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❆❜str❛❝t✿ ❲❡ ❝♦♥s✐❞❡r ❛ ♥❡t✇♦r❦ ♦❢ ♣❛r❛❧❧❡❧✱ ♥♦♥✲♦❜s❡r✈❛❜❧❡ q✉❡✉❡s ❛♥❞ ❛♥❛❧②③❡ t❤❡ ✏♣r✐❝❡ ♦❢ ❛♥❛r❝❤②✑✱ ❛♥ ✐♥❞❡①
♠❡❛s✉r✐♥❣ t❤❡ ✇♦rst✲❝❛s❡ ♣❡r❢♦r♠❛♥❝❡ ❧♦ss ♦❢ ❛ ❞❡❝❡♥tr❛❧✐③❡❞ s②st❡♠ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❝❡♥tr❛❧✐③❡❞ ❝♦✉♥t❡r♣❛rt✳
❖✉r ❛♥❛❧②s✐s ✐s ✉♥❞❡rt❛❦❡♥ ❢r♦♠ t❤❡ ♥❡✇ ♣♦✐♥t ♦❢ ✈✐❡✇ ✇❤❡r❡ t❤❡ r♦✉t❡r ❤❛s t❤❡ ♠❡♠♦r② ♦❢ ♣r❡✈✐♦✉s ❞✐s♣❛t❝❤✐♥❣
❝❤♦✐❝❡s✱ ✇❤✐❝❤ s✐❣♥✐✜❝❛♥t❧② ❝♦♠♣❧✐❝❛t❡s t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ■♥ t❤❡ ❧✐♠✐t✐♥❣ r❡❣✐♠❡ ✇❤❡r❡ t❤❡ ❞❡♠❛♥❞s
♣r♦♣♦rt✐♦♥❛❧❧② ❣r♦✇ ✇✐t❤ t❤❡ ♥❡t✇♦r❦ ❝❛♣❛❝✐t②✱ ✇❡ ♣r♦✈✐❞❡ ❛ t✐❣❤t ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ s♦❝✐❛❧❧②✲♦♣t✐♠❛❧ r❡s♣♦♥s❡
t✐♠❡ ❛♥❞ ❛ t✐❣❤t ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ❜② ♠❡❛♥s ♦❢ ❝♦♥✈❡① ♣r♦❣r❛♠♠✐♥❣✳ ❚❤❡♥✱ ✇❡ ❡①♣❧♦✐t t❤✐s
r❡s✉❧t t♦ s❤♦✇✱ ❜② s✐♠✉❧❛t✐♦♥✱ t❤❛t t❤❡ ❜✐❧❧✐❛r❞ r♦✉t✐♥❣ s❝❤❡♠❡ ②✐❡❧❞s ❛ r❡s♣♦♥s❡ t✐♠❡ ✇❤✐❝❤ ✐s r❡♠❛r❦❛❜❧② ❝❧♦s❡
t♦ ♦✉r ❧♦✇❡r ❜♦✉♥❞✱ ✐♠♣❧②✐♥❣ t❤❛t ❜✐❧❧✐❛r❞s ♠✐♥✐♠✐③❡ r❡s♣♦♥s❡ t✐♠❡✳ ❚♦ st✉❞② t❤❡ ❛❞❞❡❞✲✈❛❧✉❡ ♦❢ ♥♦♥✲❇❡r♥♦✉❧❧✐
r♦✉t❡rs✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✏♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣✑ ❛♥❞ ♣r♦✈❡ t❤❛t ✐t ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② t✇♦✱ ✇❤✐❝❤ ✐s t✐❣❤t
✐♥ ❤❡❛✈②✲tr❛✣❝✳ ❋✐♥❛❧❧②✱ ♦t❤❡r str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s ❛r❡ ❞❡r✐✈❡❞ ♥✉♠❡r✐❝❛❧❧② ❢♦r t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣✳ ❚❤❡s❡
❝❧❛✐♠ t❤❛t t❤❡ ❜❡♥❡✜t ♦❢ ❤❛✈✐♥❣ ♠❡♠♦r② ✐♥ t❤❡ r♦✉t❡r ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥❡t✇♦r❦ s✐③❡ ❛♥❞ ❤❡t❡r♦❣❡♥❡✐t②✱
✇❤✐❧❡ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥❡t✇♦r❦ ❧♦❛❞ ♦♥❧②✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s ②✐❡❧❞ s✐♠♣❧❡ ♣r♦❞✉❝t✲❢♦r♠s ✇❡❧❧✲
❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ s♦❝✐❛❧❧②✲♦♣t✐♠❛❧ r❡s♣♦♥s❡ t✐♠❡✳

❑❡②✲✇♦r❞s✿ Pr✐❝❡ ♦❢ ❛♥❛r❝❤②✱ ❖♣t✐♠❛❧ r♦✉t✐♥❣✱ P❛r❛❧❧❡❧ q✉❡✉❡s✱ ❈♦♥✈❡① ♣r♦❣r❛♠♠✐♥❣✱ ▲❛♠❜❡rt W ❢✉♥❝t✐♦♥



❙✉r ❧❡ ♣r✐① ❞❡ ❧✬❛♥❛r❝❤✐❡ ❡t ❧❡ r♦✉t❛❣❡ ♦♣t✐♠❛❧ ❞❡s ✜❧❡s ❞✬❛tt❡♥t❡

♥♦♥✲♦❜s❡r✈❛❜❧❡s ❡t ♣❛r❛❧❧è❧❡s

❘és✉♠é ✿ ❉❛♥s ❝❡t ❛rt✐❝❧❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥ rés❡❛✉ ❞❡ ✜❧❡s ❞✬❛tt❡♥t❡s ❡♥ ♣❛r❛❧❧è❧❡s✱ ♥♦♥✲♦❜s❡r✈❛❜❧❡s ❡t ♥♦✉s
ét✉❞✐♦♥s ❧❡ ♣r✐① ❞❡ ❧✬❛♥❛r❝❤✐❡✱ q✉✐ ♠❡s✉r❡ ❧❛ ♣❡rt❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡ ♣♦✉r ✉♥ s②stè♠❡ ❞é❝❡♥tr❛❧✐sé ♣❛r r❛♣♣♦rt à s♦♥
❛♥❛❧♦❣✉❡ ❝❡♥tr❛❧✐sé✳

◆♦tr❡ ❛♥❛❧②s❡ ✐♥tr♦❞✉✐t ✉♥ ♥♦✉✈❡❛✉ ❝♦♥❝❡♣t✱ ❝❡❧✉✐ ❞❡ ❝♦♥tr♦❧❡✉r ❞❡ r♦✉t❛❣❡ ❝❡♥tr❛❧✐sé ❛✈❡❝ ♠é♠♦✐r❡✱ q✉✐ ❝❤❛♥❣❡
❧❛ ♥❛t✉r❡ ❞✉ ♣r♦❜❧è♠❡✳ ❉❛♥s ❧❡ ré❣✐♠❡ ❧✐♠✐t❡ ❛✈❡❝ ❞❡s ❞❡♠❛♥❞❡ q✉✐ ❝r♦✐ss❡♥t ♣r♦♣♦rt✐♦♥♥❡❧❧❡♠❡♥t à ❧❛ t❛✐❧❧❡ ❞✉
rés❡❛✉✱ ♥♦✉s ❞♦♥♥♦♥s ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ s✉r ❧❡ t❡♠♣s ❞❡ ré♣♦♥s❡ s♦❝✐❛❧❡♠❡♥t ♦♣t✐♠❛❧✱ ❝❡ q✉✐ ❢♦✉r♥✐t ✉♥❡ ❜♦r♥❡
s✉♣ér✐❡✉r❡ s✉r ❧❡ ♣r✐① ❞❡ ❧✬❛♥❛r❝❤✐❡ ❞❛♥s ❝❡ ❝♦♥t❡①t❡✳

❊♥s✉✐t❡✱ ♥♦✉s ❡①♣❧♦✐t♦♥s ❝❡ rés✉❧t❛t ♣♦✉r ♠♦♥tr❡r ♣❛r s✐♠✉❧❛t✐♦♥ q✉❡ ❧❡ r♦✉t❛❣❡ ♣❛r s✉✐t❡s ❜✐❧❧❛r❞s ❛ ✉♥
❝♦♠♣♦rt❡♠❡♥t r❡♠❛rq✉❛❜❧❡♠❡♥t ♣r♦❝❤❡ ❞❡ ❧❛ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡✳ P♦✉r ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❧✬❛♣♣♦rt ❞❡ r♦✉t❛❣❡ ♥♦♥✲
❇❡r♥♦✉❧❧✐✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❧❡ ✏♣r✐① ❞❡ ❧✬♦✉❜❧✐✑ q✉✐ ❡st ❧❛ r❛♣♣♦rt ❡♥tr❡ ❧❛ ♣❡r❢♦r♠❛♥❝❡ ❞✬✉♥ r♦✉t❛❣❡ s❛♥s ♠é♠♦✐r❡
✭❇❡r♥♦✉❧❧✐✮ ❡t ❧✬✉♥ r♦✉t❛❣❡ ❛✈❡❝ ♠é♠♦✐r❡✱ ❡t ♥♦✉s ♠♦♥tr♦♥s q✉✬✐❧ ❡st ❜♦r♥é ♣❛r ✷✱ ❝❡tt❡ ❜♦r♥❡ ét❛♥t ❡①❛❝t❡ ❞❛♥s
❧❡ ❝❛s ❢♦rt❡♠❡♥t ❝❤❛r❣é✳

❋✐♥❛❧❡♠❡♥t✱ ❞✬❛✉tr❡s ♣r♦♣r✐étés str✉❝t✉r❡❧❧❡s s♦♥t ét❛❜❧✐❡s ♥✉♠ér✐q✉❡♠❡♥t✳ ❊❧❧❡s ♠❡tt❡♥t ❡♥ é✈✐❞❡♥❝❡ q✉❡ ❧❡
❜é♥é✜❝❡ ♦❜t❡♥✉ ❣râ❝❡ à ❧❛ ♠é♠♦✐r❡ ❞✉ r♦✉t❡✉r ❡st ✐♥❞é♣❡♥❞❛♥t ❞❡ ❧❛ t❛✐❧❧❡ ❡t ❞❡ ❧✬❤étér♦❣é♥é✐té ❞✉ s②stè♠❡ ♠❛✐s
❛ ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ♠♦♥♦t♦♥❡ ❞❡ ❧❛ ❝❤❛r❣❡ ❣❧♦❜❛❧❡✳ ❈❡❧❛ ❞♦♥♥❡ ✉♥❡ ❢♦r♠❡ ♣r♦❞✉✐t s✐♠♣❧❡ ❛♣♣r♦①✐♠❛♥t ❧❡ ♣r✐① ❞❡
❧✬❛♥❛r❝❤✐❡ ❞❡ t❡❧s s②stè♠❡s✳

▼♦ts✲❝❧és ✿ Pr✐① ❞❡ ❧✬❛♥❛r❝❤✐❡✱ ❘♦✉t❛❣❡ ❖♣t✐♠❛❧✱ ❋✐❧❡s ❞✬❛tt❡♥t❡s ♣❛r❛❧❧è❧❡s



❖♣t✐♠❛❧ r♦✉t✐♥❣ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡s ❛♥❞ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ✏♣r✐❝❡ ♦❢ ❛♥❛r❝❤②✑ ❬✷✹✱ ✷✽❪ ✐s ❛♥ ✐♥❞❡① ♠❡❛s✉r✐♥❣ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❛ ❝❡♥tr❛❧✐③❡❞ s②st❡♠ ✇✐t❤ r❡s♣❡❝t t♦
✐ts ❞❡❝❡♥tr❛❧✐③❡❞ ❝♦✉♥t❡r♣❛rt t♦ tr❛❞❡♦✛✱ ✐♥ s❡r✈✐❝❡ ♥❡t✇♦r❦s✱ ❛♠♦♥❣ ♣❡r❢♦r♠❛♥❝❡✱ s❝❛❧❛❜✐❧✐t②✱ ❛♥❞ r❡❧✐❛❜✐❧✐t②✳ ■t
✐s ❞❡✜♥❡❞ ❛s t❤❡ ✇♦rst✲❝❛s❡ r❡s♣♦♥s❡✲t✐♠❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❥♦❜s ❜❡❤❛✈❡ s❡❧✜s❤❧② t♦ ♠❛①✐♠✐③❡
t❤❡✐r ♦✇♥ ❜❡♥❡✜t✱ ②✐❡❧❞✐♥❣ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ t❤❡ ♦♣♣♦s✐t❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❥♦❜s ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② ❛ ❝❡♥tr❛❧
❛✉t❤♦r✐t②✱ ②✐❡❧❞✐♥❣ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ♦r s♦❝✐❛❧ ✇❡❧❢❛r❡✳ ❲❤✐❧❡ t❤❡ ❢♦r♠❡r ✐❞❡♥t✐✜❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ❢♦r
✇❤✐❝❤ ❛♥② ✉♥✐❧❛t❡r❛❧ ❞❡✈✐❛t✐♦♥ ♦❢ ❡❛❝❤ ❥♦❜ str❛t❡❣② ❞♦❡s ♥♦t ❧♦✇❡r ✐ts ❞❡❧❛②✱ t❤❡ ❧❛tt❡r r❡♣r❡s❡♥ts t❤❡ ♦♣t✐♠❛❧
str❛t❡❣② ❢♦r ❛❧❧ ❥♦❜s ✐♥ ❛ ❝❡♥tr❛❧✐③❡❞ s❡tt✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s t❤❡ ♠❡r❣✐♥❣ ♦❢ ❣❛♠❡ ❛♥❞ q✉❡✉❡✐♥❣ t❤❡♦r✐❡s t❤❛t
♣r♦✈✐❞❡s✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❛♥❛❧②③✐♥❣ t❤✐s ✐♥❞❡①✳

❚❤❡ ✐♥t❡r❡st ❢♦r t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ q✉❡✉❡✐♥❣ ♠♦❞❡❧s ✐s ❝✉rr❡♥t❧② ❣r♦✇✐♥❣ ❜❡❝❛✉s❡ ♦❢ ✐ts
❧❛r❣❡ s♣❡❝tr✉♠ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✿ ◆❡t✇♦r❦ r♦✉t✐♥❣✱ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣✱ ♣❡❡r✲t♦✲♣❡❡r ❛♥❞ ❝♦♥t❡♥t ❞❡❧✐✈❡r② ♥❡t✇♦r❦s✱
✇✐r❡❧❡ss ♥❡t✇♦r❦s✱ s❡r✈❡r ❢❛r♠s✱ ❣r✐❞ ❝♦♠♣✉t✐♥❣ ❝❧✉st❡rs✱ ❞❡s❦t♦♣✲❣r✐❞ ❝♦♠♣✉t✐♥❣✱ ❛♥❞ ❞❛t❛❜❛s❡ s②st❡♠s❀ s❡❡
❬✷✾✱ ✷✼✱ ✷✷✱ ✷✵✱ ✶✸✱ ✸✹✱ ✶✽✱ ✾✱ ✶✱ ✹✱ ✻✱ ✸✵❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❚❤❡ ❣r❡❛t ♠❛❥♦r✐t② ♦❢ t❤❡s❡ ✇♦r❦s ♣r♦✈✐❞❡
♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s ❢♦r ❝❤❛r❛❝t❡r✐③✐♥❣ ❛♥❞ ❝♦♠♣✉t✐♥❣ t❤❡ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡s ✐♥ ❜♦t❤ t❤❡ s✐t✉❛t✐♦♥s ❛❜♦✈❡ ❛♥❞
tr② t♦ r❡❧❛t❡ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② t♦ t❤❡ ♥❡t✇♦r❦ s✐③❡ ✐♥ ❞✐✛❡r❡♥t s❡tt✐♥❣s✳ ❚❤✐s ❧❡ts ❞❡s✐❣♥❡rs q✉❛♥t✐t❛t✐✈❡❧②
❡✈❛❧✉❛t❡ t❤❡ ❧♦ss ♦❢ ♣❡r❢♦r♠❛♥❝❡ ✇❤❡♥ s❤✐❢t✐♥❣ t♦ ❞❡❝❡♥tr❛❧✐③❡❞ s♦❧✉t✐♦♥s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ◆❛s❤ ❡q✉✐❧✐❜r✐❛✮ ❛♥❞
s✉❜s❡q✉❡♥t❧② ♣❡r❢♦r♠ ❛ s✉✐t❛❜❧❡ ❞✐♠❡♥s✐♦♥✐♥❣ ♦❢ t❤❡ s②st❡♠✳ ■♥ ❬✷✾❪ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✐s
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥❡t✇♦r❦ t♦♣♦❧♦❣② ❛s ❧♦♥❣ ❛s t❤❡ ♠❡❛♥ ❥♦❜s ❛rr✐✈❛❧ r❛t❡ ✐s ❧❡ss t❤❛♥ t❤❡ ♠❡❛♥ s❡r✈✐❝❡ r❛t❡ ♦❢
t❤❡ s❧♦✇❡st s❡r✈❡r✱ ❛♥❞✱ ✐♥ t❤✐s ❧✐❣❤t✲❧♦❛❞ r❡❣✐♠❡✱ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ✐s ♣r♦✈✐❞❡❞✳ ❲❤❡♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❝❡ss♦r✲
s❤❛r✐♥❣ q✉❡✉❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ✐t ✐s s❤♦✇♥ ✐♥ ❬✶✽✱ ✸✹❪ t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤②✱ ✐♥ ❣❡♥❡r❛❧✱ ❧✐♥❡❛r❧② s❝❛❧❡s ✇✐t❤
t❤❡ ♥❡t✇♦r❦ s✐③❡✱ ❛♥❞ ✐t ❝❛♥ ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ❞❡❣r❡❡ ♦❢ t❤❡ q✉❡✉❡s ♣r♦✈✐❞❡❞ t❤❛t t❤❡s❡ ❛❞♦♣t
t❤❡ s❤♦rt❡st✲r❡♠❛✐♥✐♥❣✲♣r♦❝❡ss✐♥❣✲t✐♠❡ s❝❤❡❞✉❧✐♥❣ ❞✐s❝✐♣❧✐♥❡ ❬✾❪✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡ ❝❡♥tr❛❧ ❛✉t❤♦r✐t✐❡s✱ ✇❤✐❝❤
❝❛♥ ❜❡ t❤❡ ❝❛s❡ ♦❢ ❧❛r❣❡ s❡r✈❡r ❢❛r♠s✱ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✐s s❤♦✇♥ t♦ ❜❡ ❧♦✇❡r ❜♦✉♥❞❡❞ ❜② t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡
♥✉♠❜❡r ♦❢ ❛✉t❤♦r✐t✐❡s ❬✹❪✳

