
HAL Id: inria-00516712
https://hal.inria.fr/inria-00516712

Submitted on 10 Sep 2010

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Robust and Precise Circular Arc Detection
Bart Lamiroy, Yassine Guebbas

To cite this version:
Bart Lamiroy, Yassine Guebbas. Robust and Precise Circular Arc Detection. Jean-Marc Ogier,
Wenyin Liu, Josep Lladós. Graphics Recognition. Achievements, Challenges, and Evolution, 6020,
Springer-Verlag, pp.49-60, 2010, Lecture Notes in Computer Science, �10.1007/978-3-642-13728-0_5�.
�inria-00516712�

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by INRIA a CCSD electronic archive server

https://core.ac.uk/display/50057536?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.inria.fr/inria-00516712
https://hal.archives-ouvertes.fr


❘♦❜✉st ❛♥❞ Pr❡❝✐s❡ ❈✐r❝✉❧❛r ❆r❝ ❉❡t❡❝t✐♦♥
⋆

❇❛rt ▲❛♠✐r♦② ❛♥❞ ❨❛ss✐♥❡ ●✉❡❜❜❛s

◆❛♥❝② ❯♥✐✈❡rs✐té ✕ ■◆P▲ ✕ ▲❖❘■❆
➱q✉✐♣❡ ◗❣❛r ✕ ❇ât✳ ❇

❈❛♠♣✉s ❙❝✐❡♥t✐✜q✉❡ ✕ ❇P ✷✸✾
✺✹✺✵✻ ❱❛♥❞♦❡✉✈r❡✲❧ès✲◆❛♥❝② ❈❡❞❡① ✕ ❋r❛♥❝❡

❇❛rt✳▲❛♠✐r♦②❅❧♦r✐❛✳❢r

❆❜str❛❝t✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t ❛ ♠❡t❤♦❞ t♦ r♦❜✉st❧② ❞❡t❡❝t ❝✐r❝✉❧❛r
❛r❝s ✐♥ ❛ ❧✐♥❡ ❞r❛✇✐♥❣ ✐♠❛❣❡✳ ❚❤❡ ♠❡t❤♦❞ ✐s ❢❛st✱ r♦❜✉st ❛♥❞ ✈❡r② r❡❧✐✲
❛❜❧❡✱ ❛♥❞ ✐s ❝❛♣❛❜❧❡ ♦❢ ❛ss❡ss✐♥❣ t❤❡ q✉❛❧✐t② ♦❢ ✐ts ❞❡t❡❝t✐♦♥✳ ■t ✐s ❜❛s❡❞ ♦♥
❘❛♥❞♦♠ ❙❛♠♣❧❡ ❈♦♥s❡♥s✉s ♠✐♥✐♠✐③❛t✐♦♥✱ ❛♥❞ ✉s❡s t❡❝❤♥✐q✉❡s t❤❛t ❛r❡
✐♥s♣✐r❡❞ ❢r♦♠ ♦❜❥❡❝t tr❛❝❦✐♥❣ ✐♥ ✐♠❛❣❡ s❡q✉❡♥❝❡s✳ ■t ✐s ❜❛s❡❞ ♦♥ s✐♠♣❧❡
✐♥✐t✐❛❧ ❣✉❡ss❡s✱ ❡✐t❤❡r ❜❛s❡❞ ♦♥ ❝♦♥♥❡❝t❡❞ ❧✐♥❡ s❡❣♠❡♥ts✱ ♦r ♦♥ ❡❧❡♠❡♥t❛r②
♠❛✐♥str❡❛♠ ❛r❝ ❞❡t❡❝t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ❖✉r ♠❡t❤♦❞ ❝♦♥s✐sts ♦❢ ❣r❛❞✉❛❧❧②
❞❡❢♦r♠✐♥❣ t❤❡s❡ ❝✐r❝✉❧❛r ❛r❝ ❝❛♥❞✐❞❛t❡s ❛s t♦ ♣r❡❝✐s❡❧② ✜t ♦♥t♦ t❤❡ ✐♠❛❣❡
str♦❦❡s✱ ♦r t♦ r❡❥❡❝t t❤❡♠ ✐❢ t❤❡ ✜tt✐♥❣ ✐s ♥♦t ♣♦ss✐❜❧❡✱ t❤✐s ✈✐rt✉❛❧❧② ❡❧✐♠✲
✐♥❛t❡s s♣✉r✐♦✉s ❞❡t❡❝t✐♦♥s ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛♥❞ ❛✈♦✐❞✐♥❣ ♥♦♥✲❞❡t❡❝t✐♦♥s
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❋✐♥❞✐♥❣ ❝✐r❝✉❧❛r ❛r❝s ✐s ♦♥❡ t❤❡ r❡❝✉rr✐♥❣ ♣r♦❜❧❡♠s ✐♥ ❣r❛♣❤✐❝❛❧ ❞♦❝✉♠❡♥t ✐♥t❡r✲
♣r❡t❛t✐♦♥ ♦r s②♠❜♦❧ r❡❝♦❣♥✐t✐♦♥✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✇✐t❤ t❤❡ ❡①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s
✐s t❤❛t t❤❡② ♦❢t❡♥ ❛r❡ ♦❢ ❝♦♥s✐❞❡r❛❜❧❡ ❝♦♠♣❧❡①✐t② ✭❡✳❣✳ ❍♦✉❣❤✲❧✐❦❡ ❬✶❪ ♦r ❢❡❛t✉r❡
❣r♦✉♣✐♥❣ ❛♣♣r♦❛❝❤❡s ❬✷❪✮ s❡♥s✐t✐✈❡ t♦ ✐♠❛❣❡ q✉❛❧✐t②✱ ❧✐♥❡ t❤✐❝❦♥❡ss✱ ♦r r❡❧② ♦♥
❛ ♥✉♠❜❡r ♦❢ ✉s❡r ❞❡✜♥❡❞ ♣❛r❛♠❡t❡rs ♦r t❤r❡s❤♦❧❞s t❤❛t ♠❛❦❡ t❤❡♠ ❡①tr❡♠❡❧②
❞✐✣❝✉❧t t♦ ❛♣♣❧② t♦ ❣❡♥❡r✐❝ ♣r♦❜❧❡♠s ♦r ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ❞♦❝✉♠❡♥t s❡ts✳

