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Abstract

This paper deals with quadratic equivalence, nor-
mal forms of observability, characteristic matrices and
normal quadratic numbers for nonlinear Single-Input
Single-Output (SISO) systems. We investigated both
cases; nonlinear systems linearly observable and non-
linear systems with one linear unobservable mode.
Particularly, the effect of the normal quadratic num-
bers on the observer design is pointed out. Finally, a
faster observability analysis is proposed using char-
acteristic matrices and normal quadratic numbers.
Throughout the paper, academic examples as well as
bio-reactor example highlight our purpose.

Key Words: Observability, Poincaré’s normal form,
observability singularity.

1 Introduction

The fact of being able to write down explicit solu-
tions for linear differential equations allows a com-
plete analysis of their behaviors. For this reason, the
linearization problem of nonlinear systems, at least in
the neighborhood of a singular point, is one approach
for studying nonlinear systems. A rigorous mathe-
matical technique which allows substantial progress
in this approach is the normal form method. This
method was first addressed by Poincaré (see [P]).
Poincaré’s theorem, which applies to analytic sys-
tems, shows that when certain non-resonance condi-
tions are satisfied there is an analytic change of co-
ordinates which transforms a nonlinear system into
a linear one. For linearly controllable and uncontrol-
lable systems, homogeneous approximation was first
addressed by A. Krener in [K]. His idea is to apply
Poincaré’s technique by using not only a diffeomor-
phism but also a state feedback. Lately, linearization
and Poincaré’s method have been used for observabil-
ity problems. More precisely, consider the following

system:

z = f(z)
e W
where vector fields f : R™ — IR™ and h : R" —
IR™ are assumed to be smooth where f(0) = 0 and
h(0) = 0.

The observability problem is whether we can es-
timate the current state z(¢) from past observations
y(s), s < t without measuring all state variables. It
is well-known that, by appropriate signal processing,
we are often able to obtain good estimates of all state
variables from measured outputs. The algorithm that
performs this signal processing is called an observer.
In the case of observable linear systems: f (z) = Az
and h(x) = Cx where A € R™" and C € R"™*"
coupling the internal model and the innovation cor-
rection leads to the observer equations:

T = AT+K(@y—7)
7 = Cz

where 7 is the estimate state and 7 is the expected
observation, K is the observer gain matrix. The es-
timate error e := z — ¥ is driven by the following
equation:

e = (A-—KOQ)e.

If the pair (A, C) is observable, then we can choose
the observer poles of A— KC such that : e(t) — 0 as
t — +o0.

Motivated by these considerations, the observer lin-
earization problem was raised. Is it possible to find
a state neighborhood U of 0 in R ", and a change of
state coordinates z = 6(x) such that dynamic (1) is
linear driven by nonlinear output-injection:

z = Az-B(y). (2)

where 8 : R™ — IR"™ is a smooth vector field.
Note that the output-injection term is canceled in
the observation error dynamic for system (2).
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The diffeomorphism € must satisfy the following
first-order partial differential equation:

@) f(@) = Af(z) - B(h(x)). (3)
Krener and Isidori in [KI] showed that equation
(3) has a solution if and only if the following two
conditions are satisfied:
i) the codistribution span {dh7deh,...,dL?71h}
is of rank n at 0,
ii) [T,adl;T} =0forallk =1,3,...,2n—1 where 7 is
the vector field which fulfils the following equations:

dLih(t) = 0for 0<k<n-—2
ary'h(r) = 1

Moreover in [KR], Krener and Respondek relax the
above conditions by yielding a diffeomorphism on the
output. Precisely, if

Condition 1 i) For n even, it is necessary that for
k=1:n-1

[T1,7x] = O0fork=1:n—1 and

[T1,7a] = ay)m
1) For n odd, it is necessary that for k=1:n—1

[71,7n] = [T1,7k) = [T2, 7] = 0 and
[T2,Tn] — a(y)T1 € Span (71)

these conditions enable us to find a local diffeomor-
phism on the output §(y). Then, we consider the
following dynamic system:

r = f(z)
{y = 3 @

where the dynamic is the same as in (1) and the out-
put replaced by § (y) . Therefore, we say that system
(1) is linearizable in the sense of Krener-Respondek
if and only if system (4) is linearizable in the sense
of Krener-Isidori.

