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ZEONS, LATTICES OF PARTITIONS, AND FREE
PROBABILITY

RENE SCHOTT AND G. STACEY STAPLES

ABSTRACT. Central to the theory of free probability is the notion of sum-
ming multiplicative functionals on the lattice of non-crossing partitions. In
this paper, a graph-theoretic perspective of partitions is investigated in which
independent sets in graphs correspond to non-crossing partitions. By associ-
ating particular graphs with elements of “zeon” algebras (commutative sub-
algebras of fermion algebras), multiplicative functions can be summed over
segments of lattices of partitions by employing methods of “zeon-Berezin”
operator calculus. In particular, properties of the algebra are used to “sieve
out” the appropriate segments and sub-lattices. The work concludes with an
application to joint moments of quantum random variables.

1. Introduction

The current work builds on the combinatorial approaches to multiple stochastic
integrals developed by Rota and Wallstrom [8] and extended to free stochastic
processes by Anshelevich [1].

A precursor to the current work was the graph-theoretic approach to multiple
stochastic integrals developed by Staples [14]. In that paper, multiple stochastic
integrals of classical processes and processes defined within a Clifford algebra of
arbitrary signature were recovered from cycles contained in weighted graphs.

Another precursor was the joint paper by the current authors [10] in which
Clifford-algebraic methods were applied to partitions and non-overlapping parti-
tions to recover Bell numbers, Stirling numbers of the second kind, and Bessel
numbers.

The lattice of non-crossing partitions is essential to the combinatorics of free
probability theory, as computing moments of free random variables relies on sum-
ming multiplicative functionals on the lattice of non-crossing partitions. In the
current work, graph-theoretic perspectives of partitions are investigated in which
vertex independent sets in graphs correspond to non-crossing partitions. By asso-
ciating appropriate graphs with elements of “zeon” algebras (commutative subal-
gebras of fermion algebras), multiplicative functions can be summed over segments
of lattices of partitions by employing methods of “zeon-Berezin” operator calcu-
lus. In particular, properties of the algebra are used to “sieve out” the appropriate
segments and sub-lattices.
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2 RENE SCHOTT AND G. STACEY STAPLES

For essential background on free probability and the necessary combinatorics,
the reader is referred to the works of Nica and Speicher [7], and Anshelevich [1].

The work of Franz Lehner on cumulants in non-commutative probability theory
is also of interest, as it provides another graph-theoretic perspective on stochastic
measures [6].

The rest of the paper is arranged as follows. In Section 2, zeon algebras are
defined and the properties of zeon operator calculus necessary for later sections are
revealed. Essential terminology from graph theory and the relationships among
set partitions, cycle covers, and independent sets are detailed in Section 3, where
some familiar counting numbers are recovered with the zeon operator methods.

In Section 4, zeon-algebraic methods are developed to perform computations
involving multiplicative functionals on lattices of partitions. These methods com-
bine properties of zeons with the graph-theoretic perspective to define an operator
calculus that naturally “sieves out” the appropriate lattice segments for computa-
tion.

The work concludes with Section 5, where the methods are applied to free
cumulants in a quantum probability space to recover moments of quantum random
variables.

The Mathematica examples generated throughout the paper illustrate the use-
fulness of zeon-Berezin operator calculus methods in performing symbolic com-
putations. The Mathematica procedures underlying the examples are available
through the second named author’s web page at http://www.siue.edu/~sstaple.

2. Zeon Algebras

Zeon algebras are commutative algebras whose generators square to zero. Their
combinatorial properties have been applied to the study of graphs in a number of
works by the current authors (cf. [11], [12], [9]), although the name “zeons” is
attributed to Feinsilver [4].

Definition 2.1. Let F be a field. For fixed n > 0, the 2"-dimensional zeon algebra
Z, is defined as the associative algebra generated by the collection {(;} along with
the scalar (p =1 € F, subject to the following multiplication rules:

G, Gl =G ¢ — ¢ G =0for 1 <i,j <nand (2.1)
(=0 (2.2)

Note that the even subalgebra of the Grassmann algebra over a 2n-dimensional
vector space V contains Z,,. In particular, if {e;} is an orthogonal basis for V', one
can define (; := eg;_1 A eg; for 1 < i < n, where A denotes the exterior product.

Let [n] = {1,2,...,n} and denote arbitrary, canonically ordered subsets of [n]
by capital Roman characters. Let 2" denote the power set of [n]. The basis
elements of Z,, can then be indexed by these finite subsets by writing

¢r=]]¢ (2.3)

kel
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Arbitrary elements of Z,, have the form
u = Z ur C], (2.4)
Ie2ln]
where uy € F for each I.
It will also be convenient to associate multi-indices with integers. To this end,

we adopt the notational convention of letting j denote the subset of [n] uniquely
associated with the integer 0 < j < 2" by

j=>_ 2" (2.5)
kEj
Definition 2.2. Any nonzero product of k generators in Z,, is referred to as a
blade of grade k, or a k-blade.

Definition 2.3. For 0 < k < n, the grade-k part of u € Z,, is defined as the sum
of grade-k monomials in the expansion of u. In other words,

(=Y urdr (2.6)

1e2lnl
|I|=k

The vector space spanned by grade-k blades in Z,, is denoted by (Z,),

Notation. The notation ((u))y is used to denote the sum of the coefficients in
the grade-k part of w. That is,

{((u)e = Z ur. (2.7)

Definition 2.4. Given arbitrary u = Z ur(r and v = Z vr (1, the zeon

Ie2ln] 1e2[n]
inner product of u and v is defined by

(u,v) = Z urvy. (2.8)
Ie2ln]
Consequently, the expansion of u € Z,, can be written
u= Y ()¢ (2.9)
I1€2ln]
This inner-product defines a norm on Z,, by
]l = {u,u) 7. (2.10)
This norm is referred to as the zeon inner-product norm.
2.1. Zeon operator calculus. The operator calculus here follows naturally from

Grassmann-Berezin calculus. Notationally, the work in this section draws largely
from [13].

