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❆❜str❛❝t

❚❤✐s ❛rt✐❝❧❡ ✐s s❡t ✐♥ t❤❡ ✜❡❧❞ ♦❢ r❡❣✉❧❛t✐♦♥ ♥❡t✇♦r❦s ♠♦❞❡❧❡❞ ❜② ❞✐s❝r❡t❡ ❞②✲
♥❛♠✐❝❛❧ s②st❡♠s✳ ■t ❢♦❝✉s❡s ♦♥ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦s✳ ■♥ s✉❝❤ ♥❡t✇♦r❦s✱
t❤❡r❡ ❛r❡ ♠❛♥② ✇❛②s t♦ ✉♣❞❛t❡ t❤❡ st❛t❡s ♦❢ ❡✈❡r② ❡❧❡♠❡♥t✳ ❲❤❡♥ t❤✐s ✐s ❞♦♥❡
❞❡t❡r♠✐♥✐st✐❝❛❧❧②✱ ❛t ❡❛❝❤ t✐♠❡ st❡♣ ♦❢ ❛ ❞✐s❝r❡t✐s❡❞ t✐♠❡ ✢♦✇ ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦
❛ ♣r❡❞❡✜♥❡❞ ♦r❞❡r✱ ✇❡ s❛② t❤❛t t❤❡ ♥❡t✇♦r❦ ✐s ✉♣❞❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❜❧♦❝❦✲
s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ✭❜❧♦❝❦s ♦❢ ❡❧❡♠❡♥ts ❛r❡ ✉♣❞❛t❡❞ s❡q✉❡♥t✐❛❧❧② ✇❤✐❧❡✱
✇✐t❤✐♥ ❡❛❝❤ ❜❧♦❝❦✱ t❤❡ ❡❧❡♠❡♥ts ❛r❡ ✉♣❞❛t❡❞ s②♥❝❤r♦♥♦✉s❧②✮✳ ▼❛♥② st✉❞✐❡s✱
❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ❛♥❞ ✇✐t❤ s♦♠❡ ❜✐♦❧♦❣✐❝❛❧❧② ♠♦t✐✈❛t❡❞ r❡❛s♦♥s✱ ❤❛✈❡
❝♦♥❝❡♥tr❛t❡❞ ♦♥ ♥❡t✇♦r❦s ✉♣❞❛t❡❞ ✇✐t❤ ♦♥❡ ♣❛rt✐❝✉❧❛r ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡
s❝❤❡❞✉❧❡ ✭♠♦r❡ ♦❢t❡♥ t❤❡ s②♥❝❤r♦♥♦✉s✴♣❛r❛❧❧❡❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ♦r t❤❡ s❡q✉❡♥✲
t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✮✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❣✐✈❡ ❛♥ ❛r❣✉♠❡♥t ❢♦r♠❛❧❧②
♣r♦✈❡♥ ❛♥❞ ✐♥s♣✐r❡❞ ❜② ❜✐♦❧♦❣✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥ ❢❛✈♦✉r ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡
❝❤♦✐❝❡ ♦❢ ❛ ♣❛rt✐❝✉❧❛r ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ❞♦❡s ♥♦t ♠❛tt❡r s♦ ♠✉❝❤ ✐♥ t❡r♠s ♦❢ t❤❡
♣♦ss✐❜❧❡ ❛♥❞ ❧✐❦❡❧② ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉rs t❤❛t ♥❡t✇♦r❦s ♠❛② ❞✐s♣❧❛②✳

❑❡②✇♦r❞s✿ ❉✐s❝r❡t❡ ❞②♥❛♠✐❝❛❧ s②st❡♠✱ r❡❣✉❧❛t✐♦♥ ♥❡t✇♦r❦✱ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡
❝✐r❝✉✐t✱ ❛s②♠♣t♦t✐❝ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉r✱ ❛ttr❛❝t♦r✱ ♣♦t❡♥t✐❛❧✱ ✉♣❞❛t❡ s❝❤❡❞✉❧❡✳

✶ ■♥tr♦❞✉❝t✐♦♥

❆s ♠❛♥② st✉❞✐❡s ❤❛✈❡ ❛❧r❡❛❞② ❡♠♣❤❛s✐s❡❞ ❬✼✱ ✶✱ ✺✱ ✻❪✱ ❛♠♦♥❣st t❤❡ ❢❡❛t✉r❡s ♦❢
❞✐s❝r❡t❡ ♠♦❞❡❧s ♦❢ r❡❣✉❧❛t✐♦♥ ♥❡t✇♦r❦s t❤❛t ✐♠♣❛❝t s✐❣♥✐✜❝❛♥t❧② ♦♥ t❤❡✐r ❞②♥❛♠✐✲
❝❛❧ ❜❡❤❛✈✐♦✉r ❛r❡ t❤❡✐r ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡
s♣❡❝✐✜❡s ✇❤❡♥ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♥❡t✇♦r❦ ❛r❡ ✉♣❞❛t❡❞ t❤r♦✉❣❤♦✉t t❤❡ ✢♦✇ ♦❢ ❞✐s❝r❡✲
t✐s❡❞ t✐♠❡✳ ❇❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ❛r❡ ❛♠♦♥❣st t❤❡ ♠♦st ❢❛♠♦✉s✳ ❚❤❡✐r
❝❤❛r❛❝t❡r✐st✐❝ ✐s t♦ ✉♣❞❛t❡ ❛❧❧ ❡❧❡♠❡♥ts ❞❡t❡r♠✐♥✐st✐❝❛❧❧② ❛♥❞ ❡①❛❝t❧② ❞✉r✐♥❣ ❛ ✜①❡❞
❛♠♦✉♥t ♦❢ t✐♠❡✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❞✐✛❡r❡♥t ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s
②✐❡❧❞ ❞✐✛❡r❡♥t ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉rs ♦❢ ♥❡t✇♦r❦s✳ ❚❤✉s✱ t❤❡ ❝❤♦✐❝❡ ♦❢ ♦♥❡ s♣❡❝✐✜❝
❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ❝❛♥♥♦t ❜❡ ❥✉st✐✜❡❞ r❡❛s♦♥❛❜❧② s♦❧❡❧② ❜② ✐ts ❞❡✜♥✐✲
t✐♦♥ ✐ts❡❧❢✳ ❋r♦♠ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❧❛❝❦ ♦❢ ❦♥♦✇❧❡❞❣❡ ❝♦♥❝❡r♥✐♥❣ t❤❡
♦r❞❡r ♦❢ ❣❡♥❡ r❡❣✉❧❛t✐♦♥s ❞♦❡s ♥♦t ❤❡❧♣ ❡✐t❤❡r ✐♥ ❣✐✈✐♥❣ ❛♥ ❛r❣✉♠❡♥t ✐♥ ❢❛✈♦✉r ♦❢
♦♥❡ ✐t❡r❛t✐♦♥ ♠♦❞❡ r❛t❤❡r t❤❛♥ ❛♥♦t❤❡r✳ ❇✐♦❧♦❣✐sts✱ ❤♦✇❡✈❡r✱ t❡♥❞ t♦ ❛❣r❡❡ t❤❛t t❤❡
♣r♦❜❛❜✐❧✐t② t❤❛t ❛❧❧ ❣❡♥❡s ✐♥✈♦❧✈❡❞ ✐♥ ❛ s❛♠❡ ❝❡❧❧✉❧❛r ♣❤②s✐♦❧♦❣✐❝❛❧ ❢✉♥❝t✐♦♥ ❡✈♦❧✈❡
s②♥❝❤r♦♥♦✉s❧② ✐s ❛❧♠♦st ♥✉❧❧✱ ♣❛rt✐❝✉❧❛r❧② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣❧❛✉s✐❜❧❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦✐s❡✳
❋✉rt❤❡r♠♦r❡✱ ✐t ❞♦❡s ♥♦t s❡❡♠ r❡❛s♦♥❛❜❧❡ t♦ t❤✐♥❦ t❤❛t ❛❧❧ ❣❡♥❡s ✭❛♥❞ t❤❡✐r ❡①♣r❡s✲
s✐♦♥s✮ ❛r❡ s✉❜❥❡❝t❡❞ t♦ ❛ ♣❛rt✐❝✉❧❛r ❣❡♥❡t✐❝ ❜✐♦❧♦❣✐❝❛❧ ❝❧♦❝❦ ❛♥❞ t❤❛t t❤❡ ❜✐♦❧♦❣✐❝❛❧

✶



❝❧♦❝❦s ♦❢ ❛❧❧ ❣❡♥❡s ❛r❡ s②♥❝❤r♦♥✐s❡❞ ❛❧t❤♦✉❣❤ ❛ t♦t❛❧ ❧❛❝❦ ♦❢ s②♥❝❤r♦♥✐❝✐t② ❛♣♣❡❛rs t♦
❜❡ ♦♥ t❤❡ ✇❤♦❧❡ r❛t❤❡r ✉♥❧✐❦❡❧② ❛s ✇❡❧❧✳

■♥ ♦r❞❡r t♦ ❜②♣❛ss t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ ✉♣❞❛t❡ s❝❤❡❞✉❧❡✱ ✇❡ s✉❣❣❡st ❤❡r❡ t♦
s❤♦✇ t❤❛t ♠❛♥② ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉rs ✐♥❞✉❝❡❞ ❜② ♣❛rt✐❝✉❧❛r ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧
✉♣❞❛t❡ s❝❤❡❞✉❧❡s ❛r❡ ✐♥ ❢❛❝t ♠❡❛♥✐♥❣❧❡ss ❛rt❡❢❛❝ts ✐♥ ❛ s❡♥s❡ t❤❛t ✇❡ ✇✐❧❧ ❝❧❛r✐❢②✳
❖♥ t❤❡ ❝♦♥tr❛r②✱ ❝❡rt❛✐♥ s❡ts ♦❢ ♥❡t✇♦r❦ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ✐♥❞❡❡❞ st❛❜❧❡ ❡♥♦✉❣❤ t♦
r❡s✐st t♦ ❧✐❦❡❧② ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ✉♣❞❛t❡ ♦r❞❡r✳ ❋✐①❡❞ ♣♦✐♥ts ❛r❡ ✇❡❧❧✲❦♥♦✇♥ ❛♥❞
s✐♠♣❧❡ ❡①❛♠♣❧❡s ♦❢ t❤❡s❡ st❛❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚♦ ♣♦✐♥t t❤✐s ♦✉t✱ ✇❡ ❞❡✜♥❡ ❣❡♥❡r❛❧
✐t❡r❛t✐♦♥ ❣r❛♣❤s t❤❛t ❝♦♥t❛✐♥ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥❝❡r♥✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❞❡t❡r♠✐♥✐st✐❝
❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉rs ♦❢ ❛ ♥❡t✇♦r❦✳

❖✉r st✉❞② ✐s ❝❛rr✐❡❞ ♦✉t ♦♥ t❤❡ ❞✐s❝r❡t❡ ♠♦❞❡❧s ♦❢ r❡❣✉❧❛t✐♦♥ ♥❡t✇♦r❦s t❤❛t ❛r❡
❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦s✳ ❚❤❡s❡ ♥❡t✇♦r❦s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ■♥ s❡❝t✐♦♥ ✸✱
✇✐t❤ t❤❡ ✐♥t❡♥t ♦❢ ♣r♦✈✐♥❣ t❤❡ ♣❡rt✐♥❡♥❝❡ ♦❢ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s✱ ✇❡ ❛♥❛❧②s❡ t❤❡
❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤ ♦❢ ❛ r❡❛❧ ♥❡t✇♦r❦✳ ❙❡❝t✐♦♥ ✹ ❢♦❝✉s❡s ♦♥ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛
❝✐r❝✉✐ts✱ t❤❛t ✐s ♥❡t✇♦r❦s ✇❤♦s❡ ✉♥❞❡r❧②✐♥❣ str✉❝t✉r❡s ❛r❡ ❝✐r❝✉✐ts✳ ❙♣❡❝✐❛❧ ❛tt❡♥✲
t✐♦♥ ✐s ♣❛②❡❞ t♦ t❤❡s❡ ♣❛rt✐❝✉❧❛r ♥❡t✇♦r❦s ✐♥ t❤✐s ❞♦❝✉♠❡♥t✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t
❝✐r❝✉✐ts✱ ❛s ❚❤♦♠❛s ❞✐s❝♦✈❡r❡❞ ✐♥ ✶✾✽✶ ❬✷✶❪✱ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❞②♥❛♠✐❝s
♦❢ ♥❡t✇♦r❦s ❝♦♥t❛✐♥✐♥❣ t❤❡♠✳ ❖♥❡ ✇❛② t♦ s❡❡ t❤✐s ✐s t♦ ♥♦t❡ t❤❛t ❛ ♥❡t✇♦r❦ ✇❤♦s❡
✉♥❞❡r❧②✐♥❣ ✐♥t❡r❛❝t✐♦♥ ❣r❛♣❤ ✐s ❛ tr❡❡ ♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ❛ ❣r❛♣❤ ✇✐t❤♦✉t ❝✐r❝✉✐ts ❝❛♥
♦♥❧② ❡✈❡♥t✉❛❧❧② ❡♥❞ ✉♣ ✐♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ t❤❛t ✇✐❧❧ ♥❡✈❡r ❝❤❛♥❣❡ ♦✈❡r t✐♠❡ ✭❛ ✜①❡❞
♣♦✐♥t✮✳ ❆ ♥❡t✇♦r❦ ✇✐t❤ r❡tr♦❛❝t✐✈❡ ❧♦♦♣s✱ ♦♥ t❤❡ ❝♦♥tr❛r②✱ ✇✐❧❧ ❡①❤✐❜✐t ♠♦r❡ ❞✐✈❡rs❡
❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉r ♣❛tt❡r♥s✳ ❚❤♦♠❛s ❬✷✶❪ ❢♦r♠✉❧❛t❡❞ ❝♦♥❥❡❝t✉r❡s ❝♦♥❝❡r♥✐♥❣ t❤❡
r♦❧❡ ♦❢ ♣♦s✐t✐✈❡ ✭✐✳❡✳✱ ✇✐t❤ ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ ✐♥❤✐❜✐t✐♦♥s✮ ❛♥❞ ♥❡❣❛t✐✈❡ ✭✐✳❡✳✱ ✇✐t❤ ❛♥
♦❞❞ ♥✉♠❜❡r ♦❢ ✐♥❤✐❜✐t✐♦♥s✮ ❝✐r❝✉✐ts ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡❣✉❧❛t✐♦♥ ♥❡t✇♦r❦s✳ ❆t t❤❡
❡♥❞ ♦❢ s❡❝t✐♦♥ ✹✱ ✇❡ ❞✐s❝✉ss ❤♦✇ ♦✉r ✇♦r❦ ❛❣r❡❡s ✇✐t❤ t❤❡♠✳