❲❡ ♦❜s❡r✈❡ t❤❛t ❛ ❦❡② ♣♦✐♥t ❝♦♠♠♦♥ t♦ ❛❧❧ t❤❡ ❛❜♦✈❡ ✇♦r❦s ✐s t❤❛t t❤❡ ❝❡♥tr❛❧ ❛✉t❤♦r✐t②✱ ✇❤✐❝❤ ✐♥ t❤❡ r❡♠❛✐♥❞❡r
♦❢ t❤❡ ♣❛♣❡r ✇❡ r❡❢❡r t♦ ❛s r♦✉t❡r✱ ❛❝❤✐❡✈❡s t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✐♥ ❛ ❇❡r♥♦✉❧❧✐ s❡tt✐♥❣✱ ♠❛❦✐♥❣ ✐ts r♦✉t✐♥❣ ❞❡❝✐s✐♦♥s
✐♥❞❡♣❡♥❞❡♥t ❡❛❝❤ ♦t❤❡r✱ ✐✳❡✳✱ ✇✐t❤ ♥♦ ♠❡♠♦r②✳ ■♥ ❢❛❝t✱ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✐s ❝♦♠♠♦♥❧② s❡❛r❝❤❡❞ ❛♠♦♥❣ ❛❧❧ t❤❡
♣♦ss✐❜❧❡ ❇❡r♥♦✉❧❧✐ ♣♦❧✐❝✐❡s t❤r♦✉❣❤ ❛ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ■♥ s❡✈❡r❛❧ ❝❛s❡s✱ t❤✐s r❡str✐❝t✐♦♥ ✐s ❦♥♦✇♥
t♦ ②✐❡❧❞ tr❛❝t❛❜❧❡ ❢♦r♠✉❧❛s ❢♦r ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡s✱ ❜✉t ✐t ♠❛② ♣❧❛② ❛ ♥♦♥✲✐♥♥♦❝✉♦✉s r♦❧❡ ✐♥ t❤❡ ❛♥❛❧②s✐s✳ ■♥ ❛
♠♦r❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✱ ✐♥ ❢❛❝t✱ t❤❡ ♦♣t✐♠❛❧ ❥♦❜s ✐♥t❡r✲❛rr✐✈❛❧ t✐♠❡s ♦❢ ❡❛❝❤ q✉❡✉❡ ❛r❡ ♥♦t ❡✈❡♥ ✐✳✐✳❞✳ ❬✶✼❪✳ ❊①❝❡♣t
❢♦r s♣❡❝✐❛❧ ❝❛s❡s✱ t❤✐s ❞②♥❛♠✐❝ r♦✉t✐♥❣ s❝❤❡♠❡ ♥♦t♦r✐♦✉s❧② ❝♦♠♣❧✐❝❛t❡s t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ s♦ t❤❛t t❤❡
❛ss❡ss♠❡♥t ♦❢ t❤❡ r♦✉t✐♥❣ ♣♦❧✐❝② ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ❛s ✇❡❧❧ ❛s t❤❡ ❛♥❛❧②s✐s ♦❢ s✉❝❤ r❡s♣♦♥s❡
t✐♠❡ ❛r❡ ❝✉rr❡♥t ♦♣❡♥ ♣r♦❜❧❡♠s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡❀ s❡❡✱ ❡✳❣✳✱ ❬✶✼✱ ✺✱ ✶✵✱ ✶✹❪ ❢♦r t❤❡ ❝❛s❡ ♦❢ ♣❛r❛❧❧❡❧ ❛♥❞ ♥♦♥✲♦❜s❡r✈❛❜❧❡
q✉❡✉❡s✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ✐t ✐s ❛❧s♦ s❤♦✇♥ ✐♥ ❬✺❪ t❤❛t ✜♥❞✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❝②❝❧✐❝ ♣♦❧✐❝② ✐s ◆P✲❝♦♠♣❧❡t❡✳

✶✳✶ ❖✉r ❈♦♥tr✐❜✉t✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛♥❛❧②③✐♥❣ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✐♥ ♦♣❡♥ q✉❡✉❡✐♥❣ s②st❡♠s ♦❢ ♣❛r❛❧❧❡❧ ❛♥❞
♥♦♥✲♦❜s❡r✈❛❜❧❡ q✉❡✉❡s✳ ❲❡ ✉♥❞❡rt❛❦❡ t❤✐s ❛♥❛❧②s✐s ❢r♦♠ ❛ ♥❡✇ ♣♦✐♥t ♦❢ ✈✐❡✇✿ ■♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ❡①✐st✐♥❣ ✇♦r❦s
❛❜♦✈❡✱ t❤❡ ❦❡② ♣♦✐♥t ♦❢ ♦✉r ❛♥❛❧②s✐s ✐s t♦ ❝♦♥s✐❞❡r r♦✉t❡rs ✇✐t❤ t❤❡ ♠❡♠♦r② ♦❢ ♣r❡✈✐♦✉s ❞✐s♣❛t❝❤✐♥❣ ❝❤♦✐❝❡s✳ ❚❤✐s
❢❡❛t✉r❡ ♦❢ ♦✉r ❛♣♣r♦❛❝❤ s❡✈❡r❡❧② ❝♦♠♣❧✐❝❛t❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡ t✐♠❡ ❛❝❤✐❡✈❛❜❧❡
❜② t❤❡ s②st❡♠✱ ✐✳❡✳✱ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠✱ ❜✉t ✇❡ str♦♥❣❧② ❜❡❧✐❡✈❡ t❤❛t t❤✐s ✐s ♥❡❝❡ss❛r② ❢♦r ❛♥ ❛❝❝✉r❛t❡ ❛♥❛❧②s✐s ♦❢
♥♦✇❛❞❛②s ♥❡t✇♦r❦s✳ ■♥ ❢❛❝t✱ ❞✐s♣❛t❝❤✐♥❣ s❝❤❡♠❡s ✇✐t❤ ♠❡♠♦r②✱ ❡✳❣✳✱ r♦✉♥❞✲r♦❜✐♥✱ ❝❛♥ ❜❡ ❡❛s✐❧② ✐♠♣❧❡♠❡♥t❡❞ ✐♥
♥❡t✇♦r❦ r♦✉t❡rs ✇✐t❤ ✈❡r② ❧✐♠✐t❡❞ ❝♦sts✳ ●✐✈❡♥ t❤❡ ✐♥tr✐♥s✐❝ ✐♥tr❛❝t❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ♦✉r ❛♥❛❧②s✐s ✐s ♣❡r❢♦r♠❡❞
✐♥ t❤❡ ❧✐♠✐t✐♥❣ r❡❣✐♠❡ ✇❤❡r❡ ❞❡♠❛♥❞s✱ ✐✳❡✳✱ ❥♦❜s ❛rr✐✈❛❧ r❛t❡✱ ♣r♦♣♦rt✐♦♥❛❧❧② ❣r♦✇ ✇✐t❤ t❤❡ ♥❡t✇♦r❦ s✐③❡✱ ✐✳❡✳✱ t❤❡
♥✉♠❜❡r ♦❢ q✉❡✉❡s✳ ❚❤✐s ❧✐♠✐t✐♥❣ r❡❣✐♠❡ ✐s ✈❡r② ♣♦♣✉❧❛r ✐♥ q✉❡✉❡✐♥❣ t❤❡♦r② t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❧❛r❣❡
s②st❡♠s ✐♥ ❛ tr❛❝t❛❜❧❡ ♠❛♥♥❡r❀ s❡❡✱ ❡✳❣✳✱ ❬✸✸✱ ✷✶❪✳

❋✐rst✱ ✇❡ ♣r♦✈✐❞❡ ❛ st♦❝❤❛st✐❝ ❝♦♠♣❛r✐s♦♥ r❡s✉❧t ♣r♦✈✐❞✐♥❣ ❛ t✐❣❤t ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ♦♣t✐♠❛❧ ✭♠❡❛♥✮ r❡s♣♦♥s❡
t✐♠❡ ❛❝❤✐❡✈❛❜❧❡ ❜② t❤❡ s②st❡♠✳ ❚❤✐s ❜♦✉♥❞ ✐s ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❛ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❣r❛♠ ✇❤✐❝❤ ✐♥t❡❣r❛t❡s
t❤❡ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❛ ♣❛r❛❧❧❡❧ s②st❡♠ ♦❢ ✐♥❞❡♣❡♥❞❡♥t Γ/M/1 q✉❡✉❡s✳ ◆❡✇ ❛s②♠♣t♦t✐❝❛❧❧②✲❡①❛❝t ❜♦✉♥❞s ♦♥
t❤❡✐r r❡s♣♦♥s❡ t✐♠❡s ❢♦❧❧♦✇s ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ▲❛♠❜❡rt ❲ ❢✉♥❝t✐♦♥ ❬✶✶❪✳

❚❤❡♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣✱ ❛♥ ✐♥❞❡① ♠❡❛s✉r✐♥❣ t❤❡ ✇♦rst✲❝❛s❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ s♦❝✐❛❧❧②✲♦♣t✐♠❛❧
r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❛ ♠❡♠♦r②❧❡ss r♦✉t❡r ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ♠❡♠♦r② ❝♦✉♥t❡r♣❛rt✳ ❲❡ ♣r♦✈❡ t❤❛t ✐t ✐s ❜♦✉♥❞❡❞ ❢r♦♠
❛❜♦✈❡ ❜② t✇♦ ❜❡✐♥❣ ❡①❛❝t ✐♥ ❤❡❛✈②✲tr❛✣❝✳ ❚❤✉s✱ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ♦❢ ❛ r♦✉t❡r ✇✐t❤ ♠❡♠♦r② ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞
❛s t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ♦❢ ❛ ❇❡r♥♦✉❧❧✐ r♦✉t❡r t✐♠❡s ❛ ❝♦rr❡❝t✐♥❣ ❢❛❝t♦r ❧❡ss t❤❛♥ t✇♦✳ ❲❤❡♥ ❤♦♠♦❣❡♥❡♦✉s q✉❡✉❡s

❘❘ ♥➦



✹ ❆♥s❡❧♠✐ ❛♥❞ ●❛✉❥❛❧

.

.

.

µN

µ2

❘♦✉t❡r

µ1

λN

❋✐❣✉r❡ ✶✿ ◗✉❡✉❡✐♥❣ ♠♦❞❡❧ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥✳ ❚❤❡ r♦✉t❡r ❞✐s♣❛t❝❤❡s ✐♥❝♦♠✐♥❣ ❥♦❜s t♦ t❤❡ q✉❡✉❡s ❛❝❝♦r❞✐♥❣ t♦
s♦♠❡ ♣♦❧✐❝② ❛♥❞ ✇✐t❤ ♥♦ ❞❡❧❛②✳ ❚❤❡ ♠❡❛♥ ❛rr✐✈❛❧ r❛t❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ q✉❡✉❡s✳

❛r❡ ❝♦♥s✐❞❡r❡❞✱ ♦✉r ❛♥❛❧②s✐s s✐♠♣❧✐✜❡s ❛♥❞ ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ✐s ❢♦✉♥❞ ❢♦r t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✇❤✐❝❤ ❡q✉❛❧s
t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣✳ ❍❡r❡✱ ✇❡ ♣r♦✈❡ t❤❛t ✐t str✐❝t❧② ✐♥❝r❡❛s❡s ✐♥ t❤❡ q✉❡✉❡s ✉t✐❧✐③❛t✐♦♥✱ ✐♠♣❧②✐♥❣ t❤❛t ✐t ✐s ♥♦t
♣♦ss✐❜❧❡ t♦ ❞❡s✐❣♥ ❛ ♥❡t✇♦r❦ ✇❤❡r❡ t❤❡ ❝❤♦✐❝❡s ♦❢ s❡❧✜s❤ ❥♦❜s ❤❛✈❡ ♥♦ ✐♠♣❛❝t ♦♥ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛st
✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ♠❡♠♦r②❧❡ss r♦✉t❡rs✱ ✇❤✐❝❤ ♠❛❦❡ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ❡q✉❛❧ t♦ ♦♥❡ ❢♦r ❛♥② ❧♦❛❞ ❬✻✱ ✶✽❪✳

❖✉r ❛♥❛❧②s✐s ❛❧s♦ ❛❧❧♦✇s ✉s t♦ ❛ss❡ss t❤❡ q✉❛❧✐t② ♦❢ ❤❡✉r✐st✐❝s ❢♦r t❤❡ ♦♣t✐♠❛❧ ✭♥♦♥✲❇❡r♥♦✉❧❧✐✮ r♦✉t✐♥❣✳ ❆♥
❡①❤❛✉st✐✈❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s r❡✈❡❛❧s t❤❛t ❛ r♦✉t❡r ❢♦r✇❛r❞✐♥❣ ❥♦❜s t♦ q✉❡✉❡s ❛❝❝♦r❞✐♥❣ t♦ ❛ ❜✐❧❧✐❛r❞ s❝❤❡♠❡✱ ❛
❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ r♦✉♥❞✲r♦❜✐♥✱ ❬✸✱ ✶✻✱ ✶✾❪✱ ②✐❡❧❞s ❛ r❡s♣♦♥s❡ t✐♠❡ ✇❤✐❝❤ ✐s r❡♠❛r❦❛❜❧② ❝❧♦s❡ t♦ ♦✉r ❧♦✇❡r ❜♦✉♥❞✳ ■♥
♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡ t❤❡ t✇♦✲❢♦❧❞ r❡s✉❧t t❤❛t ❜✐❧❧✐❛r❞ r♦✉t✐♥❣s ❛❝❤✐❡✈❡✱ ✐♥ ♣r❛❝t✐❝❡✱ t❤❡ ♠✐♥✐♠✉♠ r❡s♣♦♥s❡ t✐♠❡
✇❤✐❝❤✱ ✐♥ t✉r♥✱ ✐s ✈❡r②✲✇❡❧❧ ❝❛♣t✉r❡❞ ❜② ♦✉r ❜♦✉♥❞ ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥s✳

❋✐♥❛❧❧②✱ ✇❡ ❣✐✈❡ ♥✉♠❡r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ✐s ✐♥s❡♥s✐t✐✈❡ t♦ t❤❡ ♥❡t✇♦r❦ s✐③❡
✭N✮ ❛♥❞ ❤❡t❡r♦❣❡♥❡✐t②✱ ✇❤✐❧❡ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥❡t✇♦r❦ ❧♦❛❞ ✭L✮ ♦♥❧②✳ ❚❤❡s❡ str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s
❡♥t❛✐❧ t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ❛❞♠✐ts t❤❡ ♣r♦❞✉❝t✲❢♦r♠ f(N)F (L) ✇❤❡r❡ ✐✮ f(N) ✐s ❧✐♥❡❛r ❛♥❞ r❡❢❡rs t♦ t❤❡ ♣r✐❝❡
♦❢ ❛♥❛r❝❤② ❛❝❤✐❡✈❡❞ ❜② ❛ ❇❡r♥♦✉❧❧✐ r♦✉t❡r ✭✇❤✐❝❤ ✐s ✇❡❧❧✲✉♥❞❡rst♦♦❞ ❬✻✱ ✶✽❪✮✱ ❛♥❞ ✐✐✮ F (L)✱ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣✱
✐s ✐♥❝r❡❛s✐♥❣ ✐♥ L ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② t✇♦✳ ❚❤❡ t❡r♠ F (L)✱ ❡①♣❧✐❝✐t❡❧② ❣✐✈❡♥✱ ✐s t❤✉s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡
❛❞❞❡❞✲✈❛❧✉❡ ♦❢ ❛ r♦✉t❡r ✇✐t❤ ♠❡♠♦r② ♦r✱ ♠♦r❡ t❡❝❤♥✐❝❛❧❧②✱ ❛s t❤❡ r❡s♣♦♥s❡✲t✐♠❡ ✐♠♣r♦✈❡♠❡♥t ✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞
✇❤❡♥ t❤❡ ✐♥♣✉t ♣r♦❝❡ss ♦❢ ❡❛❝❤ q✉❡✉❡ ✐s ●❛♠♠❛ ✐♥st❡❛❞ ♦❢ P♦✐ss♦♥✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ✐♥tr♦❞✉❝❡s t❤❡ ♠♦❞❡❧ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ❛♥❞ t❤❡ ♥❡❝❡ss❛r②
♣r❡❧✐♠✐♥❛r✐❡s✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✐♥ t❡r♠s ♦❢ ❛ ❝♦♥✈❡① ♣r♦❣r❛♠
❛s ✇❡❧❧ ❛s ❛♥ ✐♠♣r♦✈❡❞ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ✇❤✐❝❤ ✐s ❛♥❛❧②③❡❞ t♦ ❞❡r✐✈❡
q✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s ♦♥ t❤❡ ❜❡♥❡✜t ♦❢ ❛ r♦✉t❡r ✇✐t❤ ♠❡♠♦r②✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ s❤♦✇ ❤♦✇ ❛ ♥♦♥✲❇❡r♥♦✉❧❧✐ r♦✉t❡r
s❤♦✉❧❞ ♦♣❡r❛t❡ t♦ ♠✐♥✐♠✐③❡ r❡s♣♦♥s❡ t✐♠❡✱ ❛♥❞✱ ✐♥ ❙❡❝t✐♦♥ ✻✱ ✇❡ ♠❡❛s✉r❡ ✐ts ✐♠♣❛❝t ♦♥ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡
❡①❤✐❜✐t✐♥❣ str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s t❤❛t ✇❡ ✐♥t❡r♣r❡t✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✼ ❞r❛✇s t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ t❤✐s ✇♦r❦✳

✷ ▼♦❞❡❧ ❛♥❞ Pr❡❧✐♠✐♥❛r✐❡s

❲❡ ❝♦♥s✐❞❡r ❛ q✉❡✉❡✐♥❣ s②st❡♠ ❝♦♠♣♦s❡❞ ♦❢ N ✐♥✜♥✐t❡✲r♦♦♠ q✉❡✉❡s ✇♦r❦✐♥❣ ✐♥ ♣❛r❛❧❧❡❧ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳
❏♦❜s ❛rr✐✈❡ ❢r♦♠ ❛♥ ❡①t❡r♥❛❧ P♦✐ss♦♥✐❛♥ s♦✉r❝❡ ❤❛✈✐♥❣ ✐♥t❡♥s✐t② λN t♦ ❛ r♦✉t❡r ✇❤✐❝❤ ✐♥st❛♥t❛♥❡♦✉s❧② ❞✐s♣❛t❝❤❡s
❥♦❜s t♦ ♦♥❡ ♦❢ t❤❡ N q✉❡✉❡s ❛❝❝♦r❞✐♥❣ t♦ ❛ ❣✐✈❡♥ ♣♦❧✐❝②✱ ✐✳❡✳✱ r♦✉t✐♥❣ r✉❧❡✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r♦✉t❡r ❝❛♥♥♦t ♦❜s❡r✈❡ t❤❡ st❛t❡ ♦❢ t❤❡ q✉❡✉❡s✱ ✐✳❡✳✱ t❤❡✐r ❝✉rr❡♥t ♥✉♠❜❡r ♦❢ ❥♦❜s✳
■♥ q✉❡✉❡ i✱ ✇❡ ❛ss✉♠❡ t❤❛t ❥♦❜s r❡q✉✐r❡ s❡r✈✐❝❡ ❢♦r ❛♥ ❡①♣♦♥❡♥t✐❛❧❧②✲❞✐str✐❜✉t❡❞ ❛♠♦✉♥t ♦❢ t✐♠❡ ❤❛✈✐♥❣ ♠❡❛♥

µ−1
i = O(1)✳ ❚❤❡ s❡r✈✐❝❡ t✐♠❡s ❛r❡ ✐✳✐✳❞✳ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❛rr✐✈❛❧ ♣r♦❝❡ss ❛♥❞ N ✳ ■♥✐t✐❛❧❧②✱ ❛❧❧ q✉❡✉❡s ❛r❡

s✉♣♣♦s❡❞ t♦ ❜❡ ❡♠♣t② ✭t❤✐s ❛ss✉♠♣t✐♦♥ ❝❛♥ ❜❡ r❡❧❛①❡❞ ❜❡❝❛✉s❡ t❤❡ ♠❡❛♥ ♣❡r❢♦r♠❛♥❝❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ✐♥✐t✐❛❧
st❛t❡s✱ ❜✉t ✐t ✐s ✉s❡❢✉❧ ✐♥ ♦✉r ♣r♦♦❢s ❢♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✮✳ ❚❤❡ s❝❤❡❞✉❧✐♥❣ ❞✐s❝✐♣❧✐♥❡ ♦❢ ❡❛❝❤ q✉❡✉❡ ✐s ❛ss✉♠❡❞ t♦
❜❡ ❋✐rst✲❈♦♠❡✲❋✐rst✲❙❡r✈❡❞ ♦r Pr♦❝❡ss♦r ❙❤❛r✐♥❣✳ ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r✱ ✐♥❞❡① i ✐♠♣❧✐❝✐t❧② r❛♥❣❡s ❢r♦♠ 1
t♦ N ✱ ✐❢ ♥♦t ♦t❤❡r✇✐s❡ s♣❡❝✐✜❡❞✳

❚❤❡ r♦✉t✐♥❣ ♣♦❧✐❝② a
def
= (a1, . . . , aN ) ♦❢ ❥♦❜s ✐♥t♦ q✉❡✉❡s ✐s ❣✐✈❡♥ ❜② t❤❡ s❡q✉❡♥❝❡s (ai

n)n∈N ∈ {0, 1}✱ ✇❤❡r❡
ai

n = 1 ✐❢ t❤❡ nth ❥♦❜ ✐s s❡♥t t♦ q✉❡✉❡ i✱ ❛♥❞ ✐s ✵ ♦t❤❡r✇✐s❡✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✐❢ ai
n = 1 t❤❡♥ aj

n = 0 ❢♦r ❛❧❧ j 6= i✱ ✐✳❡✳✱
❛ ❥♦❜ ✐s r♦✉t❡❞ t♦ ❛ s✐♥❣❧❡ q✉❡✉❡✳

■◆❘■❆



❖♣t✐♠❛❧ r♦✉t✐♥❣ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡s ❛♥❞ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✺

