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SHARP DECAY ESTIMATES AND VANISHING VISCOSITY
FOR DIFFUSIVE HAMILTON-JACOBI EQUATIONS

SAID BENACHOUR, MATANIA BEN-ARTZI, AND PHILIPPE LAURENCOT

ABSTRACT. Sharp temporal decay estimates are established for the gradi-
ent and time derivative of solutions to the Hamilton-Jacobi equation Oive +
H(|Vgve]) = € Ave in RN x (0,00), the parameter ¢ being either positive or
zero. Special care is given to the dependence of the estimates on €. As a
by-product, we obtain convergence of the sequence (ve) as € — 0 to a viscosity
solution, the initial condition being only continuous and either bounded or
non-negative. The main requirement on H is that it grows superlinearly or
sublinearly at infinity, including in particular H(r) = r? for r € [0,00) and
p € (0,00), p # 1.

1. Introduction

The purpose of this paper is to derive temporal decay estimates for the gradient
and the time derivative of viscosity solutions to the Hamilton-Jacobi equation

(1.1) o+ H(|Vev]) = 0, (z,t) € RN x (0, 00),

(1.2) v(z,0) = ¢(x), r e RN,

and its diffusive counterpart

(1.3)  Owe —eAv. + H(|Vve|) = 0, (z,t) € RY x (0,00), >0,
(1.4) ve(2,0) = @(z), xRN,

under suitable assumptions on the Hamiltonian function H and for initial data ¢
which are continuous but not necessarily uniformly continuous (and in some cases
not even bounded). The main feature of our analysis is that we carefully trace
the dependence on the “viscosity” parameter € in the estimates of the space-time
gradients of v.. We obtain estimates which do not deteriorate as ¢ — 0 and thus
reflect the regularizing effect of the nonlinear term H(|Vv.|). As a by-product of our
analysis, we may perform the limit ¢ — 0 (the so-called vanishing viscosity limit)
and show the convergence of the solutions v, to the nonlinear parabolic equation
(IL3)-(L4) without requiring much on the initial condition (besides continuity and
either boundedness or only non-negativity). The limiting solutions we obtain are
“viscosity solutions” in the sense of Crandall & Lions [@], and we refer to [E, ﬂ,
I3, [(§] for extensive discussions of these solutions and to [[J, Chapter 10] for the
connection between viscosity solutions and the “vanishing viscosity” approach.
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The main tool in this work consists of uniform (with respect to ¢) estimates
of the (space-time) gradient of v.. These estimates enable us to treat the more
general initial data ¢ as mentioned above. Roughly speaking, the main requirement
placed on our Hamiltonian function H = H(r), 0 < r < oo, is that it grows

either “superlinearly” or “sublinearly” as r — oo. More precisely, the basic set of
assumptions ([L.5)-([.6) on H is the following.

e H is continuous nonnegative on [0,00) and H(0)=0.
In addition, H is locally Lipschitz continuous on (0, c0).

e There exists a family of nonnegative smooth functions

(1.5) {®,}y>0 defined in [0,00) such that
(1) ®,(0)=0 forall n>0.
(i) P, (r?) — H(r), uniformly in compact intervals of [0, c0).
n—0

Definition 1.1. Consider the family of functions {©y}n>0 defined by
O, (1) = 2r®] (1) — @, (1), (r,n) € [0,00) x (0,00).

Let p € (0,1) U (1,00). We say that H satisfies the p-condition if there exist
>0, a>0, b>0, such that, for r > 0 and sufficiently small n > 0,

{@ O,(r) > arf —bif?, if pe(1,00),

(i) Oy(r) < —ark +byY, if pe(0,1).
Our third basic assumption is

(1.6) For some p € (0,1) U (1,00), H satisfies the p-condition.
As we show in Appendix @ to this paper, the prototypical example

(1.7) H(r)y=r?, pe(0,1)U(1,00),

satisfies the above assumptions with @, (r) = (r + n?)% —nP . In fact, the same
argument shows that one can take

(1.8) H(r)= Z,ukrp’“, pi >0,
k=1

where either {p1,...,pm} € (0,1)™, or {p1,...,pm} € (1,00)™.
We can easily extend further this special case, as shown by the following example.

Proposition 1.2. Let p > 1 and let G be a smooth function supported in [rg,o0)
for some ro > 0. Assume that for some ¢ > p and X\ > 0 we have

i <_G(r)> >Ari72 > .

dr T

Then the function H :r+—— rP +G(r) satisfies all the assumptions (E)-(E) In
particular, we can take G(r) = (r — o).

Proof. 1t suffices, by the above remarks, to consider only the part of G. By taking
P, (r?) = G(r) we get

O, (r) = 2@, (r) — ®y(r) = VIG'(VT) = G(/7) 2 AWP)T > A g 7k
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O

From now on, we assume that all special Hamiltonians H satisfy a p-condition for
some p € (0,1)U(1,00). Our initial function ¢ is assumed only to be bounded from
below and can be taken in C(RY), the space of real-valued continuous functions
on RV if 1 < p < oo whereas, if 0 < p < 1, it is taken in Cy(RY), the space of
bounded continuous functions .

Under these conditions we obtain the existence and uniqueness of a solution to
(L)-(d) in RN x [0, 00) in Theorems B.1] and B.3, provided a suitable comparison
principle is available in the following sense.

Definition 1.3. (a) We say that Equation (L) satisfies the (discontinuous)
comparison principle if the following condition holds: Let vi € USC(RYN x
(0,00)) (resp. w2 € LSC(RN x (0,00))) be a viscosity subsolution (resp. su-
persolution) of (L)). Assume that vi(z,0) < vo(z,0) for x € RN and that
infry y(0,00) V2 > —00. Then vy < vy in RY x (0, 00).