Definition 2.5. In Z,, the j* lowering operator L; is defined by linear extension

of
C[\{ i ifjel,
L; = J 2.11
Sl {0 otherwise, ( )
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while the j* raising operator R; is similarly defined by linear extension of

0 ifjel,
CIR; = S (2.12)
Cru{yy otherwise

foreach j =1,...,n.

Note that the j* lowering operator is easily regarded as a derivation:

0
74-[7
¢
although it is not a derivation in the technical sense.
The zeon canonical raising and lowering operators L and R are defined as the
sums of the raising and lowering operators, respectively. In particular,

L= iLj, and R := iRj.
j=1 j=1

Note that the action of £ on basis blades of Z,, has the following combinatorial
interpretation: £ maps each blade indexed by set I to a sum of blades indexed by
proper subsets of I having cardinality |I| — 1. The canonical raising operator has
a similar interpretation. In particular,

GL= > ¢,

JCI
|J|=]1]-1

GR= > (-

JI
[J|=[T]+1

CrL; =

In light of the graded structure of Z, = @;_, (Zn);, these operators induce
level-k lowering and raising operators L) : (Zn)p = (Zn)p_y for 1 <k <nand
R (Z,), — (Zn)qq for 0 <k <n—1, respectively.

In this context, the zeon canonical raising and lowering operators are correctly
regarded as direct sums of level-k raising and lowering operators, i.e.,

L:=pc™, (2.13)
k=1
n—1

Ri=>» RW. (2.14)
k=0

Following the formalism of Berezin [2], the following combinatorial integral is
defined on the zeons: for any {i1,...,%,} C [n], the composite map % 0---0 %
is denoted by [ d¢;, ---d¢, .

Given u € Z,, and fixed multi-index I € 2", the following shortened notation
is defined:

/udg} ::/udg}l -~'dC[‘I|. (2.15)
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Note that for any permutation o € S|, commutativity of Z,, gives

/udQ:/udQGm -~-d<10(|1|).

The next result is immediate from the properties of Z,, and the preceding defi-
nitions.

Lemma 2.6. Given u € Z,, and fized multi-index I € 2",

/UdCI = Z g G- (2.16)

Jezlnl
1CJ

When I = [n], the following special case is obtained.

Definition 2.7. The Berezin integral is the linear map Z,, — F defined by

/UdCau) < dCa(n) = Ufn]s (2.17)

for any permutation o € S,,. In other words, the Berezin integral is the “top-form”
coefficient in the expansion of u.

Definition 2.8. Let b= {b1,...,bx} C [n]. The projective Berezin integral is the
linear map Z, — F defined by

%ud{bl s dCy, = <u, Cb> . (2.18)
In particular, § ud(, is the scalar part of [ ud(.

Note that when b = [n], the projective Berezin integral coincides with the usual
Berezin integral.

3. Cycle Covers, Independent Sets, and Partitions

A graph G = (V,E) is a set of vertices V and a set E C V x V of ordered
pairs of vertices called edges. Two vertices v;,v; € V are said to be adjacent if
(vi,v;) € E. An edge of the form (v,v) € E is referred to as a loop at vertex
v. When the relation on V' defined by F is symmetric, the graph is said to be
undirected. A simple graph is an undirected graph with no loops.

An independent set in a graph G is a set of pairwise nonadjacent vertices. A
clique in a graph G is a set of pairwise adjacent vertices.

A walk of length k, or k-walk, in a graph is a sequence of vertices v, v1, va, .. ., Uk
with the property that v; and v;11 are adjacent for each ¢ = 0,1,...,k — 1. The
vertices vy and vy are referred to as the initial vertex and terminal vertex of the
walk, respectively. A cycle of length k, or k-cycle, in a graph is a k-walk in which
the vertices are pairwise distinct except for the initial and terminal vertices, which
coincide.

Given a graph G = (V, E), a subgraph of G is a graph G’ = (V’, E’) such that
V' CV and E' C E. Note that G’ must be a graph; i.e., vertices appearing within
ordered pairs in E’ must be elements of V'. A cycle cover of a graph G is a set of
subgraphs {C1,...,Ck} of G such that (i) each subgraph is a cycle, and (ii) each
vertex of G is contained in exactly one of the subgraphs C;, (1 < j <k).
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FIGURE 1. K7 and a cycle cover.

When vertices are ordered and placed on a circle, one can define cycle cov-
ers associated with partitions. First, some notation and terminology regarding
partitions is recalled.

The partition notation here follows that of Rota and Wallstrom. Given a finite
set b, let II(b) denote the set of all partitions of b. In particular, an element
o € I1(b) is a collection of nonempty disjoint subsets, called blocks, whose union is
b. Denote by |o| the number of blocks contained in o.

The set I1(b) is partially ordered by defining o < 7 if and only if every block of
o is a subset of some block in 7. Accordingly, two partitions of particular interest
are defined by

ib = b,
0p :={b1}U---uU {bw}
When the set being partitioned is clear, one writes simply 1 or 0.