■♥ ❝♦♥tr❛st ✇✐t❤ ❡①✐st✐♥❣ ✇♦r❦s✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ r♦✉t❡r ❤❛s ♠❡♠♦r② ♦❢ ✇❤✐❝❤ q✉❡✉❡s ♣r❡✈✐♦✉s
❥♦❜s ❤❛✈❡ ❜❡❡♥ ❞✐s♣❛t❝❤❡❞✳ ❚❤✐s ❢❡❛t✉r❡ ♦❢ ♦✉r ♠♦❞❡❧ ✐s ✐♥♥♦✈❛t✐✈❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❡✈❛❧✉❛t✐♥❣ t❤❡ ♣r✐❝❡ ♦❢
❛♥❛r❝❤②✱ ❡❛s② t♦ ✐♠♣❧❡♠❡♥t ✐♥ r❡❛❧✲✇♦r❧❞ r♦✉t❡rs ❛♥❞ ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ ♦✉r ❛♥❛❧②s✐s✳

▲❡t
L

def
= λN/

∑N
i=1 µi ✭✶✮

❜❡ t❤❡ ♥❡t✇♦r❦ ❧♦❛❞✱ ❛♥ ✐♥❞❡① ♠❡❛s✉r✐♥❣ t❤❡ ✏♥❡t✇♦r❦ ✉t✐❧✐③❛t✐♦♥✑✳ ❲✐t❤✐♥ t❤❡ ♦♣t✐♠❛❧ r♦✉t✐♥❣ ♣♦❧✐❝②✱ t❤❡
❝♦♥s✐❞❡r❡❞ q✉❡✉❡✐♥❣ ♠♦❞❡❧ ✐s st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ L < 1✳

❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜② R = R(a) t❤❡ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡✱ ♦r s♦❥♦✉r♥ t✐♠❡✱ ♦❢ ❥♦❜s ✐♥ t❤❡ s②st❡♠ ✉♥❞❡r ♣♦❧✐❝② a✱
♣r♦✈✐❞❡❞ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❡①✐sts ✭t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ a ✇✐❧❧ ❜❡ r❡♣♦rt❡❞ ✇❤❡♥ ♥❡❝❡ss❛r②✮✳ ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡
♣❛♣❡r✱ ✇❡ ♦♠✐t t❤❡ ✇♦r❞s ✏♠❡❛♥✑ ✇❤❡♥ ✇❡ r❡❢❡r t♦ r❡s♣♦♥s❡ t✐♠❡ ❢♦r s✐♠♣❧✐❝✐t②✳

✷✳✶ ◆❛s❤ ❊q✉✐❧✐❜r✐✉♠ ❛♥❞ ❙♦❝✐❛❧ ❖♣t✐♠✐③❛t✐♦♥

❲✐t❤✐♥ t❤❡ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s✳ ■♥ t❤❡ ✜rst ♦♥❡✱ s❡❧✜s❤ ❥♦❜s ❝❤♦♦s❡ t♦
❥♦✐♥ ❛ q✉❡✉❡ t♦ ♠✐♥✐♠✐③❡ t❤❡✐r r❡s♣♦♥s❡ t✐♠❡ ✐♥❞✐✈✐❞✉❛❧❧②✱ ❛♥❞ ✇❡ r❡❢❡r t♦ t❤✐s s✐t✉❛t✐♦♥ ❛s ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠❀ s❡❡✱
❡✳❣✳✱ ❬✻✱ ✶✽❪✳ ❚❤❡ r❡s♣♦♥s❡ t✐♠❡ ❛❝❤✐❡✈❛❜❧❡ ✐♥ t❤✐s s❝❡♥❛r✐♦ ✐s ❞❡♥♦t❡❞ ❜② RNe✳ ■♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ❥♦❜s ❝❤♦♦s❡ t♦
❥♦✐♥ ❛ q✉❡✉❡ t♦ ♠✐♥✐♠✐③❡ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❛❧❧ ❥♦❜s t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❝❤♦✐❝❡s ♦❢ ♣r❡✈✐♦✉s ❥♦❜s✳ ❲❡ r❡❢❡r t♦
t❤✐s s✐t✉❛t✐♦♥ ❛s s♦❝✐❛❧ ♦♣t✐♠✐③❛t✐♦♥✱ ❛♥❞ t❤❡ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ❛❝❤✐❡✈❛❜❧❡ ✐♥ t❤✐s s❝❡♥❛r✐♦ ✐s ❞❡♥♦t❡❞ ❜② RSo✳
❚❤❡s❡ s❝❡♥❛r✐♦s r❡✢❡❝t t❤❡ ❝♦♥✢✐❝t✐♥❣ s✐t✉❛t✐♦♥s ✇❤❡r❡ ❥♦❜s ♠♦✈❡s ✐♥ ❛♥ ✐♥❢r❛str✉❝t✉r❡ ✇✐t❤ ♥❡✐t❤❡r ❝♦♥tr♦❧ ♥♦r
s❤❛r❡❞ ✐♥❢♦r♠❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛ ❝❡♥tr❛❧✐③❡❞ ♦❜❥❡❝t ❝♦♥tr♦❧s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ t♦
♠❛①✐♠✐③❡ t❤❡ ♣r♦✜t ♦❢ ❛❧❧ ❥♦❜s✳

❖✉r ♥♦t✐♦♥ ♦❢ s♦❝✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❞✐✛❡rs ❢r♦♠ t❤❡ ♦♥❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❡①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s ✐♥ t❤❡ s❡♥s❡ t❤❛t ✇❡
❧❡t t❤❡ r♦✉t❡r ♦♣❡r❛t❡ ✇✐t❤ t❤❡ ♠❡♠♦r② ♦❢ ♣r❡✈✐♦✉s ❞❡❝✐s✐♦♥s✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ s❡t ♦❢ ♣♦❧✐❝✐❡s ❤❛♥❞❧❡❞ ❜② t❤❡
r♦✉t❡r ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ s❡t ♦❢ t❤❡ ❇❡r♥♦✉❧❧✐ ♦♥❡s✱ ❜❡❝❛✉s❡ t❤❡ r♦✉t✐♥❣ ❞❡❝✐s✐♦♥s ❛r❡ ♥♦ ♠♦r❡ ✐♥❞❡♣❡♥❞❡♥t
❡❛❝❤ ♦t❤❡r✳ ❚❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ♣♦✐♥t ✐s t❤❛t t❤❡ ♦♣t✐♠❛❧ ❥♦❜s ✐♥t❡r✲❛rr✐✈❛❧s ♦❢ ❡❛❝❤ q✉❡✉❡ ❛r❡ ♥♦t
✐✳✐✳❞✳ ❬✶✼❪✱ ❛♥❞✱ t❤✉s✱ t❤❡ ❛♥❛❧②s✐s ❜❡❝♦♠❡s ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✱ ❤♦✇❡✈❡r✱ ✇❡
♦❜s❡r✈❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② ♠✉st ❜❡ ❇❡r♥♦✉❧❧✐ ❜❡❝❛✉s❡ ❥♦❜s ♠❛❦❡ t❤❡✐r ❞❡❝✐s✐♦♥s ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♦t❤❡rs
✭✐♥ ❢❛❝t✱ ♥♦ s❤❛r❡❞ ✐♥❢♦r♠❛t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ ❛ ❢✉❧❧②✲❞❡❝❡♥tr❛❧✐③❡❞ s②st❡♠ ❜❡❢♦r❡ t❤❡ ❛rr✐✈❛❧s ♦❢ ❥♦❜s✮✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ ❡①✐st✐♥❣ ✇♦r❦s ❛♣♣❧② t♦ ♦✉r ♠♦❞❡❧ ✐♥ t❤✐s ❝❛s❡ ✭s❡❡ ❬✻❪ ❢♦r ❛ ❢♦r♠✉❧❛ ❢♦r RNe✮✳

■t ✐s ❝❧❡❛r t❤❛t ❜♦t❤ t❤❡ s✐t✉❛t✐♦♥s ❞❡♣✐❝t❡❞ ❛❜♦✈❡ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ✐♥ ♦✉r q✉❡✉❡✐♥❣ s②st❡♠ ❜② s♣❡❝✐❢②✐♥❣ ❛
s✉✐t❛❜❧❡ ♣♦❧✐❝② ✐♥ t❤❡ r♦✉t❡r✳

❲❡ ♠❡❛s✉r❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ s❝❡♥❛r✐♦ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❜② ♠❡❛♥s
♦❢ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② A✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

A
def
= RNe/RSo. ✭✷✮

❊✈✐❞❡♥t❧②✱ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ A ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ✐♠♣❛❝t ♦❢ ❛ ❝❡♥tr❛❧✐③❡❞ ❝♦♥tr♦❧ ❞r❛st✐❝❛❧❧② ✐♠♣r♦✈❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ s②st❡♠✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ♥♦t✐❝❡ t❤❛t ❛ ❝❡♥tr❛❧✐③❡❞ ❝♦♥tr♦❧ ❞❡s✐❣♥ ✐s ❧❡ss s❝❛❧❛❜❧❡ ❛♥❞
r❡❧✐❛❜❧❡ t❤❛♥ ❛ ❞✐str✐❜✉t❡❞ ♦♥❡ ❜❡❝❛✉s❡ t❤❡ s②st❡♠ ❤❛s ❛ s✐♥❣❧❡ ♣♦✐♥t ♦❢ ❢❛✐❧✉r❡✳ ❲❡ ❛❧s♦ str❡ss t❤❛t A r❡♣r❡s❡♥ts
t❤❡ ✇♦rst✲❝❛s❡ ❞❡❧❛② ✐♥❡✣❝✐❡♥❝② ♦❢ ❛♥ ✉♥❝♦♥tr♦❧❧❡❞ ✐♥❢r❛str✉❝t✉r❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝♦♥tr♦❧❧❡❞ ♦♥❡✳ ❇② ❞❡✜♥✐t✐♦♥✱
A ≥ 1✳

■♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ❛♥❛❧②s✐s ♦❢ RNe✱ t❤❡r❡ ❛r❡ ❝✉rr❡♥t❧② ♥♦ ❡①❛❝t ❛♥❛❧②s❡s ❢♦r t❤❡ ❡✣❝✐❡♥t ❝♦♠♣✉t❛t✐♦♥ ♦❢ RSo

✇❤❡♥ N ✐s ❣❡♥❡r✐❝ ✭s❡❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✮✳ ❊✈❡♥ t❤♦✉❣❤ RSo ❝♦✉❧❞ ❜❡ ❞❡t❡r♠✐♥❡❞✱ ✐♥ ♦✉r s❡tt✐♥❣s✱ ❜② ❛♣♣❧②✐♥❣
▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss ❛❧❣♦r✐t❤♠s✱ ❡✳❣✳✱ ❬✷✻❪✱ t❤❡ ✐♥tr✐♥s✐❝ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ♠❛❦❡s ✐t
❢❡❛s✐❜❧❡ ♦♥❧② ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ q✉❡✉❡s ✐s ✈❡r② ❧✐♠✐t❡❞✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ N = 2✱ ❛♥ ❡✣❝✐❡♥t ❛♥❛❧②s✐s
♦❢ RSo ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✹❪✳ ❚❤✐s ❝✉rr❡♥t ❞✐✣❝✉❧t② ♣r❡✈❡♥ts t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ♠♦t✐✈❛t❡❞ t❤❡
❛✉t❤♦rs t♦ ✐♥✈❡st✐❣❛t❡ ❛❧t❡r♥❛t✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ ❛♥❛❧②s✐s ♦❢ ✭✷✮✳

✸ ❆♥❛❧②s✐s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✈❡❧♦♣ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ s♦❝✐❛❧❧②✲♦♣t✐♠❛❧ r❡s♣♦♥s❡ t✐♠❡ ❜② ♠❡❛♥s
♦❢ ❝♦♥✈❡① ♣r♦❣r❛♠♠✐♥❣✳ ❆♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❜♦✉♥❞s ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇ ❜② ✭✷✮✳

❘❘ ♥➦



✻ ❆♥s❡❧♠✐ ❛♥❞ ●❛✉❥❛❧

✸✳✶ ❇♦✉♥❞✐♥❣ t❤❡ ❖♣t✐♠❛❧ ❘❡s♣♦♥s❡ ❚✐♠❡

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ s♦❝✐❛❧❧② ♦♣t✐♠✉♠ r❡s♣♦♥s❡ t✐♠❡ RSo✳
▲❡t qi

n(ai
1, . . . , a

i
n) ❜❡ t❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦ ✐♥ q✉❡✉❡ i ❛❢t❡r n ❛rr✐✈❛❧s✳ ❲❡ ❞❡♥♦t❡ ❜②

Qi
n(ai

1, . . . , a
i
n)

def
= Eqi

n(ai
1, . . . , a

i
n), ✭✸✮

t❤❡ ♠❡❛♥ ✇♦r❦ ✇❤❡r❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ❛rr✐✈❛❧ t✐♠❡s ❛♥❞ s❡r✈✐❝❡ t✐♠❡s✳ ◆♦✇✱ ❧❡t Ri(a
i) ❜❡ t❤❡

❈❡s❛r♦ ❧✐♠✐t ♦❢ Qi
n✱ ✐✳❡✳✱

Ri(a
i) = lim

m→∞

1

m

m
∑

n=1

Qi
n(ai

1, . . . , a
i
n). ✭✹✮

❯s✐♥❣ t❤❡ P❆❙❚❆ ♣r♦♣❡rt②✱ ❡✳❣✳✱ ❬✼❪✱ Ri(ai) ✐s t❤❡ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ♦❢ t❤❡ ❥♦❜s s❡♥t t♦ q✉❡✉❡ i✳

❋♦r ❛♥② 0 < δ < 1✱ ❧❡t pi
δ

def
= (1 − δ)

∑∞

k=1 δk−1ai
k✱ t❤❛t ❡①✐sts s✐♥❝❡ ❛❧❧ ai

n ❛r❡ ❜♦✉♥❞❡❞✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ pi
δ✱

∑N
i=1 pi

δ = 1✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❡t L ♦❢ ❧✐♠✐t ♣♦✐♥ts ♦❢ (p1
δ , . . . , p

N
δ )✱ ✇❤❡♥ δ → 1✱ ❛❧s♦ ❤❛s ❛ s✉♠ ❡q✉❛❧ t♦ ♦♥❡✳

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ r❡❣✉❧❛r s❡q✉❡♥❝❡ ✇✐t❤ r❛t❡ p ❛♥❞ ♣❤❛s❡ θ✿ ❢♦r ❛❧❧ n ≥ 1✱ αi
n(p, θ)

def
= ⌊np+θ⌋−⌊(n−1)p+θ⌋✳

◆♦t❡ t❤❛t αi
n(p, θ) ∈ {0, 1} ❢♦r ❛❧❧ n ❛s ❧♦♥❣ ❛s p ≤ 1 ❛♥❞ ✐s ♣❡r✐♦❞✐❝ ✐♥ θ ✇✐t❤ ♣❡r✐♦❞ ✶✳

❚❤❡♦r❡♠ ✶ ❯♥❞❡r t❤❡ ❢♦r❡❣♦✐♥❣ ♥♦t❛t✐♦♥s✱ t❤❡ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❛ ❥♦❜ ✉♥❞❡r ♣♦❧✐❝② a ✈❡r✐✜❡s

R(a) ≥ inf
(p1,...,pN )∈L

(

p1R1(α(p1, 0)) + · · · + pNRN (α(pN , 0))
)

.

❚❤❡ t❤❡♦r❡♠ s❛②s t❤❛t t❤❡ ❛✈❡r❛❣❡ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❛♥② ♣♦❧✐❝② ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ r❡s♣♦♥s❡
t✐♠❡s ✐♥ ❛❧❧ q✉❡✉❡s ✇❤❡r❡ t❤❡ ❛rr✐✈❛❧ ♣r♦❝❡ss ✐♥ ❡❛❝❤ q✉❡✉❡ ✐s ❛ r❡❣✉❧❛r s❡q✉❡♥❝❡✳ ❚❤✐s r❡s✉❧t ✐s t♦ ❜❡ ❝♦♠♣❛r❡❞
✇✐t❤ ❬✶✻❪ ✇❤❡r❡ r❡❣✉❧❛r s❡q✉❡♥❝❡s ✇✐t❤ r❛t❡ r ❛r❡ ♣r♦✈❡❞ t♦ ❜❡ ♦♣t✐♠❛❧ ❛❞♠✐ss✐♦♥ s❡q✉❡♥❝❡s ✐♥ ❛ s✐♥❣❧❡ q✉❡✉❡
✉♥❞❡r t❤❡ ❝♦♥str❛✐♥t t❤❛t ❛ ♣r♦♣♦rt✐♦♥ ♦❢ ❛t ❧❡❛st r ♣❛❝❦❡ts ❤❛✈❡ t♦ ❜❡ ❛❞♠✐tt❡❞ ✐♥ t❤❡ q✉❡✉❡✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡
❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t r♦✉t✐♥❣ t♦ s❡✈❡r❛❧ q✉❡✉❡s ✐s ♠♦r❡ ❞✐✣❝✉❧t t❤❛♥ ❛❞♠✐tt✐♥❣ t♦ ❛ s✐♥❣❧❡ q✉❡✉❡ ❜❡❝❛✉s❡ ♦♥❡
❞♦❡s ♥♦t ❦♥♦✇ ✇❤❡t❤❡r t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❥♦❜s s❡♥t t♦ ❡❛❝❤ q✉❡✉❡ ❜② t❤❡ ♦♣t✐♠❛❧ r♦✉t✐♥❣ ♣♦❧✐❝② ❡①✐sts✳ ❚❤✐s ✐s st✐❧❧
❛♥ ♦♣❡♥ ♣r♦❜❧❡♠ ❛♥❞ ❚❤❡♦r❡♠ ✶ ❛❜♦✈❡ ❞♦❡s ♥♦t ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥ ❜✉t ❥✉st ♣r♦✈✐❞❡s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡
r❡s♣♦♥s❡ t✐♠❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝②✳ ❋♦r t❤❡ ♣r♦♣♦s❡❞ ❧♦✇❡r ❜♦✉♥❞✱ s✉❝❤ ♣r♦♣♦rt✐♦♥s ❡①✐st ✐♥ ❛❧❧ q✉❡✉❡s ❛♥❞ ❛r❡
❡q✉❛❧ t♦ t❤❡ r❛t❡s pi ❛❝❤✐❡✈✐♥❣ t❤❡ ✐♥✜♠✉♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ r❡s✉❧t st❛t❡❞ ✐♥ ✶ ✐s ✈❡r② ❝❧♦s❡ t♦ ❚❤❡♦r❡♠
✷✺ ✐♥ ❬✷❪✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❡ ❢❛❝t t❤❛t ♦✉r ❝♦st ✐s ♥♦t ❛❞❞✐t✐✈❡✱ ♠❛❦✐♥❣ t❤❡ ♣r♦♦❢ s❧✐❣❤t❧② ♠♦r❡ ✐♥✈♦❧✈❡❞✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ s✐♥❣❧❡ q✉❡✉❡ i ❛♥❞ t❤❡ ❛rr✐✈❛❧ ♣r♦❝❡ss ✐♥❞✉❝❡❞ ❜② α(pi, θ) ✐♥ q✉❡✉❡ i✳ ▲❡t k
def
= ⌊1/pi⌋✳ ❚❤❡

✐♥t❡r✲❛rr✐✈❛❧ ♣r♦❝❡ss τ1, · · · , τn, · · · ❤❛s ❛ ❞✐str✐❜✉t✐♦♥ t❤❛t ✐s ♠❛❞❡ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ s✉♠s ♦❢ k ✭♦r k + 1✮ ✐✳✐✳❞✳
❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥s✱ ✇✐t❤ ♣❛r❛♠❡t❡r Nλ✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ pi = 2/7✱ t❤❡♥ k = 3 ❛♥❞ t❤❡ ❛rr✐✈❛❧ ♣r♦❝❡ss ✐♥
q✉❡✉❡ i ✉♥❞❡r ♣♦❧✐❝② α(2/7, 0) = 0, 0, 1, 0, 0, 0, 1, 0, 0, 1, · · · ✇❤❡r❡ t❤❡ s❡q✉❡♥❝❡s 0, 0, 1 ❛♥❞ 0, 0, 0, 1 ❛❧t❡r♥❛t❡✱ ✐s
s✉❝❤ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✲❛rr✐✈❛❧ t✐♠❡s ❛❧t❡r♥❛t❡s ❜❡t✇❡❡♥ t❤❡ s✉♠ ♦❢ t❤r❡❡ ❡①♣♦♥❡♥t✐❛❧s ✇✐t❤ r❛t❡
Nλ ❛♥❞ t❤❡ s✉♠ ♦❢ ❢♦✉r ❡①♣♦♥❡♥t✐❛❧s ✇✐t❤ r❛t❡ Nλ✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ ❛rr✐✈❛❧ r❛t❡ ✐♥ q✉❡✉❡ i ✐s piNλ✳ ◆♦✇ ✱ ❝♦♥s✐❞❡r✐♥❣ ❛ st❛t✐♦♥❛r② ✐✳✐✳❞✳ ❛rr✐✈❛❧ ♣r♦❝❡ss T1, · · ·Tn · · · ✱
✇✐t❤ ❛ ●❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ❢♦r ✐♥t❡r✲❛rr✐✈❛❧ t✐♠❡s✱ ✇✐t❤ ♣❛r❛♠❡t❡rs pi ❛♥❞ Nλ✳ ■t s❤♦✉❧❞ ❜❡ ❝❧❡❛r t❤❛t ❢♦r
❛♥② n✱ t❤❡s❡ t✇♦ ✐♥t❡r✲❛rr✐✈❛❧ ♣r♦❝❡ss❡s ❝♦♠♣❛r❡ ❢♦r t❤❡ ❝♦♥✈❡① ♦r❞❡r✐♥❣ ♦❢ r❛♥❞♦♠ s❡q✉❡♥❝❡s✿ (τ1, · · · , τn) ≥cx

