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Résumé

On considere une équation aux dérivées partielles stochastique possédant deux non-linéarités de
type logarithmique, avec deux réflexions en 1 et —1 sous la contrainte de conservation de masse.
L’équation, dirigée par un bruit blanc en espace et en temps, contient un double Laplacien.
L’absence de principe de maximum pour le double Laplacien pose des difficultés pour I'utilisation
d’une méthode classique de pénalisation, pour laquelle une importante propriété de monotonie
est utilisée. Etant inspiré par les travaux de Debussche, Goudenege et Zambotti, on démontre
I’existence et 'unicité de solutions pour des données initiales entre —1 et 1. Enfin, on démontre
que I'unique mesure invariante est ergodique, et on énonce un résultat de mélange exponentiel.

Abstract

We consider a stochastic partial differential equation with two logarithmic nonlinearities, with two
reflections at 1 and —1 and with a constraint of conservation of the space average. The equation,
driven by the derivative in space of a space-time white noise, contains a bi-Laplacian in the drift.
The lack of the maximum principle for the bi-Laplacian generates difficulties for the classical
penalization method, which uses a crucial monotonicity property. Being inspired by the works of
Debussche, Goudenege and Zambotti, we obtain existence and uniqueness of solution for initial
conditions in the interval (—1,1). Finally, we prove that the unique invariant measure is ergodic,
and we give a result of exponential mixing.

Introduction and main results

The Cahn-Hilliard-Cook equation is a model to describe phase separation in a binary alloy (see
[6], [7] and [8]) in the presence of thermal fluctuations (see [11] and [27]). It takes the form:

8tu:flA(Au—1/)(u))+§., on Q C R",
2 (0.1)

Vu-v=0=V(Au—1(u)) v, ondf,

where ¢ denotes the time variable and A is the Laplace operator. Also u € [—1, 1] represents the
ratio between the two species and the noise term & accounts for the thermal fluctuations. The
nonlinear term 1 has the double-logarithmic form:

w:quln(l—i_u)—ch, (0.2)

1—u
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where 6 and 0. are temperatures with 6 < 0.

The study of this equation presents several difficulties. First, the singularities at =1 have to be
treated carefully. Also, since it is a fourth order equation, no comparison principle holds.

The deterministic equation where 1) is replaced by a polynomial function have first been studied
(see [7], [27] and [32]). Then non smooth ¥ have been considered (see [5] and [17]).

Phase separation have been analysed thanks to this model: see for example the survey [31],
and the references therein, or others recent results on spinodal decomposition and nucleation in
[1, 4, 24, 28, 29, 35, 36, 37].

In the case of a polynomial nonlinearity, some results have been obtained in the stochastic case
(see [2, 3, 0, 10, 12, 19]).

Note that the solutions of the equation with polynomial nonlinearity do not remain in [—1, 1]
in general, and their physical interpretation is not clear.

To our knowledge, the case of the logarithmic nonlinearity in the presence of noise have never
been studied. The presence of noise has a strong effect and equation (0.1) cannot have a solution.
Indeed, a solution should remain in [—1, 1] which is impossible with an additive noise. Two reflec-
tion measures have to be added to the model to remedy this problem. In this article, we propose
to study:

D=~ A(Au— () £y —ny) +E with 0 e[0,1] =,
2 (0.3)

Vu-v=0=V(Au) - v, on 092,

where the measures are subject to the contact conditions almost surely:

/ (1+ u)dn_ = / (1 — w)dny = 0. (0.4)

The stochastic heat equation with reflection, i.e. when the fourth order operator is replaced
by the Laplace operator, is a model for the evolution of random interfaces near a hard wall. It
has been extensively studied in the literature (see [16], [21], [22], [33] [38], [39] and [40]). Essential
tools in these articles are the comparison principle and the fact that the underlying Dirichlet form
is symmetric so that the invariant measure is known explicitely.

In our case, we consider a noise which is obtained as the space derivative of the space-time
white noise. In other words, the noise is the time derivative of a cylindrical Wiener process in
H~1(0,1). This is physically reasonable since the Cahn-Hilliard equation can be interpreted as a
gradient system in this space. With such noise, the system is still symmetric and the invariant
measure is known explicitely. As in the second order case, we use this fact in an essential way.

However, as already mentioned, no comparison principle holds and new techniques have to be
developed. The equation (0.3) has been studied with a single reflection and when no nonlinear
term is taken into account in [18]. The reflection is introduced to enforce positivity of the solution.
Various techniques have been introduced to overcome this lack of comparison principle. Moreover,
as in the second order case, an integration by part formula for the invariant measure has been
derived. Then, in [23], a singular nonlinearity of the form u~% or Inu have been considered.
Existence and uniqueness of solutions have been obtained and using the integration by parts formula
as in [39], it has been proved that the reflection measure vanishes if and only if & > 3. In particular,
for a logarithmic nonlinearity, the reflection is active.

Here, we consider the original Cahn-Hilliard-Cook model (0.1) with the double-logarithmic
nonlinear term (0.2). The noise is as in the above mentioned articles and we still have an explicit
invariant measure. Our method mixes ideas from [18], [23] and [39]. Additional difficulties are
overcome, the main one being to understand how to deal with the nonlinear term. Indeed, in [23],
the positivity of the nonlinear term was essential. We overcome this difficulty thanks to a delicate a
priori estimate. Our main results state that equations (0.3), (0.4) together with an initial condition
have a unique solution (see Proposition 2.3 and Theorem 1.1). Asin [18], it is constructed thanks to
the gradient structure of (0.3) and strong Feller property. Moreover, we prove that this solution is
the limit of the solution of the Cahn-Hilliard-Cook equation with polynomial nonlinearity without
reflections. This justifies the use of the polynomial models. We also prove that the invariant
measure is unique and ergodic. Such property is very easy to obtain if 6. is small (see [18]) or in



the polynomial case (see [12]). Finally, a stronger result of exponential mixing is given in the last
Theorem 3.1. It is based on coupling and arguments developped by Odasso in [34].

In future studies, we shall generalize the integration by part formula obtain in [18] to prove
that the reflection measure does not vanish. The presence of two reflection measures introduces
additional difficulties. In the second order case, this has been studied in [20].

1 Preliminaries

We denote by (-,-) the scalar product in L?(0,1); A is the realization in L?(0,1) of the Laplace
operator with Neumann boundary condition, i.e.:

D(A) = Domain of A= {h € W?>2(0,1):1/(0) = h'(1) =0}

where we use W™? and ||.||wn.» to denote the Sobolev space W™P(0,1) and its associated norm.
Remark that A is self-adjoint on LQ(O, 1) and we have a complete orthonormal system of eigenvec-
tors (e;)ien in L%(0,1) for the eigenvalues (\;)ien. We denote by h the mean of h € L*(0,1):

h— /0 ()0,

We remark that A is invertible on the space of functions with 0 average. In general, we define
(=A)"'h = (=A)"Y(h—h)+h.

