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Abstract
We consider a family of linearly elastic shells of the first kind (as defined in Ciarlet [2]), also known as non inhibited
pure bending shells (Sanchez-Hubert and Sanchez-Palencia [7]). This family is indexed by the half-thickness e. When e
approaches zero, the averages across the thickness of the shell of the covariant components of the displacement of the
points of the shell converge strongly towards the solution of a ”2D generalized membrane shell problem” provided the
applied forces satisfy admissibility conditions (Ciarlet and Lods [3], Chapelle and Bathe [1]). The identification of the
admissible applied forces usually requires delicate analysis.

In the first part of this paper we simplify the general admissibility conditions when applied forces h are surface forces
only, and obtain conditions that no longer depend on ¢ (Luce, Poutous and Thomas [5]) : find h*% = h#* in L?(w) such
that for all p = (;) in V(w), [ hinidw = [ h*P~44(n)dw where w is a domain of R?, § is in C*(w, R?) and S = 6() is the
middle surface of the shells, where (y,43(n)) is the linearized strain tensor of S and V(w) = {n € H*(w),n =0 on v},
the shells being clamped along 'y = (o).

In the second part, since the simplified admissibility formulation does not allow to conclude directly to the existence
of h®? we seek sufficient conditions on h for h*% to exist in L?(w). In order to get them, we impose more regularity
to h*? and boundary conditions. Under these assumptions, we can obtain from the weak formulation a system of PDE
with h*? as unknowns. The existence of solutions depends both on the geometry of the shell and on the choice of h.
We carry through the study of four representative geometries of shells and identify in each case a special admissibility
functional space for h.

1 Introduction and notations

In this paper, greek indices take their values in {1, 2}, whereas latin indices belong to {1,2,3} and the repeated index
summation convention is used.
Let us first consider the ”2D” ill-posed scaled variational problem

(eV(w):={n=(m)eH (w);n=00n7},¥eV (W)

S a0 () ap (1) Vady = [, hivir/ady

where the bilinear form is not coercive on V (w), the surface functions h* € L? (w) are independent of €, w is a domain
in R? (open, bounded, connected subset with a Lipschitz-continuous boundary, the set w being locally on one side of its
boundary), 0 : @ — R3(§ € C® (w;R?)) is an injective mapping such that the two vectors a, := 9,6 (y) are linearly

independent at each point y € W, where a3z := ‘Ziﬁgzl, and aqg := a, - ag denote the covariant components of the

P(w):

metric tensor of S := 6 (@), and a := det ((aaﬁ)a@> , a®® denote the contravariant components of the metric tensor of



S := 0 (w), where a®?°7 which denote the contravariant components of the scaled 2D elasticity tensor are defined by

aaﬁor - 4)‘/1’
A+2u

a“Pa’" + 2 (a"“’aﬁT + aaTaB") with A >0, >0

where I'g 5 are the surface Christoffel symbols i.e. I'] 5 := a” - 9,ag with a'-a; = §;;, and where, for any vector field

n = (n;) € H! (w), the covariant components of the 2D linearized change of metric tensor v, () € L? (w) are defined
by
Yap (1) = % (087N + 0anp) — Topne — bapnz with bag = az - daag. (1)

Let us also consider the 3D scaled variational problem

u(e) eV(Q) :={v=_(v;) e (Q);v=00nTg:=7 x[-1,1]},¥v €V (Q)

P(;9Q): (2)
Jo AR (&) ey (e5u(e)) €45 (g5 V) Vo (e)de = Jr+or- h**v;\/g (e)dl
where the functions h** € L2 (I't UT'™) are independent of €, Q := w x |-1,1[, 't := w x {1} , '™ := w x {-1},

and Q. 1= w x |—¢,¢[, ® : Q. — R? is the canonical extension of  and thus verifies © (y,x3) := 0 (y) + x3a3 and
det (g,,8,,8;) > 0 (where g; := 9;0), where, for any vector field v = (v;) € H!(Q), the scaled linearized strains
ey (e5v) = ejyj; (g5v) € L?(Q) are defined by

€allg (€3 V) = 5 (9pva + 0avp) — Tog (€) vp

a3 (€;V) = % (%331)(1 + (%7}3) —I'03 () vo, €33 (g;V) 1= %831)3
with Ffj (¢) : @ — R being the scaled 3D Christoffel symbols i.e.
I (e) (w1, 29, w3) := TP (21, 02, 623) and TY := gP - 0;g; with g g =0,

with also, g (g) : @ — R being the scaled function of g° := det (g; - g;), i.e g (€) (21,2, 3) := ¢ (x1,22,€x3), and
where, at last, the contravariant components A%*! (g) : @ — R of the scaled 3D elasticity tensor satisfy

