-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by INRIA a CCSD electronic archive server

archives-ouvertes

Far field modeling of electromagnetic time reversal and
application to selective focusing on small scatterers

Xavier Antoine, Bruno Pincon, Karim Ramdani, Bertrand Thierry

» To cite this version:

Xavier Antoine, Bruno Pingon, Karim Ramdani, Bertrand Thierry. Far field modeling of electro-
magnetic time reversal and application to selective focusing on small scatterers. SIAM Journal on
Applied Mathematics, Society for Industrial and Applied Mathematics, 2008, 69 (3), pp.830-844.
10.1137/080715779 . hal-00429157

HAL Id: hal-00429157
https://hal.archives-ouvertes.fr/hal-00429157
Submitted on 24 Feb 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://core.ac.uk/display/50133783?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.archives-ouvertes.fr/hal-00429157
https://hal.archives-ouvertes.fr

FAR FIELD MODELLING OF ELECTROMAGNETIC
TIME-REVERSAL AND APPLICATION TO SELECTIVE FOCUSING
ON SMALL SCATTERERS.

X. ANTOINE*t, B. PINCON*T, K. RAMDANI* AND B. THIERRY*!

Abstract. A time harmonic far field model for closed electromagnetic time reversal mirrors is
proposed. Then, a limit model corresponding to small perfectly conducting scatterers is derived. This
asymptotic model is used to prove the selective focusing properties of the time reversal operator. In
particular, a mathematical justification of the DORT method (Decomposition of the Time Reversal
Operator method) is given for axially symmetric scatterers.
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1. Introduction. In the last decade, acoustic time reversal has definitely demon-
strated its efficiency in target characterization by wave focusing in complex media (see
the review papers [13, 15]). In particular, it has been shown that selective focusing
can be achieved using the eigenvectors (resp. eigenfunctions) of the so-called time
reversal matrix (resp. operator). Known as the DORT method (french acronym for
Diagonalization of the Time Reversal Operator, cf. [14, 32, 26, 31, 16, 25, 18]), this
technique involves three steps. First, an incident wave is emitted in the medium
containing the scatterers by the time reversal mirror (TRM). The scattered field is
then measured by the mirror and time-reversed (or phase-conjugated in the time
harmonic case). Finally, the obtained signal is then reemitted in the medium. By def-
inition, the time reversal operator T is the operator describing two successive cycles
Emission/Reception/Time-Reversal. If the propagation medium is non dissipative,
the operator T is hermitian, since T = F*F, where F denotes the far field operator.
The DORT method can thus be seen as a singular value decomposition of F. More-
over, in a particular range of frequencies (for which the scatterers can be considered
as point-like scatterers), T has as many significant eigenvalues as there are scatterers
in the medium, and the corresponding eigenfunctions generate incident waves that
selectively focus on the scatterers. From the mathematical point of view, a detailed
analysis of this problem has been proposed for the acoustic scattering problem by
small scatterers in the free space in [19] and in a two-dimensional straight waveguide
in [29]. Let us emphasize that time reversal has also been intensively studied in the
context of random media (cf. [17] and the references therein).

Recently, electromagnetic focusing using time reversal has been demonstrated ex-
perimentally [23] and used for imaging applications [24]. One of the first works dealing
with mathematical and numerical aspects of electromagnetic time reversal is the paper
[34]. The authors analyze therein the DORT method in the case of a homogeneous
medium containing perfectly conducting or dielectric objects of particular shapes (cir-
cular rods and spheres). Their method is based on a low frequency approximation
of a multipole expansion of the scattered field (i.e. a Fourier-Bessel series involving
Hankel functions for circular rods and vector spherical functions for spheres). In [8],
the authors proposed an iterative process based on time reversal to determine optimal
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electromagnetic measurements (i.e. to determine the incident waves maximizing the
scattered field). More recently, the DORT method has been used for targets local-
ization, especially in the context of imaging [6, 7, 1]. The analysis followed in these
works is based on the singular value decomposition of the multistatic response matrix,
which corresponds to the case where the mirror is described by a discrete array of
transducers (emitters and receivers). In this paper, we propose a time harmonic far
field model of electromagnetic time reversal in the case of a continuous distribution
of transducers. Ouly closed mirrors (i.e. completely surrounding the scatterers) are
considered in this work and the limited aperture case is not studied. Except this
difference, the present work can be seen as the extension of the results obtained for
acoustic time reversal in the free space [19] and in straight waveguides [29]. We pay
a very careful attention to the derivation of the limit scattering model for small per-
fectly conducting scatterers. The functional framework used hereafter for the far field
and the time reversal operators is the one commonly used in inverse electromagnetic
scattering theory (cf. [11, 5, 20]).