(T1, · · · , Tn)✳
❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❥♦❜s ✐s ❛ ❝♦♥✈❡① ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ♣r♦❝❡ss✱ t❤✐s

✐♠♣❧✐❡s t❤❛t t❤❡ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ✐♥ q✉❡✉❡ i ✉♥❞❡r ❛ r❡❣✉❧❛r ❛rr✐✈❛❧ ♣r♦❝❡ss ✇✐t❤ r❛t❡ pi ✐s ❧❛r❣❡r t❤❛t t❤❡ ♠❡❛♥
r❡s♣♦♥s❡ t✐♠❡ ✐♥ q✉❡✉❡ i ✉♥❞❡r ❛ ●❛♠♠❛✲❞✐str✐❜✉t❡❞ ❛rr✐✈❛❧ ♣r♦❝❡ss ✇✐t❤ r❛t❡ piNλ✳ P✉tt✐♥❣ t❤✐s t♦❣❡t❤❡r ✇✐t❤
❚❤❡♦r❡♠ ✶ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✷ ▲❡t R
Γ(a,b)/M/1
i ❜❡ t❤❡ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❛ ❥♦❜ ✐♥ q✉❡✉❡ i ❤❛✈✐♥❣ ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡s ❛♥❞

✐✳✐✳❞✳ ✐♥t❡r✲❛rr✐✈❛❧ t✐♠❡s ✇✐t❤ ❛ Γ(a, b) ❞✐str✐❜✉t✐♦♥✳ ❚❤❡♥✱

RSo ≥ inf
π1,...,πN≥0:

π1+···+πN=1

N
∑

i=1

πiR
Γ(1/πi,Nλ)/M/1
i . ✭✺✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ✉s❡ ❛ ❝♦❡✣❝✐❡♥t t❤❛t s❝❛❧❡s ✇✐t❤ N ❢♦r t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❥♦❜s s❡♥t t♦ q✉❡✉❡ i✿ ✇❡ ❞❡✜♥❡

βi
def
= Nπi✱ ✇❤❡r❡ βi ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❆ ❧♦✇❡r ❜♦✉♥❞ ♦♥ RSo ✐s ✜♥❛❧❧② ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣

■◆❘■❆



❖♣t✐♠❛❧ r♦✉t✐♥❣ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡s ❛♥❞ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✼

♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

GB(N)
def
= min

N
∑

i=1

βi

N
R

Γ(N/βi,Nλ)/M/1
i (βi)

s✳t✳
∑N

i=1 βi = N
Ui(βi) ≤ 1, ∀i
βi ≥ 0, ∀i,

✭✻✮

✇❤❡r❡
Ui(βi) = λβi/µi ✭✼✮

❛♥❞ GB(N) st❛♥❞s ❢♦r ●❛♠♠❛✲❇♦✉♥❞ ✇✐t❤ N q✉❡✉❡s✳ ❇② ♠❡❛♥s ♦❢ ▲✐tt❧❡✬s ❧❛✇✱ t❤❡ q✉❛♥t✐t② Ui ✐s ✐♥t❡r♣r❡t❡❞
❛s t❤❡ ✉t✐❧✐③❛t✐♦♥ ♦❢ st❛t✐♦♥ i✱ ❛♥❞ ✐t r❡♣r❡s❡♥ts t❤❡ ✏♣r♦♣♦rt✐♦♥ ♦❢ t✐♠❡✑ ✐♥ ✇❤✐❝❤ st❛t✐♦♥ i ✐s ❜✉s② ✭✐♥ t❤❡ ❧♦♥❣
t❡r♠✮✱ ❡✳❣✳✱ ❬✷✺❪✳

✸✳✶✳✶ ❍❡❛✈②✲❚r❛✣❝ ❇❡❤❛✈✐♦r

❚❤❡ ♣r♦♣♦s❡❞ ❜♦✉♥❞ GB(N) ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ r❡s♣♦♥s❡ t✐♠❡ ❛❝❤✐❡✈❡❞ ✇❤❡♥ t❤❡ ✐♥♣✉t ❛rr✐✈❛❧ ♣r♦❝❡ss❡s ♦❢ ❛❧❧
q✉❡✉❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ●❛♠♠❛ ❞✐str✐❜✉t❡❞✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ r♦✉t❡r ❝❛♥ ❜❡ ♥♦✇ t❤♦✉❣❤t ❛s ❇❡r♥♦✉❧❧✐✱
♣r♦✈✐❞❡❞ t❤❛t ✐ts ❥♦❜s ❛rr✐✈❛❧ ♣r♦❝❡ss ✐s ♥♦ ♠♦r❡ P♦✐ss♦♥✳ ●✐✈❡♥ t❤❛t ❛❧❧ q✉❡✉❡s ❜❡❝♦♠❡ ✐♥❞❡♣❡♥❞❡♥t Γ/M/1
q✉❡✉❡s✱ ❝❧❛ss✐❝ ❤❡❛✈②✲tr❛✣❝ ❛♥❛❧②s✐s ✐♠♠❡❞✐❛t❡❧② ❛♣♣❧✐❡s t♦ ❞❡r✐✈❡ ✉s❡❢✉❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ✐♥s✐❣❤ts❀ s❡❡✱ ❡✳❣✳✱
❬✷✸✱ ✶✺❪✳

❚❤✐s ❝♦r♦❧❧❛r② ❢♦❧❧♦✇s ❜② ❚❤❡♦r❡♠ ✷ ❛♥❞ t❤❡ ❤❡❛✈②✲tr❛✣❝ ❛♥❛❧②s✐s ♦❢ ●■✴●■✴✶ q✉❡✉❡s❀ ❡✳❣✳✱ ❬✷✸❪✳

❈♦r♦❧❧❛r② ✶ ❆s L → 1✱ GB(N) ≥ RSo
Bernoulli(N)/2✱ ✇❤❡r❡ ❡q✉❛❧✐t② ❤♦❧❞s ✇❤❡♥ N ✐s ❧❛r❣❡✳

■♥ ♦t❤❡r ✇♦r❞s✱ ♦✉r ❜♦✉♥❞ ✐s ❡ss❡♥t✐❛❧❧② ❤❛❧❢ ♦❢ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❇❡r♥♦✉❧❧✐ r♦✉t✐♥❣ ✐♥ ❤❡❛✈②✲
tr❛✣❝✳ ❚❤✐s r❡✈❡❛❧s ♦♥❡ ✐♠♣♦rt❛♥t str✉❝t✉r❛❧ ♣r♦♣❡rt② t❤❛t ✇❡ ❛♥t✐❝✐♣❛t❡ ❤❡r❡ ❛♥❞ ❛♥❛❧②③❡ ✐♥ ♥❡①t s❡❝t✐♦♥s ❢♦r
t❤❡ ♥♦♥✲❤❡❛✈②✲tr❛✣❝ ❝❛s❡✿ ❚❤❡ ❛❞❞❡❞✲✈❛❧✉❡ ♦❢ ❛ r♦✉t❡r ✇✐t❤ ♠❡♠♦r② ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥❡t✇♦r❦ ❤❡t❡r♦❣❡♥❡✐t②
❛♥❞ s✐③❡✳

✸✳✷ ❆s②♠♣t♦t✐❝ ❆♥❛❧②s✐s ♦❢ t❤❡ Γ/M/1 ◗✉❡✉❡

■♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❡st❛❜❧✐s❤❡❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ RSo ✐♥ t❡r♠s ♦❢ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠
✐♥✈♦❧✈✐♥❣ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ♣❛r❛❧❧❡❧ Γ/M/1 q✉❡✉❡s✳ ❚❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❡①❛❝t Γ/M/1 ✭♦r G/M/1✮ ❛♥❛❧②s✐s✱
s❡❡ ❬✼❪✱ ✐♥ t❤❡ ❝♦♥str❛✐♥ts ♦❢ ✭✻✮ r❡♥❞❡rs ❛ ♥♦♥✲❧✐♥❡❛r ♣r♦❜❧❡♠ ✇❤✐❝❤ s❡❡♠s t♦ ❜❡ ❞✐✣❝✉❧t t♦ ❛♥❛❧②③❡✱ ❡✳❣✳✱ ✐♥
t❡r♠s ♦❢ ❝♦♥✈❡①✐t②✱ ❛♥❞ ❛❧s♦ ②✐❡❧❞s ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t✐❡s r❡❧❛t❡❞ t♦ O(NN ) t❡r♠s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥♦✇ ❛❞❞r❡ss
t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s✐♠♣❧❡ ✭♥♦♥✲♥✉♠❡r✐❝❛❧✮ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡ r❡s♣♦♥s❡ t✐♠❡ ♦❢ Γ/M/1 q✉❡✉❡s✱ ✇❤✐❝❤✱ t♦ t❤❡
❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❛r❡ ♥♦t ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❡①❝❡♣t ❢♦r t❤❡ ❤❡❛✈②✲tr❛✣❝ ❝❛s❡✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♣r♦✈✐❞❡s ❜♦✉♥❞s ♦♥ R
Γ(N/βi,Nλ)/M/1
i ❢♦r ❛♥② ♥❡t✇♦r❦ ❧♦❛❞ ❛♥❞ s✐③❡✳

❚❤❡♦r❡♠ ✸ ▲❡t σi, σi
+ ∈ [0, 1)✱ r❡s♣❡❝t✐✈❡❧②✱ ❜❡ t❤❡ ✭✉♥✐q✉❡✮ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❡q✉❛t✐♦♥s

z❡①♣( 1−z
Ui

) = 1 ✭✽✮

❛♥❞

z❡①♣( 1−z
Ui

)

(

1 −
1

2

(1 − z)2

NU2
i

)

= 1. ✭✾✮

❚❤❡♥✱
1

µi(1 − σi)
≤ R

Γ(N/βi,Nλ)/M/1
i ≤

1

µi(1 − σ+
i )

. ✭✶✵✮

●✐✈❡♥ t❤❛t✱ ❛s N → ∞✱ σ+ → σ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ✐s str❛✐❣❤t❢♦r✇❛r❞✳

❈♦r♦❧❧❛r② ✷ ❆s N → ∞✱

R
Γ(N/βi,Nλ)/M/1
i (βi) →

1

µi(1 − σi)
✭✶✶✮

❢r♦♠ ❛❜♦✈❡✳

❘❘ ♥➦



✽ ❆♥s❡❧♠✐ ❛♥❞ ●❛✉❥❛❧

▲❡♠♠❛ ✶ σi ≤ U2
i ✳

❘❡✇r✐t✐♥❣ ✭✽✮ ❛s

−
z

Ui
e
− z

Ui = −
1

Ui
e
− 1

Ui ✭✶✷✮

❛♥❞ ♦❜s❡r✈✐♥❣ t❤❛t ✐t ❛❞♠✐ts ❡①❛❝t❧② t✇♦ ♣♦s✐t✐✈❡ r♦♦ts ✇❤❡♥ 0 ≤ Ui ≤ 1✱ ✇❤❡r❡ t❤❡ ❧❛r❣❡st ♦♥❡ ✐s ❛t z = 1✱ ✇❡
♥♦t❡ t❤❛t σi ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ▲❛♠❜❡rt W ❢✉♥❝t✐♦♥ ❬✶✶❪ ✐❢ ❛♥❞ ♦♥❧② ✐❢ −z/Ui ≥ −1 = −W (−1/e)✱
✇❤✐❝❤ ✐s tr✉❡ ❜② ▲❡♠♠❛ ✶✳ ❍❡♥❝❡✱

σi = −UiW (−
1

Ui
e
− 1

Ui ). ✭✶✸✮

✇❤❡r❡ W ✐s t❤❡ ♣r✐♥❝✐♣❛❧ ▲❛♠❜❡rt ❢✉♥❝t✐♦♥ ✭✇✐t❤ W (0) = 0)✳
❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ▲❛♠❜❡rt W ❢✉♥❝t✐♦♥ ❬✶✶❪✱ ❞❡✜♥❡❞ ❛s t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ ♦❢ f(W ) = W ❡①♣(W )✱ ♦✈❡r

[−1,+∞)✱ s❛t✐s✜❡s

0 ≤ −W

(

−
1

Ui
e
− 1

Ui

)

≤ 1 ✭✶✹✮

❢♦r ❛❧❧ 0 ≤ Ui ≤ 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ −W (−1/e) = 1 ❛♥❞ W (0) = 0✳ ❚❤❡r❡❢♦r❡✱ ❜② ♠❡❛♥s ♦❢ ❋♦r♠✉❧❛ ✭✶✶✮ ❛♥❞ ✇✐t❤✐♥
t❤❡ ❝♦♥s✐❞❡r❡❞ ❧✐♠✐t✐♥❣ r❡❣✐♠❡✱ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❛ q✉❡✉❡ ✇✐t❤ ●❛♠♠❛✲❞✐str✐❜✉t❡❞ ❛rr✐✈❛❧s ❛♥❞ ❡①♣♦♥❡♥t✐❛❧
s❡r✈✐❝❡ t✐♠❡s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❛♥ ❡①♣♦♥❡♥t✐❛❧ q✉❡✉❡ ✇✐t❤ P♦✐ss♦♥ ❛rr✐✈❛❧s ❛♥❞ ✉t✐❧✐③❛t✐♦♥
♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❝♦rr❡❝t✐♥❣ ❢❛❝t♦r −W (−❡①♣(−1/Ui)/Ui)✱ ✇❤✐❝❤ ♣❧❛②s ❛ ✈❡r② ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ♦✉r ❛♥❛❧②s✐s ♦❢
t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤②✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ N/βi ∈ N✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣♦♣✉❧❛r EN/βi

/M/1 q✉❡✉❡ ✐s
❢♦✉♥❞✳

❚❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❋♦r♠✉❧❛ ✭✶✶✮ ✐s str✐❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (1 + a/N)N ✱ ❢♦r a ✜①❡❞✱ t♦
✐ts ❧✐♠✐t✐♥❣ ✈❛❧✉❡ ❡①♣(a) ✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✮✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❜❡ Θ(1/N)✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts
s❡❝t✐♦♥✱ ✇❡ ♥✉♠❡r✐❝❛❧❧② s❤♦✇ t❤❛t t❤✐s s✉✣❝❡s t♦ ♦❜t❛✐♥ ✈❡r② ❛❝❝✉r❛t❡ r❡s♣♦♥s❡ t✐♠❡ ❡st✐♠❛t❡s ❡✈❡♥ ✇❤❡♥ N ✐s
r❡❧❛t✐✈❡❧② s♠❛❧❧ ❛♥❞ t❤❛t ✐t ♣r♦✈✐❞❡s ✐♠♣r♦✈❡❞ ❛❝❝✉r❛❝② ✇✐t❤ r❡s♣❡❝t t♦ ❤❡❛✈②✲tr❛✣❝ ❛♣♣r♦①✐♠❛t✐♦♥s✳

❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✷ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❤✐❣❤❡r✲♦r❞❡r ♠♦♠❡♥ts ♦❢ r❡s♣♦♥s❡ t✐♠❡✳ ❚❤✐s
✐s ❡♥s✉r❡❞ ❜② t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ st❛t❡s st❛t✐♦♥❛r② ♣r♦❜❛❜✐❧✐t✐❡s ✇❤✐❝❤ ❢♦❧❧♦✇s ❜② t❤❡ ❛♥❛❧②s✐s ❛❜♦✈❡✳

❆s ❧❛st r❡♠❛r❦✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ ❋♦r♠✉❧❛ ✭✶✶✮ ❣♦❡s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r ❛♥❞
✐♠♠❡❞✐❛t❡❧② ✜♥❞s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❝❛♣❛❝✐t② ♣❧❛♥♥✐♥❣ st✉❞✐❡s✱ ❡✳❣✳✱ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ✐♥ s❡r✈❡r
❢❛r♠s ✇✐t❤ ✉t✐❧✐③❛t✐♦♥ ❛♥❞✴♦r q✉❛❧✐t② ♦❢ s❡r✈✐❝❡ ✭◗♦❙✮ ❝♦♥str❛✐♥ts✱ ❛♥❞ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ✭❜✉❧❦ s❡r✈✐❝❡✮ M/MN/βi/1
q✉❡✉❡✐♥❣ s②st❡♠s ❜❡❝❛✉s❡ ❛ str✐❝t r❡❧❛t✐♦♥ ✇✐t❤ EN/βi

/M/1 q✉❡✉❡s ✐s ❦♥♦✇♥✱ ❡✳❣✳✱ ❬✼❪✳

✸✳✸ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r ▲❛r❣❡ ◆❡t✇♦r❦ ❙✐③❡s

❚❤❡ s✐♠♣❧✐❝✐t② ♦❢ ❋♦r♠✉❧❛ ✭✶✶✮ ❛❧❧♦✇s ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ s✐♠♣❧❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ■♥ ❢❛❝t✱ ♣r♦❜❧❡♠ ✭✻✮
❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s

GB(∞)
def
= min

1

λN

N
∑

i=1

Ui

1 − σi(Ui)

s✳t✳
∑N

i=1

µi

λ
Ui = N

0 ≤ Ui ≤ 1, ∀i,

✭✶✺✮

✇❤❡r❡ σi(Ui) ✐s ❣✐✈❡♥ ❜② ✭✶✸✮✱ ✇❤✐❝❤ ✐s ❡①❛❝t ❛s N → ∞✳

❘❡♠❛r❦ ✶ ❋♦r ❛♥② N ✱ GB(∞) ≤ GB(N) ≤ RSo(N)✳

▲❡t ❛❧s♦ GBN (∞) ❜❡ t❤❡ ♦♣t✐♠✉♠ ♦❢ ✭✶✺✮ ✇❤❡r❡ σi(Ui) ✐s ❣✐✈❡♥ ❜② ✭✾✮✳ ❊✈❡♥ t❤♦✉❣❤ GBN (∞)✱ ✐♥ ❣❡♥❡r❛❧✱
❞♦❡s ♥♦t s❡❡♠ t♦ ♣r♦✈✐❞❡ ✉♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡ t✐♠❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❡♥s✉r❡s t❤❛t ✐t ❛❧✇❛②s
♣r♦✈✐❞❡s ✐♠♣r♦✈❡❞ ❛❝❝✉r❛❝② ✇✐t❤ r❡s♣❡❝t t♦ GB(∞) ✇❤❡♥ ❡st✐♠❛t✐♥❣ RSo✳

❚❤❡♦r❡♠ ✹ RSo − GB(∞) > |RSo − GBN (∞)|.