✷ ❉❡✜♥✐t✐♦♥s✱ ❛♥❞ ♥♦t❛t✐♦♥s

❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦s

❲❡ ❞❡✜♥❡ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦ t♦ ❜❡ ❛ ❝♦✉♣❧❡ N = (G,F) ✇❤❡r❡
G = (V,A) ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ❣r❛♣❤ ♦❢ t❤❡ ♥❡t✇♦r❦ ❛♥❞ F = {fi | i ∈ V } ✐s ✐ts s❡t
♦❢ ❧♦❝❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♥❡t✇♦r❦ ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡
♥♦❞❡s ♦❢ G ✭✐♥ t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ s♦♠❡t✐♠❡s ✐❞❡♥t✐❢② ❛ ♥❡t✇♦r❦ ✇✐t❤ ✐ts ✐♥t❡r❛❝t✐♦♥
❣r❛♣❤✮✳ ❊❛❝❤ ♦♥❡ ♦❢ t❤❡♠ ❤❛s ❛ ❇♦♦❧❡❛♥ st❛t❡ t❤❛t ♠❛② ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳ ■t ✐s
❡✐t❤❡r ❛❝t✐✈❡ ✭✐ts st❛t❡ ✐s 0✮ ♦r ✐♥❛❝t✐✈❡ ✭✐ts st❛t❡ ✐s 1✮✳ ■❢ t❤❡ s✐③❡ ♦❢ N ✐s n✱ ✐✳❡✳✱

✐❢ |V | = n✱ ✈❡❝t♦rs ✐♥ {0, 1}n ❛r❡ ❝❛❧❧❡❞ ❝♦♥✜❣✉r❛t✐♦♥s ♦r ✭❣❧♦❜❛❧✮ st❛t❡s ♦❢ N ✳
■♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❣r❛♣❤ G✱ ❛♥ ❛r❝ (i, j) ∈ A ✐♥❞✐❝❛t❡s t❤❛t t❤❡ st❛t❡ ♦❢ t❤❡ ❡❧❡♠❡♥t
♦r ♥♦❞❡ j ∈ V ❞❡♣❡♥❞s ♦♥ t❤❛t ♦❢ t❤❡ ♥♦❞❡ i ∈ V ✳ ❚❤❡ ❧♦❝❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥
fj : {0, 1}n → {0, 1} ∈ F ✐♥❞✐❝❛t❡s ❤♦✇✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ st❛rt✐♥❣ ✐♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥
x ∈ {0, 1}n, ✐❢ t❤❡ st❛t❡ xj ♦❢ ♥♦❞❡ j ✐s ✉♣❞❛t❡❞✱ ✐t ❜❡❝♦♠❡s

x′
j = fj(x).

❚❤❡ ❧♦❝❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ ❛ ♥❡t✇♦r❦ ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ♠♦♥♦t♦♥♦✉s ❛♥❞ ✐❢
(i, j) ∈ A✱ t❤❡♥✱ ✇❤❡♥

∀(x0, . . . , xn−1) ∈ {0, 1}n,

fj(x0, . . . , xi = 1, . . . , xn−1) ≥ fj(x0, . . . , xi = 0, . . . , xn−1),

✷



♥♦❞❡ i ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❛❝t✐✈❛t♦r ♦❢ ♥♦❞❡ j ❛♥❞ t❤❡ ❛r❝ (i, j) ∈ A ✐s s❛✐❞ t♦ ❜❡ ♣♦s✐t✐✈❡
✭✐t ✐s ❧❛❜❡❧❡❞ ❜② ⊕✮✳ ❖t❤❡r✇✐s❡✱ i ✐s s❛✐❞ t♦ ❜❡ ❛♥ ✐♥❤✐❜✐t♦r ♦❢ j ❛♥❞ t❤❡ ❛r❝ (i, j) ∈ A
✐s s❛✐❞ t♦ ❜❡ ♥❡❣❛t✐✈❡ ✭✐t ✐s ❧❛❜❡❧❡❞ ❜② ⊖✮✳ ❆s t❤❡ ❢✉♥❝t✐♦♥ fj ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡
❝♦❡✣❝✐❡♥ts xi ♦❢ x t❤❛t ❝♦rr❡s♣♦♥❞ t♦ st❛t❡s ♦❢ ✐♥❝♦♠✐♥❣ ♥❡✐❣❤❜♦✉rs i ♦❢ ♥♦❞❡ j✱ ✇❡

❝♦♥s✐❞❡r ✐t t♦ ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ {0, 1}|V
−

j | → {0, 1}✱ ✇❤❡r❡ V −
j = {i | (i, j) ∈ A}✱ ❛♥❞

✇❡ ✇r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿
x′

j = fj(xi | i ∈ V −
j ). ✭✶✮

❇❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s

❚❤❡ ❡❧❡♠❡♥ts ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥s ♦❢ ❛ ♥❡t✇♦r❦ ❜❡✐♥❣ s♣❡❝✐✜❡❞✱ ♦♥❡ ❧❛st ♣♦✐♥t
♥❡❡❞s t♦ ❜❡ ❝❧❛r✐✜❡❞ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❝♦♠♣❧❡t❡❧② ❛ ♥❡t✇♦r❦ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡
✇❛② ✐t ❡✈♦❧✈❡s ♦✈❡r t✐♠❡✱ t❤❛t ✐s✱ ✇❤❡♥ ✐s t❤❡ st❛t❡ ♦❢ ❡❛❝❤ ♥♦❞❡ j ✉♣❞❛t❡❞❄

◆❡t✇♦r❦s ❛r❡ ♦❢t❡♥ ❛ss♦❝✐❛t❡❞ t♦ ❛♥ ✉♣❞❛t❡ ♦r ✐t❡r❛t✐♦♥ s❝❤❡❞✉❧❡ t❤❛t s♣❡❝✐✜❡s
t❤❡ ♦r❞❡r ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ t❤❡ ♥♦❞❡s ❛r❡ ✉♣❞❛t❡❞✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ❝♦♠♠♦♥
❞❡t❡r♠✐♥✐st✐❝ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ❛r❡ ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✳ ❚❤❡s❡
✉♣❞❛t❡ s❝❤❡❞✉❧❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢♦r♠❛❧❧② ❜② ❛ ❢✉♥❝t✐♦♥ s : V → {0, . . . , |V | − 1}✳
❚❤❡♥✱ s(i) r❡♣r❡s❡♥ts t❤❡ ❞❛t❡ ♦❢ ✉♣❞❛t❡ ♦❢ ♥♦❞❡ i ✇✐t❤✐♥ ♦♥❡ ✉♥✐t❛r② t✐♠❡ st❡♣ ✭✐✳❡✳✱
❜❡t✇❡❡♥ ❛ t✐♠❡ st❡♣ t ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t✐♠❡ st❡♣ t + 1✮✳ ❆t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ t✐♠❡
st❡♣✱ ❛❧❧ ♥♦❞❡s ♦❢ t❤❡ ♥❡t✇♦r❦ ❤❛✈❡ ❜❡❡♥ ✉♣❞❛t❡❞ ❡①❛❝t❧② ♦♥❝❡ s✐♥❝❡ t❤❡ ♣r❡✈✐♦✉s t✐♠❡
st❡♣✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ s✉♣♣♦s❡ t❤❛t s ❛❧❧♦✇s ❢♦r ♥♦ ✏✇❛✐t✐♥❣ ♣❡r✐♦❞✑
✇✐t❤✐♥ ❛ t✐♠❡ st❡♣✿ min{s(i) | i ∈ V } = 0 ❛♥❞ ∀t, 0 ≤ t < n − 1, ∃i ∈ V, s(i) =
t + 1 ⇒ ∃j ∈ V, s(j) = t✳ ❚❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ❝❛❧❧❡❞ s②♥❝❤r♦♥♦✉s ♦r ♣❛r❛❧❧❡❧
✐s ❞❡♥♦t❡❞ ❜② π✳ ■t ✐s s✉❝❤ t❤❛t ∀i ∈ V, π(i) = 0✳ ❆♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s ✐s s❛✐❞ t♦
❜❡ s❡q✉❡♥t✐❛❧ ✇❤❡♥ ✐t ✉♣❞❛t❡s ♦♥❧② ♦♥❡ ♥♦❞❡ ❛t ❛ t✐♠❡✿ ∀i, j ∈ V ✱ s(i) 6= s(j)✱ ✐✳❡✳✱
∀t, 0 ≤ t < n,∃i ∈ V, s(i) = t✳ ❚❤❡r❡ ❛r❡ n! ❞✐✛❡r❡♥t s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s
♦❢ ❛ s❡t ♦❢ n ♥♦❞❡s✳ ❇❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s t❛❦❡ t❤❡r❡ ♥❛♠❡ ❢r♦♠ t❤❡
❢❛❝t t❤❛t t❤❡② ❞❡✜♥❡ ❜❧♦❝❦s Bs

k = {i ∈ V | s(i) = k} ♦❢ ♥♦❞❡s t❤❛t ❛r❡ ✉♣❞❛t❡❞
s②♥❝❤r♦♥♦✉s❧② ✇❤✐❧❡ t❤❡ ❜❧♦❝❦s ❛r❡ ✉♣❞❛t❡❞ s❡q✉❡♥t✐❛❧❧②✳ ❋r♦♠ ❬✸❪✱ ✇❡ ❦♥♦✇ t❤❛t
t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ♦❢ s✐③❡ n ✐s ❣✐✈❡♥ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿

B(n) =

n−1
∑

k=0

(

n

k

)

B(k)

✭t❤❛t ✐s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐sts ♦❢ s❡ts ♦❢ ❡❧❡♠❡♥ts t❛❦❡♥ ✐♥ ❛ s❡t ♦❢ s✐③❡ n✮✳

❆s ❛ ✜♥✐t❡ s✐③❡❞ ♥❡t✇♦r❦ N = (G,F) ❤❛s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s✱ ✇✐t❤
❛ ❞❡t❡r♠✐♥✐st✐❝ ✭❜❧♦❝❦✲s❡q✉❡♥t✐❛❧✮ ✉♣❞❛t❡ ♠♦❞❡ s✱ ✐t ♥❡❝❡ss❛r✐❧② ❡♥❞s ✉♣ ❧♦♦♣✐♥❣ ♦♥ ❛
❝❡rt❛✐♥ s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s A ⊆ {0, 1}n ✭✇❤❡r❡ n ✐s st✐❧❧ t❤❡ ♥❡t✇♦r❦ s✐③❡✮✳ ❆❧❧ s✉❝❤
s❡ts A ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t ❛ ♥❡t✇♦r❦ ♠❛② r❡❛❝❤ ❛❢t❡r ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ st❡♣s ❛♥❞
t❤❛t ✐t ❝❛♥ t❤❡♥ ♥❡✈❡r ❧❡❛✈❡ ❛r❡ ❝❛❧❧❡❞ t❤❡ ❛ttr❛❝t♦rs ♦❢ t❤❡ ♥❡t✇♦r❦ ✉♣❞❛t❡❞ ✇✐t❤
t❤ s♣❡❝✐✜❝ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s✳ ❋♦r ❛♥② ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ x(0) ∈ {0, 1}n✱ ❧❡t x(t)
❜❡ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦ ❛❢t❡r t st❡♣s ♦❢ t✐♠❡ ❞✉r✐♥❣ ✇❤✐❝❤ t❤❡ ✉♣❞❛t❡s
♦❢ ♥♦❞❡s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧♦❝❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ F ❛♥❞
t♦ t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s✳ ❚❤❡♥✱ ❛♥ ❛ttr❛❝t♦r ♦❢ N ✐s ❛ s❡t ♦❢ p ∈ N ❝♦♥✜❣✉r❛t✐♦♥s
x(t), x(t + 1), . . . , x(t + p − 1)✱ s✉❝❤ t❤❛t ∀t′ > 0, x(t + t′) = x(t + t′ mod p)✳ ■❢✱ ✐♥
❛❞❞✐t✐♦♥✱ t❤❡r❡ ✐s ♥♦ d < p s❛t✐s❢②✐♥❣ ∀t′, x(t′ + d) = x(t′)✱ t❤❡♥ t❤❡ ❛ttr❛❝t♦r ✐s s❛✐❞
t♦ ❤❛✈❡ ❛ ♣❡r✐♦❞ ❡q✉❛❧ t♦ p✳ ❆ttr❛❝t♦rs ♦❢ ♣❡r✐♦❞ 1 ❛r❡ ✉s✉❛❧❧② ❝❛❧❧❡❞ ✜①❡❞ ♣♦✐♥ts

❛♥❞ ♦t❤❡r ❛ttr❛❝t♦rs ✭❛ttr❛❝t♦rs ♦❢ ♣❡r✐♦❞ ❣r❡❛t❡r t❤❛♥ 1✮ ❛r❡ ❝❛❧❧❡❞ ❧✐♠✐t ❝②❝❧❡s✳

