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Abstract

New approximate local DtN boundary conditions are proposed to be applied on
elliptical- or prolate-spheroid exterior boundaries when solving respectively two-
or three-dimensional acoustic scattering problems by elongated obstacles. These
new absorbing conditions are designed to be exact for the first modes. They can
be easily incorporated in any finite element parallel code while preserving the lo-
cal structure of the algebraic system. Unlike the standard approximate local DtN
boundary conditions that are restricted to circular- or spherical-shaped boundaries,
the proposed conditions are applicable to exterior elliptical-shaped boundaries that
are more suitable for surrounding elongated scatterers because they yield to smaller
computational domains. The mathematical and numerical analysis of the effect of
the frequency and the eccentricity values of the boundary on the accuracy of these
conditions, when applied for solving radiating and scattering problems, reveals -
in particular- that the new second-order DtN boundary condition retains a good
level of accuracy, in the low frequency regime, regardless of the slenderness of the
boundary.
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1 Introduction

The computation of the solutions of exterior Helmholtz problems requires first
to reformulate them in a finite domain. This is often achieved by surround-
ing the given radiator or scatterer(s) by an artificial boundary that is located
at some distance, measured in multiples of wavelength of interest, from its
surface. A so-called “nonreflecting” boundary condition is then prescribed on
the artificial boundary to represent the “far-field” behavior of the scattered
field. The challenge here is the development of a simple but reliable as well as
cost-effective computational procedure for representing the far-field behavior
of the scattered field. Hence, the efficiency of such boundary conditions affects
significantly the accuracy, the computational complexity, as well as the cost-
effectiveness of any solution methodology for this class of wave problems that
are very important to many applications such as sonar, radar, geophysical ex-
ploration, nondestructive testing, etc. Given that, various absorbing boundary
conditions have been designed for over seventy years, and the quest for such
conditions is still ongoing (see, e.g., the recent review by Turkel in [29] and
the paper of [22]).

This work is devoted to the construction and the analysis of a new class of
approximate local Dirichlet-to-Neumann (DtN) boundary conditions to be em-
ployed on elliptical or prolate-spheroid boundaries that are primary candidates
for surrounding elongated scatterers such as submarines. The idea for con-
structing such conditions is mainly motivated by the following three reasons.
First, the widely-used second-order absorbing boundary conditions (BGT2)
designed by Bayliss, Gunzbürger and Turkel for circular- and spherical-shaped
boundaries [6] performs poorly in the low frequency regime when they are
expressed in elliptical coordinates and applied to elliptical-shaped or prolate-
spheroid boundaries. Their accuracy deteriorates significantly for large ec-
centricity values of the boundaries as reported in [24]. The damping effect
introduced to this class of conditions [25] improves the performance for only
small eccentricity values. However, the modified BGT2 conditions still perform
poorly for eccentricity values larger than 0.6 in the (relatively) low frequency
regime (see Figures 6 and 15 in [25]). Hence, there is a need for constructing
local absorbing boundary conditions (ABC) that extend the range of satisfac-
tory performance. Second, the two-dimensional approximate local DtN con-
dition designed for circular-shaped boundaries [13] outperforms significantly
BGT condition, particularly for low wavenumber values as reported in [18].
Third, the three-dimensional approximate local DtN condition designed for
spherical-shaped boundaries [17], which is identical to BGT2 conditions, per-
form very well for low wavenumber values as reported in [18]. However, us-
ing these approximate local DtN conditions on circular-shaped (2D) or on
spherical-shaped (3D) exterior boundaries when solving scattering problems
by elongated scatterer often leads to larger than needed computational do-
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mains, which hampers the computational efficiency of the proposed solution
methodology. This suggests that approximate local DtN boundary conditions
designed for elliptical-shaped boundaries (2D) or prolate-spheroid boundaries
(3D) is an attractive alternative for improving the computational performance.

We propose in this paper to construct such absorbing boundary conditions
and to assess analytically and numerically their performance when employed
for solving two- and three-dimensional exterior Helmholtz problems.

The idea for constructing approximate local DtN boundary conditions is not
new. Indeed, as stated earlier, such conditions have been already derived for
circular-shaped [13] and spherical-shaped boundaries [17]. The construction
procedure adopted in [13] and [17] is based on the localization of the truncated
global DtN boundary condition [20]. The key ingredient of this procedure is
the trigonometric identities that express high order derivatives of sine and co-
sine functions (see, e.g., Eq. (A4) p. 276 in [13]). However, these properties are
not satisfied neither by the periodic Mathieu functions [28] nor by the angular
spheroidal wave functions [10]. Consequently, the procedure used in [13,17]
is no longer applicable to the truncated global DtN boundary operator when
expressed in elliptical or prolate spheroidal coordinates [15,14]. Our approach
for constructing the class of approximate local DtN boundary conditions in
elliptical coordinates (2D) and in prolate spheroidal coordinates (3D) can be
viewed as an inverse-type approach. More specifically, we first consider Robin-
type boundary conditions whose coefficients are unknown. However, unlike the
case of polar or spherical coordinates, the coefficients of these conditions de-
pend on the angle θ of the elliptical coordinates in 2D, and on the angles (ϕ, θ)
of the prolate spheroidal coordinates in 3D. Such dependence is necessary for
preserving both the symmetry and local nature of the resulting boundary con-
ditions. Second, we require these conditions to be exact representations of the
first modes. Consequently, the coefficients are determined by solving a linear
algebraic system.

We investigate mathematically and numerically the effect of low wavenumber
and eccentricity on the performance of the constructed approximate local DtN
boundary conditions. This study is conducted in the context of the so-called
on-surface radiation condition formulation (OSRC) [21]. Such formulation al-
lows to perform the investigation analytically. However, the OSRC approach
is not appropriate for high frequency regime especially when the creeping rays
are not correctly modeled, as previously observed in [2]. Since then, many
attempts have been made to include these complex contributions in the high
frequency regime [3,8,9,19]. We must emphasis that he main interest in the
following analyses is to evaluate the performance of the proposed approximate
local DtN conditions at low wavenumber to find out -in particular- if relatively
small computational domains can be employed in order to avoid excessive com-
putational cost. The OSRC formulation must be viewed as an extreme case
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while an artificial elliptical-shaped or prolate-spheroid boundary surrounding
an elongated scatterer at a fraction of wavelength would be less “demanding”
on the considered absorbing boundary condition. The proposed study reveals
that the constructed second-order local DtN conditions, when applied for solv-
ing low frequency acoustic scattering problems, not only outperforms BGT2
conditions but more importantly extends the range of satisfactory performance
to all eccentricity values of the elliptical-shaped and prolate-spheroid bound-
aries. This result demonstrates that the proposed second-order DtN boundary
condition is very efficient for solving scattering problems by very elongated
obstacles.

