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Abstract In this paper we present an extension of Moreau’s sweeping process
for higher order systems. The dynamical framework is carefully introduced,
qualitative, dissipativity, stability, existence, regularity and uniqueness results
are given. The time-discretization of these nonsmooth systems with a time-
stepping algorithm is also presented. This differential inclusion can be seen
as a mathematical formulation of complementarity dynamical systems with
arbitrary dimension and arbitrary relative degree between the complementary-
slackness variables. Applications of such high-order sweeping processes can be
found in dynamic optimization under state constraints and electrical circuits
with ideal diodes.
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1 Introduction

The so-called sweeping process is a particular differential inclusion of the general
form
—z(t) € Nk@y(z(0) (1> 0), z(0) € K(0), (1)

where K(7) is a nonempty closed convex time-dependent set, and Nk (z(t)) is
the normal cone to K () at z(f). Such evolution problems have been introduced
by Moreau in 1971 [45-48]. These models prove to be quite useful in non-
smooth mechanics (elastoplasticity), convex optimization, mathematical eco-
nomics, queuing theory, etc. Generalizations of the sweeping process have been
the object of many studies, see e.g. [5,19,32-34,36,41,67,68,72] and more ref-
erences in [18,35,42]. Recently it was also shown that quite similar formalisms
apply to nonsmooth electrical networks as well as some problems of absolute
stability [10,23].

Moreau (see also Schatzman [63,64]) introduced [50,51] an extension of the
sweeping process for Lagrangian systems subject to frictionless unilateral con-
straints. He termed the resulting equations Measure Differential Inclusions.
Roughly, such evolution equations are of the form

—dv e Ny (v®), v € V(q@®),

where V(q(?)) is a closed convex multivalued function depending on ¢(-), and
v(-) is the first derivative of ¢(-). The term dv denotes the measure that is associ-
ated to what one could call the second derivative of g(-). At this stage, we would
just like to point out that this evolution problem is of second order, whereas
the one in (1) is of first order. This is crucial because it generally implies that
the solutions z(-) of the former are absolutely continuous, whereas v(-) in the
second formalism is of bounded variation (consequently may possess jumps). In
this paper we shall see that the order (which is directly related to some relative
degree r between two complementary-slackness variables w and 1) indeed is a
fundamental parameter which determines the nature of the solutions and their
degree as distributions.

Most importantly, numerical time integration schemes have been introduced
for both first and second order sweeping processes in [48,51] which corre-
spond to what is now called time-stepping schemes [15]. The term “time-step-
ping” is used to underline that there is no explicit procedure to take into
account events, such as activation of constraints. For the first order case (1),
the algorithm —z(tx41) +2(tx) € Nk, 1) (2(tx+1)) is called the catching up algo-
rithm because of its geometrical interpretation. It has been extensively used
both for well-posedness studies [35,40,42] and for numerical simulation [15,52].
For Lagrangian systems subject to unilateral constraints, the time integration
method is built in the same way and called the Non Smooth Contact Dynam-
ics method [30,51,53]. Convergence and well-posedness studies has been also
given for this second order case [35,40,42,70]. The algorithm that is proposed in
this paper, is inspired from these time integration schemes as will be explained



in Sect. 5. One motivation of the proposed study, is to provide us with an effi-
cient numerical scheme for systems with unilateral constraints and with relative
degree larger than 3. It is shown in [16] and recalled in the Sect. 5.5.1 that
applying directly a backward Euler scheme leads to some inconsistencies due
to the fact that distributional solutions are not correctly approximated. We aim
at bridging this gap.

Recently, dynamical complementarity systems (introduced by Moreau in
1963 in the framework of Lagrangian mechanical systems [43,44], see also [39])
have been the object of interest in the control literature [9,11,14,16,17,28,38,
57,71,73-75], because of many applications in various fields such as nonsmooth
electrical networks, optimal control with state and/or input constraint, Lagrang-
ian mechanical systems subject to unilateral constraints, etc [9,73]. It is well-
known that complementarity problems, variational inequalities and inclusions
(or generalized equations) are closely related [22]. Similarly, complementar-
ity systems, evolution variational inequalities and differential inclusions as the
above ones (which we could name unbounded DI) are related [9,10,23,24].
Equivalences between various unilateral dynamics formalisms are established
in [12]. For instance it is easy to see that the first order sweeping process can
also be rewritten as the evolution variational inequality (z(¢),v — z(¢)) > O,
for all v € K(1), z(0) € K(0), z(t) € K(¢) for all ¢+ > 0. Such relationships
between various formalisms will be important for the developments in this
paper, especially for the design of a numerical algorithm. In parallel results
have been obtained for classes of piecewise affine systems [29], however the
link with complementarity is not yet clear except in some particular cases [27,
Sect. 4.2.2]. The time-discretization of linear complementarity systems with
implicit Euler algorithms has been considered in [16], as indicated above.

In [55] the so-called differential variational inequalities with index < 2 (i.e.
with relative degree < 1 in the language of this paper) are studied in a rather
detailed manner: well-posedness results are given, and numerical schemes are
proposed and shown to converge.

Objective of the paper The starting point is to consider a dynamical system
of the form x(f) = Ax(t) + BA(f) whose trajectories have to evolve in a domain
of the form Cx(¢) > 0. The dynamics is embedded into a distributional differ-
ential inclusion (named the higher order sweeping process) which allows us
to integrate the system while respecting the unilateral constraint on the state.
In the proposed formalism the Lagrange multiplier A is a distribution which
possesses a specific decomposition into measures which satisfy inclusions into
a family of convex cones. A time-stepping numerical algorithm is constructed
and its properties are analyzed. Though the convergence towards solutions of
the continuous-time system is not yet complete, the analysis shows however
that the numerical scheme possesses strong properties.

The paper is organized as follows. Some mathematical tools are presented in
Sect. 2. A special canonical state space representation which is useful for the
subsequent developments is introduced in Sect. 3. The corresponding differen-
tial inclusion formalism is introduced and motivated in Sect. 4, where important



properties and well-posedness are shown. Section 5 is devoted to the design and
the analysis of a time-stepping numerical scheme. In Sect. 6 an application of
the extended sweeping process is presented. Conclusions close the paper in
Sect. 7.

Notation The following notation is used: R is the real line, R™ is the nonneg-
ative real line, x; is the ith component of a vector x € R”. The relative degree
between two signals w and A defining the output and the input of a system, is
denoted as r. The indicator function of a set K is denoted as ¥x(-), and 9 is
the convex analysis subdifferential operator. The closed convex hull of a set K
is denoted by co(K). When K is a nonempty closed convex set then the nor-
mal cone to K is denoted as Nk (-) = dy¥g(-). Lexicographical inequalities are
denoted as >. For a vector x, x > 0 means that all entries x; = 0 or the first
nonzero entry is positive. x > 0 means that all entries x; > 0. [,, denotes the n x n
identity matrix, 0" denotes the vector (0,0,... ,0T € R" and 0, = (0")T. Let
M e R be asymmetric and positive definite matrix, the proximation operator
proxy[K;.]is defined by proxy[K;x] = argmin, g (z —x) TM(z —x). It M = I,
we set prox[K;.] := proxj [K;.]. The notation (x,y) := xTy and ||x|| := vxTx
will also be used. For a matrix A € R"*", we set |||A]| := supx;éo{”ﬁi—’ﬁ”}. Ajj
denotes the entry of the ith row and jth column, A; denotes the ith row of the
matrix A.

Acronyms The following acronyms are used throughout the paper: Comple-
mentarity Problem (CP), Linear Complementarity Problem (LCP), Variational
Inequality (VI), Ordinary Differential Equation (ODE), Differential Alge-
braic Equation (DAE), Measure Differential Inclusion (MDI), Complemen-
tarity System (CS), Linear Complementarity System (LCS).

2 Mathematical tools

In this section we present fundamental analysis tools which will be helpful in
settling the higher order sweeping process formalism. In particular a class of
distributions that is a potential class of solutions of the dynamics is presented
in detail.

Radon measure Let us denote by B(R) the Borel o algebra and let dR be a
R"-valued Radon measure, i.e. a Borel regular measure such that dR;(K) < 400
(1 < i < n) for every compact set K C R (see e.g. [21]).

Let A € B(R) be given, we say that {A;})”, is a finite partition of A if
Aie BR),AiNA;j=0,i#j(1<ij<n)and U;ilA,- = A. Let us now denote
by P(A) the set of finite partitions of A. The modulus measure of dR is defined
by (see e.g. [65]):

m
dRI(A) = sup > [dR(Ap], YA eB®).
(AL, €PA) i=1



Let du be a real-valued Radon measure. Let us denote by L110 (R, du; R™) the
space of du-locally integrable R”-valued functions. One says that dR has a

density relative to du provided that there exists a (class of) function R}, €
L} (R,du;R") such that dR = R}, du, i.e.

loc

dR(A) = /R;du, VA € B(R).
A

If du is nonnegative and dR is absolutely continuous with respect to du, i.e.
A € B(R),du(A) = 0 = dR(A) = 0, then a classical direct consequence of the
Lebesgue—Radon-Nikodym Theorem (see Theorem 5.10.22 in [65]) ensures
the existence of a unique (class of) function R;L € Llloc(R, du; R™) such that
dR = R du. Here

, . dR

where dR/du denotes the derivative (density) of dR with respect to du. In
particular, since |[dR| is nonnegative and |[dR(A)|| < |dR|(A),V A € B(R), there
exists a unique (class of) function 0 € Lll0 (R, [dR[;R") such that dR = 6g|dR].
Differential measure process Let / be a real non-degenerate interval (not
empty nor reduced to a singleton), and let {K(¢);¢ € I} C R”" be a family of non-
empty closed convex cones. Suppose that du is nonnegative and dR is absolutely
continuous with respect to du. By convention, we shall write

dR=R,dp e K@) onl 2)
to mean that
R, () eK(®), du—ae tel. 3)

Proposition 1 If the relation in (3) holds then, for every nonempty bounded set
A € B(R), A C I, we have:

dR(A) € co(UreaK(1)). (4)

Proof Suppose that (3) is satisfied. If A € B(R), A C I and du(A) = 0 then
dR(A) = 0 and it is clear that (4) holds since 0 € co(U,;c4 K(7)). Let A € B(R),
A C Isuchthat 0 < du(A) < +oo. Then R;L(A) C c0(UreaK(7)) and thus (see
Theorem 5.7.35 in [65]):

1 , _
diA) /Rﬂdu € C0(UreaK(1))
A



since co(Ure4 K (7)) is closed and convex. It results that dR(A) = f A R;ldpd €
c0(UreaK (7)) since diu(A) > 0 and co(U;c4 K (7)) is a closed convex cone. 0O

The following result is also important for the study of the differential measure
process (see e.g. [42]).

Proposition 2 Let
dR = R,dr +dv

be the Lebesgue—Radon—Nikodym decomposition of dR with respect to the
Lebesgue measure dt. Then the relation in (3) holds if and only if

R e K(t), dt—ae. tel 5)
and
dv
— () e K(t), |dv|—ae. tel. (6)
[dv]

Functions of bounded variation Let / denote a non-degenerate real interval
(not empty nor reduced to a singleton).

e By u € BV(;R") it is meant that u is a R"-valued function of bounded
variation if there exists a constant C > 0 such that for all finite sequences
fo < 1 < --- <ty (N arbitrary) of points of /, we have

N
D lut) — uipl < C.

i=1

Let J be a subinterval of /. The real number
N
var(u,J) = sup D llu(t) — u(ti-)|l,
i=1

where the supremum is taken with respect to all the finite sequences 7y <
t; < --- <ty (N arbitrary) of points of J, is called the variation of « in J.

Any BV function has a countable set of discontinuity points and is almost
everywhere differentiable. A BV function defined on [a,b] C I possesses left-
limits in ]a, b] and right-limits in [a, b[. Moreover, the functions ¢ — u(t™) :=
limg_;5=¢ u(s) and t — u(t™) := lim,_,; <, u(s) are both BV functions.

Let us also recall here a classical form of the Gronwall-Bellman Lemma (see

e.g. [7]).



Lemmal Let0 < T < o0 be given. Let ¢c; > 0,c3 > 0and u € BV([0, T]; R)
such that:

t
O<u®) <+ cz/u(s)ds, Yitel0,T].
0

Then

u@®) <cie®?, vtel0,T].

We denote by LBV (I; R™) the space of functions of locally bounded varia-
tion, i.e. of bounded variation on every compact subinterval of /.

We denote by RCLBV(I; R™) the space of right-continuous functions of
locally bounded variation. It is known that if # € RCLBV(I; R") and [a, b]
denotes a compact subinterval of , then u can be represented in the form
(see e.g. [66]):

u@®) = Ju@) + [wl(®) + ¢u(®), Vitela,bl,

where 7, is a jump function, [«] is an absolutely continuous function and ¢,
is a singular function. Here 7, is a jump function in the sense that 7, is right-
continuous and given any ¢ > 0, there exist finitely many points of disconti-
nuity #1, . .., ¢y of J, such that Zﬁil | Jut) — Tu@EH)I + & > var(Jy,la, b)),
[1] is an absolutely continuous function in the sense that for every ¢ > 0,
there exists § > O such that Zf\; 1 Iul(Bi) —[ul(e) || < e, for any collection of
disjoint subintervals Je;, 8;] C [a,b](1 < i < N) such that Zfil (Bi — ;) <6,
and ¢, is a singular function in the sense that ¢, is a continuous and bounded
variation function on [a, b] such that éu = (0 almost everywhere on [a, b].
By u € RCSLBV(I; R") it is meant that u is a right-continuous function of
special locally bounded variation, i.e. u is of bounded variation and can be
written as the sum of a jump function and an absolutely continuous function
on every compact subinterval of /. So, if u € RCSLBV (I; R") then

u = [M] + ju (7)

where [u] is a locally absolutely continuous function called the absolutely
continuous component of u and 7, is uniquely defined up to a constant by

Tut) =" ulh) —ulty) = D" ulty) — () (8)
>ty >ty
where 11,1, ..,1,,... denote the countably many points of discontinuity of

uin /.



Stieltjes measure Letu € LBV(I; R") be given. We denote by du the Stieltjes
measure generated by u (see e.g. [65] and [42]). Recall that fora < b, a,b € I

du(la,b]) = u(b™) —u(a"),
du([a,b[) = u(b™) —ula™),
du(la,b]) = u(b™) — u(a™),
du(a, b)) = u(b™) — u(a™).

In particular, we have
du({a}) = u(@™) —u(a™).
For u € LBV(I;R™), ut and u~ denote the functions defined by

ut () =u@) = lim u(s), Vtel, t<sup{l},
S—>1.5>t

and

u (H=ult)= Y_l)itnvldu(s), Vtel, t>inf{l}.

(where sup{/} (resp. inf{/}) denotes the supremum (resp. infimum) of the set /).
If u,v € LBV(I;R™) then u’v € LBV(I;R) and

dw™) = ) Tdu+ @HTdv = vHTdu + () Tdv. 9)
Let us also recall that
2w ) du < dwTw) = wt +u)Tdu < 2t Tdu. (10)
Finally, we recall that if / denotes a bounded subinterval of /, then:
|du|(J) = var(u,J). (11)

Measure differential inclusions The material given in this section can be used
to formulate measure differential inclusions. For example, let F : I xR" — R" be
alocally L'-Caratheodory function and let C C R” be a nonempty closed con-
vex set. We consider the measure differential inclusion: Find u € RCLBV(I; R™)
such that:

du + F(t,u(t))dt € —Nc(u(?)). (12)

The sense of (12) is given by the existence of a nonnegative Radon measure du
such that the measures du and dr are absolutely continuous with respect to du
and

%(t) + F(t,u(t))i(t) € —Nc(u()), du—ae. tel (13)
du du



Note that the concept of solution does not depend of the choice of the non-
negative Radon measure du since the right-hand side of (13) is a cone, and the
densities can be obtained one from other by multiplication with a nonnegative
function. It results from Proposition 1 that

du(A) +/F(t,u(r))dr € E(U —Nc(u(r))), (14)
A TeA

for every nonempty A € B(R), A C I, such that du(A) < +o0.
Note that from Proposition 2, we get also:

ut™y —u@") e =Nc(u@), Vtel (15)

and
uy(t) + F(t,u(t)) € —Nc(u()), ae. tel. (16)

According to the notation introduced above, u; denotes the density of du with
respect to the Lebesgue measure dz.

Distributions generated by RCSLBYV functions Let / be the real interval given
by

I'= e, Bl,

where @ € R and 8 € RU {+o0}.

The support supp{¢} of a function ¢ : I — R is defined by supp{¢} =
{t e I: p(t) # 0}. We denote by C5°(I) the space of real-valued C*°(/)-mappings
with compact support contained in the open interval Ja, B[ and D’(I) is the
space of Schwartz distributions on 7, i.e. the space of linear continuous forms
on C°(I). Recall that for T € D'(I), the (generalized) derivative of T'is defined
by
The (generalized) derivative of order » is then given by

D'"T =DMD"'T) (n >2),
that is
(D"T, ) = (=D)"(T,¢™), V¢ eCFW).

For a € I, we denote by §, the Dirac distribution at a, defined by

(Basp) = 9@, Yo e .



Note that §, = DH(. — a) where H is the Heaviside function:

1 it >0
HO = [o it £ <0. (17)

The support supp{7} of a distribution 7" € D’(J) is defined by supp{T} := I\O
where O C I denotes the largest open set in / on which 7 vanishes in the sense
that (T, ¢) = 0,V ¢ € C§°(I) with support contained in O.

e Let i € RCSLBV(L;R) be given. We will denote by Ey(h) the countable
set of points of discontinuity #,,....,,... of h. As seen above, /& can be
written as the sum of a locally absolutely continuous function [/] and the
locally jump function Jj, given by

Tn(® =D onts),

>t
where fort € I,
on(®) = h(tT) —h(t™) = h(®) — h(tD)
denotes the jump of 4 at ¢. It is clear that if t € I\ Eo(h) then oy, (f) = 0.

We will denote by A(D(¢) the right derivative (if it exists) of the absolutely
continuous part [4] of 1 € RCSLBV(L;R) at ¢, i.e.