We start the paper with a short description in Section 2 of the mathematical
model of time reversal. In particular, we define the incident field emitted by the
TRM (electromagnetic Herglotz waves), the measured fields (the far field pattern)
and the time reversal operator. In Section 3, we restrict our analysis to the case of
small scatterers (of typical size ). We show that the small scatterers asymptotics
can be deduced from the classical low frequency scattering asymptotics (the Rayleigh
approximation) involving the polarization tensors of the scatterers. More precisely,
our analysis corresponds to the case where kJ and J/d tend simultaneously to 0,
where k denotes the wavenumber and d the minimum separation distance between
the scatterers. Finally, we study in Section 4 the spectral focusing properties of the
eigenfunctions of the limit far field operator obtained in Section 3. We show that
each small scatterer gives rise to at most 6 distinct eigenvalues (recovering the results
obtained in [7, 1] for the case of a discrete TRM). Furthermore, if the polarizability
tensors of the scatterers are diagonal (e.g. for axially symmetric scatterers) and under
the additional assumption that kd — oo, we prove that each associated eigenfunction
generates an incident wave that selectively focuses on the corresponding scatterer.

2. A far field model for electromagnetic time-reversal. In order to obtain
an expression of the time reversal operator, we begin this paper by recalling the
far field model of electromagnetic scattering. Consider the scattering problem of
an incident electromagnetic plane wave by a perfectly conducting bounded obstacle
contained in an homogeneous medium. Without loss of generality, we assume that the
electric permittivity € and the magnetic permeability u are both equal to 1. Let O be
a bounded open subset of R? with smooth boundary I', and outward unit normal v
and let Q = R3\ O be the propagation domain. Let L?(S?) be the space of tangential
vector fields of the unit sphere S2:

13(5%) = {f € (£*(5%)" | Va € 82, f(a)-a =0}

and consider the incident plane wave (E‘I"f ,H ?"f ) of direction o € S? and electric
polarization f € LZ(S?):

B} () = fa)ete,
{ H?"f(il,') = (a X Jl-‘(a))eikou:c7 (21)
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Throughout the paper, the time dependence is assumed to be of the form e~ ™! and
will always be implicit. Introducing the wave number k = w,/ep = w, the scattered

field (Ea’f JH>T ) solves the following exterior boundary value problem:

curl E* =ik H>f Q)

curl HY = —ij E>¥ Q)

E~f xv=—E¥ xv (D) (2.2)
H> v = _—H* v T)

E>S H>Y are outgoing.

Classically, the outgoing behavior of the scattered field is imposed by one of the two
Silver-Miiller radiation conditions:

lim (E""f(:c) Xz + |z H""f(a:)> =0

lim (H"“f(a:) Xz — |z Eo"f(a:)) )

uniformly in every direction x/|z| € S?, where | .| is the euclidian norm in R3.

We are now in position to introduce the far field pattern of the electromagnetic
field (E*¥, H*¥). Its main properties are collected in the next proposition (see [11]
for the proofs).

PROPOSITION 2.1. The scattered field (E*¥, H*T) has the asymptotic behavior
in the direction 3 € S? as |x| — oo:

elk\m|
B (Blal) = s Al £le) + 0 (g )

eik|m| 1
HE(Bla]) = S (8 % Ala B f(@) +0 (m) |

The scattering amplitude A(c, B3; f(a)) is given for all o, 3 € S? and all f € L?(S?)
by the formula
k? F ik
Ala i fle) =B x [ [vlw) x HE )] xpe ™o vay  (23)
r

™

where H%’f = H‘;"f + H™T s the total magnetic field. Moreover, A(-, ;) satisfies
the following reciprocity relation

9(8) - Ale, B; f(a)) = fa) - A(=B, —;9(B)) (2.4)

for all a, 3 € S? and all f,g € L?(5?).

