +
Su,i+1 — Su,i Suyi+1 — Su,i
Pujiv1 — Pu,i
(mu,i - (Su,i - Su,ioJrl) bk ek
Su,i+1 — Su,i
Pu,i+1 — Pui
< (wp - Suaio-i-l)u + Pujio+1
Su,i+1 — Suyi
Puio+1 — Pu,i
< (wp— su,io-i-l) o =0 PBujio+1
u,io+1 — Su,io
(* because (wp — Syig+1) < 0%)
< p - i) Dttt P

Su,ig+1 — Su,io
(muﬂ'o-i-l - (Suﬂ'o-i-l - SU,io)
‘Buio-i-l - sBw’o

u,i0+1 — Su,io

PBuio+1 — Pusio )

Suyig+1 — Su,io

+ SBu,io = ‘Bu(p)

< (wp = Suio)

Then ig is the mode that maximizes the formula:

PBuyit1 — Puyi

Su,i+1 — Su,i

(wp - Su,i) + q:;u,i

O]

The following result shows how to solve the converse problem, namely maximizing the
throughout subject to a prescribed bound on power consumption. The proof is similar to
that of Proposition 1.

Proposition 2. The maximum achievable throughput according to the power consumption
limat B is
(m) — min Suma max ‘B(swﬂ - Sw') + Su,igpu,iﬂ - 5u,i+1mu,i
P w T 1<i<m, W(PBuyir1 — Buyi) ’

and is obtained using two consecutive modes, Py, ;, and Py, 41, such that: Py, < P <
(‘Bu,io—&-l-

Proof. We define a solution S as follows:
Su,ig (;‘B%io-‘rl - ;‘]3) Puigil = SU,io-&-l((‘B - muﬂ'o)
i -
W(PBuio+1 — Busio) ’ W(PBuio+1 — Busio)
We first show that & is feasible:
o= - PBuiw  BuioPBuiott — B) + Busior1 (B — Busio)
Puyi =
— Su,i PBuio+1 — Busio
o Puiw (Buio+1 —B) (B — Pusio)

= +
i=1 Su,i (g’pu’io'i'l - mu,io) (g’BU,Z’O‘Fl - mu,io)

Pujig =

pui =0 if i & {ig,i0 + 1}

= P;

=1.
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s Pum,t- As S is a solution of the linear

{Pgs--

program, it respects all the constraints. So:

Moy Moy p/ W
Zpg,iﬁu,i <P and Z % <1
i=1 i=1 "W

Let imin be the slowest mode used by &', and i, the fastest. Then we can distinguish two

cases:

. . . . ,
o If 4, > %0 Or iy = 79 and Pluio

€) then we have:

Moy
( § p;,@-) Ruiott

i=10+1

Puyio —

Moy
= Z P;,i

=10

IN IN N IA IN

IN

<

— eo(€o > 0): (in both cases, p, ; =

= Pu,ig

Moy
/
§ pu,iﬁ%i

i=10+1
B — p;,ioﬁfu,io =B — (Puio — €)Ruio
(B — PujioRusio) + €Rujip = Pusio+18uio+1 + €Ruig

_ Ruig
Ruig+1 (Pu,ioJrl +e—
Ruig+1

Moy
Puio + Z P

i=19+1

N Rui
(Pusip — €) + <pu i1 T € ﬁu:i)

My
Z ﬁu,i — € (1

=10

u,10

ﬁuloJrl) ZPUZ

= ’L

And so our solution does not have a smaller throughput, and is thus also optimal.

o If i, < 39+ 1 Or 2. = 29 + 1 and p;t,io-i-l =
= Pujip+1 — €) then, we have:

/
cases, Py, jo+1

w22 lpuz

8u720

So the throughput of &’ is:

Tmax

/
E pu,i
=1

<

IN

IN

IN

Pujio+1 — €1(€1 > 0): (in both

10 / imax ./ /
Z Pui® Z Pui®  Pujig+1%¥
i1 Su,i im1 Su,i Su,ig+1
/ .