(b) We say that Equation ([L1) satisfies the comparison principle in Cy(RY)
if the following condition holds: Let vy € Cp(RY x (0,00)) (resp. vy € Cp(RYN x
(0,00))) be a wviscosity subsolution (resp. supersolution) of ([L.1)). Assume that
v1(2,0) < va(x,0) for x € RN, Then vy < vy in RY x (0,00).

Here, USC(RY x (0,00)) and LSC(RY x (0, 00)) denote the space of upper and
lower semicontinuous functions in R x (0, c0), respectively. We refer to [E] for
conditions that imply the (discontinuous) comparison principle. For instance, if H
is convex, Equation ([L.1]) satisfies the (discontinuous) comparison principle. This
applies in particular to H(&) = |¢JP for p > 1. Concerning the case H (&) = |¢|P for
p € (0,1), Equation ([L.1)) satisfies the comparison principle in Cy,(RN) as recalled
in Appendix Q [E]

While the comparison principle seems to be the most effective tool in the study
of uniqueness (for equations of the type considered here) we mention the proof in
concerning the uniqueness of the solution obtained by the Lax-Hopf formula.

2. Notation

Throughout the paper, we shall make use of the following standard functional
notation.

The space C?1(RY x (0,00)) is the space of all functions v = u(z,t) which are
twice continuously differentiable with respect to z € RY and once with respect to
t € (0,00).

The space C? (R™) is the space of all twice continuously differentiable functions
f such that all their derivatives up to second order are bounded (i.e., in Cj,(RY)).

The space W1>°(R¥) is the space of functions having uniformly bounded (dis-
tributional) first order derivatives (i.e., using Rademacher’s theorem, uniformly
Lipschitz continuous functions).

The norm in L4(RY) is denoted by || - ||, ¢ € [1,00].

3. Results

The existence and uniqueness results for solutions to )-) are recalled
in Proposition @ below. When the initial function is bounded, these solutions
converge to a viscosity solution to (@)—(E), as expressed in the following theorem.
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Theorem 3.1. Let p € (0,00), p # 1, and let ¢ € Cp(RY). Assume that H
satisfies the hypotheses (LF) and (L) and that Equation (1)) satisfies the com-
parison principle in C,(RY) (cf. Definition (b)). Assume also that H satisfies

the growth condition
(3.1) H(r) < H(r) i= gir (r™ +7), 0<7r <00, 0< koo < o,

where gg > 0 s a constant. Then the solutions v. to )—(@) converge as
e — 0 towards the unique (viscosity) solution v to @)— 1.4), uniformly in every
compact subset of RN x (0,00). The function v is differentiable a.e. in RN x (0,00)
and satisfies (@) at any point of differentiability. Furthermore, we have, for a.e.
(z,t) € RN x (0, 00),

z 1

(32) Vav(z, )| < Apllelso (at) ™7,
(3.3) 0> Ow(x,t) > —L t7*+,
where A\p =1 ifp>1 and \p, = (2/p)% ifp <1,

o if  0<t<l,

p

M =
Koo

T2 1<t< oo,
P

and v .
L=gu {@NlIellea™) ™ + X llelloca™) 7 |

As our aim in this paper is to derive estimates for the solutions v. to ([L.3)-([.4)
(almost) independent of ¢, the estimate (B.J) is obtained by passing to the limit
as ¢ — 0 in an analogous estimate for v. (see Proposition @ below). However,
an alternative and simpler proof (with a slightly better constant than L) relies on
(B-1), B2), and the fact that v solves (L1)-(L.9) almost everywhere. Indeed, we
infer from these properties that

v —H(|Vav]) = =g ([Veo|™ +[Va0[™)
o Koo

—gn {(8lella™)” + (Wliglloca™) 7} 7,
the parameter p being defined in Theorem @ A further comment in that direction
is that the vanishing viscosity approach used here (and already used in [[L{]) is not
the only route towards gradient or time derivative estimates, see, e.g., [E, , [L7, B]

Remark 3.2. IfH(r) = rP forp > 1, we have koo = ko = p and (B.3) indicates that
O > —C/t for t > 1 for some positive constant C' depending on N, p and ||¢||co-
It gives a temporal decay rate for large times of the same order as that obtained
in [] where the inequality dv > —v/((p — 1)t) (in the sense of distributions) is
established by using the homogeneity of the Hamiltonian H.

Y

We now turn to the case where the initial function ¢ is continuous but not neces-
sarily bounded. Thus, in contrast to the previous theorem , where the positivity of
 was not essential (as ¢ could be replaced by ¢ + ¢), the positivity assumption (or
rather the requirement that ¢ be bounded from below) in the following theorem is
essential. Also, we need to impose an additional growth assumption on H, namely
that H fulfills the p-condition ([L.4) with p > 1.
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Theorem 3.3. Let 0 < ¢ € C(RY) and assume that H satisfies the hypothe-
ses ([L3) and (L.G) with p > 1, together with B.1). Assume also that Equation ([L1))
satisfies the (discontinuous) comparison principle (cf. Definition (a)). Then
the solutions v. to (|I.4 —@ converge as € — 0 towards the unique (viscosity)
solution v to )— 1.2), uniformly in every compact subset of RN x (0,00). The
function v belongs to VVllocoo(RN x (0,00)) and satisfies ([I.4) as well as (B.9), (B-3)
for a.e. (z,t) € RN x (0,00).