Remark 2 This paper deals with system (1) when
the Condition 1 is not verified and with system (4)
when the Condition 1 is verified. Consequently, the
proposed approach considers systems (1) or (4) which
is not exactly linearizable.

An analytical approach to solve equation (3) is used
by Kazantzis and Kravaris [KK2]. They considered
the restricted form of this problem, where the output-
injection is linear, S(y) = By. They showed, using

a particular form of the Lyapunov Auxiliary Theo-
rem [L] that (3) has a unique solution under certain
assumptions. Recently, under very general condi-
tions and for B(y) unspecified, Krener and Xiao [KX]
proved the existence and uniqueness of this solution.
This allows us to design an observer for a larger class
of nonlinear systems.

In this paper and in the preliminary version
[BBBT1], by using quadratic transformations mod-
ulo input-output injection, we put linearly observable
and linearly unobservable in one direction systems in
particular normal forms. In particular, we are inter-
ested in the characterization of quadratic equivalence
modulo input-output injection of systems for which
we can design an observer. We show that every sys-
tem lies in an equivalence class and is characterized
by a list of relatively easy computable numbers. Rig-
orously speaking, our problem statement is as follows:

1) How can we characterize the fact that a system is
quadratically linearizable modulo an input-output in-
jection? If it is not the case, then what is its quadratic
normal form?

The answer to both questions is given in Theorem
12 for nonlinear systems linearly observable and in
Theorem 14 for nonlinear systems with one linear
unobservable mode.

2) How can we compute normal quadratic numbers,
i.e. quadratic coefficients which are not equal to zero
in the quadratic normal form?

The answer to this question is given in Proposition
21 for nonlinear systems linearly observable and in
Proposition 27 for nonlinear systems with one linear
unobservable mode.

Our motivations to use this kind of observability nor-
mal forms are:

If the linear approximation is observable the pro-
posed observability normal form highlights the struc-
tural obstruction to transform the system in well
known injection form. Obviously the approximation
is only valid locally, but thanks to this form, it is pos-
sible to analyse which type of obstructions we have.
Nevertheless, the main interest of the proposed ob-
servability normal form is when the linear approxima-
tion is unobservable, in this case thanks to the nor-
mal form and more particularly due to the resonant
terms it is possible to determine if or not the system
is observable thanks to high order terms (see Remark
15). So from this analysis in the paper it is shown
that it is possible to design an observer (obviously
only locally valid). We think that such observability
bifurcation (or more simply observability singularity)
may be very well analysed by the observabilty normal
form and this not only at the point x =0 and v =0
but around all observabilty singularity point thanks
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to a coordinate change and output set up. The study
of such normal form around a manifold of observ-
abilty singularity must be one of our future works.
Nevertheless, the possibility to design an observer of
the same dimension as that of the system, instead of
searching for the information in the extra derivative
(see the definition of weakly locally observability), is
to keep the consistence with respect to a global ob-
server design (we have just to switch off such observer
close to the singularity, but without dimension prob-
lem). The normal form may be also used to analyse
if the system stays or not in observability singularity
domain.

The paper is organized as follows. Notations and
the definition of the quadratic equivalence modulo
an input-output injection are presented in section
2. In section 3, we give homological equations and
quadratic normal forms for nonlinear systems in both
cases: nonlinear systems linearly observable and non-
linear systems with one linear unobservable mode. In
the same section, we give two illustrative examples.
In the last section, we give an algorithm to compute
normal quadratic numbers directly and an example
to check the efficiency of this algorithm.

2 Notations and definitions

Throughout this paper, we consider in a state neigh-
borhood U C IR™ of the origin, a nonlinear SISO
system in the following form:

£ = fO+g9Eu
{ - i (5)

<
\

where, vector fields f, g : U € R™ — R™ are
assumed to be real and analytic. We assume that
0 is an equilibrium point i.e. f(0) = 0. We set by
definition A := g—é(()) and B := ¢(0). Then, system
(6) can be rewritten in the following form:

5 = Az+ Bu+ f&2) + ¢M(2)u+ 0°
y = Cz (6)

where:

72 (2)
M (z)

1
(1]

z
g[l] (Z) _ g2 ( ) and

g (2)
0 = 03%(zu)

where for all 1 < i < n, fF] (z) and gzm (z) are re-
spectively homogeneous polynomials of degree 2, re-
spectively 1 in components of z.