Aijkl (8) _ Ajikl (6) — Aklij (E), Aijkl (6) _ Aijkl (0) +0 (6) and Aa,@af} (6) _ Aa333 (E) _ O7
where the order symbol is meant with respect to the norm [lwl|y . 5 := sup {lw(2)|,z € Q} and

A7) = AaPaT + 1 (0P + a"TaP7) AP (0) = Aa®P, A7 (0) := pua®
43333 (O) S =4 2M,Aaﬁa3 (0) — A9333 (0):=0.

)1/2 is a norm over the space V (w) which

Let us now assume that the semi norm ny defined by \7]|i\)/[ = (D Nap (n)\g "
a,B '

is not equivalent to the norm |-, ., (Slicaru [9]) and let Vj@ (w) be the completion of V (w) with respect to ||y Let
||SI)VI be the norm over V () defined by

2 1/2 1
v|iM = O5v)E o+ (v M where v := 1 vdzs
Q 0,Q w 2 1
and let Vf/f (©2) be the completion of V (2) with respect to ||QM .

Let By (C,m) = [, a“Po7 .. (¢) Yap (1) Vady and Ly (n) = [, hiniv/ady and let B]\#f[ and Lﬁ denote the unique
continuous extensions from V (w) to VA#/[ (w) of the bilinear form Bj; and the linear form L.
Under all these assumptions, Ph. Ciarlet and V. Lods proved that



Theorem 1 There exist u in Vi, (Q) and ¢ in VA#4 (w) such that
ue) —u inVﬁ(Q)aseeO andu(e) — ¢ z'nV]\#/I(w)ass—>O.

and the limit { satisfies the scaled 2D variational problem of a linearly elastic generalized membrane shell of the first
kind
¢e VY (W), Vne Vi (w)
PRy , (3)
Bi (¢,m) = Ly (n)

if the density of surface force h is admissible, that is, if there exist for each ¢, 0 < € < g, functions F (¢) =
Fit(e) € L? (Q) and there exist functions F¥ = FI* € L?(Q) such that F (¢) — F in L*(Q) as ¢ — 0 and

/ h*vi\/g (€)dl = / FY () ey, (8;v) Vg (e)dx for all 0 < e < o and for all v € V (Q).
r+ur- Q

Remark 1 Because of the previous strong convergency results, it seems natural to carry on with the study of admissibility
conditions. But it is not the only option, an alternative is to study the behaviour of the solution u(e) when the forces
are not admissible. V. Lods and C. Mardare have proved in [4] that, provided the shell is totally clamped, the solutions
u(e) strongly converge, in the energy norm, towards the displacement given by Koiter or Naghdi’s models.

2 Main results

In what follows we assume that all the assumptions above are satisfied. Let us now simplify the second part of the
previous theorem and prove that

Theorem 2 There exist u in V7, (Q) and ¢ in V¥, (w) such that
u(e) —u mVj@(Q)aseaO and u () — ¢ inVﬁ(w)assHO

and the limit ¢ satisfies the scaled 2D variational problem P/t (w) if there exist functions h®? = hP™ € L? (w) such that
the density of surface force h satisfies :

/ hiniv/ady = / P05 (n) Vady for alln € V (w). (4)

The proof is given for a density applied on the upper surface so that we can identify h'* with h*. The general case
is then proved by linearity. In Ciarlet and Lods [3], the proof is divided in ten parts. To prove our theorem, we keep
the same pattern of proof. But we only have to change the proof of parts (ii), (i4i), (v) and (vii) since these are the
parts concerned with the admissibility of the forces. The proof of the other parts remains unchanged. For a better
understanding of the whole proof, we remind them and use their results when required.

Before proving Theorem 2, let us first remind two usefull propositions already proved in Ciarlet [2].

Proposition 1 We have the following 3D Inequality of Korn’s type : there exist constants C > 0 and 9 > 0 such
that

1/2
C 2
Vlo <€D lleas V) o forallv € V(Q) and all 0 < e < &. (5)
.3
Proposition 2 If w € L? () satisfies
/ wdsvdz = 0 for allv € H' (Q) that vanish on T, then w = 0. (6)
Q



We now prove two preliminary results that will be used in the proof of Theorem 2.