Puig+1% Puig+1W Ew
1 _ 10 — 1 _ ;L0 +

Su,i0+1 Su,io—i-l Su,io—i-l
WPuig ew
Su,ig Su,ig+1

20
/ /
Puyi T Puig+1
i—1

~ Su,ig
Pu + e
8 b

) T (Pugy — )
u,t9+1
My
> jus—e(1-
=1

s o
u,20 ) < Z ~
— ] = Pu,i
=1

Suig+1
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And so our solution does not have a smaller throughput, and is thus also optimal.

e Otherwise we use the same new scheduling 8” than is the previous section:

1 oy .
p}l/‘7illlill - pZJf’imin €min
Pu,a = Pua + €min T €max
1 o .
o = p.,; otherwise
b

(Suza — Su)imin)

/
. . / Pui Su,i
with €y;p = min {pu c ’max} ,  €max = €minA, and A = Hett
Suaimin (Suyimax - Su704)

From the previous section, we know that S” does not consume more power than S’, and
so still respects the given constraints. And the throughput achieved is the same than
S’. By iterating this construction, we can extract an optimal scheduling where 4, = «
(each iteration sets the throughput of either ipin Or imax t0O zero).

We then conclude using arguments similar to the one used in the proof of Proposition 1. [

To the best of our knowledge, these uni-processor formulas, linking the throughput to the
power consumption, are new, even for standard laws. They will prove to be very useful when
dealing with multi-processor problems.

3.1 Minimizing power consumption

Thanks to Propositions 1 and 2, we do not need to specify the throughput for each frequency
on any given processor. We only have to fix a throughput for each processor to know how
to achieve the minimum power consumption on that processor. Furthermore, the bounded
multi-port hypothesis is easy to take into account: either the outgoing capacity of the master
is able to ensure the given throughput (BW > p), or the system as no solution. Overall, we
have the following linear program (Equation (3)). This linear program is defined by three
types of constraints:

e The first constraint states that the system has to ensure the given throughput

e The second set of constraints states that the processing capacity of a processor P, as
well as the bandwidth of the link from Paster to P, are not exceeded

e The last constraint links the power consumption of one processor according to its
throughput

/ p
MINIMIZE P = Z‘,Bu SUBJECT TO

P
> pu=0p
u=1

b
Vu, py < min{su’m“;“}
w 1)

u=1

Puit1 — Puyi

Su,i+1 = Su,i

Vou, V1<i<my,, ‘Buz(w/}u_su,i)

+ “Bu,i
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For each value B, used in the objective function (recall that B, is the power consump-
tion per time unit of P,), we have m,, equations (see Proposition 1). When looking at the
constraints, we observe that the problem can be optimally solved using a greedy strategy.
We first sort processors in an increasing order according to their power consumption ratio.
This power consumption ratio depends on the different modes of the processors, and the same
processor will appear a number of times equal to its number of modes. Formally, we sort in
PBuit1 — Pu,i

Suyi+1 — Su,i
mode of the processors so that the system can achieve the required throughput, given that
each processor throughput is limited by its maximal frequency and the bandwidth of the link
between itself and the master. Altogether, we obtain Algorithm 1.

non decreasing order the quantities { } The next step is to select the cheapest

Algorithm 1: Greedy algorithm minimizing power consumption under a given through-
put
Data: throughput p that has to be achieved
for u =1 to p do
| T[u] < 0; /* throughput of processor P, */
O — 0; /* total throughput of the system */
L « sorted list of the P,, ;, such that V j, Pogariy Pujiy o Pogpntrizmn Puynijn