+ J—
fz(l)(t) = M(r) — lim [A](t 4 o) [h](t).
dr o—0F o
We have thus:
h=1[hl+ T (18)
and )
dh = hVdt + dJp. (19)

The measure d.7j, is atomic as a measure concentrated on the set Ey(/) of count-
ably many points of discontinuity of 4 in 7, i.e. dJ,(A) = 0,V A € B(R),A C
I\Ey(h).

Let us now set

Fo(I:R) = RCSLBV(I:R)
FI:R) = {h € Fo(I:R) : kD ¢ RCSLBV (I:R)}

~ + A
F(LR) = {(h e FiLR) : h® = %[hﬂ)] € RCSLBV(I;R)}

Fe;R) = {(h € Fpy(LR) : h® = %[iﬂk—l)] € RCSLBV(I;R)}

10



and

Fool;R) = (] Fal;R).
keN

We standardize the notation by setting h©:= h.Note that i@ e RCSLBV(;R)
(@ > 1) means that the absolutely continuous function [2“~D] admits a right

~ + A ~
derivative /@ (t) = %[h(“_l)](t) at each ¢t € I and A is of special local
bounded variation over 1.

Remark 1 .
i) Note that if % [h®—D] exists and is of special local bounded variation on /

+ A A
then necessarily %[h("‘_l)] is right-continuous. Properties 4/*) € RCLBV(I; R)

and h® LBV (I; R) are thus equivalent. The “RC” requirement stands in the
definition of the vector space F, (I;R) for pedagogical reasons.

+ A + A
ii) Note also that for a.e.t € I, we have %[h(“_l)](t) = %h("‘_l)(t) =

hf“_l)(l), where, according to the notation introduced above, h;“_l) denotes
the density of d2®~1 with respect to the Lebesgue measure d.

Example 1 Set I =[0,4+o0[ and let u : I — R be the function given by
u(t) = |sin()|, Vtr>=0.

It is clear that 29 := u € RCSLBV(I; R) since u is Lipschitz-continuous. Then
we obtain

A d* -0 d'u :
u'() = E[u 1) = ?(I) =cos(t—km) iftelkn,(k+1)x[, keN.

We see that Eo(iiV) = {kn; k € N\{0}} and
iV =@M+ 7,
where
[ V1(t) = =2k + cos(t — k) if t € [kn, (k + D), k €N,
and
Jt) =2k iftelkn,(k+Dr[, keN.

Thus 2" € RCSLBV(I;R). Then

“WW—£YWW——MUN
u — dt u = Sin

11



so that #® € RCSLBV(L;R). And so on, we see that

=D"aO @) if k=2m
a® @) = , meN,
D"aD @ if k=2m+1

so that #®) € RCSLBV(I; R), Vk € N, and thus u € Fuo (I;R).

Example 2 Let @ < 0 be given and set I = [«, +00[. One says thatu : [ — R
is a Bohl function (see e.g. [17,28]) if there exist N € N and matrices H €
RN U e RV*N and G € RV*! such that:

0 if a<t<0
u(t) =
HeV'G it t>0.

Then, for all kK € N, we get
0 if a<t<O
2P (1) =
HU*Y'G if t>0
and it is clear that u € Foo (I; R).

Let h € Foo(I;R) be given. One remarks that (generalized) derivatives of &
are easy to handle. Indeed, let us here denote by 7}, the regular distribution
generated by 4, i.e.

(Th, ) =/<ph dr, Ve ).
1

Let ¢ € C() be given. Using (9) and (19), we obtain (here ™ = h and
¢~ =)

(DTh,w)z—/gbhdt:—/hdgo:—/d(h(p)—i—/(pdh
1 1 1 1

_ / o dh = / ehDdit 3 ) — hG)) Gy )
1

T treEo(h)Nsuppie}

12



and so on, for any « > 2, we have:

(DT, ) =
o
= /(p dhe=D 4 Z z (fz(“*")(t,f) _ il(“f")(l,:))(&(,f_l),w)
1 =2\ yee Eg(h@=)nsupp{e}
o
= /(pil(a)dt—|— > > Ry — @D () (55, )
! =1 \teEo(hle=)nsupply)

Example 3 Letu : I — R be the function considered in Example 1. Let us now
consider the distribution 7" defined by

(T,p) = / Isin(t)|@(H)dt, V¢ € C3°().
1

Then for a given function ¢ € C;°(I), we see that:

(k+1)m

(DT, ) = /ﬁ(l)(t)w(t)dt = Z cos(t — km)g(t)dt,
7 keNnsupp{e} ;.

and

D) = [W@ap0drt X @)~ i o) )
7 keN\{0}Nsupp{e}

= —/ | sm(l)|(p(t)dt +2 Z ((Skﬂ’§0>’
1

keN\{0}Nsupp{yp}

and so on.
e Letn € Nbe given.

Definition 1 We say that a Schwartz distribution T € D'(I) is of class T,, on I
provided that there exists a function F € Foo(I;R) such that T = D"F.

Let us now denote by 7, (/) the set of all distributions of class 7, on [, i.e.
To(I) ={T e D'() : IF € Foo(I;R) such that T = D"F }.
It is clear that

To() = Foo (I, R).

13



If T € 77(I) then there exists F € Foo(I;R) such that
(T,9) =/¢dﬁ<°> =/<de, Ve Cr.
J4 I

More generally, if T € 7,(I) for some n > 2, then there exists F € Foo(I;R)
such that, for all ¢ € Ci°(I):

(T,¢) =
n
_ / o dFr DS > (Fr2 - F @) 557", )
)i =2\ (e Eg(F=0)Nsupp{e}
n
- / o0+ > ohu B 0) |- (20)
I =1\ yeeE(F"=")nsupply}

Example 4 Let a < 0 be given and set [ = [«, +00[. One says that U € D’'(I)
is an impulsive-smooth distribution (see e.g. [17,28]) if there exist / € N, o; €
R O <i<!l)andu € C*°(I;R) such that

!
U=>a;D"é + Hil
i=0
where H is the Heaviside function defined in (17). Note that if & is a Bohl

function (see Example 2) then U is called a Bohl distribution (see e.g. [17,28]).
Let us now remark that

UeTa).
Indeed, let F': I — R be the function defined by

I—i

1
F(t) = Zaﬂi(r)h + I, Vel
=0 —1).

where [;,1 is the function defined on I by recurrence as follows:
L) = [y H)is)ds
L1 (8) = [y Ii(s)ds, k=1,...,1

It is easy to check that F € F(I;R). Moreover DUDF = U and thus U €
Tra (D).
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For a distribution T € 7,(I), as expressed in (20), we may clearly identify the
“function part” {7’} and the “measure part” ((T)) respectively by

(T} = F™ (21)

and (ifn > 1)
<«Tm¢w=/wdﬁw4h Ve ). (22)
I

We will also use the notation d7" to denote the Stieltjes measure dF*~1 gener-
ated by F~D ¢ RCSLBV(I; R). Here {T} is a RCSLBYV function and d((T)) is
a Stieltjes measure. For pedagogical reasons, we use the two different notation
d{(T) and ({(T)) to denote respectively the Radon measure defined on the Borel
sets and the corresponding distribution, i.e.

(1), 9) =/ @ d(T), VoeeCFW.
1

It will be also convenient to use the notation {7} to denote the “function
part” of DT i.e.

{T(k)} — {DkT} — IA;‘(I’H»k)‘

Definition 2 We say that a Schwartz distribution T € D'(I) is of class Too on 1
provided that there exist n € N and a function F € Foo(I;R) such that T = D"F.

Defining 74, therefore allows one to encompass all distributions of class 7,,,
n € N. The set of Schwartz distributions of class 7, on / will be denoted by
Too (D). It is clear that

Too(h) = |J Tu(D.

neN

For T € 75, (1), we define the degree “deg(7)” of T in the following way: Let n
be the smallest integer such that 7" € 7, (1), we set

n+1 ifn>1
deg(T) =11 if n=0 and Eo({T}) # 0 (23)
0 if n=0 and Eo({T}) = 0.

Remark 2 The distributions of degree 0 are the continuous F.-functions while
the distributions of degree 1 are the discontinuous F-functions. The
right-continuous Heaviside function is of degree 1, the Dirac distribution §,
(a € 1) is of degree 2, the distribution D®s, (a € I) is of degree n + 1.
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Example 5 Let us here consider the distribution 7" of Example 3. We have:

T={T}=da9 =|sin()|, deg(T) =0,
DT = {TV}={DT}=0"V =cos(. — kw) on [kr,(k + 1)x) (k € N),
deg(DT) =1,
D’T = ((D’T)) = —[sin()| +2 D Skr. deg(D’T) =2,
keN\{0}
(TP} = (DT} = 0a® = —[sin()],
d((D?T)) = da'V.

3 The ZD canonical representation

In this section a canonical state space representations is derived, which will
prove to be useful to formalize the extended sweeping process.

3.1 Canonical state space representation

Our treatment here is, of necessity informal. The scope of this section is not to
get all the smoothness hypotheses worked out but is merely to illustrate a canon-
ical state representation that is generally used by researchers from Systems and
Control.

Letusset I = [0, T[ forsome T > 0, T € RU {+00}. We consider the follow-
ing dynamical problem: Find functions x : I — Rt > x(), A : I — Ryt +— A(f)
and w : I — R;t — w(t) such that:

x(1) = Ax(t) + BA(r) (t € 1)

x(0) = xo (24)
w() =Cx(t) >0 (tel),

where xg € R”, A € R B € R"! and C € R1*",
The transfer function H : C — C of the system is given by

H(s) = C(sl, — A)~'B.
We may write:

N(s)
D(s)

H(s) =

where D is a polynomial of degree n and N is a polynomial of degree / < n.
The relative degree r of the triple (A, B, C) is defined as the difference between
the degrees of the denominator and numerator polynomials of H,i.e.r =n— L.
Note that 1 < r < n.
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We assume that H is not zero. Equivalently, CA"~'B # 0 while CA""'B =0
for all 1 < i < r — 1. Then there exists a full-rank matrix W € R"*" such that

(see e.g. [60]):
o1
WB = (CA’1B> :
Onfr

CW=(1 0,)

and
01 0 ... 0 0,
0 0 1 Do
wAw =1 : o0 ], (25)
0 ... ... 0 1 0,,

d d di ... d, dg
B: 077 0" L 0" Ag

where Az € R=x0=0 B ¢ R and (d',d}) = (CA"'W™HT with d" =
di,...,dy).

Actually, the framework that is presented next is essentially linked to sys-
tems with r > 1. The existence of a relative degree allows one to perform a state
space transformation, with new state vector z = Wx,

=20 = (LET), ger (26)
such that the new state space representation is (see [60]):

2() = WAW=1z(t) + WBA(t) (te )

2(0) = Wxy (27)
w(t) = CW=lz(t) >0 (tel
that is
21(t) = z2(0) (tel
22(t) = z3() (tel
23(8) = z4(0) (tel
510 = 200) (tel (28)
(1) = CA"W™lz(0) + CA'BA() (1€ )
E() = Ag&E@®) + Bez1 (D) (tel
w(t) =z1(H) =0 (tel
z(0) = zo.
Moreover
CAW 'z =d"z +dle. (29)
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In Systems and Control theory, the dynamics £ = Ag& 4 Bgzy is called the
zero dynamics, so we shall denote the state space form in (28) the ZD repre-
sentation.

Remark 3 [The multivariable case] We note that the formalism in (28) contin-
ues to hold if A € R, B € R and C € R"*" m > 2. One says that the

triple (A, B, C) has a vector relative degree 7 2 [r,...,r]T € R™ if there exists
an integer r > 1 such that mr < n and the following conditions are satisfied:
CA'B=0foralli =0,1,...,r —2 and the matrix CA’”"1B € R"™*" is nonsin-
gular. In this case, one gets the same expression as in (28) but all z;, 1 < i < r,
are m-dimensional, & is n — mr dimensional, CA" 1B is an m x m matrix and
CA"W~1 is an m x n matrix. Moreover Agisa (n —mr) x (n — mr) matrix and
B¢ is a (n —mr) x m matrix, see [60] for a proof. We shall say that the system has
a vector relative degree 7 in such a case. Such conditions on the triple (4, B, C)
are closely related to the invertibility of the system with input A(-) and output
w(-) (actually they are sufficient conditions for invertibility [59, Theorem 3]).
Other similar canonical forms have been derived by Sannuti and co-workers
for the sake of control applications [58,61,62], however in this paper we shall
content ourselves with the assumption of a relative degree r.

Example 6 Let us consider the state representation in (24) with

2 7 3-2a0 —28+2 -2

I T S (P | N 3

A=170 o o | . B=|, | ¢c=0 20 0),
12 1 0 0

where «, 8 € R. The transfer function of this system is given by

s2—1

H(s) = IS —dtap_1-5

Then the transformation matrix

SO O
SO PN
S P PO
— o O O

allows one to transform the system (A, B, C) into the ZD canonical state space
representation (WAW~L, WB, CW—1) where

0 1 00 0
-1 _ -1 -1 « ,3 _ 1 -1 _
waw-t=|" 5 5o s wB=] ] oW =(1 0 0 0),
10 10 0
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so that the dynamics in (28) is given by

21(0) = 22(1) (tel)
20 =20 —z21(0) — 220 +a&1 () + p&2() tel)
£1() =60 (tel (30)
&) =&+ z21(0) (tel
w(t) = z1(2) (tel.

3.2 Distributional dynamics model

Starting from this section on, we set I = [0, T for some 7" > 0, T € R U {400},
and only functions from the class RCSLBV(I;R) and distributions from the
class 75 (1) are used. Moreover, in order to simplify the presentation of our
problem, we shall assume that m = 1. When the statements or results also
obviously hold for the multivariable case m > 2 with vector relative degree 7
this will be pointed out.

In this section, we present our model. Recalling that all concrete mathemat-
ical models were born without mathematical maturity, we confess that it is also
the case of the following one. We need thus in this section to stay beyond some
standards required in the mathematical literature. Happily, this will be brief,
and our aim in the following sections will be precisely to bring our model to
come to its mathematical maturity.

It is of utmost importance to notice that in general, the possible solutions
of (28) (equivalently of (24)) cannot be defined in a class of smooth functions.
Consider for instance the initial data zp; < —§ forsome § > Oandall 1 <i < r.
Then, since the unilateral constraint z; > 0 must be satisfied on /, it is necessary
that z;(0%) > 0, i.e. 7 needs to “jump” to some non-negative value. It results
that z; cannot be continuous and the derivatives in (28) must be considered in
the sense of distributions. At this stage we can just say that a jump mapping is
needed. Its form will depend on the type of system one handles (in Mechanics,
this is the realm of impact mechanics [8]). If one considers (28) as an equality
of distributions of class 7 (/), then we can rewrite it as

[ Dz1 =22
Dzy =z3
Dz3 =z4
: (31)
Dz,1 =2z
Dz, = CA"W~1z + CA™1Ba
| D& = Ags + Bng.

Consider the above initial conditions on {z;} (1 < i < r). Then Dz; is a dis-
tribution of degree 2 and we get Dzy = {21} + 07,(0)dg = z2. Consequently
Dz; is a distribution of degree 3 and Dz = D?z; = D{%1} + 07, (0)Dsy =
{22} + 012,,(0)80 + 04, (0) DSy = z3, and {21} = {z2}. Then Dz3 is a distribution
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of degree 4, and we get Dz3 = D{z2} + o(z,}(0)D8y + 0, (0)D?8y = {23} +
012,)(0)80 + o(3,}(0) DSy + 07, (0)D?8y = z4, and {Z2} = {z3}, and so on. Thus
01:)(0) = {22)(0%) = {22}(07), 072, (0) = {23}(0F) — {23}(0"), and 50 on. Until
now we have decomposed only the left hand side of the dynamics as distri-
butions of some degrees. Now let us get back to the distributional dynamics
in (31). Starting from Dz; = z», one deduces that the right hand side has
to be of the same degree than the left hand side. This means that the right
hand side is equal to {z2} + vi, where vq is a distribution of degree 2, i.e. a
measure. Similarly from Dz, = z3 one deduces that z3 = {z3} + V2, where
vp has degree 3 and can therefore further be decomposed as vy + vy, with
deg(v2) = 2 and deg(v) = 3. It is not difficult to see that vy = Dv;. Therefore
Dzr = {z3} + v2 + Dvy. The variables vy and v; are slack variables (or Lagrange
multipliers), and are measures of the form v; = |, ; dvi, where dv; is a Stieltjes
measure generated by a Fo. (I; R)- function. Continuing the reasoning until Dz,
we obtain Dz, = CA”"W~{z} + CA"~1Bx where deg(}) = deg(Dz,) = r + 1.
Consequently from (31) one gets

Dz1 ={z2} + w1
Dzy = {z3} + Dvi + 2
Dz3 = {z4} + D*v{ + Do + 13

Dzj = {zi11} + D" Dv + DPvp + .. 4 Dy + v (32)

Dz, ={z;} + D" Pvi+ ...+ Dv, a4 v,y

Dz, = CATW—1{z} + CA""1Ba.

We keep the notation A for the multiplier which appears in the last line. One
sees that A in (32) can be given a meaning as

A= (CA'B) D Dy + .. 4+ Dv,_1]+ v, (33)

provided CA""'B # 0 (invertible in the multivariable case m > 2 with relative
degree 7). Then A is uniquely defined as in (33).

It is important at this stage to realize that A is the unique source of higher
degree distributions in the system, which will allow the state to jump. Therefore
the measures v; have themselves to be considered as sub-multipliers. In (32) we
have separated the regular (functions) parts denoted as {-} (see Sect. 2) and the
atomic distributional parts.

Only the Dirac measures v; and time functions are signed. Consequently
imposing A > 0is meaningless in general. Another point of view is to assert that
A > Oimplies that A is a measure. However this is not sufficient to assure z; > 0
along the time integration. Consequently one has to resort to higher degree
distributions to give a reasonably general meaning to the dynamics in (24).
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Our aim is now to propose a mathematical formulation applicable to the
study of our problem. Let us here also suppose that CA’~! B # 0 (invertible in
the multivariable case m > 2 with vector relative degree 7).