❚❤❡ ❛♣♣r♦❛❝❤ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ♣❛♣❡r r❡❞✉❝❡s t❤❡ s❡t ♦❢ ♥❡❡❞❡❞ ♣❛r❛♠❡t❡rs
t♦ ❛ ♠✐♥✐♠❛❧ s❡t ♦❢ ✈❡r② ❡❧❡♠❡♥t❛r② ❛♥❞ ✈✐s✉❛❧❧② s✐❣♥✐✜❝❛♥t ✈❛❧✉❡s ❛♥❞ ❝❛♥ ❜❡
❛♣♣❧✐❡❞ ✇✐t❤♦✉t ♣r✐♦r ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❞♦❝✉♠❡♥t s❡t✱ r❡❣❛r❞❧❡ss ♦❢ ❧✐♥❡ ✇✐❞t❤s✱
❝♦♥♥❡❝t❡❞♥❡ss ♦r ❝♦♠♣❧❡①✐t②✳ ■t r❡❧✐❡s ♦♥ ❡❧❡♠❡♥t❛r② ✭✸✱✹✮✲❞✐st❛♥❝❡ tr❛♥s❢♦r♠
s❦❡❧❡t♦♥✐③❛t✐♦♥ ❬✸❪ ❛♥❞ s❡❣♠❡♥t ❞❡t❡❝t✐♦♥ ❬✹❪✳ ❯♥❧✐❦❡ ❡①tr❡♠❡❧② ❡✣❝✐❡♥t ♠❡t❤♦❞s
❧✐❦❡ ❬✺❪✱ ♦✉rs ❞♦❡s ♥♦t r❡q✉✐r❡ r❡❛s♦♥❛❜❧❡ s❡❣♠❡♥t❛t✐♦♥ ♦❢ ❛r❝s✳ ❚❤✐s ✇♦r❦ ✐s
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♦❢ ❝✐r❝❧❡s✱ ✇✐t❤♦✉t ❛ ♣r✐♦r✐ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡✐r ♣♦s✐t✐♦♥✳ ❚❤❡ ❧❛st t✇♦ s❡❝t✐♦♥s
❝♦♥❝❧✉❞❡ ❜② ❡❧✐♠✐♥❛t✐♥❣ s♣✉r✐♦✉s ❞❡t❡❝t✐♦♥s ❛♥❞ ❜② ❡st❛❜❧✐s❤✐♥❣ t❤❡ ❧✐♠✐ts ♦❢ t❤❡
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✷ ❉❡t❡r♠✐♥✐♥❣ t❤❡ Pr❡s❡♥❝❡ ♦❢ ❛ ❈✐r❝✉❧❛r ❆r❝