Su.; i —Su.i. — Su. i1 —Su; i ’
u‘7,1+2] Ui u]+1,l+z]+1 Uiy 1041

Ktk

while ¢ < p do
Py, i, < next(L); /* selection of next cheapest mode */

o' — Tlugl; /* previous throughput of P, (at mode iy, —1) */
7 [ug] < min {SU’CT”‘, b"T’“; o+ (p— <I>)}; /* new throughput of P,, (at mode iy) */
if 7T[ug] = b“T’“ then
| L — L\{Py, ;};: /* no need to look at faster modes for P, */
| Q— D+ Tlug] — p;

One can detail more precisely the line labeled /* new throughput */ that gives the new
throughput of P,, at mode ¢;. This throughput is bounded by the maximum throughput at
this speed, by the maximum communication throughput, and also by the previous throughput
(p") plus the remaining throughput that has to be achieved (p — ®). We point out that, if the
last selected mode is Puyy g Algorithm 1 will

1. fully use each processor having at least one mode consuming strictly less than Puyying»
and this either at the throughput of the bandwidth if reached (this throughput is
achieved according to Proposition 1), or at the largest single fastest mode that con-

sumes strictly less than P, ; —or at the same mode than Py, ., ;

2. either not use at all or fully use at its first non-trivial mode any processor whose first
non-trivial mode consumes exactly the same than P, ,

3. not use at all any processor whose first non-trivial mode consumes strictly more than
the mode Py, ;

4. use Py, i, at the minimum throughput so the system achieves a throughput of p
(according to Proposition 1).
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Theorem 1. Algorithm 1 optimally solves problem MINPOWER (p) (see linear program (3)).

Proof. Let § = {,} be the throughput of each processor given by Algorithm 1, and S = {p, }
be an optimal solution of the problem, different from our solution. We know that there exists
at least one processor whose throughput in S is strictly lower that its throughput in S,
otherwise the power consumed by S would be greater than the one of S. Let P, be one of
these processors. Of course, the remaining work of P,, in S has to be performed by (at least)
one other processor, and thus at least one processor has a throughput strictly greater in S
than in S (otherwise, S could not achieve a total throughput of p). Let Py; be one of these
Processors.

The idea is then to transfer a portion of work from Pp; to F,,. This amount of work e
equals to the minimum of the additional throughput needed by P,, to achieve a throughput
pm, and of the excess of throughput of Py; when compared to S:

e = min{pm — pm: Py — P }-
What do we know about Py; in S? We know for sure that Algorithm 1 required from it a
throughput pas (which may be equal to 0). That means, according to the selection process of
Algorithm 1, that: 1) either Py, is saturated by its bandwidth, but in that case, par > par,
which contradicts the definition of Py, or 2) Py is saturated at a given mode Py, and the
next mode Py ;41 has a power consumption ratio greater than, or equal to, any other selected
processor, P, included, or 3) Py is not saturated, but in that case it is the last selected mode
by Algorithm 1 and so has a power consumption ratio greater than, or equal to, any other
selected processor, P, included. Overall, the power consumption ratio of Py is greater than,

or equal to, the one of P,,.
Let S’ be the scheduling where:

oh = pm + € o = pm — € p;j = p;,; otherwise.
Then, the power consumed by &’ is
P P
SB=| D Bul| +B + B
u=1 u=1

uF£m, M

1 — .
P = max {(wﬂ’;n - Sm,i)—mm’l+ B ;ij}
i myi+1 — Smyi

_ p;n (w sBm,inﬂrl - mm,im> + (g'pm,im — S, ‘Bm,im+1 - ‘l}m,im>

Smyim+1 7 Smyim Smyim+1 — Smyim

= (pm + E)Aml + )\mz - fpm + 6)\m1
and ‘B/M = (pm — €A + A = B — ey
%m,im-i-l - ‘Bm,im < ‘BMJM-&-I - g’BM,iM

Smyim+1 — Smyim SMyin+1 — SMinm
tion, 80 A\pp; — App; <0, and :

We also know that , because of the Greedy selec-

P

p p
MBS D PBu| TP+ By =D P
u=1 u=1
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We can iterate these steps as long as S is different of S, hence proving the optimality of our
scheduling. O

3.2 Maximizing the throughput

Maximizing the throughput is a very similar problem. We only need to adapt Algorithm 1 so
that the objective function considered during the selection process is replaced by the power
consumption:

buk m“kﬂ:k‘i‘l - m“kuik
Sup,ig

Tlun] — min {5 (072 - P B4 B -0

Sugip+1 — Sug,ip
where U is the current power consumption (we iterate while ¥ < 9B). The proof that this
modified algorithm optimally solves problem MAXTHROUGHPUT (‘) is very similar to that
of Algorithm 1 and can be found in [20].