✸



◆♦✇✱ t❤❡ ❢♦r♠❛❧✐s♠ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐♠♣❧✐❡s t❤❛t ✇✐t❤✐♥ ♦♥❡ ✉♥✐t❛r② t✐♠❡ st❡♣✱
t❤❡ ♥❡t✇♦r❦ ✉♥❞❡r❣♦❡s ✐♥ r❡❛❧✐t② s❡✈❡r❛❧ ✉♣❞❛t❡ st❛❣❡s✱ ♦♥❡ ❢♦r t❤❡ ✉♣❞❛t❡ ♦❢ ❡❛❝❤
❜❧♦❝❦ Bs

k = {i ∈ V | s(i) = k} ✭❡①❝❡♣t ✇❤❡♥ t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ✐s t❤❡ ♣❛r❛❧❧❡❧
s❝❤❡❞✉❧❡ ✇❤✐❝❤ ❞❡✜♥❡s ♦♥❧② ♦♥❡ ❜❧♦❝❦✮✳ ❖❜s❡r✈✐♥❣ t❤✐s ✇❛② t❤❡ ♥❡t✇♦r❦ ♦♥❧② ❛t
r❡❣✉❧❛r ✐♥t❡r✈❛❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦♥❡ ✉♥✐t❛r② t✐♠❡ st❡♣ r❛t❤❡r t❤❛♥ ♦❜s❡r✈✐♥❣ ✐t
❡❛❝❤ t✐♠❡ ❛♥ ✉♣❞❛t❡ ♦❝❝✉rs ♠❛❦❡s s❡♥s❡ s✐♥❝❡ ❞✉r✐♥❣ ❡❛❝❤ ♦❢ t❤❡s❡ ✐♥t❡r✈❛❧s✱ t❤❡
s❡q✉❡♥❝❡ ♦❢ ❡✈❡♥ts t❤❛t ♦❝❝✉rs ✐s ❛❧✇❛②s t❤❡ s❛♠❡✳ ❍♦✇❡✈❡r✱ ❛❧t❤♦✉❣❤ t❤❡ ❝❤♦✐❝❡
♦❢ t❤❡ ♠♦♠❡♥t ♦❢ ♦❜s❡r✈❛t✐♦♥ ✭❛❢t❡r t❤❡ ❧❛st ❜❧♦❝❦ Bs

k ❤❛s ❜❡❡♥ ✉♣❞❛t❡❞✮ ✐s ❛ ♣r✐♦r✐

❛r❜✐tr❛r②✱ ✐ts ❝♦♥s❡q✉❡♥❝❡ ✐s t♦ ❞✐st✐♥❣✉✐s❤ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s t❤❛t ❝♦✉❧❞ r❡❛s♦♥❛❜❧② ❜❡
✐❞❡♥t✐✜❡❞✳ ■♥❞❡❡❞✱ ❧❡t s ❛♥❞ s′ ❜❡ t✇♦ ✉♣❞❛t❡ ❢✉♥❝t✐♦♥s ♦❢ V → {0, . . . , n} s✉❝❤ t❤❛t
smax = max{s(i)} ❛♥❞ ∃∆ ∈ N, ∀i ∈ Bs

k, s′(i) = k + ∆ mod smax✳ ❖❜✈✐♦✉s❧②✱ t❤❡
❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ✇❡ ❣❛✈❡ ❛❜♦✈❡ ❞✐st✐♥❣✉✐s❤❡s
❜❡t✇❡❡♥ s ❛♥❞ s′ ❛♥❞ ✐♥❞❡❡❞ s ❛♥❞ s′✱ s❡❡♥ ❛s ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✱ ♠❛②
✐♥ ❛♣♣❡❛r❛♥❝❡ ✐♥❞✉❝❡ ✈❡r② ❞✐ss✐♠✐❧❛r ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉rs ♦❢ t❤❡ ♥❡t✇♦r❦✿ t❤❡ st❛t❡
♦❢ t❤❡ ♥❡t✇♦r❦ ❥✉st ❛❢t❡r t❤❡ ♥♦❞❡s ♦❢ Bs

smax
❛r❡ ✉♣❞❛t❡❞ ♠❛② ♦❢t❡♥ ❜❡ ❞✐✛❡r❡♥t ❢r♦♠

t❤❡ st❛t❡ ♦❢ t❤❡ ♥❡t✇♦r❦ ❥✉st ❛❢t❡r t❤❡ ♥♦❞❡s ♦❢ Bsmax−∆ ❛r❡ ✉♣❞❛t❡❞✳ ❨❡t✱ ✇❤❡♥
❛♣♣❧✐❡❞ r❡♣❡❛t❡❞❧②✱ s ❢r♦♠ s′ ♦♥❧② ❞✐✛❡r ❜② t❤❡ ✈❡r② ✜rst ❡❧❡♠❡♥t t❤❡② ✉♣❞❛t❡✳ ■❢ ✇❡
✐❞❡♥t✐❢② ❛❧❧ s✉❝❤ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡
s❝❤❡❞✉❧❡s ❜❡❝♦♠❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

B′(n) =
n

∑

k=0

1

k
· S(n, k)

✇❤❡r❡ S(n, k) = k · (S(n − 1, k − 1) + S(n − 1, k)) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❧✐sts ♦❢ k s❡ts
♦❢ ❡❧❡♠❡♥ts t❛❦❡♥ ✐♥ ❛ s❡t ♦❢ s✐③❡ n✱ ✐✳❡✳✱ t❤❡ ♥✉♠❜❡r ♦❢ s✉r❥❡❝t✐♦♥s ♦❢ {1, . . . , n} →
{1, . . . , k}✳

❲✐t❤ t❤✐s ♥❡✇ ❞❡✜♥✐t✐♦♥✱ ❛ ♥❡t✇♦r❦ ✉♣❞❛t❡❞ ✇✐t❤ ❛ ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡
s❝❤❡❞✉❧❡ ♥❡❡❞s t♦ ❜❡ ♦❜s❡r✈❡❞ ❛❢t❡r ❡❛❝❤ ✉♣❞❛t❡ ♦❢ ❛ s✉❜s❡t ♦❢ ✐ts ♥♦❞❡s✳ ❑❡❡♣✐♥❣
t❤✐s ✇❛② ♦❢ ♦❜s❡r✈✐♥❣ ❛ ♥❡t✇♦r❦✱ ✇❡ ❣❡♥❡r❛❧✐s❡ t❤❡ ♥♦t✐♦♥ ♦❢ ✉♣❞❛t✐♥❣ ❜② ❧♦♦s✐♥❣ t❤❡
❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♦r❞❡r ✇✐t❤ ✇❤✐❝❤ ♥♦❞❡s ❛r❡ ✉♣❞❛t❡❞✳ ❋♦r ❛♥② s✉❜s❡t P ⊆ V ✇❡
❞❡✜♥❡ t❤❡ ❣❧♦❜❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ r❡❧❛t✐✈❡ t♦ P ✱ FP : {0, 1}n → {0, 1}n✿

∀x ∈ {0, 1}n, ∀i ∈ V, FP (x)i =

{

xi ✐❢ i /∈ P

fi(xi−1) ✐❢ i ∈ P.

❲❤❡♥ P = V ✱ ✇❡ ✇r✐t❡ F = FP ❛♥❞ F k = F ◦ F k−1 ✭F 1 ❜❡✐♥❣ F ✮✳ F ✐s t❤❡ ❣❧♦❜❛❧
tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❛ ♥❡t✇♦r❦ ✇✐t❤ n ❡❧❡♠❡♥ts ✉♣❞❛t❡❞ ✇✐t❤ t❤❡ ♣❛r❛❧❧❡❧ ✉♣❞❛t❡
s❝❤❡❞✉❧❡✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ♠❛❦❡ s✉❜st❛♥t✐❛❧ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿

∀x ∈ {0, 1}n, U(x) = {i ∈ V | xi 6= fi(xi−1)} ❛♥❞ u(x) = |U(x)|.

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❡♥ t❤❡ ♥❡t✇♦r❦ ✐s ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ x✱ U(x) ✭✇❤✐❝❤ ✇❛s ❝❛❧❧❡❞ ❝❛❧❧

❢♦r ✉♣❞❛t✐♥❣ ❛♥❞ ♥♦t❡❞ Updx(x) ✐♥ ❬✶✸❪✮ r❡❢❡rs t♦ t❤❡ s❡t ♦❢ ♥♦❞❡s t❤❛t ❛r❡ ✉♥st❛❜❧❡

✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡✐r st❛t❡s ❝❛♥ ❝❤❛♥❣❡ ✭❜✉t ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧②✱ t❤✐s ❞❡♣❡♥❞s ♦♥ t❤❡
s✉❜s❡t P ✮✳ ◆♦t❡ t❤❛t ❜② ❞❡✜♥✐t✐♦♥ ♦❢ P ❛♥❞ U(x)✿

FP (x)i =

{

fi(xi−1) ✐❢ i ∈ P ∩ U(x)

xi ♦t❤❡r✇✐s❡✳

✹



❚❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤ ♦❢ ❛ ♥❡t✇♦r❦ N ✐s ❛ ❞✐❣r❛♣❤ D(N) ✇❤♦s❡ ♥♦❞❡s ❛r❡
t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s x ∈ {0, 1}n ♦❢ N ❛♥❞ ✇❤♦s❡ ❛r❝s ❛r❡ t❤❡ (x, y) ∈ {0, 1}n × {0, 1}n

s✉❝❤ t❤❛t ∃P ⊆ V, p 6= ∅ y = FP (x)✳ ❊❛❝❤ ♥♦❞❡ ♦❢ t❤✐s ❣r❛♣❤ ❤❛s t❤✉s ❛♥ ♦✉t❞❡❣r❡❡
❡q✉❛❧ t♦ t❤❡ ♣♦✇❡r s❡t ♦❢ V ♠✐♥✉s ♦♥❡ ✭❢♦r t❤❡ ❡♠♣t② s❡t✮✱ t❤❛t ✐s 2n − 1✳ ❋✐❣✉r❡s ✶
❛♥❞ ✷ ♣✐❝t✉r❡ t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s ♦❢ t✇♦ ♣❛rt✐❝✉❧❛r ♥❡t✇♦r❦s✱ ♥❛♠❡❧② ❛
♥❡❣❛t✐✈❡ ❛♥❞ ❛ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ 3 ✭❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts
❛r❡ ❞❡✜♥❡❞ ❢♦r♠❛❧❧② ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳
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111

100
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{0}, {2}, {0, 2}

{1}

{0, 1, 2}

{0, 1, 2}

{0, 2}

{1, 2}

{1}

{0, 1}

{0}

{2}

{0, 2}

{2}

{0, 1}

{0}

{1, 2}

{0}, {1}, {0, 1} {1}, {2}, {1, 2}

{0}, {1}, {0, 1}

{0}, {0, 2}, {0, 1}, {0, 1, 2}

{1}, {0, 1}, {1, 2}, {0, 1, 2}

{1}, {0, 1}, {1, 2}, {0, 1, 2}

{2}, {0, 2},{2}, {0, 2}, {1, 2}, {0, 1, 2}

{0}, {0, 1}, {0, 2}, {0, 1, 2}

{1}, {2}, {1, 2}

{1, 2}, {0, 1, 2}

{0}, {2}, {0, 2}

❋✐❣✉r❡ ✶✿ ●❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤ ♦❢ ❛ ♥❡❣❛t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ 3✳ ❆r❝s
❧❛❜❡❧❡❞ ❜② t❤❡ ❡♠♣t② s❡t ❤❛✈❡ ❜❡❡♥ ♦♠✐tt❡❞✳ ❆r❝s ❧❛❜❡❧❡❞ ❜② s❡✈❡r❛❧ s✉❜s❡ts r❡♣r❡s❡♥t
s❡✈❡r❛❧ ❛r❝s ❧❛❜❡❧❡❞ ❜② ♦♥❡ s✉❜s❡t✳ ❚❤❡ ❞✐✛❡r❡♥t ❢♦♥ts ♦❢ ❛r❝s ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ ❢♦r t❤❡ s❛❦❡
♦❢ ❝❧❛r✐t② ❛♥❞ ♥♦t ♦❢ ♠❡❛♥✐♥❣✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❣r❛♣❤ ♦❢ t❤❡ ♥❡t✇♦r❦ ✐s ♣✐❝t✉r❡❞ ✐♥ t❤❡ ❢r❛♠❡✳

✸ ●❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤ ♦❢ ❛ r❡❛❧ ♥❡t✇♦r❦ ♠♦❞❡❧

■♥ ❬✶✽❪✱ ❙❡♥é st✉❞✐❡s ❛ r❡❣✉❧❛t✐♦♥ ♥❡t✇♦r❦ ♦❢ s✐③❡ 12 ♠♦❞❡❧✐♥❣ t❤❡ ✢♦r❛❧ ♠♦r♣❤♦✲
❣❡♥❡s✐s ♦❢ ♣❧❛♥t ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✳ ❲❡ ✇✐❧❧ ❝❛❧❧ t❤✐s ♥❡t✇♦r❦ t❤❡ ▼❡♥❞♦③❛ ♥❡t✇♦r❦

❢♦r s❤♦rt ❜❡❝❛✉s❡ ✐t ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ▼❡♥❞♦③❛ ❛♥❞ ❆❧✈❛r❡③✲❇✉②❧❧❛ ❬✶✶❪✳ ❲✐t❤
❛ s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ t❤✐s ♥❡t✇♦r❦ ❤❛s s✐① ✜①❡❞ ♣♦✐♥ts✳ ❲✐t❤ t❤❡ ♣❛r❛❧❧❡❧
✉♣❞❛t❡ s❝❤❡❞✉❧❡✱ ❙❡♥é ✐♥ ❬✶✽❪ ✜♥❞s t❤❛t ✐t ❤❛s t❤❡ s❛♠❡ s✐① ✜①❡❞ ♣♦✐♥ts✶ ❜✉t ❛❧s♦
s❡✈❡♥ ❧✐♠✐t ❝②❝❧❡s ♦❢ ♣❡r✐♦❞ 2✳ ❲❤❡r❡❛s t❤❡ ✜①❡❞ ♣♦✐♥ts ❤❛✈❡ s♦♠❡ ❜✐♦❧♦❣✐❝❛❧ ♠❡❛♥✐♥❣
✐♥ t❤❛t t❤❡② ❝♦rr❡s♣♦♥❞ t♦ ❡✛❡❝t✐✈❡ ♦r ❤②♣♦t❤❡t✐❝❛❧ ❝❡❧❧✉❧❛r t②♣❡s✱ t❤❡ ❧✐♠✐t ❝②❝❧❡s
❛r❡ ❜❡❧✐❡✈❡❞ t♦ ❤❛✈❡ ♥♦♥❡ ❛ ♣r✐♦r✐✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s
t♦ s✉❣❣❡st ❛♥ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤✐s ❞✐✛❡r❡♥❝❡ ♦❜s❡r✈❡❞ ❜❡t✇❡❡♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡
♠♦❞❡❧ ❛♥❞ t❤❡ ❦♥♦✇♥ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ r❡❛❧ ♥❡t✇♦r❦✳

✶■t ✐s ✇❡❧❧ ❦♥♦✇♥ ❛♥❞ ❡❛s② t♦ s❡❡ t❤❛t ❛❧❧ ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡s ♦❢ ❛ ♥❡t✇♦r❦ ✐♥❞✉❝❡ t❤❡ s❛♠❡