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡❝t✐♥❣ ❛ ❝✐r❝✉❧❛r ❛r❝✱ ❣✐✈❡♥ ❛♥ ✐♥✐t✐❛❧
❡st✐♠❛t❡ ♦❢ ✐ts ❝❡♥t❡r (xc, yc)✱ ✐ts r❛❞✐✉s σ✱ ❛♥❞ ✐ts t✇♦ ❡♥❞♣♦✐♥ts pl ❛♥❞ pr

✶✳ ❚❤✐s
❡st✐♠❛t❡✱ ❛s ✇❡ s❤❛❧❧ s❡❡ ❢✉rt❤❡r✱ ❝❛♥ ❜❡ ✈❡r② ❛♣♣r♦①✐♠❛t❡✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧✱ ✐♥
t❤✐s ✜rst st❛❣❡✱ ✐s t♦ ❞❡t❡❝t ✇❤❡t❤❡r ♦r ♥♦t✱ ❛♥ ❛r❝ ✐s ♣r❡s❡♥t ✐♥ t❤❡ ✐♠❛❣❡✱ ♥❡❛r
t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❣✐✈❡♥ ♣❛r❛♠❡t❡rs✳

✷✳✶ ●❡♥❡r❛❧ ❆❧❣♦r✐t❤♠

❲❡ ❛r❡ ♠❛✐♥❧② ❡①♣❧♦✐t✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥ ❬✻❪✱ ✇✐t❤ ♦♥❡ ♠❛❥♦r ❛❞❥✉♥❝✲
t✐♦♥✳ ❚❤❡ ❝✐t❡❞ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦ ✐❞❡♥t✐❢② ❛♥❞ ❧♦❝❛t❡ ❢✉❧❧ ❝✐r❝❧❡s✱ ❛♥❞
t❤❡r❡❢♦r❡ ♦♥❧② ♥❡❡❞s t♦ ❝♦♥s✐❞❡r ❛❞❛♣t✐♥❣ t♦ t✇♦ ✈❛r✐❛❜❧❡s✿ t❤❡ ❝❡♥t❡r (xc, yc)✱
❛♥❞ t❤❡ r❛❞✐✉s σ✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❛♥②♠♦r❡ ❢♦r ❞❡t❡❝t✐♥❣ ❛r❝s✱ s✐♥❝❡ t✇♦
♣❛r❛♠❡t❡rs ❛r❡ ❛❞❞❡❞✿ pl ❛♥❞ pr✱ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❡♥❞♣♦✐♥ts✳

❚❤❡ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ✇❡ ❞❡✈❡❧♦♣ ❝♦♥s✐sts ♦❢ t❛❦✐♥❣ t❤❡ s❡t P = {pi} ♦❢ ❛❧❧
♣✐①❡❧s pi ❧②✐♥❣ ♦♥ t❤❡ ❞✐s❝r❡t❡ ❝✐r❝✉❧❛r ❛r❝ A0 ❞❡✜♥❡❞ ❜② (xc, yc)✱ σ✱ pl ❛♥❞ pr✳
❆s ✐♥✱ ❬✻❪✱ ✇❡ ❞❡✜♥❡✱ ❢♦r ❡❛❝❤ ♦❢ t❤❡s❡ ♣✐①❡❧s pi✱ t❤❡ ❞✐s❝r❡t❡ ❧✐♥❡ ∆i✱ st❛rt✐♥❣
❛t (xc, yc)✱ ❛♥❞ ♣❛ss✐♥❣ t❤r♦✉❣❤ pi✳ ▲❡t qi ❜❡ t❤❡ ♣✐①❡❧ ♦♥ ∆i t❤❛t ✐s t❤❡ ❝❧♦s❡st
❜❧❛❝❦ ♣✐①❡❧ t♦ pi✳ ▲❡t Q