❊✈❡♥ t❤♦✉❣❤ ♠♦r❡ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥s t❤❛♥ GB(∞) ❛♥❞ GBN (∞) ❢♦r RSo ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✭❜② t❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t ♠♦r❡ ❡①♣❛♥s✐♦♥s t❡r♠s✱ s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✮✱ ✇❡ ✇✐❧❧ ♥✉♠❡r✐❝❛❧❧② s❤♦✇ t❤❛t t❤❡② s✉✣❝❡ t♦
♦❜t❛✐♥ ✈❡r② ❛❝❝✉r❛t❡ r❡s✉❧ts✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❡♥s✉r❡s t❤❛t ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s✱ s❡❡ ❬✽❪✱ ❝❛♥ ❜❡ ✐♠♠❡❞✐❛t❡❧② ❛♣♣❧✐❡❞ t♦ s♦❧✈❡ ✭✶✺✮ ✐♥
♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

■◆❘■❆



❖♣t✐♠❛❧ r♦✉t✐♥❣ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡s ❛♥❞ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✾

❚❤❡♦r❡♠ ✺ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✺✮ ✐s ❝♦♥✈❡①✳

❚❤❡ ♣r♦♣♦s❡❞ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✭✷✮ s✐♠♣❧② ❢♦❧❧♦✇s ❜② t❛❦✐♥❣ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ RNe ❬✻❪ ❛♥❞
GB(∞)✳ ❆ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ ✐ts t✐❣❤t♥❡ss ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ ✐s ♣♦st♣♦♥❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts
s❡❝t✐♦♥✳

✹ Pr✐❝❡ ♦❢ ❋♦r❣❡tt✐♥❣

❲❡ ❞❡✜♥❡ t❤❡ ✏♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣✑ ❛s t❤❡ ✇♦rst✲❝❛s❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ s♦❝✐❛❧❧②✲♦♣t✐♠❛❧ r❡s♣♦♥s❡ t✐♠❡ ❛❝❤✐❡✈❡❞
✇✐t❤ ❛ ❇❡r♥♦✉❧❧✐ r♦✉t❡r ❛♥❞ ❛ r♦✉t❡r ✇✐t❤ ♠❡♠♦r②✱ ✐✳❡✳✱

F
def
= RSo

Bernoulli/RSo. ✭✶✻✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥♥❡❝t✐♦♥ ✐s ✐♠♠❡❞✐❛t❡✳

Pr♦♣♦s✐t✐♦♥ ✶ ❚❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✭✷✮ ✐s ❣✐✈❡♥ ❜② t❤❡ ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ✭✶✻✮ ❛♥❞ t❤❡ ♣r✐❝❡
♦❢ ❛♥❛r❝❤② ❛❝❤✐❡✈❡❞ ✇✐t❤ ❛ ♠❡♠♦r②❧❡ss r♦✉t❡r✳

❙✐♥❝❡ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✐♥ t❤❡ ❇❡r♥♦✉❧❧✐ ❝❛s❡ ✐s ✇❡❧❧✲✉♥❞❡rst♦♦❞✱ ✇❡ ❧✐♠✐t t❤❡ ❢♦❝✉s ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣✳

✹✳✶ ❍❡t❡r♦❣❡♥❡♦✉s ◗✉❡✉❡s

❚❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ✐♥ ❤❡❛✈②✲❧♦❛❞ ❝♦♥❞✐t✐♦♥s ✐♠♠❡❞❛t❡❧② ❢♦❧❧♦✇s ❜② t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳✶✳
❈♦✐♥❝✐s❡❧②✱ ❢♦r ❛♥② ♥❡t✇♦r❦ s✐③❡

lim
L→1

F (L) ≤ 2. ✭✶✼✮

■♥ ❝♦♥tr❛st✱ ✐♥ ❧✐❣❤t✲❧♦❛❞ ❝♦♥❞✐t✐♦♥s ✇❡ ♠✉st ❤❛✈❡

lim
L→0

F (L) = 1, ✭✶✽✮

✇❤✐❝❤ ✐s ✐♥t✉✐t✐✈❡✳ ■♥ ❢❛❝t✱ ✐❢ t❤❡ q✉❡✉❡ ❧❡♥❣t❤s ❛r❡ ❛❧♠♦st ❡♠♣t②✱ t❤❡♥ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ❛♣♣r♦❛❝❤❡s t❤❡ s❡r✈✐❝❡
t✐♠❡ ♦❢ t❤❡ ❢❛st❡st q✉❡✉❡ ✐♥ ❛♥② ❝❛s❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❡①t❡♥❞s t❤❡ r❡s✉❧t ✭✶✼✮ ♦✈❡r ❛❧❧ ♥❡t✇♦r❦ ❧♦❛❞s✳

❚❤❡♦r❡♠ ✻ ❋♦r ❛♥② ♥❡t✇♦r❦ ❧♦❛❞ ❛♥❞ s✐③❡✱ F ≤ 2✳

❚❤❡s❡ r❡s✉❧ts ✐♠♣❧② t❤❛t t❤❡ s♦❝✐❛❧❧②✲♦♣t✐♠❛❧ ❇❡r♥♦✉❧❧✐ ♣♦❧✐❝② ②✐❡❧❞s ❛ r❡s♣♦♥s❡ t✐♠❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛t ♠♦st
t✇✐❝❡ ❧❛r❣❡r t❤❛♥ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ❛❝❤✐❡✈❡❞ ❜② ❛ r♦✉t❡r ✇✐t❤ ♠❡♠♦r②✳ ❲❡ ✇✐❧❧ ♥✉♠❡r✐❝❛❧❧② s❤♦✇ t❤❛t F ✐s ❛♥
✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦ ❧♦❛❞✳

✹✳✷ ❍♦♠♦❣❡♥❡♦✉s ◗✉❡✉❡s

❆ s❝❡♥❛r✐♦ ♦❢ ♣r❛❝t✐❝❛❧ ✐♥t❡r❡st ✐s t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ q✉❡✉❡s ❛r❡ ❤♦♠♦❣❡♥❡♦✉s✱ ✐✳❡✳✱ µ1 = · · · = µN = µ✱ ❢♦r ✇❤✐❝❤
✇❡ ❝❛♥ ❞r❛✇ ❛❞❞✐t✐♦♥❛❧ r❡s✉❧ts ❛♥❞ ❡❛s✐❧② ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ❇❡r♥♦✉❧❧✐ r♦✉t❡rs✳

❘❡♠❛r❦ ✷ ■❢ t❤❡ r♦✉t❡r ❤❛s ♥♦ ♠❡♠♦r②✱ t❤❡♥ t❤❡ s♦❝✐❛❧❧② ♦♣t✐♠✉♠ r❡s♣♦♥s❡ t✐♠❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ r❡s♣♦♥s❡
t✐♠❡ ✐♥ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✭s❡❡ ❬✶✽✱ ✶✷❪✮ ❛♥❞ t❤❡② ❜♦t❤ ❛❞♠✐t ❛ ✈❡r② s✐♠♣❧❡ ❢♦r♠✉❧❛✱ ✐✳❡✳✱

RSo
Bernoulli = RNe =

1

µ(1 − L)
, ✭✶✾✮

✇❤❡r❡ L = U = λ/µ✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤②✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠❡♠♦r②❧❡ss r♦✉t❡rs✱ ❜❡❝♦♠❡s ♦♥❡ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✉t✐❧✐③❛✲
t✐♦♥s✳

❘❡♠❛r❦ ✸ ■❢ t❤❡ r♦✉t❡r ❤❛s ♠❡♠♦r②✱ t❤❡♥ ✭✶✾✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ❡q✉❛❧s t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤②
✭✇❤❡♥ t❤❡ q✉❡✉❡s ❛r❡ ❤♦♠♦❣❡♥❡♦✉s✮✳

❘❘ ♥➦



✶✵ ❆♥s❡❧♠✐ ❛♥❞ ●❛✉❥❛❧

❲❡ ♥♦✇ ❛♣♣❧② ♦✉r ❛♥❛❧②s✐s ✐♥ t❤✐s ❡❛s✐❡r s❡tt✐♥❣ ✐♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ✭♦r ♣r✐❝❡ ♦❢
❛♥❛r❝❤②✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❛♥❞ ❛❧s♦ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✶ ✉s✐♥❣ ❛ s②♠♠❡tr②
❛r❣✉♠❡♥t✮❀ s❡❡✱ ❡✳❣✳✱ ❬✸✷❪ Pr♦♣✳ ✽✳✸✳✹✳

❚❤❡♦r❡♠ ✼ ✭❬✸✷❪✮ ❯♥❞❡r t❤❡ ❢♦r❡❣♦✐♥❣ ❛ss✉♠♣t✐♦♥s✱ t❤❡ r♦✉♥❞✲r♦❜✐♥ ✭♦r ❝②❝❧✐❝✮ ♣♦❧✐❝② ♠✐♥✐♠✐③❡s t❤❡ ♠❡❛♥
r❡s♣♦♥s❡ t✐♠❡ ❢♦r ❛♥② N ✳

❚❤❡ r❡s✉❧ts ✇❤✐❝❤ ❢♦❧❧♦✇ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥ ❛r❡ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡❞ t♦ ❤♦❧❞ ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞
❧✐♠✐t✐♥❣ r❡❣✐♠❡✱ ✐✳❡✳✱ ✇❤❡♥ N → ∞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠s ✸✱ ✼ ❛♥❞ ❋♦r♠✉❧❛ ✭✶✾✮✱ ❛♥❞ ♣r♦✈✐❞❡s ❛♥
❛s②♠♣t♦t✐❝❛❧❧②✲❡①❛❝t ❢♦r♠✉❧❛ ❢♦r t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤②✳

❈♦r♦❧❧❛r② ✸

F (L) = A(L) =
1 + LW (g(L))

1 − L
✭✷✵✮

✇❤❡r❡ g(L) = −❡①♣(−1/L)/L ❛♥❞ L = U = λ/µ✳

❆s ✜rst ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ♥♦✇ ❜❡❝♦♠❡s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✉t✐❧✐③❛t✐♦♥ U ✭♥♦t❡ t❤❛t L
❜♦✐❧s ❞♦✇♥ t♦ U ❤❡r❡✮✱ ✇❤✐❝❤ ✐s ✐♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ♠❡♠♦r②❧❡ss r♦✉t❡rs✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡
t♦ ❞❡s✐❣♥ ❛ ♥❡t✇♦r❦ ✇❤❡r❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ s❡❧✜s❤ ❥♦❜s ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ❛s ✐♥ t❤❡ ♠❡♠♦r②❧❡ss
❝❛s❡✳ ❋♦r♠✉❧❛ ✭✷✵✮ ✐s t❤✉s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❝♦rr❡❝t✐♥❣ ❢❛❝t♦r t❤❛t s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜② ❛ ❇❡r♥♦✉❧❧✐
❛♥❛❧②s✐s ♦❢ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤②✳ ❙❡❝♦♥❞❧②✱ t❤❡ ❡①♣r❡ss✐♦♥ ✭✷✵✮ ❛❧❧♦✇s ✉s t♦ ❞❡r✐✈❡ ♠♦r❡ r❡s✉❧ts t❤❛♥ ❚❤❡♦r❡♠ ✻✳

❈♦r♦❧❧❛r② ✹ A(L) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ L ❛♥❞

lim
L→0

❞A(L)

❞L
= 1, lim

L→1

❞A(L)

❞L
= 0. ✭✷✶✮

❚❤❡ ❧✐♠✐ts ✐♥ ✭✷✶✮ s❤♦✇ t❤❛t ✐✮ t❤❡ r❡s♣♦♥s❡✲t✐♠❡ ❜❡♥❡✜ts ♦❢ ❛ r♦✉t❡r ✇✐t❤ ♠❡♠♦r② ❛r❡ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ❡✈❡♥ ✇❤❡♥
t❤❡ ✉t✐❧✐③❛t✐♦♥s ❛r❡ s♠❛❧❧✱ ❛♥❞ t❤❛t ✐✐✮ A(L) ✐s ❝♦♥❝❛✈❡ ✐♥ ❤❡❛✈②✲❧♦❛❞ ❝♦♥❞✐t✐♦♥s ✭✇❡ ✇✐❧❧ ♥✉♠❡r✐❝❛❧❧② s❤♦✇ t❤❛t
❝♦♥❝❛✈✐t② ❞♦❡s ♥♦t s❡❡♠ t♦ ❤♦❧❞ ❢♦r A(L) ✐♥ ❣❡♥❡r❛❧✮✱ ❛♥❞✱ t❤✉s✱ ❧❛r❣❡ ✐♠♣r♦✈❡♠❡♥ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❡✈❡♥ ✐♥ ❛
♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ L = 1✳

✺ ❖♣t✐♠❛❧ ❘♦✉t✐♥❣

❚❤❡ ❢r❛♠❡✇♦r❦ ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡ ❛❧❧♦✇s ✉s t♦ ♥✉♠❡r✐❝❛❧❧② ✐♥s♣❡❝t t❤❡ r❡s♣♦♥s❡✲t✐♠❡ ❣❛♣ ❜❡t✇❡❡♥ ♦✉r ❜♦✉♥❞s ❛♥❞
❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❤❡✉r✐st✐❝ ♣♦❧✐❝✐❡s ❢♦r t❤❡ ♦♣t✐♠❛❧ r♦✉t✐♥❣✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst ♣❡r❢♦r♠ ❛ ✈❛❧✐❞❛t✐♦♥ ♦❢ ❋♦r♠✉❧❛ ✭✶✶✮ ♦♥ s❡✈❡r❛❧ ♠♦❞❡❧s✳ ❚❤❡♥✱ ✇❡ ♠❡❛s✉r❡ t❤❡
♣❡r❢♦r♠❛♥❝❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ ❛ r♦✉t❡r ❛ss✐❣♥✐♥❣ ❥♦❜s t♦ q✉❡✉❡s ❛❝❝♦r❞✐♥❣ t♦ ❜✐❧❧✐❛r❞ s❡q✉❡♥❝❡s✱ ❡✳❣✳✱ ❬✸✱ ✶✻✱ ✶✾❪✳ ❲❡
s❤♦✇ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❞✐st❛♥❝❡ ❢r♦♠ ♦✉r ❢♦r♠✉❧❛s ✐s r❡♠❛r❦❛❜❧② s♠❛❧❧✳ ❈♦✐♥❝✐s❡❧②✱ ♦✉r ❝♦♥❝❧✉s✐♦♥s ❛r❡ t❤❛t ✐✮
t❤❡ ❜✐❧❧✐❛r❞ r♦✉t✐♥❣ s❝❤❡♠❡ ♠✐♥✐♠✐③❡s t❤❡ r❡s♣♦♥s❡ t✐♠❡✱ ❛♥❞ ✐✐✮ ♦✉r ❜♦✉♥❞s ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥s ♦♥ t❤❡ ♠✐♥✐♠✉♠
r❡s♣♦♥s❡ t✐♠❡ ❛r❡ t✐❣❤t✳

✺✳✶ ❆❝❝✉r❛❝② ♦❢ ❋♦r♠✉❧❛ ✭✶✶✮

❲❡ ♥♦✇ ♠❡❛s✉r❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ✭✶✶✮ ❜② ♠❡❛♥s ♦❢ t❤❡ ♣❡r❝❡♥t❛❣❡ r❡❧❛t✐✈❡ ❡rr♦r

|R
Γ/M/1
exact − R

Γ/M/1
approx|

R
Γ/M/1
exact

100%, ✭✷✷✮

✇❤❡r❡ R
Γ/M/1
exact ✐s ♦❜t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② t❤r♦✉❣❤ t❤❡ ✭❡①❛❝t✮ st❛♥❞❛r❞ ❛♥❛❧②s✐s ♦❢ t❤❡ G/M/1 q✉❡✉❡✱ ❛♥❞ R

Γ/M/1
approx

✐s ❣✐✈❡♥ ❜② ✭✶✶✮✳ ◆✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ▼❛♣❧❡ ✶✸✳ ❲❡ ✐♥✐t✐❛❧❧② ❡✈❛❧✉❛t❡ ✭✷✷✮
❜② ✈❛r②✐♥❣ N ∈ {50, 100, 200, 1000} ❛♥❞ U ∈ {0.1, 0.2, . . . , 0.9, 0.95}✳ ❙✐♥❝❡ t❤❡ ♠❡❛♥ ❛rr✐✈❛❧ r❛t❡ λ ❛✛❡❝ts t❤❡
♣❡r❝❡♥t❛❣❡ r❡❧❛t✐✈❡ ❡rr♦r ✭✷✷✮ ♦♥❧② t❤r♦✉❣❤ t❤❡ ✉t✐❧✐③❛t✐♦♥✱ ✐t ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts✳

❋✐❣✉r❡ ✷ ✐❧❧✉str❛t❡s t❤❡ q✉❛❧✐t② ♦❢ ✭✷✷✮ ✐♥ t❤❡ ❛❜♦✈❡ ❝❛s❡s✳ ❆s N ❣r♦✇s✱ ✇❡ ✜rst ♥♦t❡ t❤❛t t❤❡ ❛❝❝✉r❛❝② ♦❢ ✭✶✶✮
✐♥❝r❡❛s❡s✱ ✇❤✐❝❤ ✐s ❡①♣❡❝t❡❞ ❜❡❝❛✉s❡ ✐t ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❡①❛❝t✳ ❋♦r N = 50✱ ✭✶✶✮ ✐s r❡♠❛r❦❛❜❧② ❛❝❝✉r❛t❡ ❛♥❞
②✐❡❧❞s ❛ r❡❧❛t✐✈❡ ❡rr♦r ❛❧✇❛②s ❧❡ss t❤❛♥ 2%✳ ❙✐♥❝❡ r❡❛❧✲✇♦r❧❞ s②st❡♠s ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ❤✉♥❞r❡❞s ✭♦r t❤♦✉s❛♥❞s✮ ♦❢
q✉❡✉❡s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ✭✶✶✮ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ ✈❡r② ❛❝❝✉r❛t❡ r❡s♣♦♥s❡ t✐♠❡ ❡st✐♠❛t❡s
♦❢ t❤❡ Γ/M/1 q✉❡✉❡✳

■◆❘■❆
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❋✐❣✉r❡ ✷✿ ❆❝❝✉r❛❝② ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ✭✶✶✮ t❤r♦✉❣❤ t❤❡ ❡rr♦r ♠❡❛s✉r❡ ✭✷✷✮✳

✺✳✷ ◗✉❛s✐✲❖♣t✐♠❛❧✐t② ♦❢ ❇✐❧❧✐❛r❞ ❙❡q✉❡♥❝❡s

❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ r♦✉t❡r ❢♦r✇❛r❞s ❥♦❜s t♦ q✉❡✉❡s ❛❝❝♦r❞✐♥❣ t♦ ❜✐❧❧✐❛r❞ s❡q✉❡♥❝❡s✱ s❡❡ ❬✸✱ ✶✻✱ ✶✾❪✱
✇❤✐❝❤ ❛r❡ ❝♦♥str✉❝t❡❞ t❤r♦✉❣❤ t❤❡ ❙● ❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✾❪ ✭❡❛s✐❧② ✐♠♣❧❡♠❡♥t❛❜❧❡ ✐♥ ♥❡t✇♦r❦ r♦✉t❡rs ✇✐t❤
❛ ✈❡r② ❧✐♠✐t❡❞ ❝♦st✮✳ ❚❤❡ ❙● ❛❧❣♦r✐t❤♠ t❛❦❡s ❤❛s ✐♥♣✉t t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❥♦❜s t♦ s❡♥❞ t♦ t❤❡ q✉❡✉❡s ✭❣✐✈❡♥ ❜② t❤❡
s♦❧✉t✐♦♥ ♦❢ ✭✶✺✮✮ ❛♥❞ ❛♥ ✐♥✐t✐❛❧✲♣♦s✐t✐♦♥ ✈❡❝t♦r x ∈ R

N ✇❤✐❝❤ ✇❡ ❛ss✉♠❡ s✉❝❤ t❤❛t xi = 1 ✐❢ µi = maxj µj ❛♥❞ ✵
♦t❤❡r✇✐s❡ ✭✇❡ ♣♦✐♥t t❤❡ r❡❛❞❡r t♦ ❬✶✾❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤❡ ❙● ❛❧❣♦r✐t❤♠ ❛♥❞ ❜✐❧❧✐❛r❞ s❡q✉❡♥❝❡s✮✳ ●✐✈❡♥ t❤❛t
❛ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ✐♥❞✉❝❡❞ ❜② ❜✐❧❧✐❛r❞ s❡q✉❡♥❝❡s ✐s ✐♠♣r❛❝t✐❝❛❧ ❢♦r ❛ ♥✉♠❜❡r ♦❢ r❡❛s♦♥s✱ ❡✳❣✳✱
t❤❡ ❛♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ r❡s✉❧t✐♥❣ r♦✉t✐♥❣ ♣❛tt❡r♥s✱ ✇❡ ✉s❡ s✐♠✉❧❛t✐♦♥✳ ❚♦ ♠❡❛s✉r❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ r❡s♣♦♥s❡
t✐♠❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤✐s r♦✉t✐♥❣ s❝❤❡♠❡ ❛♥❞ ♦✉r ❜♦✉♥❞s✴❛♣♣r♦①✐♠❛t✐♦♥s✱ ✇❡ ❛ss❡ss t❤❡ ❣❡♥❡r❛❧ q✉❛❧✐t② ♦❢ t❤❡
♣❡r❝❡♥t❛❣❡ r❡❧❛t✐✈❡ ❡rr♦r