Distributional formalism A mathematical problem that appears suitable for
the study of the dynamics in (31), (32), (33) consists to find z1,...,z, € Too(])
and & € 7(I) (1 <i < n — r) satisfying the distributional equations

Dz —z2p=0
Dz, —7z3=0
Dz3—z4=0
(34)
Dz, 1—2z,=0
Dz, — CATW—1{z} = CA""!Ba
| D§ = Ag§ + Bezy

together with some constraints (that will be specified and discussed in the fol-
lowing section) on the distributions (of degree < 2) vy, ..., v, defined by

v = ((Dz1 — {z2}))
v = ((Dz2 — {z3}))
v3:= ((Dz3 — {z4}))

(35)
v = ((Dz,—1 — {z/})
vri= ((Dz, — CA"WHz})) (= CA"'B((1)))
and
A= (CA'B)UD Dy 4. 4 Dy, ]+ v, (36)
Each distribution vj is of the form
(vi, ) =/<p dvi, Yee W) (37)
1
where dv; is a Stieltjes measure generated by a F (I; R)-function.
Let us now denote by d{z;} (1 < i < r) the Stieltjes measures given by:
(((Dzi)), ) = /fﬂ d{zi}, Ve G, (38)

1
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that is also the Stieltjes measure generated by {z;}. We see that
dv; =d{(Dzi — {ziy1}) = d{zi} — {zip}@Odr, A <i<r—-1)  (39)

and
dv, = d((Dz, — CA"WHz})) = d{z,} — CA"WH{z}(dt. (40)

If K denotes a closed convex cone then the expression dv; € K has a sense that
has been specified in Sect. 2 (see (2) and (3)). The constraints will be specified
and discussed in the following section.

Remark 4 The structure of the system in (34) ensures that necessarily z; is a dis-
tribution of degree < i while A is a distribution of degree < r + 1. It results that
z1 = {z1} and deg(z1) < 1. Moreover & = {£}, deg(¢) = 0 and £ is continuous.
The zero-dynamics reduces to

dé = (A:&() + Bez (1))d.

Measure differential formalism The distributional formalism contains all the
information on the dynamics. However, it would be convenient to end up with
a “weaker” formalism for (31), (32) by requiring that the solutions z; of the
system in (31), (32) are regular distributions z; generated by right continuous
functions of special locally bounded variation. More precisely, our problem
consists to find z1,...,25,&1,...,&n—r € Foo(I; R) such that

[ dz1 = z2(t)dt + dvg
dzy = zz3(H)dt + dvy
dzz = z4(0)dt 4 dvs

dz; = z;1 (Odr + dy; (41)

dz,_1 = z,(O)dr + dv, ¢
dz, = CA"W—1z(t)dt + CA’" ! Bdv,
dé = (A:£() + Bezy (1)dt

where dv; denotes a Radon measure and dz; (1 < i < r) is the Stieltjes mea-
sure generated by z;. If K denotes a closed convex cone then the expression
dv; € K (1 < i < r)can be defined as in Sect. 2.

Here, all distributions, let us say 7, invoked in the system (31), (32) are of
degree < 1 and thus ((T)) = T. We have also {z;} = z; (1 <i < r).

Remark 5 In Mechanics one has r = 2 and X is of degree 2 because v; = 0 (the
position z1(-) is locally absolutely continuous, see e.g. [42,70]). In dissipative
electrical circuits with » = 1 then possible inconsistent initial data on z; may
lead to vi(= 1) of degree 2 [17]. The measures v; and the distribution A in
(32) play a similar role to the Lagrange multiplier in Mechanics with unilateral
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contact. The idea of the extended Moreau’s sweeping process is to represent
these atomic distributions in a way similar to what is done in Mechanics and
to subsequently take advantage of this formalism to derive a time-stepping
numerical algorithm. Moreover, viewing the dynamics as an equality of distri-
butions as in (32) paves the way towards time-discretization with time-stepping
algorithms, i.e. numerical schemes working without event detection procedures
and with constant time-step.

Remark 6 The idea of observing the derivatives of the variable w in order to
analyze unilaterally constrained systems is certainly not new, and has been
often used previously [28,71]. Also it has been long well known in DAE the-
ory that higher degree distributions can occur due to inconsistent initial state
[37,20]. Therefore introducing such ingredients in dynamical systems is by far
not new. It is however clear that the gap between DAE and differential inclu-
sions, is not trivial.

4 The extended Moreau’s sweeping process
4.1 Preliminaries

Let us first recall that in order to simplify the presentation we shall continue to
assume in many places that m = 1.

Let D be a nonempty closed convex subset of R. We denote by Tp(x) the
tangent cone of D at x € R defined by

Tp(x) = cone(D — {x}) (42)
where cone(D — {x}) denotes the cone generated by D — {x} and cone(D — {x})

denotes the closure of cone(D — {x}), i.e. cone(D — {x}) = cone(D — {x}). The
definition in (42) allows us to take into account constraints violations. Note that

R ifx>0
T () = [R+ ifx <0

and
Tr(x) = R.
Let us now set
® =R, (43)
For z € R”, we set
Zi=(21,22,...,2), (A <i<n). (44)
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By convention, we set Zy = 0 and
T9(Zp) = @
and we define
TH(Z1) = To(z1),
T4(Z2) = Try (7,)(22),
ThZn =Ty (@),
that is

To(Z) =Tyin g (@), 1<i<r.

Remark 7 In the multivariable case m > 2 with vector relative degree r, we

have ® = (R*)", Z, = 0,Z! = (zll,zg,...,zg),l <i<r,1<I<m,and

N

T} (Zi) = X1\ Ty (zf), 1<i<r
Recalling that I = [0, T for some 0 < T < +o0, and starting from (31), (32)
the extended sweeping process is written as follows

dv; € _31/’T£;1({z,-,1}(z—))({Zi}(t+)) on/, I<i<n), (45)

with dv; in (37)-(40). Here {z;}(07) (1 < i < r) will be given (by convention) so

as to define some initial conditions for the process (see (52) and Remark 9). The

sets OYpi-1 ;. l}([_))({Zi}(t“L)) (1 < i < r) are nonempty closed convex cones
® i—

and the sense of the inclusions in (45) is given (see Sect. 2) by the existence of
nonnegative real-valued Radon measures du; (1 < i < r) relative to which dv;
possess densities dv;/du; such that:

dl),'
dui

() e —BI/ITZ'D—l({Zi_l}(t,))({Zi}(t+)), duj —ae tel 1<i<r). (46)

The sets be_l({Z,-_l}(t_)) (1 < i < r) are nonempty closed convex cones and
thus the system in (46) can also be written equivalently as follows:

(2}t € T ' (Zin) (7)), dpi —ae. re 1 (1<i<n),
(420.v) >0, Vve Ty (Zis) ),
i

du;j—ae. tel 1<i<r).
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Remark 8
i) Using the notation and conventions specified above, the first inclusion in
(45) reads

dv; € —0vo({z1}(H)).
ii) Recall that if z; € T '(Z;_;) then

01z, @) =(weR:wy—2z) <0V e Ty (Ziy)

is the outward normal cone to be_l (Zi_1) at z;.
iii) Note that

To'Zi) =R = 0¥, @) =10k
Tg'(Zi) =R" and 2i>0 = 9y, (@) =1{0),
T5'(Zi ) =R" and z; <0 = 81,07;—1(21_71)(11') =R".

iv) Starting from (24) and (28) one is tempted to write the inclusion
“Dz, — CA"W~1z € —CA"™ 1B 3o ({z1}(tT))” which makes sense onlyif Aisa
measure since 3% ¢ ({z1}(-7)) is a cone. This inclusion is replaced by

dv, € — a“/jTg;l({Zr,l}(t_))({Zr}(t+)) onl/,

in (45). The positivity of A is now understood as the positivity of v, (see also
Theorem 1 below).
v) It is then important to see that the distributional dynamics

D'z1 = Dz, = CAAW Yz} + CA"" ' B (48)

with A in (45), (33), is equivalent to (32), (45). Notice that (32), (45), (48) is the
same as (31), (33), (45).

vi) It is noteworthy that though the formalism is presented in the coordinates
in (24), its implementation requires the knowledge of A, B, C and x(-) only. We
however believe that the state space representation in (28) allows one to better
understand the underlying dynamics.

4.2 Mathematical formalisms
Let us now complete the formalisms introduced in Sect. 3.2. Let T > 0, T €

R U {+00} be given and set I = [0, +TT.
Let

T =T £T
20 = (Zo’fo)

be given in R" with zp € R" and §y € R" .
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Distributional formalism Using (34), (35), (36), (37), (38), (39), (40) and (45),
our mathematical problem reads:

"M PROBLEM SP(zp3 I) "X Find z1,...,z2r € Too(l) and & € Too(I) (1 < i <
n — r) satisfying the distributional equations:

[ Dz1—220=0
Dz —z3=0
Dz3—z4=0
(49)
DZr—l —-z,=0
Dz, — CA"W~1l{z} = CA™"1B)
D& = A& + Bezy
r—1 '
r=(CA'B) | D DU ((Dzi — {zip))) | + ((Dz, — CATWHz}), (50)
i=1
the measure differential inclusions on 10, 7[:
d{z1} — {z2}(0dt € —3Yo({z1}(tT)),
d{z2} — {z3}(ndr € —31//731)({21}@—))({22}(l+)),
dfzi} — {zi1}(Odt € —at/fTé;l({ZH}(f))({Zi}(t+)), (51)
d{zr—l} - {Zr}(t)dt € _ang2({Zr_2}(f))({Zr—l}(t+))a
(CA™IB)~[d{z/} — CAWH}(O)dH] € =0V (o (2P} D))
and the initial conditions:
{z1}(0T) — 201 € =Y ({z1}(0T)),
{z2}(0") — 202 € —a‘ﬁT;(zo,l)({ZZ}(OJr))’
{2}07) — 207 € =0Y7i1 5 - ({2} (O0T)), (52)

{Zr—l}(0+) —20r-1 € _8WT:D_2(Z,_2)({Zr_l}(0+))’
(CA™IB) "z 0F) — 20,] € =0W gz (2 HOH)
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and

{£}0") = &. (53)

Remark 9 If z denotes a solution of problem SP(zp; [) then we will write by
convention that

{Z}07) = 20, {£}(07) = &o.

Then the relations in (51) formulated on ]0, T[ together with the initial condi-
tions in (52) reduce to the relations in (51) formulated on I = [0, T[. Moreover,
recalling that & is here necessarily a continuous function (see Remark 4), the
condition in (53) reads:

£(0) =&o (54)

and with our convention, we see that the last relation in (49) together with
the initial condition (53) reduce to the measure differential equation (see
Remark 4):

d& — (A¢E(t) + Bez1(t))dt =0 on 1.

Remark 10 The relations given in (51), formulated on 7, have to be interpreted
in the following sense: Find nonnegative real-valued Radon measures du; (1 <
i < r) relative to which the Lebesgue measure dr and the Stieltjes measure d{z;}

possess densities d%, and Cll{_,il,} respectively such that:
d{Zi} dt +
d_m(t) - {Zi+1}(t)d_m(t) € _al/jTéb_]({Zi,l}(lf))({zi}(t ))a

duj—ae. tel 1<i<r—-1) (55)

and

r—1 -1 | Hzr}
(CA"™™'B) [_d

o — cArwzp - (r)}
MUr dpar

x € —ngl({ZH}(I_))({z,}(ﬁ)), du, —ae. tel (56)

Remark 11 The dynamical system represented in problem SP(zo; I) will be
called the “Higher Order Moreau’s Sweeping Process”.

Measure differential formalism Using (41), (45) as well as the conventions
given in Remark 9, our mathematical problem reads:
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4 PROBLEM MP(zp; ) " Find z; € Foo(I;R) (1 < i < r) and & €
Fool;R) (1 < i < n—r)such that

dz; — z;1(ndt € —0V itz (- ))(zl(t+)) on] 1<i<r—1 (57)
(CA™'B)~[dz, — CATW—1z(1)d1] € —am,l(zril(t_))(z,(t+)) on I (58)

and
dé — (Ae&() + Bz (1))dt =0 on l. (59)

The system in (57) and (58) has to be interpreted in the following sense: find

nonnegative real-valued Radon measure du; relative to which the Lebesgue
measure df and the Stieltjes measure dz; possess densities dd[ and g/il respec-

tively such that

4. 0" z,+1<z>—<z>e —0Vpit o @), dpi—ace 1€l (1<i<r=1)

(60)
and

(CA™1B)~! [dz (t) — CA }
duy

€ _ang‘(Z,_l(t*))(Zr(t ), d,ur —ae. tel (61)

Remark 12 1) The model in (60)—(61) is the same that the one given in (55)—(56)
since here {z;} = z;.
it) If z1 is piecewise continuous then the solution & of (59) is given by

t

E(t) = el + / A= B,y ()dr.
0

iii) It is noteworthy that the differential inclusions which are considered in this
paper, are specific DI (which could be named unbounded DI), which cannot be
analyzed using the tools for “standard” DIs of the form “ x(¢) € F(x(¢))” as in
[3]- Especially the basic assumptions for standard DIs are that F(x) is compact
for each x, and that a linear growth condition holds. Such assumptions do not
hold for the inclusions considered here, since the sets in the right hand sides
are normal cones, hence unbounded sets. Such a kind of differential inclusions
gave rise to all the mathematical and numerical studies on the sweeping process
and mechanical systems subject to unilateral constraints [4,5,15,18,19,28,32—
36,40,42,45-48,63,64,70].

Variational inequalities The system in (55)-(56) (and consequently the one in
(60)—(61) too) can be written as the evolution variational inequalities:
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(4l - {z,+1}<t>df<t>,v—{z,}(r+>> L Yve e (Zia} ),

duj—ae. tel 1<i<r-1), (62)
(car-1p)! [%(0 —cawnod o], v-tzaeh) =0
Hr Hr
V veTy '{Z,1)¢), du,—ae tel

Complementarity systems The sets Tﬁ;l ({Zi—1}(t7)) (1 < i < r)arenonempty
closed convex cones and thus the system in (62) can also be written equivalently
as the evolution complementarity systems:

2}t € Ty ' (Zi)@) dui—ae. tel 1 <i<n),
() — {2 OG0, (21D = 0. dpy— ae. terasi<ro,
(CA™1B)! [d{z’}(t) CA"W={z)(1) dc,lf (r)], (z)D) =0, dur —ace.t 1,
L0~ OG0,y ) 0, ¥ve Ty (Zi)w,
p,—ae tel A<i<r—1),
(Cca1B)" 1[d—z’}(t)—CAr ool o,
Hr Hr
Vve Ty (Z, 1)), du, —ae. tel

&
(4

The following example and proposition show the link between the distribu-
tional formalism and the measure differential formalism. It is a direct conse-
quence of the structure of the models (see also Remark 4).

Example 7 Suppose that m = 1, r = n = 3 and let wi, wp, w3 € Fo([;R) such
that
dwqi = wodr + dvy
dwy = wadt + dw (63)
dw; = CA3W~lwdr + CA%Bdvs
where dvy, dv; are atomic Radon measures and dvs is a Radon measure whose
Lebesgue-Radon-Nikodym decomposition is given by dv3 = v} dr + do3. Sup-
pose also that Eg(w1) = {a1}, Eo(w2) = {az} and Ey(w3) = {a3}, (a1,a2,a3 € I).

We have
dwy = wiVdr + dg

dwy = wiPdr + d 7 (64)

dws = w{"dt + d.73

where Ji(.) = Ho(. — a;) (see (17)).
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Let us now define the distributions z1, z2, 23 € 7o (1) by:
71 =W
22 = W2 + oy, (a1) 84, (65)
23 = W3 + 0y, (a2)84, + o, (a1)Déy,,.
From (63) and (64), we deduce that

[ 12)(1)

1 ="

Dzi = " 4 64, (@1)8a, = w2 + 0y, (@1)80; = 22

vi = [;dvy = [, ATy = o, (@1)84,

v?/gl) =w3

Dzy = WS + 01, (02)84, + 0w, (@1)DSay = W3 + 010 (a2)8ay + O, (a1)Diay = 23

v = [;dv = [,dJ = o, (@2)8,,

Wy = CAPWlw + CA?Bvj,

v3 = [;dvs = (CA?B)™! [;dJ5 + vy, = (CA2B)10,5(a3)8ay + V5.
Then we get

Dz3 = W + 01, (a3)84; + 0w, (@2) DSay + 01w (@) DD 8y,
= CA’Wlw + CA’B(v}, + (CA’B)'0,5(a3)8a;) + D2 + D@y
= CA’W~'w + CA?’Bvs + Dvs + Dy = CA’W~'w + CA?Ba
with
A = (CA’B) Y (Dvy + DPvy) + 13.

So, if the measures dvy,dvs, dvs satisfy the extended Moreau’s Process in
(45), then distributions z1, z2, z3 satisfying problem SP(zo; /) can be obtained
from the functions wq, wy, w3 by using the relations in (65).

More generally, we have:

Proposition 3

i) Let(z1,...,2r8) € (Tc(I))" be a solution of Problem SP(zo,; I). Then
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deg(zi) <i (1<i<n),
21 = {71} € Fu(;R), & = (£} € (Foo (LR N (COUL;R)) "

and ({21}, . ..,{zr}, &) is a solution of Problem MP(zp; I).
ii) Let (Wi,...,wr§&) € (Foo(l;R))" be a solution of Problem MP(zo; I) such

that, foreach 1 < i < r—1, the measure dw;—w;,1dt is atomic. Letzy,. .., z,
be defined by

71 ‘= w1
and

i—1
_ i—j—1 .
zZ=wi+ > [ DL e —wiensy TV @ <i<n.
j=1 \tk€Eo(w))

Then (z1,-..,2r,&) € (Too(I))" and is a solution of Problem SP(zo, I).