For v € R, we define (—A)? by classical interpolation. We set V, := D((—A)"/?). Tt is endowed
with the classical seminorm and norm :

+o0 1/2
[kl = (Z<—Ai>vh?> Al = (1B +B2) for h =Y hues.

i=1 €N

| - |, is associated to the scalar product (-,-),. To lighten notations, we set (-,-) := (-,-)—; and
H :=V_;. The average can be defined in any V, by h = (h,eq). It plays an important role and
we often work with functions with a fixed average ¢ € R. We define H. = {h € H : h = ¢} for all
ceR.

We use the following regularization operators:

1 N n
Qnx = N Z _0(%61')@1'-

n=0 ¢

It is defined on L?(0,1) and can extended to any V.. Clearly Qnz converges to z in V, if z € V.
Moreover, it is well known that if € C([0,1];R), then the converges holds in C([0,1];R). Note
also that @y is self-adjoint in V, and commutes with A.

The covariance operator of the noise is the operator B defined by

0

_ 9 —_ iz
B = =5, D(B) = Wy(0,1).
Note that 9
B =—55, D(B") = Wh2(0,1), BB* = —A.

We denote by By(H,) the space of all Borel bounded functions on H.. We set O, := [s,1] x [0,1]
for s,t € [0,T] with s <t and T > 0, and Oy = Og; for 0 <t < T. Given a measure ¢ on O, ; and
a continuous function v on Os ¢, we write

<U’C>Os,t ::/O v d¢.



For A € R, we define:

~+00, for all x < —1,
(@) m(=%) 4 ae, foralla e (—1,1) (1.1)
= nl-—— T — .
x T xz, forall z , 1),
—00, for all x > 1,

and the following antiderivative F' of —f:

Fz)=14+2)ln(14+2)+(1—2)In(l —z) — %xQ, for all z € (—1,1).

With these notations, we rewrite (0.3) in the abstract form:
1
dX = —§A(AX + f(X) +n- —ny)dt + BdW,

<(1+X)5777>OT = <(]‘7X)777+>OT :Oa (12)
X(0,z) = for x € V_4,
where W is a cylindrical Wiener process on L?(0, 1).

Definition 1.1 Let x € C([0,1];[-1,1]). We say that ((X(t,ac))te[O’T] Sty My W), defined on a
filtered complete probability space (Q,]P’, F, (ft)te[O,T]); is a weak solution to (0.3) on [0,T] for the
initial condition x if:

(a) a.s. X € C((0,T] x [0,1];[-1,1]) N C([0,T]; H) and X (0,z) = z,

(b) a.s. ny are two positive measures on (0,T]x[0,1], such that ni (Os ) < 400 for alld € (0,T],

(¢c) W is a cylindrical Wiener process on L*(0,1),

(d) the process (X (-, z), W) is (F;)-adapted,

(¢) as. (X(,x)) € L'(On),

(f) for all h € D(A?) and for all0 < § <t <T :

1

(X (0,z),h) — _/5 (X(s,x), A%h)ds — %/5 (Ah, f(X (s,2)))ds

(X(t,2).h) :

1 1 K
*§<Ah’n+>05,t + §<Ah,n,>os,t 7/6 (Bh,dW), a.s.,

(9) a.s. the contact properties hold :
supp(n-) C {(t,0) € Or/X(t,z)(0) = —1} and supp(ny) C {(t,0) € Or/X(t,z)(0) = 1},
that 1is,

<(1 +X)’77_>OT = <(1 - X)a77+>OT =0.

Finally, a weak solution (X,ny,n—, W) is a strong solution if the process t — X (t,x) is adapted
to the filtration t — o (W (s,.),s € [0,t])

Remark 1.1 In (f), the only term where we use the function f is well defined. Indeed, by (e) we
have f(X(-,z)) € LY(Or) and by Sobolev embedding Ah € D(A) C L>(Or). Hence the notation
(-,-) should be interpreted as a duality between L* and L*.



The solution of the linear equation with initial data « € H is given by

¢
Z(t,x) = et A2y —|—/ e~ (=A% 2 payy, .
0
As easily seen this process is in C([0, +oo[; H) (see [14]). In particular, the mean of Z is constant
and the law of the process Z(t,x) is the Gaussian measure:

t
Z(tx) ~ N (e 22,Q), Qi = / e A 2BBr e A 2ds = (—A) NI — e ).
0

If we let t — 400, the law of Z(t,z) converges to the Gaussian measure on L?:

pe == N(ceg, (—A)™Y), where ¢ = Z.

Notice that p. is concentrated on H, N C([0,T1).
In order to solve equation (1.2), we use polynomial approximations of this equation. We denote
by {f"}nen the sequence of polynomial functions which converges to the function f on (—1,1),

defined for n € N by:
n 2kt

k=0

We use the following antiderivative F™ of —f™ defined by:

n p2k+2 A )
=2y L 222 forallzeR.
;O Skt 2)2k 1) 27 rATE

Then for n € N, we study for the following polynomial approximation of (1.2) with an initial
condition z € H: )
dX™ + §(A2X" + Af™(X™))dt = BdW,
(1.3)
X"0,z) =
This equation has been studied in [12] in the case B = I. The results generalize immediately and
it can be proved that for any « € H, there exists a unique solution X"(-,z) a.s. in C([0,T]; H) N
L*2((0,T) x (0,1)). Tt is a solution in the mild or weak sense. Moreover the average of X" (t, )

does not depend on t.
For each ¢ € R, (1.2) defines a transition semigroup (P,");>o:

Pp(z) = E[p(X"(t, )], t > 0,2 € H., ¢ € By(H.), n € N*.

Existence of an invariant measure can be proved as in [12].
Using Galerkin approximation and Bismut-Elworthy-Li formula, it can be seen that (P;"“):>¢
is Strong Feller. More precisely, for all ¢ € By(H.), n € N and ¢t > 0:

% \2t/4
WE

Irreducibility follows from a control argument. By Doob Theorem we deduce that there exists an
unique and ergodic invariant measure v .
It is classical that equation (1.3) is a gradient system in H. and can be rewritten as:

|PP0(@) = Po(y)| < T |@llcle — yl 1, for all 2,y € HL. (14)

1
AX" 4+ =~ A(AX™ — VU™ (X™))dt = BAW,
2 (1.5)

X"(0,z) =x € L*(0,1),

where V denotes the gradient in the Hilbert space L?(0, 1), and:

U™ (x) ::/O F™(x(0))do, =€ L*(0,1).