❊rr❆♣♣ =
|R❆♣♣ − R❙✐♠|

GBN (∞)
· 100% ✭✷✸✮

✇❤❡r❡ R❆♣♣ ∈ {GB(∞), GBN (∞)} ✭❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✮ ❛①♥❞ R❙✐♠ ✐s t❤❡ ❛✈❡r❛❣❡ r❡s♣♦♥s❡ t✐♠❡ ❝♦♠♣✉t❡❞
❜② s✐♠✉❧❛t✐♦♥✳ ❲❡ ♠❡❛s✉r❡ ♣❡r❝❡♥t❛❣❡ r❡❧❛t✐✈❡ ❡rr♦rs ✇✐t❤ r❡s♣❡❝t t♦ GBN (∞) ❜❡❝❛✉s❡ ✐t r❡♣r❡s❡♥ts t❤❡ ❝❧♦s❡st
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ROpt ✭s❡❡ ❚❤❡♦r❡♠ ✹✮✳ ❚❤❡ ♠❡❛s✉r❡s ♦❢ R❙✐♠ r❡❢❡r t♦ 99% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❤❛✈✐♥❣ s✐③❡ ♥♦
❧❛r❣❡r t❤❛♥ 1% ♦❢ R❙✐♠ ✐ts❡❧❢✳ ❋♦r ❛♥② ♣❛✐r (N, L)✱ N ∈ {20, 50, 100} ❛♥❞ L ∈ {0.10, 0.15, 0.20, . . . , 0.95}✱ ✇❡
❣❡♥❡r❛t❡❞ ✶✱✵✵✵ r❛♥❞♦♠ ♠♦❞❡❧s ✇❤❡r❡ t❤❡ s❡r✈✐❝❡ r❛t❡s µi ❤❛✈❡ ❜❡❡♥ ❞r❛✇♥ ✐♥ t❤❡ r❛♥❣❡ [0.01, 100] ❛❝❝♦r❞✐♥❣
t♦ ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✳ ▲❛r❣❡r ✈❛❧✉❡s ♦❢ N ❤❛✈❡ ♥♦t ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ str♦♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧
r❡q✉✐r❡♠❡♥ts ♦❢ s✐♠✉❧❛t✐♦♥✳ ■♥ ❛♥② ❝❛s❡✱ t❤❡ ♣r♦♣♦s❡❞ ❛♥❛❧②s✐s s✉✣❝✐❡s t♦ ❛ss❡ss t❤❡ ❛❝❝✉r❛❝② ♦❢ ♦✉r ❛♣♣r♦❛❝❤✳

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤✐s ❛♥❛❧②s✐s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✉r❡s ✺✳✷✱ ✇❤✐❝❤✱ t❤✉s✱ r❡❢❡rs t♦ ❛ t♦t❛❧ ♦❢
♥❡❛r❧② ✺✵✱✵✵✵ ❡①♣❡r✐♠❡♥ts✳ ■♥ t❤❡ ✜❣✉r❡✱ t❤❡ ❞❛s❤❡❞ ✭❝♦♥t✐♥✉♦✉s✮ ❧✐♥❡s r❡❢❡r t♦ t❤❡ ❡rr♦r ♦❜t❛✐♥❡❞ ✇✐t❤ GB(∞)
✭GBN (∞)✮ ❢♦r ❞✐✛❡r❡♥t ♥❡t✇♦r❦ s✐③❡s✳ ❲❡ ❝❧❡❛r❧② s❡❡ t❤❛t t❤❡ r❡s♣♦♥s❡ t✐♠❡ ❛❝❤✐❡✈❡❞ t❤r♦✉❣❤ ❛ ❜✐❧❧✐❛r❞ r♦✉t✐♥❣ ✐s
r❡♠❛r❦❛❜❧② ❝❧♦s❡ t♦ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ GBN (∞) ❛♥❞ ❛❧s♦ t♦ ♦✉r ❜♦✉♥❞ GB(∞)✳ ●✐✈❡♥ t❤❛t t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡
t✐♠❡ ❛❝❤✐❡✈❛❜❧❡ ❜② t❤❡ s②st❡♠ ♠✉st ❧✐❡ ❜❡t✇❡❡♥ ♦✉r ❜♦✉♥❞ ❛♥❞ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ❛❝❤✐❡✈❡❞ ❜② t❤❡ ❜✐❧❧✐❛r❞ r♦✉t✐♥❣✱
✇❡ ❝♦♥❝❧✉❞❡✱ ✐♥ ❛♥ ❡♠♣✐r✐❝❛❧ s❡♥s❡✱ t❤❛t ❜✐❧❧✐❛r❞ s❡q✉❡♥❝❡s ❛r❡ ♦♣t✐♠❛❧ ❢♦r t❤❡ r❡s♣♦♥s❡ t✐♠❡ ✇❤✐❝❤ ✐s ✈❡r②✲✇❡❧❧
❛♣♣r♦①✐♠❛t❡❞ ❜② ♦✉r ❛♥❛❧②s✐s✳

✺✳✸ ❈♦♠♣✉t❛t✐♦♥❛❧ ❘❡q✉✐r❡♠❡♥ts

❲❡ ✐❧❧✉str❛t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡q✉✐r❡♠❡♥ts ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② t❤r♦✉❣❤ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧
♣r♦❣r❛♠ ✭✶✺✮✳ ❚❤❡s❡ ❛r❡ ✐♠♣♦rt❛♥t t♦ ❦♥♦✇ ❜❡❝❛✉s❡ t❤❡ ♣r♦❣r❛♠ ✭✶✺✮ s❤♦✉❧❞ ❜❡ ❡①❡❝✉t❡❞ ❡❛❝❤ t✐♠❡ t❤❡ ♥❡t✇♦r❦
❝❤❛♥❣❡s t♦ r❡✐♥✐t✐❛❧✐③❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♦♣t✐♠❛❧ r♦✉t✐♥❣ ❛❧❣♦r✐t❤♠✳ ❘❡❛❧✲✇♦r❧❞ s②st❡♠s ❝❤❛♥❣❡ ♦✈❡r t✐♠❡ ❢♦r
❛ ♥✉♠❜❡r ♦❢ r❡❛s♦♥s✱ ❡✳❣✳✱ ❛❞❞✐t✐♦♥ ♦r r❡♠♦✈❛❧ ♦❢ ♦♥❡ q✉❡✉❡✱ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛rr✐✈❛❧ r❛t❡ ♦r s❡r✈✐❝❡ t✐♠❡s✱ ❈P❯
❢r❡q✉❡♥❝② s❝❛❧✐♥❣✳

❘❘ ♥➦
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❋✐❣✉r❡ ✸✿ P❧♦ts ♦❢ t❤❡ ❡rr♦r ✭✷✸✮ ❛✈❡r❛❣❡❞ ♦✈❡r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ t❡sts✳

❊①♣❡r✐♠❡♥ts ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❜② r✉♥♥✐♥❣ t❤❡ ■♣♦♣t ♦♣t✐♠✐③❛t✐♦♥ s♦❧✈❡r ❬✸✶❪ ♦♥ ❛ ✷✳✽✵●❤③ ■♥t❡❧ ❳❡♦♥
♣r♦❝❡ss♦r ✇✐t❤ ♠✉❧t✐✲t❤r❡❛❞✐♥❣ t❡❝❤♥♦❧♦❣②✳ ❇② ✈❛r②✐♥❣ N ✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✇✐❞❡ t❡st✲❜❡❞ ♦❢ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞
♠♦❞❡❧s✱ ✇❤❡r❡ t❤❡ s❡r✈✐❝❡ r❛t❡s ✉♥✐❢♦r♠❧② r❛♥❣❡ ✐♥ [0.01, 100] ❛♥❞ t❤❡ ❛rr✐✈❛❧ r❛t❡ ✐s s✉❝❤ t❤❛t t❤❡ ♥❡t✇♦r❦ ❧♦❛❞ ✭✶✮
✉♥✐❢♦r♠❧② r❛♥❣❡s ✐♥ [0, 1]✳ ❚❛❜❧❡ ✶ ✐❧❧✉str❛t❡s t❤❡ ❛✈❡r❛❣❡ ❛♥❞ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s
✭✐♥ s❡❝♦♥❞s✮ r❡q✉✐r❡❞ ❜② t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✺✮✱ ✇❤❡r❡ ❡❛❝❤ ♥✉♠❜❡r r❡❢❡rs t♦ ❛ s❛♠♣❧❡ ♦❢ ✶✱✵✵✵ ♠♦❞❡❧s✳ ❋r♦♠ t❤❡

N ✺✵ ✶✵✵ ✺✵✵ ✶✱✵✵✵ ✺✱✵✵✵

❆✈❡r❛❣❡ t✐♠❡ ✭s❡❝✮ ✵✳✶✽✶ ✵✳✷✺✶ ✶✳✸✶✼ ✷✳✹✸✸ ✶✵✳✽✺
❙t❞✳ ❞❡✈✳ ✵✳✵✸✽ ✵✳✵✺✾ ✵✳✶✽✼ ✵✳✸✶✷ ✷✳✾✵✶

❚❛❜❧❡ ✶✿ ❈♦♠♣✉t❛t✐♦♥ t✐♠❡s r❡q✉✐r❡❞ ❜② t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✺✮ ❜② ✈❛r②✐♥❣ N ✳

r❡s✉❧ts ✐♥ t❤❡ t❛❜❧❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✺✮ ✐s ❛❧♠♦st ♦♥❧✐♥❡✿ ♠♦❞❡❧s ♦❢ ♥❡t✇♦r❦s ❝♦♠♣♦s❡❞ ♦❢ ❛
t❤♦✉s❛♥❞ ♦❢ s❡r✈❡rs ♦♥❧② r❡q✉✐r❡✱ ✐♥ t❤❡ ❛✈❡r❛❣❡✱ ❧❡ss t❤❛♥ t❤r❡❡ s❡❝♦♥❞s✳

✻ ❚❤❡ ■♠♣❛❝t ♦❢ ❘♦✉t❡rs ✇✐t❤ ▼❡♠♦r②✿ ❙tr✉❝t✉r❛❧ Pr♦♣❡rt✐❡s

❲❡ ♥♦✇ ♠❡❛s✉r❡ t❤❡ ♣r♦♣♦s❡❞ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ✐♥ ♦r❞❡r t♦ ♥✉♠❡r✐❝❛❧❧② ✐♥✈❡st✐❣❛t❡ ✐ts
❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s✳ ❋♦❧❧♦✇✐♥❣ t❤❡ r❡s✉❧ts ♦❢ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✐t ✐s ✈❡r② t✐❣❤t✳ ❲❡ ✐♥❢❡r ❛♥ ✐♠♣♦rt❛♥t str✉❝t✉r❛❧
♣r♦♣❡rt② ✇❤✐❝❤ ✇❡ ✐♥t❡r♣r❡t✿ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♥❡t✇♦r❦ ❧♦❛❞ L✱ ♠❡❛♥✐♥❣ t❤❛t ✐t ✐s
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥❡t✇♦r❦ ❤❡t❡r♦❣❡♥❡✐t② ❛♥❞ s✐③❡✳

✻✳✶ ❍♦♠♦❣❡♥❡♦✉s ◗✉❡✉❡s

■♥ t❤❡ ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s q✉❡✉❡s✱ t❤❡ ♣r♦♣♦s❡❞ ❜♦✉♥❞ ❜♦✐❧s ❞♦✇♥ t♦ t❤❡ s✐♠♣❧❡ ❢♦r♠✉❧❛ ✭✷✵✮✱ ✇❤✐❝❤ ✐s ❛s②♠♣✲
t♦t✐❝❛❧❧② ❡①❛❝t✳ ❇② ✈❛r②✐♥❣ t❤❡ ✉t✐❧✐③❛t✐♦♥ ❢r♦♠ ✵✳✵✺ t♦ ✵✳✾✺ ✇✐t❤ st❡♣ ✵✳✵✺✱ ❋✐❣✉r❡ ✹ ✐❧❧✉str❛t❡s ✐✮ t❤❡ ❛s②♠♣t♦t✐❝
♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✭✷✵✮ ✭t❤❡ ❞❛s❤❡❞ ❜♦❧❞ ❧✐♥❡✮✱ ✐✐✮ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ ♠❡♠♦r②❧❡ss r♦✉t❡r ✭t❤❡
❞❛s❤❡❞✲❞♦tt❡❞ ❧✐♥❡✮✱ ❛♥❞ ✐✐✐✮ ❢♦r N ∈ {10, 50, 100, 1000}✱ t❤❡ ❡①❛❝t ♣r✐❝❡ ♦❢ ❛♥❛r❝❤②✱ ✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧✐❡❞
st❛♥❞❛r❞ ❛♥❛❧②s✐s ♦❢ t❤❡ EN/M/1 q✉❡✉❡✳ ■♥ t❤❛t ✜❣✉r❡✱ ✇❡ ✜rst ♥♦t✐❝❡ t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✐s ♥♦t ❝♦♥❝❛✈❡
❛♥❞ ✭s❧✐❣❤t❧②✮ ✐♥❝r❡❛s❡s ❛s N ❞♦❡s ❝♦♥✈❡r❣✐♥❣ t♦ ♦✉r ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ✭✷✵✮✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤②
✐♥❝r❡❛s❡s ✇✐t❤ N ✜♥❞s t❤❡ s✐♠♣❧❡ ✐♥t✉✐t✐♦♥ t❤❛t ❛❞❞✐♥❣ ♥❡✇ r❡s♦✉r❝❡s ❣✐✈❡s ♠♦r❡ ❛♥❞ ♠♦r❡ ❢r❡❡❞♦♠ t♦ t❤❡ r♦✉t❡r
❢♦r ♦♣t✐♠✐③✐♥❣ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❇❡r♥♦✉❧❧✐ ❝♦✉♥t❡r♣❛rt✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤②
✐♥ t❤❡ ❝❛s❡ ♦❢ ♠❡♠♦r②❧❡ss r♦✉t❡r r❡♠❛✐♥s ❝♦♥st❛♥t t♦ ♦♥❡ ❢♦r ❛♥② ♥✉♠❜❡r ♦❢ q✉❡✉❡s ❛♥❞ ✉t✐❧✐③❛t✐♦♥s✱ ❛♥❞ ✐t ✐s
r❡♠❛r❦❛❜❧② ❢❛r ❢r♦♠ t❤❡ ♦♥❡s ✇❤❡r❡ t❤❡ r♦✉t❡r ❤❛s ♠❡♠♦r②✳ ❚❤❡ ❡①❛❝t ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ❝♦♠♣✉t❡❞ ❢♦r N = 100
✐s ✈❡r② ❝❧♦s❡ t♦ ♦✉r ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ❛♥❞✱ ❢♦r N = 10✱ ✐t ❤❛s ❛❧♠♦st t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r✳ ❲❤❡♥ N = 100
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❋✐❣✉r❡ ✹✿ Pr✐❝❡ ♦❢ ❛♥❛r❝❤② ✭✷✵✮ ✭❡q✉✐✈❛❧❡♥t t♦ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ❤❡r❡✮ ❜② ✈❛r②✐♥❣ t❤❡ q✉❡✉❡s ✉t✐❧✐③❛t✐♦♥✳ ❚❤❡
t❤r❡❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❡①❛❝t ♣r✐❝❡s ♦❢ ❛♥❛r❝❤② ❢♦r ✐♥❝r❡❛s✐♥❣ ♥❡t✇♦r❦ s✐③❡s✱ ✇❤❡r❡ t❤❡ ❧♦✇❡st
r❡❢❡rs t♦ N = 10 ❛♥❞ t❤❡ ❧❛r❣❡st t♦ N = 1000✳

❛♥❞ U = 0.85✱ ❋✐❣✉r❡ ✹ s❤♦✇s t❤❛t ❛ ❇❡r♥♦✉❧❧✐✲❜❛s❡❞ ❛♥❛❧②s✐s ✉♥❞❡r❡st✐♠❛t❡s t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ♦❢ ❛ ❢❛❝t♦r
✶✳✾✳ ❲❤❡♥ t❤❡ ✉t✐❧✐③❛t✐♦♥s ❛r❡ ✵✳✶✱ ✐✳❡✳✱ s♠❛❧❧✱ t❤❡ ❇❡r♥♦✉❧❧✐ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✐s ✶✵✪ ❧♦✇❡r✳ ❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s
✐♠♠❡❞✐❛t❡❧② q✉❛♥t✐❢② ❤♦✇ ❧❛r❣❡ ❝❛♥ ❜❡ t❤❡ ✇♦rst✲❝❛s❡ ✐♠♣❛❝t ♦❢ ❝♦♥s✐❞❡r✐♥❣ r♦✉t❡rs ✇✐t❤ ♠❡♠♦r② ✐♥ t❤❡ ❞❡s✐❣♥
♦❢ ❞✐str✐❜✉t❡❞ ♦r ❝❡♥tr❛❧✐③❡❞ s②st❡♠s✱ ✇❤❡r❡ ✉t✐❧✐③❛t✐♦♥s ✉s✉❛❧❧② r❛♥❣❡ ✐♥ [0.6, 0.85]✳

✻✳✷ ❍❡t❡r♦❣❡♥❡♦✉s ◗✉❡✉❡s✿ ■♥❞❡♣❡♥❞❡♥❝❡ ♦❢ ◆❡t✇♦r❦ ❍❡t❡r♦❣❡♥❡✐t② ❛♥❞ ❙✐③❡

❲❡ ♥♦✇ ♠❡❛s✉r❡ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ✐♥ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ❝❛s❡✳ ❲❡ ✜rst ❝♦♥s✐❞❡r ❛♥ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡ ✇❤✐❝❤
✇❡ ✉s❡ t♦ ✐♥s♣❡❝t ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s✳ ❚❤❡♥✱ ✇❡ ❝❛rr② ♦✉t ❛♥ ❡①t❡♥s✐✈❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s t♦ ❣✐✈❡ ❡✈✐❞❡♥❝❡
♦❢ t❤❡✐r ❝♦rr❡❝t♥❡ss✳

❆♥ ✐❧❧✉str❛t✐✈❡ s❝❡♥❛r✐♦ ❲❡ ❝♦♥s✐❞❡r ❛ ❝❧✉st❡r❡❞ ♥❡t✇♦r❦ ❝♦♠♣♦s❡❞ ♦❢ N q✉❡✉❡s ✇❤❡r❡ 1/10 ♦❢ t❤❡ q✉❡✉❡s
❤❛✈❡ ❢❛st s❡r✈✐❝❡ r❛t❡s µf = 100✱ 2/10 ♦❢ t❤❡ q✉❡✉❡s ❤❛✈❡ ♠❡❞✐✉♠ s❡r✈✐❝❡ r❛t❡s µm = 50✱ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣
♦♥❡s ❤❛✈❡ ❧♦✇ s❡r✈✐❝❡ r❛t❡s µl = 1✳ ❇② ✈❛r②✐♥❣ t❤❡ ♥❡t✇♦r❦ ❧♦❛❞ ✭L✮ ❛♥❞ s✐③❡ ✭N✮✱ ✇❡ ♣❧♦t t❤❡ r❡s✉❧t✐♥❣ ♣r✐❝❡ ♦❢
❢♦r❣❡tt✐♥❣s ✐♥ ❋✐❣✉r❡ ✺✱ ✇❤✐❝❤ ❧❡ts ✉s ❞r❛✇ t✇♦ ✐♠♣♦rt❛♥t ❤②♣♦t❤❡s❡s✳

❋✐rst✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ♦✉r ❜♦✉♥❞ ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥❡t✇♦r❦ s✐③❡ ✭♥♦t❡ t❤❛t t❤✐s
✐s ❛❧s♦ tr✉❡ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s q✉❡✉❡s✱ ♣r♦✈✐❞❡❞ t❤❛t N ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ s❡❡ ❋✐❣✉r❡ ✺✮✳

❙❡❝♦♥❞✱ ✐❢ t❤❡ r❛t✐♦s ♦❢ ❋✐❣✉r❡ ✺ ❛r❡ ❝♦♠♣❛r❡❞ ♣♦✐♥t✇✐s❡❧② t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♥❡s ♦❢ ❋✐❣✉r❡ ✹ ✭✇❤❡r❡ t❤❡
❝♦♥❝❡♣ts ♦❢ ♥❡t✇♦r❦ ❧♦❛❞ ❛♥❞ ✉t✐❧✐③❛t✐♦♥ ❛r❡ ❡q✉✐✈❛❧❡♥t✮ ✇❡ ♥♦t❡ t❤❛t t❤❡s❡ ♣♦✐♥ts ❛r❡ ✈❡r② ❝❧♦s❡ ❡❛❝❤ ♦t❤❡r✳ ❚❤✐s
s✉❣❣❡sts t❤❛t ♦✉r ❜♦✉♥❞ ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ✐s ♥♦t ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ s❝❡♥❛r✐♦✱
❛s L ✈❛r✐❡s✱ ❜❡❝♦♠✐♥❣ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦ ❧♦❛❞ ♦♥❧②✳ ■♥ ❙❡❝t✐♦♥ ✸✳✶✳✶✱ ✇❡ s❤♦✇❡❞ t❤❛t t❤✐s ♣r♦♣❡rt② ❤♦❧❞s
tr✉❡ ✐♥ ❤❡❛✈②✲tr❛✣❝ ❛♥❞ ❛s N → ∞✳