0
a = {qi}✳ Q

0
a t❤❡r❡❢♦r❡ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❜❧❛❝❦ ♣✐①❡❧s ❝❧♦s❡st

t♦ t❤❡ ✐♥✐t✐❛❧ ❡st✐♠❛t❡ A0 ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❝✐r❝❧❡ r❛❞✐✉s✳
❋✐❣✉r❡ ✶ ❣✐✈❡s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤✐s ❡st✐♠❛t✐♦♥✳ ■♥✐t✐❛❧ ❣✉❡ss❡s ❛r❡ ❞r❛✇♥

✐♥ ❜❧✉❡✳ ❋♦r ❡❛❝❤ ❝♦♥❥❡❝t✉r❡❞ ❝✐r❝❧❡✱ ❣r❡❡♥ ♣✐①❡❧s ❛r❡ t❤♦s❡ ❢♦✉♥❞ ❛t t❤❡ ❝♦rr❡❝t
❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❝❡♥t❡r✱ ✇❤✐❧❡ r❡❞ ♦♥❡s ❧✐❡ ♦♥ t❤❡ r❛❞✐✉s ❛♥❞ ❛r❡ ❝❧♦s❡st t♦ t❤❡
❝✐r❝❧❡✳

◆♦✇✱ ❧❡t C1 ❜❡ t❤❡ ❜❡st ✜tt✐♥❣ ❝✐r❝❧❡ ♦✈❡r Q0
a ✭❛♥② ❝r✐t❡r✐♦♥ ❝❛♥ ❜❡ ✉s❡❞✱ ❜✉t

✇❡ ❛r❡ ✉s✐♥❣ t❤❡ ▲❡❛st ▼❡❞✐❛♥ ♦❢ ❙q✉❛r❡s ✕ ❝❢✳ s❡❝t✐♦♥ ✷✳✷✮✱ ❛♥❞ ❧❡t ✉s ❣❡♥❡r❛❧✐③❡
t❤❡ ♣r❡✈✐♦✉s st❡♣✱ s✉❝❤ t❤❛t Qt

c ❝♦♥t❛✐♥s t❤❡ s❡t ♦❢ ❛❧❧ ❜❧❛❝❦ ♣✐①❡❧s ❝❧♦s❡st t♦ t❤❡
t❤❡♦r❡t✐❝❛❧ ❝✐r❝❧❡ Ct ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❝✐r❝❧❡ r❛❞✐✉s ✭❛♥❞ s✐♠✐❧❛r❧② ❢♦r Qt

a✮✳
❇② ❝♦♥str✉❝t✐♦♥✱ Qt

a ⊂ Qt
c✱ ❛♥❞ ✇❤✐❧❡ t❤✐s ♥❡✇ s❡t ♦❢ ♣♦✐♥ts ❛❧❧♦✇s ❢♦r ❛ r❡✲

❡st✐♠❛t✐♦♥ ♦❢ (xc, yc)✱ σ✱ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs pl ❛♥❞ pr ♥❡❡❞ t♦ ❜❡ r❡✲❡✈❛❧✉❛t❡❞
❛s ✇❡❧❧✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