Definition 3
i) The component f1?(2) + g (2)u is the quadratic
part of system (6).
ii) A quadratic transformation is a diffeomorphism
of the form:
r=z—3(2)

T
where ®2) (2) = (<I>[12] (2) ) eenny ol (z)) and for all

1<i<n, (I>£2] (z) is a homogeneous polynomial of
degree two with respect to z.

Now consider the following vector spaces
B =R"[y] and B, = R" [y]
whose elements are respectively
(di,....dn)" y and (eq,...,en)" >
where
(e1,..,en)” and (dy,...,d,)" € R".

Finally, for a fixed input v we set £ = Fy + uE;.
For solving the problem stated above, we need the
following assumption:

Assumption 4 The output is always taken equal to
the first state component. Consequently, the diffeo-

morphism (x = z — ®P (2)) is such that <I>[12} () =0.

This assumption is legitimate as soon as for (1)
does not fulfil Krener-Respondek conditions. How-
ever, for system which fulfils Condition 1 we do the
assumption for the new output 7 = §(n)
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Definition 5
1) Consider a second system:

& = Az+ Bu+ fP(z)+ g™ (z)u+ O0°
- (M
y Cx

If here exists a quadratic transformation
z=z—0P (2)

such that, f2(z) + gM(z)u equals f2(2) + g!M(2)u
modulo E, then we say that (7) and (6) are quadrat-
ically equivalent modulo input-output injections.

2) If fP(z) + gl (z)u is defined modulo an element
of E then we say that (6) and (7) are quadratically
equivalent modulo an input-output injection.

3) If fPl(z) + g (2)u € E we say that system (6)
18 quadratically linearizable modulo an input-output
mjection.

Remark 6 If (A,C) is an observable pair, then we
can transform system (6) into the following form [B]:

2 = Aobsz + Bobsu + f[Z](Z) + g[ll(z)u + 03
+0° (z,u)
y = Cobsz
(8)
where:
ail 1 0 - 0
0 .
Aobs = : 0 ’
Qp—1 o --- 0 1
a, 0 --- 0 O
by
by
Bops = : and
by
Cops = (1 0 .. 0)

Remark 7 If (A, C) has one unobservable real mode,
then we can transform system (6) into the following
form [B]:

Z = Az + Bopsu+ fA(2) + 3V (2)u
+03 (z,u)
G o= g+ X0 iz baut f(2) (9)
+gi (2)u + 0% (2,u)
Yy == Cobsg
where:

21
92
~ (=)
z = y R = 5
Zn
Zn—1
aq 1 0 0
: 0o - .o
Aops = : S )
Ap—2 0 0 1
ap_1 O 0 0
T
Bops = ( by b bn—l ) and
Cops = (1 0 .. 0).

Throughout the paper, we deal with systems in
forms (8) and (9).

The following gives a definition of what we will call
quadratic normal forms throughout this paper.

Definition 8
1) We say that system (8) is in its quadratic normal
form if:
for1<j<n-—1:
A%j = Yr o kiiziu and (10)
A?gn = 2?21:2 hijriz; + Z?:_Ql knixiu

where AE?,];J. = f]m(z) + gj[vl] (2)u.

Coefficients: h;; for 2 < i < j < n and ky; for
2 <i<n-—1 are called normal quadratic numbers.

2) Through an abuse of language*, we say that sys-
tem (9) is in its normal form if:

for1<j<n-—2;:

A%J_ = Y r  kiiziu and
A?;nil = 2?22:2 hiyj:Ei{L'j + hlynmlmn

+ 30 o kn1miu, (11)
AP = S gm0, e

n
+ Zi:z kn,iziu

Coefficients: h;j for 2 <i < j<n and ky_1,; for
2 <i<n-—1 are called normal quadratic numbers.

Throughout this work we will use matrix calculus
to compute normal quadratic numbers, for this reason
we adopt the following notations:

I The linear unobservable part has not yet been reduced.
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<I>£2] (z) = 2T®;z and fi[z] (z) = 2Tfiz .
where for all 1 < i <n, ®; and f; are symmetric ma-
trices. We make the notational <I>£2] (z) and fim (z) for
all 1 < 7 < n of indicating quadratic functions and
the notational ®; and f; of indicating the correspond-
ing matrices. In the same way, for all 1 <i < n, the
1 x n vectors g; = (g1, ----, Gi,n) are associated with
K2

those notations, we have:

functions gm (2) ie. gz[l] (2) = 2Tg; = gT2. With

3 Quadratic Normal Forms

In this section we will state two theorems concern-
ing the setting of systems (8) and (9) in their nor-
mal forms (10) and (11) respectively. Each theorem
is followed by an illustrative example. The end of
this section is devoted to the necessary and sufficient
conditions to cancel the quadratic terms in the last
dynamic of normal form (11). With these intentions,
we will start by giving the necessary and sufficient
algebraic conditions under which two systems in the
form of (6) are quadratically equivalent modulo an
input-output injection.