❊①❤❛✉st✐✈❡ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ❲❡ ♥♦✇ ❝❛rr② ♦✉t ❛♥ ❡①t❡♥s✐✈❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s t♦ ❣✐✈❡ ❡✈✐❞❡♥❝❡ ♦❢
t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ♦♥ t❤❡ ♥❡t✇♦r❦ s✐③❡ ❛♥❞ ❤❡t❡r♦❣❡♥❡✐t②✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ❢♦❝✉s ♦♥ ❛
✈❡r② ❧❛r❣❡ t❡st✲❜❡❞ ♦❢ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞ ♠♦❞❡❧s ❞r❛✇✐♥❣ t❤❡ s❡r✈✐❝❡ r❛t❡s µi ✐♥ [0.01, 100] ✉♥✐❢♦r♠❧②✳ ❋♦r ❛♥②
♣❛✐r (N, L)✱ ✇❡ ❣❡♥❡r❛t❡❞ ✶✱✵✵✵ ♠♦❞❡❧s ❝♦♠♣✉t✐♥❣ ❛✈❡r❛❣❡ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣✳
❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❛♥❛❧②s✐s ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷✱ ✇❤✐❝❤ r❡❢❡rs t♦ ❛ t♦t❛❧ ♦❢ ✹✽✱✵✵✵ ❞✐✛❡r❡♥t ♠♦❞❡❧s✳ ❚❤❡ r❡s✉❧ts
♣r❡s❡♥t❡❞ ✐♥ t❤❛t t❛❜❧❡ r♦❜✉st❧② ❝♦♥✜r♠ t❤❡ t✇♦ ❤②♣♦t❤❡s❡s ❛r✐s❡♥ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❲❤❡♥ N = 50✱ ✇❡ ♦❜s❡r✈❡
t❤❛t t❤❡ ❛✈❡r❛❣❡s ♦❢ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ❛r❡ ❛❧r❡❛❞② s❡tt❧❡❞ t♦ t❤❡✐r ❛s②♠♣t♦t✐❝ ✈❛❧✉❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥s ❛r❡ ✈❡r② s♠❛❧❧ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ ❜♦t❤ N ❛♥❞ L✳ ❚❤✐s s❤♦✇s t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♥❡t✇♦r❦ ❤❡t❡r♦❣❡♥❡✐t②✳ ❇② ✈❛r②✐♥❣ L ❛♥❞ U ✭❢♦r L = U✮✱ ❋✐❣✉r❡ ✻ ♣❧♦ts ✭✷✵✮ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣
s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷ t♦ str❡ss ✐♥❞❡♣❡♥❞❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❤❡t❡r♦❣❡♥❡✐t②✳ ❇♦t❤ ❝✉r✈❡s ❛r❡ r❡♠❛r❦❛❜❧② ❝❧♦s❡ ❡❛❝❤
♦t❤❡r✱ ❛♥❞ t❤❡② ❛r❡ ❛❧♠♦st ❡q✉✐✈❛❧❡♥t ✇❤❡♥ L ≥ 0.55✳ ■♥ t❤❡ ✜❣✉r❡✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s❧✐❣❤t ❣❛♣ ❛❝❤✐❡✈❡❞ ✇❤❡♥

❘❘ ♥➦
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Price of forgetting with Formula (14) (homogeneous case) 
Price of forgetting as in Table 1 (heterogeneous case)

❋✐❣✉r❡ ✻✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❋♦r♠✉❧❛ ✭✷✵✮ ✇✐t❤ t❤❡ ❛✈❡r❛❣❡s ♦❢ t❤❡ ♣r✐❝❡s ♦❢ ❢♦r❣❡tt✐♥❣ ✐♥ ❚❛❜❧❡ ✷✳
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❖♣t✐♠❛❧ r♦✉t✐♥❣ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡s ❛♥❞ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✶✺

❆✈❡r❛❣❡s

N ✺✵ ✶✵✵ ✺✵✵ ✶✱✵✵✵ ✺✱✵✵✵ ✶✵✱✵✵✵

L = 0.10 ✶✳✷✺✷ ✶✳✷✺✹ ✶✳✷✺✹ ✶✳✷✺✹ ✶✳✷✺✸ ✶✳✷✺✸
L = 0.25 ✶✳✹✵✽ ✶✳✹✵✾ ✶✳✹✵✾ ✶✳✹✵✾ ✶✳✹✵✾ ✶✳✹✵✾
L = 0.40 ✶✳✺✸✹ ✶✳✺✸✹ ✶✳✺✸✺ ✶✳✺✸✹ ✶✳✺✸✺ ✶✳✺✸✹
L = 0.55 ✶✳✻✺✷ ✶✳✻✺✷ ✶✳✻✺✷ ✶✳✻✺✷ ✶✳✻✺✷ ✶✳✻✺✷
L = 0.70 ✶✳✼✻✽ ✶✳✼✻✽ ✶✳✼✻✽ ✶✳✼✻✽ ✶✳✼✻✽ ✶✳✼✻✽
L = 0.85 ✶✳✽✽✺ ✶✳✽✽✺ ✶✳✽✽✺ ✶✳✽✽✺ ✶✳✽✽✺ ✶✳✽✽✺
L = 0.95 ✶✳✾✻✻ ✶✳✾✻✻ ✶✳✾✻✻ ✶✳✾✻✻ ✶✳✾✻✻ ✶✳✾✻✻
L = 0.99 ✶✳✾✾✷ ✶✳✾✾✷ ✶✳✾✾✷ ✶✳✾✾✷ ✶✳✾✾✷ ✶✳✾✾✷

❙t❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s

N ✺✵ ✶✵✵ ✺✵✵ ✶✱✵✵✵ ✺✱✵✵✵ ✶✵✱✵✵✵

L =✵✳✶✵ ✸✳✵❡✲✷ ✷✳✵❡✲✷ ✽✳✸❡✲✸ ✼✳✾❡✲✸ ✻✳✾❡✲✸ ✻✳✶❡✲✸
L =✵✳✷✺ ✶✳✹❡✲✷ ✶✳✵❡✲✷ ✺✳✸❡✲✸ ✹✳✽❡✲✸ ✷✳✽❡✲✸ ✶✳✽❡✲✸
L =✵✳✹✵ ✾✳✺❡✲✸ ✻✳✾❡✲✸ ✸✳✶❡✲✸ ✷✳✸❡✲✸ ✷✳✶❡✲✸ ✽✳✾❡✲✹
L =✵✳✺✺ ✺✳✸❡✲✸ ✸✳✾❡✲✸ ✶✳✼❡✲✸ ✶✳✸❡✲✸ ✼✳✶❡✲✹ ✻✳✹❡✲✹
L =✵✳✼✵ ✷✳✾❡✲✸ ✷✳✶❡✲✸ ✶✳✵❡✲✸ ✽✳✸❡✲✹ ✺✳✺❡✲✹ ✺✳✸❡✲✹
L =✵✳✽✺ ✷✳✶❡✲✸ ✶✳✻❡✲✸ ✼✳✼❡✲✹ ✻✳✹❡✲✹ ✹✳✽❡✲✹ ✹✳✺❡✲✹
L =✵✳✾✺ ✼✳✸❡✲✹ ✺✳✾❡✲✹ ✹✳✼❡✲✹ ✹✳✺❡✲✹ ✹✳✹❡✲✹ ✹✳✸❡✲✹
L =✵✳✾✾ ✹✳✽❡✲✹ ✹✳✻❡✲✹ ✹✳✸❡✲✹ ✹✳✹❡✲✹ ✹✳✸❡✲✹ ✹✳✷❡✲✹

❚❛❜❧❡ ✷✿ ❆✈❡r❛❣❡s ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♦❢ ♦✉r ❜♦✉♥❞ ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ❢♦r❣❡tt✐♥❣ ♦✈❡r t❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ t❡sts
✭❡✲♥ r❡❛❞s 10−n✮✳

L ✐s s♠❛❧❧ ♠✉st ❣♦ t♦ ③❡r♦ ❛s L → 0 ❜❡❝❛✉s❡✱ ✐♥ t❤✐s r❡❣✐♠❡✱ t❤❡ ♦♣t✐♠❛❧ ❇❡r♥♦✉❧❧✐ ❛♥❞ ♥♦♥✲❇❡r♥♦✉❧❧✐ r❡s♣♦♥s❡
t✐♠❡s ❡q✉❛❧ t❤❡ s❡r✈✐❝❡ t✐♠❡ ♦❢ t❤❡ ❢❛st❡st q✉❡✉❡✳ ❆❧s♦✱ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝✉r✈❡ ✐s ✐♥❝r❡❛s✐♥❣ ❢♦❧❧♦✇s ❜② ❚❤❡♦r❡♠ ✻✳

❊①❝❡♣t ❢♦r t❤❡ ❤❡❛✈②✲tr❛✣❝ ❝❛s❡ ✐♥ ❙❡❝t✐♦♥ ✸✱ t❤✐s ✐s s✉r♣r✐s✐♥❣ ❜❡❝❛✉s❡ t❤❡ ♦♣t✐♠❛❧ ❢r❛❝t✐♦♥s ♦❢ ❥♦❜s s❡♥t t♦
❡❛❝❤ q✉❡✉❡ ✐♥ t❤❡ ❇❡r♥♦✉❧❧✐ ❛♥❞ ♥♦♥✲❇❡r♥♦✉❧❧✐ s❡tt✐♥❣s ❛r❡ ❞✐✛❡r❡♥t ✭s❡❡ ♥❡①t s❡❝t✐♦♥✮✳ ❚❤❡s❡ str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s
s❤♦✇ t❤❛t✿

❼ ♦✉r ❜♦✉♥❞ ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✇✐t❤ ❛ ♠❡♠♦r②❧❡ss
r♦✉t❡r ❛♥❞ ✭✷✵✮✳ ❊q✉✐✈❛❧❡♥t❧②✱

❼ ♦✉r ❜♦✉♥❞ ✭✶✺✮ ♦♥ t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡ t✐♠❡ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ♦♣t✐♠❛❧ ❇❡r♥♦✉❧❧✐ r❡s♣♦♥s❡
t✐♠❡ ❛♥❞ F (L) ❣✐✈❡♥ ❜② ✭✷✵✮✳

❚❤❡ t✐❣❤t♥❡ss ♦❢ ♦✉r ●❇ ❜♦✉♥❞s ♣r♦✈✐❞❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡ t✐♠❡✿

RSo = RSo
Bernoulli/F (L). ✭✷✹✮

✻✳✸ ❖♣t✐♠❛❧ ❘♦✉t✐♥❣ Pr♦❜❛❜✐❧✐t✐❡s ❈♦♠♣❛r✐s♦♥

❲❡ s❤♦✇ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r♦✉t✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t❤❡ ♦♣t✐♠❛❧ ❇❡r♥♦✉❧❧✐ r♦✉t❡r ✭pi✮ ❛♥❞ ♦❢ ♦✉r ❜♦✉♥❞ ✭✶✺✮
✭πi✮ ❜② ❡✈❛❧✉❛t✐♥❣ t❤❡ q✉❛♥t✐t②

∑N
i=1 |πi − pi|✱ ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡✐r ❝✉♠✉❧❛t✐✈❡ ❛❜s♦❧✉t❡ ❞✐✛❡r❡♥❝❡✱ ♦✈❡r t❤❡

❡①♣❡r✐♠❡♥ts ♣❡r❢♦r♠❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❲❤✐❧❡ ✐♥ ❤❡❛✈②✲tr❛✣❝ t❤❡ ❢r❛❝t✐♦♥s ♦❢ ❥♦❜s ✐♥ ❛ ♠❡♠♦r②✴♥♦♥✲♠❡♠♦r②
s❡tt✐♥❣ ❛r❡ ❡q✉❛❧ ✭✇❤✐❝❤ ✐s ♦❜✈✐♦✉s✮ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ❛❜♦✈❡ ❝♦✉❧❞ ✜♥❞ s♦♠❡ ✐♥t❡r♣r❡t❛t✐♦♥✱ t❤✐s ❞♦❡s ♥♦t ❤♦❧❞
❢♦r t❤❡ ♥♦♥✲❤❡❛✈②✲tr❛✣❝ ❝❛s❡✱ ❢♦r ✇❤✐❝❤ ❛ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ❡①✐sts ✭s❡❡ ❚❛❜❧❡ ✸✮✳ ◆♦t✇✐t❤st❛♥❞✐♥❣✱ t❤❡ ♣r✐❝❡
♦❢ ❢♦r❣❡tt✐♥❣ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② s✉❝❤ ❞✐✛❡r❡♥❝❡ ❛s s❤♦✇♥ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

L ✵✳✷✺ ✵✳✹✵ ✵✳✺✺ ✵✳✼✵ ✵✳✽✺ ✵✳✾✺ ✵✳✾✾

✶✳✾❡✲✶ ✼✳✼❡✲✷ ✷✳✻❡✲✷ ✻✳✷❡✲✸ ✺✳✹❡✲✹ ✶✳✸❡✲✺ ≤❡✲✺

❚❛❜❧❡ ✸✿
∑N

i=1 |πi − pi| ❜② ✈❛r②✐♥❣ t❤❡ ♥❡t✇♦r❦ ❧♦❛❞ ✭❡✲♥ r❡❛❞s 10−n✮✳

❘❘ ♥➦



✶✻ ❆♥s❡❧♠✐ ❛♥❞ ●❛✉❥❛❧

✼ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

❲❡ ♣r❡s❡♥t❡❞ ❛ ♥❡✇ ❢r❛♠❡✇♦r❦ ❢♦r ❛ss❡ss✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❜❡♥❡✜ts ♦❢ ❧❛r❣❡ ❝❡♥tr❛❧✐③❡❞ ✐♥❢r❛str✉❝t✉r❡s ✇✐t❤
r❡s♣❡❝t t♦ t❤❡✐r ❞❡❝❡♥tr❛❧✐③❡❞ ❝♦✉♥t❡r♣❛rts t❤r♦✉❣❤ t❤❡ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤②✳ ❖✉r ❛♥❛❧②s✐s ❧❡ts t❤❡ ❝❡♥tr❛❧ r♦✉t❡r
❡①♣❧♦✐t ❧♦❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ✐ts ♣❛st r♦✉t✐♥❣ ❞❡❝✐s✐♦♥s t♦ ❛❝❤✐❡✈❡ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠✳ ❲❡ s❤♦✇❡❞ t❤❛t t❤❡ ♣r✐❝❡
♦❢ ❛♥❛r❝❤② ❛❞♠✐ts ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡♠♦r②❧❡ss ♣r✐❝❡ ♦❢ ❛♥❛r❝❤②
❛♥❞ ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦ ❧♦❛❞ ♦♥❧② ❛♣♣r♦❛❝❤✐♥❣ t✇♦ ✐♥ ❤❡❛✈②✲tr❛✣❝✳ ❚❤❡ ❧❛tt❡r r❡♣r❡s❡♥ts t❤❡
❛❞❞❡❞✲✈❛❧✉❡ ♦❢ ❤❛✈✐♥❣ ♠❡♠♦r② ✐♥ t❤❡ r♦✉t❡r✳ ❆❧s♦✱ ✇❡ ✉s❡❞ ♦✉r ❢r❛♠❡✇♦r❦ t♦ ❝♦♠♣❛r❡ r♦✉t✐♥❣ ♣♦❧✐❝✐❡s ❢♦r t❤❡
♦♣t✐♠❛❧ r❡s♣♦♥s❡ t✐♠❡✱ ♥✉♠❡r✐❝❛❧❧② s❤♦✇✐♥❣ t❤❛t t❤❡ r❡s♣♦♥s❡ t✐♠❡ ❛❝❤✐❡✈❡❞ ❜② ❛ ❜✐❧❧✐❛r❞ r♦✉t✐♥❣ s❝❤❡♠❡✱ ✇❤✐❝❤
♣r♦✈✐❞❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞✱ ♠❛t❝❤❡s ♦✉r ❧♦✇❡r ❜♦✉♥❞✳ ❲❡ ❧❡❛✈❡ ❛s ❢✉t✉r❡ ✇♦r❦ t❤❡ ❝❛s❡ ✇✐t❤ ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡
❞✐str✐❜✉t✐♦♥s✳

✽ Pr♦♦❢s ♦❢ ❖✉r ❘❡s✉❧ts

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶
❋✐rst✱ ♥♦t❡ t❤❛t Qi

n ✐s ♦♥❧② ❞❡✜♥❡❞ ♦♥ ✐♥t❡❣❡r ♣♦✐♥ts ✐♥ {0, 1}n ❛♥❞ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ [0, 1]n ❜② ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥
♦✈❡r s✐♠♣❧❡①❡s✱ ❞❡✜♥❡❞ ❜② t❤❡ ♠✉❧t✐♠♦❞✉❧❛r ❜❛s❡ vk = (0, . . . , 0,−1,+1, 0, . . . , 0) ✭s❡❡ ❬✶✼❪✮✳ ❖♥❝❡ t❤✐s ✐s ❞♦♥❡✱ ✐t
❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t Qi

n ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❬✷❪✿

(i) Qi
n ✐s ❝♦♥✈❡①✳

(ii) ❢♦r ❛❧❧ m✱ Qi
n(ai

1, . . . , a
i
n) = Qi

n+m(0, . . . , 0, ai
1, . . . , a

i
n)✳

(iii) ❢♦r ❛❧❧ m < n✱ Qi
n(ai

1, . . . , a
i
n) ≥ Qi

m(ai
n−m+1, . . . , a

i
n)✳

❚❤❡ ❧❛st t✇♦ ♣r♦♣❡rt✐❡s ❛r❡ ❡❛s② t♦ ✈❡r✐❢② s✐♥❝❡ t❤❡② ❛r❡ ❛❧s♦ tr✉❡ ♦♥ ❡❛❝❤ tr❛❥❡❝t♦r②✱ ❢♦r t❤❡ q✉❛♥t✐t✐❡s ℓi
n✿ P♦✐♥t

(ii) ✐s tr✉❡ ❜❡❝❛✉s❡ t❤❡ s②st❡♠ ✐s ✐♥✐t✐❛❧❧② ❡♠♣t② ❛♥❞ t✐♠❡✲❤♦♠♦❣❡♥❡♦✉s✱ ✇❤✐❧❡ t❤❡ t❤✐r❞ ♣r♦♣❡rt② ❝♦♠❡s ❢r♦♠ t❤❡
❢❛❝t t❤❛t ❛❞❞✐♥❣ ❛ ❥♦❜ ✐♥ t❤❡ ♣❛st ✐♥❝r❡❛s❡s t❤❡ ❧♦❛❞ ❛t t✐♠❡ 0✳

❍♦✇❡✈❡r✱ t❤❡ ✜rst ✐t❡♠ ✭i✮ ✐s ♥♦t tr✉❡ ❢♦r t❤❡ r❛♥❞♦♠ q✉❛♥t✐t✐❡s qi
n✱ ❜✉t ♦♥❧② ✐♥ ❡①♣❡❝t❛t✐♦♥✳

❯s✐♥❣ t❤❡s❡ ♣r♦♣❡rt✐❡s✱ ♦♥❡ ❤❛s✿

∞
∑

n=1

(1 − δ)δnai
nQi

n(ai
1, . . . , a

i
n)

≥

M
∑

n=1

(1 − δ)δnai
nQi

M (0, . . . , 0, ai
1, . . . , a

i
n)

+

∞
∑

n=M+1

(1 − δ)δnai
nQi

M (ai
n−M+1, . . . , a

i
n)

≥

( ∞
∑

n=1

(1 − δ)δnai
n

)

Qi
M

( M
∑

n=1

(1 − δ)δn(0, . . . , 0, ai
1, . . . , a

i
n)

+

∞
∑

n=M+1

(1 − δ)δn(ai
n−M+1, . . . , a

i
n)

)

= pi
δQ

i
M (δMpi

δ, δ
M−1pi

δ, . . . , p
i
δ).