4.3 The state jump mapping
In this section, we examine some properties of the solution of Problem SP(zo; )

(and consequently of problem MP(zo; I)). The existence of such a solution is
thus assumed for the time being. Let us first remark that the following is true

Lemma?2 Letzq,...,2r € R be given and let 01, . .. ,0r € R such that
o; € —8"§Zfo;1(Ziil)(Zi) forall 1 <i<r.
Then the inclusion
3‘/’Tg1(z,,1)(2’) C IYae(z1)

holds. Moreover,

[ 71>0 = o0,=0

71=0 = o0, >0.
Proof If z1 > 0 then T¢(z1) = R and then for all 2 < i < r, we have
Ty ' (Zi) =R

Thus for all 1 < i < r, we obtain

31#%—1 (Zi—l)(zi) = {0}
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In particular we deduce that 8¢TH(Z ) )(zr) = 0Y¥e(z1) and o, = 0.
o \Lr—

If z; < 0 then 3R+ (z1) = R™. Assume that z; < 0,z2 < 0,...,z; < 0 and
Zjy1 > 0 forsome 1 <j<r—1.Then

To(Z0) = To(Z1) = T(Z2) = Tg(Z3) = -+ = Ty (Z)) =R?
and
i+1
Ty (Zjp1) = T+ (zj11) = R.
Then
+2 _
Ty (Zip2) = =Ty ' (Z1) =R.

Consequently VT (z))(Ziv1) = R~ for all 0 < i < j, whereas VT (2))(Zit1) =
{0} for j + 1 < i < r — 1. We conclude that under such conditions o; > 0 for all
1<i<j+1,ando; =0forallj+2 < i < r. Consequently o, > 0 when z; = 0.

The inclusion is also proved.
Finally, if z1,...,z, € R™ then

To(Zo) = To(Z1) = --- = T ' (Z,-1) = RY,
and thus VT (z)(Zip1) = R for all 0 < i < r — 1, and the conclusion follows.
O
Lemma 3 Let z1,22,...,2r € R be given. The following inclusion holds
al//Té:l(Zl;l)(Zi) - angz(Zifz) (Zi—1)7 (66)
forall2 <i<r.
Proof The result has already been shown in the proof of Lemma 2. O

Let ¢ € I be given. A direct consequence of the higher order sweeping pro-
cess appears as soon as one measures the set {¢t} with the Radon measure dv;.
Indeed, as seen in Sect. 2, we get from (45):

() € =017,y (2. (67)
Then
dvi({t) = Az} () — (i1 }Odu(le)) = iz} (1)) = {2 — {2 ()
foralll <i<r—1,and

(CA™'Bydv,({t}) = d{z,}({t}) — CATWH{z}(nde({e})
= d{z,}d1) = {2} — (2},
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Obviously, the same result holds in the framework of the measure differential
formalism (in this case z; = {z;}).

These results ensure that the extended sweeping process inclusion defines a
well-posed state jump mapping and the following holds.

Proposition 4 Let z be a solution of problem SP(zo,; I). Then, for each t € I, and
forall1 <i<r—1, wehave:

{Zi}([+) - {Zi}(t_) € _angl({Zi,l}(t_))({Zi}(t+))’ (68)

and
() =12 ) € =CA B ov oy (2HED). (69)
O

Remark 13 Note that if CA""'B > 0 then (69) holds if and only if

{Zr}(t+) - {Zr}(t_) € _al/ijbfl({Zr,l}(t_))({Zr}([+)) (70)

since T ,—1}(t7)) is a nonem closed convex cone. The expression in
T ' (Z1}) pty closed The exp

(69) is however essential for the treatment of the multivariable case m > 2 with
relative degree 7.

Note that, with our convention, the result of Proposition 4 for ¢t = 0 reads
{z:}(07) — 20, € _8¢T£1>_1(ZO,i—l)({Zi}(0+))’ a<i<r=1
and
(2r}(0") = 20, € =CA"'B 0y (2 (07)).

where z(; is the i-th component of zg and Zy; = (201, - - - ,20,)-
Another direct consequence of (45) is that, for each ¢ € I:

(2 e TS (Zi) (), A <i<n. (71)

Theorem 1 Let z be a solution of problem SP(zo, I). Then, for each t € I, we
have:
0<z1(eN) Ldv({t) =0 (72)

Proof Letusfirstrecall (see Remark 4) that z; = {z1}. Moreoverz; (") € ® and
thus z{(#7) > 0. From Lemma 2, we obtain that if z;(#7) > 0 then dv,({t}) =0
while if z;(r7) = 0 then dv,({t}) > 0. We deduce that if dv,({t}) > 0 then
necessarily z1 () = 0. The result follows. O
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Remark 14 We may write dv; as
dv; = xi(Hdt + d.J7;, (73)

where x; € Foo(I;R) and d.7; is an atomic measure with countable set of atoms
generated by a right continuous jump function ;. Let 1 < i < r — 1 be given.
We know that Dz; = z;41 and thus {Dz;} = {z;41}. Thus v; = ((Dz; — {Dz;})).
It results that dy; is an atomic measure and thus

xit) =0, ae. tel, A1<i<r—1). (74)
The condition in (45) on dv, implies that (see Proposition 2):
X0 € =0Vt (2, ae tel. (75)
Using (75) and Lemma 2 we get also

0< 71N L x,() >0, ae. tel. (76)

The following result gives some equivalent characterizations of the relations
given in Proposition 4 and Remark 13. The proof is straightforward.

Proposition 5 Let z be a solution of problem SP(zo; I). Then, for each t € I
and forall 1 <i<r—1, we have:

(@) =2 (7) € =0V 7i1 7, 1myy (2ED)
if and only if
(2" = prox [ T (Zi 1) s (20 |
If CA™"1B > 0 then
(2 (t) = {2} (7) € =CA B oY ) (20T
if and only if

(2} = prox [ T ' (Z, 1} )iz} ]
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This shows that “jumps” are automatically taken into account by the dynam-
ics as it is written in (51) (or in (57)—(58)). We notice also that the lower
triangular structure of the tangent cones which appear in (45) merely reflects
the way the measures dv; appear in (51) (or in (57)—(58)).

Remark 15

i) In the multivariable case m > 2 with vector relative degree 7, if the matrix
CA’~! B is symmetric and positive definite then the second equivalence in Prop-
osition 5 can be generalized as follows:

{Zr}(er) - {Zr}(zi) € _CArilB ang;]({Z,_l}(z*))({Zr}(ﬁ))

if and only if
(2)) = prox camipy1 | To ' (Zr ) Di 2, H0) |-

ii) If (CA"~1B)~! > 0 then the initial conditions in (52) can be written as follows:

{z1}(0") = prox [R*;z01],

(22)(0%) = prox | Th(Zo)i 202
{zi}(0T) = prox [Té)_l(ZO,i—l); Zo,i] , (77)

{z;-1}(0%) = prox [Tfp_l(zo,r—l); Zo,r—l] )

| (210 = prox[ T4 (Zo,-1)i 20,

In the multivariable case m > 2 with vector relative degree 7, if the matrix
CA’~'B is symmetric and positive definite, then the last relation in (77) must
be written as follows:

(210%) = prox car-1py-1 | T ' (Zoy-1)5 20,

iii) We note that from Proposition 5, the measures dv; are uniquely determined
at jump instants. The formalism in (45) corresponds to some kind of “plastic”
impacts since the high-order inconsistent derivatives jump to zero. It is quite
possible to incorporate different jumps by modifying the right-hand sides and
changing the argument in the subdifferentials from {z;}(¢7) to {Z’}(ﬁ)ﬂ%
[40,51]. Then

A+t AN (1
{Zi}(t+) —{z}) € _awa;l({Ziil}(f)) ({Zl}(t ) +ei{zi}(t ))

1+e;
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if and only if
(2H() = —elzi () + (1 + enprox | Ty (Zi- )3z |

The choice of the coefficients ¢; depends on the application. It follows that if
To({Zi} (7)) = R and if {z;11}(t7) < 0, then {z;11}(t7) = —eip1{zip1} (7).

4.4 Qualitative properties

In this section, we state some important qualitative properties of a (possible)
solution of problem SP(zo; I).
Let 0 < T < +o00 be given. Recall that we set I = [0, 7. Let us here also set

| WAW Lx||

A= [|WAW || =
xeR" x#0 [l 1l

(78)

Theorem 2 Suppose that CA"™"'B > 0. Let z be a solution of problem SP(zo; I).
Then

) 2Ol < llzolle®, Yiel
ii) If T < +oo then var({z},I) < +oo0.
iii) If T < +oothen, forall 1 < i< n, {z;}(T7) exists and is finite.

Proof i) We may write
diz} = WAW ! {z}dr + Ndv
where
dv := (dvy,... ,dvr,l,dvr,On_r)T

and N is the n x n diagonal matrix:

L4 Orfll O¢—1)x(mn-r
0,1 CA™'B 0,_
N = r n—r 79
O(n—r)x(r—l) o= Infr ( )
Thus
dzyHTd(z) = daHTWAWHzyHde + (231 TNdw.
Here
-1 dy; dv
T _ A+ SV -1 r
(2 Ndw = D (=) dui + CA™ B duy

i=1
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for some non-negative real-valued Radon measures du; (1 < i < r) (see (46)).
We have ({z}1)Tdv = 0on [0, T since (see (47)) {zi}(t+)g—l‘j(t) = 0fordu;—a.e.
t € [0, T[. Consequently

(2D Td{z) = (2T WAW ™ {zhydr.
Then using (10) and recalling that {z} is right continuous, we get
d(fz)" (zh) < 2(zh T WAW ™ {zhydr.

Thus, for any ¢ € [0, T[, we get
t
d({z}1{zh ([0, 1) < 2 / ({z} ()T WAW ! {z}) (s)ds
0
so that
t
Iz} < llzoll* +2A / I{z}(s) > ds.
0

From Lemma 2, we get
Iz} O 1% < llzol>e*M

and the result follows.
ii) Here T < +o00. Let 1 < i < n be given. We have

1
dv; = F(_(WAW*)L-{z}err d{z;})

where Nj; = 1 for i # r and N,, = CA""1B, and thus, for all 0 < 51 < 55 < T,
we get

52
1
dvi(Is1,52]) = N <—/(WAW_1)i{Z}(S)dS + {zi}(s2) — {Zi}(sl)>
S1

5
A 1
< ]7”/ [{z}(s)lIds + Fﬁ(l{Zi}(Sz)l + {zit(sDD-
51

Thus

A 2 2+ AT
dvi(lst,52) < - llzolle™” (52 = s1) + - llzolle™” < (N—)
l

AT
llzolle™" .
Nll Nii
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The measure dv; is nonnegative and thus (see e.g. Theorem 5.9.4 in [65]):

dvi|([0,T) = sup  dw(A).
AeB(R),Ac[0,T[
Then
Q2+ AT)
|dvi|([0, TD < ———|z0lle*T.

u

Moreover (see e.g. Theorem 5.10.23 in [65]):

T
|((WAW~1),{z}de| ([0, T]) = / [((WAW~){z)(s)Ids < AT zolle™T.
0

Then (see (11))

|(WAW~1);{z}de| ([0, T[) + | Ni||dwil ([0, T])
2(1 + AT)|zolle® < +o0

var({z;}, [0, TD) = |d{z:}I([0, T])

VANV/AN

and the result follows.
iii) Here T < +o0. Let 1 < i < n be given. From (ii), we have

K; :=var({z;},[0, T[) < +oo.
We claim that the limit
RA(T*)=t%ggLT&ﬁ0)
exists and is finite. Indeed, we may write
{zi} () = @i(0) — Vi)
where
®;(1) = var({z;},[0,2]), Wi(0) = var({z},[0,2]) — {zi} (®).

The mappings ¢ +— ®;(¢) and ¢ +— ¥;(f) are monotone nondecreasing and
from (ii), we get

Qi) < Ki, Viel0,T[
Using (i), we get also

W) < Ki +e*z0ll, Vitelo,TL
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Thus

hm ;1) = sup D;(¥) <

t—>Tgt<T 1€[0,T]
and
: AT
lim \Il (®) = sup V;i(t) < Kj+e” zol.
t—Tt< 1€[0,T]
It results that {z;}(7~) exists and is finite. O

Proposition 6 Suppose that CA”"'B > 0 and let z be a solution of problem
SP(zo; I). Let t € I be given. Then:

i) If{z1}(t7) > O then for all 1 < i < r, we have
{z}(t™) = {2} ().
ii) Ifforsomel <j<r{z;}(t7) <Oforalll <i<jand({zj;1}(t") > 0, then
1<i<j = {z}t") =0
and
JH1I<i<r = {z}t") = {z)().
iii) If{z;}(t7) < Oforall1 < i< rthen, forall1 <i<r, we have

{zi}¢™) = 0.

Proof The values of the cones in the inclusions in (45) have been computed in
the proof of Lemma 2. The result follows from Propositions 5 and (45).

i) If{z1}(r7) > 0 then

{z1}(t™) = prox [RT; {z1}(7) ] = {z1}(7).

Then

{22}(t") = prox [T+ ({z1}(t7)); {22} (¢7)] = prox [R; {z2}(t7) ] = {22} (")

and then, for all 3 <i < r, we get

{z:}(t") = prox [R; {z;}(t7)] = {zi} (7).
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ii) Here we have, forall 1 <i <,

{zi}(t") = prox [RT; {z:} ()] = 0,
{zj41}(") = prox [R*; {zj41} ()] = {zj41}(7).

and, forallj+2 <i<r,
{zi}(r7) = prox [R: {z;}(17) | = {z:} (7).
iii) Here we have, forall1 <i <r,
{zi}(t) = prox [RT; {z;}(:7)] = 0.
O

Remark 16 i) Proposition 6 entails that if {z;}(r7) > 0 for some 1 < j < r then
the RCSLBV mappings {z;},{zj+1},...,{z,} are continuous at ¢. ii) A conse-
quence of Proposition 6 is that

(zY¢™) =0, Ve I
and

O < Hz))Il, Ve L.

Proposition 7 Suppose that CA”'B > 0 and let 7 be a solution of Problem
SP(zo; D). Let t € I be given. If {z}(t™) > 0 then {Z}(tT) = {Z}().

Proof Let 1 <j < rsuch that{z1}(t7) =--- = {z;_1}(¢7) = 0 and {z;}(:7) > 0.
Then the result follows from part (ii) of Proposition 6. O

Remark 17 The results of this section can be generalized to the multivariable
case m > 2 with vector relative degree r provided that one supposes that
CA’""!B is a positive definite and symmetric matrix. Note that in this, case, we
have for any ¢ € I:

(2)) = prox carpy-1 | T (21} Di 2,0 |

and the norm

r—1
Izl := J D lzall?, + (CA™ 1Bz, z,) + €113,

a=1

must be utilized to prove these results.
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4.5 Dissipativity and stability properties

Monotonicity and dissipativity are at the core of the second order sweeping
process. They are crucial properties for well-posedness results [4,7] and con-
trol/stability [10,17,31,13]. The following results are consequently of interest.
We first investigate the dissipativity properties of the differential operator of
the sweeping process.
Let us define the matrices G € R, G € R"™*" and H € R"™*" as follows:

= G
G = s 80
(O(n—r)xr) ( )
with
10...0 0
01
G=|:".".0 : (81)
0...01 0
0...... 0 CA™"'B
and

H = (I, Orx(n—r))~-

Let the triple (WAW~1, G, H) be observable, controllable and positive real. The
positive realness of (WAW 1, G, H) is then equivalent by the Kalman—Yakubo-
vich-Popov Lemma (see Appendix B) to having JG = H' and JWAW ! +
W-TATWT] semi-negative definite for some positive definite and symmetric
matrix J. Since J = JT and since G is full rank, the first equality implies that

G71 Orx (n—r)
J= : (82)
0(nfr) xr J§

and Je = J] € R s positive definite.
Proposition 8 (Dissipation inequality) Let z be a solution of Problem SP(zo, I).

Let the triple (WAW =1, G, H) be observable, controllable and positive real. Then
CA™ 1B > 0and forallt;,t; € I, t; < t, we have

O Iz < {2 Tz, (83)

where J is given in (82).

Proof The first statement of the proposition is a direct consequence of the
positive definiteness of the solution J of the equalities in (169).
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Let us now set
dv = (dvy,...,dv, 01 un) T
We have
d{z} = WAW ! {z}dr + Gdv = WAW Yz} Tdr + Gdv (84)
and therefore
Jd{z} = IWAW Yz} Tdt + TGdv = JWAW Yz} Tdr + HTdv.
It results that

{z2yHTd(z) = (2 HTIWAW L z)hdr + (2D TH dv.

Here ({z}HTHTdv = Zle{zi}J“g—;dm for some nonnegative real-valued

Radon measures du; (1 < i < r) and ({z)")TH"dv = 0 on I (see (46) and
(47)). Consequently

{z2yHTId(z) = (aHTUWwAW Lz} hyde.

We have

r—1
ddzy'Hzh = D dizif + (CA'B) " 1d{z,)* + d(E " Vg8)
i=1

and then using (10) and Remark 4 (ii) and recalling that here CA”"'B > 0,
Je = Jg, J¢ is positive definite, we see that

r—1
Az} (zh) < D 20zt dizi) + 2(CA™ ' B) Mz, diz ) + 26 e de
i=1
=2({zyHJd{z})

and thus

d({z) (z)) < 2(zyHd(z) = 202 HTUWAW {2} F)de
= (zDHTIwAW ! + W TATWT ) (z1Hdr.
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Then for 0 < 1 < £, we get

(2NN ) — (23 " THzh ) = d({z) THzh (n. L))

1)
= / (2 ©OTIWAW L + W TATWT {2} (s)ds < 0.
i
O

Proposition 8 and its proof are similar to [4, Proposition 7] and [10, Lemma
3] (see also [17, Theorem 11.2]), which apply to Lagrangian systems or to the
case r = 1.

Let us now suppose that the matrix WAW ! is Hurwitz (i.e. all the eigenvalues
of WAW ! have strictly negative real part), the triple (WAW~!, G, H) is observ-
able, controllable and strictly positive real. Then JG = H' and JWAW~! +
W-TATWTJ is negative definite for some positive definite and symmetric matrix
J (see Appendix B). Let us now denote by Amax < O the largest eigenvalue of
the matrix JWAW ! + W-TATWTJ.

Proposition 9 (Strong dissipation inequality) Let z be a solution of Problem
SP(zo; I). Let WAW~! be Hurwitz, the triple (WAW™L, G, H) be observable,
controllable and strictly positive real. Then CA"™'B > 0 and for all t;,t; € I,
1 < b, we have

15}
()T Tz} < {2 ) T THzHE) = [Amax / Hz) P (s)lds,  (85)

51

where J is given in (82).