The reminder of this paper is as follows. In Section 2, we specify the nomencla-
ture and assumptions, introduce the new two-dimensional approximate local
DtN boundary conditions, and then assess analytically and numerically their
performance when applied for (a) computing single elliptical modes, and (b)
solving two-dimensional acoustic scattering problems. In Section 3, we study
the three-dimensional case. We state our conclusions in Section 4.

2 Two-dimensional exterior Helmholtz problems

We introduce in this section the two-dimensional approximate local DtN bound-
ary conditions and assess their performance when applied for solving low fre-
quency radiating and scattering problems. More specifically, we investigate
analytically and numerically the effect of low wavenumber and eccentricity on
the performance of the constructed approximate local DtN boundary condi-
tions in the context of the OSRC formulation.

2.1 Preliminaries

Throughout this section, we use the elliptical coordinates (ξ, θ) which are
related to the rectangular cartesian ones (x, y) by x = a cos θ, y = b sin θ,
where θ ∈ [0, 2π). The parameters a and b represent respectively the semi-
major and semi-minor axes of the ellipse and are given by a = f cosh ξ and
b = f sinh ξ; ξ is a strictly positive real number and f =

√
a2 − b2 is the

interfocal distance. Finally, we define the eccentricity e on the ellipse ξ = ξ0

by:

e =
1

cosh ξ0
=

√

1 − b2

a2
(1)

Note that the eccentricity e characterizes the slenderness of the boundary. It
satisfies 0 < e < 1. When e → 0, the ellipse becomes a circle, and the ellipse
degenerates into a line segment with length 2f as e → 1.
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We recall that the nth elliptical mode un is given by [28] :

un =



























Re(3)
n (kf, cosh ξ)Sen(kf, cos θ), n ≥ 0 (for even mode)

Ro(3)
n (kf, cosh ξ)Son(kf, cos θ), n ≥ 1 (for odd mode)

(2)

where k is a positive real number representing the wavenumber, Sen (resp. Son)
are the even (resp. odd) periodic Mathieu functions and Re(3)

n (resp. Ro(3)
n ) are

the even (resp. odd) radial Mathieu functions of the third kind (see p. 376 in
[28]). In addition, the periodic functions Sen and Son satisfy the differential
equation (see Eq. (15)-(16), p. 377 in [10]):

∂2vn

∂θ2
+

(

cn − (kf)2

2
cos2 θ

)

vn = 0 (3)

where cn is called the characteristic value (see p. 376 in [10] or p. 721 in [1]).
For even modes i.e. vn = Sen, we have cn = an := an(kf), and for odd modes
i.e. vn = Son, we have cn = bn := bn(kf).

2.2 The new two-dimensional approximate local DtN boundary conditions

The two-dimensional first- and second-order approximate local DtN boundary
conditions, defined on the elliptical-shaped surface ξ = ξ0, are given by:

(DtN1)
∂ u

∂ξ
=

√
1 − e2

e
r0 u (4)

(DtN2)
∂u

∂ξ
=

√
1 − e2

(a0 − a1)e

[(

a0r1 − a1r0 − (r0 − r1)
(eka)2

2
cos 2θ

)

u + (r1 − r0)
∂2u

∂θ2

]

(5)
where the coefficient rn is given by:

rn =

∂Re(3)
n

∂ξ
(eka, e−1)

Re(3)
n (eka, e−1)

; n ≥ 0 (6)

It is worthwhile to note the following:

i. The Robin-type boundary conditions (DtN1) and (DtN2) given by Eqs. (4)-
(5) are, by construction, exact representations of the first elliptical mode u0

given by Eq. (2). In addition, the boundary condition (DtN2) is an ex-
act representation of the second even mode u1 given by Eq. (2). The de-
tailed derivation of these two absorbing boundary conditions can be found
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in [4,26]. Furthermore, Reference [26] contains the construction of a second-
order approximate DtN boundary condition that is exact for the first mode
u0 and the second odd mode u1, as well as a local boundary condition that
is exact, in the least-squares sense, for the first mode u0, the second even
mode u1, and the second odd mode u1. Since the performance of all these
three approximate local DtN conditions are comparable if not identical, as
demonstrated in [26], we report in this paper only on the performance of
the absorbing boundary conditions DtN1 and DtN2 given by Eqs. (4)-(5).

ii. The local feature of the absorbing boundary conditions DtN1 and DtN2
given by Eqs. (4)-(5) is of a great interest from a numerical view point.
Indeed, the incorporation of these conditions in any finite element code
introduces only mass- and stiffness-type matrices defined on the exterior
boundary. The computation of these matrices can achieved easily by evalu-
ating the coefficients an and rn once for all at a pre-processing level.

iii. The absorbing boundary conditions DtN1 and DtN2 given by Eqs. (4)-
(5) become identical, as e → 0 (the ellipse becomes a circle), to the two-
dimensional approximate local DtN boundary conditions designed for circular-
shaped boundaries [17,18]. This property can be easily established using the
asymptotic behavior of the even radial Mathieu functions of the third kind
Re(3)

n and the even characteristic values an.