✳
◆♦✇✱ ❧❡t ✉s ❞❡✜♥❡

Bi(M, δ, p)
def
= sup

0≤δ≤1
Qi

M (δMp,δM−1p, . . . , p), ✭✷✺✮

❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r ❛❧❧ t❤❡ q✉❡✉❡s t♦❣❡t❤❡r✳ ❇② ❞❡✜♥✐t✐♦♥✱

R(a) = lim sup
K→∞

1

K

K
∑

n=1

(a1
nQ1

n(a1) + · · · + aN
n QN

n (aN )). ✭✷✻✮

■◆❘■❆



❖♣t✐♠❛❧ r♦✉t✐♥❣ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡s ❛♥❞ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✶✼

❯s✐♥❣ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❢❛❝t t❤❛t t❤❡ ❈❡s❛r♦ ❧✐♠✐t ✐s ❛❧✇❛②s ❧❛r❣❡r t❤❛♥ t❤❡ ❞✐s❝♦✉♥t❡❞ ❧✐♠✐t ✇✐t❤ ❛ ❞✐s❝♦✉♥t
❣♦✐♥❣ t♦ ♦♥❡✱

R(a) ≥ lim sup
δ→1

(1−δ)

∞
∑

n=1

δn
(

a1
nQ1

n(a1)+· · ·+aN
n QN

n (aN )
)

≥ lim sup
δ→1

N
∑

i=1

pi
δQ

i
M (δMpi

δ, δ
M−1pi

δ, . . . , p
i
δ)

≥ inf
(p1,...pN )∈L

N
∑

i=1

piQ
i
M (pi, pi, . . . , pi).

❚❤❡ ♣♦✐♥t (pi, pi, . . . , pi) ❜❡❧♦♥❣s t♦ t❤❡ s✐♠♣❧❡① ♦❢ R
M ✇❤♦s❡ ❡①tr❡♠❡ ♣♦✐♥ts ❛r❡ ❛❧❧ t❤❡ r❡❣✉❧❛r s❡q✉❡♥❝❡s ♦❢

❧❡♥❣t❤ M ✿ α(pi, θ)✱ 0 ≤ θ ≤ 1✳ ❙✐♥❝❡ Qi
M ✐s ❧✐♥❡❛r ♦♥ ❡❛❝❤ s✐♠♣❧❡①✱ ♦♥❡ ❣❡ts Qi

M (pi, pi, . . . , pi) = EθQ
i
M (α(pi, θ)1, . . . , α(pi, θ)M )✱

✇❤❡r❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s t❛❦❡♥ ♦✈❡r t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ 0 ≤ θ ≤ 1✳
❋✐♥❛❧❧②✱ ❜② ❧❡tt✐♥❣ M ❣♦ t♦ ✐♥✜♥✐t②✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ ✐♥ ❬✷❪ t❤❛t ♦♥❡ ❣❡ts✱ ❢♦r t❤❡ ❈❡s❛r♦ ❧✐♠✐t✱

lim
M→∞

Qi
M (pi, pi, . . . , pi)

≥ lim
m→∞

1

m

m
∑

n=1

Qi
n(α(pi, 0)1, . . . , α(pi, 0)n).

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶
■♥ ❤❡❛✈②✲tr❛✣❝✱

R
Γ(N/βi,Nλ)/M/1
i ≈ λN

1/(βiλ
2N) + 1/µ2

i

2(1 − Ui)
+

1

µi
, ✭✷✼✮

✇❤❡r❡ t❤❡ s✉♠♠❛♥❞s ✐♥ t❤❡ ♥✉♠❡r❛t♦r ♦❢ t❤❡ ✜rst t❡r♠ r❡❢❡r t♦ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✐♥t❡r❛rr✐✈❛❧ ❛♥❞ s❡r✈✐❝❡ t✐♠❡s✳
❆❢t❡r s♦♠❡ ❛❧❣❡❜r❛✱ GB(N) ❤❛s t❤✉s t❤❡ ❢♦r♠ ✭❢♦r s♦♠❡ βi✮

GB(N) =

N
∑

i=1

βi

N

2 − Ui + Ui/N

2µi(1 − Ui)
✭✷✽✮

✇❤❡♥ L → 1✳ ❖❜s❡r✈✐♥❣ t❤❛t GB(N) ♠✉st ❤❛✈❡ βi/N = µi/
∑N

j=1 µj ✱ ∀i✱ ✭❛s L → 1✮ ❛♥❞ t❤❛t t❤❡s❡ t❡r♠s ❡q✉❛❧
t❤❡ r♦✉t✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ❛ ❇❡r♥♦✉❧❧✐ r♦✉t✐♥❣ s❝❤❡♠❡✱ ❛ t❡r♠✲❜②✲t❡r♠ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ✭✷✽✮ ❛♥❞

RSo
Bernoulli =

N
∑

i=1

µi
∑N

j=1 µj

1

µi(1 − Ui)
✭✷✾✮

✐♠♣❧✐❡s t❤❛t GB(N) ≥ RSo
Bernoulli(N)/2✳ ❆s N ❣r♦✇s✱ t❤❡ t❡r♠s r❡❧❛t❡❞ t♦ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✐♥♣✉t ♣r♦❝❡ss✱ ✐✳❡✳✱

Ui/N ✱ ❛♣♣r♦❛❝❤ ③❡r♦ ❛♥❞✱ ❛s L → 1✱ Ui → 1✱ ♠❡❛♥✐♥❣ t❤❛t GB(N) → RSo
Bernoulli(N)/2✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸
❆♣♣❧②✐♥❣ t❤❡ st❛♥❞❛r❞ ❛♥❛❧②s✐s ♦❢ G/M/1 q✉❡✉❡s✱ ❡✳❣✳✱ ❬✼❪✱ ✐t ❢♦❧❧♦✇s t❤❛t

RΓ(N/βi,Nλ)/M/1 =
1

µi(1 − x)
✭✸✵✮

✇❤❡r❡ x ✐s t❤❡ ❧❡❛st ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥ ♦❢

z =

(

Nρi

Nρi + 1 − z

)N/βi

, ✭✸✶✮

❛♥❞ ρi = λ/µi✱ ✇❤✐❝❤ ✇❡ r❡✇r✐t❡ ❛s

z

(

1 + βi
1 − z

NUi

)N/βi

= 1, ✭✸✷✮

❘❘ ♥➦



✶✽ ❆♥s❡❧♠✐ ❛♥❞ ●❛✉❥❛❧

❆ss✉♠✐♥❣ a = (1 − z)/Ui✱ ✇✐t❤ ❛ ▼❛❝❧❛✉r✐♥ s❡r✐❡s ❡①♣❛♥s✐♦♥ ✐♥ βi/N ✇❡ ♦❜t❛✐♥

❡①♣(−a)
(

1 + βi
a

N

)N/βi

= 1 − 1
2a2 βi

N

+
(

1
3a3 + 1

8a4
) β2

i

N2

−
(

1
4a4 + 1

6a5 + 1
48a6

) β3
i

N3

+O(β4
i /N4)

✭✸✸✮

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ (βi/N)−i✱ i ≥ 0✱ ❛❧t❡r♥❛t❡s ❜❡❝❛✉s❡ a > 0✳ ❖❜s❡r✈✐♥❣ t❤❛t σ ❛♥❞ σ+ r❡❢❡r t♦ tr✉♥❝❛t✐♦♥s
♦❢ t❤❡ ❛❧t❡r♥❛t✐♥❣ s❡r✐❡s ❛❜♦✈❡✱ ✇❡ ♠✉st ❤❛✈❡ σ ≤ x ≤ σ+✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ✭✶✵✮✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶
❚❤❡ ❢❛❝t t❤❛t σi ≤ Ui ❢♦❧❧♦✇s ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts✳ ▲❡t f(z) = z❡①♣(− z

Ui

) − ❡①♣(− 1
Ui

)✳ ❲❡ ❤❛✈❡✿
✐✮ f(Ui) > 0✱
✐✐✮ f ′(z) = ❡①♣(− z

Ui

)(1 − z/Ui) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ z = Ui✱
✐✐✐✮ f ′′(z) = − 1

Ui

❡①♣(− z
Ui

)(2 + z/Ui) < 0 ✭z ≥ 0✮✱ ✐✳❡✳✱ f(z) ✐s ❝♦♥❝❛✈❡✱ ❛♥❞
✐✈✮ ✭✽✮ ❤❛s ♦♥❧② t✇♦ ✭♣♦s✐t✐✈❡✮ r❡❛❧ r♦♦ts ✭✇❤❡♥ 0 ≤ Ui ≤ 1✮ ✇❤❡r❡ t❤❡ ❧❛r❣❡st ♦♥❡ ✐s z = 1✳

◆♦✇✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❢❛❝ts ✐✮✕✐✈✮✱ t❤❡ st❛t❡♠❡♥t ❝❛♥ ❜❡ ♣r♦✈❡♥ ❜② s❤♦✇✐♥❣ t❤❛t f(z) ✐s ♣♦s✐t✐✈❡ ✇❤❡♥
z = U2

i ✳ ❚❤✐s s✐♠♣❧✐✜❡s t♦
h(Ui) = 2Ui lnUi − U2

i + 1 ≥ 0. ✭✸✹✮

❙✐♥❝❡
1

2

❞h(Ui)

❞Ui
= lnUi + 1 − Ui < 0,∀Ui ∈ [0, 1), ✭✸✺✮

✇❤✐❝❤ ❡❛s✐❧② ❢♦❧❧♦✇s ❜② t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ Ui = 1 − xi ❛♥❞ ❡①♣❛♥❞✐♥❣ t❤❡ ❧♦❣❛r✐t❤♠ ✐♥ ❚❛②❧♦r s❡r✐❡s✱ ❛♥❞

lim
Ui→1

h(Ui) = 0, ✭✸✻✮

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t h(Ui) ♠✉st ❜❡ str✐❝t❧② ♣♦s✐t✐✈❡ ✇❤❡♥ Ui ∈ [0, 1)✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹
❲✐t❤✐♥ t❤❡ GB(N) ❜♦✉♥❞ ✭✻✮✱ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ♦❢ q✉❡✉❡ i ✐s RΓ(N/βi,Nλ)/M/1 = 1/(µi(1 − σi))✱ ✇❤❡r❡ σi ✐s t❤❡
❧❡❛st ♣♦s✐t✐✈❡ r♦♦t ♦❢

z

(

1 +
1 − z

Nρi

)N/βi

= 1. ✭✸✼✮

❆❢t❡r ❛ ▼❛❝❧❛✉r✐♥ ❡①♣❛♥s✐♦♥ ✐♥ βi/N ✭s❡❡ ✭✸✸✮✮ ❛♥❞ t❛❦✐♥❣ t❤❡ ✜rst t✇♦ ❡①♣❛♥s✐♦♥ t❡r♠s ✭②✐❡❧❞✐♥❣ ✭✽✮ ❛♥❞ ✭✾✮✮✱
✇❡ ♠✉st ❤❛✈❡ GB(N)−GB(∞) > GBN (∞)−GB(N)✳ ❚❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❜② ♦❜s❡r✈✐♥❣ t❤❛t GB(N) ≤ RSo✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺
●✐✈❡♥ t❤❛t t❤❡ ❍❡ss✐❛♥ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❞✐❛❣♦♥❛❧ ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ ❧✐♥❡❛r✱ t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡①✐t②
♦❢ ✭✶✺✮✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t Ui/(1 − σi) ✐s ❝♦♥✈❡① ✐♥ Ui✳ ▲❡t g = g(Ui) = −❡①♣(−1/Ui)/Ui✳ ❋r♦♠ t❤❡
❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ▲❛♠❜❡rt W ❢✉♥❝t✐♦♥ ❬✶✶❪✱ ✇❡ ♦❜t❛✐♥

❞
❞g

W (g) =
W (g)

g(1 + W (g))
, ✭✸✽✮

❞2

❞g2
W (g) = −

❡①♣(−2W (g))(g + 2)

(1 + W (g))3
✭✸✾✮

❛♥❞ s✉❜st✐t✉t✐♥❣ g = W (g)❡①♣(W (g)) ✐♥ t❤❡ ❧❛tt❡r✱ ✇❤✐❝❤ ❢♦❧❧♦✇s ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ W ❢✉♥❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥

❞
❞Ui

Ui

1 + UiW (g)
=

1

(1 + UW (g))(1 + W (g))
✭✹✵✮

❛♥❞
❞2

❞U2
i

Ui

1 + UiW (g)
=

−W (g)

(1 + W (g))3U2
i

✭✹✶✮

■◆❘■❆



❖♣t✐♠❛❧ r♦✉t✐♥❣ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡s ❛♥❞ ♣r✐❝❡ ♦❢ ❛♥❛r❝❤② ✶✾

✇❤✐❝❤ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❜❡❝❛✉s❡ 0 < −W (g) < 1✱ ❢♦r 0 < U < 1✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻
▲❡t

f1(U) =
1

λN

N
∑

i=1

1

2

Ui

1 − Ui
✭✹✷✮

❢♦r U ∈ R
N :

∑N
i=1

µi

λ
Ui = N, 0 ≤ Ui < 1, ∀i ❛♥❞

f2(U) =
1

λN

N
∑

i=1

Ui

1 + W (g(Ui))Ui
✭✹✸✮

❢♦r g(Ui) = −❡①♣(−1/Ui)/Ui ❛♥❞ U ∈ R
N :

∑N
i=1

µi

λ
Ui = N, 0 ≤ Ui < 1, ∀i. ❚♦ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠✱ ✇❡ s❤♦✇

t❤❛t f2(U) ≥ f1(U)✱ ∀U✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ s❤♦✇

1 + W (g(Ui))Ui ≤ 2(1 − Ui), ∀i, ✭✹✹✮

❙✐♥❝❡ −W (g(Ui) ≤ Ui ❜② ▲❡♠♠❛ ✶✱ ✭✹✹✮ ✐s s❛t✐s✜❡❞ ❜❡❝❛✉s❡ ✐t ❤♦❧❞s ✇✐t❤ ❡q✉❛❧✐t② ✇❤❡♥ Ui = 1 ❛♥❞ str✐❝t❧② ✇❤❡♥
Ui = 0✱ ❛♥❞

❞
❞Ui

[

1

Ui
− 2 − W (g(Ui))

]

= −
1

U2
i

−
(1 − Ui)W (g(Ui))

U2
i (1 + W (g(Ui)))

✭✹✺✮

✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✹

▼♦♥♦t♦♥✐❝✐t②
❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥s ✭✸✽✮ ❛♥❞ ✭✸✾✮✱ ✇❡ ❤❛✈❡

❞S(U)

❞U
=

UW (g)2 + W (g) + W (g)U2 + U

U(1 + W (g))(1 − W (g))2
> 0 ✭✹✻✮

✐❢ ❛♥❞ ♦♥❧② ✐❢ UW (g)(W (g) + U) + W (g) + U > 0✳ ▲❡♠♠❛ ✶ ✐♠♣❧✐❡s t❤❛t −W (g) ≤ Ui ❛♥❞ ♣r♦✈❡s t❤❛t ✐t ✐s
✐♥❝r❡❛s✐♥❣ ✐♥ U ✳

▲✐♠✐t ❛s U → 1
❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥s ✭✸✽✮ ❛♥❞ ✭✸✾✮✱ ✇❡ ❤❛✈❡

❞A(U)

❞U
=

UW (g)2 + W (g) + W (g)U2 + U

U(1 + W (g))(1 − W (g))2
> 0 ✭✹✼✮

❛♥❞ ❛♣♣❧②✐♥❣ ▲✬❍ô♣✐t❛❧✬s r✉❧❡✱ ✇❡ ♦❜t❛✐♥

lim
U→1

❞A(U)

❞U

= lim
U→1

UW (g)2 + W (g) + W (g)U2 + U

4(1 + W (g))

= lim
U→1

W (g)2 + 2UW (g)W ′(g) + W ′(g) + 2UW (g) + W ′(g)U2 + 1

4W ′(g)

✭✹✽✮

❙✐♥❝❡ lim
U→1

W (g) = lim
U→1

W ′(g) = −1 ✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✼✮✱ t❤❡ ❧✐♠✐t ✭✹✼✮ ✐s ③❡r♦✳

▲✐♠✐t ❛s U → 0

❘❘ ♥➦



✷✵ ❆♥s❡❧♠✐ ❛♥❞ ●❛✉❥❛❧

❋r♦♠ ✭✹✼✮✱ ✇❡ ♦❜t❛✐♥

lim
U→0

❞A(U)

❞U

= lim
U→0

W (g)2 +
W (g)

U
+ W (g)U + 1

= 1 + lim
U→0

W ′(g)

= 1 + lim
U→0

W (g)

1 + W (g)

1 − U

U2

= 1 + lim
U→0

W (g)

U2

✭✹✾✮

❚❤❡ ▲❛♠❜❡rt W ❢✉♥❝t✐♦♥ ❛❞♠✐ts t❤❡ ❢♦❧❧♦✇✐♥❣ ▼❛❝❧❛✉r✐♥ ❡①♣❛♥s✐♦♥ ❬✶✶❪

W (g) = −
∑

n≥1

nn−1

n!
(−g)n ✭✺✵✮

✇❤✐❝❤ ✐s ❝♦♥✈❡r❣❡♥t ∀g : |g| ≤ 1/e✳ ❚❤❡ ❧❡❛❞✐♥❣ t❡r♠ ♦❢ ✭✺✵✮ ✐s ❡①♣(−1/U)/U ✱ ✇❤❡♥ U → 0✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡

lim
U→0

W (g)

U2
= lim

U→0

❡①♣(−1/U)

U3
= 0. ✭✺✶✮

❘❡❢❡r❡♥❝❡s

❬✶❪ ❊✳ ❆❧t♠❛♥✱ ❯✳ ❆②❡st❛✱ ❛♥❞ ❇✳ Pr❛❜❤✉✳ ▲♦❛❞ ❜❛❧❛♥❝✐♥❣ ✐♥ ♣r♦❝❡ss♦r s❤❛r✐♥❣ s②st❡♠s✳ ■♥ ❱❛❧✉❡❚♦♦❧s ✬✵✽✱ ♣❛❣❡s
✶✕✶✵✱ ■❈❙❚✱ ❇r✉ss❡❧s✱ ❇❡❧❣✐✉♠✱ ❇❡❧❣✐✉♠✱ ✷✵✵✽✳ ■❈❙❚✳

❬✷❪ ❊✳ ❆❧t♠❛♥✱ ❇✳ ●❛✉❥❛❧✱ ❛♥❞ ❆✳ ❍♦r❞✐❥❦✳ ❉✐s❝r❡t❡✲❊✈❡♥t ❈♦♥tr♦❧ ♦❢ ❙t♦❝❤❛st✐❝ ◆❡t✇♦r❦s✿ ▼✉❧t✐♠♦❞✉❧❛r✐t② ❛♥❞
❘❡❣✉❧❛r✐t②✳ ◆✉♠❜❡r ✶✽✷✾ ✐♥ ▲◆▼✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✸✳

❬✸❪ ❨✳ ❆r✐❛♥ ❛♥❞ ❨✳ ▲❡✈②✳ ❆❧❣♦r✐t❤♠s ❢♦r ❣❡♥❡r❛❧✐③❡❞ r♦✉♥❞ r♦❜✐♥ r♦✉t✐♥❣✳ ❖♣❡r✳ ❘❡s✳ ▲❡tt✳✱ ✶✷✿✸✶✸✕✸✶✾✱ ✶✾✾✷✳

❬✹❪ ❯✳ ❆②❡st❛✱ ❖✳ ❇r✉♥✱ ❛♥❞ ❇✳ Pr❛❜❤✉✳ Pr✐❝❡ ♦❢ ❛♥❛r❝❤② ✐♥ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣✳ ■♥ ■◆❘■❆ t❡❝❤✳ r❡♣✳

❬✺❪ ❆✳ ❇❛r✲◆♦②✱ ❘✳ ❇❤❛t✐❛✱ ❏✳ ❙✳ ◆❛♦r✱ ❛♥❞ ❇✳ ❙❝❤✐❡❜❡r✳ ▼✐♥✐♠✐③✐♥❣ s❡r✈✐❝❡ ❛♥❞ ♦♣❡r❛t✐♦♥ ❝♦sts ♦❢ ♣❡r✐♦❞✐❝
s❝❤❡❞✉❧✐♥❣✳ ▼❛t❤✳ ❖♣❡r✳ ❘❡s✳✱ ✷✼✭✸✮✿✺✶✽✕✺✹✹✱ ✷✵✵✷✳
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