The measure v is therefore given by:

E(dx) = - exp(—U" () e (),

(&

where Z' is a normalization constant.

We prove in section 2 that, for ¢ € (—1,1), the sequence (v

" )nen converges to the measure

veldx) = 5 exp(~U (@) Lrercpe(d)
where )
Ulz) = /O F(z(6))d0, = € L*(0,1).
and
K={recl*: 1>x>-1}.

In section 2, we prove the following result.

Theorem 1.1 Let c € (—1,1). Let © € K such that T = ¢, then there exists a continuous process
denoted (X (t,x))i>0 and two nonnegative measures Y and n” such that ((X(t, ) P W)

is the unique strong solution of (0.3) with X(0,2) =z a.s.

The Markov process (X (t,x),t > 0,2 € KNH.) is continous and has P¢ for transition semigroup
which is strong Feller on H..

Forallx € KNH, and 0 =ty <ty < -+ < tm, (X(ti,z),i =1,...,n) is the limit in distribution
Of (Xn(ti,$))i:17._.7m.

Finally v. is an invariant measure for P€.

In all the article, C denotes a constant which may depend on 7" and its value may change from
one line to another.

2 Proof of Theorem 1.1

2.1 Pathwise uniqueness

We first prove that for any pair (Xi,ni,ni, W),i = 1,2, of weak solutions of (0.3) defined on
the same probability space with the same driving noise W and with X'(0) = X?(0), we have
(Xl,n_l‘_,nl_) = (XQ,ni,UQ_). This pathwise uniqueness will be used in the next subsection to
construct stationary strong solutions of (0.3).

Proposition 2.1 Let z € C([0,1];[-1,1]). Let (Xi,ni_,ni_,W) ,1 = 1,2 be two weak solutions of
(0.3) with X' (0) = X?(0) = 2. Then (X', nL,nL) = (X% ni.n2).

Proof : We use the following Lemma from [23].

Lemma 2.1 Let ¢ be a finite measure on Osp and V. € C(Os ). Suppose that there exists a
positive continuous function cr : [0,T] — R such that :

i) for all r € [8,T), for all h € C([0,1]), such that h =0, (h,{)o,., =0,
ii) for all v € [8,T), V(r,-) = cr(r) with (V,{)o, » =0,
then C is the null measure.
Let Y(t) = X'(t,z) — X*(t,x), ¢+ = n} —n% and (_ = n' —n?, Y is the solution of the

following equation:

dy = —%A (AY + (f(X") = F(X?) + (- —¢y) dt,
(2.1)

Y (0) = 0.



Taking the scalar product in H with Y = QnY and integrating in time, we obtain since ¥ has
ZEro average:

YO, - Y@, = —/6 (Y () = (FXT) = f(X2), Y ) ds + (- = (.Y V)0, (2:2)
For all s € [4,1],
(YN(s) = Y (s), f(X'(5,2)) = F(X?(s,2)))

<YM () = Y(8) |l Lo o,ap 1F (X (s,2)) = F(X3(s,2)) | L1(j0,1))»

where || - [|o(f0,1) and || - ||z1(jo,1]) are the classical norms on the space [0,1]. The latter term
converges to zero since YV (s) converges uniformly to Y (s) on [0, 1]. Since f(x)—Az is nonincreasing,

((Y(s), f(X (s,2)) = f(X2(s.2)))) = ((V(s5). f(X'(5,2)) = f(X?(s,2)) = AV (5)))
+({Y(s), AY (5)))
Y ()5

IN

Taking the limit in (2.2) as N grows to infinity, we obtain:

t
YO~ VO < (V6 ~ Gy, + [ V) do
We now write
<Y7 C* - C+>O§,t
= <1 + )(11’7711*>05,t o <1 + )(22’77117>O§,t o <1 + )(;1’7723>05,t + <1 + )(2272%>05,t
H1-X ’77+>05,t -(1-X ’77+>05’t -(1-X 777+>05’t +(1-X 777+>05,t
<0

by the contact condition and the positivity of the measures. It follows:

Y02, — Y@, <A /5 1V (s)[2 ds.

By Gronwall Lemma, and letting § — 0, we have |Y(t)|_; = 0 for all t > 0. Since Y (¢) = 0, we
deduce X'(t,2) = X?(t,z) for all t > 0. Moreover, with the definition of a weak solution, we see
that :

=0.

for all h € D(A?),  (Ah, ¢ — () =

By density, we obtain that ¢ := ¢_ — ¢y and V := (1 — X)(1 4+ X') = (1 — X?)(1 + X?) satisfy
the hypothesis of Lemma 2.1, and therefore { = (_ — (4 is the null measure. And since (_ and (4
have disjoint supports, then (_ and ¢4 are the null measure, i.e. n* =7% and 771_ = ni.

O

2.2 Convergence of invariants measures

We know (see [15]) that p. is the law of Y = B — B + ¢, where B is brownian motion. Then for

0 < ¢ < 1, we remark the following inclusion :

c—11-c
2 72

{Bge{ },forall@E[O,l]}C{YCEK},

and we have a similar result for —1 < ¢ < 0. Therefore p.(K) > 0 with —1 < ¢ < 1. Let us define
U the potential associated to the function f :

/1 F(z(0))d0 ifz € K,
0

+o00  else.

Ulz) =

We have the following result :



Proposition 2.2 For -1 <c< 1,

1
vl == A exp V@) Tsextie(dx), when n — +oo,
C

where Z. is a normalization constant.

Proof : Let ) € Cy(L?,R). We want to prove that

/ (x) exp(=U"(2)) pe(dx) n_>+oo/ Y(x) exp(—U(2))1 ek pre(dx). (2.3)
We first prove,
eXp(—U”(x))n:OOexp( U@)lpek, pe a.s. (2.4)

Since p.(C([0,1])) = 1, we can restrict our attention to z € C([0,1]). Then if ¢ K there exists
0 > 0 such that m({0 € [0,1] : () < —1—68,}) > 0 or m({0 € [0,1] : z(f) > 1+ d,}) > 0,
m being the Lebesgue measure. Suppose m({f € [0,1]/x(f) < —1 — 6,}) > 0, then we have since

- A
F"(z) = F™(x) + §x2 is positive and non increasing on (—oo, —1)

0 < exp(—U" ()

IN

exp < /01 F™(2(0)1{p<—1-6.} — gz(9)2d9)

IN

exp < /01 F(=1 = 6,) {ae1-5.} — %x(9)2d9>
< exp <F"(1 — 0 )m({x < —1—108,}) + /01 %x(9)2d9> .

And this latter term converges to zero as n grows to infinity.

