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Performance bound for Approximate Optimistic
Policy Iteration

Christophe Thiery, Bruno Scherrer

We provide here a proof of the performance bound theorem published in
Thiery and Scherrer (2010). This theorem applies to Least-Squares A Policy It-
eration and more generally approximate, optimistic Policy Iteration algorithms.

Theorem 1 (Performance bound for Approximate Optimistic Policy Iteration)

Let (Ay)n>1 be a sequence of positive weights such that )" -, A, = 1. Let Qg
be an arbitrary initialization. We consider an iterative algorithm that generates
the sequence (my, Q)k>1 with

i1 < greedy(Qy),
Qri1 & Y Aa(Bryy)"Qk + €xp1

n>1
€kx+1 15 the approximation error made when estimating the next value function.
Let € be a uniform magjoration of that error, i.e. for all k, ||ex]lco < €. Then

2y
limsup [|Q" — Q™ ||oec < ———5¢.
k—o0 || || (1 - 7)2

Proof

Notations and main idea of the proof We will use the following notations:
® by = Q — Br,,Qk is the Bellman error,

o di = Q" — (Qk — €r) is the difference between the optimal value function
and the @y iterate (before error),

e s, = Qp — €, — Q™ is the difference between the Qy, iterate (before error)
and the (true) value of the policy 7,

e 3=73,51 A" (note that 0 < 8 < ).



The distance between the value of the optimal policy and the value of the
current policy can be formulated as

1@ = Q™ [loo = max(Q" — Q™)
= max(Q" — Qk + ek + Q — e — Q™)
= max(dy + s)
< max dj, + max sy, (1)

The idea of the proof is to compute upper bounds on dj and si. As we will
see, the bounds we will obtain will both depend on an upper on the Bellman
error by, that we derive first.

An upper bound on the Bellman error by: As ;4 is the greedy policy
with respect to Q, we have B, Qr < By, Qk, which allows us to write

b =

<

Qk - B‘n'kJrl Qk
Qr — Br,,Qr + B, Qr — Br,,, Qr
Qr — Br, Qk

(Qr —ex +€x) — Br (Qr — €i + 1)
(Qr — €k) — Br, (Qr — €x) + €x — VP €k

> A [(Br)"@r-1] = > An [(Br)" ™ Qrer] + (I = ¥ Pr, er
n>1 n>1

Z An )"Qr-1) — (Br)" V' Qr—1] + (I — vPr, e

n>1

ZA (VPr)" (Qr—1 — B Qr—1) + (I — v Pr, ey

n>1

Z )‘7L(7P7rk)nbk—1 + (I - ’YPﬂk)ek

n>1

By using the fact that Py, is a stochastic matrix, we have

max by < Z Any" maxbi_1 + (1 +v)e = fmaxbg_1 + (1 + v)e.

n>1

We then deduce by induction that

k—1
max by, < Zﬂj(l +7)e + BF max by =
7=0

%ge +O(R). 2)

An upper bound on di : Let us now consider the dj term and its evolution.

dpy1 = Q" — (Qry1 — €k+1)

= Q- Z/\ _

n>1

= Z)‘n [Q* 7Tk+1) Qk} (3)

n>1



Since 741 is the greedy policy with respect to Qy, we have B« Qr < By, Q.
Therefore

Q* 7( 7Tk+1) Qk
= BrQ" — BrQp + Br- Qi — Bret1 Qp + By, Qr —

( m+1) Qk+( 7"k+1)2Qk_"' ( 7Tk+1) 71Qk ( m+1)an
B Q" — BoQp + v Pr (Qk — Bryy,Qk) +
+(’VP7rk+1)2(Qk - B7rk+1Qk) +..+ ('7P7rk+1)n_1(Qk‘ - B7rk,+1Qk)
= VP (Q" — Qk) +

+ ['YPMH + (’YPTrkH) +...F (’YPWk+1)n71:| (Qk - B7Tk+1 Qk)
= VP (Q" — (Qk — €x)) — VPr-e1 +

IN

+ [’ypﬂ'k-H (’ypﬂ'k-u) (’7P7Tk+1)n_l] (Q - B7Tk+1Qk)
= YPr-dy, — yPrrer, + [VP,W (VPry)? + oo (YPry )" b
As P;- and Py, 41 are stochastic matrices, we deduce

max[Q* — (Br,,,)"Qk) < 'ymaxdk—l—’ye—&—('y—l—VQ+...+'y"_1)maxbk

n

= vmaxdk—i—'ye—&—vl max by,.

By using Equation 3, we obtain the following induction on max dg:

max dj41 §7maxd;€—|—76+z,\n {71—_1 }

n>1

With the help of the Bellman error upper bound obtained earlier (Equation 2)
we obtain

v k
maxdg+1 < ymaxdg + ve+ An {} 14+79)e+ O(y
= ymaxd +ve + %(1 +7)e+0(7")
(1=7)(1=5)
which gives, by taking the limit superior,
, Y Y-8
lim sup max dj, < €+ { ] 1+7v)e. 4
e T la—pa—g) Ut W

An upper bound on s; : Let us now consider the s; term from Equation 1:

Sp+1 = Qi1 — €k+1 - Qﬂ’““

- Z An 7Tk+1 ] - (Bﬂ'k+1)OOQk

n>1

- Z A [(Briss )" Qi = (Bryyy ) Qi] - (5)

n>1



It can be seen that

(Bryy:)"Qr = (B )™ Qk

= (Bryy1)"Qr = (Broy )" Qp 4+ (Bryoy )" Q1 = (B )" Qi + -
= (VPrn)" (Qk Bryss Qn) + (VPr, )" (Qr = Brryyy Qr) +
('VPM-H) [I+7Pﬂk+1 (VPWk+1) +-‘-}bk~

As above, by using the stochasticity of Py we obtain

k417

n

max by.

max[( 7Tk+1) Qk ( 7Tk+1)ooQ/€] §77l(1+’7+’}'2+"')ma}(bk = 17

By using Equation 5, we obtain an upper bound on max si41:

1
max sg11 < T— ; AnY" max by,
n=

With the help of the Bellman error upper bound (Equation 2) and by taking
the limit superior, we have

1 21ty ) 8
lllzrisipmaxsk<ﬁ 7nz>1/\ 1—ﬁ6 7(1_7)<1_5)(1+’y)6. (6)

Conclusion of the proof Finally, let us get back to Equation 1 and use the
upper bounds we just derived for di (Equation 4) and s; (Equation 6):

limsup ||Q" — @™ ||lco < lim sup max dy + lim sup max s

k—o0 k—o0
_ 7 c [ ~v—p3 B )
T 1~ JF_(1_7)2(1_IB)+(1_7)(1_5)}(1+’y).
_ 0, (v =B+ (1—7)8 )
=1 +:(1_7)2(1_B)}(1+v).
=L i €.
1y +_(1’y)2}(1+’7)
_ 0=+ +7)

(1—=9)?

o
o (1—9)27
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