2.3 Performance analysis for two-dimensional radiating problems

We analyze in this paragraph the effect of low wavenumber ka and eccentricity
e on the performance of DtN1 and DtN2 given by Eqs. (4)-(5) in the case of
radiating problems. Similarly to [18,24,25], we assess the performance of these
absorbing boundary conditions in the context of the OSRC formulation using
the specific impedance introduced in [11,12]. This non-dimensional quantity
measures the effect of the truncated medium in physical terms. It provides a
practical tool for evaluating the performance of a given approximate repre-
sentation. In the elliptical coordinates system, the specific impedance can be
expressed as follows [24,25]:

Z =
i
√

1 − e2 ka u

∂u

∂ξ

|ξ=ξ0 (7)

Moreover, we recall that the two-dimensional exact specific impedance Zex2
n

for the nth even mode, on the boundary of an ellipse at ξ = ξ0, is given by
(see Eq. (13), p. 3626 in [24]):

Zex2
n =

i
√

1 − e2ka Re(3)
n (eka, e−1)

∂Re(3)
n

∂ξ
(eka, e−1)

=
i eka

rn

(8)
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where the coefficient rn is given by Eq. (6). Furthermore, its asymptotic be-
havior, as ka → 0, is given by (see Eq. (17), p. 3627 in [24]) :

Zex2
n ∼



































π
ka

2
+ i ka ln (ka) if n = 0

4π

(n!)2

(

ka

2

)(2n+1)

− i
ka

n
if n ≥ 1

(9)

The following Lemma states the expressions of the approximate specific impe-
dances for the nth even elliptical mode, on the surface of an ellipse at ξ = ξ0.
This lemma results, as demonstrated in [26], from substituting u = un in
Eq. (7), and from using the absorbing boundary conditions given by Eqs. (4)-

(5) to evaluate
∂un

∂ξ
.

Lemma 1 The two-dimensional approximate specific impedance ZDtN1,2d
n , for

the nth even elliptical mode, corresponding to DtN1 absorbing boundary con-
dition is given by:

ZDtN1,2d
n = Zex2

0 ; ∀n ≥ 0 (10)

The two-dimensional approximate specific impedance ZDtN2,2d
n , for the nth even

elliptical mode, corresponding to DtN2 absorbing boundary condition is given
by:

ZDtN2,2d
n =

1

1

Zex2
0

+
a0 − an

a0 − a1

[

1

Zex2
1

− 1

Zex2
0

] ; ∀n ≥ 0 (11)

where an := an(kf) is the characteristic value corresponding to the nth even
periodic Mathieu function Sen (see p. 376 in [28] or p. 721 in [1]).

Remark 2 By construction, we have Z
DtN1,2d
0 = Z

DtN2,2d
0 = Zex2

0 , and Z
DtN2,2d
1 =

Zex2
1 . Furthermore, when e → 0, i.e. the ellipse becomes a circle, the two-

dimensional approximate DtN specific impedances given by Eqs. (10)-(11) are
identical to the ones obtained in the case of circular radiators [18].

The next proposition states the asymptotic behavior, as ka → 0, of the two-
dimensional approximate specific impedance ZDtN2,2d

n .

Proposition 2.1 The asymptotic behavior, as ka → 0, of the two-dimensional
approximate DtN2 specific impedance for the nth elliptical even mode is given
by:

ZDtN2,2d
n ∼ π

2n2
(ka)3 − i

ka

n2
; n ≥ 2 (12)

Proof of Proposition 2.1. We recall that, as ka → 0, the asymptotic be-
havior of the characterisitic values an (see Eq. (36) p. 120 in [23]) is given
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by:

an ∼



























−(eka)4

32
if n = 0

n2 if n ≥ 1

(13)

Hence, as ka → 0, we substitute Eq. (9) and Eq. (13) into Eq. (11) and deduce
that ZDtN2,2d

n ∼ φn(ka) (n ≥ 2), where:

φn (ka) =
1

1

π
ka

2
+ ika ln (ka)

+
−(eka)4

32
− n2

−(eka)4

32
− 1









1
π

2
(ka)3 − ika

− 1

π
ka

2
+ ika ln (ka)









Therefore, Eq. (12) is an immediate consequence of the asymptotic behavior,
as ka → 0, of φn (ka).

Remark 3 First, observe that the asymptotic behavior, as ka → 0, of ZDtN1,2d
n

is identical to the behavior of the exact specific impedance Zex2
0 given by

Eq. (9). In addition, for n=0,1, the asymptotic behavior of ZDtN2,2d
n is, by

construction, identical to the behavior of the exact specific impedance Zex2
n .

Second, for n ≥ 2, the asymptotic behavior of ZDtN2,2d
n is identical to the case

of a circle (see Eq.(62), p. 27 in [18]) (independent of the eccentricity e). Last,
the asymptotic behavior given by Eq. (9) and Eq. (12) indicate that for higher
modes (n ≥ 2), the real part of the exact impedance tends to zero, as ka → 0,
faster than the DtN2 specific impedance. This result suggests that, similarly
to BGT2 boundary condition, the two-dimensional DtN2 boundary condition
may not be appropriate for single higher elliptical modes.

Next, we investigate numerically the performance of the designed approximate
local DtN boundary conditions when computing two-dimensional single higher
order elliptical modes (n ≥ 2). Recall that by construction DtN2 is exact
for the first two even modes (n = 0, 1), and therefore outperforms BGT2
expressed in elliptical coordinates (see Eq. (11) p. 3626 in Reference [24]). We
have performed several experiments to assess the effect of the wavenumber
and the slenderness of the boundary on the performance of the second-order
DtN boundary condition DtN2 given by Eq. (5). All the obtained results are
reported in [4,26]. These results indicate, as demonstrated analytically, that
overall both DtN2 and BGT2 absorbing boundary conditions perform poorly
when computing higher elliptical modes (n ≥ 2). This conclusion is clearly
illustrated by the numerical results depicted in Figs. (1)-(2). These results
represent the relative errors when computing the second even elliptical mode
(n = 2), for two wavenumber values: ka = 0.1 (see Fig. (1)) and ka = 1
(see Fig. (2)). These results have been obtained for six eccentricity values
e = 0.1, 0.2 corresponding to an elliptical-shaped boundary “close” to a circle,
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e = 0.4, 0.6 corresponding to a “regular” elliptical boundary, and e = 0.8, 0.9
corresponding to a “very” elongated elliptical boundary. Note that we have
reported the obtained results for the relative errors as a function of θ since the
approximate BGT2 specific impedance depends on θ ∈ [0, 2π) (see Eq. (15) p.
3627 in [24]). Observe that for low frequency (see Fig. (1)) the relative error is
about 20% for all eccentricity values and observation angle θ. The situation is
slightly different for ka = 1. Indeed, one can observe (see Fig. (2)) that DtN2
boundary condition retains an acceptable level of accuracy (the relative error
is less that 10%) for very elongated boundaries (e = 0.8, 0.9) while BGT2
boundary condition exhibits similar behavior when the boundary is close to a
circle (e = 0.1, 0.2). Note that the level of accuracy deteriorates significantly
and both conditions perform poorly when computing higher order elliptical
modes as expected and observed in [4,26].
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Fig. 1. Relative error of the specific impedance for DtN2 (crossed), BGT2 (dashed)
when computing the second even elliptical mode (n = 2) for ka = 0.1.
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Fig. 2. Relative error of the specific impedance corresponding to DtN2 (crossed),
BGT2 (dashed) when computing the second even elliptical mode (n = 2) for ka = 1.
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2.4 Performance analysis for two-dimensional scattering problems