Assume now that the TRM emits a Herglotz wave, i.e. a superposition of plane
waves of the form (2.1). More precisely, denote by (E%E ,H f ) the incident Herglotz
wave of polarization f € L?(S?), defined by

Ef(z) = /S EP(2)da = y fla)e*™® da

f _ o, f _ ez’k’a-m
i@ = [ HP'@)da= [ (ax )@= da

(2.5)

By linearity, Proposition 2.1 yields the following result.
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COROLLARY 2.2. When illuminated by the Herglotz wave (EY, HY), the scat-
tering obstacle generates the diffracted field (Ef,Hf) which admits in the direction
B € S? the far field asymptotics

Bl = S k1) +0 ().
Hf @) = S Rr)+0 ().
where F£(8) is given by
BF0) = [ A8 f(@) dar (26)

Using the expression (2.3) of the scattering amplitude, one can show that the far
field operator F : f — Ff defined by (2.6) is continuous from L7(S?) onto itself.
Moreover, using the reciprocity relation (2.4), one can show the following result (see
[9] for the proof).

PROPOSITION 2.3. The far field operator F : L7(S?) — L?(S?) defined by (2.6)
is a compact and normal operator. As in the acoustic case, its adjoint is the operator
F*: L2(S?%) — L3(S?) defined by

Vf € L}(S?), F*f = RFRf (2.7)

where R is the symmetry operator defined by Rf(a) = f(—a) for all o € S* and
f e L{(S?).

We are now able to define the time reversal operator T. During the time-reversal
process, the TRM first emits an incident electromagnetic Herglotz wave (E}c ,H f )
of polarization f. Then the scattering obstacle generates a scattered field (Ef JHY ).
The TRM measures and conjugates the corresponding electric far field F f. The result-
ing field is then used as a polarization g of a new incident Herglotz wave. Therefore,
we have

g=RFf, (2.8)

where the presence of the symmetry operator is due to the fact that the far field
measured in a direction 3 is reemitted in the opposite direction —3. The time reversal
operator T is then obtained by iterating this cycle twice:

Tf = RFg = RFRF7. (2.9)

Thanks to Proposition 2.3, we have shown the following result.
PROPOSITION 2.4. The time reversal operator T is the compact, selfadjoint and
positive operator given by
T: L?(S?) — L%S?
f — Tf=FFf=FFf.

The nonzero eigenvalues of T are exactly the positive numbers
A]? > Ao > >0,

where the sequence (A,)p>1 denotes the nonzero complex eigenvalues of the normal
compact far field operator F. Moreover, the corresponding eigenfunctions (f,)p>1 of
F are exactly the eigenfunctions of T.
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3. Scattering by perfectly conducting small scatterers. In this Section,
we show that the asymptotics of the electromagnetic scattering problem by small
scatterers is closely connected to the classical low frequency scattering (the Rayleigh
approximation, cf. [21, 12]). In particular, this asymptotics involves the electro-
magnetic polarizability tensors of the scatterers [30, 2, 3]. The fact that the two
limit models are similar is straightforward when the scattering obstacle has only one
connected component. As it is shown in Subsection 3.1, this follows from a scaling
argument. The proof is less obvious when the obstacle is multiply connected (one
cannot anymore use a unique change of variables to work in a reference domain of
fixed size). We study this question using an integral equation approach in Subsection
3.2.

3.1. The case of one scatterer. Let us assume that the perfectly conducting
scatterer is of small size § and that it is obtained from a reference obstacle after a
dilation. More precisely, let us set:

O ={x=s+0¢; £cO}.

Its boundary is denoted by I'® and its exterior by 9 := R3 \@ Given an incident

plane wave (E?’f, H?’f), let (E°, H’) be the solution of the scattering problem by
the perfectly conducting obstacle (for the sake of clarity, we drop here the reference
to the angle of incidence and to the polarization in the scattered field):

curl E° = ikH® (Q9)

curl H® = —ikE° (09)

divE’ =0 Q%)

div H’ = 0 Q%) (3.1)
E’xv=—-EY xv (T9)

H° . v=—-HY v (I'?%)

E‘s, H® outgoing.