▲❡t τ t ❜❡ t❤❡ ❡rr♦r ♠❡❛s✉r❡ ❜❡t✇❡❡♥ At ❛♥❞ Qt
a✳ ✐✳❡✳ τ

t r❡♣r❡s❡♥ts t❤❡ ✜t♥❡ss
❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧ At ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❞❛t❛ Qt

a✳ ▲❡t At
< ⊂ At ❛ s♠❛❧❧❡r

✶ ■♥ t❤✐s ❞♦❝✉♠❡♥t ✇❡ s❤❛❧❧ ❝♦♥✈❡♥✐❡♥t❧② ✐❣♥♦r❡ t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ✐s ❛ s♠❛❧❧ ❛♠❜✐❣✉✐t②
✇✐t❤ ❞❡✜♥✐♥❣ ❛♥ ❛r❝ ❜② t❤❡ ❝❡♥t❡r ♦❢ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❝✐r❝❧❡✱ t❤❡ r❛❞✐✉s ❛♥❞ t❤❡
❡♥❞♣♦✐♥ts✿ ♦♥❡ ❛❧s♦ ❤❛s ❛t ❧❡❛st t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛r❝ t♦ ❝♦♥s✐❞❡r ❛s t♦ ❦♥♦✇
✇❤❛t ♣❛rt ♦❢ t❤❡ ❝✐r❝❧❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡♥❞♣♦✐♥ts ✐s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❛r❝✱ ❛♥❞ ✇❤✐❝❤
♣❛rt ✐s♥✬t✳



❋✐❣✳ ✶✳ ❊①❛♠♣❧❡ ♦❢ ❝✐r❝❧❡ ❤②♣♦t❤❡s❡s✿ ✐♥ ❜❧✉❡✱ t❤❡ ✐♥✐t✐❛❧ ❣✉❡ss❀ ✐♥ ❣r❡❡♥✱ ♣♦✐♥ts ❝♦rr❡❝t❧②
❧②✐♥❣ ♦♥ t❤❡ ❝♦♥❥❡❝t✉r❡❞ ❝✐r❝❧❡❀ ✐♥ r❡❞✱ ♣♦✐♥t ❝❧♦s❡st t♦ t❤❡ ❝✐r❝❧❡✳

❝✐r❝✉❧❛r ❛r❝✷ t❤❛♥ At s✉❝❤ t❤❛t τ t< > τ t ❛♥❞ t❤❛t

∀At⋆|At
< ⊂ At⋆ ⊂ At : τ t⋆ < τ t. ✭✶✮

■♥ ♦t❤❡r t❡r♠s✱ At
< ✐s ❛ s♠❛❧❧❡r ❛r❝ t❤❛t ✜ts t❤❡ ❞❛t❛s❡t ❜❡tt❡r t❤❛♥ At ❛♥❞ ❛❧❧

✐♥t❡r♠❡❞✐❛t❡ ❛r❝s ✜t ❧❡ss✳ ❚❤✐s ♠❡❛♥s t❤❛t At
< ✐s t❤❡ ❧❛r❣❡st s✉❜✲❛r❝ ✜tt✐♥❣ t❤❡

❞❛t❛ ❜❡tt❡r t❤❛♥ At✳
❲❡ ❞♦ ❛ s✐♠✐❧❛r s❡❛r❝❤ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❛r❝ s✐③❡ t❤✉s ♦❜t❛✐♥✐♥❣ At ⊂ At

> ❛
❧❛r❣❡r ❝✐r❝✉❧❛r ❛r❝ t❤❛♥ At s✉❝❤ t❤❛t τ t> > τ t ❛♥❞ t❤❛t

∀At⋆|At ⊂ At⋆ ⊂ At
< : τ t⋆ < τ t, ✭✷✮

At
> t❤✉s ❜❡✐♥❣ t❤❡ s♠❛❧❧❡st s✉♣❡r✲❛r❝ ✜tt✐♥❣ t❤❡ ❞❛t❛ ❜❡tt❡r t❤❛♥ At✳
❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ At+1 ❛s ❜❡✐♥❣ t❤❡ ❛r❣♠❛①τ {A

t
<,A

t,At
>}✳ ❈♦♥t✐♥✉✐♥❣

t❤✐s ✐t❡r❛t✐♦♥ ✉♥t✐❧ At = At+1 ✇✐❧❧ ②✐❡❧❞ t❤❡ ❜❡st ❡st✐♠❛t❡ ♦❢ t❤❡ ❛r❝ ✭✐❢ ❛♥②✮
❝❧♦s❡st t♦ t❤❡ ✐♥✐t✐❛❧ A0✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ✇❡ ❞❡t❛✐❧ t❤❡ ❞✐✛❡r❡♥t st❡♣s ♦❢ t❤✐s ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤✳

✷✳✷ ❯s✐♥❣ ❘❆◆❙❆❈ ❛♥❞ ▲▼❡❞❙

❙✐♥❝❡ t❤❡r❡ ✐s ♥♦ ❣✉❛r❛♥t❡❡ t❤❛t ❛♥② At ♦r Qt ♠❛② ❡✛❡❝t✐✈❡❧② ❝♦♥t❛✐♥ ♣♦✐♥ts
t❤❛t ❢♦r♠ ❛ ❝✐r❝❧❡✱ ✐t ♠❛② ❜❡ ❡①tr❡♠❡❧② ❤❛③❛r❞♦✉s t♦ ✉s❡ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❛t✐♦♥

✷ ✏s♠❛❧❧❡r✑ ♠❡❛♥✐♥❣ ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❝❡♥t❡r ❛♥❞ r❛❞✐✉s✱ ❜✉t ❤❛✈✐♥❣ ❛ s♠❛❧❧❡r ❛♣❡rt✉r❡
✇❤✐❧❡ ❜❡✐♥❣ ❢✉❧❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ✏❧❛r❣❡r✑ ♦♥❡✳



❛♣♣r♦❛❝❤❡s ✭❧✐❦❡ ▲❡❛st ❙q✉❛r❡s✱ ❢♦r ✐♥st❛♥❝❡✮ ❬✽❪✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡s❡ ❡st✐♠❛t♦rs
❛r❡ ✈❡r② s❡♥s✐t✐✈❡ t♦ ♦✉t❧✐❡rs ♦r s♣✉r✐♦✉s ❞❛t❛ t❤❛t ❞♦❡s ♥♦t ❝♦♥❢♦r♠ t♦ t❤❡
r❡q✉✐r❡❞ ♠♦❞❡❧ ❬✾❪✳ ❯s✐♥❣ t❤❡s❡ ❢✉♥❝t✐♦♥s ✇♦✉❧❞ ✐♥✈❛r✐❛❜❧② ❧❡❛❞ t♦ ❞❡❣❡♥❡r❛t❡
❝♦♥✈❡r❣❡♥❝❡✳

❘❆◆❙❆❈ ❬✼❪ ✐s ♠✉❝❤ ❜❡tt❡r s✉✐t❡❞ ❢♦r ✜tt✐♥❣ ✈❡r② ♥♦✐s② ❞❛t❛ ✕ ❡s♣❡❝✐❛❧❧② ❞❛t❛
❝♦♥t❛✐♥✐♥❣ ♠❡❛s✉r❡s t❤❛t ❞♦ ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ ♠♦❞❡❧ t❤❛t ✐s t♦ ❜❡ ❡st✐♠❛t❡❞ ✕
❚❤❡ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ♦❢ s❡❧❡❝t✐♥❣ t❤❡ str✐❝t ♠✐♥✐♠✉♠ ♦❢ ❞❛t❛ ♣♦✐♥ts r❡q✉✐r❡❞
❢♦r ❡st✐♠❛t✐♥❣ ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ♠♦❞❡❧ ✭❡✳❣✳ t❤r❡❡ ♣♦✐♥ts ❢♦r ❡st✐♠❛t✐♥❣ ❛ ❝✐r❝❧❡✮
❛♥❞ t❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ r❡s✐❞✉❛❧ ❡rr♦r ♦❢ t❤❡ ♦t❤❡r ❞❛t❛ ♣♦✐♥ts t♦ t❤✐s ♠♦❞❡❧✳
❚❤✐s ✐s ❞♦♥❡ ❛ ♥✉♠❜❡r ♦❢ t✐♠❡s✱ ❛♥❞ t❤❡ ✜♥❛❧ ♠♦❞❡❧ ✐s t❤❡ ♦♥❡ ✇✐t❤ t❤❡ ❧♦✇❡st
r❡s✐❞✉❛❧ ❡rr♦r✳