Now for z € K, F"(x(0)) converges to F(x(f)) almost everywhere as n grows to infinity. More-
A

over fgz(t?)Q < F™"(z(0)) < In2, and by the dominated convergence Theorem, we deduce (2.4).

Finally, (2.3) follows again by dominated convergence Theorem.

2.3 Existence of stationary solutions

In this section, we prove the existence of stationary solutions of equation (1.2) and that they are
limits of stationary solutions of (1.3), in some suitable sense. Fix —1 < ¢ < 1 and consider the
unique (in law) stationary solution of (1.3) denote X™ in H,. We are going to prove that the laws
of X = weakly converge as n grows to infinity to a stationary strong solution of (0.3).

Proposition 2.3 Let =1 <c¢ <1 and T > 0, )A(f converges in probability as n grows to infinity
to a process X, in C(Or). Moreover f(X.) € L*(Or) almost surely, and setting

At = — (X 0)1 S (0)>0dtd0 + f(XC(t,9))110<Xc(t19)gldtd0,

and

= (X"t 0)1 Xnt0)<0dtd9 F(Xo(t,0)1_ 1<%, (1,0)<0dtd0,

then (ny,n") converges in probability to (n4,n-) such that ( e N4, N—, W) is a stationary strong
solution of (0.3).

Proof : Proceeding exactly as in [18] (see Lemma 5.2), we prove that the laws of (X, W™),en
are tight in C(Or) x C([0,T];V;), v < —1/2. We have set W™ = W, n € N. We therefore can
extract convergent subsequences. Let (ng,W"k)keN be such a subsequence. Using Skohorod
theorem, one may find a probability space and a sequence of random variables (X f, wk JkeN On
this probability space with the same laws as (X 2 W™ ) en which converge almost surely.



Below, we show in Step 1 that its limit X, satisfies f(X.) € L'(Or) almost surely. Then in
Step 2, we prove that the measures ﬁft, defined as above with X* replaced by X f, converges to

two positive measures 71+ and that (X.,74,7—) is a weak solution in the probabilistic sense. It
then remains to use pathwise uniqueness to conclude in Step 3. In this proof, we only treat the
case A = 0. This assumption is not essential at all but lightens the computations. For A # 0, an
extra term has to be taken into account. It is very easy to deal with.

Step 1. .
Applying Tto formula to |Qx X ()%, we obtain

T
QN XZ(T)21 — 1@ XZ(0)]2, + / QnXI(OFdt =2 [ fu(XD) (QNX? - C) dsdd
T 0 Or
= 2/ (QNXE, BAW (s)) + T Tr(QnB)
0

Note that
T R 2 T R
E (/ (QNXQ,BdW(s))> :IE/ |QNX3|2_1ds=T/ |Qnz)? v (dx) < CT
0 0 H

We set

T
o = QN XI(T)P — [QuXDO)P, + / Qn X ()]2dt

o [ (X (QNXg - c) dsdd — T Tr(Qn B)
Or

and deduce oT

P(lpy | > M) < ViR
Thus, for all N € N, the laws of (¢ ),en are tight. Therefore the laws of (X7, W™, (oN ) Nen)nen
are tight and using Skohorod theorem on this sequence, we can assume that Xf, A% and, for
N e N, @é\r converge almost surely. We have defined gka as above with Xf instead of X'. In
particular, ngCV is bounded almost surely:

T
QNXETIP L — [QuXEOP, +2 / QuXH ()Rt

2 [ p(XY (QNXf - c) dsdd — T Tr(Qn B)
Or

< C(N,T,c)

where C(N, T, c) is random. The first three terms are clearly also bounded almost surely. This
uses the fact that @y is a bounded operator from H to V3. Since QQn has finite dimensional range,
we obtain

[ fa (X (QNX§ - c) dsdf < C(N, T, c) (2.5)
Or

for a different random constant C(N, T, ¢).

llc, IIC} and take N € N such that

Let us choose €y = min{

~ ~ 1
QN Xe — Xeloor) < 560

and K such that for k > K
~ ~ 1
IXF = Xcloor) < 760



Then, for all £k > K, . .
QN XY — XFlcoor) < e

1+c

Moreover, if X* > then f,, (X*) <0 and

1+c¢ 1—c
—c
2 4

QN)NQC —c> —€+

Y

Z €.

—-14+c

Similarly, if X* < then f,, (X¥) >0 and

QNXf — C S —€Q.

—1+c¢c 1+c
2 7 2

Finally, noticing that f,, is uniformly bounded by a constant K(c) on | ], we deduce

/ Fun(X5)dsd0 < —= Fun (X5 (QNXf—c)dsdQ

Or €0 Jxk> 14

1 - -
- fnk(Xf) (CQNAXZ€ —C) dee-i-K(c)
€0 X§S712+c

1 ~ -

s fnk(Xf) (QNXé€ — c) dsdf

€ Jor

IN

a1 - o1+ 2K + K (0

Thanks to (2.5), we obtain
| It (E8yiasa0 < V.70, (2:6)

Or

where the value of the random constant C' (N, T, c) has again changed. It easily deduced from this
uniform bound that | X.| <1 almost everywhere with respect to ¢ and w and by Fatou Lemma that
f(X.) € L'(Or) almost surely.

O
Step 2.
Let now & be the following measure on O7p:
dek = —fme(XE (¢, 0))dtds.
and fi and ¢ the positive and negative parts:
gl i= — "R (XU (8, 0))1 grsdtdd, ek = ™ (XE(t,0)1 g odtdo.
By step 1, f(X.) € L'(Or) and we can define the following measure:
X = = f((Xe(t, )1y <<, dtd0,

and the positive and negative parts:

dAp = = f((Xe(t,0) Lo g < dtdd,  dA_ = f((Xe(t,0))1_ ¢ -odtdd.
By (2.6), f™(X¥*) — f(X,) is bounded in L'(Or). We deduce that £* has a subsequence £¥*which

converges to a measure . Note that this subsequence may depend on the random parameter w.
We set 1=¢— .
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Thanks to Fatou Lemma we have the following inequality for all h € C(Or) nonnegative:

/O h(s,0)[ — f(f(c(s,t?))]lk;(cgl}dsd@ = /o liminf [ — (s, 0) f"* (Xff(s,t?))]lk;(fggl]deH

- {——+o00

. . n ok
< %Eig/oT [ — h(s,0)f™ (Xce(s’e))]lkf(ffg]dee‘
Therefore ﬁ]j_f = _kﬁ — A4 converges to a positive measure. Similarly, ﬁfg =¢h )\ converges to

a positive measure. It follows:
ky ~ ky ~
& i and € AL g,

where 74 and 7, are the positive and negative parts of 7.
Let us now show that the contact conditions holds for (1 - X., ﬁ+) and (1 + X., ﬁ,). Let us
define the following measures for € > 0 and k € N.

gy o= = (XE( O, o xadtdd,  drd = — fR(XE(E 0) o grey dbdd,
AAje = —f(Xe(t,0)1,_ 5. dedd,  dry o= —f(Xe(t,0)) 1, ¢, o4_.dtdd.