Proposition 9 System (6) is quadratically equiva-
lent modulo an input-output injection to system (7),
if and only if the following two homological equations
are satisfied:

i) A®P(z) — 835] Az = f(2) — f2(2) modulo E»

11) _3351 B = g[l](z) _ g[ll(z) modulo El

T
(2] ool (21
where %Az = ( 5 (Z)Az, ...... , 8%7(2)142 and
4 z z

[2]
foralll <i<n 3%;2) 1s the Jacobian matriz of
ol (2).

Now we will express these homological equations
in terms of matrices, this allows us to compute in
section 4 normal quadratic numbers. For this, we set
by definition

AT = (AT®y,.., ATD,)
BT® = (B'®4,...,BT®,) ,
and ®A = (P14,...,9,4)

Let 6 = (Bla """ 7ﬁn)T and v = (’Yla ---- » T
where for all 1 < i < n, we shall frequently make

the notational abuse

fri O 0
B; = 0 0 0 and
0 0 0
v, o= (’ylﬂ-, 0,..... ,0,0)

where 5, and v, € IR . With this notation we have:
51@2/2 =273,z € By and 71,9 = 7% € E1.

The next result gives the matrix version of Propo-
sition 9.

Corollary 10 System (6) is quadratically equivalent

modulo an output-input-injection to system (7), if and

only if there exist B and ~y such that:
d— (ATe+04) = f—f

+
—2BT® = g—g+vy

where
i) in the observable case

with (in = Z?:Q Ozi‘bi.
Proof. Consider the homological equations:

i) FA) = fRe) + B (21) = AR (2) — 337[21

.. _ [2]
i) gM(z) — g (z) + 4N (z) = - 22 -B

Az

Using matrix notations:
T
<I>[2](z) = (zT<I>1,z,....,zT<I>nz) and

(z) = AdP(2).

i) As in the linearly observable case

aq 1 0 --- 0
0
A= .
.. 0 ?
ap—1 0 --- 0 1
an, 0o --- 0 0
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then ®P(z) = ((D[Qz](z), ..... ,<I>£L2](z),0) because
o3 (z) = 0.

ii) For the unobservable case

ay 1 o --- 0
. 0 .
A= 0 ,
Anp—2 0 0 1
an—1 0 0 0
ay Q2 (e79)
we obtain
= 2 2
(z) = (o (=), @l (2), 0,0 (2))
where
2 — Z ;02
i=2
Now,

then

TAT® 12+ 2T, Az

2TAT® 2+ 279, Az
which by definition is:

o0l (2)

P Az =21 (AT® + DA)2.

In the same way we have

oo

872(2‘)3 =BT®,z+ :7®,B=2BTd,
because ®; is symmetric. Using previous results, in
homological equations of Proposition 9, we obtain
equations stated in Corollary 10:

Q|

4B = B (ATD+0A)
g+~ = —2BT®

3.1 Nonlinear systems linearly ob-
servable case

In this subsection, we will compute quadratic normal
form for linearly observable systems. It is clear from
the structure of the quadratic normal form (10) that
a system is quadratically linearizable if and only if
all its normal quadratic numbers are equal to zero.
Thus, a system in the form (8) is quadratically lin-
earizable if and only if its quadratic part satisfies the
homological equations of Corollary 10 where f = 0
and § = 0. Now, under the Assumption 4 and thanks
to the structure of matrix A,ps, homological equa-
tions for a quadratically linearizable system which is
linearly observable are:

(a.1) for i€ [2,n]
i = (AL ®io1 + Pi1Aows) + Ay,
(a.2) 0= (Ag;,s‘bn + ‘I’nAobs) + Af"
and

{ (b.1) —gi4+~v,=0

(b.2) for i€ [2,n],2BT®; +A,, =0

where Ay, = —f; + ; and Ay, = —g; + ;-

Equation (a.1) gives explicitly ®; for all 2 < i < n.
Then all quadratic terms in the (n—1) first dynamics
are deleted.