The meet of two partitions o A 7 is defined as the partition whose blocks are
the nonempty pairwise intersections of some block of o with some block of w. The
join of two partitions, denoted o V m, is the smallest partition containing both o
and 7. Note that II(d) is a lattice.

A segment [0, 7] of the lattice TI(b) is defined by

[o,7] :={p€Il(b) : 0 < p <} (3.1)
The following lemma follows immediately from the definition of a cycle cover.

Lemma 3.1. Let G be a graph on n vertices. Any cycle cover of G determines a
partition of the n-set.

Recalling the integer-subset correspondence defined in (2.5), define the graph

G = (V, E) whose vertices {v1,...,v9n_1} are in one-to-one correspondence with

the nonempty subsets of the n-set with adjacency determined by the following
condition:

(Uu’l)j)EE@Zﬁi#@. (32)
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{1,2,3, 4
4
‘ <)
S '4 2,34
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- 7 AN
FIGURE 2. Partitions of {1,...,4} among independent sets.

It becomes evident that partitions of the n-set are now associated with inde-
pendent sets of the graph G. For example, the partitions of {1,2,3,4} are found
among the independent sets of the graph in Figure 2.

A partition 7 of the n-set is said to be crossing if for some pair of blocks v,§ € 7
there exist i, k € v and j, £ € 6 such that i < j < k < £. For disjoint sets v, d € 2",
the notation Cr(y,d) is defined to indicate that v and § form a crossing partition
of v U 4.

The partition 7 is said to be overlapping if there exist blocks 7, € 7 such that
min+y < miné < max~y < maxd. For disjoint sets v, € 2" the notation Ouv(~, §)
is defined to indicate that v and § form an overlapping partition of v U 4.

Notation. Henceforth, the lattice of non-crossing partitions of the n-set will be
denoted by NC(n), while the lattice of non-overlapping partitions of the n-set will
be denoted by NO(n).

Defining the simple graph G = (V, E) whose vertices are in one-to-one corre-
spondence with the nonempty subsets of the n-set with adjacency determined by
the following condition:

Cr(i ) V[N # 0] & (vi,0;) € B, (3.3)

where V represents logical OR, non-crossing partitions of the n-set are now associ-
ated with independent sets of the graph G.

Similarly, if one defines the simple graph H = (Vi, Efr) whose vertices are in
one-to-one correspondence with the nonempty subsets of the n-set with adjacency
determined by the following condition:

Ov(i, j) V[iNj # 0] < (vi,v;) € En, (3.4)
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FicUrE 3. Crossing blocks for n = 5.

non-overlapping partitions of [n] are associated with independent sets of the graph
H.

To these ends, define the simple graph G = (Vi., E.-) whose vertices are in
one-to-one correspondence with the nonempty subsets of the n-set with adjacency
determined by the following condition:

(7T(Z7Z) ~ (Uiavj) € B (3.5)

In other words, a pair of vertices are adjacent in G, if and only if their associated
sets form a crossing partition of their union.

Similarly, define the simple graph G,, = (V,y, E,y) whose vertices are in one-to-
one correspondence with the nonempty subsets of [n] with adjacency determined
by the following condition:

Ov(i,j) & (vi,vj) € Eoy. (3.6)

In other words, a pair of vertices are adjacent in G, if and only if their associated
sets form an overlapping partition of their union.

Finally, define the empty graph Gy = (Vj, Fy) whose vertices are in one-to-one
correspondence with the nonempty subsets of [n] with Ey = (.

Example 3.2. Non-crossing partitions of the set {1,2,3,4,5} are represented
among the independent sets of the graph in Figure 3, while non-overlapping par-
titions are represented among the independent sets of the graph in Figure 4.

Definition 3.3. Let II(n) denote the lattice of partitions of the n-set, and let £
denote a collection of pairs of disjoint subsets of [n]. The E-restricted lattice of
partitions, denoted Ilg(n) is defined by

mellg(n) < (v,0 em={v,6} ¢ £). (3.7)
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F1GURE 4. Overlapping blocks for n = 5.

A pair {~,6} € € is called a forbidden pair of blocks.
The collection £ is now used to define a graph.

Definition 3.4. Let G = (V, E) be a simple graph on 2" — 1 vertices associated
with the nonempty subsets of the n-set, and let adjacency in G be determined by

(’Ui,'Uj) IS IR=S {@,l} c€. (38)

The graph G is called a partition constraint graph of the n-set. The G-restricted
lattice of partitions, whose blocks satisfy the constraints imposed by G, will be
denoted Ig(n).

Let G = (V, E) be a simple graph on |V| vertices, and define a labeling g : £ —
Zv|+|E| of the edges of G with generators of 2|4 |g| according to g(e;) = (v |45
for j=1,2,...,|E|

Each vertex v of G is now associated uniquely within Z\v|+|E| by the product
of generators labeling the edges incident with v. That is, define »: V' — Z|y g
by

%(Uj) = H Cg(ek)' (3.9)

edges ep,
incident with vj

By convention, set s(v;) := 1 if v; is an isolated vertex.
Now define the zeon representative of G by

V]

r:= Zélx(vj), (3.10)

where 1 < j <n and j denotes the subset representation of the integer j.
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Finally, define the projection e[y} : Z|v|4+g| — Z|v| by linear extension of

Crepvy) = Cngvy)- (3.11)

Theorem 3.5. Let G be a simple graph whose vertices are in one-to-one cor-
respondence with the nonempty subsets of [n], in which each pair of vertices is
adjacent if and only if they are associated with a forbidden pair of blocks of a par-
tition of [n]. Let T denote the zeon representative of G, and let X}, denote the
number of k-block partitions of [n], constrained by the forbidden blocks. Then,