Clearly TJ’iE converges to 74 ., it follows

lim su <1—Xk[, ke_)\ > = limsu (1_Xkl’ ke _ 1_)2"@2,)\
€—>+oop c + * Or €—>+oop < ¢ +’E>OT < ¢ +’E>OT

(1= b o = (1= X007, )

= liszrup (/o (Xff — 1) free (f(ff)]llisgxfgdtde
— 400 T

+/O (1- %) f(XC)]ll_ag)gcdtdt?)

IN

— 100 T

+ lim sup (/ (1 — f(fe)f f(f(c)]ll_egzcdth)
Or -

{—4o00
Since (1 — X**)~ converges uniformly to zero, we deduce:

lim sup (1—)25“, i‘—)\+>o < T sup |(z—1)f(z)]
{—+o00 T z€[l—e,1]

€
—Tel .
(5 )

Letting ¢ — 0, we obtain the first contact condition since the left hand side clearly converges to
(1 — X.,74). The second is obtained similarly.

We now prove that £€¥ — X does not have more than one limit point so that in fact the whole
sequence converge to 1. Let 7;, ¢ = 1,2 be two limit points.

For all h € D(A?) and for all 0 < ¢ < T

IN

(Ah, 5 = N), = (XE(t,),h) — (k) + | XE(s,0)A>h(0)dsdd
Oy

+/t<Bh,de> + [ f(Xe(s,0))Ah(6)dsdd.
0 Oy

11



We deduce

(Ahyiti)o = —(Xe(t, ), h) + (@, h) — | Xo(s,0)Ah(0)dsdo
Oy

/t<Bh,dw> F(Xo(5,0))AR(6)dsds.
0 Oy

And by density
<hv7~71>ot = <h’ﬁ2>ot

for any h € C([0,1]) such that h = 0. Since by the contact condition

<(1 - XC)(l + Xc)vﬁ1>ot = <(1 - XC)(l + XC)) ﬁ2>ot'
We deduce from Lemma 2.1 that 7, = 7.
O

Step 3.
We use a result form [25] that allows to get the convergence of the approximated solutions in
probability in any space in which these approximated solutions are tight.

Lemma 2.2 Let {Z,}n>1 be a sequence of random elements on a Polish space E endowed by its
borel o-algebra. Then {Z,}n>1 converges in probability to an E-valued random element if and any
if from every pair of subsequences {(Zn;aznﬁ)kzl; one can extract a subsequence which converges
weakly to a random element supported on the diagonal {(x,y) € E x E,x = y}.

Aol A2
Assume (n},)ren and (n},)ken are two arbitrary subsequences. Clearly, the process (Xg’“ L X, Wk)
is tight in a suitable space. By Skorohod’s theorem, we can find a probability space and a sequence
of processes (Xcl’k, Xf’k, Wk) such that (Xcl’k, Xf’k, Wk) — (Xcl, XCQ, W) almost surely and
~ ~ ~ 1 A a2
(Xg’k,XCQ’k, Wk) has the same distribution as (XZ”“,X?’“, Wk) for all £ € N. In the Skorohod’s

space, the approximated measures respectively converge to two contact measures 7; and 72. By
the second step, (X}, 71, W) and (X2, 7, W) are both weak solutions of (0.3). By uniqueness,

~ ~ ~ 1 A a2
necessarily X, 61 =X f and 71 = 7j2. Therefore the subsequence (Xf FXE ’“)k N converges in distri-
€

bution to a process supported on the diagonal. We use Lemma 2.2 to prove that the sequence (X i)
converges in probability to a process X.. Clearly X, is stationary. Reproducing the argument of
Step 1 and Step 2, we prove that it is a strong solution of (0.3) and the convergence of the contact
measures.

O

2.4 Convergence of the semigroup
First we state the following result which is a corollary of Proposition 2.3.
Corollary 2.1 Let c > 0.

i) There exists a continuous process (X (t,z),t > 0,2 € KN H.) with X (0,z) = 2 and a set Ky
dense in K N H,, such that for all x € K there exists a unique strong solution of equation

(0:3) given by ((X(t,))pzg 00 W)

it) The law of (X (t,z)i>0,n5,n") is a regular conditional distribution of the law of (XC, Nty 77_)
given X,(0) =z € KN H,.

12



Proof : By Proposition 2.3, we have a stationary strong solution X, in H_., such that W and
X.(0) are independent. Conditioning ()A(C,mr,n,) on the value of X.(0) = z, with ¢ = T, we
obtain for v.-almost every x a strong solution that we denote (X (t,x),m5.m ) for all ¢ > 0 and for
all x € K N H.. This process is the desired process. Indeed, since the support of v, is K N H., we
have a strong solution for a dense set K¢y in K N H.,.

Notice that all processes (X(t,x)),~, with z € Kj are driven by the same noise W and are
continuous with values in H. Moreover, we have the following obvious identity:

|Xn(ta$) - Xn(tay)l—l < 6)\1&|$ - yl—la T,y € Lga t> O,

and by density we obtain a continuous process (X (¢,2)),5, in H. for all z € K N H..

Proposition 2.4 Let ¢ > 0, for all $ € Co(H) and x € KN H,:
i P]6(x) = B6(X(t.2)] = Po). (2.7

Moreover the Markov process (X (t,x),t > 0, € K N H.) is strong Feller and its transition
semigroup P¢ is such that:

A%t/4

Wi
Proof : Since (v]')p>1 is tight in H., then there exists an increasive sequence of compact sets
(JP)pen in H such that:

2e
|PEop(x) — Pip(y)| < e —y|l-1, forall x,y € KN H, for all t > 0. (2.8)

lim supv(H \ J?)=0.
pP—=+o0 >
Set J:= U JPNK. Since the support of v, is in KN H, and v.(J) = 1, then J is dense in KN H,.
peEN
Fix ¢ > 0, by (1.4), for any ¢ € Cp(H) :

Sug(HPtn’%Hoo + [P @l Lip(n.)) < +o00.
ne

Let (nj)jen be any sequence in N. With a diagonal procedure, by Arzela-Ascoli Theorem, there
exists (nj,)ien a subsequence and a function ©; : J — R such that:

lim sup |/ “¢(z) — Oy(z)| =0, forallpeN.

l—+00 zc Jp
By density, ©; can be extended uniquely to a bounded Lipschitz function O, on K N H, such that
O(x) = hm P ¢(x), forallz € KN H,.

g, ,C

Note that the subsequence depends on t. Therefore, we have to prove that the limit defines a
semigroup and does not depend on the chosen subsequence.
By Proposition 2.3, we have for all ¢, € Cp(H) :

E[y (%) (%®)] =  tm By (% (0)) o (%2 (0)]

l—+4o0

— hm /1/; n” )’Xn” }l/?fz(dy)
= lim / V(y)P, “’qb(y)V?”(dY)

l—+oo H

= [ vy,
H
Thus, by Corollary 2.1, we have the following equality:
E[p(X(t,x))] = Oy(z), for v.-almost every . (2.9)

Since E[p(X (t,.))] and ©; are continuous on K N H,, and v.(K N H,) = 1, the equality (2.9) is
true for all x € K N H.. Moreover the limit does not depend on the chosen subsequence, and we
obtain (2.7). Letting n — oo in (1.4), we deduce (2.8).