This paragraph is devoted to the analysis of the effect of the wavenumber
and eccentricity values on the performance of the approximate local DtN ab-
sorbing boundary conditions given by Eqs. (4)-(5) when applied for solving
two-dimensional acoustic scattering problems by sound-soft obstacles. We as-
sume the scatterer to be a rigid ellipse, and the incident field uinc to be a plane
wave with incident angle θ0 given, in elliptical coordinates, by:

uinc = eikf cosh ξ(cos θ cos θ0+tanh ξ sin θ sin θ0) (14)

Therefore, the acoustic scattered field uscat can be represented by the following
series [7]:

uscat = −
√

8π
(

∑

∞

m=0 imKemRe(3)
m (kf, cosh ξ)Sem(kf, cos θ)

+
∑

∞

m=1 imKomRo(3)
m (kf, cosh ξ)Som(kf, cos θ)

)
(15)

where

Kem =
1

N
(e)
m

Re(1)
m (eka, e−1)Sem(eka, cos θ0)

Re(3)
m (eka, e−1)

Kom =
1

N
(o)
m

Ro(1)
m (eka, e−1)Sem(eka, cos θ0)

Ro(3)
m (eka, e−1)

(16)

and N (e)
m (resp. N (o)

m ) is the normalization factor of the even (resp. odd) angular
Mathieu functions (see Eq. (18), p. 377 in [28]).

Consequently, the exact specific impedance Zex2 on the surface of an ellipse
at ξ = ξ0 is given by (see Eq. (33), p. 3635 in [24]):

Zex2 = − i
√

1 − e2ka uinc

∂

∂ξ
(uscat)|ξ=ξ0

(17)

and its asymptotic behavior, as ka → 0, is given by (see Eq.(38), p. 3637 in
[24]):

Zex2 ∼ Zex2
0 ∼ π

ka

2
+ ika ln(ka) ; ka → 0 (18)

where Zex2
0 is the exact impedance corresponding to the two-dimensional first

mode (see Eq. (9)). The next lemma states the expressions of the approximate
specific impedances on the boundary ξ = ξ0 of an elliptical-shaped sound-soft
scatterer. This lemma results, as demonstrated in [26], from a straightforward
substitution into Eq. (7) of u = −uinc (sound-soft scatterer) and from using the
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approximate local DtN boundary conditions given by Eqs. (4)-(5) to evaluate
∂u

∂ξ
= −∂uinc

∂ξ
at ξ = ξ0.

Lemma 4 The two-dimensional approximate specific impedance ZDtN1,2d, for
a sound-soft scattering problem, corresponding to DtN1 absorbing boundary
condition is given by:

ZDtN1,2d = Zex2
0 (19)

The two-dimensional approximate specific impedance ZDtN2,2d, for a sound-
soft scattering problem, corresponding to DtN2 absorbing boundary condition
is given by:

ZDtN2,2d =
1

1

Zex2
0

+
1

a0 − a1

(δ + a0)

(

1

Zex2
1

− 1

Zex2
0

) (20)

where

δ = −ikaλ − (ka)2

(

∂λ

∂θ2

)

− (eka)2

2
cos 2θ

λ = cos θ cos θ0 +
√

1 − e2 sin θ sin θ0

(21)

Remark 5 Note that when e → 0, i.e. the ellipse becomes a circle, the ap-
proximate DtN specific impedances given by Eqs. (19) and (20) are identical
to the ones obtained in the case of a circular-shaped scatterer [18].

The next proposition states the asymptotic behavior, as ka → 0, of the two-
dimensional approximate specific impedance ZDtN2,2d.

Proposition 2.2 The asymptotic behavior, as ka → 0, of the two-dimensional
approximate DtN2 specific impedance for the sound-soft scattering problem is
given by:

ZDtN2,2d ∼ Zex2
0 (22)

Proof of Proposition 2.2. First, we rewrite the expression of ZDtN2,2d given
by Eq. (20) as follows:

ZDtN2,2d = Zex2
0

1

1 +
a0 + δ

a0 − a1

[

Zex2
0

Zex2
1

− 1

] (23)

Next, observe that δ, given by Eq. (21), can be also expressed as follows

δ ∼ −ikaλ as ka → 0 (24)
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Consequently, it follows from using the asymptotic behavior of the character-
istic values, given by Eq.(13), that:

a0 + δ ∼ −ikaλ as ka → 0 (25)

In addition, it follows from using the asymptotic behavior of the characteristic
values, given by Eq.(13), that:

a1 − a0 ∼ 1 as ka → 0 (26)

and from the asymptotic behavior of the two-dimensional exact specific impedance
Zex2

n , given by Eq.(9), that:

Zex2
0

Zex2
1

− 1 ∼ ln (ka) + i
π

2
as ka → 0 (27)

Therefore, it follows from Eqs. (25)-(27) that:

a0 + δ

a0 − a1

[

Zex2
0

Zex2
1

− 1

]

→ 0 as ka → 0 (28)

which concludes the proof of Proposition 2.2.

Remark 6 First, we note that, unlike the approximate specific impedance
coresponding to the second-order BGT2 condition (see Eq.(40), p. 3637 in
[24]), the asymptotic behavior, as ka → 0, of ZDtN2,2d is identical to the
behavior of the exact specific impedance Zex2 (see Eq. (18)). In addition, when
e → 0, the asymptotic behaviors of both ZDtN1,2d and ZDtN2,2d are identical
to the case of circular-shaped sound-soft scatterers.