Remark 3.4. When dealing with the Hamilton-Jacobi equation (@) 1t seems un-
avoidable (as is the case in the references cited in this paper) to have a rather long
list of assumptions on the Hamiltonian H. Furthermore, some results depend only
on partial lists of the assumptions, in addition to the interplay between the degree
of generality assumed on the initial data (and solutions) and the corresponding as-
sumptions. We therefore emphasize that Theorem @ is applicable to the case of
sums of powers as in (.g), while Theorem [3.4 is applicable to the case (L.§) when

{pla ---apm} € (17 oo)m.

Remark 3.5. Using a condition similar to our assumption ([.§) Lions [[Id, Sec-
tion IV] obtains viscosity solutions for bounded, lower semicontinuous initial data.

4. The viscous Hamilton-Jacobi equation
We first draw useful consequences of ([.) and (B.1]) on H.

Lemma 4.1. Assume that H fulfills ([.5) and (L.4). Then
a

lp—1]
If H also satisfies (@) then Koo < p < Ko.

(4.1) H(r) >

rP. r>0.

Proof. Assume first that p > 1 in ([.§). Then, if » > 0, § € (0,7), s € (4,7) and
n > 0, we infer from ([L.) that

i ((I)U(S2)) — 977(32) >q Sp—2 _ bn'y 8_2_

ds s 52

Integrating over (§,r) with respect to s gives
D, (r?) _ ®,(6%) a . 1 11
> p—1 _ §p Y (= — =
r 4 * p—1 (r ) +on r &)’
whence, after letting 7 — 0 and using the nonnegativity of H,
H(r) _ H(9) a -1 -1 -1 -1
> p—1 _ §p > % (pp=1 _ gp—1Y
r — 0 +p—1 (T )_pfl (r )
Passing to the limit as § — 0 gives @I) The proof is similar for p € (0,1) except
than one integrates over (r, A) for A > r and then let A — cc.

Next, if H also satisfies (@), the claimed constraints on xg and ko, readily
follow from (f.1)) by looking at the behavior for small r and large . O

a

We next recall the basic existence and uniqueness theorem for regular initial
data [ﬂ] In fact, the result there refers to the special case (E) However the same
method of proof can be used in order to obtain the following proposition [EI]
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Proposition 4.2. Let 0 < ¢ € CZ(RY) and H satisfy (L3). Then the Cauchy
problem (.3)-(14]) has a unique global solution v. such that

(1) ve € C>L(RY x [0, 00)),
(2) 0<ve(z,t) < lpllos,  (x,8) € RN x (0, 00),

(3) IVave( )0 < IVatplloo 5 t>0.

Observe that the assumption 0 < ¢ entails no loss of generality as ¢ can be
replaced by ¢ + ||¢||es without changing the equation. Proposition [L.9 is actually
valid assuming only the first property in ([L.3).

A remarkable fact (which is crucial in our study) concerning the solution v, is
that its gradient can be estimated independently of € while only a mild dependence
on ¢ shows up for its time derivative. Such estimates are obtained by the “Bern-
stein method” [, namely, using the comparison principle for a certain function of
Vave or Ozve. The estimates needed in this paper are gathered in the following
proposition.

Proposition 4.3. Let p # 1 and 0 < p € CZ(RY). Assume that H satisfies the

hypotheses ([LA) and (L.6). Then the solution v. to (1.3)-(L.4) satisfies, with p as
in (L9),

1 .
(4.2) [Vave(,t)lloo < Apllollée (at)™>  ¢>0,
where \p =1 ifp>1 and A\, = (2/p)% ifp<1.

In addition, if p > 1,
(4.3) Hvz (vsp) (-,t)H <pptTF o, t>0,

where p, = (p — 1)a7%/p.
For the time derivatives, the following estimates hold. First, for 0 < € < &y,
where €g depends only on p and N,
p+1 1 1 p+2
(4.4) Oe(z,t) <25 NN, |lolll a™v g2 ¢ 2
for (z,t) € RY x (0,00).
Next, assume in addition that (@) is satisfied. Then, for all 0 < & < &g,

p+1 1 1 p+2
(4.5) Oe(m,t) > —Lt " —2"5 N\, ok a=v e? t 2
for (x,t) € RY x (0,00), the constants i and L being defined in Theorem @

An estimate similar to (f.d) was obtained by Lions [1J, Section I but with a
dependence upon & which vanishes in the limit ¢ — 0. The estimate () (for the
special case (E)) was first derived in [ﬂ], and we follow it rather closely. Let us
emphasize here that it is not only independent on ¢ but also on the initial data, a
property we shall use in the proof of Theorem @ The estimate (@) for the case
p < 1 (again for the special form ([.7)) was first derived in [I4]. However our proof
seems to be simpler. The estimates derived here for the time derivatives generalize
estimates obtained in [B] for the special case ([l.7). In this latter case we have
Ko = Koo = P, hence pu = 1.
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Remark 4.4. Remark that the estimates for the time derivative of ve are much
more complicated (and depend explicitly on the behavior of H at r =0 and r = 0o
as reflected in the additional assumption @)) Such estimates are needed in
order to ensure the convergence of the solution v. to (L3)-(L4) (as e — 0) in
VVllocOo (RN x (0,00)) to a viscosity solution of ([LA)-(L.2). In fact, in Appendiz [B
(see also Remark m) we show that the equicontinuity in t of the family {v€}€>0
can be obtained without the additional requirement (@) It follows, in view of
the stability result for viscosity solutions (see, e.g., [E, Théoreme 2.3] or L0}, The-
orem 1.4]) that the limit function is a viscosity solution to (LI)-(L.9). However,
without the uniform boundedness in VVllo’oo(RN x (0,00)) it is not possible to show

C

that the limiting solution is differentiable a.e. and hence satisfies (L)) a.e. (see
[L3, Section 10.1]).