O
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2.5 End of the proof of Theorem 1.1

We have proved that there exists a continous process X which is a strong solution of equation (0.3)
for an x in a dense space. In this section, we prove existence for an initial condition in K N H,
with ¢ > 0.

By Corollary 2.1 we have a process (X (¢,z),t > 0,z € K N H.), such that for all z in a set Ky

dense in K N H, we have a strong solution ((X(t, T))is0 Mg N2 W) of (0.3) with initial condition

x. By Proposition 2.3, the Markov process X has transition semigroup P¢ on H..

The strong Feller property of P¢ implies that for all z € K N H. and s > 0 the law of X (s,x)
is absolutely continous with respect to the invariant measure v.. Indeed, if v.(I') = 0, then
ve(P{(Lr)) = ve(T') = 0. So P{(1r)(xz) = 0 for ve-almost every x and by continuity for all
re KNH,.

Therefore almost surely X (s,z) € Ky for all s > 0 and © € K N H.. Fix s > 0, denote for all
6 €0,1]:

X i=t— X{t+s,2),W(0):=t—W(t+s,0)—W(s,0)),
and the measures 775 such that for all T > 0, and for all h € C(Or):

(h1ix "), = /om h(t — s,0)n% (dt, df).

So we have a process X € C([0,T]; H) NC(Or) and two measures 7% and 7 on Or which is finite
on [6,T] x [0,1] for all 6 > 0, such that ((f((t, )0, 05,75, W) is a strong solution of (0.3) with

initial condition X (s, ). By continuity X (s,2) — x in H as s — 0, so ((X(t, z))t>0, 05,15, W) is
a strong solution of (0.3) with initial condition z in the sense of the definition 1.1.

3 Ergodicity and mixing

When X is small, it can be easily shown that v, is the unique invariant measure and is ergodic.
We now prove that this is in fact true for any A. Note that since (Pf)i>o is Strong Feller, the
results follows from Doob theorem if we prove that (Pf):>¢ is irreducible (see for instance [15]).
For additive noise driven SPDEs, this is often proved by a control argument and continuity with
respect to the noise. This latter property is not completely trivial in our situation but we are able
to adapt the argument.

Proposition 3.1 For any c € (—1,1), the semigroup (Pf)i>o is irreducible.

Proof :
Let z, y € C([0,1]) be such that || 1) <1 -39 and |y|p~(o,1) < 1 — 6 for some § > 0 and

T =1y =c. We set
()= sy+ (1- %
u(t) = 7y T2
and define gg by

0
(@)= [ (-2 + GAGI+ 1) ) (0000

Then go is in C*°([0, 7] x [0,1]), go(t) € D(B), t € [0,T], and:

d 1
Moreover d .
Eu = —§A(Au + f5(u)) + Bgo (3.1)

where f5 is any Lipschitz function equal to f on [-1+46/2,1 —§/2].
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Let X°(-,z) be the solution of (0.3) with f replaced by fs and set Y°(-,z) = X°(-,z) — Z,
where Z = Z(-,0) is the solution of the linear equation with 0 as initial data. Then

d 1
EY‘? =54 (AY° + f5(Y° + 2)), Y°(0,2) = =.

Let also

¢
zo(t):/ eiAQ(tfs)/QBgo(s)ds.
0

Since the gaussian process Z is almost surely continuous and has a non degenerate covariance, we
clearly have
P (|Z - ZOlC(OT) < E) >0

for any € > 0. Let us denote by Y* the solution of

%yz _ —%A (AY" + f5(Y* +2)), Y*(0,2) = 2. (3.2)

We prove below that the mapping
s 1 2z Y7

is continuous from C(Or) into C(O7). Since u = ®5(z0) + 20 and X° = ®5(Z) + Z, we deduce
that there exists € such that

P (|X'(s - U|C(OT) < (5/2) >P (|Z - ZO|C(OT) < E) >0

Let us now observe that | X° — ulc(opy < /2 implies |X5|C(OT) < 1-46/2s0that f5(X?) = f(X°)
and X° is fact solution of (0.3). By pathwise uniqueness, we deduce that |X° — u|c(o,) < 6/2
implies X° = X. It follows

P (|X — ulcog) <6/2) > P(1X° —ulcog) <6/2) >0

In particular
P(IX(T,) -y < §/2) > 0.

If we assume now that =,y € H. , we choose &,7 € C*°([0,1]) such that

| — 2] <6, |y — 9| <6, |T|p=0,1) <1—0and [F|p=@,1) <1-6,

K

and & = § = ¢. We have

X(T,2) = X(T1,7)| < o — .

Therefore
P(1X(T,2) —y| <6/2+ (1+e)s) > P(|X(T,%) — §| < 5/2) > 0.

This proves the results.
It remains to prove that ®; is continuous. This follows form the mild form of equation (3.2):

t
YZ*(t) = e tA%/2, _|_/ ef(tfs)AQ/QAf(;(Yz(s) + z(s))ds.
0

It is classical that, for ¢ > 0, Ae~t4%/2 maps C([0,1]) into itself and

‘Ae—tAZ/Q‘ <12,
£(c(o))) —

This can be seen from the formula

2 2
Ae A2y = — g )\ie_/\itﬂ(u,ei}ei,
€N
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where (e;)ieny and (A;)ien are the eigenvectors and eigenvalues of —A. Since [ei|c(jo,1) are equi-
bounded, we deduce

A —tA?%/2 ’ <C \i —N\2t/2 )
e <0 (Sre )
< Ct71/2|U|C([0,1])
We deduce

Y2 () = Y= ()l oo,

t
< CL(;/O (t—s)"1/2 (|yz1(3) —Y*2(s)| (o + 121(s) — 22(8)|C([071])) ds

where Ls is the Lipschitz constant of f5. Gronwall Lemma implies the result for T sufficiently

small. Iterating the argument we obtain the continuity of ®;.