Next we investigate numerically the effect of the wavenumber and the slen-
derness of the boundary on the performance of the approximate local DtN
boundary conditions given by Eqs. (4)-(5) when applied for solving sound-soft
scattering problems by elliptical-shaped obstacles. We have performed such
investigation in the OSRC context [21] and have compared the results to the
ones obtained with BGT2 condition when expressed in elliptical coordinates
(see Figs. (9) to (13) in [24]). All obtained results are reported in [4,26]. For
illustration purpose, we present the results for only two values of the wavenum-
ber, ka = 0.1 and 1, corresponding to three different values of the incidence

angle θ0 = 0,
π

4
, and

π

2
. These results have been obtained for six eccentric-

ity values e = 0.1, 0.2 corresponding to an elliptical-shaped boundary “close”
to a circle, e = 0.4, 0.6 corresponding to a “regular” elliptical boundary, and
e = 0.8, 0.9 corresponding to a “very” elongated elliptical boundary. Note that
since all the approximate specific impedances depend on the observation angle
θ ∈ [0, 2π), we have reported in Figs. (3)–(8) the relative errors as a function
of θ. The results reported in Figs. (3)–(8) suggest the following four remarks:
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i. Unlike the radiating problem, DtN2 absorbing boundary condition retains
an excellent level of accuracy when solving acoustic problems for low
wavenumbers, as expected (see Proposition 2.2). In addition, the results
reported in Figs. (3)–(8), clearly demonstrate that such good performance
is not sensitive to the values of eccentricity e. These results suggest in
particular that DtN2 absorbing boundary condition given by Eq. (5) is
appropriate for elongated boundaries.

ii. DtN2 absorbing boundary condition clearly outperforms the second-order
BGT2 absorbing boundary condition especially for high eccentricity val-
ues. Indeed, there is a significant loss of accuracy for the BGT2 boundary
condition when e ≥ 0.6 (BGT2 delivers relative errors larger than 40%
while the errors with DtN2 remain below 2%). This demonstrates that
DtN2 absorbing boundary condition extends the range of satisfactory
performance to all eccentricity values in the low frequency regime.

iii. For some particular observation angles, DtN1 boundary condition surpris-
ingly performs better than DtN2 boundary condition (see Figs. (6)–(8)).
Nevertheless, the total relative error (the average of the relative error over
all observation angles) delivered by DtN1 absorbing boundary condition
is significantly higher than the total relative error corresponding to DtN2
absorbing boundary condition.

iv. For some particular observation angles, DtN1 boundary condition also
outperforms the BGT2 boundary condition (see Figs. (6)–(8)). This bet-
ter performance is particularly visible for e = 0.9 when ka = 1.
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Fig. 3. Relative error of the specific impedance corresponding to DtN1
(dashed/dotted), DtN2 (crossed), BGT2 (dashed) when solving two-dimensional
sound-soft scattering problem with ka = 0.1 and incident angle θ0 = 0 (The rela-
tive error for DtN2 is below 2%).
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Fig. 4. Relative error of the specific impedance corresponding to DtN1
(dashed/dotted), DtN2 (crossed), BGT2 (dashed) when solving two-dimensional

sound-soft scattering problem with ka = 0.1 and incident angle θ0 =
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Fig. 5. Relative error of the specific impedance corresponding to DtN1
(dashed/dotted), DtN2 (crossed), BGT2 (dashed) when solving two-dimensional

sound-soft scattering problem with ka = 0.1 and incident angle θ0 =
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Fig. 6. Relative error of the specific impedance corresponding to DtN1
(dashed/dotted), DtN2 (crossed), BGT2 (dashed) when solving two-dimensional
sound-soft scattering problem with ka = 1 and incident angle θ0 = 0.
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Fig. 7. Relative error of the specific impedance corresponding to DtN1
(dashed/dotted), DtN2 (crossed), BGT2 (dashed) when two-dimensional solving

sound-soft scattering problem with ka = 1 and incident angle θ0 =
π
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Fig. 8. Relative error of the specific impedance corresponding to DtN1
(dashed/dotted), DtN2 (crossed), BGT2 (dashed) when solving two-dimensional

sound-soft scattering problem with ka = 1 and incident angle θ0 =
π
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3 Three-dimensional Helmholtz problems

We introduce in this section the three-dimensional approximate local DtN
boundary conditions, and assess their performance when applied for solving
low frequency radiating and scattering problems. More specifically, we investi-
gate analytically and numerically the effect of low wavenumber and eccentric-
ity on the performance of the constructed approximate local DtN boundary
conditions in the context of the OSRC formulation.

3.1 Preliminaries

Throughout this section, we use the prolate spheroidal coordinates (ξ, ϕ, θ)
which are related to the cartesian coordinates (x, y, z) by x = b sin ϕ cos θ,
y = b sin ϕ sin θ, and z = a cos ϕ, where ϕ ∈ [0, π) and θ ∈ [0, 2π). Similarly to
the two-dimensional case, the parameters a and b respectively represent the
major and the minor axes and are given by a = f cosh ξ and b = f sinh ξ; ξ

is a strictly positive real number and f =
√

a2 − b2 is the interfocal distance.
Finally, the eccentricity e on the ellipse ξ = ξ0 is given by Eq. (1). Note that
when e → 0 the prolate spheroid becomes a sphere, and the prolate spheroid
degenerates into a line segment with length 2f on the z-axis as e → 1 .

We recall that the mnth prolate spheroidal mode umn (m ≤ n) is given by [27]:

umn = R(3)
mn(kf, cosh ξ)Smn(kf, cos ϕ) cosmθ (29)

where the functions R(3)
mn(kf, cosh ξ) are the radial spheroidal wave functions

of the third kind and Smn(kf, cos ϕ) are the angular spheroidal wave functions.
In addition, we have [10]:

∂

∂ϕ

(

sin ϕ
∂Smn

∂ϕ

)

+ sin ϕ

(

λmn − (kf)2 cos2 ϕ − m2

sin2 ϕ

)

Smn(kf, cos ϕ) = 0

(30)
where λmn := λmn(kf) are the prolate spheroidal eigenvalues (see p.11 in [10]).