Proof of Proposition E Observe that we can assume without loss of generality
that v. > ¢, where ¢ > 0 is arbitrary, by adding ¢ to ¢ , provided the estimates do
not, depend on c.

We take the regularized function ®,, as in (L3) and consider the solution v7 to
the modified equation

(46) Ol — Al +0,(VeI?) = 0, (a,t) € RY x (0,0),

(4.7) v (z,0) = ¢(z), r e RN

for € > 0 and 1 > 0. Inspecting the proof in [m] we see that the solution v7 exists
globally , belongs to CZ(RY) for all + > 0 and satisfies v7 > ¢. In addition, it is

smooth for ¢ > 0 and we can differentiate it as many times as needed. Also, as
n—0,

(v, V) — (ve, Vi) uniformly in compact subsets of RY x (0, 00).

It therefore suffices to prove the estimates in Proposition @ for vf, provided
these estimates are independent of the positive constants 1 and ¢. In what follows
we simplify the notation by referring to v7 as V.

We now consider a strictly monotone smooth function f and define the functions
u and w by

(4.8) u=f"YV) and w=|Vu*

Clearly v and w both belong to C*°(RY x (0,00)) and their first derivatives in x
and ¢ are uniformly bounded and continuous in RY x [0, 00). From (f.§) we obtain
that u solves

I (u) {(%u —eAu — sf”(u)

f'(w)

VP e (f’<u>2|w|2>} 0.

frw) "
so that

(49)  dw =2Vu- Vou
2V - {5 {A(Vu) +v (f”(“)wﬂ v { ! @n(f'(u)Qw)]}

f(u) f'(u)
= 2eVu- U () w € f—” / u)w?
= 2V [A(V )+f,(u>v ]+2 (f,) (u)
+ 2f (w) @n(f/(u)Qw)w—2@%(f/(u)2w) [f' () V- Vw + 2f" (w)w?] .

f'(u)?
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Define the operator

Lz =z —eAz+ 20 (f'(u)?|Vul®) f'(u)Vu - Vz — 2 flll((zj)) Vu-Vz.

Noting that
N N

(4.10) Aw=2 3"3"18,,8,,ul* + 2Vu- V(Au) > 2Vu- V(Au),
j=1k=1

we deduce from ([L.9) that

(4.11) Lw

IN

My 2 [’ 100\2
2e <?) (u) w* + 2(f’)2 (W)@ (f'(u)*w)w

2
=40, (' (u) w) f" (w)w
f// / ) f// )
= 2 (%) (u) w®—2 u) 0, (f (u)*w)w,
(%) @ 2w 07 w2
where ©,, is defined in Definition EI
We now specify the function f and begin with the case p > 1. We choose

(4.12) fory=r71, >0,
so that )
f//) 2 9 f// 1  p
-2 = r)=——r >0 and ——=(r)=—r" »-1.
(f’ ) p—1 (WV() p
Inserting these estimates in (4.11]) we get
2 P
Lw+ =u" 710, (f (u)’w)w < 0.
p

Owing to Definition (i) we further obtain

2 p p

Lw+ Z“u~ 71 [af'(u)puﬁ - bn”} w < 0,
p
1
and finally, inserting f'(r) = pr»-1 /(p — 1), we obtain
2 Pt s 2b v
(4.13) Lw+ —— (L) aw'™ < Tty 1w,
p—1\p-1 p
Note that v 71 = V1 < ¢!, so that () yields, if we take 2bn? < pe,
2 Lo

(4.14) Lw 4+ —2 <L) W't < niw.

p—1\p—1
Now consider the function h,(t) = Knt_%, where K, > 0 is a constant to be

determined. We require h,, to be a supersolution (in some time interval) to (}.14),

namely, X
2a P \
Lhy+ —— | —— h
"+p1(p1) !

This condition is satisfied in 0 < ¢t < n~ 7, if

2 2a P p—1 1+2 5
K P ) gt ik
P 77+p1(p1) n n m

[NIS]

= U%hn-
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p—1)\?
()
The comparison principle now implies that w(z,t) < h,(t) for z € RN and 0 < t <
n~ 7. Consequently,

or

(4.15) Kn:(1+_ z)

iSAIN

2a

p— 1 o 2b o4
4.16 v v"Tl W) §K2t7%, O<t<n 2, 0<=—n% <ec
e - n »

In addition, combining (f.16) with the bound v? < ||¢||e + ¢ gives
(4.17)

1
K? 2b
|\w2<.,t>||oo<fj L (el +0)7 t7%,  0<t<y i, 0< i <e

These estimates are independent of € > 0, and by letting  — 0, and then ¢ — 0,
we obtain (f.3) and ({.3) in the case p > 1.

We now turn to the case 0 < p < 1. Our starting point is again the inequal-
ity (J.11)) with the same function @, but with a different choice of the function f.
More precisely, instead of (), we take

(4.18) 7r) =207 + lplloo — 57
Then
f// B 2 f// B 7i
(f’> (r) = = >0 and (f’)Q(T) =

Inserting these estimates in (4.11]) we get

wa )2w)w <0,

Oy (f' (u
so that in conjunction with Deﬁmtlon Ell (ii) we obtain
Jr

2bn7
2

(M)

Low + 2auP 2w <

u
Taking 0 < ¢ < n? the maximum principle (for V' = v77) implies that
1

(4.19) 0t < gu® < 27 ¢l

This estimate provides an upper bound for the right-hand side of the above inequal-
ity and leads us to

(4.20) Lw + 2auP 2w TE < bpFw.
Also by (), since p — 2 < 0,

w2 > [220% + Jlell)| T

p—2

so that ([1.2d) yields
(4.21) Lw+25a(2n? + ||plle) 7 w'tE < bpFw.