Lemma 1 Forv € H' (Q), let v+ denote the trace of v on 't and © denote the mean value of v in the thickness.
Then we have

1
’U‘Iur =7+ % / (1 + 1‘3) 83Ud$3. (7)
-1

Proof. The result is obtained after the following integration by parts:

vo= %fil vdws = 3 (f; 03 (1 + x3) v) dz3 — f,ll (1+a3) 33Ud$3)
= 1 (W Doy = (0= Dope = 1) (1 + 25) Dvds)

Lemma 2 There exist constants ¢ > 0, g > 0 and a function G (g, x1,x2,x3) such that for all 0 < e < &g,
Vg (e) = Va+eG with |Gy g <c (8)

Proof. In Ciarlet [2], pl156, it is proved that g (¢) = aap — 2¢x3bas + O (52) . Then, since g (¢) = det ((gij (5))U>

and a = det ((aag)a ﬁ), we have the result by using a first order Taylor development. W
We can now give the proof of Theorem 2.

Proof.
Part (i): (no proof) There exist constants ¢o > 0 and ¢ > 0 such that
1/2
|V|SI)VI < ¢ ZHeiHj (S;V)H?)Q for all v e V() and all 0 < € < &. (9)

%,J

Part (i¢): (partial proof) There is a subsequence, still denoted (u (¢)),., for convenience, and there exist u € Vﬁ (Q),

ul=(u') eV(Q), e € L*(Q), and ¢ € VA#4 (w) such that

e>0

u(e) —~ u  inV¥# (),

eu (e) — ul inHY(Q),

ej(e) = ey inL2(Q),

eegiz(e) — egyz in L*(Q),

u(e) - ¢ in V]’f[ (w) as e — 0.

In order to prove that, it is sufficient to prove that there exist constants ¢ > 0 and €; > 0 such that for all 0 < ¢ < &1,

1/2

T+

hi*u; (¢) JgTe)dr‘ <ed 3 e @llg g
4,7
From (8) we know that

/ it (€) /g (€)dl = / R, (€) Vadl + / hitu; () eGdr. (10)
T+

T+ r+

Then, with the help of (4) and (7), we can write the first integral of the rigthside of (10) this way:

Wt () v/adl = /w hys (w(E)) Vady + 3 /Q (1+ 23) hdyu (c) Vada.

T+

4



Hence, applying Cauchy-Schwarz inequality first, using the definition of |u(5)|é¥1 afterwards, and lastly using (9) we
have the following inequalities

o s 6) yaar] < [netvall,

o (5)|, _+ 100+ ) bl g 000 )l
’ 1/2
<clu(e)y < C{Z leans (E)H;Q} :
)

At this point, let us insist on the fact that the h*? have to be in L? (w) which can be more restrictive than h being
in the dual of V¥, (w). That is why, the results obtained by E. Sanchez-Palencia in [8] and [7] about this space are
not enough to insure the convergence of u (¢). To majorate the second integral of the rigthside of (10), we use again
the Cauchy-Schwarz inequality, then the continuity of the trace on I'" and the majoration of (8), we conclude with
inequality (5). Therefore,

1/2
i 2
T €G] < <Gl I @llre < <@l < el @l < €4 2 lleas Ol
Part (i4i): (proof) The limits e;|; found in part (ii) satisfy
0 0 and A e
e = e =0 and e = — a e .
13 =0, exy3 38 =~ N0 Cells
In P (g;Q) we let v: = ew, w being an arbitrary function in the space V (2), and we let £ approach zero; we obtain

the equation
/ {2107 €5305wa + (Aaeq)r + (A + 21) e3305ws) } vadz = 0,
Q

which, combined with (6), implies the result.
Part (iv): (no proof) The whole family (u (¢)),, satisfies:

{M—yw (ﬁ)}—%)inLQ(w) as € — 0;

consequently, the subsequence considered in part (i7) satisfies:
Yo (U(€)) = Tl in L ().
Part (v): (partial proof) The limits e,z found in part (ii) satisfy

/ a7 Y0 (n) Vady = / h*yag (n) Vady for all n € V (w),
w w

the functions h®? € L? (w) being those used in the definition of admissible forces in Theorem 2. To prove the previous
equation, we just need to check that

/ hPy45 (V) Vady = lin% Rt wi\/g ()dT for all v € V () independent of the transverse variable.
w e~vJr+

A function veV () independent of the transverse variable x5 satisfies 93v = 0. That is why, using the same decompo-
sition as in the proof of part (i7), we have

/ Rt viy/g (e)dl = / hPya5 (V) Vady +¢ | hitTu,Gdl
r+ w r+



and the expected result when we let € — 0.