Proof The proof follows the same steps as in Proposition 8 until we get, for all
0 <t <1, that:

(2T ENHTH2) ) — {2h ) Tz @)

15}
= / (T TIWAW ! + W TATWT {2} (s)ds.
i
Here

xLIWAW L+ W TATWI D < —|Amaxl X112, Vx € R™,

and the result follows. O

For x € R", let us here, for the following result, use the norm:

x|y :== vVxTJx.
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Proposition 10 (Stability and Attractivity Result) i) The trivial solution 0 is the
unique solution of problem SP(0; [0, +o00[).

i) Let the triple (WAW™!, G, H) be observable, controllable and positive
real. Then the trivial solution 0 is stable in the sense that for each ¢ > 0, there
exists 8§ > 0 such that for any zg € R", ||z0ll; < 8, any solution z of of problem
SP(zo; [0, 7] (0 < T < +o00) satisfies |[{z} @) |y < € forall t € [0, TT.

iii) Let WAW~! be Hurwitz and let the triple (WAW~!, G, H) be observable,
controllable and strictly positive real. Then the trivial solution 0 is stable and
globally attractive in the sense that for each zo € R", any solution z of problem
SP(zo, [0, +o0]) fulfills

im0l = 0.

Proof i) It is clear that 0 is a solution of SP(0; [0, +oc[). The uniqueness is
a direct consequence of part i) in Theorem 2. iii) It suffices to choose § = ¢
and to apply Proposition 8. iii) The stability result follows from ii). It remains
to check the attractivity result. Let z be a solution problem SP(zo; [0, +o0l).
From Proposition 8, the mapping ¢ — ||{z}(?)||; is non-increasing and the limit
lim;— 4 [[{z}(?)]|; exists and is finite. Set

a= lim [{)®].
It is clear that @ > 0. We claim that a = 0. Indeed, suppose on the contrary

that a > 0. Then, for all ¢ > 0, we have ||{z}(#)||; > a and thus, from Proposition
9, we obtain that, for all ¢ > 0:

2
2 2
0 < Hz3DI7 < llzolly — |Amax] |I|J|||t
L - TN
which gives a contradiction for ¢ > Tl O
max

Remark 18 The results of this Section can easily be generalized to the multi-
variable case m > 2 with vector relative degree .

4.6 Existence, uniqueness and regularity results

Let us first recall that for z € R”, we use the notation z1 = (z1,&7) as in (26)
withz €e R"and &£ € R"".

Let zg = (z"oT,éoT ) be given. In this section, we discuss the existence and
uniqueness of a solution for problem SP(z¢; I).

Definition3 Let 0 < a < b < T < +o0 be given. We say that a solution
z € (T([0, TD))" of problem SP(zp; [0, T]) is regular on [a,b| if for each
t € la,b|, there exists a right neighborhood [t,t + o[ (o > 0) such that the
restriction of {z} to [t,t + o[ is analytic.
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Lemma 4 Let 0 < T <400 be given. Suppose that CA™"'B> 0 and Zy > 0,79 #0.
If a solution z of problem SP(zp; [0, T|) exists, then there exists 0 < n < T such
that z = {z} is analytic on [0,n[ and z,(t) > 0,Vt €]0, n[.

Proof Suppose that Problem SP(zg; /) has a solution 7T = (7T, eT). Using
Proposition 7, we first remark that {z}(0) = z¢ and since zp > 0,Z¢ # 0, there
exists 1 < o < rsuch that {z,}(0) > 0O and {zz}(0) = Oforalll < k <a—1
(if o # 1). We claim that there exists g > 0 such that {z,} is continuous on
[0, no]. Indeed, suppose on the contrary that for each ng > 0 there exists a point
1 € [0,no] such that {z4} (") # {z4}(# ). Then we may find a sequence of points
{ti}ien such that ; — 0" and {z,}(t") # {24}(;). Then using (68) and (69),
we deduce that necessarily {z,}(t;) = {zo}(#;") < 0,Vi € N. The function {z,} is
right-continuous and thus {z4}(0) = lim;_, oo {2} (t;) < 0. This is a contradiction
since {z4}(0) > 0. Thus {z4} = z4 is continuous on [0, ng]. From the chain of
integrators in (34) we see also that the functions {z;} = z; are continuous on
[0,n0], forall1 < k < @ —1 (if ¢ # 1). Therefore there exists n €]0, no[ such that

7o) >0, Vtel0,n[
Moreover, forany 1 < k < o — 1 (if & # 1), we have also
k() >0, Viel0,nl

since

t

t
Zk (1) = zx(0) +/Zk+1 (r)dt Z/Zk+1 (r)dr.
0 0

In particular, z1(t) > 0,V ¢ €]0,n[ and thus Ng+(z1(t)) = {0}, V ¢ €]0,n[ and
T4, (Zi(t)) =Rforalll <i<r—1andallt €]0,n[. Recalling that (CA™ 1By~ £
0, we see that on [0, 5[, z = {z} is continuous and is a solution of the ODE:

{1 =22
Zi=zjp1 A<j<r—1
7z, =CA'W- 1z (86)
£ = A€ + Bezy
z(0) = zo.
Thus
2(t) = Wel'Wlzg, Vie[0,n]
and the result follows. O

Let us here recall that we set A := ||| WAW~1||| as defined in (78).
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Theorem 3 Suppose that CA™"'B > 0. If o > 0,Z¢ # 0, then:

1) (Local existence) There exists T > 0 such t-hat Problem SP(zo; [0, T[) has
at least one regular solution z = {z} given by

2(0) = WerWlzy, Viel0,T];

i) z1(t) >0, Vtel0,T[;

i)zl < eMlizoll, Vel0,TL;

iv) var(z,[0,7]) < [lzollAeMt, Viel0,T[;

V) (Local uniqueness) If z' is a solution of Problem SP(zq; [0, T1[) (0 < T1 <
+00) and z2 is a solution of problem SP(z0; [0, T2[) (0 < T> < 400) then
there exists T €]0,min{T", T?}] such that 7! = {z'} on [0, T, 2% = {z%} on
[0, T[ and {z}j0,71 = (2%} 10,71

Proof Let us denote by z the unique solution of the ODE in (86) on [0, +o0[
given by

20 = Welwlzg, V0.

Here z is analytic on R*. Let o be such that Zg, > 0 and Zox = 0 for all
1<k<a—1(ifa #1). We claim that there exists 7" > 0 such that

z1() >0, Vrelo,TI. (87)
If « = 1 then the result is clear. If « > 2 then there exists 7 > 0 such that
Zo(t) > 0,V t €]0, T and by integrating the chain of integrators in the second
relations in (86), we finally obtain that (87) holds. Condition (87) entails that
Ng+(z1(t)) = {0} and be(Z,-(t)) =Rforalll <i<r—1landforallze]0, T[. It
results that z satisfies the relations in (49)—(51), (52), (53) on [0, T[. Thus parts

i) and ii) are proved.
This solution satisfies the ODE in (86) and thus, for all t € [0, T'[, we get

AW 1 AW 1 A
lz@)ll < 1™ 2ol < 1" lIzoll < e 120l
It follows that iii) holds. Note that this result can also been obtained as a con-
sequence of Theorem 2.
Let 0 <t < T be given. For all 0 < s < ¢, we have
2(5)|| = [WAW ™! < AeP|zgl < Aed
Izl =1l Z®[ < Ae™lzoll < Ae™zoll-
Thus

var(z, [0,£]) < |lzoll Ae™t

and the result in iv) holds.
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Let us now denote by z a solution of Problem SP(zp; [0, T|) for some 0 <
T < +o00. From the proof of Lemma 4, we know that there exists  €]0, T such
that z; = {z1} is continuous on [0,7n[ and z1(¢) > 0,V ¢ €]0,n[. So, we have
Nr+(z1(t)) = {0} and TfD(Zi(t)) =Rforalll <i<r—1andallt €]0,n[. Thus
z = {z} is solution of the ODE (86) on [0, 5[ and is therefore uniquely defined
on [0, n[. The local uniqueness result in v) follows. O

Let us now discuss the case zg = 0.
Theorem 4 Assume that CA"™"1B > 0. If 20 = O, then:

i) (Local existence) There exists T > 0 such that Problem SP(zo; [0, T[) has
at least one regular solution 7 = {z};

i) z1(00 >0, Ytel0,T[;

i)zl < eMlzoll, Ve [0, T

iv) var(z,[0,1]) < |lzollAeMt, Ve [0, T

V) (Local uniqueness in the class of regular solutions ) If z\ is a regular solu-
tion of Problem SP(z¢; [0, Ti[)(0 < T} < +00) and z?* is a regular solu-
tion of Problem SP(z0;[0,T2[) (0 < T < +00) then there exists T €
10,min{7T%, T2}) such that z! = {z'} on [0,T[, 2> = {z?} on [0, T[ and
{071 = 220,71

Proof Either (a) dTAkéo = 0,V k € N or (b) there exists @« € N such that
dfAgg) #0and (ifa #0) df Af5)=0,Y0 <k <a—1.
Case (a). Here we check that zT = (zT,&T) with

20 =07, &) =elg

is a regular solution of Problem SP(zo;[0,+oc[). Indeed, the mapping ¢
dge“‘E 'gy is analytic and we get here:

00 k 00
t
dig) =3 ;g0 =D di A so
k=0 k=0
We have thus
zi®) —zip1() =0, V>0, 1<i<r—1

(€A™ BY " (2, (t) — d"Z(0) — dgé(t)) =—(CAT'BTdjE) =0, V>0,
and
E(t) = Ac(1) (= AgE() + Bez1 (1), Y1 >0.

Case (b). Let us first discuss the case (b-1) dgAgEO < Oand (ifa # 0) dgA’gso =
OVO<k<a—-1.
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We check that zT = (zT,£T) with
=0, &0 =l
is a local regular solution of our problem. There exists o > 0 such that
di@(s) <0, Vsel0,o]

since dgé(“) 0) = dgAggo <0Oand dgs (.) is continuous.

Let ¢ €]0,0[ be given. We have (if « # 0):
t t
die@ V() = dfe™ D (0) + / diE@ (s)ds = / df @ (s)ds <0
0 0

and so on, we get finally that
die) <0, Viel0,ol
We have

i) —zi (M =0, Viel0o) A<is<r—1
(CA™'BY (z,() —d2(t) — dfe(t) = —(CA™'B)'d}&(t) >0, Vie[0,0]

and thus

,,,,,

Moreover
E(t) = AgE(D) (= AgE(D) + Beza (1), Vi€ [0,0].

Let us now discuss the case (b-2) dgA?SQ > 0 and (if « # 0) dgA’gso =0,v0<
k < o — 1. We check that z defined by

2(t) = Wel w1z
is a local regular solution of our problem. We know that z is the solution of the
system in (86) and we have z1(0) = --- = z,(0) = 0. We claim that there exists
n > 0 such that

2@ >0, Yrel0,nL

If & = 0 the result is trivial since z,(0) = d"z(0) + dj & = d}& > 0. If a # 0
then
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2:(0) = d"2(0) + df £(0) = df é = 0.
Then

z2(0) = d"2(0) + df (Aséo + Bez1(0))
= d1220) + -+ + dr_12,(0) + dr2,(0) + df (Ag&o + Bz1(0)) = 0

and so on, remarking that if 0 < j < r — 1 then zlg) = zj41 while if j > r then

z?) =z until we get:

200) = d'20) + df (A5 + Bz TP (0) = df AgEo > 0.
It results that there exists n > 0 such that
29 >0, Vielo
r ) s 77[
Then we get
zi() >0, Vielon[ A<i<r).
We may now conclude that z is a solution of Problem SP(z¢) on [0, n[. Indeed, if
t €10, [ then Nr+(z1(¢)) = {0} and consequently —at/fTH({Z_ }(Z,))({Zi}(ff)) =
Iy i—1

0} 2<i<r).

Thus, in each case, there exists a local regular solution of our problem on
some interval [0, 7T such that z; > 0 on [0, 7T and the results in i) and ii) follow.

In cases (a) and (b-1), we check that

lz)ll < e™lfgg), v eo, 7]
and
var(z,[0,4]) < [[Eolll[|Ag eV, v ¢ e [0, TL.
In case (b-2), we have
Izl < e™ligoll, Vrel0,T[
and
var(z,[0,1]) < [0l Ae™s, V10, TI.

Here ||zoll = [|§ol since Zp = 0 and |||A¢ ||| < A since the matrix A¢ is a subma-

trix of WAW~! obtained by deleting a total of r rows and columns from A. The
results in iii) and iv) follow.
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Let us here first denote by z, the analytic solution of Problem SP(zo; [0, T)
given in part i) of this proof. Let us now denote by z any regular solution of our
problem on some interval [0, T (0 < T < 400). On [0, min{7’, T}[, we may write

d{z} = WAW~{z}dt 4+ Ndv
and

d{zs) = WAW{z,}dt 4+ Ndv,

where the matrix N is the diagonal matrix defined in (79), dv := (dvy,...,dv,_1,
dv,,0,_,)Tand dv, := (dvg1,...,dvg,—1,dva,, 0,—,)T. Moreover, as seen above,
we have, in each case, on [0, min{T’, T}[:

dv,; =0, V1<i<r-—1,
while

dvg, = Agdt

for some nonnegative analytic mapping A, . Then

d({z} — {za}) = WAW ({2} — {za})dt + Ndv — Ndv,
and

{2} — 1zt Hdz) — {za) = (2} — {2 DHTWAW L ({2} — (2Dt
+({z}" = {za) D) IN(dY — duy).

It is clear that (see (46) and (47)) ({z}T)"Ndv = 0 and ({z,}")"Ndv, = 0
on [0,min{T, T}[. Moreover —({z,}t)TNdv < 0 on [0,min{7, T}[. Indeed,
CA™™'B > 0,dv > 0 on [0,min{T, T}[ and in cases (a) and (b-1), z,; = 0 (1 <
i < r)on [0,min{T, T}[, while in case (b-2), z,; > 0 (1 < i < r)on [0,min{T, T}[.
Then, recalling that the mappings z and z, are RCSLBV([0, min{7T, T}[; R"))-
functions, we get

d(l{z) — {za}1?) < 2(Uz} = {za)TWAW L ({2} — {za})dt — CA" ' Biy {z,)dl)
and then, for each 0 < ¢ < min{7T, T}, we get

1z} () — {za} DI — Iz} (O07) — {za} (0|1

t

t
_ / d(I{z)—{za} P <2A / 1(2)(5)— (za)(5) [2ds—2CA™ B / rar ({2} (s)ds.

[0,6] 0 0
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However, here {z}(0) = {z,}(0) = z0, and thus

t

t
2O — 1z} I < 2A / 12)(5) — (za}(5)]2ds — 2CA" 1B / har ()22} s)ds.
0

0
- (88)
Let us now check that there exists 0 < o < T such that
{z:}(® =20, Viel0,ol.
We know that {z;}(0) = --- = {z,}(0) = 0 and there exists 5 €]0, T] such that

the mapping ¢ — z,(¢) is analytic on [0, n[. Then {z,} = z, on [0, n][.

Either (A) zﬁk) (0) = 0,Vk € N or (B) there exists « € N such that zia)(O) #0
and (ifa £0) 2P 0) =0,V 0 <k <o — 1.

In case (A), we get directly that z,(¢) = 0, V¢ € [0, n[. In case (B), zﬁa)(O) = 0.
Itis clear that zﬁ“) (0) > 0. Indeed, if we suppose on the contrary that zﬁ“) 0) <0
then there exists 0 < § < n such that zﬁ“) () < 0,V t €]0,4[. Then integrating

the chain of integrators in (49) we obtain finally that z;(f) < 0,V ¢ €]0,[

and a contradiction. Thus zﬁ“) (0) > 0 and there exists 0 < o < n such that

29 > 0,¥ t € [0,0[. Then we obtain z,(f) > 0,V ¢ €]0,o[ and thus, for all
t € [0,min{7, o }[, we get

t
Hz} O — {za} D1 < ZA/ {z}(s) — {za} ()] *ds. (89)
0

Using Lemma 2, we get, for all 0 < ¢ < min{7,0}:

{2} — {za} D1 <0
and the result in v) follows. O

If Zo # 0 then we proceed with an initial state reinitialization in requiring
that z(0™) = z{, where z(; is uniquely defined by

20 = Prox [Té;l(zo,i—ﬂ;zo,i] , vV1<i<r,
and
o, =205 +1<I<n).

Then z{; = 0, |lz5ll < llzoll and we may apply Theorems 3 and 4 to get the
following local existence result.

51



Corollary 1 (Local existence and uniqueness (in the class of regular solutions))
Suppose that CA™™'B > 0. For each zo € R" there exists T > 0 such that
Problem SP(zg; [0, T|) has at least one regular solution z such that:
i) z={z}on]0,T[;
i) zp={z1}>00n[0,T[; o
i) 2 = (2} + X1, — 2008 ) @ <<y
iv) {1 < eMlizoll, VY el[0,TL
v) var({z},[0,1]) < |lzollAeMt, Ve [0,TL

Moreover:

vi) (Local uniqueness in the class of regular solutions) If z' is a regular solu-
tion of Problem SP(zo; [0, Ti)(0 < T; < 4o00) and z% is a regular solu-
tion of problem SP(z0;[0, T2[) (0 < T < 400) then there exists T €0,
min{7", T2}] such that (z',¢) = (z%,¢), ¥ ¢ € CF([0, T[;R). o

Let us now provide a global existence and uniqueness result.

Corollary 2 (Global Existence and Uniqueness (in the class of Regular Solu-
tions)) Suppose that CA"~'B > 0. For each zy € R", Problem SP(zo; [0, +o0[)
has at least one regular solution z such that:

) z1={z1} 2 00n[0,+o0[;
i) [{z}Ol <ePMzoll, Ve [0,+o00[.

Moreover:

iii) (Uniqueness in the class of regular solutions) If z* denotes a regular solution
of problem SP(zp; [0,T*D(0 < T* < +o00) then (z*,¢) = (z,¢), V¢ €
Co ([0, T R™).