</exp (tT) g dés - -~d§n,tk> = X} (3.12)

Proof. Tt is clear that e, (exp(¢T')) is a polynomial in ¢ with coefficients in Z,,. By
definition of the exponential function, the coefficient of t* is %’: By construction,
I'* corresponds to a sum of k subsets of vertices in the graph. Each of these
subsets represents k blocks which may or may not correspond to a partition of the
n-set. By the null-square property of zeons, each of these subsets is pairwise non-
adjacent; i.e., each represents an independent set of size k in the graph. Applying
the Berezin integral reveals the top-form coefficient in the zeon expansion; i.e., the
union of the blocks is [n]. O

Example 3.6. A zeon representative of the graph appearing in Figure 3 is used
to count k-block non-crossing partitions of the 5-set. Note that the sum is the
fifth Catalan number: Cy = %(150) = 42.

T =Cmy+8y+ 83y + 8y + 85y + 8y + 85y + 82,8y + 83,4y + 8,5y + 82,3y + S1,2,5) + Cra 4,5 + 8p2,3,49 +
C3,45) +81,2,3,4) + C1,2,3,5) + 811,2,4,5) + C1,2,4, 14y + §11,3,4,5) + £1,3,4,15) + £1,3,5,13) + §2,3,4,5, +
C2,3,511) + 82,458 +C1,2,3,4,5, + (1,3,6,7,8) + §(1,4,9,10,11) + §(2,4,6,12,13) + £(2,5,7,9,15) + £(3,5,10, 12, 14

Wen k = 1, * [rke 5ydey. . deg = 1
Wen k = 2, — [tXe5de,. .. dgg = 10
Wen k = 3, — [tXe5dz,. .. dgg = 20
Wen k = 4, — [TXe5de,. .. dgg = 10
Wen k = 5, — [TYe5de;. .. dg = 1

Corollary 3.7. Let G and T be defined as in the statement of Theorem 3.5, and let
X denote the number of partitions of [n] subject to the forbidden blocks constraint.
Then,

/exp () epny dCy -+ - dGn = X. (3.13)
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Proof. This follows immediately from Theorem 3.5 and the expansion

eXp(F)E[n] = ﬁE{n] = FE[n], (3.14)
k=0 k=0
from which
/exp(r)a[n] ¢y -+ dG, =Y Xy (3.15)
k=0

O

Using this graph-theoretic approach, some familiar numbers can now be recov-
ered: Stirling numbers of the second kind, Bell numbers, Catalan numbers, and
Bessel numbers.

Let {} denote the Stirling number of the second kind defined as the number of
partitions of the n-set into k nonempty blocks. Let B,, denote the n'" Bell number,
defined as the total number of partitions of the n-set into nonempty blocks.

Let C(n, k) denote the number of non-crossing partitions of [n] into k blocks,
and let C,, denote the n'* Catalan number. It is known that C,, gives the total
number of non-crossing partitions of the n-set.

Let B(n, k) denote the number of non-overlapping partitions of [n] into k blocks,
and let B, denote the n'* Bessel number. It is known that B, gives the total
number of non-overlapping partitions of the n-set [5].

Considering the zeon representatives of the graphs Gy, G, and G, as defined
previously, the next result is an immediate consequence of the previous corollary.

Corollary 3.8. Let I'y denote the zeon representative of Gy, let ., denote the
zeon representative of G, and let T',, denote the zeon representative of Goy.

Then,
</exp (tT) ey dCy ~--d§n,tk> . {Z} (3.16)

/exp (Tg) €y dC1 - - = By, (3.17)

</exp (tTer) €pn) dCy - --dgn,t’f> = C(n, k), (3.18)

/ exp (Ter) €y A1 -+ dCp = C, (3.19)

</exp (tToy) €y dés - -~d(n,t’“> = B(n, k), (3.20)

/exp (Fov) €[n] dCl T an = Bn (321)
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4. Computations on Lattices of Partitions

In this section, functions are defined on II([n]), the lattice of partitions of the
n-set. Given a partition 7 € II([n]), the notation |7| will be used to denote the
number of blocks (i.e., the number of pairwise disjoint subsets) in the partition .
Blocks b € 7 will also be allowed to serve as multi-indices in the zeon algebra.
Note that when b is a block; i.e., subset, |b| denotes the cardinality of b.

The general strategy is to first define a complex-valued function f : 2"l — C
satisfying f(0) := 1, and then to extend this to a complex-valued function h :
II([n]) — C by taking products over the blocks of each partition.

Let f : 2" — C be a function on the power set of [n] with f(#) = 1. Define
the function hy : II([n]) — C by

hy(r) =TT 1) (4.1)
bem
for each 7 € II([n]).
With f as defined above, let G = (V| E) be a partition constraint graph of the
n-set. Now define the weighted zeon representative of G by
V]

T Y S (), (42)

where s is defined as in (3.9).

Note that T is a weighted sum over the vertices of the graph G, which are
in one-to-one correspondence with nonempty subsets of the n-set, i.e. blocks of
partitions. For 1 < j < 2" — 1, vertex v; is associated with block j having
corresponding weight f(j). Moreover, by construction each vertex v; is associated
with the blade (;(v;) = (juE;, where E; represents the set of edges incident with
vertex v; in G. Recalling that a pair of vertices in G is adjacent (incident with
a common edge) if and only if the vertices represent a forbidden pair of blocks in
the lattice of partitions, it is evident that products of terms of T will be zero when
their corresponding blocks are either not pairwise disjoint or contain forbidden
pairs of blocks.