O

Corollary 3.1 For every ¢ € (—1,1), v, is the unique invariant measure of the transition semi-
group (Pf)i>0. Moreover it is ergodic.

Using classical arguments, it is easily seen that, for A = 0, v satisfies a log-Sobolev inequality and
therefore a Poincaré inequality. The constant in these inequality do not depend on n so that we
have the same result for v.. For A # 0, we can argue as in [13] and prove that this is still true.

We now want to prove a stronger result : exponential mixing. We use coupling arguments
developped by Odasso in [34].

Theorem 3.1 For every c € (—1,1), there exist a small 3 > 0 and a constant C' > 0 such that for
all p € By(KNH.), t>0 and x € H,

Elp(X (t,2))] = ve(@)] < Cllplloce™. (3.3)
Proof : By (2.8), we know that for any ¢ € By(K N H.), T >0, € > 0,

AT /4
= ¢ o
el

if , y € He, |x|]—1 <& and |y|—1 < e. By definition of the total variation norm, we deduce

|Pro(x) — Pro(y)| <

. . 46/\2T/4
P{) 60p — (PF) 0ylloar = su Pfo(x) — P§ < 5
| (PF) (Pr)" 6yl ||¢||mpg1| re(x) — Pro(y)] T

for T >0, 2,y € He, |x|-1 < e and |y|-1 <e. We have denoted by ¢, the Dirac mass at z € H,
so that (P§)" d, is the law of X (T, x).

Recall that a coupling of ((P§)" d,, (Pf)* 6,) is a couple of random variable (X1, X3) such that
the law of X is (P§)" 0, and the law of X5 is (P§)" §,. By standard results on couplings (see for
instance [20] section 4, or [30]), we know there exists a maximal coupling of ((Pf)" 4, (Pf)" dy).
Let us denote by (Y1 (z,y), Ya(z,y)) this maximal coupling, it satisfies

(3.4)

P(Yi(z,y) # Ya(z,y)) = || (P7)" 0z — (PF)" dylvar- (3-5)

Moreover (Y1 (z,y), Ya(z,y)) depends measurably on (x,y).

By the Strong Feller property, we know that z +— P(|X(T,z)|-1 < ¢) is continuous on H..
Therefore, thanks to Proposition 3.1, for any x € K N H,, there exists a 1, > 0 and a x; > 0 such
that

POX(T,y)| -1 <) > ka
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for all y € K N H, such that |z — y|-1 < n,. By compactness of K N H, in H., we deduce that
that there exits ko > 0 such that

P(IX(T,y)|-1 <€) > ko (3.6)

forally e KN H..

Let W a cylindrical Wiener process independent on W and denote by X the associated solution
of the stochastic Cahn-Hilliard equation which has the same law as X. For arbitrary x, y € KNH,,
we define the coupling (Z1(z,y), Z2(z,y) of (Pf)" 6, (Pf)" d,) as follows

(X(T’x)aX(Tvy)) if = Y,

(Zy(2,y), Zo(z,y)) = ¢ (Ni(@,9),Ya(2,9)) if |2[1 <e, [y|-1 <candz #y,

(X(T,x),X(T,y)) otherwise.

We now construct recursively (Xi(kT,z,y), Xo(kT,z,y)) a coupling of ((Pgr)* 6z, (Pir)” dy),
the laws of X (kT,x) and X (kT,y). For k = 0, we set (X1(kT,z,y), X2(kT,z,y)) = (x,y). For
k >0, we define (X7 ((k+ )T, z,y), X2 ((k+ 1)T,z,y)) by

Xl ((k‘i’l)T,SC,y) = Zl (Xl (kTazay)aXQ (kT,ZL',y)),
X2 ((k‘i’l)T,SC,y) = Z2 (Xl (kTazay)aXQ (kT,ZL',y))
Let us define
T = lnf{kT : |X1(l€T,:L‘,y)|71 <eg |X2(l€T,:L‘,y)|,1 < 5}
If |z|-1 < e and |y|—1 <e¢, then 7 =0 and E(e*”) = 1.
If 7 # 0 d.e if |[x|—1 > € or |y|—1 > &, then by construction of the coupling and (3.6)
P(r>T)<1-k}.
More generally
P(r > kT|r > kT) < 1 — kg,
We deduce
P(r > kT) < (1 — x2)*

and
E(e®") = Zeo‘kTIP’(T =kT) < Zeo‘kT(l — k=M <00
keEN keN

for a small enough. Similarly, if we define
T = 1If{kT > 1,1 : | X1 (KT, z,y)|-1 <&, | Xo(kT,z,y)|-1 < €},
for all n > 2 and with 7 := 7. We have

E(ea(rn—rn,l)) <M

so that
E(e*™) < M™.

Define
ko=inf{n >1: Xq(rn + T, z,y) = Xo(m + T, z,9)}.

By (3.4), (3.5), for all n > 1

4T /4
Plko=n) <Plkg >n—-1) < €
(0 )— (0 )— )\\/T
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We choose € small enough such that

46)\2T/4
—ec | <1
MWT
Then we write

E(e0) = 3B (¢ n) < SO (EE™) (Bl =)'V

n>1 n>1
2 (n—1)/2
4N T/4
< M"B/e £ =M< o0

for 8 small enough.
By Markov’s inequality, we conclude that for all & > 1

[E(p(X (KT, 2))) — E(p(X (KT, y)))l

= [E(o(X1 (kT z,y))) — E(e(X2(KT', 2, 9)))|
< 2| @llocP(X2 (KT, 2, y) # Xo (KT, 2,y))

< 2llpllocP(KT > 73, +T)

< 2l Me DT,

t
We define k := \‘TJ such that we have Py = PP/ ;r. Thus we can write

[Elp(X (¢ 2))] —ve(p)] = Pf@(»’ﬂ)*/H @(y)Vc(dY)‘

= /HC Pfo(z)ve(dy) — /H

Pf‘P(?J)Vc(dY)‘

c

< /H (PkCTPtC—kT‘:D(x) - PkCTPtC—kT(P(y)) Vc(dLY)‘
< [ AP el Me P T )

< 2fplloMePEDT

< Cllpllsce™.

References

[1] P. W. Bates and P. C. Fife. The dynamics of nucleation for the Cahn-Hilliard equation. STAM
J. Appl. Math., 53(4):990-1008, 1993.

[2] D. Blomker, S. Maier-Paape, and T. Wanner. Spinodal decomposition for the Cahn-Hilliard-
Cook equation. Communications in Mathematical Physics, 223(3):553-582, 2001.