As above, we now try a supersolution to (.21)) of the form h,(t) = K,t~» (in a
certain time interval). We therefore need

2 _ P
=+ 282 + lllo) 7 K2 > by,
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~

hence for 0 <t < n~7 we can take
2
2+bp77% P 5 2-p
K= (22 (2 +lell) 7
2z2ap

The comparison principle then entails that w(x,t) < an% for x € RY and 0 <

t <n~ 7. Using (f.18) and ([£19) we conclude that
2+ bpnt
pa
for 0 <t <n % and 0 < ¢ < 2. This estimate is independent of ¢ > 0. Letting

1
¢ — 0 and then n — 0 we obtain ({.) for 0 < p < 1 with A, = (2/p)”

VU2 () lloo < fluls t)lool[Vul, D)oo < ( ) 207 + llellc) 7t ™™

We next turn to the proof of (f.4) and ([.g). We still work with the modified
equation (@) and simplify as before the notation by setting v = V. We follow the
idea of proof in , Lemma 10].

Let M > 0 and 9 > 0 be positive constants (to be specified later) and define
I'=M+N (|[Ve|2 — |VV]?) /(4M) and w = (6 &,V —9) /T for & € {—1,1}.
From ([L.6) we get readily

w eATw) 2 9
= ——0,I - = -V (T
which we can rewrite as
N w
where

B = 25VF - 29 ([VV[) vV

is a bounded continuous function and
A=08,(|VV]) —eA(IVV]?) +29, ([VV|*) VV -V (IVV]?).
Recalling that (cf. (f.10))

N N
A(IVVP) =2VV - V(AV) +2) > (0:,0.,V)°
j=1k=1
and
0 (|VV[?) = 2eVV - V(AV) 4 2@, ([VV[*) VV -V ([VV[)) =0
by ([(.9) (with f(r) = so that u = V), we obtain

N N
A=2eVV-V(AV) = A (IVV[) = =22 > (0,02, V)",
j=1 k=1
Then ([{.29) reads
Ne w &
2] —
ow —eAw — B - V’w+m f ZZ(@I]asz) =0
j=1k=1
or 5 w e w 5
w—ecAw—B-Vwo+— A4 —+— = |[AV|"=0

2M I 2M 7T
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with
N

N
=N D> (0:,0,V) = |AV[ >0
j=1k=1
by the Cauchy-Schwarz inequality. Noting that

1
AVP = 5 (ul +9 45, ((VV]))°

by @) and introducing the differential operator

1
Mz = Oz—eAz—B-Vz+ W ZBJFFE (19+5 o, (|VV|2)) 22
9+35 @, (IVV]2))?
+ ° Al + ( 1 (| | )) zZ,
2MT g2
we realize that w solves
(4.23) Mw=0 in RN x(0,00).
We first take 6 = —1 and
d= sup  {®,(r?)}
r€[0,[[ Ve ]

in the definition of w. As I' > M, we infer from the nonnegativity of A;, ¥, ®,, and
Proposition [I.9 (3) that W (t) = (¢/t)? satisfies
VE s
W>——1t"2
MW = 2 + 2M€

Therefore W is a supersolution to () and the comparison principle entails that
w < W in RY x (0,00). Consequently,

oV - s (w0 < () o< (e iva) (5)°

ref0,IVell t

WA(t) =

Choosing M = ||V¢||s, we end up with

(4.24) OV(z,t)=— sup  {Py(r )}*— Vel

N +4 (_)%
€0, Vel o]

We next take 6 = 1 and ¥ = 0 in the definition of w. As above, it follows from
the nonnegativity of A; and ®, and the bound I' > M that the function W satisfies
MW > 0in RV x (0,00), whence w < W by the comparison principle. Therefore,

£\ 2
o < 3+ 17 1901%) (5)".
and the choice M = ||Vp||oo gives

1

Vel ()"

We then pass to the limit as n — 0 and infer from ([l.§) and the convergence of
(v?), towards v. that
1
(5)
t

(4.25) OV (1) < N4

N +4 2
— s {HE)} - —— Vel (5)7 <Ot <
re[0,[IVel ]
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for (z,t) € RN x (0,00). We finally use (B.1)) to conclude that

V

. won N +4 3
Owe(et) = —gu (IVels +1Vel%) - —— Vel (7)

Dy (2.1) N+4 (_)%

IN

— Vel

for (z,t) € RY x (0, 00). But, since (J.g) is an autonomous equation, we also have

et > e (e ) e ()
2 oo 2 oo
G ()
2 )l \ %
N 44 ¢ 2\ 2
< = Z -
ety < 2 o (3)](F)

for (x,t) € RY x (0,00). Inserting (f.9) in the above estimates and using that
N +4 < 4V/2N complete the proof of (.4) and (7). O

As already mentioned, in the particular case where H is given by (B), we have
KO0 = Koo = P, and thus u = 1. We can then derive a better estimate for the time
derivative, using a scaling argument as follows.

Corollary 4.5. Let H be of the special form (|L ) Then for every p > 0 there exists
a constant C > 0, depending only on p, N, ||g0||oo,p such that, for all 0 < e < gq,

(SC,t)E]RNX(p,OO), ? )U(]"2]5

- 0,1
(4.26)  |Opve(w,t)| < O, {(m,t) eRN x (0,p), pe€[2,00).