3.2 The new three-dimensional approximate local boundary conditions

The three-dimensional first- and second-order approximate local DtN bound-
ary conditions, defined on the elliptical-shaped surface ξ = ξ0, are given by:
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(DtN1)
∂ u

∂ξ
=

√
1 − e2

e
R00 u (31)

(DtN2)
∂ u

∂ξ
=

√
1 − e2

(λ01 − λ00) e

[ (

λ01R01 − λ00R00 − (R00 − R01) (eka)2 cos2 ϕ
)

u

+ (R00 − R01)∆Γu ]

(32)
where the coefficient Rmn is given by:

Rmn =

∂R(3)
mn

∂ξ
(eka, e−1)

R(3)
mn(eka, e−1)

; n ≥ 0 and m ≤ n (33)

and ∆Γ denotes the Laplace Beltrami operator which reads in prolate spheroidal
coordinates (ξ, ϕ, θ) as:

∆Γ =
1

sin ϕ

∂

∂ϕ

(

sin ϕ
∂

∂ϕ

)

+
1

sin2 ϕ

∂2

∂θ2
(34)

It is worthwhile to note the following:

i. First, as stated earlier in the introduction, the construction methodology
we propose for deriving the class of approximate local DtN boundary con-
ditions in prolate spheroidal coordinates can be viewed as an inverse-type
approach. More specifically, we start from a Robin-type boundary condition
with unknown coefficients. Hence, in the case of DtN2 condition, we set:

∂u

∂ξ
= A u + B (∆Γ − (eka)2 cos2 ϕ)u (35)

where A and B are constant (independent of ϕ) to be determined. Note
that, unlike DtN2 boundary condition for the spherical-shaped boundaries,
the coefficients of this condition depend on the angular variable ϕ. Such
dependence is necessary for constructing a symmetric boundary condition
since the angular spheroidal wave functions satisfied differential given by
Eq. (30). Then, we observe that all radiating modes umn given by Eq. (29)
satisfy

∆Γumn =
(

−λmn + (eka)2 cos2 ϕ
)

umn (36)

Hence, in order to determine the constants A and B, we assume that, at
ξ = ξ0, we have:

∂umn

∂ξ
= A umn + B

(

∆Γ − (eka)2 cos2 ϕ
)

umn ; m = 0 and n = 0, 1

(37)
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Then, using Eq. (36), it follows that (A, B) is the unique solution of the
folllowing 2 × 2 linear system:































A − B λ00 =

√
1 − e2

e
R00

A − B λ01 =

√
1 − e2

e
R01

(38)

where the coefficients Rmn are given by Eq. (33).
The DtN2 boundary condition given by Eq. (32) is a direct consequence
of solving the system (38) and substituting the expressions of (A, B) into
Eq. (35).

ii. The incorporation of the absorbing boundary conditions DtN1 and DtN2
given by Eqs. (31)-(32) in any finite element code introduces only mass- and
stiffness-type matrices defined on the exterior boundary. The coefficients
λmn and Rmn can be computed once for all at the pre-processing level.

iii. Similarly to the two-dimensional case, the absorbing boundary conditions
DtN1 and DtN2 given by Eqs. (31)-(32) become identical, as e → 0 (the pro-
late spheroid becomes a sphere), to the three-dimensional approximate local
DtN boundary conditions designed for spherical-shaped boundaries [17,18].
This property can be easily established using the asymptotic behavior of
the radial spheroidal wave functions of the third kind R(3)

mn and the prolate
spheroidal eigenvalues λmn.

3.3 Performance analysis for three-dimensional radiating problems

We analyze in this paragraph the effect of low wavenumber ka and eccentricity
e on the performance of DtN1 and DtN2 given by Eqs. (31)-(32) in the case of
radiating problems. Similarly to [18,24,25], we assess the performance of these
absorbing boundary conditions in the context of the OSRC formulation using
the specific impedance introduced first in [11,12] and given by Eq. (7).

First, we recall that the three-dimensional exact specific impedance Zex3
mn for

the mnth prolate spheroidal mode, on the surface of a prolate spheroid at
ξ = ξ0 is given by (see Eq. (64), p. 3645 in [24]):

Zex3
mn =

i
√

1 − e2kaR(3)
mn(eka, e−1)

∂R(3)
mn

∂ξ
(eka, e−1)

=
ieka

Rmn

(39)

where the coefficient Rmn is given by Eq. (33). Moreover, its asymptotic be-
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havior, as ka → 0, is given by (see Eq. (67), p. 3646 in [24]):

Zex3
mn ∼

(

(ka)n+1

(n + 1)(2n − 1)!!

)2

− i
ka

n + 1
; as ka → 0 (40)

where the double factorial is defined in [1] (see also p. 30, Eq. (74) in Remark
4.2.2 in [18]).

The following lemma states the expressions of three-dimensional approximate
specific impedances for the mn-th prolate spheroidal mode, on the surface of a
prolate spheroid at ξ = ξ0. This lemma results, as demonstrated in [26], from
substituting u = umn in Eq. (7) and using the absorbing boundary conditions

given by Eqs. (31)-(32) to evaluate
∂umn

∂ξ
.

Lemma 7 The three-dimensional approximate specific impedance ZDtN1,3d
mn ,

for the mnth prolate spheroidal mode, corresponding to DtN1 boundary condi-
tion is given by:

ZDtN1,3d
mn = Zex3

00 (41)

The three-dimensional approximate specific impedance ZDtN2,3d
mn , for the mnth

prolate spheroidal mode, corresponding to DtN2 boundary condition is given
by:

ZDtN2,3d
mn =

λ01 − λ00

(λ01 − λmn)
1

Zex3
00

+ (λmn − λ00)
1

Zex3
01

(42)

where λmn := λmn(kf) are the prolate spheroidal eigenvalues (see p.11 in [10]).

Remark 8 By construction, we have Z
DtN1,3d
00 = Z

DtN2,3d
00 = Zex3

00 and Z
DtN2,3d
01 =

Zex3
01 . Furthermore, when e → 0 i.e. the prolate spheroid becomes a sphere, the

three-dimensional approximate DtN specific impedances given by Eqs. (41)-
(42) are identical to the ones obtained in the case of spherical-shaped radiators
[18].

The next proposition states the asymptotic behavior, as ka → 0, of the three-
dimensional approximate specific impedance ZDtN2,3d

mn . This result is an imme-
diate consequence of substituting the asymptotic behavior of the exact specific
impedance given by Eq. (40) into Eq. (42) and from using the following prop-
erty of the prolate spheroidal eigenvalues (see p.11 in [10]):

λmn (0) = n (n + 1) and m ≤ n (43)

Proposition 3.1 The asymptotic behavior, as ka → 0, of the three-dimen-
sional approximate DtN2 specific impedance for the mnth prolate spheroidal
mode is given by:

ZDtN2,3d
mn ∼ −2

n(n + 1) − 2

(n(n + 1) + 2)2
(ka)2 − i

2ka

n(n + 1) + 2
; n ≥ 2 (m ≤ n) (44)
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Remark 9 First, observe that the asymptotic behavior, as ka → 0, of ZDtN1,3d
mn

is identical to the behavior of the exact specific impedance Zex3
00 given by

Eq. (40). In addition, for (m, n) = (0, 0) and (0, 1), the asymptotic behavior
of ZDtN2,3d

mn is identical to the behavior of the exact specific impedance Zex3
mn .