Remark 11 Moreover, equation (a.2) is equivalent
to the following equation:

n—1 s )
Do An) (A ) AT =0
s=0 \j=0

and equations (b.1) and (b.2) are re-written as fol-
lows:

(b.1) —g1+7,=0
(b.2) for i€ [2,n)] _
2B" Z;e_:QO Z,I;:O CJI'C (AT)k_] Afi—l—kAj +Ay, =0

Under Assumption 4, using Proposition 9, we ob-
tain the following theorem which gives normal forms
for nonlinear linearly observable systems.

Theorem 12 There exists a quadratic diffeomor-
phism which transforms the quadratic part of system
(8) into the quadratic normal form (10) modulo E.

Let us consider an example to illustrate the above
theorem:
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Example 13 Consider the following system:

21 = a1z1+22 + k123 + 123

o = asz1 + 23+ kozi + 1223 19
23 = aszz1+kazs + 1323 (12)
Yy = Z1.

Homological equations of Proposition 9 for system
(12) are:

ef(z) = 0
O () = —kizd —hzd + B2t
(I’[32](Z) = 2ﬂ1,121 (a121 + 22) — 2k122 (a2z1 + 23)

5 2 2
—2lasz12z3 — kozy — l223 + B 921

then by choosing:

B11 = lazar + 2kiaz + laas
and
ﬂ1,2 = _3/61,1(11 + kiasa; + koao + kias,

the quadratic normal form of system (12) is:

1 = aw +a2+ By,a7+0°

T2 = a2x1+ax3+ 51’2:13% +03

r3 = asxri+ (k‘3 — 2B1’1 —+ 2k‘1a2) CC% =+ 61’311%
+ (2l1a3 + 2k2) Toxs3 + (l3 + 2k11) x§ =+ 03

Yy = xT1.

3.2 Nonlinear systems with one linear
unobservable mode case

In the same way as in the above subsection, under As-
sumption 4 and Proposition 9 we obtain the following
result.

Theorem 14 There is a quadratic transformation
which transforms the quadratic part of system (9) in
to the quadratic normal form (11).

Now we are ready to highlight the the usefulness of
our normal form to analyze the observability.

Remark 15
1) We call the unobservability submanifold the sub-
set Sp—1 of U given by:

x € U, such that

Snfl — n—1
Z hi,'rbxi + th,nxn + kn—l,nu =0
=1

(2

Thus, for a fized input u, when system evolves on
Sn—1 we lose the linear and quadratic observability.

2) If v € Sp—1 and kp—1n, # 0, then with an ap-
propriate change of input u (universal input [GB]),
we can modify Sn—_1 to locally restore the quadratic
observability. Moreover if kn_1, = 0 and if there

exists i € [1,n] such that k;, # 0, then quadratic
observability is restored.

3) If © € S,—1 such that u is not a function of x,,
and for all i € [1,n] we have k;,, = 0, then we use
coefficient o, to study the detectability propriety. For
this we distinguish three cases:

a) if a, < 0 then the state x,, is detectable,

b) if a, > 0 then x, is unstable and consequently
undetectable,

¢) if ap, =0 we can use the center manifold theory
in order to analyze stability or instability of x,, and
consequently its detectability or undetectability.

Remark 16 Let 1% () (O,....,@Lﬂ(w)) be the
quadratic part of the diffeomorphism which gives the
above theorem. The diffeomorphism ‘1)[22} (z) is well
determined from fl[z] (x) and for all 3 <1 < n-—1,
<I>£2] (x) is determined from fz-[zl (x) and the derivatives
of <I>£-2](x) and fj[zl(x) for 2 < j < i — 1. However,
the choice of 3L () is free. So it is interesting to
use ® (z) to cancel quadratic terms in the last &,

dynamic. For this @E] (z) must fulfil the following

equation:

n—1 ) 6‘1)[2] ,
oznfbf] (z) + Z aicI)£ ](a:) - T;Aobsx + AE‘J
i=1
(13)

where AE?J,] = —f]m () + B?] (x1).