[3] D. Blomker, S. Maier-Paape, and T. Wanner. Phase separation in stochastic Cahn-Hilliard
models. Mathematical Methods and Models in Phase Transitions, pages 1-41, 2005.

[4] D. Blomker, S. Maier-Paape, and T. Wanner. Second phase spinodal decomposition for the
Cahn-Hilliard-Cook equation. Trans. Amer. Math. Soc., 360(1):449-489 (electronic), 2008.

18



[5]

[14]

[15]

[16]

[17]

[18]

J. F. Blowey and C. M. Elliott. The Cahn-Hilliard gradient theory for phase separation with
nonsmooth free energy. I. Mathematical analysis. FEuropean J. Appl. Math., 2(3):233-280,
1991.

J. W. Cahn. On spinodal decomposition. Acta Metallurgica, 9(9):795-801, September 1961.

J. W. Cahn and J. E. Hilliard. Free energy of a nonuniform system. i. interfacial free energy.
Journal of Chemical Physics, 28(258), February 1958.

J. W. Cahn and J. E. Hilliard. Spinodal decomposition: a reprise. Acta Metallurgica,
19(2):151-161, February 1971.

C. Cardon-Weber. Cahn-Hilliard stochastic equation: existence of the solution and of its
density. Bernoulli, 7(5):777-816, 2001.

C. Cardon-Weber. Cahn-Hilliard stochastic equation: strict positivity of the density. Stoch.
Stoch. Rep., 72(3-4):191-227, 2002.

H. Cook. Brownian motion in spinodal decomposition. Acta Metallurgica, 18:297-306, 1970.

G. Da Prato and A. Debussche. Stochastic Cahn-Hilliard equation. Nonlinear Anal.,
26(2):241-263, 1996.

G. Da Prato, A. Debussche, and B. Goldys. Some properties of invariant measures of non
symmetric dissipative stochastic systems. Probab. Theory Related Fields, 123(3):355-380,
2002.

G. Da Prato and J. Zabczyk. Stochastic equations in infinite dimensions, volume 44 of Ency-
clopedia of Mathematics and its Applications. Cambridge University Press, Cambridge, 1992.

G. Da Prato and J. Zabczyk. FErgodicity for infinite-dimensional systems, volume 229 of
London Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge,
1996.

R. C. Dalang, C. Mueller, and L. Zambotti. Hitting properties of parabolic s.p.d.e.’s with
reflection. Ann. Probab., 34(4):1423-1450, 2006.

A. Debussche and L. Dettori. On the Cahn-Hilliard equation with a logarithmic free energy.
Nonlinear Anal., 24(10):1491-1514, 1995.

A. Debussche and L. Zambotti. Conservative stochastic Cahn-Hilliard equation with reflection.
Ann. Probab., 35(5):1706-1739, 2007.

N. Elezovi¢ and A. Mikeli¢. On the stochastic Cahn-Hilliard equation. Nonlinear Anal.,
16(12):1169-1200, 1991.

T. Funaki and K. Ishitani. Integration by parts formulae for Wiener measures on a path space
between two curves. Probab. Theory Related Fields, 137(3-4):289-321, 2007.

T. Funaki and S. Olla. Fluctuations for V¢ interface model on a wall. Stochastic Process.
Appl., 94(1):1-27, 2001.

G. Giacomin, S. Olla, and H. Spohn. Equilibrium fluctuations for V¢ interface model. Ann.
Probab., 29(3):1138-1172, 2001.

L. Goudenege. Stochastic Cahn-Hilliard equation with singular nonlinearity and reflection.
Stochastic Processes and their Applications, 2009.

C. P. Grant. Spinodal decomposition for the Cahn-Hilliard equation. Comm. Partial Differ-
ential Equations, 18(3-4):453-490, 1993.

I. Gyongy and N. Krylov. Existence of strong solutions for It6’s stochastic equations via
approximations. Probab. Theory Related Fields, 105(2):143-158, 1996.

19



[26] S. Kuksin and A. Shirikyan. A coupling approach to randomly forced nonlinear PDE’s. 1.
Comm. Math. Phys., 221(2):351-366, 2001.

[27] J. S. Langer. Theory of spinodal decomposition in alloys. Annals of Physics, 65:53—-86, 1971.

[28] S. Maier-Paape and T. Wanner. Spinodal decomposition for the Cahn-Hilliard equation in
higher dimensions. I. Probability and wavelength estimate. Comm. Math. Phys., 195(2):435—
464, 1998.

[29] S. Maier-Paape and T. Wanner. Spinodal decomposition for the Cahn-Hilliard equation in
higher dimensions: nonlinear dynamics. Arch. Ration. Mech. Anal., 151(3):187-219, 2000.

[30] J. C. Mattingly. Exponential convergence for the stochastically forced Navier-Stokes equations
and other partially dissipative dynamics. Comm. Math. Phys., 230(3):421-462, 2002.

[31] A. Novick-Cohen. The Cahn-Hilliard equation: mathematical and modeling perspectives. Adv.
Math. Sci. Appl., 8(2):965-985, 1998.

[32] A. Novick-Cohen and L. A. Segel. Nonlinear aspects of the Cahn-Hilliard equation. Phys. D,
10(3):277-298, 1984.

[33] D. Nualart and E. Pardoux. White noise driven quasilinear SPDEs with reflection. Probab.
Theory Related Fields, 93(1):77-89, 1992.

[34] C. Odasso. Exponential mixing for the 3D stochastic Navier-Stokes equations. Comm. Math.
Phys., 270(1):109-139, 2007.

[35] E. Sander and T. Wanner. Monte Carlo simulations for spinodal decomposition. J. Statist.
Phys., 95(5-6):925-948, 1999.

[36] E. Sander and T. Wanner. Unexpectedly linear behavior for the Cahn-Hilliard equation. STAM
J. Appl. Math., 60(6):2182-2202 (electronic), 2000.

[37] T. Wanner. Maximum norms of random sums and transient pattern formation. Trans. Amer.

Math. Soc., 356(6):2251-2279 (electronic), 2004.

[38] L. Zambotti. Integration by parts formulae on convex sets of paths and applications to SPDEs
with reflection. Probab. Theory Related Fields, 123(4):579-600, 2002.

[39] L. Zambotti. Integration by parts on §-Bessel bridges, § > 3 and related SPDEs. Ann. Probab.,
31(1):323-348, 2003.

[40] L. Zambotti. Fluctuations for a V¢ interface model with repulsion from a wall. Probab. Theory
Related Fields, 129(3):315-339, 2004.

20



	Preliminaries
	Proof of Theorem ??
	Pathwise uniqueness
	Convergence of invariants measures
	Existence of stationary solutions
	Convergence of the semigroup
	End of the proof of Theorem ??

	Ergodicity and mixing