Introducing the scaled fields

e’(§) = E°(s +6¢), I\
{ no(€) = HY(s + 6€), £ =RN0

we obtain that

curle’ =i (ké) h° Q)
curl h® = —i (ko) e° 9
dive’ =0 Q)
divh® =0 Q) (3.2)
e xv=—er xv (")
I)

h5~u:—h?’f-u
e, h’ outgoing,

—

where I' = 00 and

{ eI (&) = YT (s +6¢) = EY I (s) + O(kd),
h T (&) = HY (s +6¢) = HP Y (s) + O(k9).

When § — 0, problem (3.2) appears as a low frequency electromagnetic scattering
problem (kdé — 0) associated with an incident wave that behaves like the constant
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field (ES¥(s), HYY (s)) asymptotically. The electromagnetic scattering problem for
small frequencies has been studied for a long time (cf. [35, 36, 22, 28]) and the
asymptotic behavior of its solution is by now well known (see the reference book [12]
for a detailed presentation and [4] for convergence results of higher order terms). In
particular, the first order approximation (eo,ho) of (e‘s,hf;) (the so-called Rayleigh

approximation) is given by the next result, which follows from [12, Chap. 5]).

THEOREM 3.1. Let ® = (P, Dy, P3) and ¥ = (U, Uy, U3) be the vector poten-

tials defined by

A® =0, ()
P =2x+c, ()
1
®=0(—7 |z| = oo
||
and
AW = (), (Q)
owr
= F
v (r)
v=0|—7 lz] — o0
||
where the constant vector ¢ € R* is chosen such that e 0.
r

Then, as 6 — 0, we have

e —e':=-Vd f(a)
{ h® — h’ = — V¥ (a x f(a))

locally in Heur1(£2).

(3.4)

Using the above result, one can easily obtain the asymptotics of the far field

associated to E°.

COROLLARY 3.2. Let (E° H®) be the solution of the scattering problem (3.1).
Let P and M be respectively the electric polarizability and magnetic polarizability

tensors defined by (I denotes the identity)

od\" r
’P:|(9|I—/:B " dve M:|(’)|I—/V\Il dvye
r v r

where the vector potentials ® and ¥ are respectively defined by (3.3) and (3.4).

Then, the far field A‘S(a,ﬁ; fla)) of E?, defined by
B (Blal) - A% B fla) S +0 (L
- o ik|x| |z )
admits as § — 0 the following asymptotics :

(iks)3

A, i f @) =

Bx [Bx(PF(a)~M(axf(@)] e =P 10(5). (3.5)
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Proof. Following [12], we have

I

k> ,
A’(e,B: (@) = 1= B {ﬂ x / Vo x (H @) + H (2)) ] o700 d%}
(3.6)
The change of variables € = (x — s8)/J in the above integral shows that

e gte) = (U {5 [ [vex (1000 + 57 (@)] e} ) oo
+0(8%). (3.7)

Comparing (3.6) with the term between parenthesis in the above expression, we see
that this term is nothing but the electric far field associated to the solution (e, h?) of
the low frequency scattering problem (3.2). Consequently, this term can be expressed
using the polarizability tensors (cf. equation (5.158) in [12]):

(IZ(;)? B x {B X /r [ug X <h5(£) n h?‘f(é))} dfyg} _

O 5 [ % (PF()) — M x fla))] e +0 (51).

where we have used the fact that the incident electromagnetic field (ey, hy) con-
verges to the constants (E?’f(s), H?f(s)> = (f(a), x f(a))e*** as § tends to
0. Plugging the last relation in (3.7) yields (3.5).0

3.2. Multiply connected scatterer. We consider now the case where the scat-
terer has M connected components:

where each component (92 is obtained from a reference domain O, by a dilation and
a translation:

O ={z=s,+06; £€O,}.

M
Finally we denote once again by Q° = R3 \@ the exterior domain and by I'® = U Fg
p=1

its boundary.
In order to study the asymptotics 6 — 0, we seek an integral representation of
the solution (E°, H?) of (3.1) in the form

E°(y) = é§ curl curl Gr(z,y) J (x) dye,
e yeQ’, (3.8)
H’(y) = —6 (ik) curl / Gr(z,y) J (x) dva,

Té
where J° is the (unknown) electric surface current and
etklz—y|

Gz, y) = prepe——
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denotes the Green function of —A — k? in R3.