Part (vi): (no proof) The subsequence (u(¢))_., found in part (i¢) is such that

e>0
eu(e) — 0 in H' (Q),
D3y () — 0in L2(Q),

as € — 0. Furthermore, e, 3is independent of the transverse variable 3.
Part (vii): (partial proof) The following strong convergences hold as ¢ — 0:

eZHJ () — ¢); inL*(Q),
u(e) — 0 in H! (Q),

Yos (@) — s in L),

u(e) — ( in Vﬁ (w).

To prove part (vii), we only need to prove the following result

lim/ R, (¢) \/g(s)dF:/ho‘BW\/&dy.
T+ w

e—0

From the proof of part (i), we know that

/1“+ hitu; () /g (€)dl = / Ry, 3( (e )) Vady + % /Q(l + z3) hosu (¢) \/5dﬂc—|—/r+ hiteu; () Gdl' (11)

and because of (vi), (iv) and (i) we have:

lim 1 / + x3) hdsu (¢) Vadx = 0, hm/h ﬁfyag ( fdy—/h Beaﬂg\fdy and 1111(1) hi*eu; (¢) Gdl' = 0.
Q

e—02 r+

Hence, we just have to let € — 0 in (11) to get the announced result.
Part (viii): (no proof) The limit ¢ € VA#4 (w) found in part (i) satisfies the equations

B (¢.m)=Lj; (n) for ally € V; (@),
which have a unique solution. Consequently, the convergence
u(e) — ¢ in Vi; (w)

established in part (vii) holds for the whole family (u (s)) .
£>

Part (iz): (no proof) The following strong convergences hold:

u(e)
O3 (€)

u in V¥ (Q),
0 inL2(Q).

—
—

Part (z): (no proof) The whole family (u (¢)),., converges strongly to u in the space Vf/f (). m

3 Some applications

In this section we first obtain a general system of PDE from the weak formulation (4), and afterwards, we carry through
the study of this system in four representative cases. Since (7o), the linearized change of metric tensor of .S, depends
on the geometry of the shell through the Christoffel symbols I'7 5 and the curvature tensor (bag), see (1), the formulation



of the PDE system depends on the geometry too. The choice of the coordinates set is very important to simplify the

coupling between the unknowns. Indeed, if the geometry is hyperbolic, a parametrisation along the asymptotic lines

leads to the following curvature tensor : (bag) = ( bO b62
12

(bap) = ( b(l)l 8 ) when the first coordinate is along the asymptotic line (Sanchez-Hubert and Sanchez-Palencia [7]).

> , whereas if the geometry is parabolic, the tensor becomes

Let us remind that an asymptotic line of a surface S is a curve on S having the property that at every point, the tangent
vector is collinear with one of the asymptotic directions (directions for which the normal curvature is null).

Theorem 3 If the problem of unknowns (h®®) (with h?' = h'2):

~05(h"P\/a@) = T5,(h7P/a) = h°\/a fora =1, )
—b1 A — 2b19R12 — bygh?2 = B3

admits at least one solution such that

't e L2 (w), 1At € L2 (w), h'lng =0 on Ow \ 7o,
h?? € L*(w), 02h?? € L?(w), h*2ny =0 on dw \ 7o, (13)
h'? € HY(w), h'2 =0 on 0w \ Yo

then h is admissible.

Proof. Let us assume that h®? satisfy the regularity and boundary conditions (13). We integrate by part
[, h*F~as (1) Vady with n € V (w). The border integrals vanish because of the boundary conditions. By using the
equations (12), we obtain [ h*’v.5 (n) Vady = [ hin;\/ady, so (4) is satisfied. W

Before studying the existence of solutions for the PDE systems in four representative cases of partially or totally clamped,
hyperbolic or parabolic shells, let us first remind two useful properties.

Property 1 Let w := |a,b[ x |c,d[ be an open bounded subset of R?> and h be a function of L? (w). The function f
defined almost everywhere in w by

f(z,y) = /l h(t,y)dt

is in L? (w) and satisfies
Opof=hinL?w), f=0o0nz=a.

A proof is given in Sanchez-Hubert and Sanchez-Palencia [7], p64.