4 Model with start-up overheads

When we move to more realistic models, the problem gets much more complicated. In this
section, we still look at the problem of minimizing the power consumption of the system with
a throughput bound, but now we suppose that there is a power consumption overhead when
turning a processor on. We denote this problem MINPOWEROVERHEAD (p). First we need
to modify the closed-form formula given by Proposition 1, in order to determine the power
consumption of processor P, when running at throughput p, during ¢ time-units. The new
formula is then:

PBu,i+1(t) — Pui(t)

Su,i+1 — Su,i

gpu(t7 pu) = Ognzlil;{mu {(wpu - Su,i)

+ (‘Bu,i(t)}

O @
_ max {(wpu—su,i)w't+‘~]3£1,3't}+5]3£2)

0<i<my, Su,i+1 — Su,i
= PD(pu) -t +PP.

The overhead is payed only once, and the throughput p, is still obtained by using the same two

. L. . t(Sy.in+1—pPuw
modes P, ;, and P, ;,4+1 as in Proposition 1. We first run the mode P, ;, during %
u,i() u,i()

t(puw_su,io)

time-units, then the mode P, ;,4+1 during time-units (these values are obtained

Su,i0+l_5u,io
from the fraction of time the mode are used per time-unit). We can now prove the following

dominance property about optimal schedules:

Proposition 3. There exists an optimal schedule in which all processors, except possibly one,
are used at a maximum throughput, i.e., either the throughput dictated by their bandwidth, or
the throughput achieved by one of their execution modes.

Proof. Let S be an optimal schedule without that property. We study S during an interval of
arbitrary length, say t time-units. As we have no control on the behavior of S, every processor
can be turned on and off arbitrarily many times. Let A, (%) be the communication volume
received by P, during the ¢ time-units, and €, (¢) the computational volume performed during
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this interval. Both volumes are not necessary equal, as we chose an arbitrary time interval.
We now compare S and &', with 8’ being the schedule identical to S outside of the considered
interval and which, during that interval, sends tasks to each processor P, at rate A“t(t), and
where each processor P, computes with a throughput of Q“T(t) We need to check that P,
does not starve, i.e., that it always has in memory some task ready to be executed, in order to
ensure the computational throughput. The most constrained problem occurs when the total
communication throughput is lower than the total computational throughput. We suppose

that the memory contains, at time ¢ = 0, M (which may be equal to zero) tasks:

e Communications under S’ are feasible: Under S, each processor received a volume

of tasks equals to A, (t) during ¢ time-units, so its bandwidth throughput was greater
than or equal to A“T(t), which means that S’ also respects the bandwidth constraints. For

the master’s point of view, the total volume of communication during the ¢ time-units
under S is Y P Ay(t), so we had: > 7| A, (t) < t-BW. Consequently, > 7 A“f(t)

u=1
and S’ respects the bounded capacity of the master.

e Computations under S’ are feasible: As S is feasible, we have Q,,(t) < Mo+ A, (1).
According to Proposition 1, we know that, under &', the processor needs only two
consecutive modes to perform its computational throughput, P, ;, and P, +1, 51:)10 <