Unfortunately, the above equation is not fulfilled
for arbitrary o, and (a;);<;<, , as we will show in
the next example. o

Example 17 Consider the following system:

21 = aiz+zo+ k2 +h22

29 = agz1 + ko3 + 1223

Z3 = Q121+ Qozs + azzz + k3zg . (14)
+lgz§

Yy = 2

The homological equations of Proposition 9 for system

(14) are:

@llz]z 0
Pl (z) = —kizd — L+ By,

rewriting @5[32} (2) = 2T @32 where:

P1a P12 P13
O3 = | P12 P22 P23
P13 P23 P33
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then, if ag # 0 and as # 0 we obtain:

Iat+anly
o aplateils
13 _ l3toqly o3
$25 | = | e (tmoe2—on)
¢3 3 _lztaily

a3

Ifaz #0, az # 0 and (az—ay) (a3 —2aza; —4az) # 0,

then:
(043 — 2a1) —2a2 0 -t
-1 (a3 —a1) —az X

11
¢1,2 =
P22 0 -2 as

2041(17173 - a251,1 + 51,2
CV2¢1,3 + 041452,3
and @5[32] (2) cancels all quadratic terms in Z3. Finally,

20209 3 + azks + k3
choosing (1 1 = kiaz we obtain:

T = @ +332+,61,11’%+O3

2 = agx1 + kexd 4+ (2lias +12) 23 4 21012123
+2lazozs + (—2a1ﬁ171 + ,31’2) 22+ 08

T3 = ai1x1 + aax2 + azzs + O

Y = 1

Thus, for ag £ 0, as # 0 and
(a3 — a1) (a3 — 2aza; — 4ag) # 0

there is (I)gz] (x) which fulfils (13).

4 Computation algorithm of
normal quadratic numbers

In this section, we give an easily implementable al-
gorithm in order to compute normal quadratic num-
bers of quadratic normal forms (10) and (11). This
allows us to define the observability quadratic equiv-
alence class of a system without formally solving ho-
mological equations 9. For this, we introduce what
we call characteristic matrices, of which some coef-
ficients are the normal quadratic numbers. We con-
sider again Example 13 to show the power of this
algorithm. Moreover, for the linearly unobservable
case we point out normal quadratic numbers which
allow us to recover, at least locally, the quadratic ob-
servability, and so to be able to design an observer.
At the end of this section, we highlight our purpose
by the bio-reactor example.

4.1 Nonlinear systems linearly ob-
servable case

The next theorem explicitly gives the matrix family
(B)1<i<pn and (®;), -, -, which transforms the system
into its quadratic normal form.

Theorem 18
i) The family (8;),<;<, viewed as real numbers, is
the solution of the following algebraic linear system:

B
B1,2
D| = (CcF)" (15)
5Ln
where
dy 1 dip—1 1
1 0
D =
. 0 0|’
dp1qp 10 0 0
1 0 0 0 0
n—1 s ) )
Foo = | C(AT) 7 oA | and
s=0 \ j=0
Cc = (1,0...,0),
and for all 1 < k < n we have
d1 i di i
da da i,
1 = dn—(k—1)7 k
0 0
0 0
n—k . .
= > Crh(AT) pArRicT
=0
where
10 0
I 0 0 0
0 0 0

11) For 2 < ¢ < n, matrices ®; which fulfilled equa-
tion (a.1) are:

i—2 k

k=0 j=0
Remark 19 If matriz  family (8;);<;<, and
(®i)1<i<p, which are given in Theorem 18 below fulfil
equations (a.2), (b.1) and (b.2) then system (8) is
fully quadratically linearizable. However, in general
these equations do not admit solutions. We use their
left members to give the following definition:
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Definition 20 We call characteristic matrices asso-
ciated with system (8) the following matrices:

M =300 (55 0 (A7) (A, ) A)

Ni=—g1+71,
(17)
and for i € [2,n]
Ni =2B" ;;:20 Z?:O C;'C (AT)k_j Agy A
+ Ay,

We call characteristic numbers; coefficients
of characteristic matrices which are not generically
equal to zero.

Now we can state the link between normal
quadratic numbers and elements of characteristic ma-
trices.

We know from Remark 19 that M =0 and N; =0
for 1 <[ < n are the conditions of the full quadratic
linearization, thus we have:

Proposition 21 Quadratic normal numbers of nor-
mal form (10) are given by:
Vi,j € [2,n] and | € [2,n]

hi’j = —2Mi,j fOT‘ 7 75 ]
hii = —M;;
kl,] == _NLJ

where M, ; is the i'" row and the j" column ele-

ment of characteristic matriz M, and Ny ; is the 4th
element of the row vector Nj.