Using the identity curlcurl = Vdiv — A and the fact that for & # y, we have
AGy(z,y) = —k? G(z,y), one can show that the electric field can also be written
in the form (cf. [10, p.64])

ES(y)=9¢ (k2 Gr(x,y) J(x) dvs + V ., Gr(z,y) divps J°(x) d%,,), (3.9)

I

where divps denotes the surface divergence operator on I'?.
The unknown current J° = (J f, v d js\/[) is uniquely determined by writing the
perfectly conducting boundary condition on each scatterer:

(B’ x v)rs = —(EPY xv)rs Vp=1,...,M. (3.10)

It is well known (see for instance [27, Theorem 5.5.1]) that the trace of a potential of
the form (3.9) is given by

M

(B xv)ips = >0 (KS§ + Tp0) I3,

q=1
where the integral operators S}’;é‘s : TH*(T'y) — TH**(T',) and qu"s : TH*(Ty) —
TH* Y(T'y), (TH*(T'y) denotes the Sobolev space of tangent vector fields [27]) are
defined for y € I', by

(st 78) (w)

Grl(@,y) (I5(@) x vy) dre
r;

(T;qﬁ Jg) (y) (Vy /F(S Gi(z,y) divngg(a:) d’ym> X Uy,

rs
For g # p, the kernels of the above integral operators are infinitely differentiable. The
operator Sgp is the classical single layer potential, and has a singular but integrable

kernel. The operator TI‘fp can also be written using a formula involving only integrable
kernels (see [27, p.242]):

(1 7)) = [ [(VuGulay) x (v =) dive Ti(a)

— G(z,y) curlpgdivpg Jg(:c)} dg.

In the above relation, divpg and curlpg denote respectively the surface divergence
operator and tangential rotational operator on I‘g. Then, the integral equation (3.10)
reads
M
2 qk,0 k., s _ inc _
D S (KS5 + TH) Ty = —(BE™ x v)rs Vp=1,...,M. (3.11)
g=1
In order to work in a functional framework independent of §, we introduce the new
variables
T —s
€= e Oqa
- s
'r] = y 6 P G Op,
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and the scaled fields
{ Ja(6) = I5(@),
ggéé(g, TI) = Gk(-’B, y)
With the above notation, we have
(557 73) () = 0° (S50 33) () = 8 [ Ghitem) (436€) x ) e

and

(Vn / Gro(¢,m) divr,55(8) d%) X vy for q # p,
Fa T,

TR T (y) =
( ) /F [(Vn%ﬁ(&n)x(vn—va) divr, 55(€)

q

_g&é(& n) curlp divp) Jg(f)} dye, forq=p

. k)5 ;0
Consequently, equation (3.11) can be written

BE2§o+ 3 BRI GE = — (e x ), Vp=1,....M, (3.12)
q#p

with
kS _ 2 5 ok,5 k.8
By = (k6)= 68, + 0T,y (3.13)
and
el (n) = B (y).
Let us consider first the diagonal terms in (3.12), by investigating the behavior of the
kernels involved in the expression of B as § — 0. Since
ks 1
gpé (677]) = gGké(évn)v

1
v"]gg]’;; (57 T’) = Sv’r]Gk(S (Sa n)a

we see that
ko _ 2 3ké | Fké . i3ks
B, = (k6) Spp + 7;)11 =By,
where

(555 jp) (y) = /Fq Grs(&,m) (3,(8) x vy) doe,

(7o d,) ) = / |(TuGrs(&,m)(&m) x (g — ve)) divr, 5,(€)

Fq
—Grs(&,m)(&,m) curlp divr, j,(€) | dve
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The crucial point here is that g’;g is exactly the operator involved in the integral
equation formulation of the simple scattering problem associated with the reference
scatterer O, at low frequency k0 — 0. Moreover, since the zero frequency limit exists,

ggg = BEY admits a limit BY,.
Let us consider now the off diagonal terms B’;;f, q # p. Denote by

d= mi - 14
| min sy — sl (3.14)

the minimal distance between the centers of the obstacles. Using the relation

1)
sy = sa 0=l =I5y = s (140 (5) ).

one can easily check that
= )
GE2(€,m) = Gr(sq, sp) {1 +O(ké) + O (d)

b) Vg # p.
Vi Gy’ (€,m) = Gr(sq, 5p) {O(k(S) +0 (d) 7

Inserting the above asymptotics in (3.13) shows that

BiY =0 (2) [0(1«5) +0 (2)] for q # p.