Theorem 4.1. Let 0 < k < n, and let T be the weighted zeon representative of a
partition constraint graph G. Then,

/T’fs[n]dgl---dgn: > Klhg(m). (4.3)
e

Proof. By the null-square property of zeons, the multinomial theorem gives
V]

Z (fl, ' ) H Fm) o e )

Lyl =k ""€|V| m=1
(21 ...,z‘v‘)e{o,l}W\

= Y BT r@de(ve). (4.4)

{ICV:|I|=k} vl

Tk
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Note that by construction of »(v,), the product [, c; f(£)ez(ve) is zero if the
blocks represented by vertex subset I are either not pairwise disjoint or include
forbidden pairs. Hence, the sum is over vertex subsets representing blocks of
restricted partitions. In order to sieve out those subsets representing partitions of
the n-set, the zeon-Berezin integral is applied after projection onto Z,,. That is,

/T’an] ¢y - d¢ = > T f©

{I:UveeIg:[n] and |I|=k} wve€l

= > B][rfo. (4.5)

mellg(n) bem
|7|=k

O

Example 4.2. In Figure 5, the weighted zeon representative T of G, is used to

compute
S o Ehpm = > K[

TENC(5) TENC(5) =2
|7 =k |7|=Fk

for a given scalar-valued function f : 21 — F. Note that f(b) is written as f, for
convenience.

Corollary 4.3.

[ e = 3 o) (4.6)

w€llg(n)

Proof. By definition of the exponential function and the null square property of
zeons,

T _ — 1 k _ S 1 k
=0 =0

Whence, applying Theorem 4.1,

/eTa[n] d¢y - --dCn ZZ%/T]%[”] d¢y - dé, :Z Z hy(m)

Remark 4.4. Note that exp(tT) is a polynomial in ¢ with zeon coefficients. In
particular, the Berezin integral of the coefficient of t* represents a sum over k-
block partitions of the n-set. That is,

</etT€[n] dgl...dgn,tk> = Y hy(m). (4.9)

nelg(n)
|7 =k
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= Print{"y =", 1]
For [k:l, k <5, k++,

Print["Vhen k =", k, ", [rersde,...de =", ZeonBerezin[Proj [Expand[Y*], 5], €1 2345
[ [esde,. .. des 11,2,3,4,5)

T= by Sy +f g Gy +F s Ciay +F iy Sy +F sy Csp +Fingy Sy +
fasiCasy+fas o +faaloafus Cus+TaanCuay+fuas Snas+
fas Cnasy+F2aa Cosa+fEas Caes +f a4 o +fnass Ca2ss+
foas Caaas +FTwas Cuaaw +Fwaas Cnaas +F e Cuags + a5 G as i+
fi2,345 C2a45 +T 235 823511 +T 245 Coase +f12345 12345
fi1,3 83,678 + T e S 01011y +F 2,4 Ci2,4612,13) +F 2,5 Ci25,7,0,15) +F (3,51 £3,5,10,12, 14

Vhen k = 1, JYk€[5rd§1. d§5 = f(1,2,3,4,5','

Vhen k = 2, JYk€[5:d§1...d§5 = 2f(4v5",f(1‘2’3; +2f{314)f{1’2v5)+2f(2'3}f(1v4’5}+2f{1y5)f{2’3v4)+
2ty faas +2f s faasa+2fwfuassy +2f g fwaas +2F o Fsas +2f s

Vhen k = 3, [resde,. .. deg -

6f(5)“{1,4]f(2,3)+6f( )f 1,5 f 23)+6f(3)f{1,5}f{2,4)+6f( )f(lz*f 34>+6f 2»f 1,5)f{3,4)+
6f{1}f 25)]( 34)+6f 4) f( frgvsv’,+6f{31’,f[1‘2)f(4v5)+6f 2} f{l 3vf (4,5} +6f11}f(2‘3‘f 4,5}
6f{4}f 5} f\r 23)+6f 3 f{5 f 124\+6f 3Vf (4} f(112v5)+6f 2} f{5 f 13’4}+6f{2}f(4)f{135)
Gf{z}f 3} f{ 45)+6f 1} f{5 f 234\+6f 1vf 4)f.{2’3v5)+6f 1} f’.3 f 24’5}+6f{1‘\f(2)f{3 5

Wen k = 4, JYkE[gdgl. .. d§5 = 241 (3} f 4) f (5) f 1,2+ 24 f 2) f 4 f (5) f 1,31+
L2 PR RN RSB REWSIEY 2 RPYE NEVR RSN RER-IRY 20 NEVE BVOR RSN RVR IR 2 REPR NER RSB RPN
P2 NETR NER BVIR RPN 20 ROV YR RIOR RERIIRY 20 NEVE RVR BVOR BRI 2 REVH NEVR RER ARG

Wen k = 5, JYkE[5:d§1. o d§5 = 120f 13 f (2 f (3 f (4) f {5

FIGURE 5. Summing a function over NC(5).