Proof Corollary 1 ensures the existence of 0 < 7" < +oo such that Problem
SP(zo; [0, T|) has a regular solution z such that z = {z} on ]J0, 7] and z; > 0 on

[0, TT.
Theorem 2 ensures that the limit

T = lim _{z}1)

exists and is finite. We may then proceed with a state reinitialization by requiring
that {z}(T™) = z1, where z; is uniquely defined by

214 = prox | T4 (Zi Tz (1) |, a<i<n,
2 =1{z}(T7), r+1<i<n).

From Corollary 1, we get a prolongation of z as a regular solution of Problem
SP(zo; [0, T1[) with Ty > T such that z; > 0 on [0, T1[. Let us now denote by
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Hpax the supremum of the H > T such that there exists a prolongation of z as a
regular solution of Problem SP(zg; [0, H[). We claim that Hp,x = +00. Indeed,
suppose on the contrary that Hy,x < +00. Then from Theorem 2, we may assert
that z(H,,) exists and is finite. Then Corollary 1 furnishes a prolongation of z
as a regular solution of Problem SP(zo; [0, Hpnax + €[) for some € > 0, which
contradicts the definition of Hp,.. The existence of a global regular solution
that satisfies condition i) follows. Condition ii) is a consequence of Theorem 2.
To prove the result in iii), it suffices to check that:

{2} ={z"}®, Ve[0T

Suppose by contradiction that there exists s € [0, T*[ such that {z}(s) # {z*}(s).
It is clear that s > 0 since {z}(0) = {z*}(0). Let us set

T = inf{s €]0, T[: {z}(s) # {z*}(s)}.

If = > 0 then, necessarily, {z}(h) = {z*}(h) for all h € [0, [ and thus {z}(z7) =
{z*}(z7) (if © = 0 then we have also {z}(z7) = {z*}(t7)(= 2z0)). Then
{z}(z) = {z*}(z") and Theorems 3 and 4 ensure the existence of § > 0 such
that {z}(s) = {z*}(s) for all s € [, T + [ which contradicts the definition of 7. O

Remark 19 i) If CA”"'B > 0 and r = n then any solution of Problem
SP(zp; [0, TD (0 < T < +00) is regular. Indeed, let ¢ € [0, T[ be given. Here
{z}(©) = {z}(¢) and from Proposition 6 (see also Remark 16), we deduce that
{z}(®) = {z}(tT) = 0. Then if {z}(¢) # 0, the result follows from Lemma 4, while
if {z}(¢#) = 0 then necessarily {z}(s) = 0, Vs € [t, T and the result follows.

i) If CA” -1 =~ 0 and r = 1 then any solution of Problem SP(zq; [0, T)
(0 < T < 4o0) is regular. Let t € [0, T[ be given. Let us first note that here
{z}(@®) = z1(®). If z1(¥) > 0, the result follows from Lemma 4. If z1(t) = O then
there exists ¢ > 0 such that for all s € [¢,7 + ¢[, we have (see (88)):

N

1)) — za) 12 < 2A / 2} (D) — (za)(@)]Pdr — 2CA™ B / han ()21 ()dr.
t

t

where z, denotes the regular solution of Problem SP(zp; [¢,¢ + ¢[) given by
Theorem 4. Here we have fts Ag1(r)z1(r)dr > 0 and then from Lemma 2, we
see that {z} = {z,} on [t, 1+ ¢[ and the result follows. So in both cases uniqueness
in the set of regular solutions implies uniqueness of the solution.

Remark 20 i) Let 0 = Tgp < T1 < Tp < --- be the sequence of non-triv-
ial ({z}(T;) # {z}(T;")) state reinitialization points required to get the global
solution z. Then z; = {z1} and

i—1 o
zi= (@l + 2 D AN T — ) T)ss ™" @ <i<n
a =1
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ii) Corollary 1 and Corollary 2 can be generalized to the multivariable case
m > 2 with relative degree 7 provided that one supposes that CA""!B is a
Stieltjes matrix, i.e. a nonsingular symmetric M-matrix [6]. This assumption
secures that the matrix CA"~! B is positive definite and (CA”~!B)~! is nonneg-
ative in the sense that (CA’_IB);l >0foralli,je{l,...,n}). Inthecaser =1
such an assumption is restrictive and other results exist (see e.g. [17,55]) that
do not use it. The reason is that our framework encompasses the case r > 2 as
well. Note that if m > 2, the state reinitialization of {z,} at time 7T reads

(2 (T) = prox carmipy1 | Ty (Zr )T (2T )]

and it would be convenient to use the norm

r—1
Izl = | D lzalZ, + (CA™"'Bz,.2/) + £ 112,
a=1

in order to generalize the results.

iii) Applying Corollary 2 and Proposition 8 it follows that autonomous “dissi-
pative” higher order sweeping processes are well-posed systems. An example
is detailed in Sect. 6.

Remark 21 An LCS consists of (24) with a complementarity relation 0 < w(f) L
A(t) > 0[26,28]. It is clear that the formalism proposed in this paper involves
complementarity conditions between some variables, see e.g. (47), (72) or (76).
However the work in [26,28] and the work in this paper differ in several funda-
mental ways. The model (or formalism) that is considered in [28] and the one
in this paper completely differ, rendering any comparison between both works
hazardous. Let us however cite a few ones. The class of distributions that is con-
sidered in [28] as potential solutions, is strictly included in 74, see Examples 2
and 4. A local well-posedness result has been obtained in [28, Theorem 6.3] for
m > 1, and a global well-posedness result has been obtained in [26, Theorem
3.6.10] for the case m = 1. Nevertheless the major discrepancy is that the
approach in [26,28] relies on an event-driven point of view on hybrid systems,
as is illustrated in their definition of a solution [28, Definition 4.10]. In other
words, the system is initialized in a so-called mode (a DAE), and then integra-
tion progresses until the system has to switch to another mode. Especially, this
way of thinking, leads to event-driven time-integration schemes. No numerical
algorithm is proposed in [28] but only a rough guideline for constructing such a
scheme [28, Sect. 7]. It is well-known that event-driven schemes possess strong
drawbacks such as the impossibility to pass through finite accumulations of
events. It seems also quite difficult to obtain convergence proofs with event-
driven schemes [15]. The point of view that is adopted here, is dramatically
different. It is the point of view of (unbounded) differential inclusions and is
in the continuity of the works on the sweeping process and measure differ-
ential inclusions by Moreau, Schatzman, Paoli, Stewart, Monteiro-Marques,
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Mabrouk, to cite a few. It naturally yields time-stepping numerical schemes and
paves the way towards convergence proofs, as illustrated in Sect. 5.

5 A solution method for the numerical time integration: the EMTS scheme

Following the work of Moreau [45,46,48,51,53] and co-workers [30,35,42], we
aim at designing the so-called “Extended Moreau’s Time-Stepping” (EMTS)
scheme. This time-stepping scheme i.e., without an explicit procedure for han-
dling the times of events, is based on the approximation on a time interval of
the Measure Differential Formalism of the Higher Order Moreau’s Sweeping
Process (57)-(59), (52).

This section is organized as follows. In Sect. 5.1, we recall basic facts about
the numerical time-integration of the Moreau’s sweeping process with a rel-
ative degree less or equal to 2. In Sect. 5.2, the principle of the construction
of an approximated solution is stated. In the spirit of the work in [42], several
major properties of the proposed scheme are outlined in Sect. 5.3 that pave
the way to a convergence result. In Sect. 5.4, we give an overview of a possible
implementation of the numerical scheme. Finally, we conclude by giving some
numerical applications in Sect. 5.5. Particularly, the numerical scheme is com-
pared to a direct use of a Backward Euler scheme as in [16] (Sect. 5.5.1). Finally,
the influence of the zero-dynamics is highlighted (Sect. 5.5.2) and the empirical
order of the scheme is evaluated (Sect. 5.5.3) on a particular example.

The following notation is used throughout this section. We denote by 0 =
fh<t <--- <ty <--- <ty =T afinite partition (or a subdivision) of the
time interval [0, 7] (T > 0). The integer N stands for the number of time inter-
vals in the subdivision. The length of a time step is denoted by Ay = t;11 — t.
For simplicity sake, we consider only in the sequel a constant time length # =
hr (0 < k< N-—1). Then T = N h. The approximation of f(#), the value of a
real function f at the time #, is denoted by f .

5.1 Background on the numerical time integration of the Moreau’s
sweeping process

In this section, we give some details about the seminal work of Jean Jacques
Moreau on the numerical time integration of the sweeping process.

5.1.1 First order sweeping process

Let us consider the first order sweeping process, or more precisely, the sweeping
process of relative degree 1 introduced in (1),

—dz € Nk (z(1)) (= 0),
[ z(0) = zo. 40)
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Under suitable hypothesis on the multivalued function ¢ — K(¢) (Lipschitz,
bounded variations, finite retraction in the sense of the Hausdorff distance,
...), numerous convergence results [35,42,48] have been given together with
well-posedness results using the so-called “Catching-up algorithm” defined in
[48] as

= (2t y) = 2() € MW (20t ). (91)

By elementary convex analysis, and using the convention that 7,1 = z(t,:rl),
the inclusion (91) is equivalent to

Zky1 = Prox(K (6, 1), zk)- (92)

Contrary to the standard backward Euler scheme with which it might be con-
fused, the catching-up algorithm is based on the evaluation of the measure dz
on the interval Jtx, txy 11, i.e. dz(ltg, tg11) = z(t,;l) - z(t,f). Indeed, the back-
ward Euler scheme is based on the approximation of z(¢) which is not defined in
a classical sense for our case. When the time step vanishes, the approximation
of the measure dz tends to a finite value corresponding to the jump of z. This
remark is crucial for the consistency of the scheme. Particularly, this fact ensures
that we handle only finite values.

In the same way, using higher order numerical schemes is at best useless,
more often it is dangerous. Basically, a general way to obtain a finite differ-
ence-type scheme of order 7 is to write a Taylor expansion of order n or higher.
Such a scheme is meant to approximate the n-th derivative of the discretized
function. If the solution we are dealing with is obviously not differentiable,
what is the meaning of using a scheme with order n > 2? Such a scheme will
try to approximate derivatives which do not exist. At the times of non-differ-
entiability, it may introduce in the solution some artificial unbounded terms
creating spurious oscillations. In summary, higher-order numerical schemes are
inadequate for time-stepping discretization of complementarity systems.

5.1.2 Second order sweeping process: overview of the contact
dynamics method

The “Non Smooth Contact Dynamics (NSCD)” method [30,53,54] is the numer-
ical discretization of the second order Moreau Sweeping process introduced by
Moreau in [50,51] in the context of Lagrangian mechanical systems subject to
a generalized position constraint ¢ € ®, ® C R”, reformulated as a measure
differential inclusion [50,51,64],

M(g)dv + F(q,v,t)dt = dp (93)

where g is the vector of absolutely continuous generalized coordinates, dv is
a differential measure associated with the velocity v() = ¢(t*) considered as
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a RCLBYV function, dt is the Lebesgue measure, M(q) is the mass matrix and
F(q,v,?) is the set of forces acting upon the system. The unilateral constraint
q € @ is enforced by the multiplier measure, dp. To complete this measure
differential equation, Moreau proposed a compact formulation of an inelastic
impact law as a measure inclusion,

dp € 0y (gu) (vt +ev(tT)) (94)

where V(q) is the tangent cone to @ at g, e is the coefficient of restitution.
Finally, we obtain a MDI, the so-called sweeping process,

M(q@)dv+ F(q®),v(t),t)dt € —awv(q(t))(v(ﬁ) +ev(t)). (95)

The NSCD method performs the numerical time integration of the MDI (95)
on an interval ]t t;,1]. Using the notation

Vierl = V(IZH); Pr+1 ~ dp(Jtx, te1 D), (96)
it may be written down as follows (6 € [0, 1]):
~M©iy1 —vi) = hF((1 = 0)vgyp1 +0vi, (1 — 0)qrs1 + 0qk, ths1) = Prys

Pk+1 € 0V To@Grs) (Vi+1),

qk+1 = qk +h((1 = O)vii1 +60vp),

dk+1 = qk + hvi.

The value gy is a prediction of the position which allows the computation
of the tangent cone T¢(gk+1).- A 0-method is used for the integration of the
position assuming that g is absolutely continuous. The same approximation is
made with the term F(v(t7), q(?), 1).

If @ is finitely represented as,

D ={hy(q) >0, a=1,...,v}, (97)

the inclusion can be stated equivalently under some constraints qualification
conditions as a conditional complementarity problem,

if  h(Gren) <O then  0< VAN (Gryn)virr L py1 =0, (98)

where dp = Vhy (@)h and py g ~ Ak, teg1]).
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Comments From a numerical point of view, two major lessons can be learned
form this work: First, the various terms manipulated by the numerical algorithm
are of finite value. The use of differential measures of the time interval J¢, 15111,
ie., dv(ltg, tgr1]) = v(t,';l) — v(t,j) and py11 = dp(Itk, tx+11), is fundamental and
allows a rigorous treatment of the non smooth evolutions. When the time-step A
vanishes, it enables to deal with finite jumps. When the evolution is smooth, the
scheme is equivalent to a backward Euler scheme. We can remark that nowhere
an approximation of the acceleration is used. Secondly, the inclusion in terms of
velocity allows us to treat the displacement as a secondary variable. A viability
Lemma ensures that the constraints on g will be respected at convergence. We
will see further that this formulation gives more stability to the scheme.

These remarks on the contact dynamics method might be viewed only as
some numerical tricks. In fact, the mathematical study of the second order MDI
by Moreau provides a sound mathematical ground to this numerical scheme.
It is noteworthy that some convergence results have been proved for such
time-stepping schemes [40,42,69].

Example of the bouncing ball The NSCD method provides a numerical
scheme with very nice properties. The reader may convince his/herself of this
by studying the simple bouncing ball on a rigid plane subject to gravity and with
elastic restitution. The proposed time-discretization of the motion of this ball is

—mV(tg41) + V() — hmg € Yy g, ) (V(tkt1) + ev(ty)) (99)

where m is the mass of the ball, e the coefficient of restitution and g the gravity.
One notes that the dissipativity property shows through the power of 4 in the
term hg which has the dimension of an impulse (there is no / pre-multiplying
the right-hand-side since this is a cone).

If go > 0O then the ball falls down until penetration is detected at step k*
(i.e. gx+—1 > 0 while gg= < 0). Then the velocity is reversed, i.e. Vi« = —evpx
while gg+11 = gx+. When e = 1 the system is re-initialized at each impact, with
the same velocity and at the same position. There are no errors introduced
by the numerical scheme and one can simulate several billions of such cycles.
Clearly this is not possible with an event-driven scheme, even if a very accurate
detection procedure is used. The unavoidable penetration is not a major issue,
since anyway the discretized system cannot be exactly at ¢ = 0. What is crucial
is that the penetration goes to zero when & — 0. In the case e €]0, 1[, an infin-
ity of rebounds in finite time occurs in the continuous time model. This Zeno
behavior is correctly integrated as depicted on Fig. 1.

5.2 Principle

Let us start with a generic equation of the measure differential formalism for
the extended sweeping process (57) for1 <i<r—1,
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Fig. 1 Bouncing ball on a rigid plane. e = 0.8,g = 10 ms2,m=1 kg,h =5 x 1035

dz; — zip1 (Odr = dv;,
dVi € _8‘¢.T3;1(Zi,1(l_)) (Zl(t+)) (100)

As in Sect. 2, it results from Proposition 1 that an evaluation of this MDI on
the time interval (#, tx,1] yields

dzi (It 1) — / 21 (D)t = vl tg1])
][k»tk+1]
dvi(Qte, tre1]) € €0( Urely iyl _3wrﬁgl(z,-,1(r—))(Zi(f+)))' (101)

The values of the measures dz;(1tx, fx+11) and w; g+1 2 dv;(Jtx, tx+11) are kept as
primary variables and this fact is crucial for the consistency of the method for
the nonsmooth evolutions. The integral term is approximated thanks to

/ zip1 (D de & hzi 1 (67,,) = hzig1 k4 (102)

Jgestis]

and then we obtain
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Tik+1l — Zik — PZig1jr1 = Mijs1- (103)

For the approximation of the inclusion, the union of convex cones is approxi-
mated in the following way:

E( Ufe]tk,tk+1] _angl(Zi,l(Tf)) (Zi(t+))) ~ _awTé;](Zi,l(t;)) (Zi(t]_(:_l))' (104)

Assuming, as in (102), that the approximation of z; is constant on each interval
1tk tir1 ], we get
Rikt1 € =0Vpizt 7 Zikr)- (105)

Finally, the time integration of a generic equation of the MDI in (57) is given
by

Zijerl = Zik = MZip gt = Mkt € =i (@) A <iSr—1).
(106)
The last equation (58) is discretized in the same way as

Zrjert — 2rk —hCA"Wlzi iy = CA™'B py gy,
(107)
Hrk+1 € =0Vpr 7 o @rket)-

For the zero dynamics defined in (59), we use for the sake of simplicity! an
Euler Backward scheme,

€1 — &k — hAg&p1 — hBez1 g1 = 0. (108)
Remark 22 (Extended Moreau’s Time stepping (EMTS) scheme) The inclu-
sions in (106), (107) and (108) define a numerical time integration of the Higher
Order Sweeping Process SP(zo; [0, T]) that we call the Extended Moreau’s Time
Stepping (EMTS) scheme.

The following notation is used for the discretized variables. Let us denote
the discretized state vector by

T
L+l = [Zl,k-‘rl’ ce Zr,k+1»$k+1] Zk+19$k+1 }

the vector of discretized multipliers by g1, 1.e.

T
M1 = [0 jegts -5 Mrgg1]

I Depending on the regularity of z1, a higher order scheme might be used for the time-integration
of the zero dynamics.
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Then the discrete-time system in (106), (107) and (108) can be rewritten com-
pactly as (see (80) and (81))

21 — 2k = hWWAW 21 + Gy (109)
which is the discrete-time counterpart to (84).