Proof. Note that v. satisfies, in view of ([L.4)-([.F), the estimate
10¢ve (-, ) |loo < o, 0 < e < eo,
where ¢ is independent of €. Define the function
V(y, ) = ve(rPy, ro7), (y,7) € RN x (0,00), 7> 0.
It satisfies the equation (using the special form of H)
0,V (y,7) + PV (y,7)|P = er® 2P AV (y, 7).

Assume first that 0 < p < 2 and take « = 1, = p~ ' and 7 > 1. Then er® 2 <

€ < €9 hence
HaTV('aP)HOO < co,

and turning back to v, with ¢ = rp we obtain ([.26) for 0 < p < 2. In the case
p > 2 we repeat the same argument, but with r < 1. (I

In view of the fact that only ||¢||e appears in the estimates , we can follow the
methodology of [B] and extend the result of Proposition @ as follows.

Corollary 4.6. Let 0 < ¢ € Cy(RYN), and let H satisfy the hypotheses (@)
and (L6). Then (1.3)-{14) has a unique global solution v. such that

(i) ve € C2HRY x (0,00)) N C(RY x [0, 00)),

(i) 0 < ve(z,t) < [|lolloc, (z,t) € RN x (0,00),
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(iii) ve satisfies in RY x (0,00) all the estimates of Proposition .9, the estimate
([£3) being only true if H fulfills the additional assumption (B.1)).
In addition, if ¢ € WH(RY), then
[Vave(, t)lloe < Vel t>0.

Remark 4.7. In contrast to the rather involved proof of ([4)-([.3), it is quite
easy to show that v. belongs to C([0,00), L>(RN)) (and is in fact Hélder contin-
uous with respect to time, see Proposition @ in Appendiz |§ below). Such an
estimate is sufficient for proving the uniform convergence (in compact subsets) of
a subsequence {ve, };>1 (as €5 — 0), when the estimate ([£.2) is known, using the
Arzela-Ascoli theorem. It follows, in view of the stability result for viscosity solu-
tions [, Théoréme 2.3] that the limit function is a viscosity solution to ([L.1)-([.2).

5. Proof of Theorem @

Consider 0 < ¢ € Cy(RY) and let v. be the solution to (%B) given in
Corollary @ In view of Proposition @ (2), (@) and (@)—( ), the family
{ve}ee(0,0) 18 uniformly bounded in RV x (0, 00) and also bounded in I/Vlloc00 (RN x
(0,00)). It follows that there exist a subsequence {v,}, €; — 0 and a function
v € Cy(RN x (0,00)) N W5 (RN x (0,00)) such that

(5.1) Pl uniformly in every compact subset of R x (0,00).
i
The differentiability (a.e. in RY x (0,00)) and the inequalities (%, (B-3) now
follow from Rademacher’s theorem [[LJ, Chapter 5] and Proposition {.3.

The limit function v satisfies ([L.1)) a.e. in RY x (0, 00). Indeed, the convergence
(6.1) implies, as in %Chapter 10], that v is a “viscosity solution” to ([.1)) and
therefore it satisfies ([L.1]) at any point where it is differentiable.

Next, we need to show that v attains the assigned initial condition ([l.9). In
view of ([L.1]) and the nonnegativity of H we have div < 0 a.e. in RY x (0, 00),
whence v(z,t,) < v(z,t2) for x € RY and t3 > t; > 0 owing to the continuity of v
in RY x (0,00). Recalling that 0 < v, < [|¢||oe by Proposition [£. (2), the function

(5.2) vo(x) = supv(z,t) = limv(x,t) € [0, |©] o)
t>0 t—0

is thus well-defined and satisfies
0<wvo(x) <ll¢|lo for ze€ RY.

We now identify vo. Assume first that ¢ € C5°(RY) (it actually suffices to
assume ¢ € WL(RM)) and consider ¢ > 0. Then, multiplying ([.3) by any
Y € C°(RY) and integrating over RY x (0,t), we get

R e

RN

< etllellollAg ()]

+ i max - H(s),
0<s<[ Vel

where we have used the estimates in Proposition .d. Letting ¢ = gj and j — o0
we obtain

<t|¢ll _ max ~ H(s)
0<s<[Vello

[ @ tu@d - [ o

RN
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which yields, by taking ¢ | 0
(5.3) vo(z) = p(x),if ¢ € CFRY).
Coming back to the general case ¢ € Cy(RY) we consider 0 < ¢ € C§°(RY) and

t > 0. Multiplying () by v, integrating over RV x (0,¢) and using the positivity
of H we get

[ vt twwie < [ ot +e [ [ e sdvss

which yields, by taking the sequence € = ¢; and letting j — oo,
[ o ov@is < [ el
RN RN
It follows that, by taking the limit ¢ | O

(5.4) vo(z) < p(x), for a.e. xRV,

To prove the opposite inequality, we first observe that, if ¢(xg) = 0 for some
2o € RN, then vo(z0) = 0 by (b.4). Next, let zo € RN be such that ¢(z0) > 0. For
n > 0 sufficiently small let

B" = By (x0) = {x € RY, [z —w0| < (1)}
be a ball such that
p(z) = (L =n)p(zo), e B
Consider now 0 < 9, € C§°(B") such that ¢,(z) < (1 — n)ep(zo) with equality
at = xo. Let ¥, denote the solution to ([L.1f) (constructed as above), with initial

condition t,,. By the comparison principle for viscosity solutions we have ¥, (z,t) <
v(z,t) for (z,t) € RN x (0,00). However, in view of (f.J) it follows that

U, (z,t) —— ¥y(x), r e RN
t—0t
so that by the previous inequality ¢, (z) < vo(x) for a.e. x € RN, If now zg is

a Lebesgue point of vg, the last inequality implies that (1 — n)e(zo) = ¥y, (z0) <
vo(xo), and by sending 7 to 0 we get for such a point ¢(zg) < vo(xo). Thus, finally

o(x) < wvo(x) for a.e. 2 € RN,

Combining this inequality with (5.4) we get ¢(z) = vo(z) for € RY. Finally, as
¢ € C(RY), the time monotonicity of v and the Dini theorem warrant that

v(x,t) — o(x) uniformly in compact subsets of R,
t—0

The uniqueness of the solution follows from the fact that Equation ([L.1]) satisfies
the comparison principle in Cy(R™).