Corollary 4.5. Let Ty, Y., and Yo, be the weighted zeon representatives of
graphs Gy, Ger, and G, as used in Corollary 3.8. Then,

/T@’“s[n]dglmd@: > klhg(m), (4.10)

weI([n])
|7l=k

/TCTkeE[n] d¢y---d¢, = Z Elh;(m), and (4.11)

TENC(n)
|m|=k

/Tovkg[n]dgl-..dgn: > k(). (4.12)

TENO(n)

|ml=Fk
Proof. By construction of the graphs Gy, G, and G, Theorem 4.1 results in
summing over k-block partitions with no restrictions, no crossing blocks, and no
overlapping blocks, respectively. [



ZEONS, LATTICES OF PARTITIONS, AND FREE PROBABILITY 15

4.1. Computations on Lattice Segments. The graph-theoretic approach de-
tailed above does not easily lend itself to summing values over segments of a lattice
of partitions. In this section, methods are developed using zeon-Berezin operator
calculus to sum functions over lattice segments. The initial results are established
on the lattice of partitions II([n]).

Let £ denote the canonical lowering operator on Z,, and define the operator ®
on Z, by linear extension of

GO = F(0) (4.13)

for each subset b C [n].

Let ¢ denote a scalar variable. For each block b C [n], define the linear operator

Dy by
bl=1 .

1
Db' 0

= — —_—. 4.14
bt ot (4.14)

Theorem 4.6. For fized partition w € 1I([n]) and nonzero scalar parameter t, the
following holds:

1 ,
IR j’{ t+ ) ﬁgbﬁjcﬁ Gy, - Gy, = hy(o). (4.15)
bem 7=0 o<m
t=0
Consequently,
n—1 1 ) "
Dy ]{ t+sz[n]U‘I’ dCy -+ - dGp
— j!
=0 t=0
ot o]
~-1IPs }f t+ > SGL | dG, -Gy, =Y he(o). (4.16)
berm j=0 J: 0 o>
t=

Proof. Begin by noting that for any block b, (,L is a sum of blades representing
all proper subsets of b having cardinality |b] — 1.
Using the definition of £, the following is easily established:

GL =40 > G (4.17)
b/ Cb
[0/ |=|b|—3
This implies
|b|—1 1
(6L = > f() G (4.18)
=0 7 0£b' Ch

Whence, applying the multinomial theorem gives

Ib|—1 [l

ey gese) = 5 (M) T ewer wo

=0 kg+--+kp=|b| 0#bCh

By the null-square property of zeons, the only nonzero terms correspond to
the case kyy = 0 or kyy = 1 when b # (). Hence, nonzero terms correspond to
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products on pairwise disjoint subsets of the block b, with exponent ky remaining
to be determined. Considering the Berezin integral, only collections of sub-blocks
whose union is b remain; i.e., each of these terms represents a partition of b. It
follows that kg = |b| — |o|, where |b| denotes the cardinality of the block b, and |o]|
denotes the number of blocks in the resulting partition o of b. In summary,

b
% Z <kw7 0] kb)tk@ H (F() kv C:’b/ Gy, -+ Gy,

ko-+++ky=|b] o b'ch
tlbl= Iol|b|v tlol— \ff\‘bp
= 2 G LI Z Q=) (4.20)
o€I1(b) o<i

An immediate consequence is that when 0 < k < |b],

lb|—1 (6]

" 1,
5 ]{ t+ > SGLO | dG, - dGy, =l Y hpo).  (421)
i=o ' o<ty
t=0 lo|=|bl—k

Applying the operator Dy, := |Tl\1 Z‘kbl 01 gtk gives

b—1 . |b]
Dy ]{ t+ Z FQ,CJCI) dCbl "'dCb‘b‘ = Z hf(O’). (4.22)

j=0 7" o<1,

t=0
Since the blocks of any partition are pairwise disjoint, taking the product over
all blocks b in the fixed partition 7 results in

b]—1 []

1 .
17 7( b+ ﬁ(bﬁﬂb Gy, - Gy, = hy(o). (4.23)
ben 7=0 o<m
t=0
Letting m = 1[7,}, an immediate consequence of (4.23) is that

n

n—1
=0

t=0 =<l

The proof is concluded by combining Equations (4.23) and (4.24) and observing
that for fixed partition m,

> hplo) =Y hp(o)+ > hy(o) (4.25)

0<o<i o<m o>r

O

Zeon operator calculus methods also lead to some special case partition sum-
mations.
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Definition 4.7. Fix partitions 7,0 € II([n]). We say 7 is a proper refinement of
o and write m < o if and only if every block of 7 is a proper subset of some block
of 0. That is,

T<0& Vyem)(Ideo)y Tl (4.26)
Note that by changing the limits of summation on the left-hand side of (4.15)

in Theorem 4.6, the following corollary is immediately obtained for partitions free
of singleton blocks.

Corollary 4.8. Let w € II([n]) contain no singleton blocks, and let t be a nonzero
scalar parameter t. Then,

b|—1 []

Hpbjfurz SGLID | dG, - dG, =Y hy(o). (4.27)

ber o<
t=0

Proof. For each block b € 7, letting the summation begin with j = 1 allows only
proper subsets of b to be considered. ([l

Turning now to the canonical raising operator, another special case partition
summation is possible.