Summing up, the behavior of the solution (E°, H®) of (3.1) for small scatterers
(namely for k6 — 0 and §/d — 0) is given by the low frequency limit of the simple
scattering problem. Therefore, the multiple scattering effects can be neglected when
kd — 0 and §/d — 0, and the electric far field can be obtained simply by superposition
of the far fields given in Corollary 3.2. We have thus proved the following result.

THEOREM 3.3. Assume that the scatterer has M connected components

M
o' =[]0,
p=1

where each component (’)g is obtained from a reference scatterer O, (centered at the

origin) of smooth boundary T', by a dilation of ratio & centered at a given point s, € R3:
O)={z=s,+06; £€O,}.

Forallp=1,...,M, let ®, and ¥, be the vector potentials defined by

A®, =0, (R*\ Op)

By =@t () (3.15)
and

AY, =0, (R*\ Oy)

o,

ow ' (Ty) (3.16)
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o®,
, ov
Let P, and M,, be respectively the electric polarizability and magnetic polarizability
tensors of the reference scatterer O, (I denotes the identity):

B 0®,\"
’Pp—|(9p|f—/rp:c< 81/) dyg,

M,,:|(9p|1—/ vl dy,.

P

Finally, let (E°, H®) be the solution of the scattering problem (3.1) and A (e, B; f ()
the far field of E°:

where the constant vector ¢, € R? is chosen such that / = 0.
r

(3.17)

eik|m\
B (Blz]) = A% (o, B; F(e)) S + O (1) |

Then, as 6 — 0, we have

47

e A (@B f(e) — Aa B f(e) (3.18)

where

A%(a, B; f(a) = 3B x [B % (Pyfla) - Myla x fla))] e @D (3.19)

p=1

The convergence (3.18) holds uniformly for all o, B € S* and for all wavenumber k
and minimal distance d (defined by (3.14)) satisfying k6 — 0 and §/d — 0.

4. Selective focusing using time-reversal. From now on, we assume that
kd — 0 and §/d — 0. According to Theorem 3.3, the eigenfunctions of the far field
operator F° can be approximated by those of the operator F© : L?(S%) — L2(S?%)
defined by

(F°£)(B) = . A’(a. B; f(@)) d v f € Li(S?). (4.1)
Substituting the expression (3.19) of A°(c, B; f(a)) in (4.1), we obtain that

(Fof)(ﬁ) = iﬂ X [ﬂ X (,PpEf(sp» - MPH{(SP) e kB, (4.2)

where (E}E JH { ) denote the electromagnetic Herglotz wave associated to f defined by
(2.5). Finally, let us notice that

M

(F)(B8) =~ > [ABP,E(s,) + B x (MHI(s,)]e 0%, (43)
p=1
sin 6 cos ¢
where we have set for every o = |sinfsin¢ | € S
cos 6

Ala) =1 - aa. (4.4)
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REMARK 4.1. Note that formula (4.2) shows that, the electric far field radiated by
the scatterers as their size tends to O corresponds to the superposition of M (uncoupled)
electric and magnetic dipoles located at the points s, and associated with the electric
and magnetic moments p,, = P, E}c(sp) and m, = M, Hf(sp),

REMARK 4.2. Formula (4.3) shows that F® has at most 6M nonzero eigenvalues,
since its range satisfies Ran F°® C ED {(A(,B) Ran’Pp) &) (ﬁ X RanMp) }

1<p<M

The aim of this section is twofold: first, to compute approximate eigenfunctions of
FY, and then to prove that these eigenfunctions selectively focus on the scatterers. As
we will see, this can be achieved provided the two following assumptions are satisfied:
1. The polarizability tensors P, and M, are diagonal (in the same basis). This

is in particular true for axially symmetric scatterers (cf. [12, p. 167]).
2. The scatterers are distant enough (well separated scatterers). More precisely,

we assume that kd — oo, where d = <min<N |sp — 84| is the minimal distance
1<p<q¢=

between the obstacles.

From now on, we will assume that these two conditions are satisfied.