Second, for n ≥ 2, the asymptotic behavior of ZDtN2,3d
mn is identical to the case

of a sphere (see Eq. (92), p. 32 in [18]) (independent of the eccentricity e), as
well as to the approximate specific impedance corresponding to BGT2 con-
dition when applied on a prolate spheroid radiator (see Eq. (69), p. 3646 in
[24]). Last, the asymptotic behavior given by Eq. (40) and Eq. (44) indicates
that for higher modes, the real part of the exact impedance tends to zero, as
ka → 0, faster than the DtN2 specific impedance. This result suggests that
the three-dimensional DtN2 boundary condition may not be appropriate for
single higher prolate spheroidal modes.

Next, we investigate numerically the performance of the designed approximate
local DtN boundary conditions when computing three-dimensional single ra-
diating higher order modes (n ≥ 2). Recall that by construction DtN2 is exact
for the first two modes ((m, n) = (0, 0) and (0, 1)), and therefore outperforms
BGT2 when expressed in prolate spheroidal coordinates (see Eq. (60) p. 3645
in Reference [24]). We have performed several experiments to assess the ef-
fect of the wavenumber and the slenderness of the boundary on the perfor-
mance of the second-order DtN boundary condition DtN2 given by Eq. (5). All
the obtained results are reported in [5,26]. These results indicate, as demon-
strated analytically, that overall both DtN2 and BGT2 absorbing boundary
conditions perform poorly when computing higher modes. This conclusion is
clearly illustrated by the numerical results depicted in Figs. (9)-(11). The re-
sults represent the relative errors when computing two single higher prolate
spheroidal modes ((m, n) = (0, 2) and (1, 1)), for two wavenumber values:
ka = 0.1 (see Figs. (9), (11)) and ka = 1 (see Figs. (10), (12)). These results
have been obtained for six eccentricity values e = 0.1, 0.2 corresponding to
a prolate-spheroid boundary “close” to a sphere, e = 0.4, 0.6 corresponding
to a “regular” prolate-spheroid boundary, and e = 0.8, 0.9 corresponding to a
“very” elongated prolate-spheroid boundary. Note that we have reported the
obtained results for the relative errors as a function of ϕ since the approximate
BGT2 specific impedance depends on ϕ ∈ [0, π) (see Eq. (69) in [24]). Observe
that for ka = 0.1 (see Figs. (9), (11)) the relative error is about 20% for most
eccentricity values and observation angle ϕ. The situation is slightly better for
ka = 1 (see Figs. (10), (12)), yet the level of accuracy remains very high for
practitioners. Note that the level of accuracy deteriorates significantly when
computing single higher prolate spheroidal modes as expected and observed
in [5,26].
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Fig. 9. Relative error of the specific impedance for DtN2 (crossed), BGT2 (dashed)
when computing the prolate spheroidal mode (m,n) = (0, 2) for ka = 0.1.
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Fig. 10. Relative error of the specific impedance for DtN2 (crossed), BGT2 (dashed)
when computing the prolate spheroidal mode (m,n) = (0, 2) for ka = 1.
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Fig. 11. Relative error of the specific impedance for DtN2 (crossed), BGT2 (dashed)
when computing the prolate spheroidal mode (m,n) = (1, 1) for ka = 0.1.
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Fig. 12. Relative error of the specific impedance for DtN2 (crossed), BGT2 (dashed)
when computing the prolate spheroidal mode (m,n) = (1, 1) for ka = 1.
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3.4 Performance analysis for three-dimensional scattering problems

This paragraph is devoted to the analysis of the effect of the wavenumber and
eccentricity values on the performance of the approximate local DtN absorbing
boundary conditions given by Eqs. (31)-(32) when applied for solving three-
dimensional acoustic scattering problems by sound-soft obstacles. We assume
the scatterer to be a rigid prolate spheroid and the incident field uinc to be a
plane wave with incident angle ϕ0 given, in prolate spheroid coordinates, by:

uinc = eikf cosh ξ(cos ϕ cos ϕ0+tanh ξ sinϕ sin ϕ0 cos θ) (45)

Therefore, the acoustic scattered field uscat can be represented by the following
series [27]:

uscat = −2
∞
∑

m=0

∞
∑

n=m

(2 − δ0m)AmninR(3)
mn(kf, cosh ξ)Smn(kf, cos ϕ) cosmθ (46)

where δ0m is the Kronecker delta symbol, the coefficients Amn is given by:

Amn =
R(1)

mn(eka, e−1)Smn(eka, cos ϕ0)

NmnR(3)
mn(eka, e−1)

(47)

and Nmn is the normalization factor of the angular spheroidal wave functions
[10].

Consequently, the exact specific impedance Zex3 on the surface of a prolate
spheroid at ξ = ξ0 is given by (see Eq. (85), p. 3649 in [24]):

Zex3 = − i
√

1 − e2ka uinc

∂

∂ξ
(uscat)|ξ=ξ0

(48)

and its asymptotic behavior, as ka → 0, is given by (see Eq. (91), p. 3655 in
[24]):

Zex3 ∼ Zex3
00 ∼ (ka)2 − ika (49)

where Zex3
00 is given by Eq. (39).

The next lemma states the expressions of the approximate specific impedances
on the boundary ξ = ξ0 of a prolate-spheroid sound-soft scatterer. This
lemma results, as demonstrated in [26], from a straightforward substitution
into Eq. (7) of u = −uinc (sound-soft scatterer), and from using the ap-
proximate local DtN boundary conditions given by Eqs. (31)-(32) to evaluate
∂u

∂ξ
= −∂uinc

∂ξ
at ξ = ξ0.
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Lemma 10 The three-dimensional approximate specific impedance ZDtN1,3d,
for a sound-soft scattering problem, corresponding to DtN1 absorbing boundary
condition is given by:

ZDtN1,3d = Zex3
00 (50)

The three-dimensional approximate specific impedance ZDtN2,3d, for a sound-
soft scattering problem, corresponding to DtN2 absorbing boundary condition
is given by:

ZDtN2,3d =
λ01 − λ00

(

λ01

Zex3
00

− λ00

Zex3
01

)

(

−2iαka − (ka)2
δ − (eka)2 cos ϕ

)

(51)

where

α = cos ϕ cosϕ0 +
√

1 − e2 sin ϕ sin ϕ0 cos θ,

δ =

(

∂α

∂ϕ

)2

+
1

sin2 ϕ

(

∂α

∂θ

)2
(52)

Remark 11 Note that when e → 0, i.e. the prolate-spheroid becomes a
sphere, the approximate DtN specific impedances given by Eqs. (50) and (51)
are identical to the ones obtained in the case of a spherical-shaped scatterer
[18].