6. Proof of Theorem E

We begin by noting that since ¢ is only assumed to be continuous (but not
necessarily bounded), we cannot invoke Corollary @ . The existence of a solution
Ve to (B)-(B) is therefore not guaranteed and must be addressed as a first step
towards the study of a “vanishing viscosity solution”.

For any integer n > 1 we set

Pn = min{(pa n} € Cb(RN)a
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and let v.,, be the solution to ([L.3) subject to the initial condition ., (x,0) =
©n(x). In view of Corollary [£.§

Ven € 02’1(RN x (0,00)) N C(RN x [0, 00)),

Oév&n(z’t) S H<Pn||007 (SC,t) ERN X (0,00),
and the estimate ([1.3) is satisfied. Moreover, by Theorem B.] we have for any fixed
n)

Ven ——— Von,s uniformly in every compact subset of RN x (0, 00),

e—

where the limit function vg , is differentiable a.e. in RY x (0, 00) with vg (., 0) = ¢,
and satisfies (B) at any point of differentiability.

Next we show that the family {v. ,, }n>1 is uniformly bounded in every compact
subset of RN x (0, 00). To this end we follow [J] and state the following lemma.

Lemma 6.1. Let z € C>' (RN x (0,00)) be any classical solution to ([.3) for some
e € (0,1). Assume that H satisfies the assumptions ([.§) and (L.4) with p > 1.
Then, for anyt > s> 0 and all y € RN and R > 0,

(6.1) / 2(z, t)dx < / 2(z,8)dx + C(t — s)RN (1 + R™7°1),
Br(y) Bar(y)
where B.(y) = {x € RN, |z —y| <r}, and C > 0 depends only on N, p and a

(but, in particular, not on €).

The proof of the lemma is given at the end of this section.

We now continue with the proof of Theorem . In what follows we use C' > 0 to
denote various constants depending only on p, N and a unless explicit dependence
on other parameters is indicated.

Let ¢t > 0. In view of (@) we have, for any z,y € RV,

p—1

p—1 _1
'Ua,n(yat)pp S'Ua,n(-rat) P+ pupt P|.T—y|,

hence, since p > 1,
U‘Ev"(%t) <C [Ue,n(xat) + tifilu — y|p7£1} .

Integrating this inequality over Br(y) with respect to & we get

/ ’Usv”(y7t)dz <C / Us,n(xvt>dz + t_ﬁ / |$|ﬁdas‘| .
Br(y) Br(y) Br(0)

We now invoke the estimate (f.1) for z = v, and s = 0 (which is possible since
Ve.p 1S continuous at s = 0) in the right-hand side of the last inequality.

Us,n(yat) < CR™N

/ on(x)dz + tRN (1+R—%) +¢ T RNt
Bar(y)

IN

C RfN/ gp(z)dz+t(1+R_#)+t_ﬁRﬁ
Bar(y)

It follows that in any cylinder Q@ = Bgr(0) X (t1,t2), t2 > t1 > 0,
||'U8,n||L°°(Q) S C(Ra tl,tQ,(P), n Z 1;
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and, in view of (.J),

|Vavenll L) < ppﬁpl ||vs,n||%oo(Q)t1_% < O(R,t1,t2,9), n>1.
In view of Theorem @ we have, by passing to the limit € — 0
(6.2) 0o, + H(|Vyvonl) =0, for a.e. (z,t) € RN x (0, 00)
The last two estimates and (.9) yield
(6.3) [vo,nllwies (@) < C(R,t1,t2, 0), n > 1.
Using a diagonal process, we obtain a subsequence (n;);>1 such that
Vo, ﬁ—m> v, uniformly in every compact subset of RY x (0, c0),

where the limit function v € VVllocoo (RN x (0,00)) satisfies (B.9), hence is differen-
tiable a.e. in RY x (0, c0).

We now use the stability result for viscosity solutions [E, Théoréme 2.3] in order
to obtain the fact that v is indeed a viscosity solution to ([L.1)), satisfying ([L.1) a.e.
in RY x (0, 00).

Finally, the proof that

v(x,t) — o(x), uniformly in every compact subset of RY
t—0

follows essentially the same reasoning as the corresponding proof in the case of
Theorem B.1|. As in the case of Theorem B.1], the uniqueness assertion follows from
the fact that Equation (D) satisfies the (discontinuous) comparison principle. This
concludes the proof of the theorem.