THEOREM 4.3. Forp e {1,..., M}, let (ep1,€p2,€p3) be an orthonormal basis
of R? such that the polarizability tensors Pp, M, of the reference scatterer O, are
diagonal:

A1 00 Ny 00
P,=| 0 Mo O M,=|0 XN, 0 (4.5)
0 0 Aps 0 0 N,

Given £ € {1,2,3}, define the following elements of LZ(S?) (recall that A(c) is defined
by (4.4)):

Foul@) =ax (o xep) e > =

—A(a)ep,g e—ik a‘sp,

, acS?  (4.6)
gpela) = (a x eyg) e F e,
Then, the family of functions {f,s g, ; 1 < € < 3,1 < p < M} is linearly
independent in L?(S?). Moreover, the functions fpe and g, o constitute approzimate
eigenfunctions of the limit far field operator FO defined by (3.19)-(4.1) as kd — oo:

8T _
Fofp,f = _?)‘Pyé fp,é +0 ((kd) N) )
for all N € N. (4.7

8T -
Fogp,f = _?)\;,Z gp,é + O ((kd) N) )

Proof. To see that the functions f,, and g, 4, for £ =1,2,3 and p=1,..., M,
are linearly independent, it suffices to note that these functions are exactly the far
field patterns of electric and magnetic dipoles located at the points s, and associated
with electric or magnetic dipole moment e, ,. Consequently, by uniqueness of the far
field pattern (which follows from Rellich’s lemma, cf. [11]), the condition

=

3
’ _ /
E (ZIhZ fp,l + Zp.e gp,[) =0 Zp,ts Zp e eC,
1¢=1

p
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implies that z,, =z, ,=0forallp=1,...,M and £ =1,2,3.
Fix now ¢ € {1,...,M} and ¢ € {1,2,3} and let us compute Fofq)z. We have

fq,
E; Z(Sp) = - < o

Hf“'l(sp) = o a X o x (ax ey eFxErsd do = D, eq.

A(a) eik a(sp—8q) da) eqq = qu €.

A straightforward computation shows that

Dy=-| Ale)da=——1
- 3

while by symmetry

D;q:/s2a>< (o x (e x €q4)] da = 0.

On the other hand, let us note that the elements of the 3 x 3 matrices D,, and D;q
for p # q are oscillatory integrals of the form / U(a) e e(sp=34) qoy, where 9 is a
SZ

smooth function. It follows then from the stationary phase theorem (see for instance
[33, Chap. VIII]) that

D,, =D, =0 ((kd)~N) Vp#q, VN eN.

Consequently, formula (4.3) simplifies into

(F°f..0)(8)

8 )
— S AB)Peqe e PO (k).
—T;A%ZAU%e%ge’m56q+()«k®’N),

which proves the first relation of (4.7). The second relation of (4.7) follows using the
same arguments, since

EY"(s,) = —I;r{ “(8p) = — D)y eq
Hsllqyg(sp) = qu’z(sp) =Dygeq

and the proof is thus complete.l]

REMARK 4.4. In the special case of scattering by small triaxial ellipsoids (see [12,
Chap. 8]), with semi-axes ap1 > ap2 > a3, the electric and magnetic polarizability
tensors admit in the basis constituted by the axis of each ellipsoid the diagonal form
(4.5), with

Ap’é - ?:ng
, 4l p1ap2ap 3 {=1,2,3,
Pt 31— ap,10p 20p 31, ¢
with
27 dz

oo
“:7/ :
p;
3 0 (:17+a2 ) :172+a2 I2+CL2 x2+a2
p,¢ p,1 f P,3
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In the special case of spheres of radii a,, we have P, = 2M,, = 47ra§; 1.

The next result provides the expected selective focusing properties of the eigen-
functions of the far field operator F° (and thus of time reversal operator TY =
(F°)"FO).

THEOREM 4.5. Forp € {1,..., M}, the approzimate eigenfunctions (f, s, 9, ¢)1<e<3
defined by (4.6) generate electromagnetic Herglotz waves that focus selectively on the
scatterer p.

Proof. Plugging the expression (4.6) of f,, and g, , in (2.5), we obtain that

E»(z) = HI (x) = /S (e (axe,) (@) o,

HI™ (@)= ~Bf (@)= = [ (e xe,) =) da

The conclusion follows once again from the stationary phase theorem, since for x # s,
the above integrals behave like O ((k;|a: — sp\)_N) for all N € N, and are independent
of k for x = s,. 0
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