Q“f(t) < S"’;ioﬂ (79 might be equal to zero). We run at the slowest mode first, in order to

minimize the power consumption and to be sure to have enough tasks in memory to run
at the second mode later and to obtain a feasible schedule. When using the mode P, ;,

t<Su,i0+1—Quf(t)w) t(Q“fmw—su,m)
Su,ig+1"Su,ig Su,ig+1"Su,iqg
time-units, we obtain a feasible solution. Indeed, either the fastest computation rate
is smaller than the communication throughput, and so the number of stored tasks
Ay (t) < Swigtl
t — w

has in memory a fraction of tasks equal to: Mg+ (A"f(t) - S“TZO) t1. Then, if we look at

during t; = time-units, and the mode P, ;,+1 during to =

increases with time, or . In that case, after ¢; time-units, the processor

the memory M of the processor during the computation under the mode P, ;,4+1 after
t' time-units (¢ < t3), we have:

Aut u,t w,t Aut Aut u,t u,t Aut
M = MO-&-(J—SA)tl—(s’iOH—J)t/ZMO-‘r( ()_si*o)tl_(s’ioﬂ_J
w w t t w w t
Ay (t t18u,i t28u,i
= M0+ﬁ(t1+t2)_<l S 2 ,o+1)
t w w
Q, Qy
Su,ig (Su,io+1 - %w> Su,ig+1 (#w - 3'u,,7l0>
= Mo+ Au(t) (b +t2) — +
W(Su,ig+1 — Su,ig) W(Su,ig+1 — Su,ig)

= MO"FAu(t)_tQuT(t) > Qu(t) = Qu(t) =0

So the processor memory always contains some tasks, and then S’ is feasible.

e S’ does not consume more power than S: We only pay a power overhead each
time a processor is turned on, and &’ turned on only once each processor used by S.
Furthermore, the average throughput of each processor is the same under S’ than under
S. Overall, the power consumption of &’ is not greater than that of S.

Consider now the throughput of each worker under S’. If S’ does not have the desired property,
then there exist (at least) two processors P,, and Pj; that are not running at a maximum

)ea
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throughput (i.e., dictated by one of the modes or by the bandwidth). We know that these
throughputs can be achieved using only two modes Py ;,, and Py, +1 for Py (P, may
have a throughput of zero), and Py, .., Pm.i,,+1 for P,. Suppose that Pj; consumes more
power at its throughput than P,, at its own one. This means that:

‘Bm,ierl(t) - mm,im (t) < sBM7ZAM+1 (t) - gﬂpM,iM (t)

Smyim+1 7 Smyim SMyipr+1 — SMiing

We now construct a new schedule 8" from &', with §” equal to:

oh o =p.+e phyy=py—€ and pl =pl otherwise,

and € = min {— =l S"”Tm“ — Pl P — SM%} Then, if we compare the power consumed
by §” and S’
P
D> OPat) = Z But) | + B () + B (t).
u=1

u;ém M
As a reminder, we saw in the proof of Theorem 1 that:
m(t) =B (t) + Ay and P(t) = Py () — Ay,

with

Amy = wmm’imﬂ(t) = Prni (1) and Ay, = wSBM’iM“(t) — Pt (t)
Smyim+1 = Smyim SMyin+1 — SMyinm

So €(Am, — Aary) <0, and:

P P
MoBi < | D B |+ +Bh(0) Z‘Bu
u=1 u=1
u#Em,M
Then 8" achieves the same throughput as S’, and does not consume more power than S’
As the number of processors that are not at a maximum throughput is strictly smaller in &”

than in &', we can iterate the process until at most one processor is unsaturated. ]

Unfortunately, Proposition 3 does not help design an optimal algorithm. However, we
prove that a modified version of the previous algorithm remains asymptotically optimal. The
general principle of the approach is as follows: instead of looking at the power consumption
per time-unit, we look at the energy consumed during d time-units, where d will be defined
later. Let oy be the throughput of P, during d time-units. Thus, the throughput of each
processor per time-unit is p, = 5+. As all processors are not necessarily enrolled, let U be the
set of selected processors’ index. The constraint on the energy consumption can be written:

Y YL S P (o - nu) SR ) )
u,i+1 Ui
or,
mg) mu i+1 — ffBuz
Vu,Vlgzgmu, ‘,Bu— Z(wpu_su,i)7—+mu7,

d Su,i+1 u,i
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The linear program is then:

MINMIZE B = ) 9B, SUBJECT TO

uel
p
Z Pu =P
u=1

Yu, py < min{

Su,my bu (4)
w

"o
- P PBuit1 — Pui
VUGU,V].SZETI’LU, ‘Bu— Z(Wpu—su,i);—i-‘l}u,i
d Suyi+1 — Su,i

However, this linear program cannot be solved unless we know U. So we need to add
some constraints. In the meantime, we make a tiny substitution into the objective function,
in order to simplify one constraint:

( p ;B(Q)
MINIMIZE ‘Ii = Z (“Bu + ;) SUBJECT TO
u=1

P
> pu=0p

u=1 (5)
. { Su,may bu }
Yu, p, < min s —
w

"o

Vou, V1<i<my,, ‘*BuZ(wpu_Su,i)

Puit1 — Puyi

Su,i+1 — Su,i

+ “Bu,i

The inequalities are stronger than previously, so every solution of (5) is a solution of (4).
Of course, optimal solutions for (5) are most certainly not optimal for the initial problem (4).
However, the larger d, the closer the constraints are from each other. Furthermore, Algo-
rithm 1 builds optimal solutions for (5). So, the expectation is that when d becomes large,
solutions built by Algorithm 1 becomes good approximate solutions for (5). Indeed we derive
the following result:

Theorem 2. Algorithm 1 is asymptotically optimal for problem MINPOWEROVERHEAD (p)(see
linear program (4)).

Proof. If the application A is composed of B tasks, the optimal scheduling time will be 7 = %,
where p is the throughput bound. We note ‘B,,; the optimal power consumption that would
be obtained in the ideal model, B* the optimal power consumption that can be achieve under
the model with start-up overheads, and 3 the power consumption given by Algorithm 1.

As the model with start-up overheads is more constrained than the fluid model, the
minimum power consumption under this model is greater than under the fluid model, so
we have P, < P* < P. Also, one can remark that the power consumption of the solution
given by Algorithm 1 is a function of the time interval, as the start-up overheads are paid
only once each d time-units. Thus, during ¢ time-units:

P(t) < Bope -t + m D B =Pt + m p-nfic {2}

u=1
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If we fix d = /T, we have
‘B(T)S‘B*-TJr(lJrﬁ)'p-rﬁt{c{%f)}- (6)

Then, when comparing B and B* during the scheduling of the B tasks of application A, we
obtain:

‘;]33*((77)) 1+ (; + \/}) p-mix {0 }
ool

which achieves the proof of optimality of Algorithm 1. O

5 Related Work

Several papers have been targeting the minimization of power consumption. Most of them
suppose they can switch to arbitrary speed values. Here is a brief overview:

e Unit time tasks. Bunder in [5] focuses on the problem of offline scheduling unit time
tasks with release dates, while minimizing the makespan or the total flow time on one
processor. He chooses to have a continuous range of speeds for the processors. He
extends his work from one processor to multi-processors, but unlike this paper, does not
take any communication time into account. His approach corresponds to scheduling on
multi-core processors. He also proves the NP-completeness of the problem of minimizing
the makespan on multi-processors with jobs of different amount of work. Authors in [2]
concentrate on minimizing the total flow time of unit time jobs with release dates on one
processor. After proving that no online algorithm can achieve a constant competitive
ratio if job have arbitrary sizes, they exhibit a constant competitive online algorithm and
solve the offline problem in polynomial time. Contrarily to [5] where tasks are gathered
into blocks and scheduled with increasing speed in order to minimize the makespan,
here the authors prove that the speed of the blocks need to be decreasing in order to
minimize both total flow time and the energy consumption.