The next proposition states the asymptotic behavior, as ka → 0, of the three-
dimensional approximate specific impedance ZDtN2,3d. This result is an imme-
diate consequence of substituting into Eq. (51) the asymptotic behavior of the
exact specific impedance given by Eq. (40) along with using the property of
the prolate spheroidal eigenvalues given by Eq. (43).

Proposition 3.2 The asymptotic behavior, as ka → 0, of the three-dimensio-
nal approximate DtN2 specific impedance for the sound-soft scattering problem
is given by:

ZDtN2,3d ∼ (1 − α) (ka)2 − ika (53)

where α is given by Eq. (52).

Remark 12 It follows from Eqs. (49)-(50) that the asymptotic behavior, as
ka → 0, of ZDtN1,3d is identical to the behavior of the exact specific impedance
Zex3. Moreover, Eq. (53) indicates that the asymptotic behavior of ZDtN2,3d

depends on the eccentricity as well as on the observation angles (ϕ, θ). This de-
pendence is comparable to the asymptotic behavior of the BGT2 approximate
specific impedance (see Eq. (93), p. 3657 in [24]). Note that when e → 0, i.e. the
prolate-spheroid becomes a sphere, the approximate DtN specific impedances
given by Eqs. (50) and (51) are identical to the case of spheres (see Eq. (140)
p. 42 in [18]).
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Next we investigate numerically the effect of the wavenumber and the slen-
derness of the boundary on the performance of the approximate local DtN
boundary condition given by Eq. (32) when applied for solving sound-soft
scattering problems by prolate-spheroid obstacles. We have performed such
investigations in the OSRC context [21], and have compared the results to
the ones obtained with BGT2 condition when expressed in prolate spheroidal
coordinates (see Figs. (22) to (33) in [24]). All the results are reported in
[5,26]. For illustration purpose, we present the results for only two values of
the wavenumeber, ka = 0.1 and 1, corresponding to three different values of

the incidence angle ϕ0 = 0,
π

4
, and

π

2
. These results have been obtained for

six eccentricity values e = 0.1, 0.2 corresponding to a prolate spheroid “close”
to a sphere, e = 0.4, 0.6 corresponding to a “regular” prolate spheroid bound-
ary, and e = 0.8, 0.9 corresponding to a “very” elongated prolate spheroid.
Note that since all the approximate specific impedances depend on the obser-
vation angles ϕ ∈ [0, π) and θ ∈ [0, 2π), we have reported in Figs. (13)-(18)
the relative errors as a function of (ϕ, θ). The following two observations are
noteworthy:

i. Unlike the radiating problem, DtN2 absorbing boundary condition re-
tains an excellent level of accuracy when solving acoustic problems for low
wavenumbers (the relative error is below 2% for all eccentricity values).
In addition, the results depicted in Figs. (13)-(18) clearly demonstrate
that such good performance is not sensitive to the value of the eccentric-
ity e. These results suggest in particular that DtN2 absorbing boundary
condition given by Eq. (32) is appropriate for elongated boundaries.

ii. DtN2 absorbing boundary condition clearly outperforms the second-order
BGT2 absorbing boundary condition especially for high eccentricity val-
ues. Indeed, there is a significant loss of accuracy for the BGT2 bound-
ary condition when e ≥ 0.6 (the relative error is larger than 40%). This
demonstrates that DtN2 absorbing boundary condition extends the range
of satisfactory performance to all eccentricity values in the low frequency
regime.
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Fig. 13. Relative error of the specific impedance corresponding to DtN2 (black) and
BGT2 (dark grey) when solving three-dimensional sound-soft scattering problem
with ka = 0.1 and incident angle ϕ0 = 0.
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Fig. 14. Relative error of the specific impedance corresponding to DtN2 (black) and
BGT2 (dark grey) when solving three-dimensional sound-soft scattering problem

with ka = 0.1 and incident angle ϕ0 =
π
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Fig. 15. Relative error of the specific impedance corresponding to DtN2 (black) and
BGT2 (dark grey) when solving three-dimensional sound-soft scattering problem

with ka = 0.1 and incident angle ϕ0 =
π
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Fig. 16. Relative error of the specific impedance corresponding to DtN2 (black) and
BGT2 (dark grey) when solving three-dimensional sound-soft scattering problem
with ka = 1 and incident angle ϕ0 = 0.
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Fig. 17. Relative error of the specific impedance corresponding to DtN2 (black) and
BGT2 (dark grey) when solving three-dimensional sound-soft scattering problem

with ka = 1 and incident angle ϕ0 =
π
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Fig. 18. Relative error of the specific impedance corresponding to DtN2 (black) and
BGT2 (dark grey) when solving three-dimensional sound-soft scattering problem

with ka = 1 and incident angle ϕ0 =
π

2
.
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4 Conclusion

We have designed a new class of approximate local ABCs to be applied on
elliptical-shaped exterior boundaries when solving acoustic scattering prob-
lems by elongated obstacles. These conditions are exact for the first radiation
modes, they are easy to implement and to parallelize, and they preserve the
local structure of the computational finite element scheme. The analysis re-
veals that in the case of the radiator, DtN2 boundary condition, by construc-
tion, outperforms the BGT2 condition when computing the first single modes,
while for higher single modes both conditions perform poorly. Note that for
higher modes and high eccentricity values, DtN2 delivers a better level of ac-
curacy, yet this level is still not acceptable for most applications. The situation
for scattering problems is very different. BGT2 boundary condition performs
poorly for eccentricity values e ≥ 0.6 (in 3D case for example, the relative error
is larger than 40%), while the DtN2 boundary condition delivers an excellent
level of accuracy in the low frequency regime for all eccentricity values (in
3D case for example, the relative error is smaller than 2%). This investigation
demonstrates that DtN2 absorbing boundary condition extends the range of
satisfactory performance to all eccentricity values in the low frequency regime.
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