Remark 22
1) The fact that My ; = 0 for all1 < j < n is
equivalent to the algebraic linear system (15).
2) In the normal form (10) we have at most nn=1)
normal quadratic numbers z;x; and n(n — 1) normal
quadratic numbers x;u. In fact, we have

i) n% constraints given by the n symmetric

matrices (fi)lgignf
i) n? constraints given by the n matrices (¢;) <;<ps

iii) (n — 1) % symmetric matrices ¢; 2 < i <
n which are completely given by the (n — 1) first dy-
namics and

iv) n degrees of freedom given by output injections

(61)1§i§n;
v) n degrees of freedom given by output injections
(Vi)1<i<n-
Thus, the number of normal quadratic numbers is:
1 1 3
n% —(n—l)% —2n+n?= §n(n—1).

Example 23 Let us consider again (12) to highlight
the power of the characteristic matrices to compute
quadratic normal forms.

Zo = a2z1 + 23 + k2Z§ + l2Z§ (18)

. 2 2
{ Z1=a1z1 + 22 + k125 + 1123
S 2 2

z3 = asz1 + ksz5 + l323.

From Theorem 18, we obtain:

/61,1 = liaza1r + 2kiaz + l2as
51,2 = —35171% + k1aza1 + kaaz + kias
Bis = —3a%51,1 —Bi1a2 — 20181 5

- ((L% + a2) ,81’1 + 2@%]431 + 2@%[1

then

My ; = 0foralll<j<3
My o = —2a0k1 — ks +206,,
Mys=Msos = —asly — ko
M3 3 = —l3—2k

By Proposition 21 the normal quadratic numbers

are.
hii=hi2=h13=0
ho,o = 2a2k1 + ks — 2,61&
h2,3 = 2a3l1 + 2ko
h3 3 =13+ 2k

So, the quadratic normal form associated to (18)
18:

1 = a1 +$2+,81,1$%+03
T2 = a1+ T3 +,61,21’%+03
T3 = a3T1+ (/C3 — 251,1 =+ 2k‘1a2) .1}%

+ (l3 + 2k1) I% + (2[10,3 + 2]€2) Toxs + 03,

Conditions of the full quadratic linearization are

M; ;=0 forall2<i<5<3.

4.2 Nonlinear systems with one linear
unobservable mode case

In this subsection, as previously for the linear observ-
able case, firstly we introduce and compute character-
istic matrices of (11), we deduce normal quadratic
numbers and finally we discuss the quadratic ob-
servability and stability properties. For this, setting
f =0and g = 0 in homological equations of Corollary
10, we obtain:

o, = (AT(IHA + ‘1%‘71-4) + A,

and for ie[2,n—2]

0 = (AT‘I)n—l + ‘Pn—lA) + 'Af"71
= XS0 25— G (AT)T (A, ) A
an®, = ="l ai®i+ (AT®, + ,.A4) + Ay,

The following is corresponding result to Theorem
18 for linearly unobservable case.
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Theorem 24
i) The family (B;);<;<,_1 viewed as real numbers,

is the solution of the following algebraic linear system:

B
B1,2
D : = (F)"
Bl,n—l
where
di dipn-1 1
1 0
D =
0 0 |’
dn-11 1 0 0 0
1 0 0 0 0
n—2 s R
F o :Z ZC’;(AT)S_an_l_SAj and
s=0 \ j=0
Cc = (1,0....,0),

and for all 1 <k <n—1, we have

dy g dy g
do 1. do 1,
1 dp_1-(k-1),k
0 0
0 0
n—1—k . )
_ C]rlLflfk (AT)j LAn—l—k—]CfT
§=0
where
1 0 0
I 0 0 0
0 0 0

11) For 2 < i < m — 1, matrices ®; which satisfy
equation (a.l) are:

Remark 25 If &, satisfies the equation (a.2) i.e.

n—2s—1

SN AT T (A ) AT+ A, =0

s=1 j=0

and @, satisfies the following equation

n—1

an®, ==Y ;0 + (AT, + ®,A) + Ay,
i=1

and if

(b.1) —g1+7,=0
(b.2) and for i€ [2,n]
i— k—j i
2B Zk:zo 25:0 CJI'c (AT) ’ Ap AT+ Ay =0

then system (9) is fully quadratically linearizable.