▼♦r❡ ❢♦r♠❛❧❧②✿ ❧❡t Qt ❜❡ t❤❡ s❡t ♦❢ ♠♦❞❡❧ ♣♦✐♥ts✳ Qt s✉♣♣♦s❡❞❧②✱ ❛♥❞ ✐♥ t❤❡
✇♦rst ❝❛s❡✱ ❝♦♥t❛✐♥s ❛ r❛t✐♦ ♦❢ τ ♦✉t❧✐❡rs✳ ▲❡t qn✱ q

′
n ❛♥❞ q′′n ❜❡ t❤r❡❡ r❛♥❞♦♠ ♣♦✐♥ts

❜❡❧♦♥❣✐♥❣ t♦ Qt✱ ❛♥❞ ❧❡t Cn ❜❡ t❤❡ ❝✐r❝❧❡ ❞❡✜♥❡❞ ❜② ❛♥❞ ♣❛ss✐♥❣ t❤r♦✉❣❤ qn✱ q
′
n

❛♥❞ q′′n✳ ▲❡t δ (C, p) ❜❡ t❤❡ ❞✐st❛♥❝❡ ♦❢ ❛ ♣♦✐♥t p t♦ ❛ ❝✐r❝❧❡ C✱ ❛♥❞ ❧❡t ▼❡❞τ (S)
❜❡ t❤❡ τ ✲q✉❛♥t✐❧❡ ♠❡❞✐❛♥ ✈❛❧✉❡ ♦❢ t❤❡ s❡t S✳ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ r❡s✐❞✉❛❧ ❡rr♦r ♦❢
❛ s❡t ♦❢ ♠♦❞❡❧ ♣♦✐♥ts Qt t♦ ❛ ❝✐r❝❧❡ Cn ❛s

❘s❞❊rr
(

Qt, Cn
)

= ▼❡❞τ
({

δ (Cn, p) |p ∈ Qt
})

. ✭✸✮

❘s❞❊rr ❣✐✈❡s t❤❡ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ♦❢ ❛ s❡t ♦❢ ♣♦✐♥ts t♦ ❛ ❝✐r❝❧❡✱ ❞✐s❝❛r❞✐♥❣ ❛
♣r♦♣♦rt✐♦♥ ♦❢ τ ♦✉t❧✐❡rs✳

❲✐t❤ ❘❆◆❙❆❈ ✇❡ ❝❤♦♦s❡ R r❛♥❞♦♠ s✉❜s❡ts ♦❢ ✸ ♣♦✐♥ts ✇✐t❤✐♥ Qt✱ ❡❛❝❤
❣✐✈✐♥❣ r✐s❡ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ ❝✐r❝❧❡ Cn✳ ❋♦r ❡❛❝❤ s✉❜s❡t✱ ✇❡ ❝♦♠♣✉t❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❘s❞❊rr (Qt, Cn)✱ t❤✉s ♦❜t❛✐♥✐♥❣

Ct+1 = ❛r❣♠✐♥
Cn,n∈[1...R]

(

❘s❞❊rr
(

Qt, Cn
))

. ✭✹✮

❚❤❡ ♥✉♠❜❡r ♦❢ r❡q✉✐r❡❞ s✉❜s❡ts ❝❛♥ ❜❡ ❢♦r♠❛❧❧② ❞❡❞✉❝❡❞ ❢r♦♠ ❜♦t❤ t❤❡ q✉❛❧✐t②
♦❢ t❤❡ ❞❛t❛ ✭❡①♣❡❝t❡❞ r❛t❡ ♦❢ ♦✉t❧✐❡rs τ✮✱ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭❤❡r❡
✻✱ s✐♥❝❡ ✇❡ ♥❡❡❞ t❤r❡❡ ♣♦✐♥ts ❢♦r ❡st✐♠❛t✐♥❣ ❛ ❝✐r❝❧❡✱ ❡❛❝❤ ♣♦✐♥t ❤❛✈✐♥❣ t✇♦
❞✐♠❡♥s✐♦♥s✮ ❛♥❞ t❤❡ r❡q✉✐r❡❞ ❝♦♥✜❞❡♥❝❡ ✐♥ t❤❡ r❡s✉❧t ❬✼❪✳