Proof of Lemma . Let £ € C5°(RY) such that 0 < ¢ <1 and k an integer such
that k > p/(p — 1). Multiplying (.J) by ¢* and integrating over RV we get

d

G | @t + /RN«E(:E)’“H(Wz(x,t)Ddx

= —¢ V(E(x)*) - Vz(z, t)da.
RN
We now use Young’s inequality to estimate the right-hand side,

/ V(E(x)*) - Va(z, t)de
RN

S z))*|Vz(z, t)|Pdx
< [ @) Vst

p(p—1

b1 e )’*ANg<x>ﬁ|v<e<x>k>|ﬂdx,

D p—1

so that by (1) we get
& [ @t < P2 () T [ ) e P,

By the choice of k& and ¢ the first integral in the right-hand side is

@ V@I = K5 ) v P
RN

RN

IN

wt [ ve) P
RN
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so that

d & p—1
pn RNf (2)z(z,t)dx < T (

a

= 1)_p_11 i [ e + Vel ] da

Let ¢ € C5°(RY) be such that 0 < ¢ <1 and ¥(x) =1 (resp. ¥(z) = 0) if |z| < 1
(resp. |z| > 2). Taking &(x) = ¥((z — y)/R) in the last estimate and integrating
from s to t we obtain (B.1)). O

APPENDIX A. THE CASE H(r) =r?

In this Appendix we establish (@) for the special case H(r) = rP, where p €
(0,00), p# 1. Here we set

(A1) By(r) = (r+m°)% =0 . re0,00)
so that by Definition E
0,(r) = (p=V)(r +n°)2 —pP(r +°)2 " + 17,
Assume first that 1 < p < 2. Using
(A2) 0,(r) = (p=1)(r+n*)% —(p— " = (p— Vlrs — 7],

Definition [L.1] (i) is established with a =b=p — 1 and v = p.
Consider next the case p > 2. Instead of (A.9) we now use the Young inequality
to obtain

(A3) Oy(r)

(0 =D+ —pn*(r+0%) " o
4 4 p=2 pt2
> (p=Dr+n")> —nlr+0")> —2p-2)7 7.
p—2
Thus, for p > 2, Definition [[.1] (i) is established with a = (p—1)/2,b=2(p—2) 7
and v = (p+2)/2.

The case of a sum of powers (E) follows immediately from the above argument
by taking p = min {p1, ..., p;n } . Finally we turn to the case 0 < p < 1. We now have

(A.4) Oy(r) = prir+n7)2 " = (r+17) + 0P
N n?
= 2 _1_ P
(r+n7) [p T+n2]+n
< (p-1rk o,

which completes the proof of Definition (iJfor0<p<lwitha=1-p b=1
and v = p. As in the case p > 1, this treatment generalizes readily to the case of a
sum of powers (all less than 1) as in (L.§), with p = max {p1, ..., pm} -

APPENDIX B. TIME EQUICONTINUITY

Proposition B.1. Fort¢ >0 and h € (0,1), we have the following estimate.

(BA) [foelt 4 h) — ve, 1) loe < Cuh? {ﬁnwnit—% +Q <Ap|so|§o <at>-%)},

where Q(r) = [nax H(s), and C; depends only on p, a and N.
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Proof. To establish this estimate, we consider, for r > 0, y € R" the ball B,.(y) =
{x € RN, |z —y| <r}. Integrating (.J) over B,(y) x [t,t + h] we get (where |B,|
is the Euclidean volume of the ball)

T=t+h

(ve (st +h) = ve(y, 1)) Br| [/B ( )((ve(y, 7) = ve(w, T))dw]

t+h "
+ 5/ / Ve - —dSdr
t 9B (y) r

t+h
- / / H(|Vve(x, 7)|)dzdr.
t BT(y)

T=t

Invoking ([.9) we obtain readily

ey, t +h) —ve(y,t)| < C|\<p||§o{§ {(t+h)1*%—t1*%}+r[(t+h)*%+f%”
t+h |
+ Q(Apno@o(m)-%)dn
t

where C' > 0 depends only on p, a and N. Taking r = veh we obtain (@) (I

APPENDIX C. A COMPARISON PRINCIPLE FOR SUBADDITIVE AND
NON-DECREASING H

Lemma C.1. Assume that H € C([0,00)) is a nonnegative and non-decreasing
function such that H(0) = 0 and H is uniformly Lipschitz continuous in (J,00) for
each § > 0. Assume further that H is subadditive, that is,

H(r+s) < H(r)+ H(s), (r,s) € [0,00).
Then Equation (L)) satisfies the comparison principle in C,(RN) as stated in Def-
inition [1.3 (b).
The proof of Lemma @ which we give below was kindly indicated to us by
G. Barles [H]

Proof. Let v1 € Cp(RY x (0,00)) (resp. va € Co(RY x (0,00))) be a viscosity
subsolution (resp. supersolution) of ([.1) and assume that v (z,0) < va(z,0) for
x € RN, We first infer from the monotonicity and subadditivity of H that

H(&) + H(|& — &) > H(|&] + & — &) = H(&]),  (6,&) € RY xRV,

Setting w = v1 — v9, it readily follows from the properties of v, v and the previous
inequality that w is a subsolution to d;z — H(|Vz|) = 0 in RY x (0,00) with
w(-,0) <0.

Now, on the one hand, if 6 € (0,1), we have —H (\/|£|2 +62) < —H(|¢]) for

¢ € RN by the monotonicity of H. Consequently, w is also a subsolution to
(C.1) atZ—H(\/|VZ|2+52) —0 in RY x(0,00)
with w(-,0) < 0. On the other hand, Wy : t — H ()t clearly solves ([C.1)) with

W5(0) = 0 and the Hamiltonian Hs : £ — H (\/|§|2 + 52) is uniformly Lipschitz
continuous in RY. We are then in a position to apply [EI, Theorem V.3] and
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conclude that w(z,t) < Ws(t) for (z,t) € RY x (0,00). Since H is continuous and

vanishes at zero, the claimed result then follows by letting 6 — 0. (]
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