Definition 4.9. Let b C [n] be nonempty. A partition = € II([n]) is said to be
b-admissible if 3y € m with b C «. That is, b is a block in 7 or b is a block in
some refinement of 7. For fixed b, the collection of b-admissible partitions of [n] is
denoted by IL,q)([n])-

Notation. For any subset b C [n], let b denote the complement of b; i.e, b := [n]\b.
Proposition 4.10. Let b C [n] be a fized nonempty block, let b denote the com-
plement of b, and let t be a nonzero scalar parameter. Then,

—1b
n—lbl 4 n—|b|—1 =

]{ Z Q,RJQ> t+ Z fgby@ d¢y -+ d¢,
t=0

=Y b (4.28)

o€ gq(p) ([n])

Proof. First note that the definition of R implies
GRI =41 Y Gy, (4.29)

b/ Db
|6 |=1b]+3

since there are j! “paths” by which (; can be “raised” to (p; i.e., the additional j
index elements of (,» can be appended to the multi-index of (, in any order.
Working in Z,, it is apparent that (,R? = 0 for all j > n — |b|, so

n—|[b|

> (GGR)® =3 £ (4:30)

§=0 B2b
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Using properties of canonical lowering as in the proof of Theorem 4.6,

n—|b|—1
1
> GGEe= 3 B)G (4.31)
j=0 0£6'Chb
Thus,
n—|b| 1 4 n—|b|—1 1 n—|b|
Z(ﬁCbR])(I) t+ > *Cbﬁq’
j=0 7’ j=0
b — _
S H8) ¢ > (k 3 k)t’f@H(f(b))’%'cﬂ
32b kg -+ k=B 0r-e % ¥Ch

S 8) ¢ 3 "2 o TT @) G |, (4.32)

B2b kg+-+kz=|b| b'Chb

where k., is either 0 or 1 for every nonempty block v, and the number of nontrivial
blocks in the product is given by [b| —
Now expanding the product and applying the Berezin integral,

b -
f > F(B)Cs | s > kal'tkm [T@) GF | dés, e dGy

B2b kg++ky=|b| b'Ch
|
-y ol 8 __yi-tel £ 3yns (o), (4.33)
= (16l = [o])!

o<1E

where || = [b] — ky. The proof is concluded by applying D; and evaluating at
t=0. O

4.2. Computations on restricted lattice segments. In order to extend this
approach to non-crossing or non-overlapping partitions, the ideas underlying the
weighted zeon representative of a graph are used to define the restriction mapping
below.

Definition 4.11. Let G be a simple graph on 2" — 1 vertices associated with
nonempty subsets of the n-set. The G-restriction mapping V : Z, — Z, g is
defined by linear extension of

Theorem 4.12. For fixed G-restricted partition w, the following holds:

[b]

[b[—1
1 .
[Ion|§ |0+ Y qocev) cpda - da,| = 3 hslo)
bem j=0 J: o<n

=0 sellg(n)

(4.35)
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where ® and ¥ are as defined in (4.13) and (4.34). Consequently,

n

n—1
1 .
D[n] f t+ E ﬁ([n]ﬁjq}\l/ €[n d¢y---d¢,
Jj=0

t=0
= o]
“Tlo |4 [e+ 2 SOOIV | ey di, Gy,
ber =0 t=0
= > ko). (4.36)
o>
oc€llg(n)
Proof. Recall that for any block b and integer 0 < j < |,
GLO =351 > )G (4.37)
b/ Cb
[b/|=1b|—j
Hence,
1 .
SG LIV = Y F(0) Ceelwe). (4.38)
g o5
£)=1b|—j

Whereby, substitution and application of the multinomial theorem gives

|b] |b]
|b]—1
1 ,
) GGLeT | =t > (O Gw)
j=0 0#LCb
= > ( ! )t‘“@ [T F@rcsvo)~. (4.39)
k‘@,...,kb N
Ko+ +kp=b| BALCH

By the null-square property of zeons, all integers k; are either 0 or 1 when
¢ > 0. Construction of G guarantees that the only nonzero terms in the sum
correspond to disjoint tuples of subsets of b containing no forbidden pair of blocks.
Specifically, a nonzero term of the form

o T F@ ¢ s(ve)™

0F#LCDb

corresponds to a disjoint (|b] — kp)-tuple of subsets of b with no forbidden pair of
blocks.

Note that the corresponding multinomial coefficient on the term above is

14 [b[!
=2 4.4
(k@,...,kb Jop! (4.40)
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Projecting onto Z,, and taking the projective Berezin integral, one now obtains

lbl—1 |6

1 .
f t+ > ﬁCb LIOU | ey dGy, - dGy,
i=0 7

|
:f{ > %tk” I[I  ror ™| da, - dg,,. (4.41)

kg, ky€{0,1} 0 0#££CDb
k(z)*“‘**kb:‘b‘ no forbidden pairs

Applying D;, and evaluating at t = 0 gives

bl
[b]—1
1 )
D, ]é t+zﬁ§bﬁj<bllf G, - dGy, | = Y hp(o). (4.42)
7= t=0  octign

Whence, taking the product over disjoint blocks of arbitrary partition © com-
pletes the first part of the proof.
Substitution in (4.42) gives

n—1 "
1 ,
Diy 7{ E+ Y G L0V | eppdCy - dG| = > hy(o), (443)
j=0 J: =0 o<l
- oE€Mg(n)
from which (4.36) is deduced. O

Example 4.13. Given a scalar-valued function f : 21 — F as in Example 4.2,
the lowering operator and restriction mapping are used to sum over non-crossing
partitions of the 5-set with Mathematica.

njso}= Sum[D[ZeonBer ezi n[Expand |
Proj [Expand] (t + Sum{Expand [ (1/] !) ¥s[f [PWL[&, 11, A1, {j, 0, Lengthib] -1}1)° /51] /.
{0}, 5]], &]. 1t k}] /. 4t 20}, {k, 0, 4}]

o= Fyfatetufe fofufetuyfateufsfos fatetetonfofatutos:

{ {

Fotwtetesdtefoafenfutusfoyfotetnfogtetonfoy:

ot fuwtes fufateteatefuafentotunfeytutesfay:
Fofofwtes fufoatesfufeotefustetugfusfotusfus:
Fyfosfus s tufe o fus o tafe oy fafutuas faafuas-
Fotefasatotwtass fofetuas fesfuas fufetosg:

Fusfesgtutufoss sttt foas s tnfafeas fuafaes:
f{S} f {1,2,3,4} +f (4) f (1,2,3,5) +f (3} f (1,2,4,5) +f 2} f (1,3,4,5) +f (1 f (2,3,4,5) +f (1,2,3,4,5)

Recalling the definition of proper refinements from (4.26), note that by changing
the limits of summation in Theorem 4.12, the following corollary is immediately
obtained for partitions free of singleton blocks.
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Corollary 4.14. Let m € Ig([n]) contain no singleton blocks, and let t be a
nonzero scalar parameter t. Then,

o
b1
1 .
IR f{ t—&—zﬁg“bﬁ@\lf Gy, - Gy, = > hpo). (4449
ben j=1 7" 0 UEHS(["])
i it

5. Free Cumulants

As in Nica and Speicher [7], let A be a unital algebra and ¢ : A — C a
unital linear functional; i.e., (A, ) is a quantum probability space. A sequence
of multilinear functionals (¢, )nen is obtained on A by defining ¢, (a1,...,a,) =
wlag - -ap).

These functionals are extended to the corresponding multiplicative functionals
on non-crossing partitions by

orlar,... an] =[] e®lar, ..., an], (5.1)
bem

where writing b = {i1,..., 45} with iy <--- <, @(b)[a1,...,a,] is defined by

ed)ar,...,an] == (i, ..., a,)- (5.2)

Let p denote the Mobius function on the lattice of non-crossing partitions.
For each n € N, the corresponding free cumulants (kx)renc(n) are multilinear
functionals k. : A" — C satisfying the moment-cumulant formulas:

R, (at,...,ap) = Z Oolaty .., anp(o, i[n]), (5.3)
oc€NC(n)
oplar, - ,an) = Z Krlat, ... an]. (5.4)
TENC(n)

Moreover, free cumulant functionals are multiplicative:

Krl@iyy- oo ai,] = Hn(b)[al,...,an], (5.5)
ben
where, similar to (5.1), writing b = {ry,..., 7} with 1y <--- <7y,
KD)ary, .. ap,] = /@ib(ah, ey Gy ). (5.6)

This is simplified by recursively defining the multidimensional R-transform by

@ﬂ(aiw'-"ain) = Z Rﬂ(aiw"'aain)v (57)

FENC(n)
o<m
where again writing b = {ri,... 7y} with 71 <--- <1y,
Rg(ail,...,ai") = HR(airl,...,ai”b‘). (58)

beo
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Definition 5.1. Let G, be the simple graph on 2™ —1 vertices as defined in Corol-
lary 3.8. Let (a;)ie; be random variables in quantum probability space (A, p).
Define the moment zeon representative of G, by

[1]

V]
= ZR(al1 -~~al‘m)<l%(1lj), (59)

where a, € A for all indices ¢ and R(al-1 ag, _‘) is the R-transform of the block
J < nl .

Proposition 5.2 (Moments by independent sets).

/eEg[n] d¢y -+ d¢, = p(ai, - a;,). (5.10)
Proof. The result is a corollary of Theorem 4.1. In particular, expanding the
exponential function gives
k

|V

eE :ZH ZR(all "'al'@)cl%(vj) . (511)

Proceeding as in the proof of Theorem 4.1 and keeping in mind equations (5.7)
and (5.8), it follows that

/eEs[n]dgl.-.dgn:Z > Ro(ai,....a:,)

k=1 o€NC(n)

|o|=k
= Z Ra(ail,...,ain) :goi[n](ail,...7ain). (512)

oeNC(n)
O
Finally, to recover the multiplicative functional ¢ (a;,,...,a;,) using zeon-
Berezin methods, let the operator © be defined on Z,, by linear extension of
Cb@ = R(abl,...,ablb‘)gl,. (513)

Proposition 5.3 (Moments by lowering). Let G := G, let U be the G restriction
mapping defined in (4.34), and let © be defined as in (5.13). Applying the canonical
lowering operator yields the following:

b1 [l

1 )
I ]f t4+ D SGLOV | dG, - dGy, | = prla, . ai,). (5.14)
berm 7=0 J: 0

t=
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Proof. Applying results from Theorem 4.12; and again considering equations (5.7)
and (5.8),

[b]
[b]—1
1 .
IR f{ b+ > =GLIOV | dG, - dGy,
ben i=0 7
t=0
= Z Ry(aiyy.-.yai,) = on(ai,...,a;,). (5.15)
sENC(n)
o<m
|
Corollary 5.4. Setting m = i[n] in Proposition 5.3 gives
n—1 1 "
j=0""

t=0
6. Conclusion

In earlier work, the authors showed that the operator-theoretic tools of quantum
probability can be used to reveal information about combinatorial structures such
as random graphs and partitions. The current work shows that this approach
can be extended to perform computations over combinatorial structures, notably
lattices of partitions.

While the lattice of non-crossing partitions is most important in free probability
theory, the zeon-Berezin calculus approach can be applied to lattices of partitions
satisfying any restriction criteria. The result is an operator-theoretic combinatorial
approach to integration of functions defined on arbitrary graphs and partitions.

Acknowledgment. The authors are grateful to the anonymous referee for a
number of helpful suggestions.
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