e Communication-aware. In [24], the authors are interested about scheduling task
graphs with data dependences while minimizing the energy consumption of both the
processors and the inter-processor communication devices. They demonstrate that in
the context of multiprocessor systems, the inter-processor communications were an im-
portant source of consumption, and their algorithm reduces up to 80% the communica-
tions. However, as they focus on multiprocessor problems, they only consider the energy
consumption of the communications, and they suppose that the communication times
are negligible compared to the computation times.

e Discrete voltage case. In [18], the authors deal with the problem of scheduling tasks
on a single processor with discrete voltages. They also look at the model where the
energy consumption is related to the task, and describe how to split the voltage for each
task. They extend their work in [19] to online problems. In [26], the authors add the
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constraint that the voltage can only be changed at each cycle of every task, in order to
limit the number of transitions and thus the energy overhead. They find that under this
model, the minimal number of frequency transitions in order to minimize the energy
may be greater than two.

e Task-related consumption. [3] addresses the problem of periodic independent real-
time tasks on one processor, the period being a deadline to all tasks. The particularity
of this work is that they suppose the energy consumption is related to the task that
is executed on the processor. They exhibit a polynomial algorithm to find the optimal
speed of each task, and they prove that EDF can be used to obtain a feasible schedule
with these optimal speed values.

e Deadlines. Many papers are trying to minimize the energy consumed by the platform
given a set of deadlines for all tasks on the system. In [21], the authors focus on the
problem where tasks arrive according to some release dates. They show that during any
elementary time interval defined by some release dates and deadlines of applications, the
optimal voltage is constant, and they determine this voltage, as well as the minimum
constant speed for each job. [4] improves the best known competitive ratio to minimize
the energy while respecting all deadlines. [8] works with an overloaded processor (which
means that no algorithm can finish all the jobs) and try to maximize the throughput.
Their online algorithm is O(1) competitive for both throughput maximization and en-
ergy minimization. [10] has a similar approach by allowing task rejection, and proves
the NP-hardness of the studied problem.

e Slack sharing. In [27, 22|, the authors investigate dynamic scheduling. They consider
the problem of scheduling DAGs before deadlines, using a semi-clairvoyant model. For
each task, the only information available is the worst-case execution time. Their algo-
rithm operates in two steps: first a greedy static algorithm schedules the tasks on the
processors according to their worst-case execution times and the deadline, and reduces
the processors speed so that each processor meets the deadline. Then, if a task ends
sooner than according to the static algorithm, a dynamic slack sharing algorithm uses
the extra-time to reduce the speed of computations for the following tasks. The au-
thors investigate the problem with time overhead and voltage overhead when changing
processor speeds, and adapt their algorithm accordingly. However, they do not take
communications into account.

e Heterogenous multiprocessor systems. Authors in [11] study the problem of
scheduling real-time tasks on two heterogenous processors. They provide a FPTAS
to derive a solution very close to the optimal energy consumption with a reasonable
complexity. In [17], the authors propose a greedy algorithm based on affinity to assign
frame-based real-time tasks, and then they re-assign them in pseudo-polynomial time
when any processing speed can be assigned for a processor. Authors of [25] propose
an algorithm based on integer linear programming to minimize the energy consumption
without guarantees on the schedulability of a derived solution for systems with discrete
voltage. Some authors also explored the search of approximation algorithms for the
minimization of allocation cost of processors under energy constraints [9, 16].
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6 Conclusion

In this paper, we have studied the problem of scheduling a single application with power
consumption constraints, on a heterogeneous master-worker platform. We derived new closed-
form relations between the throughput and the power consumption at the processor level.
These formulas enabled us to develop an optimal bi-criteria algorithm under the ideal power
consumption model.

Moving to a more realistic model with start-up overheads, we were able to prove that our
approach provides an asymptotically optimal solution. We hope that our results will provide
a sound theoretical basis for forthcoming studies.

As future work, it would be interesting to address sophisticated models with frequency
switching costs, which we expect to lead to NP-hard optimization problems, and then look
for some approximation algorithms.
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