Comments Aswe have seen earlier, the measures of the time interval J#x, 15111,

i.e. dz(Jtk, tkr1 D) and p k41 2 dv;(1tx, tra1]) are kept as primary variables. This
fact ensures that the various terms handled by the numerical algorithm are
of finite values. The use of differential measures of the time interval ], x4 1]
enables a rigorous treatment of the nonsmooth evolutions. When the time-step
h vanishes, it allows to deal with finite jumps. When the evolution is smooth, the
scheme is equivalent to a backward Euler scheme. We can remark that nowhere
a direct approximation of the density z; with respect to the Lebesgue measure
is made. The use of a first order algorithm is not chosen as usual through the
approximation of the integral term (102) but required by the evaluation of the
differential measure. As it has been observed in Remark 15, it is possible to
incorporate a different jump mapping. This is also the case for the numerical
time integration in approximating the jump mapping by

) Zik+1 — €i+1Zik
Hik+1 € =0Vpict 7 (W) . (110)

In the case of Lagrangian systems, the function z; is assumed to be absolutely
continuous and the measure dv; is chosen identically equal to zero. So in this
case we have to take care that p; vanishes when the time step vanishes also.
Another way is to choose 1 = 0. In this case, a slight numerical violation of
the constraint, increasing with r is expected.

5.3 Properties of the discrete-time extended sweeping process

We therefore consider here the discrete-time system in (106), (107) and (108). In
this section, some important properties are shown which are thought to pave the
way towards a convergence proof of the discrete-time solutions towards a solu-
tion of the continuous-time sweeping process. In the case r = 2 and z1(0) > 0,
such a convergence has been established in [42, Sect. 3.2]. The hardest part of
the proof is not convergence towards some limit itself, but showing that the
limit is a solution of the sweeping process. One discrepancy with respect to the
works in [42, Sect. 3.2] [40,69] is that the well-posedness of the higher order
sweeping process has already been proved in Corollary 2.

e In this section, we assume, as in Proposition 8, that:

(H) The triple (WAW-1, G, H) is observable, controllable and positive real.
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5.3.1 A dissipation inequality

Let us consider (106), (107) and (108), and the matrix J in (82). We have:

Proposition 11 Suppose that condition (H) holds. Then:

1 1 1 _
Szl — 5242k < _E(Zk+1 — 20 T @rr1 — 20) + hzj ( JWAW 2y

2 2 (111)
forall0 < k< N-—-1.

Proof Let us pre-multiply both sides of (109) by ZE 41/ This gives
Zp Izt — 22k = hzf (TWAW  zp + 20 TG

We have

1 1 1
Gz — 2y Ik = ZZE+1JZk+1_EZEJZk+§(Zk+1—Zk)TJ(Zk+1—Zk) (112)

and

hzf (JWAW iy + 28 TG < hzp [ JWAW 25y (113)

where we used the fact that zz +1J (_;uk+1 < 0 as a consequence of the relations
in (105) and (107) (recall that (JG)T = (I, 04— x;)). From (112) and (113) the
result follows. O
5.3.2 Boundedness properties

Proposition 12 Suppose that condition (H) holds. There exists a constant o > 0

such that for allh > 0 and all 0 < k < N —1, ||zk|| < o. Moreover, for any given
h* > 0, there exists a constant M = M (h*) > Osuch that ||Gug|| < M,Yh €]0, h*[.

Proof Notice that from (111), we get
2p Izt < Zpdzi +hzp (UWAW ™ + W TATWI Dz,

1
—E(Zk+1 — 20 (@1 — 20 < 232k,

where we have used the facts that the matrix JWAW~! + W-TATWT] is nega-
tive semi-definite and the matrix J is positive definite. Proceeding by induction
one concludes that

ZZHJZkH <ziJzo YOSk <N -1,
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Let us denote by A7 > 0 the smallest eigenvalue of the matrix J. We get
Mlize > < zgJz0 YOSk N =1
T

and the result is proved with ¢ = /2= ZO 0 From (109) one can choose M =
20 + b | |[WAW || o
5.3.3 Local bounded variation

What follows is strongly inspired from [42, Lemma 2.5]. We first notice that
since all the cones T (-) are either R or R*, it follows that the closed ball
B(a,R) ={zeR: |lz—a|| <R CT! o () for any a > 0 and R < 5. We define

[0, T[— R;t — zfv (¢) as the step function given by z! Ny = Z;x for all
te [tk,tk+1[,0< k<N—1andz N) =zin, 1 <i<r.

Proposition 13 Suppose that condition (H) holds. The total variation of zV,
1 < n,in[0,T]is bounded above according to:

var(zN, [0, T1) < slzio —aP + S T2 + o« T + klzio—al) (1 <i<r—1)
var(zN, [0, T]) < Sxlzr0 — al? + BET2 + BaT( + L1210 — al) (114)
var(EN,[0,T]) < (y +8)aT

where |||CATW~L|| < B, Al < y and |||Belll < 8, whereas « is as in Propo-
sition 12. Moreover there exists a constant K > 0 such that for all N € N,N > 1:

var(z",[0, T]) < K. (115)
N

Proof 1In this proof we suppress the N in z¥ and &V to simplify the notation.
Recall that

Zik+1 — Zik — MZit1 k41 € Wiz, @ikt A<i<r-—-1
and

Zriet = Zrk — hCATWlzpey € —CA™ B ) (Rrics1)

= —3¢T$1 (Zr—1 ) (Zr,k+1 )

where we have used the facts that CA”~1B > 0 and that 81#T$1 Zor ) (Zrk41) 18
a closed cone. Then we may write

Zik+1 = PrOX[Té;l(Zi—l,k)QZi,k +hzipipem] A<i<r—1)
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and
Zrjes1 = prox[Tly N(Z,—1 )3 2k + hCA"W zj 41,
Itis then easy to see, thatfor 1 <i<r—1,0 <k <N —1, we have:
|Zik+1 — al < |zip — al + h(k + D,
and
|2y k1 — al < |zro — al + h(k + 1)Ba.

Letussetw; = z;0+hz;111 and w, = 2,0+ hCA"W~1z,. One has [zi1 — zipl <
|zi1 — wil + |w; — zip| and using [42, Lemma 0.4.3] (see Appendix A), we get,
forl1<i<r—1:

1
[zi1 — zipl < ﬁﬂwi —a* — |zi1 — a*) + ha,
and
[Z,1 — Zrol < i(lwr - a|2 —|zr1 — a|2) + hBa.
k) b 2R £
More generally, for0 < kA < N —1and 1 <i<r—1, we get the inequalities:
et — 200l < et Rt —alt— 2uces — a4
ik+1 — Zikl < 2R(|Zl,k +hzig1 k1 —al” — |Zigs1 —al?) + ha
1
< splzik = al® + h?a® 4+ 2ha |zig — al = Zigs1 — al?) + ha.
Moreover, for 0 < k < N — 1, we have also:
1 _
l2rks1 = 2kl < 5512k +hCATW "2ks1 — al* = 12rges1 — al®) + hap.
1
< sgzrk—al? + 22?4 2hPer |2k — al = zr ki1 — ) +hpa.

We know that |z;x —a| < |zijo —al +hkaforalll <i<r—1,and |z,x —a| <
|zr0 — al + hkBa, and setting Ty = kh (sothat T = Ty = Nh),for 1 <i<r—1
we get:

1 1
1Zik+1 — Zikl < ﬁﬂzi,k —af’ - |Zi 1 — al®) +ah (1 + §|Zi,0 - fll)

2

ac o
+—(h" +2hTy). 11
2R(h hTy) (116)
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We have also:

1
2 2
1Zrs+1 — Zrkl € 55 U2rk — al™ = |2y kg1 — al”)
2R
062/32

-Eﬁr(h24-2h7k). (117)

1
+aph (1 + E|Zr,0 - al) +

We claim that

j—1 2
1 1 o
kZO [Zi k41 — Zikl < ﬁ(lzz',o —al’ - |zij — al?) +aT; (1 + §|Zi,0 - al) + ﬁsz
(118)

for1<i<r—1,and

j—1

1 1
D 2kt = 2kl < 5120 — @ = lzrj — al’) + BT, (1 + 120 - a|)
k=0

242
—T. 119
t>p 1l (119)
We prove the result by induction. The result holds for j = 1 as a direct conse-
quence of (116) and (117) with £ = 0. Suppose now that (118) holds at step j.
We claim that (118) holds at step j + 1. Indeed, using again (116), we get for
stepj+ 1:

J j-1
D Nzigrr = zikl = | D zikrn — zikl | + |zije1 — i)l
k=0 k=0

1 1
< g lzio - al® — |zij — a®) + aT; (1 + lzi0 = a|)

o(z ) 1 2 2
+ﬁT1’ + ﬁﬂZi,j —al” —[zij41 —al)
2

1 o 2
ﬂm(1+§um—a0+§§m +2hT)

1
= 520 = al* = |zij41 —al®)

1 052 2
taTja |1+ glzio —al ) + 55T,
where we have used the fact that Tj.y = Tj + h and T]2+1 = T7 + h* + 2hT;.

The same approach can be used to prove (119). The first two inequalities in
(114) are then deduced. The third inequality follows from (108) from which one
deduces that

k1 — &kl < (v + O)ah (120)
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The result in (115) is a consequence of the results obtained in (114). |

Consider the step function i : [0, T] — R’;t + u™V () such that uN () = Mh41
forall t € [tx, tr 1] (0 < k < N —1) and uN(ty) = un.

Proposition 14 Suppose that condition (H) holds. For any given h* > 0, there
exists a constant K' = K'(h*) > 0 such that:

var(uN,[0,T1) < K', YV h €]0,h*[. (121)
Proof Let h* > 0 be given. From (109) we deduce that

it — ik = G YT Opscner) Iy — AWAW ™D (2541 — 22

+Gi1 Iy Orx(n—r))(zk — Zk—1) (122)
It follows that
N-1 N—1
letrsr = il < NG Opscuer) Tn = RWAW D D [lzgs1 — 2l
k=1 k=1
N-2
HING ™ Opscn-r) Il D N2kt — 2l
k=0
N-1
< NG Opcnr) Ty — RWAW DI D [zges1 — 2l
k=0
N-1
HING Ty Orscin-r) Il D Nzkes1 — 2l (123)
k=0
N-1
< NG Opc o) @ + K IWAW D D Hzigs — 2l
k=0
(124)

It follows from (115) that K’ exists that depends on K and the system param-
eters, such that (121) is satisfied. ]

Remark 23 i) Let us study the behavior of z 4. One peculiarity of the inclusion
(106) is that z1  =prox[R*; z; x—1+hza ] = Oforallk > 1.In other words zllv(-)
may be negative only on ¢ € [0, #{[. On the contrary, the other variables z (-) may
become negative at any time ¢ > 0. Consider for instance Tﬁb_l (Z1hs -5 Zi1k) =
Rforall2 < i <rsothat zop = 2o4—1 +h D 32ik + hCA"W~1z;. Noth-
ing hampers that £ takes a value such that z;, < 0 even if z;;_; > 0 for all
2<i<r.
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ii) It follows from (106), (107) that
0< zips1 L ptigsr =0 forall k>0 (125)

and
0<z1441 L ttrpy2 =20 forall £>0 (126)

which is the discrete-time complementarity condition corresponding to (72)
and (76).

5.3.4 Convergence of the discretized solution

We now denote {z"} the sequence of functions constructed from the functions
N (+), and similarly for MN .

Proposition 15 Suppose that condition (H) holds. There exists a subsequence
{zNky of {zN} which converges pointwise to some function z : [0, T] — R", such
that var([0,T)) < K, and a subsequence {uN<}  of {uN} which converges
pointwise to some function u(-):[0,T] — R" such thatvar([0,T]) < K'.

Proof The function Ny is uniformly bounded on [0, 7], and it has bounded
variation on [0, 77, see Propositions 12 and 13. From [42, Theorem 0.2.1 (i), (6)]
the result follows. The proof is the same for uN (), using Propositions 12 and
14. O

Remark 24 The convergence of uV towards a LBV function reflects the fact
that, as said in the introduction of Sect. 5.2, the primary variables are 1; x+1 2
dv;(tx, tx+11). Hence the Dirac measures do not appear in the limit p(-) which
is by construction a (bounded) function.

Proposition 16 Suppose that condition (H) holds. If z is right-continuous, then
for every continuous function of bounded variation ¢ : [0, T] — R we have:

/godzka—>/<pdzi (s<t) asNg— +oo (1 <i<r). (127)
Is,f] 1s,1]

Proof This is a consequence of [42, Theorem 0.2.1 (iii)] and the fact that the
zfv (+) are right continuous functions. O

The differential measures dz'* are of the form dz* = [(zM}(Hdr +
Ziv:_ll (Zik+1 — Zik)d1y . (the singular part being zero since () isa step func-
tion). Since the z;’s are LBV, dz; admits a similar decomposition (see Sect. 2),
with atoms at times 7.

The proof that the limit functions are solutions of the time-continuous sweep-
ing process (57)—(58)-(59) is left as a future work. Examples 8 and 9 in Sect. 5.5.1
demonstrates however the fact that the solutions of (106), (107) and (108) do
converge to the higher order sweeping process solutions in simple cases.

67



5.4 Overview of the implementation

In this section, we provide a short overview of the implementation of the EMTS.
Our goal is to present the algorithm in a pedagogical way through a straightfor-
ward implementation. Obviously, for efficiency reasons, the code may slightly
differ from what is below.

Matrix formulation of the ZD form in view of numerical integration Given
W e R™" the linear transformation of the state space, we introduce the fol-
lowing matrix notation,

[/ — hAlzks1 = 2k + Gt (128)

where the matrices A € R and G € R"™ are defined as follows:

r010...0 7 10 ...0 0 T
0 0 01
.0 0
i 00 01 i 0 01 0
A= , G= (129)
cATW1 0...... 0 CA™ 1B
BE 0 AE O(n—r)xr

Notice that A = WAW~! is defined in (25) and that G is defined by (80).

Expression of the inclusions (105) in terms of nested complementarity problems
Let us consider the following inclusion,

M1k+1 € =0V (21 ft1)-

Let us set ® = R*. This inclusion may be stated equivalently as a complemen-
tarity problem,?

0<z1p41 L 11 20.

If r > 1 then we must handle the second inclusion,

M2 g1 € =Yyt (o) (224+1)

2 In a more general setting, a cone complementarity problem has to be written ® > zq ;41 L
—1 k41 € @*, with ®* the dual cone of .
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which can be reformulated in terms of a complementarity problem,
Ifz14 <0, then0 <2441 L pogs1 = 0.
In this way, for r > 2, we get the following complementarity problem,

Ifz1p <O0andzpx <0, thenO < z3441 L pags1 =0

*

In the general case, we search the integer 1 < r* < r satisfying the condition,

[ itz =0
r= )
T+max{j<r—1: z;x <0,Vi<j},

yielding the following set of nested complementarity problems,
0< zigr1 L pigr1 20, 1<i<r. (130)

We define the vectors collecting the state and the multiplier for the “active”
constraints by

T
o =ikt 2ol

(131)
ey = iggts oo gt ]

and we introduce the matrix R € R *" describing the relation between L
and Zp,q :
Zpy = RZpy1- (132)

Assuming that u; g1 = 0,7 > r*, we get the relation between ;1 and uj e
T
M+l =R pj g (133)

Formulation of the one-step LCP problem To be more explicit in the compu-
tation of the state vector, we introduce the matrix P € R"*” such that

Zkt1 = Pzg1. (134)

Assuming that r* is computed at each step and that zj is known, the following
set of discretized equations has to be solved to advance from step k to step k+1:
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[ — hAlzjs1 = 2k + G
Zkr1 = Pz
24, = R (135)

i1 =R}

[0 < tjqq L 2gyq 20
This yields the following closed form for the one-step LCP problem :

Zh, = RPII — hA] ' 2j + RPU — hAT'GR |
(136)
0<ppyy L23y 20

Pseudo-algorithm for the EMTS A pseudo-algorithm for the EMTS is given
in order to clearly outline the major features of the numerical resolution of the
EMTS (see Algorithm 1).

Remark 25 The interest of the ZD canonical form from the numerical point
of view partly lies in the consistency of the resulting scheme. This consistency
property can be illustrated with the limit value of the LCP matrix in (136) when
the time-step & vanishes. It is clear that if 4 vanishes, then the LCP matrix is
close to the matrix

I~ if1<rr<r

~pT __ T _
RPGR' =RGR' =1 5 7"

(137)

which is the LCP matrix of the time-continuous ZD form given for instance
by the inclusions (68) and (69). By continuity argument on the time-step 4, the
LCP matrix in (136) inherits from G and I, the properties of definiteness and
positiveness.

Remark 26 (The multivariable case) If we consider the multivariable case with
a vector relative degree 7, the discrete approximation of the dynamics (128)
continues to hold with the dimensions defined in Remark 3. In the same way,
the matrix P defined in (134) can be obviously extended to the multivariable
case. The case of the operator R is a little bit more tricky. For each constraint, we
need to compute the rank, r;, 1 < I < m which selects the variables concerned
by the LCP:

* 1, ile,l,k>0
r, =
! T4+max{j<r—1:zix <OVi<j}, 1<I<m

where z1x denotes the [-component of the m-dimensional vector z; k.
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We define the vectors collecting the state and the multiplier for the “active”
constraints by:?

1 = [0kt 5 2 Lkt T DU Lo - Lk
T
e ZlmkAls - s 2t mk+1]
(138)
*
Piert = ULk s Bt Lk o - o5 LR Lo -+ o5 Kt Lk 1
T
N WY SR TPy [y Sn |

and we introduce the matrix R = [[x 0,_+] € R™*" describing the relation
between zj_; and Zjq

iy = RZpp1, Mk = RTMZHu (139)

With this convention, the EMTS defined by (135) and (139) can be extended
to the multivariable case with a vector relative degree r. It is noteworthy that
the limit LCP matrix when the time step / vanishes will be the identity matrix
if 7 < r,1 <1 < m and shares the properties (P-matrix, positiveness) of the

matrix CA"~1 B in other cases due to the structure of the selection matrix R.

5.5 Numerical applications
5.5.1 Comparison with a backward Euler scheme

Several attempts have been already made to solve numerically dynamical sys-
tems with arbitrary relative degree. In [28], an algorithm for constructing solu-
tions rather than a pure numerical scheme, is given based on an event-driven
strategy. This type of strategy cannot encompass general evolutions with accu-
mulation of events, and is not well suited for convergence proofs. In [16], the
direct use of a backward Euler scheme with an implicit evaluation of the com-
plementarity condition yields a time-stepping scheme, which is very similar to
the “catching up algorithm” of Moreau. This scheme works well with systems
of relative degree less or equal to 1, but exhibits characteristic examples of
inconsistency for relative degree > 2. We have collected in this section some
remarks on the behavior of the numerical scheme presented above which lead
us to believe that the EMTS scheme solves this problem.