✜①❡❞ ♣♦✐♥ts✳

✺
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{0, 2}, {0, 1, 2} {1, 2}, {0, 1, 2}
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❋✐❣✉r❡ ✷✿ ●❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤ ♦❢ ❛ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ 3✳
❆r❝s ❧❛❜❡❧❡❞ ❜② t❤❡ ❡♠♣t② s❡t ❤❛✈❡ ❜❡❡♥ ♦♠✐tt❡❞✳ ❆r❝s ❧❛❜❡❧❡❞ ❜② s❡✈❡r❛❧ s✉❜s❡ts
r❡♣r❡s❡♥t s❡✈❡r❛❧ ❛r❝s ❧❛❜❡❧❡❞ ❜② ♦♥❡ s✉❜s❡t✳ ❚❤❡ ❧❛❜❡❧ P ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❧❛❜❡❧
{0}, {1}, {2}, {0, 1}, {0, 2}, {1, 2}, {0, 1, 2}✱ ✐✳❡✳✱ t❤❡ ♣♦✇❡r s❡t ♦❢ {0, 1, 2} ♠✐♥✉s t❤❡ ❡♠♣t②
s❡t✳ ❚❤❡ ❞✐✛❡r❡♥t ❢♦♥ts ♦❢ ❛r❝s ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t② ❛♥❞ ♥♦t ♦❢ ♠❡❛♥✐♥❣✳
❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❣r❛♣❤ ♦❢ t❤❡ ♥❡t✇♦r❦ ✐s ♣✐❝t✉r❡❞ ✐♥ t❤❡ ❢r❛♠❡✳

✻



■♥ ❬✶✽❪✱ ❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ▼❡♥❞♦③❛ ♥❡t✇♦r❦ ✐s ♣r❡s❡♥t❡❞✳ ▲❡t ✉s ❞❡♥♦t❡ ✐t
❜② N ✳ ❚❤❡ ♥❡t✇♦r❦ N ❤❛s ♦♥❧② t✇♦ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ r❡st ♦❢ t❤❡
♥❡t✇♦r❦ ❝♦♥t❛✐♥s ♥♦ ❝②❝❧❡s s♦ t❤❛t ❛❢t❡r ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s✱ t❤❡ st❛t❡s
♦❢ ❛❧❧ ♥♦❞❡s ♥♦t ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ t✇♦ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❜❡❝♦♠❡ ✜①❡❞✳
❚❤❡s❡ ❝♦♠♣♦♥❡♥ts t❤✉s r❡♣r❡s❡♥t✱ ✐♥ ❛ s❡♥s❡✱ t❤❡ ✏♠♦t♦r ♦❢ t❤❡ ♥❡t✇♦r❦ ❞②♥❛♠✐❝s✑✳
❚❤✐s ✐s ✇❤②✱ ❤❡r❡✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡♠ ❛♥❞ ♦♥ t❤❡ ❢❡✇ ❡✈❡♥t✉❛❧ ♥♦❞❡s t❤❛t ❛❝t ❞✐r❡❝t❧② ♦♥
t❤❡♠✳ ❲❡ ❝❛❧❧ N1 = (G1,F1) ❛♥❞ N2 = (G2,F2) t❤❡ t✇♦ s✉❜✲♥❡t✇♦r❦s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ t✇♦ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ N ❛♥❞ t❤❡✐r s✉rr♦✉♥❞✐♥❣ ♥♦❞❡s✳ ❚❤❡✐r
✐♥t❡r❛❝t✐♦♥ ❣r❛♣❤s G1 ❛♥❞ G2 ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ✸ a. ❛♥❞ ✸ b.✱ r❡s♣❡❝t✐✈❡❧②✳
▲❡t ✉s ♥♦t✐❝❡ t❤❛t ❛s s♦♦♥ ❛s ♥♦❞❡ 3 ♦❢ G2 ✐s ✉♣❞❛t❡❞ ♦♥❝❡✱ ✐t t❛❦❡s t❤❡ s❛♠❡ st❛t❡
❛s ♥♦❞❡ 2 ❛♥❞ ♥❡✐t❤❡r ♦❢ t❤❡s❡ t✇♦ ♥♦❞❡s ❡✈❡r ❝❤❛♥❣❡s st❛t❡s ❛❣❛✐♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡
❝❛♥ ♠❛❦❡ ♦✉t t✇♦ ❞✐✛❡r❡♥t ❝❛s❡s✳ ❚❤❡ ✜rst ♦♥❡ ✐s ✇❤❡♥ ♥♦❞❡ 2 ✐s ✐♥✐t✐❛❧❧② ✐♥ st❛t❡ 0
❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ✇❤❡♥ ✐t ✐s ✐♥✐t✐❛❧❧② s❡t t♦ 1✳ ❆ss✉♠✐♥❣ ♥♦❞❡ 3 ✐s ✉♣❞❛t❡❞ ❛t
❧❡❛st ♦♥❝❡✱ t♦ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ N2✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ❡✐❣❤t ❝♦♥✜❣✉r❛t✐♦♥s
x ∈ {0, 1}4 ✐♥ ✇❤✐❝❤ x2 = x3✳

■♥ t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s ♦❢ N1 ❛♥❞ N2 r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ✸ c. ❛♥❞ ✸ d.✱
❛♣♣❡❛r t❤❡ ❧✐♠✐t ❝②❝❧❡s t❤❛t ❛r❡ ✐♥❞✉❝❡❞ ❜② t❤❡ ♣❛r❛❧❧❡❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ✭s❤❛❞♦✇❡❞
s✉❜✲❣r❛♣❤s ✐♥ ✜❣✉r❡s ✸ c. ❛♥❞ ✸ d.✮✳ ❚❤❡s❡ ❧✐♠✐t ❝②❝❧❡s ♦❢ t❤❡ s✉❜✲♥❡t✇♦r❦s ❛r❡ r❡s♣♦♥✲
s✐❜❧❡ ❢♦r t❤❡ ❧✐♠✐t ❝②❝❧❡s ♦❢ t❤❡ ♥❡t✇♦r❦ N ✉♣❞❛t❡❞ ✐♥ ♣❛r❛❧❧❡❧✳ ◆♦✇✱ ❧❡t ✉s s✉♣♣♦s❡
t❤❛t ❛❧t❤♦✉❣❤ t❤❡ ♥❡t✇♦r❦ ♠♦❞❡❧❡❞ ❜② N ✐s ✐♥❞❡❡❞ ✉♣❞❛t❡❞ ✐♥ ♣❛r❛❧❧❡❧✱ ❡rr♦rs ✐♥ t❤❡
✉♣❞❛t✐♥❣ ♦r❞❡r ❞♦ ♦❝❝✉r ❢r♦♠ t✐♠❡ t♦ t✐♠❡✳ ■♥ ♦r❞❡r t♦ ❛♥❛❧②s❡ ❢♦r♠❛❧❧② t❤❡ ❝❤❛♥❝❡s
t❤❛t ♦♥❡ ♦❢ t❤❡s❡ ❧✐♠✐t ❝②❝❧❡s ❤❛s t♦ ❜❡ ❡✛❡❝t✐✈❡❧② ♦❜s❡r✈❡❞✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡
✈❡r② ❝♦❛rs❡ ♥♦t✐♦♥s ♦❢ r♦❜✉st♥❡ss ❛♥❞ ❧✐❦❡❧✐♥❡ss ♦❢ ❛ s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❖✉r ❛✐♠
❤❡r❡ ✐s ♦♥❧② t♦ ❣✐✈❡ ❛ r♦✉❣❤ ✐♥t✉✐t✐♦♥ ♦♥ t❤❡ ♠❛tt❡r ♦❢ t❤❡s❡ ✉♥❡①♣❧❛✐♥❡❞ ❧✐♠✐t ❝②❝❧❡s✳
❲❡ ❝❡rt❛✐♥❧② ❞♦ ♥♦t ❝❧❛✐♠ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ s✉❜t❧❡ ❛♥❞ ✐♥❞✐s♣✉t❛❜❧❡ ♠❛t❤❡♠❛t✐❝❛❧
t♦♦❧s t♦ ❛♥❛❧②s❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s✳ ❚❤✉s✱ ❛❧t❤♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❢✉♥❝t✐♦♥s
✇✐❧❧ s❡r✈❡ ✉s ♥♦✇ ❛s ♠❡❛s✉r❡s✷ ♦❢✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ r♦❜✉st♥❡ss ❛♥❞ t❤❡ ❧✐❦❡❧✐♥❡ss ♦❢ ❛
s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s C ⊆ {0, 1}n✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡s❡ ♥♦t✐♦♥s s✉r❡❧② ❝❛❧❧ ❢♦r ♠✉❝❤
✜♥❡r ❞❡✜♥✐t✐♦♥s✳

R(C) =
1

deg+(C)
P(C) =

deg−(C)

TC

❆❜♦✈❡✱ TC ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❛r❝s (x, y) ✐♥ D(N) t❤❛t ❛r❡ ♥♦t ❜❡t✇❡❡♥ ❝♦♥✜❣✉r❛t✐♦♥s
♦❢ C ✭x, y /∈ C✮ ❛♥❞ deg+(C) = |{(x, y) | x ∈ C, y /∈ C}|✳ ❋♦r t❤❡ s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s
t❤❛t ❛r❡ s❤❛❞♦✇❡❞ ✐♥ ✜❣✉r❡s ✸ c. ❛♥❞ ✸ d.✱ t❤❡ ✈❛❧✉❡ ♦❢ R(·) ✐s s♠❛❧❧❡r t❤❛♥ 1 ❛♥❞
t❤❡ ✈❛❧✉❡ ♦❢ P(·) ✐s ♥✉❧❧✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❢♦r ❛❧❧ ✜①❡❞ ♣♦✐♥ts x ✐♥ t❤❡s❡ ✜❣✉r❡s✱
R({x}) = 1/0 = ∞ ✐s ♦❜✈✐♦✉s❧② ♠❛①✐♠❛❧ ❛♥❞ P(x) > 0✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✜①❡❞
♣♦✐♥ts ❛♣♣❡❛r t♦ ❜❡ ✏r♦❜✉st✑ ❛♥❞ ✏❧✐❦❡❧②✑ ✐♥ t❤❡ s❡♥s❡ t❤❛t ♠❛♥② ❛r❝s ❧❡❛❞ t♦ t❤❡♠
❛♥❞ ♥♦ ❛r❝s ❧❡❛✈❡ t❤❡♠✳ ❆s ❢♦r ❧✐♠✐t ❝②❝❧❡s✱ ♦♥ t❤❡ ❝♦♥tr❛r②✱ ♥♦t ♦♥❧② ✈❡r② ❢❡✇
❛r❝s ♦❢ t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s ❧❡❛❞ t♦ t❤❡♠ ❜✉t ❛❧s♦✱ ❛❧❧ ♦❢ t❤❡✐r ♦✉t❣♦✐♥❣ ❛r❝s
❧❡❛❞ t♦ ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t ❞♦ ♥♦t ❜❡❧♦♥❣ t♦ t❤❡♠✳ ❚❤✉s✱ st❛rt✐♥❣ ✐♥ ♦♥❡ ❛r❜✐tr❛r②
❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ♥❡t✇♦r❦ ❤❛s ✈❡r② ❢❡✇ ❝❤❛♥❝❡s t♦ ❡♥❞ ✐♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ❜❡❧♦♥❣✐♥❣
t♦ ❛ ❧✐♠✐t ❝②❝❧❡ ❛♥❞ ✐❢ ❡✈❡r ✐t ❞♦❡s✱ t❤❡ ❝❤❛♥❝❡s ❛r❡ t❤❛t ✐t ✇✐❧❧ ❧❡❛✈❡ ✐t ✈❡r② q✉✐❝❦❧②✳
❆ss✉♠✐♥❣ t❤❛t ✐t ✐s ❞♦✉❜t❢✉❧ t❤❛t r❡❛❧ ♥❡t✇♦r❦s s✉❝❤ ❛s t❤❡ ♦♥❡ ❝♦♠♠❛♥❞✐♥❣ t❤❡ ✢♦r❛❧
♠♦r♣❤♦❣❡♥❡s✐s ♦❢ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛ ♠❛② ♦❜❡② ✐♥❢❛❧❧✐❜❧② t❤❡ ❡①❛❝t s❛♠❡ ✭❜❧♦❝❦✲
s❡q✉❡♥t✐❛❧✮ ✉♣❞❛t✐♥❣ ♦r❞❡r ♦❢ t❤❡✐r ❡❧❡♠❡♥ts✱ t❤✐s✱ ✇❡ ❜❡❧✐❡✈❡✱ ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s

✷◆♦t❡ t❤❛t✱ str✐❝t❧② s♣❡❛❦✐♥❣ R ❛♥❞ P ❛r❡ ♥♦t ♠❛t❤❡♠❛t✐❝❛❧ ♠❡❛s✉r❡s✳
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x2 = x3 = 0 x2 = x3 = 1

c. D(N1) d. D(N2)

❋✐❣✉r❡ ✸✿ ❙✉❜✲♥❡t✇♦r❦s N1 = (G1,F1) ❛♥❞ N2 = (G2,F2) ♦❢ t❤❡ ▼❡♥❞♦③❛ ♥❡t✇♦r❦ ❛♥❞
t❤❡✐r ❞②♥❛♠✐❝s✳ ❋✐❣✉r❡s a. ❛♥❞ b. ♣✐❝t✉r❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❣r❛♣❤s G1 ❛♥❞ G2✳ ◆♦❞❡s 0, 1, 2 ♦❢
G1 r❡♣r❡s❡♥t✱ r❡s♣❡❝t✐✈❡❧②✱ ❣❡♥❡s ❆P✸✱ ❇❋❯✱ P■ ✭s❡❡ ❬✶✽❪✮✳ ◆♦❞❡s 0, 1, 2, 3 ♦❢ G2 r❡♣r❡s❡♥t✱
r❡s♣❡❝t✐✈❡❧②✱ ❣❡♥❡s ❆P✶✱ ❆●✱ ❊▼❋✶✱ ❚❋▲✶✳ ❋✐❣✉r❡s c. ❛♥❞ d. r❡♣r❡s❡♥t t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛✲
t✐♦♥ ❣r❛♣❤s D(N1) ❛♥❞ D(N2) ♦❢ t❤❡ s✉❜✲♥❡t✇♦r❦s N1 ❛♥❞ N2✳ ■♥ t❤❡s❡ ❣r❛♣❤s✱ ❢♦r t❤❡ s❛❦❡
♦❢ ❝❧❛r✐t②✱ ✇❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ n > 1 ❛r❝s ✇✐t❤ t❤❡ s❛♠❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❡♥❞✐♥❣ ❛s ♦♥❡ ✉♥✐q✉❡
❛r❝ ❧❛❜❡❧❧❡❞ ❜② n✳ ❲❡ ❤❛✈❡ ♦♠✐tt❡❞ t❤❡ s✉❜s❡t ❧❛❜❡❧s✳ ■♥ ✜❣✉r❡ d. t❤❡r❡ ❛r❡ t✇♦ s❡♣❛r❛t❡
❣r❛♣❤s✳ ❚❤❡ ♦♥❡ ♦♥ t❤❡ ❧❡❢t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ♥♦❞❡s 2 ❛♥❞ 3 ♦❢ G2 ❛r❡ ❜♦t❤ ✐♥
st❛t❡ 0 ❛♥❞ t❤❡ ♦♥❡ ♦♥ t❤❡ r✐❣❤t t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡② ❛r❡ ❜♦t❤ ✐♥ st❛t❡ 1✳ ■♥ ❛❧❧ ❣❡♥❡r❛❧
✐t❡r❛t✐♦♥ ❣r❛♣❤s ♦❢ ✜❣✉r❡s c. ❛♥❞ d.✱ s❤❛❞♦✇❡❞ s✉❜❣r❛♣❤s ❝♦rr❡s♣♦♥❞ t♦ ❧✐♠✐t ❝②❝❧❡s ♦❢ N1