Property 2 Let w :=]a, b x ]e,d[ be an open bounded subset of R? and h be a function of L* (w) such that Oyh is in
L? (w) too. Then, the function f defined almost everywhere in w by

faw)i= [ hitg)ae
is in H' (w) and satisfies
Ouf =hin L? (W), O,f :/ Oyh(t,y)dt in L? (w) and f =0 on z = a.

Proof. Because of Property 1, we just need to prove that 0, f = ff Oyh(t,y)dt. To do so, we first prove the equality
in the space of distibutions D’(w), that is, we prove that for any ¢ in D(w) :

Layf(m,y)w(x,y)dxdy:A </j 3yh(t,y)dt> p(x,y)dzdy



Let ¢ be in D(w),h and dyh be in L?(w) and f(z,y) := [ h(t,y)dt. By definition of the derivation in D’(w) and by
definition of f,

/w@yf(x,y)@(x,y)dxdy = 7/ £z, 9)0yp(x, y)drdy = 7/

w w

( /: h(t,y)dt) Oyp(z,y)dady

From the Ostrogradsky formula [ d,uvdrdy = — [ udyvdxdy + [, uvv,dl, that can be used as soon as d,u and v
are in L%(w), we deduce that

—/w (/; h(t,y)dt) yp(z,y)drdy = /w (/bw dyp(t, y)dt> h(x,y)drdy — /m (/j h(t,y)dt) (/bm aycp(t,y)dt> vpdl

But, on the borders ¥y = ¢ and y = d,v, = 0, on the border z = a,f; h(t,y)dt = 0 and on the border x = b,

fbw dyp(t,y)dt = 0, so that the border integral vanishes. Because of ¢’s regularity, we can permutate [ and 8, and use
once more an Ostrogradsky formula so that

/w 9, ( /b ’ gp(t,y)dt) W, y)dady = — /w ( /b ' <p(t,y)dt> o,hy)dady + | h(r.) ( /b ' <p(t,y)dt> vydl.

On the borders ¢ = a and = b,v, = 0, on the borders y = ¢ and y = d,p = 0, so that the border integral vanishes
again. We integrate by parts again and obtain

—/w </bm <p(t,y)dt> Oyh(z,y)dzdy = /w </ar 8yh(t,y)dt> o(t,y)dzdy — /&u </az 8yh(t,y)dt> (/bx gp(t,y)dt) vgdl.

Since the border integral is again equal to 0, we have the expected equality in D’(w). To conclude, from Property 1,
we know that [ 9,h(t,y)dt is in L?(w), so the equality takes place in L?(w). W

3.1 Hyperbolic shell totally clamped
Let us suppose that the middle surface of the shell is the following portion of a hyperbolic paraboloid

2 2
T T 5 .
HP = {(1‘17$2,$3) €R37a—3 = a—; —a—g with —xg < 21 < xg and — yg < 22 <y0}
3 1 2

and that the shell is totally clamped. We choose a parametrisation of HP along the asymptotic lines, so that the
mapping 6 is
0: w — R3
(0, 9) +— (F(p+9), % (¢~ ), azpt)
where w is the subset
2 2 2z 2z
wr:{(%w)eRQ,w—yo<w<<p+yoand —¢—°<w<—¢+°}.
as as al ai

The border is then represented by

Owi= {(p+p—20),pe|-2 4% 204 W0
prro+ i) pe|-p -t 1o n
p-p-t) pe|-mom _min
gt ) pelim o pmm

In these coordinates, the second fundamental form (bag),, g verifies,

b11 = bao = 0 and by # 0,



asymptotic line

X 77 T
S, 7 CP
e\ | .
‘\“:“:“3:2”7%%2%4%2254 — £

Hyperbolic paraboloid Domain w

Figure 1: Hyperbolic shell totally clamped

the Christoffel symbols are such that,
[jy =03, =T =T1 =0, # 0 and I'F, #0,

and the Jacobian /a is different from 0. The displacement field n = (1;) is looked for in H} (w) . Under these assumptions,
the admissibility condition given by (4) becomes : find h*” in L? (w), such that for all n = (1;) € H} (w),

/ h'niv/ady = / (R 0,m1 + h*0ymz + b2 (Bym + Opmz — 2T 19m1 — 2I'35m2 — 2b12m3) ) Vady (14)
Theorem 4 The surface force h = (h') € L? (w) is admissible if h* is in H' (w).
Proof. Let h',h? be in L? (w),h? be in H! (w). Let
Ve (w) :={h € L?(w),0,h € L* (w)},
Vy (w) :={h € L* (w),8yh € L* (w)}.
From Theorem 3, we know that h is admissible if there exist A*! in V,, (w), h?? in V, (w) and h'? in H'(w) such that :

—05(h*P\/a) — T, (h'2/a) = h*\/a for a =1,2
—2byph!2 = b3

h'2 = — QZ; is appropriate since it is in H'(w). We substitute this function for h'? and thus obtain two uncoupled PDE

9, (Ma) = fi in L2 (w)
where

X 1
fri==h'"Va+ 0y (lh?’\/E) L TN (W),
2b12 bi2



and, R
w (h?Va) = fo in L? ()
where

f2 ::_h2\/5+3w< h3f) 12h3feL2( ).