For the first and the second order sweeping process, the time integration method
is often confused with a standard backward Euler scheme. To highlight the
difference with the numerical time integration of the Moreau’s sweeping pro-
cess, we consider several examples of inconsistencies, some of which are intro-
duced in [16]. A naive way of integrating an LCS is to apply directly a backward
Euler scheme:

3 The reordering is only introduced for sake of simplicity in notation.
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X — X
ALK — Axggr + Bhpt

h
Wil = Cxg1 + Dy (140)
0< Agg1 Lwgg1 20
which can be reduced to an LCP by a straightforward substitution:
0 < Aky1 L CU —hA) xg + (hCU — hA)™'B 4 D)agy1 = 0. (141)

In the sequel, such an LCP will be denoted as (Wyy1,Ax+1) = LCP(M,bj1)
where

M =hC(I —hA)'B+D (142)
bis1 = CU —hA) L. (143)

In [16], some consistency and convergence results are proved. Shortly, under
the assumption that D is nonnegative definite or that the triplet (A, B,C) is a
observable and controllable and (A, B, C, D) is positive real, they exhibit that
some subsequences of {wg}, {Ar}, {xr} converge weakly to a solution w, A, x of
the LCS. Such assumptions imply that the relative degree r is less or equal to 1.
In the case of the relative degree 0, the LCS is equivalent to a standard system
of ordinary differential equations with a Lipschitz-continuous vector field (see
[23], Remark 10). The result of convergence is then the standard result of con-
vergence for the Euler backward scheme. In the case of a relative degree equal
to 1, these results corroborate the results of [42,45,48].

Remark 27 As in Remark 25, the consistency of the LCP (Wgiq,Axr1) =
LCP(M, by41) can be analyzed with respect to the time-continuous LCP. Clearly,
ifr > 1,i.e. D = 0, the limit value of the LCP matrix M in (142) is equal to zero
when the time-step 4 vanishes. Contrary to the EMTS scheme, the consistency
of the time-stepping scheme can not be retrieved for the case r > 1.

In the case r = 1 (D = 0, CB # 0), the state may jump at the initial instant
and the multiplier A possesses an atom. Knowing this fact, we can choose as a
primary variable of the LCP the value Ay = hixyq which approximates the
amplitude of the distribution rather than the value of a function. The resulting
LCP is then Wgy1, Ags1) = LCP(%M, b+1). With this change of variable, we
recover the EMTS scheme with its consistency. The multiplier Az, is finite
when & vanishes and the new LCP matrix tends towards CB, which is consistent
with the time-continuous formulation.

Unfortunately, this trick can no longer apply for the case r =2 (D =0,CB =
0, CAB # 0) (see the example below). If we apply the time discretization given
by (140) with the new variable Ay, we can remark that

1
-M = hnm0 CI—hA)'B=0. (144)

i
hin() h
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There is no way to obtain a consistent time-stepping scheme in this way, com-
promising the chance to prove convergence results. In many practical cases, it
is clear that if 4 is taken very small, the LCP matrix in (141) has little chance to
be well conditioned due to the fact that CB = 0.

As we said earlier, several examples for which the backward Euler scheme
does not work at all are also detailed in [16]. These systems are of higher rela-
tive degree. We will consider below two similar examples and comment on the
difference between the backward Euler scheme and our approach.

Example 8 Let us consider an LCS with the following matrix definition:

0 1 0 0
A=(0o o 1|, B=[1]), c=(100), D=o. (145)
0 0 0 0

The relative degree r of this LCS is equal to 2 (D = 0,CB = 0,CAB # 0).
If we consider the initial data xo = (0, —1,0)T, we obtain by a straightforward
application of the scheme (140) the following solution:

0
0
1
)»]ZE, rM=0, Vk>=2. (147)

We can remark that the multiplier A; which is the solution of the LCP at the
first step, tends towards +oo when £ vanishes. In this example, the state x seems
to be well approximated but both the LCP matrix and the multiplier tend to
inconsistent values when 4 vanishes. This inconsistency is just the result of an
attempt to approximate the point value of a distribution, which is nonsense.

If we consider now the initial data xg = (—1, —1,0)T, we obtain the following
numerical solution from (140) :

X = . Yk>=1, (148)

O — X

A= rM=0, Vk=>=2. (149)

}79

With such an initial data, the exact solution should be x; = 0,V k& > 1. We
can see that there is an inconsistency in the result because the first component
of the approximate state does not depend on the time-step. We cannot expect
that this approximation converges to the exact solution. If we apply the EMTS
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scheme, we obtain the following solution:

0
w=(0). vk=1 (150)
0
pia=1, py =1, (151)
wik =0, pop=0 Vk=2, (152)

which converges to the time-continuous solution of the higher order Moreau’s
sweeping process, i.e. x(0) = xq,x(t) = (0,0,0)T,v ¢ > 0.

Example 9 Let us consider another simple example:

010 0
A=(001), B=(0), c=(00), D=0 (153)
000 1

In this case, the relative degree r is equal to 3. The direct discretization of the
system leads to the same problem as in the previous example even in the case
where the initial data satisfies the constraints. Let us consider xo = (0, —1,0)T.
From (140), we obtain the following numerical solution:

k(k+1)
2h
1
h
1
M= ;?; rAM=0, Vk=>=2. (155)

This solution can not converge to an analytical solution. The solution given
by the EMTS scheme is

0
w=[0], vk=1 (156)

0
wia=1 w1 =1, pz1 =0, (157)
wik=0, Vk>2, i=1,..3 (158)

which is the time-continuous solution of the higher order Moreau’s sweeping
process, i.e. x(0) = xp,x(t) = 0,0,00T,v¢>0.

5.5.2 Influence of the zero-dynamics on the solution

In this example, we illustrate how the zero dynamics may influence the behavior
of the following system
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21() = z2(0)

22(t) = z3(0)

23(0) = —z1(0) — 22(0) — 23(1) — dgé(t) + A (D)
§1(0) = ab2(1)

&2() = —w&1 (D) + 21 (1)

wt) =z1(1) 20

(159)

with the initial condition z(0) = (1,0,0,0,0)T. The system (159) of relative
degree r = 3, is embedded in the MDI formalism (57)—(59). All the simula-
tions are performed with Scilab®. The LCP is numerically solved with either
the Lemke’s algorithm or an iterative splitting method (a Gauss—Seidel like
algorithm). The time interval is [0, 10] and the time step is equal to & = 1072,

In first experiment depicted on Fig. 2, we choose dg = (0, 1) but with a trivial
zero dynamics @ = 0 and w = 0. The function & () is just a time integration of
the function z1 (¢), which has to remain non negative. The z-dynamics is identi-
cally equal to zero after the first jump and remains at zero due to the action of
the zero-dynamics which pushes z3(¢) on the constraint. In this case, the multi-
plier dvz possess a function part x3(¢) which is not equal to zero on a non trivial
interval.

We choose now a zero dynamics, which is a pure harmonic oscillator « = 1
and w = 1 in order to understand what its influence on the z-dynamics may be.
The first case is given by dl = (0,0) where the zero-dynamics is decoupled from
the z-dynamics, i.e., the zero dynamics does not play any role in the zZ-dynamics.
The results are depicted on Fig. 3. The system seems to be stable and the state
vanishes. Choosing dg = (0,1), the same simulation is made with a coupled
zero dynamics. The influence of the zero dynamics is shown on Fig. 4. Due to
the fact that z, 4 and z3 4 are negative at each state jumps, the whole vector z

25

Values of z

0 2 4 6 8 10
Time t

Fig.2 EMTS scheme d} = (0,1),« =0 and & = 0
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Values of z

Time t

Fig. 3 EMTS scheme dl = (0,0), = 1 and w = 1. Decoupled zero-dynamics

Values of z

Fig.4 EMTS scheme d} = (0,1),a = landw =1

Time t

is reinitialized at zero and remains stuck at zero up to the change of sign of the
function & (7). As in the first experiment, there are non-zero intervals on which
the constraints remain active and then the function yx3(¢) is not equal to zero on

such intervals. Finally, if we choose d¢ = (0, —1), we observe on Fig. 5 the same
kind of behavior.

It is therefore clear that the zero-dynamics matrix A¢ and the connection
vector dg, have a strong influence on the system’s dynamics. In particular, one
sees that despite the state reinitialization mapping sets the post-impact states
Z to zero (plastic impacts), the zero dynamics may force the system to detach
from the constraint and undergo subsequent jumps after a boundary trajectory

has occurred.
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Values of z

Time t

Fig.5 EMTS scheme df = (0,~1),a = landw =1

5.5.3 Empirical order of the scheme

This section is devoted to provide an empirical estimation of the order of the
scheme. Let us consider the previous example with de = (0, -1),a = 1,0 =1
and with the initial condition z(0) = (1,0, 0,0,0)T.

In order to evaluate the order of accuracy of the scheme on this simple exam-
ple, we need to use a norm which is consistent with the set of RCLBY functions
and to introduce a notion of convergence providing a reasonable substitute to
the uniform convergence of the continuous functions. To overcome this diffi-
culty, the convergence in the sense of filled-in graph has been introduced by
Moreau [49]. Shortly, for a RCLBYV function f : [0, T] — R”", we define the
filled-in graph, gr*(f) by adding some line segments to the graph of f in such a
way that all the gaps are filled:

g () = {(t,x) € [0,T] x R",0 <t < T and x € [f(t), FEHD) (160)

Such graphs are closed bounded subsets of [0, 7] x R", hence, we can use the
Hausdorff distance between two such sets with a suitable metric:

d((t,x), (s,y)) = max{|r —s], lx — y}. (161)
Defining the excess of separation between two graphs by

e(gr*(f),gr' () = sup inf d((t,x),(s,y)), (162)
(tx)egre(f) 5:Y)€8*(8)

the Hausdorff distance between two filled-in graphs 4* is defined by

h*(gr*(f),gr*(g)) = max{e(gr*(f),gr*(g)),e(gr*(g), gr* (fN}. (163)
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Fig. 6 Empirical order of the scheme with the uniform norm and the Hausdorff distance

To compute a reference solution, the number of time-steps is chosen as N = 10°,
i.e., for a time step 4 = 107>. The error with the norm of the uniform conver-
gence |||l is displayed in log scale on the Fig. 6. We can see that there is no
way to measure the rate of convergence with the ||.||oc norm. The result of the
distance in the sense of filled-in graph is also displayed in log scale on the Fig. 6.
On this example, the order of accuracy of the EMTS scheme is close to 1, as
expected.

6 Applications: electrical circuits with ideal diodes

The well-posedness of dissipative circuits with ideal diodes (r = 1) has been
investigated in [10,17] and their time-discretization with time-stepping Euler
implicit schemes is studied in [16]. In this section we briefly illustrate how the
application of feedback signals in simple electrical circuits may lead to higher
relative degree complementarity systems. In other words we show how the
material of the foregoing sections may help in understanding the closed-loop
dynamics of some complementarity systems.

A single input/single output case Let us consider the following dynamics that
corresponds to the circuit depicted in Fig. 7:

x1(1) = x2(0)

) = R0 + 42 — Lxi() — $10) (164)

0< A Lwt) = —x2(6) =0
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Fig.7 A simple electrical YT
circuit with ideal diodes L

z2 (t)

N
A1

with inductance L > 0, resistance R > 0, capacitance C > 0 and where x; is
the current across the circuit, —A is the voltage of the diode and u is a voltage
control. If # = 0 then one sees that the transfer function of the operator A - w
is given by m and is positive real. Let us apply the following feedback

u(t) = r(t) + Lx3(t)
x3(t) = x4(0) (165)
Xq(t) = A(0).

Inserting (165) into (164) one obtains

H1(0) = x2(0) 210 = 22(0)

X2 () = —%xz(t) — Ll—cxl(t) + x3(¢) 22(t) = z3(0)

E3(0) = xa(t) s | 50 =F20 + 7020 +40)
F4(t) = 2(0) 0 =210

0<wt) =—x2(0) 0<w®) =z1(0).

(166)
We embed the ZD dynamics in (166) in the higher order sweeping process
formalism. The relative degree is r = 1 in (164), but applying a dynamic feed-
back changes it since 7 = 3 in (166), and CA?B = 1. It is immediate that r — 1
is equal to the number of integrations in the control input in (165). It is note-
worthy that one can apply Proposition 8. In other words, the feedback law in
(165) augments the relative degree, but does not destroy the dissipativity of
the closed loop system, since the transfer function of the operator A — z3 in
(166) is positive real. This puts electrical circuits in a perspective that perfectly
fits with the higher order sweeping process. Here CA2B = 1 > 0 and for each
(z0,&0) € R”, the system in (166) has a unique regular solution.

Remark 28 1) We do not wish to discuss here the physical applicability of the
feedback law in (165) (in practice measuring the voltage of the diode may intro-
duce further dynamics), nor of an ideal diode model. At this stage it is however
fundamental to keep in mind that studying such models allows the designer to
point out and understand some phenomena which may be only limits (in the
mathematical sense) of the real phenomena, but which would have been hid-
den by any other sort of modeling approach like penalization. It is also worth
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recalling that our model has some intrinsic flexibility, see e.g. Remark 15, and
may therefore be adapted to better fit with the physical observations.

ii) Optimal control under state constraints also yields higher order comple-
mentarity systems [2,25,73]. Consequently it may benefit from the work in this

paper.

7 Conclusion

In this paper we present an extension of Moreau’s sweeping process, a widely
studied differential inclusion in the field of unilateral Mechanics. This provides
a new formalism for higher relative degree complementarity systems. It allows
us to (1) obtain a clear understanding of the dynamical mechanism which per-
mits the integration of such systems where higher degree distributions naturally
appear, (2) to derive a numerical time-stepping scheme for Initial Value Prob-
lems. This paper focuses on the formalism and time-discretization aspects. The
dynamical framework that is presented possesses several interesting features:

e The formalism and the functional framework are expected to extend to
nonlinear, time varying vector fields, time varying and state dependent sets
®(t,.), and the state re-initialization law can be modified (consequently it
encompasses Lagrangian systems),

e the sweeping process differential inclusion is a suitable formalism to design
time-stepping numerical schemes, which paves the way towards conver-
gence analysis thanks to its compact formulation as a discretized differential
inclusion,

e further extensions and their analysis may benefit a lot from the numerous
studies on the first and second order sweeping processes,

e qualitative, dissipativity, well-posedness results show that the framework is
sound,

e important potential application fields like electrical circuits, optimal control
with state constraints (which is itself quite related to the dual problem of
the so-called Continuous-Time Linear Programming problem [1,56] which
inherently involves distributional solutions), may benefit from the approach.

This paper brings some elements of answer to a questioning in [55], about the
interpretation of the existence theory for differential variational inequalities
with index > 3 (i.e. r > 2 in the language of this paper).

Acknowledgements This work was partially supported by the European project SICONOS
IST2001-37172. We thank Professor Anstreicher for pointing out the references [1] and [56]. Thanks
are also due to the Associate Editor and the referees for helpful suggestions.

Appendix A: Lemma 0.4.3 in [42]

Lemma 5 Ina Hilbert space H, we consider a closed convex set C which contains
a closed ball B(a,R), R > 0. Let x € H be given. Then
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1
[l = prox [Cix]ll < 5= (I1x — al*> — ||prox [C;x] — a||*). (167)

Appendix B: Kalman-Yakucovich-Popov lemma

Let A € R, B € R and C € R"". One says that the representation
(A, B, C) is observable and controllable provided that (A, B) is controllable
and that (A, C) is observable, i.e. the matrices (B AB A2B ... A" 1B) and
(C CA CA? ... CA" YT have full rank.
Let us now consider the real, rational matrix-valued transfer function H :
C — C"™ given by
H(s) = C(sl, — A)"'B. (168)

Definition 4 One says that H is positive real if

e H isanalyticin C* := {s € C: Re[s] > 0},
o H(s)+ HY(5) is positive semidefinite for all s € C,

where s is the conjugate of s.

Definition 5 One says that H is strictly positive real if

e HisanalyticinCt :={s € C:Re[s] >0},
o H(s) + H'(5) is positive definite for all s € C+ = {s € C : Re[s] > 0}.

One says that the triple (A, B, C) is positive real (resp. strictly positive real)
provided that the transfer function H defined in (168) is positive real (resp.
strictly positive real)

The following results are called Kalman-Yakubovich—-Popov lemmas [13].

Lemma 6 Let (A, B, C) be an observable and controllable realization and let H
be defined in (168). The transfer function matrix H is positive real if and only
if there exist a symmetric and positive definite matrix P € R™" and a matrix
L e R"™™ such that

PA+ATP=—-LL"Y

(169)

PB=C".
Lemma 7 Let (A, B, C) be an observable and controllable realization and sup-
pose that A is Hurwitz. Let H be defined in (168). The transfer function matrix H

is strictly positive real if and only if there exist a symmetric and positive definite
matrix P € R"" a matrix L € R and ¢ > 0 such that

PA+ATP=—LILT —¢P

(170)
PB=CT.
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Algorithm 1 Sketch of the extended Moreau’s time stepping (EMTS) scheme

Require: Classical form of the system : A, B, C, xg

Require: Zero-Dynamic form:r, W, Ag, Bg

Require: Numerical parameters /4, T’

Ensure: ({x;},{zn}, {un}) = Approx(A,B,C,D,xq,h,T)
/I Computation of the operator associated with the ZD form
A,G,P
// Time discretization N := [%]

/I Computation of the time invariant numerical operators:
M= (I-hA)~!
Micpimp = PMG
btmp = PM
z0 := Wxq
/I Loop on time.
for k = 0to N do
//Computation of the rank r*
r=1,i=1;
while z; (i) < 0do
rr=r+1
i=i+1;
end while
/I Computation of R
/I Solve the one-step LCP problem

(:“k+1752+1) := SolveLCP(Mcp, b)
/I State update
Zpq1 = M [zg + Gpq]

Xyt = Whzpp
end for
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