♦r N2 t❤❛t ❛r❡ ♦❜s❡r✈❡❞ ✇✐t❤ t❤❡ ♣❛r❛❧❧❡❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡✳

✽



❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❧✐♠✐t ❝②❝❧❡s ♦❢ t❤❡ ▼❡♥❞♦③❛ ♥❡t✇♦r❦ ♦❜s❡r✈❡❞ ✇✐t❤ t❤❡
♣❛r❛❧❧❡❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ❛r❡ ❤✐❣❤❧② ✐♠♣r♦❜❛❜❧❡ t♦ ❜❡ r❡❛❝❤❡❞ ❛♥❞ ♠❛✐♥t❛✐♥❡❞ ♦✈❡r
t✐♠❡✱ ❝♦♥tr❛r② t♦ ✐ts ✜①❡❞ ♣♦✐♥ts✳

✹ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts

❆ ❝✐r❝✉✐t ♦❢ s✐③❡ n ✐s ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ t❤❛t ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② Cn = (V,A)✳ ❲❡
✇✐❧❧ ❝♦♥s✐❞❡r t❤❛t ✐ts s❡t ♦❢ ♥♦❞❡s✱ V = {0, . . . , n − 1}✱ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t❤❡ s❡t ♦❢
❡❧❡♠❡♥ts ♦❢ Z/nZ s♦ t❤❛t✱ ❝♦♥s✐❞❡r✐♥❣ t✇♦ ♥♦❞❡s i ❛♥❞ j✱ i + j ❞❡s✐❣♥❛t❡s t❤❡ ♥♦❞❡
i + j mod n✳ ❚❤❡ ❝✐r❝✉✐ts s❡t ♦❢ ❛r❝s ✐s t❤❡♥ A = {(i, i + 1) | 0 ≤ i < n}✳ ▲❡t
id ❜❡ t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥ ✭∀a ∈ {0, 1}, id(a) = a✮ ❛♥❞ neg t❤❡ ♥❡❣❛t✐♦♥ ❢✉♥❝t✐♦♥
✭∀a ∈ {0, 1}, neg(a) = ¬a = 1 − a✮✳ ❆ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n
✐s ❛ ♥❡t✇♦r❦ ✇❤♦s❡ ✐♥t❡r❛❝t✐♦♥ ❣r❛♣❤ ✐s ❛ ❝✐r❝✉✐t ❛♥❞ ✇❤♦s❡ s❡t ♦❢ ❧♦❝❛❧ tr❛♥s✐t✐♦♥
❢✉♥❝t✐♦♥s ✐s ✐♥❝❧✉❞❡❞ ✐♥ {id, neg}✳ ❋♦r t❤✐s ♣❛rt✐❝✉❧❛r ✐♥st❛♥❝❡ ♦❢ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛
♥❡t✇♦r❦✱ t❤❡ ✉♣❞❛t❡ r✉❧❡ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✶ s✐♠♣❧✐✜❡s t♦✿

x′
j = fj(xi−1). ✭✷✮

❲✐t❤ t❤❡ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❧♦❝❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s✱ fi ∈ {id, neg}✱ ✇❡ ❞♦ ♥♦t ❧♦♦s❡
❛♥② ❣❡♥❡r❛❧✐t②✳ ■♥❞❡❡❞✱ ✐❢ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ♥♦❞❡s ♦❢ t❤❡ ❝✐r❝✉✐t✱ s❛② ♥♦❞❡ i✱ ❤❛s ❛
❝♦♥st❛♥t ❧♦❝❛❧ ❢✉♥❝t✐♦♥ t❤❡♥ ✐ts ✐♥❝♦♠✐♥❣ ❛r❝ ✐s ✉s❡❧❡ss✳ ◆♦❞❡ i ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥
♥♦❞❡ i − 1 ❛♥❞ ✇❡ ♥♦ ❧♦♥❣❡r ❛r❡ ❧♦♦❦✐♥❣ ❛t ❛ ✏r❡❛❧✑ ❝✐r❝✉✐t✳ ◆♦t❡ t❤❛t ❛r❝s (i, i + 1)
s✉❝❤ t❤❛t fi+1 = id ✭r❡s♣✳ fi+1 = neg✮ ❛r❡ ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮✳ ❆ ❇♦♦❧❡❛♥
❛✉t♦♠❛t❛ ❝✐r❝✉✐t C ❛♥❞ t❤❡ ❝✐r❝✉✐t ❛ss♦❝✐❛t❡❞✱ Cn = (V,A)✱ ❛r❡ s❛✐❞ t♦ ❜❡ ♣♦s✐t✐✈❡
✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡❣❛t✐✈❡ ❛r❝s ♦❢ A ✐s ❡✈❡♥ ✭r❡s♣✳ ♦❞❞✮✳

▲❡t C = (Cn, {fi | i ∈ V }) ❜❡ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n✳ ■♥ t❤❡ s❡q✉❡❧✱
✇❡ ✇✐❧❧ ♠❛❦❡ s✉❜st❛♥t✐❛❧ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥✿

F [j, i] =

{

fj ◦ fj−1 ◦ . . . ◦ fi ✐❢ i ≤ j
fj ◦ fj−1 ◦ . . . ◦ f0 ◦ fn−1 ◦ . . . ◦ fi ✐❢ j < i

❇❡❝❛✉s❡ ∀k, fk ∈ {id, neg}✱ F [j, i] ✐s ✐♥❥❡❝t✐✈❡✳ ❆❧s♦✱ ♥♦t❡ t❤❛t ✐❢ C ✐s ♣♦s✐t✐✈❡ t❤❡♥
∀j, F [j + 1, j] = id ❛♥❞ ✐❢✱ ♦♥ t❤❡ ❝♦♥tr❛r②✱ C ✐s ♥❡❣❛t✐✈❡ t❤❡♥ ∀j, F [j + 1, j] = neg✳

●❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s ♦❢ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡♥✉♠❡r❛t❡ s♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ❛♥❞ ❡✈❡♥t✉❛❧❧② ❞r✐✈❡ ❢r♦♠
t❤❡♠ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤ ♦❢ ❛♥② ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿ ∀a ∈ {0, 1}, ¬a = neg(a) = 1 − a ❛♥❞
∀x = (x0, . . . , xn−1) ∈ {0, 1}n, x = (¬x0, . . . ,¬xn−1) ✭♥♦t t♦ ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡
❝♦♠♣❧❡♠❡♥t❛r② A = {a /∈ A} ♦❢ ❛ s❡t A✮✳

❚❤❡ ✜rst r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❢♦❝✉s ❧❛t❡r ♦♥ ❥✉st ♦♥❡ ✐♥st❛♥❝❡ ♦❢
❛❧❧ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ ❣✐✈❡♥ s✐❣♥ ❛♥❞ s✐③❡✳

▲❡♠♠❛ ✹✳✶ ■❢ C ❛♥❞ C ′ ❛r❡ t✇♦ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts ♦❢ s❛♠❡ s✐❣♥ ❛♥❞ s✐③❡✱

t❤❡♥ t❤❡✐r ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s D(C) ❛♥❞ D(C ′) ❛r❡ ✐s♦♠♦r♣❤✐❝✳

✾



Pr♦♦❢ ❙✉♣♣♦s❡ C = (Cn,F = {fi}) ❛♥❞ C ′ = (Cn,G = {gi}) ❛r❡ t✇♦ ❇♦♦❧❡❛♥
❛✉t♦♠❛t❛ ❝✐r❝✉✐ts ♦❢ s❛♠❡ s✐❣♥ ❛♥❞ s✐③❡ n✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ σ : {0, 1}n →
{0, 1}n s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣✿

σi(x) =

{

xi ✐❢ G[0, i + 1] = id

¬xi ✐❢ G[0, i + 1] = neg.

▲❡t x ∈ {0, 1}n✱ P ⊆ V = {0, . . . , n − 1}✱ y = GP (σ(x)) ❛♥❞ z = σ(FP (x))✳ ❚❤❡♥
❜② ❞❡✜♥✐t✐♦♥ ♦❢ y ❛♥❞ z✱ ∀i ∈ V ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

yi =











































σi(x) =

{

xi ✐❢ (A) ⇔ i /∈ P ❛♥❞ G[0, i + 1] = id

¬xi ✐❢ (B) ⇔ i /∈ P ❛♥❞ G[0, i + 1] = neg

gi(σi−1(x)) =























xi−1 ✐❢ (C) ⇔ i ∈ P ❛♥❞

{

gi = id ❛♥❞ G[0, i] = id

gi = neg ❛♥❞ G[0, i] = neg

¬xi−1 ✐❢ (D) ⇔ i ∈ P ❛♥❞

{

gi = neg ❛♥❞ G[0, i] = id

gi = id ❛♥❞ G[0, i] = neg

❛♥❞

zi =























FP (x) =

{

xi ✐❢ (A)

xi−1 ✐❢ (E) ⇔ G[0, i + 1] = id ❛♥❞ i ∈ P

¬FP (x) =

{

¬xi ✐❢ (B)

¬xi−1 ✐❢ (H) ⇔ G[0, i + 1] = neg ❛♥❞ i ∈ P

❇❡❝❛✉s❡ G[0, i + 1] = G[0, i + 1] ◦ gi ◦ gi = G[0, i] ◦ gi✱ ✐t ❤♦❧❞s t❤❛t (C) ⇔ [i ∈
P ❛♥❞ G[0, i + 1] = id] ⇔ (E) ❛♥❞ ❢♦r s✐♠✐❧❛r r❡❛s♦♥s (D) ⇔ (H)✳ ❆s ❛ r❡s✉❧t✱
y = z ❛♥❞ s♦ ❞♦❡s ▲❡♠♠❛ ✹✳✶✳ �

❋♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✹✳✶ ✇❡ ❞❡✜♥❡ t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛❧❧ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛
❝✐r❝✉✐ts ♦❢ s✐③❡ n ❛s t❤❡ ❝✐r❝✉✐t t❤❛t ❤❛s ♥♦ ♥❡❣❛t✐✈❡ ❛r❝s ✭∀i < n, fi = id✮✳ ❲❡ ❝❛❧❧
t❤✐s ❝✐r❝✉✐t t❤❡ ❝❛♥♦♥✐❝❛❧ ♣♦s✐t✐✈❡ ❝✐r❝✉✐t✳ ❚❤❡ ❝❛♥♦♥✐❝❛❧ ♥❡❣❛t✐✈❡ ❝✐r❝✉✐t ♦❢ s✐③❡
n ♠❛② ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ❝✐r❝✉✐t C = (Cn,F = {fi = id | 0 < i < n} ∪ {f0 = neg})✳
❍♦✇❡✈❡r✱ ✐♥ ♠♦st ♦❢ t❤❡ ♣r♦♦❢s t❤❛t ❢♦❧❧♦✇✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ❛♥❞ ❜❡❝❛✉s❡
t❤❡ ♥❡❣❛t✐✈❡ ❝❛s❡ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♣♦s✐t✐✈❡ ❝❛s❡✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ ♣♦s✐t✐✈❡
❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts✳ ❚❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❛♣♣❡❛r ✐♥ ❬✶✸❪✳ ❚❤❡② ❞❡s❝r✐❜❡
s♦♠❡ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ U(·)✳ ❚❤❡ ✜rst ♦♥❡ ♦❢ t❤❡♠ ✐s ✐♥❢❡r❡❞ ❢r♦♠
t❤❡ ❢❛❝t t❤❛t ✐❢ y = F (x)✱ t❤❡♥ i ∈ U(x) ⇔ xi 6= fi(xi−1) = yi ⇔ fi+1(xi) = yi+1 6=
fi+1(yi) ⇔ i + 1 ∈ U(y)✳

▲❡♠♠❛ ✹✳✷ ▲❡t C = (Cn,F) ❜❡ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n✳ ❚❤❡♥✱ ∀x ∈
{0, 1}n, U(F (x)) = {i ∈ V | i − 1 ∈ U(x)} s♦ t❤❛t ∀k ∈ N, u(x) = u(F (x)) =
u(F k(x))✳

▲❡♠♠❛ ✹✳✸ ▲❡t C ❜❡ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n✳ ■❢ C ✐s ♣♦s✐t✐✈❡ t❤❡♥

∀x ∈ {0, 1}n✱ u(x) ✐s ❡✈❡♥ ❛♥❞ ✐❢ C ✐s ♥❡❣❛t✐✈❡ t❤❡♥ ∀x ∈ {0, 1}n✱ u(x) ✐s ♦❞❞✳

Pr♦♦❢ ▲❡t u = u(F (x)) = u(F k(x)), ∀k ∈ N✳ ❚❤❡♥✱ ❢♦r ❛♥② i ∈ V ✱

u = |{k ≤ n | i ∈ U(F k(x))}|.