2b19
For almost all (¢,v) € w, let

g(p,¥) f/ fi (n.0) dn,

then of course 9, (gy/a) = f1 in L? (w). So, we just need to prove that g is in L?(w) to have g in V,, (w) and thereby
get the result by letting h'' = g. From the Cauchy-Schwarz inequality, for almost all (¢, 1) € w, we have :

/O¢f1 (n, %) dn < \/’/waf(m/))dn
(/;fl (n,l/f)dn)Q <ol ‘/waf (Wb)dn‘- (15)

Let @ be the following open subset which contains w

©
/ 12dn’
0

so that

@::}—@—yo Io_i_yo{x}_@_yo I0_~_y0|:.

ay az’ ay a1 az’ ay

and let f; be the extension by zeros of fl to @. Since fl isin L? (w) then fiisin L2 (@) too and obviously, if the integrals

exist, they verify
/w(/owfl(n,w)ao dy</</ A n) dy

For all (¢,v) € @, |p| < 2% + 22, so0, after integrating (15) on  , we obtain the following bounding :

L[ hoorm) s (Gacte) ([ 7 roran)

From the Tonelli Theorem we have :

zo

/(/ " R >dy= ([ Rava)a= (2 2) 3

al a2 al a2

So, since f; is in L2 (@), we have the expected bounding

([ 0=

which insures that g is in L? (w), and, consequently, in V,, (w). We proceed the same way to build 2?? in Vy, (w). W

3.2 Hyperbolic shell partially clamped

Let us suppose that the middle surface of the shell is a portion of hyperbolod H and that it is clamped along its entire
”lower” face I'g. Let the cartesian equations of H be

%+—2——2:1and20§x3§21.
ary az; aj
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Figure 2: Hyperbolic shell partially clamped

Hyperboloid

We choose a parametrisation of H along the asymptotic lines, so that

0: © — R®
cos(p+9) sin(p+¢)
(0, 0) +— <a1 cos (¢ — )’ G2 (o —v) az tan (¢ — 10))

where

w =19(p, ), p€]0,7[,¢ e}gp—arctan%,w—arctanlj—g[}
(p,0),¢ € }—arctané—;,w — arctan 22, [,gp c }max (1/1+arctan§—g,0) , min <1j;+arctan2—;,7r> H,

as

the upper border I'; is represented by

v = {((p,go— arctan Zl) ,p € ]0771'[} = {(w—i—arctanzl,w> VNS —arctanﬁmr — arctan 22 },
as | as |

as as

and where the lower border I'y is represented by

2 2 | z 20 [
Yo 1= { (cp, ¢ — arctan 0) ,p € ]O,ﬂ'[} = { (w + arctan 0,1/)) . € | —arctan —-, 7 — arctan — } .
as as ] as as |
Let @ be the open subset
W= }arctan 20 — arctan 2L, w[ X }arctan 20 _ arctan £, m — arctan £ [
3 as as as as
The displacement field is looked for in V (w) = {v € H! (w), v m-periodic, v =0 on 7o} . The second fundamental form

(baﬁ)aﬁ is m-periodic, such that,
b11 = bap = 0 and by3 # 0,

11



the Christoffel symbols are m-periodic, such that,
Iy = T3, =2tan (¢ — ¢), T3, =T, = 0,T1, # 0 and T'F, # 0,

and the jacobian /a is m-periodic, different from 0. Under these assumptions, the admissibilty condition (4) becomes
heP € L? (w), such that :

Jonivady = [, (h* (Opm — 2tan (@ — ) m) + h?? (Oynz + 2tan (¢ — ¥) 1)) Vady (16)
+ [, b2 (Oypm + Opnz — 2T 1o — 2I'%35m2 — 2b12m3) Vady for all n € V (w).