Definition 26 Characteristic matrices of the observ-
able part of (9) are given by:

M= Z;L;oz E;:O C3 (AT)Sﬂ (Afn—l—s) A
Ni=—-g1+7

and fori € [2,n — 1] '

N, =BT S T OF (AT T Ay A4,

Now, from the previous definition we present rela-
tions between normal quadratic numbers of (11) and
elements of its characteristic matrices.

Proposition 27 Quadratic normal numbers associ-
ated with the observable part of normal form (11) are:
Vi,j € [2,n] andl € [2,n—1]

hl,n = _2M1,n

hi,j = *QMi,j fO?” ) #] S [2,71]
hii = —M;;

kij = g1—m

kl,j = —Nl,j

Remark 28 In the same way as for Remark 22; in
the (n—1) first dynamics of normal form (11) we

n(n—1)
2

have at most + 1 normal quadratic numbers

z;z; and (n — 1)? normal quadratic numbers z;u.
Thus, the number of normal quadratic numbers is:
n(3n —5)
2

2 = m-nw—(n—z)w

—(n-14+nn-1)—(n-1).

Now, in order to highlight the usefulness of normal
form in the observability analysis and the observer
design, we chose to deal with the following bio-reactor
dynamics.

Example 29 Consider the following bio-reactor dy-
namics [R]:

¢ = ( % )u(£2)€1 (19)
y=5&
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where state & = (& &,)" represent respectively the

concentration of biomass (§,) and of substrate (§5),

and the p(&,) = réy(1 — %) is the growing function.
In this example, the interesting equilibrium point with
respect to the observability singularity is not at & =
(0,0) but at & = (0,¢)7.

After changing coordinate z = & — &,, we obtain:

2 = —rz120 + 03 (2)
Zy = 20+ 03 (2)
y=x

This system is not linearly observable. Using the
above notations

_ (00, _(Bu
v = (0a)o-(4

and 0y = (ﬁlf _()%)’

T 2%k

O3
N————

then the characteristic matriz of the first dynamic
18
_( B 3 - —
M = o with B, =0
Y ’

and normal quadratic numbers are:
hl,g = —r and hg,g =0.
For the last dynamic we obtain:

l172 = % and 12’2 =0 .

Then, observable normal form associated to the bio-
reactor is:

1 = —rzize+O° (z)
To = %z’ll’z + 03 (1’)
Y = 1

In [R] a solution was proposed, here our purpose is
just to highlight the efficiency of the observable nor-
mal form, for this we propose the following sliding
mode observer:

1 = —rzde+ Misign(y —9) + By —9)°
Ty = fdar1 + E1)a(T2 — 22)

where By = &g + By B2 g — 4y and if
|z1| < € then E1 = 0 else Ey = 1, in the same way
if ee = 1 — &1 is not on the constrained manifold
(e1 = 0) then Eo = 0 else By = 1. Moreover, 8 ,
A1 and Ao are chosen in order to ensure at least the
stability. However using the Remark 15, the subman-
ifold observability singularity is S1 = {x € U, such
that hiox1 = 0}. So, the asymptotic stability is not

guaranteed for x1(t) = 0 for allt, then in order to take
into account, we set Es =1 if x1 # 0 else Es = 0.

This example shows that the observability singular-
ity can be overcome thanks to quadratic normal form
and its normal quadratic numbers which may contain
information for the observer design. Here, observa-
tion information is given by rx1xo (the term hy px12,
of the normal form).

5 Conclusion

In this paper, for nonlinear systems linearly observ-
able and nonlinear systems with one linear unob-
servable mode, a particular quadratic normal form
is given for observer design and detectability analysis
around an equilibrium point. Using Poincaré’s nor-
mal forms, we point out normal quadratic numbers
that ensure the local observability. Moreover, in or-
der to analyze the observability without transforming
the systems in their normal forms, we have introduced
what we have called characteristic matrices. Some of
them are linked to the quadratic part of the drift and
they characterize the quadratic observability without
input. Others are linked to the so-called universal
input and define the choice of this input to preserve
the observability. These matrices inform us about the
quadratic observability before we begin the design of
an observer. There are many areas where this study
may be implemented; the synchronization of chaotic
systems [NM], sensorless control of induction motors
[CYBMM].

Nevertheless, some of these cases need an extra de-
velopment of our method. For the synchronization
of chaotic systems [BBBT2, BBBT3] some modifica-
tions to the output-injection will be considered and
for the sensorless control of induction motors a gen-
eralization of the approach to multi-output systems
will be necessary.
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