✶✵



❆♥❞ s✐♥❝❡

Fn(x)i = F [i, i + 1](xi) =

{

xi ✐❢ F [i, i + 1] = id ✐✳❡✳✱ ✐❢ C ✐s ♣♦s✐t✐✈❡✱

¬xi ✐❢ F [i, i + 1] = neg ✐✳❡✳✱ ✐❢ C ✐s ♥❡❣❛t✐✈❡✱

✇❤❡♥ F ✐s ❛♣♣❧✐❡❞ ✐t❡r❛t✐✈❡❧② n t✐♠❡s✱ ❡✈❡r② ♥♦❞❡ i ∈ V ♠✉st ❝❤❛♥❣❡ st❛t❡s ❛♥ ❡✈❡♥
✭r❡s♣✳ ♦❞❞✮ ♥✉♠❜❡r u ♦❢ t✐♠❡s ✐❢ C ✐s ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮✳ �

❋♦❝✉s✐♥❣ ♦♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n ❛♥❞ ♦♥ ✐ts
❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ X = (10)k0n−2k ✇❤✐❝❤ ❝❧❡❛r❧② s❛t✐s❢② u(X) = 2 · k✱ ✇❡
❞❡r✐✈❡ ✭❡①t❡♥❞✐♥❣ t❤❡ r❡s✉❧t t♦ t❤❡ ♥❡❣❛t✐✈❡ ❝❛s❡ ❛♥❞ ✉s✐♥❣ ▲❡♠♠❛ ✹✳✶✮ t❤❛t✿

umax = max{u(x) | x ∈ {0, 1}n}

=

{

n ✐❢ C ✐s ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ ❛♥❞ n ❡✈❡♥ ✭r❡s♣✳ ♦❞❞✮✱

n − 1 ✐❢ C ✐s ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ ❛♥❞ n ♦❞❞ ✭r❡s♣✳ ❡✈❡♥✮✳

❆s ❢♦r umin = min{u(x) | x ∈ {0, 1}n}✱ ✐t ❝❧❡❛r❧② ❡q✉❛❧s 0 ✇❤❡♥ C ✐s ♣♦s✐t✐✈❡ ❛♥❞ 1
✇❤❡♥ ✐t ✐s ♥❡❣❛t✐✈❡✳ ✳

N ❜❡✐♥❣ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦ ♦❢ s✐③❡ n✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐♥❛r②
r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❝♦♥✜❣✉r❛t✐♦♥s x, y ∈ {0, 1}n ♦❢ N ✿

x → y ⇔ ∃P ⊆ V, y = FP (x).

x
∗
↔ y ⇔ x

∗
→ y ❛♥❞ y

∗
→ x

✇❤❡r❡
∗
→ ✐s t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ →✳ ❚❤✉s✱ x → y ✐s ❡q✉✐✈❛❧❡♥t

t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❛r❝ (x, y) ✐♥ D(N) ❛♥❞ x
∗
→ y ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡r❡ ❜❡✐♥❣

❛♥ ♦r✐❡♥t❡❞ ♣❛t❤ ✐♥ D(N) ❢r♦♠ x t♦ y✳ ❚❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s ❝❤❛r❛❝t❡r✐s❡ t❤❡

r❡❧❛t✐♦♥s
∗
→ ❛♥❞

∗
↔✳

▲❡♠♠❛ ✹✳✹ ▲❡t C ❜❡ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n✳ ❚❤❡♥✱ ∀x, y ∈ {0, 1}n,

u(x) = u(y) ⇒ x
∗
↔ y.

Pr♦♦❢ ❲❡ ♣r♦✈❡ ▲❡♠♠❛ ✹✳✹ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ C ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛
❝✐r❝✉✐t ♦❢ s✐③❡ n✳ ❋✐rst ♥♦t❡ t❤❛t ❜❡❝❛✉s❡ ∀i, fi = id✱ ✐t ❤♦❧❞s t❤❛t ∀i ∈ U(x), xi 6=
xi−1✳ ◆♦t❡ ❛❧s♦ t❤❛t F (x0, . . . , xn−2, xn−1) = (xn−1, x0 . . . , xn−2)✳ ❆s ❛ r❡s✉❧t✱ ❢♦r
❛♥② ❝♦♥✜❣✉r❛t✐♦♥ x s✉❝❤ t❤❛t u(x) = k✱ t❤❡r❡ ❡①✐sts ✐♥t❡❣❡rs a1, . . . , ak, b1, . . . , bk

s✉❝❤ t❤❛t✿
x

∗
↔ x′ = 1a10b11a20b2 . . . 1ak0bk . ✭✸✮

■♥❞❡❡❞✱ ✐❢ x ✐s ♥♦t ❛❧r❡❛❞② ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ x′ ❛❜♦✈❡✱ t❤❡♥ ∃a ∈
N, x = x0 . . . xn−2−a01a ❛♥❞✴♦r ∃b ∈ N, x = 0b1xb . . . xn−1✳ ■♥ t❤❡ ✜rst ❝❛s❡✱
x′ = F a(x) = 1ax0 . . . xn−2−a0 ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ x′ = Fn−b(x) = 1xb . . . xn−10

b✳
◆♦✇✱ ❞❡✜♥❡ X = (10)k0n−2k✳ ❲❡ ❝❧❛✐♠ t❤❛t ❢♦r ❛♥② x ✐♥ t❤❡ ❢♦r♠ ♦❢ x′ ✐♥ ✭✸✮✱

x
∗
↔ X s♦ t❤❛t✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ∀x, y ∈ {0, 1}n, u(x) = u(y) = k ⇒ x

∗
↔ X

∗
↔ y.

❉❡✜♥❡ t❤❡ k✲✉♣❧❡s n(x) = (n − bk, a1, . . . , ak) ❛♥❞ ♦r❞❡r t❤❡♠ ❧❡①✐❝♦❣r❛♣❤✐❝❛❧❧②✳ ■❢
x = 1a10b11a20b2 . . . 1ak0bk ✐s s✉❝❤ t❤❛t n(x) > n(X) = (2k − 1, 1, . . . , 1)✱ t❤❡♥ t❤❡r❡
❡①✐sts x′ = 1a′

10b′
11a′

20b′
2 . . . 1a′

k0b′
k s✉❝❤ t❤❛t n(x′) < n(x)✳ ■♥❞❡❡❞✱ ✜rst s✉♣♣♦s❡ t❤❛t

✶✶



∃i ≤ k, ai > 1✱ ✐✳❡✳✱ x = 1a10b1 . . . 0bi−111ai−10bi . . . 1ak0bk ✳ ▲❡t j =
∑i−1

l=1 al + bl ❜❡
t❤❡ ✜rst ♥♦❞❡ ♦❢ t❤❡ ith s❡❝t✐♦♥ ♦❢ 1s ✐♥ x ❛♥❞ ❧❡t

x′ = F {j}(x) = 1a10b1 . . . 0bi−101ai−10bi . . . 1ak0bk .

❚❤❡♥✱ n(x′) = (n− bk, a1, . . . , ai − 1, ai − 1, ai+1, . . . , ak) < n(x)✳ ◆♦✇✱ s✉♣♣♦s❡ t❤❛t
∀i ≤ k, ai = 1✿ x = 10b110b21 . . . 0bk−110bk ✳ ▲❡t j =

∑k−1

l=1 1 + bl = n − bk ❜❡ t❤❡
✜rst ❛♥❞ ♦♥❧② ♥♦❞❡ ♦❢ t❤❡ kth s❡❝t✐♦♥ ♦❢ 1s ✐♥ x ❛♥❞ ❧❡t

x′′′ = F {n−2=j+bk−1} ◦ . . . ◦ F {j+1}(x) = x0 . . . xj−bk−1−10
bk−111bk−10✱

x′′ = F {n−3} ◦ . . . ◦ F {j+1} ◦ F {j}(x′′′) = x0 . . . xj−bk−1−10
bk−10bk−110 ❛♥❞

x′ = F 2(x′′) = 10x0 . . . xj−bk−1−10
bk−1+bk−1.

❲❡ ❤❛✈❡ s✉♣♣♦s❡❞ ❛❜♦✈❡ t❤❛t bk−1 > 1✳ ■❢ ✐t ✐s♥✬t✱ ✇❡ ❝❛♥ ❛❧✇❛②s ❝♦♥s✐❞❡r t❤❡
❝♦♥✜❣✉r❛t✐♦♥ F bk+1(x) ✐♥st❡❛❞ ♦❢ x✳ ❚❤❡♥✱ n(x′) = (n − bk − bk−1 + 1, 1, . . . , 1) <

n(x) = (n− bk, 1, . . . , 1)✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ n(x)✱ ✇❡ ❞❡r✐✈❡ ❢r♦♠ t❤✐s t❤❛t x
∗
→ X✳ ■♥

❛ s✐♠✐❧❛r ♠❛♥♥❡r ✇❡ s❤♦✇ t❤❛t X
∗
→ x ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳ �

▲❡♠♠❛ ✹✳✺ ▲❡t C ❜❡ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n✳ ❚❤❡♥ ∀x, y ∈ {0, 1}n,

u(x) > u(y) ⇒ [x
∗
→ y] ∨ ¬[y

∗
→ x].

Pr♦♦❢ ❆❣❛✐♥✱ ❧❡t ✉s ♣r♦✈❡ ▲❡♠♠❛ ✹✳✺ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ C ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ♣♦s✐t✐✈❡
❝✐r❝✉✐t✳ ❈♦♥s✐❞❡r✐♥❣ ▲❡♠♠❛ ✹✳✹✱ t❤❡ ✜rst ♣❛rt ♦❢ ▲❡♠♠❛ ✹✳✺✱ ✇❤❡♥ u(y) > 0✱ ❝♦♠❡s
❢r♦♠✿

X = (10)k.10.0n−2k−2 ∗
→ Y = F {2k}(X) = (10)k0n−2k

✇❤❡r❡ u(X) = 2 · (k + 1) ❛♥❞ u(Y ) = 2 · k✳ ■❢ u(y) = 0✱ ❧❡t X = 10n−1✳ ❚❤❡♥✱
♥❡❝❡ss❛r✐❧②✱ y = 0n = F {0}(X) ♦r y = 1n = F {n−1} ◦ . . . ◦ F {2} ◦ F {1}(X)✳ ◆♦✇✱
s✉♣♣♦s❡ t❤❛t t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ▲❡♠♠❛ ✹✳✺ ✐s ❢❛❧s❡✳ ❆❣❛✐♥✱ ❢r♦♠ ▲❡♠♠❛ ✹✳✹✱ t❤✐s
♠❡❛♥s t❤❛t

Y = (10)k.00.0n−2k−2k ∗
→ X = (10)k.10.0n−2k−2. ✭✹✮

❇✉t ❛s ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❛❧t❤♦✉❣❤ t❤❡ s✐③❡s ♦❢ s❡❝t✐♦♥s ♦❢ ❝♦♥s❡❝✉t✐✈❡ 1s ❝❛♥ ❜❡
✐♥❝r❡❛s❡❞ ♦r ❞❡❝r❡❛s❡❞ ✏❛t ✇✐❧❧✑✱ t❤❡s❡ s❡❝t✐♦♥s ❝❛♥♥♦t ❜❡ ♠❛❞❡ t♦ ❛♣♣❡❛r ✐♥s✐❞❡ ❛
s❡❝t✐♦♥ ♦❢ ❝♦♥s❡❝✉t✐✈❡ 0s✳ ❊q✉❛t✐♦♥ ✹ ✐s t❤❡r❡❢♦r❡ ✐♠♣♦ss✐❜❧❡✳ �

❋♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✹✳✺✱ ✇❡ ♠❛② ♥♦t✐❝❡ t❤❛t u(·) s❡r✈❡s ❛s ❛♥ ♦❜✈✐♦✉s ♣♦t❡♥t✐❛❧ ❢✉♥❝t✐♦♥✳
■♥❢♦r♠❛❧❧②✱ t❤❡ ♠♦st r♦❜✉st ❛♥❞ ❧✐❦❡❧② ✭✐♥ t❤❡ s❡♥s❡ ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✮ ♦r ♠♦st
st❛❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s x ❛r❡ t❤♦s❡ ♦❢ ❧❡ss❡r ♣♦t❡♥t✐❛❧ u(x)✳

▲❡♠♠❛ ✹✳✻ ▲❡t C ❜❡ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n ❛♥❞ ❧❡t Uk = {x ∈
{0, 1}n | u(x) = k}✳ ❚❤❡♥✱ ❢♦r ❛♥② k ≤ umax,

uk = |Uk| = 2 ×

(

n

k

)

.

Pr♦♦❢ ❆ ❝♦♥✜❣✉r❛t✐♦♥ x s✉❝❤ t❤❛t u(x) = k ✐s ❝♦♠♣❧❡t❡❧② ❞❡✜♥❡❞ ❜② t❤❡ s❡t
U(x) = {i1, . . . , ik} ❛♥❞ ❜② t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ st❛t❡ ♦❢ ♦♥❡ ♥♦❞❡✱ s❛② ♥♦❞❡s i1 ✭✐♥❞❡❡❞✱
∀i /∈ U(x), xi = fi(xi−1)✱ ❛♥❞ ∀i ∈ U(x), xi 6= fi(xi−1)✮✳ ▲❡♠♠❛ ✹✳✻ ❝♦♠❡s ❢r♦♠ t❤❡
❢❛❝t t❤❛t t❤❡r❡ ❛r❡

(

n
k

)

✇❛②s t♦ ❝❤♦♦s❡ t❤❡ k ♥♦❞❡s ♦❢ U(x) ❛♥❞ 2 ✇❛②s t♦ ❝❤♦♦s❡ t❤❡
st❛t❡ ♦❢ ♥♦❞❡ i1 ✭❡✐t❤❡r 1 ♦r 0✮✳ �

✶✷



◆♦t❡ t❤❛t u(x) = 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ x ❜❡✐♥❣ ❛ ✜①❡❞ ♣♦✐♥t ❛♥❞ ❛s ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ ❛♥❞
❡❛s② t♦ s❡❡ t❤❛t ❛ ♣♦s✐t✐✈❡ ❝✐r❝✉✐t ❤❛s t✇♦ ✜①❡❞ ♣♦✐♥ts x ❛♥❞ x ✭x = 0n ❛♥❞ x = 1n

✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣♦s✐t✐✈❡ ❝✐r❝✉✐t✮✳ ❚❤✐s ❝♦♥✜r♠s u0 = 2×
(

n
0

)

= 2✳ ■♥ t❤❡
♥❡❣❛t✐✈❡ ❝❛s❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✹✳✻✱ t❤❡ s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ♠✐♥✐♠❛❧ u(·) ✐s
♦❢ s✐③❡ 2 ×

(

n
1

)

= 2 · n✳ ■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✹✳✻✱ ✇❡ ♠❛② ♥♦t✐❝❡✱ ❛s
❞✐❞ t❤❡ ❛✉t❤♦rs ♦❢ ❬✶✸❪✱ t❤❛t ✐❢ x ∈ Uk✱ t❤❡♥ x ∈ Uk✳

❘❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦s ❛♥❞ ❧❡♠♠❛s✱ t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤
D(C) r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛♥② ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t C ❝❛♥ ❜❡ r❡♣r❡✲
s❡♥t❡❞ ❜② ❛ ❧❛②❡r❡❞ ❣r❛♣❤ ❛s ✐♥ ✜❣✉r❡ ✹✳ ▲❛②❡r ♦❢ k ≤ umax ♦❢ t❤✐s ❣r❛♣❤ ❝♦♥t❛✐♥s
❛❧❧ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ Uk✳

xx
x(1)