Theorem 5 The m-periodic surface force h = (h’) € L% (w) is admissible if
h? € H' (w),0,4h® € L? (W), h* =0 on 7
Oyht € L? (w) , (17)
6¢,h2 € L?(w).
Proof. Let h = (k%) be a m-periodic function of L? (w) satisfying (17) and let
Vy (w) :=={h € L? (w),0,h € L* (w) , h m-periodic and hv, =0 on 7 },

Vi (W) := {h € L? (w) ,0ph € L? (w) , h m-periodic and hvy, =0 on v } .
From Theorem 3 we know that h is admissible if there exist h' in V, (w), h?? in Vj, (w) and h'? in V,, (w) NV (w)
such that :
*ap(hu\/a) - aw(hu\/a) - thn\[ - 2F%2h12\/5 = hl\/a

—~0,(h12\/a) — 9, (h?2\/a) ~ T3,h22 /a — 2T, W12 /a = W2 a
—2b15h12 = p3

pl2 — _ K

3 1S appropriate since it is in V,, (w) N Vg (w). We substitute h'? and thus obtain two uncoupled PDE :

9, (h''Va) — 2tan (¢ — ¥) (h''/a) = (h'Va) — 8y <2b1h3\f> 1;1122 Wa
and
—9y (h**Va) + 2tan (¢ — ¥) (h**Va) = (h*Va) — 9y ( h3f) 1122 h*Va.
Let us notice that

9, (h''Va) + 2tan (¢ — ) (R''/a) = cos® (p — ) O, ( W ya

cos? (p — w)

and that
1%, (h22\/5) — 2tan (p — ) (h”f) = cos? ) 0, < h?*va
¥ 14 (v - cos? (p — 1)
so if we let ) . -
P _(pl Lt 13 112 (13
fr= cos? (¢ — ) ( (h \/E) 0y (2512 (h \/E)> h f
and

2 1 1

hr= e (0@ 0. (g 00V >)*§§<hgﬁ>>'

f1 and f5 are both m-periodic and, because of (17), both in L? (w) . Therefore, h is admissible if we can find h! € Vo (w)

such that
( hll \/&
Dy

— VT )=finL?Ww
)~ R
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and h?? € V,, (w) such that

Dy (W> = foin L* (w).

cos® (¢ — )
Let f1 be the extension by zeros of f; to @. Since f; is in L2 (w) then f; is in L2 (@) . For almost all (¢, v) € w, let
cos® (p =) [* ;
9, 9) = 7/ fi (n, ) dn,
\/a 1+arctan Z—‘;

and let us prove that ¢ is in V,, (w) . In order to do that, we just have to prove that the integral ff+arctan w fi (n,v)dn
asg

is in L? (w) and vanishes on ;. The second point is obvious. From the Cauchy-Schwarz inequality, for almost all

(p,9) € w, we have :
. 2
(/ fi(n.) dn) <
Y+arctan ng

Since for all (¢, v) € w,

/w 2 () dn /w 1%dn

20 Z0
+arctan as Y+arctan as

< 7 and since f; is m-periodic then,

= Zo
(p — 1 — arctan -

® 2 w
</ i) dn) S?r/ i (n.4) dn
w+arctan£ 0

moreover, as w C @,we have the following bounding :

/ (/1; fr (0. v) an)2 wen [ ([ Bowin)a

We conclude with the Tonelli Theorem that :

7T/~ (/0 fE () dn> dy = 72| fu]|2., < oo,

so, h'! = g is a suitable solulution. We proceed the same way to find h?? in Vo (w). N

3.3 Parabolic shell totally clamped

Let us suppose the shell C is a portion of a cone which is subjected to a boundary condition of place along its whole
latteral face.
C:= {(ml,:cg,xg) €R3, z; =rcosh,zy = rsin, x3 = rcotp, (r,0) € (D}

where
w =|rg,71[x]00, 01[ and ¢ €]0, 7/2].

The admissibilty condition (4) becomes : find h*? in L? (w), such that for all n = (1;) € H} (w),

_ . 9
/ R'nivady = / (h“&«m + h?% (9gnz + 7sin® gny — 7 cos n3) + h'? <39171 + Ormo — rm)) Vady (18)
where v/a = e

Theorem 6 The surface force h = (hz) € L? (w) is admissible as soon as

Ogh?, Ogh® and Dgoh® are in L? (w). (19)

13
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Figure 3: Parabolic shell totally clamped

Proof. Let h = () be a function of L? (w) satisfying (19). If we can find h'*, h?? in L?*(w) such that 9,k and
Oph?? are in L?(w), and h'? in H'(w) satisfying
—0,(h*'y/a) — 9g(h'?\/a) + rsin® o h'2\/a = h'\/a
2
0, (W12@) — 0y /a) ~ ZW2\fa = h*\/a (20)

—rcosph?? = h?

then h is admissible. Let h22 = ——2°_ hoth h22 and 9ph?? are in L?(w). Let us point out that 9, — 2n =1r20,(%)

rcosp’

and substitute h?2 in (20), then, h'? satisfies

2
~0,(r*1'%) = 12 — L 8yh® in L*(w),
cos ¢

A possibility for h'? is

e s, 7
W' = (—h2r3 + (%hS) dr.
Cos ¥

T3
L

With this choice, h'?,9,h'? and dgh'? are in L?(w) as shown by Property 1 and Property 2. Finally, replacing h!?
and h?? in (20) and integrating by parts, we notice that if there exists h'* € L?(w) such that
11 v, L 2.3 r’ 3 sin” ¢ 3. 12
=0y (rh") =rh" + = [ Op | —h"r° + ——0ph” | dr + r————h" in L*(w),
2 Jo cos Ccos
the admissibility conditions are fulfilled. So, we just have to let

1 [ 1 (" 2 sin?
At = —*/ (Thl + 7/ O (—h2r3 + ragh?’) dr + rwhg) dr.
T Jro 72 1o cos @ cos

to conclude. W
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Remark 2 If we suppose that the shell is subjected to a boundary condition of place along a portion its latteral face,
for example on r = r1 we have to add the following border conditions to h :

hfe:eo = h\29:91 = h?e:ao = h?@:el = aeh?e:eo = 80’1]0’9:91 =0.

These equations are obtained by canceling the border integrals during the integration by parts.

3.4 Parabolic shell partially clamped

asymptotic line

X3 2

- Iy 1
] 20
-
[
Iy
]
I
1
- w
[
Iy
7
1
]
i > @
7
[t
/\: L=+ To 0
&1 \

T2

Cylinder

Figure 4: Parabolic shell partially clamped

Let us suppose that the middle surface of the shell is a portion of cylindar C
C = {(z1,22,23) € R®, 21 = cos, x5 = sinf, x5 = z for (0,z) € @}

where

w :=]0, 27[x]0, zo[ and 2o > 0,
and that the shell is subjected to a boundary condition of place along its entire ”lower” face

Iy:= {($1,$27ZL’3) € R3, z1 = cosf, zy = sinb, x5 = 0 for 0 € [0,27r[} .

In these coordinates, the second fundamental form (bag),, g is

b11 = —1,b12 = 0 and byy = 0,

all the Christoffel symbols are equal to 0 whereas the jacobian /a is equal to 1. Let vy := {(6,0) for 6 €]0, 2x[} and
7 = {(6, 20) for 6 €]0,2x[} . The displacement field is looked for in

V (w) = {V € H' (w), v 27-periodic with respect to the first variable, v = 0 on 'yo} .
The admissibilty condition (4) becomes : find h*? € L? (w) such that for all n = (1;) € V (w)

/ hinidy = / (A (Bgm1 + m3) + h*2 (D + Dgm2) + h*20.1m5) dy (21)
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Theorem 7 The surface force h = (hl) € L2 (w), 2m-periodic with respect to the first variable, is admissible if
Dpht, 0gh® and dgeh® are in L*(w). (22)

Proof. Let n be in V (w) and let h = (h?) be a 2m-periodic with respect to the first variable function of L? (w)
satisfying (22). Taking successively as test function n = (1,0,0),(0,7,0) and (0,0,7) in (21) we obtain the three
following equations satisfied by all n € V (w):

/hlndy :/ (K" 0gn + h'?0.n) dy
/ h2ndy = / (huam] + h228z77) dy

/ h3ndy = / hndy
w w
These equations are satisfied by

20 20 20
ht =h3 pl1? = / (h' + 0ph®) dz and h** = / (h2 +/ 99 (h' + 0ph?) dz> dz.

4 Conclusion

The method developped to obtain, from Theorem 2 and Theorem 3, sufficient admissibility conditions gives rather
simple results (conditions of regularity and behaviour on the border). The difficulty to get these conditions depends
on the geometry of the shell and on its clamping. For example, for elliptic partially clamped shells, it doesn’t work.
Nevertheless, Theorem 2 can be the start of other methods which lead to different sufficient admissibility conditions.
One of them is developped in one example in Poutous [6].
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