Umax = U2·⌊n
2
⌋

Umax−1

Umax−2

U2

Umin = U0

D(C) ✇❤❡♥ C ✐s ❛ ♣♦s✐t✐✈❡ ❝✐r❝✉✐t ♦❢ s✐③❡ n

Umax−1

Umax−2

U3

Umin = U1

Umax = U2·⌈n
2
⌉−1

D(C) ✇❤❡♥ C ✐s ❛ ♣♦s✐t✐✈❡ ❝✐r❝✉✐t ♦❢ s✐③❡ n

x(2) x(2n)

❋✐❣✉r❡ ✹✿ ●❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s D(C) ♦❢ ❛♥ ❛r❜✐tr❛r② ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t
C ♦❢ s✐③❡ n ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ♦❢ ❛♥ ❛r❜✐tr❛r② ♥❡❣❛t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t C ♦❢ s✐③❡ n

✭♦♥ t❤❡ r✐❣❤t✮✳

■♥ ❬✶✸❪✱ ❘❡♠② ❡t ❛❧✳ ❝♦♥❝❡♥tr❛t❡❞ ♦♥ s②♥❝❤r♦♥♦✉s ❛♥❞ ❛s②♥❝❤r♦♥♦✉s ✉♣❞❛t❡s✳
❚❤❡② ❝❛❧❧❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ✏s②♥❝❤r♦♥♦✉s ❣r❛♣❤✑ ❛♥❞ ✏❛s②♥❝❤r♦♥♦✉s ❣r❛♣❤✑ t❤❡ ✐t❡r✲
❛t✐♦♥ ❣r❛♣❤s ♦❢ ❝✐r❝✉✐ts ✇✐t❤ t❤❡s❡ ✉♣❞❛t❡s✳ ❇♦t❤ t❤❡s❡ ❣r❛♣❤s ❛r❡ s✉❜✲❣r❛♣❤s ♦❢
t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤ ♦❢ ❛ ❝✐r❝✉✐t✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛r❝s ♦❢ ❛ s②♥❝❤r♦♥♦✉s ❣r❛♣❤
❛r❡ t❤❡ ❛r❝s ♦❢ t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤ t❤❛t ❛r❡ ❧❛❜❡❧❡❞ ❜② V ❛♥❞ ❛r❝s ♦❢ t❤❡
❛s②♥❝❤r♦♥♦✉s ❣r❛♣❤s ❛r❡ t❤❡ ❛r❝s ♦❢ t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s t❤❛t ❛r❡ ❧❛❜❡❧❡❞ ❜②
❛ s✉❜s❡t P ⊆ V ❝♦♥t❛✐♥✐♥❣ ❥✉st ♦♥❡ ♥♦❞❡ ✭|P | = 1✮✳ ❆s ✇❡ ❞✐❞ ❤❡r❡ ❢♦r ❣❡♥❡r❛❧ ✐t❡r❛✲
t✐♦♥ ❣r❛♣❤s✱ ❘❡♠② ❡t ❛❧✳ s❤♦✇❡❞ t❤❛t s②♥❝❤r♦♥♦✉s ❛♥❞ ❛s②♥❝❤r♦♥♦✉s ❣r❛♣❤s ❛r❡ ❛❧s♦
❧❛②❡r❡❞ ❣r❛♣❤s ✇❤♦s❡ ❧❛②❡rs ❛r❡ ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡ ✈❛❧✉❡ ♦❢ u(·)✳ ▲❡t ✉s s❡✐③❡ t❤❡
♦♣♣♦rt✉♥✐t② ❤❡r❡ t♦ ♠❡♥t✐♦♥ ✇✐t❤ ♥♦ ❢✉rt❤❡r ❞❡t❛✐❧ t❤❛t ✐♥ ❬✹❪✱ ✇❡ ❞❡s❝r✐❜❡❞ ❡①❤❛✉s✲
t✐✈❡❧② t❤❡ s②♥❝❤r♦♥♦✉s ❣r❛♣❤ ❜② ❢♦❝✉s✐♥❣ ♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s✐♥❣ ❛ttr❛❝t♦rs ❛♥❞ ✐♥ ❬✶✸❪
t❤❡ ❛✉t❤♦rs ❞♦ t❤❡ s❛♠❡ t❤✐♥❣ ❜② ❞✐✛❡r❡♥t ♠❡❛♥s ❡①♣❧♦✐t✐♥❣ t❤❡ s❡ts Uk, k ≤ umax✳
❚❤❡ ❞❡s❝r✐♣t✐♦♥s ♣r♦❞✉❝❡❞ ❜② t❤❡s❡ t✇♦ ❛♥❛❧②s❡s ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝✐r❝✉✐ts ✉♣❞❛t❡❞
✐♥ ♣❛r❛❧❧❡❧ ❛r❡ ♥❡❝❡ss❛r✐❧② ❞✐✛❡r❡♥t ❜✉t ❝♦♠❜✐♥✐♥❣ t❤❡♠ ②✐❡❧❞s s♦♠❡ s✉♣♣❧❡♠❡♥t❛r②
♣r❡❝✐s✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ s❡ts U(x) ❢♦r ❝♦♥✜❣✉r❛t✐♦♥s x ❜❡❧♦♥❣✐♥❣ t♦ ❛ttr❛❝t♦rs ♦❢

✶✸



❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts ✉♣❞❛t❡❞ s②♥❝❤r♦♥♦✉s❧②✳

■♥ ❬✷✶❪✱ ❚❤♦♠❛s ❢♦r♠✉❧❛t❡❞ t✇♦ ❝♦♥❥❡❝t✉r❡s ❡st❛❜❧✐s❤✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ t❤♦✉❣❤t
t♦ ❡①✐st ❜❡t✇❡❡♥ t❤❡ str✉❝t✉r❡ ♦❢ ❛ ♥❡t✇♦r❦ ❛♥❞ ✐ts ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉r✳ ❚❤❡ ✜rst
♦❢ t❤❡s❡ ❝♦♥❥❡❝t✉r❡s ❝❧❛✐♠✐♥❣ t❤❛t ❛ ♥❡t✇♦r❦ ♥❡❡❞s t♦ ❝♦♥t❛✐♥ ♣♦s✐t✐✈❡ ❝✐r❝✉✐ts ✐♥
♦r❞❡r ❢♦r ✐t t♦ ❤❛✈❡ ✜①❡❞ ♣♦✐♥ts✱ ✐s ♥♦✇ ❛ ✇❡❧❧ ❦♥♦✇♥ ❢❛❝t t❤❛t ❤❛s ❜❡❡♥ ♣r♦✈❡♥ tr✉❡
✐♥ ♠❛♥② ❝♦♥t❡①ts ❬✶✷✱ ✽✱ ✶✾✱ ✷✵✱ ✷✱ ✶✹✱ ✶✵❪ ✭✐t ✐s ❜❡s✐❞❡s ❝♦♥✜r♠❡❞ ❛❣❛✐♥ ❜② t❤❡ ❢❛❝t
t❤❛t t❤❡r❡ ❛r❡ ♥♦ u(x) = 0 ♣♦t❡♥t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ❛ ♥❡❣❛t✐✈❡ ❝✐r❝✉✐t✮✳ ❚❤❡ s❡❝♦♥❞
❝♦♥❥❡❝t✉r❡✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ st❛t❡s t❤❛t ♥❡❣❛t✐✈❡ ❝✐r❝✉✐ts ❛r❡ ♥❡❝❡ss❛r② t♦ ❤❛✈❡ ❧✐♠✐t
❝②❝❧❡s✳ ❚❤✐s ❛❧s♦ ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ✐♥ s♦♠❡ ❝♦♥t❡①ts ❬✶✷✱ ✽✱ ✶✾✱ ✾✱ ✶✺✱ ✶✻✱ ✶✼✱ ✶✹✱ ✶✵❪
❍♦✇❡✈❡r✱ ✐♥ ♦✉r ❝♦♥t❡①t ♦❢ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦s✱ t❤❡ r❡s✉❧ts ✇❡ ❢♦✉♥❞ ✐♥ ❬✹❪
❛♥❞ ✐♥ ❬✻❪ ❤❛✈❡ ♣r♦✈❡♥ ✐t t♦ ❜❡ ❢❛❧s❡✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥
❛✉t♦♠❛t❛ ♥❡t✇♦r❦s ✉♣❞❛t❡❞ ✇✐t❤ ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ❞♦ ❤❛✈❡ ❧✐♠✐t
❝②❝❧❡s ❛s ❧♦♥❣ ❛s t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ✐s ♥♦t ♦♥❡ ♦❢ t❤❡ n s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s
s s✉❝❤ t❤❛t ∃i ≤ n, s(i) = 0, s(i+1) = 1, . . . , s(i+n−1) = n−1✳ ❚❤✐s ✐♥❝♦♥s✐st❡♥❝②
♦❢ ♦✉r ♠♦❞❡❧ ✇✐t❤ t❤♦s❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ s❡❝♦♥❞ ❚❤♦♠❛s ❝♦♥❥❡❝t✉r❡ ❞✐s❛♣♣❡❛rs
✐❢ ✇❡ ❝♦♥s✐❞❡r✱ ❛s ✇❡ ❞✐❞ ❡❛r❧✐❡r✱ t❤❛t ✐t ✐s ❤✐❣❤❧② ✐♠♣r♦❜❛❜❧❡ t❤❛t ♥♦ ❡rr♦rs ❡✈❡r ♦❝❝✉r
✐♥ t❤❡ ✜①❡❞ ✉♣❞❛t❡ ♦r❞❡r✳ ■❢ ✇❡ ❞♦✱ t❤❡♥✱ ❛s t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s ♦❢ ❝✐r❝✉✐ts
s✐❣♥✐❢②✱ ✜①❡❞ ♣♦✐♥ts ❤❛✈✐♥❣ t❤❡ ❧❡❛st ♣♦t❡♥t✐❛❧ ❛r❡ ❛❧♠♦st t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡
♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛♥ ✐s♦❧❛t❡❞ ♣♦s✐t✐✈❡ ❝✐r❝✉✐t✳

✺ ❉✐s❝✉ss✐♦♥

❆ss✉♠✐♥❣ t❤❛t ♥❡✐t❤❡r t♦t❛❧ ❛s②♥❝❤r♦♥② ♥♦r ♣❡r❢❡❝t ♦❜❡❞✐❡♥❝❡ t♦ ❛ ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧
✉♣❞❛t❡ ♠♦❞❡ ❛r❡ ♣r♦❜❛❜❧❡✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s ❝♦♥✈❡② ♠♦r❡ r❡❛❧✲
✐st✐❝ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❛ ♥❡t✇♦r❦ ❞②♥❛♠✐❝s t❤❛♥ ❞♦ s✐♠♣❧❡ ✐t❡r❛t✐♦♥ ❣r❛♣❤s ♦❢ ♣❛rt✐❝✉❧❛r
❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✳ ■♥❞❡❡❞✱ ❛s ✇❡ ❤❛✈❡ ❡♥❞❡❛✈♦✉r❡❞ t♦ s❤♦✇ t❤r♦✉❣❤
t❤❡ ❛♥❛❧②s❡s ♦❢ t❤❡ ▼❡♥❞♦③❛ ♥❡t✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✸ ❛♥❞ ♦❢ ❛r❜✐tr❛r② ❝✐r❝✉✐ts ✐♥ ❙❡❝✲
t✐♦♥ ✹✱ t❤❡② r❡✈❡❛❧ t❤❛t s♦♠❡ ❜❡❤❛✈✐♦✉rs ♦❢ ♥❡t✇♦r❦s t❤❛t s❡❛♠ ❞②♥❛♠✐❝❛❧❧② st❛❜❧❡
✇✐t❤ ❛ s♣❡❝✐✜❝ ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ ♠♦❞❡✱ ❜❡❝♦♠❡ ✈❡r② ❧❡ss st❛❜❧❡ ✇❤❡♥ t❤❡ ✉♣✲
❞❛t❡ ♠♦❞❡ ♠❛② ♦❝❝❛s✐♦♥❛❧❧② ❜❡ ❞✐sr✉♣t❡❞✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧② ❝❧❡❛r ✇✐t❤ ❇♦♦❧❡❛♥
❛✉t♦♠❛t❛ ❝✐r❝✉✐ts ❢♦r ✇❤✐❝❤✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥ ❛❜♦✈❡✱ t❤❡r❡ ❡①✐sts ❛ r❛t❤❡r str❛✐❣❤t✲
❢♦r✇❛r❞ ♣♦t❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ♦❢ ♥❡t✇♦r❦ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❋♦r ♠♦r❡ ❡❧❛❜♦r❛t❡ ♥❡t✇♦r❦s
s✉❝❤ ❛s t❤❡ ▼❡♥❞♦③❛ ♥❡t✇♦r❦✱ ✐t ✐s ❧❡ss ♦❜✈✐♦✉s✳ ❋r♦♠ t❤❡ ❢✉♥❝t✐♦♥s ♦❢ r♦❜✉st♥❡ss
❛♥❞ ❧✐❦❡❧✐♥❡ss t❤❛t ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ❤♦✇❡✈❡r ✉♥s✉❜t❧❡ ♠❛② t❤❡② ❜❡✱
✇❡ ❤❛✈❡ st✐❧❧ ♠❛♥❛❣❡❞ t♦ ❞❡r✐✈❡ t❤❛t s♦♠❡ ❛ttr❛❝t♦rs t❤❛t ❛r❡ ♠❛❞❡ ♣♦ss✐❜❧❡ ❜② ❛
❣✐✈❡♥ ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ♠❛② ❜❡ ♠✉❝❤ ❧❡ss ♣r♦❜❛❜❧❡ ❛♥❞ t❤✉s ♠✉❝❤
❧❡ss ♠❡❛♥✐♥❣❢✉❧ ❢r♦♠ ❛ ❜✐♦❧♦❣✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ t❤❛♥ ♦t❤❡rs✳ ❲❡ ✇✐s❤✱ ❤♦✇❡✈❡r✱ t♦
❞❡✈❡❧♦♣ ❛♥❞ r❡✜♥❡ t❤❡s❡ ♥♦t✐♦♥s ♦❢ r♦❜✉st♥❡ss ❛♥❞ ❧✐❦❡❧✐♥❡ss ✐♥ t❤❡ ❤♦♣❡ ♦❢ ❡①t❡♥❞✐♥❣
t❤❡ ♣♦t❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ♦❢ ❝✐r❝✉✐ts t♦ ♦t❤❡r ♥❡t✇♦r❦s✳

●❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s ❤❛✈❡ ♦♥❡ ♠❛❥♦r ❞r❛✇❜❛❝❦✿ t❤❡✐r s✐③❡s✳ ❚❤❡② ❤❛✈❡ 2n

♥♦❞❡s ❛♥❞ 2n × (2n − 1) ❛r❝s ✭✇❤❡r❡ n ✐s t❤❡ ♥❡t✇♦r❦ s✐③❡✮✱ t❤❛t ✐s✱ 2n − 1 ❛r❝s ♠♦r❡
t❤❛♥ ✐t❡r❛t✐♦♥ ❣r❛♣❤s ♦❢ ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✳ ❚❤✐s ♣r♦❜❧❡♠ ❤❛s ②❡t
t♦ ❜❡ ❞❡❛❧t ✇✐t❤ ❜❡❢♦r❡ ✇❡ ♠❛② st❛rt ❝♦♥s✐❞❡r✐♥❣ t♦ ❝♦♠♣✉t❡ t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥
❣r❛♣❤s ♦❢ ❛r❜✐tr❛r② ♥❡t✇♦r❦s ✇❤♦s❡ s✐③❡s ♠❛② ❜❡ ♠✉❝❤ ❜✐❣❣❡r t❤❛♥✱ ❢♦r ✐♥st❛♥❝❡✱
t❤❡ ♦♥❡s ♦❢ t❤❡ t✇♦ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ▼❡♥❞♦③❛ ♥❡t✇♦r❦ t❤❛t ✇❡
❤❛✈❡ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❍♦✇❡✈❡r✱ ❧✐❦❡ ❚❤♦♠❛s ❬✷✶❪✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t ✉♥❞❡rst❛♥❞✐♥❣
❡①❤❛✉st✐✈❡❧② t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝✐r❝✉✐ts ✐s ❛ st❡♣ t♦✇❛r❞s ❜✉✐❧❞✐♥❣ ❛♥ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢

✶✹



t❤❛t ♦❢ ❛r❜✐tr❛r② ♥❡t✇♦r❦s✳ ❚❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s ♦❢ ❝✐r❝✉✐ts
t❤❛t ✇❡ ♥♦✇ ❤❛✈❡ ♠❛② ❛❧❧♦✇ ✉s ❡✈❡♥t✉❛❧❧② t♦ ❜②♣❛ss t❤❡ ❝♦st❧② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ❣r❛♣❤s ♦❢ ♦t❤❡r ♥❡t✇♦r❦s ❜② ❢♦❝✉s✐♥❣ ♦♥ t❤❡s❡ ♠♦t✐❢s ✐♥ t❤❡ ♥❡t✇♦r❦s
str✉❝t✉r❡s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❏✳ ❆r❛❝❡♥❛✱ ❊✳ ●♦❧❡s✱ ❆✳ ▼♦r❡✐r❛✱ ❛♥❞ ▲✳ ❙❛❧✐♥❛s✳ ❖♥ t❤❡ r♦❜✉st♥❡ss ♦❢ ✉♣❞❛t❡
s❝❤❡❞✉❧❡s ✐♥ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s✳ ❇✐♦s②st❡♠s✱ ✾✼✱ ✷✵✵✾✳

❬✷❪ ❖✳ ❈✐♥q✉✐♥ ❛♥❞ ❏✳ ❉❡♠♦♥❣❡♦t✳ P♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❢❡❡❞❜❛❝❦✿ str✐❦✐♥❣ ❛ ❜❛❧✲
❛♥❝❡ ❜❡t✇❡❡♥ ♥❡❝❡ss❛r② ❛♥t❛❣♦♥✐sts✳ ❏♦✉r♥❛❧ ♦❢ ❚❤❡♦r❡t✐❝❛❧ ❇✐♦❧♦❣②✱ ✷✶✻✿✷✷✾✕
✷✹✶✱ ✷✵✵✷✳

❬✸❪ ❏✳ ❉❡♠♦♥❣❡♦t✱ ❆✳ ❊❧❡♥❛✱ ❛♥❞ ❙✳ ❙❡♥é✳ ❘♦❜✉st♥❡ss ✐♥ r❡❣✉❧❛t♦r② ♥❡t✇♦r❦s✿ ❛
♠✉❧t✐✲❞✐s❝✐♣❧✐♥❛r② ❛♣♣r♦❛❝❤✳ ❆❝t❛ ❇✐♦t❤❡♦r❡t✐❝❛✱ ✺✻✭✶✲✷✮✿✷✼✕✹✾✱ ✷✵✵✽✳

❬✹❪ ❏✳ ❉❡♠♦♥❣❡♦t✱ ▼✳ ◆♦✉❛❧✱ ❛♥❞ ❙✳ ❙❡♥é✳ ❖♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛ttr❛❝t♦rs ♦❢ ❜♦♦❧❡❛♥
❛✉t♦♠❛t❛ ❝✐r❝✉✐ts✳ ❇▲❙▼❈✱ ✐♥ ♣r❡ss✱ ✷✵✶✵✳

❬✺❪ ❆✳ ❊❧❡♥❛✳ ❘♦❜✉st❡ss❡ ❞❡s rés❡❛✉① ❞✬❛✉t♦♠❛t❡s ❜♦♦❧é❡♥s à s❡✉✐❧ ❛✉① ♠♦❞❡s

❞✬✐tér❛t✐♦♥✳ ❆♣♣❧✐❝❛t✐♦♥ à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s rés❡❛✉① ❞❡ ré❣✉❧❛t✐♦♥ ❣é♥ét✐q✉❡✳
P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❏♦s❡♣❤ ❋♦✉r✐❡r ✲ ●r❡♥♦❜❧❡✱ ✷✵✵✾✳

❬✻❪ ❊✳ ●♦❧❡s ❛♥❞ ◆♦✉❛❧✳ ❇❧♦❝❦✲s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ❛♥❞ ❜♦♦❧❡❛♥ ❛✉t♦♠❛t❛
❝✐r❝✉✐ts✳ ✷✵✵✾✳

❬✼❪ ❊✳ ●♦❧❡s ❛♥❞ ▲✳ ❙❛❧✐♥❛s✳ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♣❛r❛❧❧❡❧ ❛♥❞ s❡r✐❛❧ ❞②♥❛♠✐❝s ♦❢
❜♦♦❧❡❛♥ ♥❡t✇♦r❦s✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✭✶✕✸✮✿✷✹✼✕✷✺✸✱ ✷✵✵✽✳

❬✽❪ ❏✳✲▲✳ ●♦✉③é✳ P♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❝✐r❝✉✐ts ✐♥ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❏♦✉r♥❛❧ ♦❢

❇✐♦❧♦❣✐❝❛❧ ❙②st❡♠s✱✱ ✻✿✶✶✕✶✺✱ ✶✾✾✽✳

❬✾❪ ▼✳ ❑❛✉❢♠❛♥✱ ❈✳ ❙♦✉❧é✱ ❛♥❞ ❘✳ ❚❤♦♠❛s✳ ❆ ♥❡✇ ♥❡❝❡ss❛r② ❝♦♥❞✐✲ t✐♦♥ ♦♥ ✐♥t❡r❛❝✲
t✐♦♥ ❣r❛♣❤s ❢♦r ♠✉❧t✐st❛t✐♦♥❛r✐t②✳ ❏♦✉r♥❛❧ ♦❢ ❚❤❡♦r❡t✐❝❛❧ ❇✐♦❧♦❣②✱ ✷✹✽✿✻✼✺✕✻✽✺✱
✷✵✵✼✳

❬✶✵❪ ▼✳ ❑❛✉❢♠❛♥✱ ❈✳ ❙♦✉❧é✱ ❛♥❞ ❘✳ ❚❤♦♠❛s✳ ❆ ♥❡✇ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦♥ ✐♥t❡r❛❝✲
t✐♦♥ ❣r❛♣❤s ❢♦r ♠✉❧t✐st❛t✐♦♥❛r✐t②✳ ❏♦✉r♥❛❧ ♦❢ t❤❡♦r❡t✐❝❛❧ ❇✐♦❧♦❣②✱ ✷✵✵✼✳

❬✶✶❪ ▲✳ ▼❡♥❞♦③❛ ❛♥❞ ❊✳ ❘✳ ❆❧✈❛r❡③✲❇✉②❧❧❛✳ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❣❡♥❡t✐❝ r❡❣✉❧❛t♦r②
♥❡t✇♦r❦ ❢♦r ❛r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛ ✢♦✇❡r ♠♦r♣❤♦❣❡♥❡s✐s✳ ❏♦✉r♥❛❧ ♦❢ ❚❤❡♦r❡t✐❝❛❧

❇✐♦❧♦❣②✱ ✶✾✸✿✸✵✼✕✸✶✾✱ ✶✾✾✽✳

❬✶✷❪ ❊✳ P❧❛t❤❡✱ ❚✳ ▼❡st❧✱ ❛♥❞ ❙✳ ❲✳ ❖♠❤♦❧t✳ ❋❡❡❞❜❛❝❦ ❧♦♦♣s✱ st❛❜✐❧✐t② ❛♥❞ ♠✉❧t✐✲
st❛t✐♦♥❛r✐t② ✐♥ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❏♦✉r♥❛❧ ♦❢ ❇✐♦❧♦❣✐❝❛❧ ❙②st❡♠s✱ ✸✿✺✻✾✕✺✼✼✱
✶✾✾✺✳

❬✶✸❪ ❊ ❘❡♠②✱ ❇✳ ▼♦ssé✱ ❈✳ ❈❤❛♦✉✐②❛✱ ❛♥❞ ❉✳ ❚❤✐❡✛r②✳ ❆ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❞②♥❛♠✐❝❛❧
❣r❛♣❤s ❛ss♦❝✐❛t❡❞ t♦ ❡❧❡♠❡♥t❛r② r❡❣✉❧❛t♦r② ❝✐r❝✉✐ts✳ ❇✐♦✐♥❢♦r♠❛t✐❝s✱ ✶✾✭✷✮✿✶✼✷✕
✶✼✽✱ ✷✵✵✸✳

✶✺



❬✶✹❪ ❊✳ ❘❡♠②✱ P✳ ❘✉❡t✱ ❛♥❞ ❉✳ ❚❤✐❡✛r②✳ ●r❛♣❤✐❝ r❡q✉✐r❡♠❡♥ts ❢♦r ♠✉❧t✐st❛❜✐❧✐t②
❛♥❞ ❛ttr❛❝t✐✈❡ ❝②❝❧❡s ✐♥ ❛ ❜♦♦❧❡❛♥ ❞②♥❛♠✐❝❛❧ ❢r❛♠❡✇♦r❦✳ ❆❞✈❛♥❝❡s ✐♥ ❛♣♣❧✐❡❞

♠❛t❤❡♠❛t✐❝s✱ ✹✶✭✸✮✿✸✸✺✕✸✺✵✱ ✷✵✵✽✳

❬✶✺❪ ❆✳ ❘✐❝❤❛r❞✳ ❖♥ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ♦s❝✐❧❧❛t✐♦♥s ❛♥❞ ♥❡❣❛t✐✈❡ ❝✐r❝✉✐ts ✐♥ ❞✐s❝r❡t❡
❣❡♥❡t✐❝ r❡❣✉❧❛t♦r② ♥❡t✇♦r❦s✳ ❏❖❇■▼✱ ✷✵✵✼✳

❬✶✻❪ ❆✳ ❘✐❝❤❛r❞✳ ◆❡❣❛t✐✈❡ ❝✐r❝✉✐ts ❛♥❞ s✉st❛✐♥❡❞ ♦s❝✐❧❧❛t✐♦♥s ✐♥ ❛s②♥❝❤r♦♥♦✉s ❛✉✲
t♦♠❛t❛ ♥❡t✇♦r❦s✳ ❆❞✈❛♥❝❡s ✐♥ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✷✵✵✾✳

❬✶✼❪ ❆✳ ❘✐❝❤❛r❞ ❛♥❞ ❏✳✲P✳ ❈♦♠❡t✳ ◆❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ♠✉❧t✐st❛t✐♦♥❛r✐t② ✐♥ ❞✐s✲
❝r❡t❡ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✶✺✺✭✶✽✮✿✷✹✵✸✕✷✹✶✸✱
✷✵✵✼✳

❬✶✽❪ ❙✳ ❙❡♥é✳ ■♥✢✉❡♥❝❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❜♦r❞ ❞❛♥s ❧❡s rés❡❛✉① ❞✬❛✉t♦♠❛t❡s ❜♦♦❧é❡♥s

à s❡✉✐❧ ❡t ❛♣♣❧✐❝❛t✐♦♥ à ❧❛ ❜✐♦❧♦❣✐❡✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❏♦s❡♣❤ ❋♦✉r✐❡r ❞❡
●r❡♥♦❜❧❡✱ ✷✵✵✽✳

❬✶✾❪ ❊✳ ❍✳ ❙♥♦✉ss✐✳ ◆❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ♠✉❧t✐st❛t✐♦♥❛r✐t② ❛♥❞ st❛❜❧❡ ♣❡r✐♦❞✐❝✐t②✳
❏♦✉r♥❛❧ ♦❢ ❇✐♦❧♦❣✐❝❛❧ ❙②st❡♠s✱ ✻✿✸✕✾✱ ✶✾✾✽✳

❬✷✵❪ ❈✳ ❙♦✉❧é✳ ▼❛t❤❡♠❛t✐❝❛❧ ❛♣♣r♦❛❝❤❡s t♦ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❛♥❞ ❣❡♥❡ r❡❣✉❧❛t✐♦♥✳
❈♦♠♣t❡s r❡♥❞✉s ❞❡ ❧✬❆❝❛❞é♠✐❡ ❞❡s s❝✐❡♥❝❡s✱ ❇✐♦❧♦❣✐❡s✱ ✸✷✾✿✶✸✕✷✵✱ ✷✵✵✻✳

❬✷✶❪ ❘✳ ❚❤♦♠❛s✳ ❖♥ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧♦❣✐❝❛❧ str✉❝t✉r❡ ♦❢ s②st❡♠s ❛♥❞ t❤❡✐r
❛❜✐❧✐t② t♦ ❣❡♥❡r❛t❡ ♠✉❧t✐♣❧❡ st❡❛❞② st❛t❡s ♦r s✉st❛✐♥❡❞ ♦s❝✐❧❧❛t✐♦♥s✳ ❙♣r✐♥❣❡r

❙❡r✐❡s ✐♥ ❙②♥❡r❣❡t✐❝s✱ ✾✱ ✶✾✽✶✳

✶✻