✸ ❘♦❜✉st ❆r❝ ❉❡t❡❝t✐♦♥

❚❤❡ ♣r❡✈✐♦✉s❧② ♣r❡s❡♥t❡❞ ♠❡t❤♦❞ ❞♦❡s ❛ ✈❡r② ❣♦♦❞ ❥♦❜ ♦❢ r♦❜✉st❧② ❞❡t❡r♠✐♥✐♥❣
✇❤❡t❤❡r t❤❡r❡ ✐s ❛ ❝✐r❝✉❧❛r ❛r❝ ❝❧♦s❡ t♦ ❛ ❣✐✈❡♥ ❝❡♥t❡r ❛♥❞ r❛❞✐✉s (xc, yc) ❛♥❞
σ✳ ❍♦✇❡✈❡r✱ ✐t ♥❡❡❞s s♦♠❡ ✐♥✐t✐❛❧ ❣✉❡ss ♦♥ ✇❤❡r❡ t♦ s❡❛r❝❤✳ ❚❤❡ ♠❡t❤♦❞ ✇❡ ❛r❡
❞❡✈❡❧♦♣✐♥❣ ❤❡r❡ ♣r♦❝❡❡❞s ✐♥ t❤r❡❡ ♠❛✐♥ ♣❤❛s❡s✿

✶✳ ●❡♥❡r❛t❡ ❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ❛r❝ ❝❛♥❞✐❞❛t❡s✱ ✇✐t❤♦✉t ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢
✉♥✐q✉❡♥❡ss✱ ♦✈❡r❧❛♣♣✐♥❣ ♦r ❡①❛❝t ❧♦❝❛❧✐③❛t✐♦♥✳

✷✳ ❱❡r✐❢② t❤❡ q✉❛❧✐t② ♦❢ ❡❛❝❤ ❝❛♥❞✐❞❛t❡ ✉s✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳
❚❤❡ ♦✉t♣✉t ♦❢ t❤✐s ✈❡r✐✜❝❛t✐♦♥ ✐s ❛ ❧✐st A ♦❢ ❣❡♥✉✐♥❡ ❛r❝s✱ ❝♦rr❡❝t❧② ✜tt❡❞ ♦♥
t❤❡ ✐♠❛❣❡ ❞❛t❛✳

✸✳ ❉❡t❡❝t ❛♥❞ ♠❡r❣❡ ♠✉❧t✐♣❧❡ ❛♥❞✴♦r ♣❛rt✐❛❧ ❞❡t❡❝t✐♦♥s ♦❢ t❤❡ s❛♠❡ ❝✉r✈❡s ❛s
t♦ ♦❜t❛✐♥ ❛ s❡t ♦❢ ✉♥✐q✉❡✱ ❞✐s❥♦✐♥t ❛r❝s✳



✸✳✶ ❆r❝ ❈❛♥❞✐❞❛t❡ ●❡♥❡r❛t✐♦♥

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❧❛r❣❡st ♣♦ss✐❜❧❡ s❡t ♦❢ ❛r❝ ❝❛♥❞✐❞❛t❡s✱ ✇❡ ❛✉t♦♠❛t✐❝❛❧❧②
s❡❣♠❡♥t t❤❡ ✐♠❛❣❡ ✉s✐♥❣ ❛ ❜❛s✐❝ ❘♦s✐♥ ✫ ❲❡st ❧✐♥❡ s❡❣♠❡♥t ✈❡❝t♦r✐③❛t✐♦♥ ❬✹❪✳ ❲❡
t❤❡♥ s✐♠♣❧② ❡♥✉♠❡r❛t❡ ❛❧❧ ❝♦♥♥❡❝t❡❞ ♣❛✐rs ♦❢ s❡❣♠❡♥ts✳ ❊❛❝❤ ♣❛✐r ❣✐✈❡s ✉s t❤r❡❡
♣♦✐♥ts✱ ✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❛♠♦✉♥t ♦❢ ❞❛t❛ t❤❛t ❛❧❧♦✇s ❢♦r ❣❡tt✐♥❣ ❛♥ ✐♥✐t✐❛❧
❣✉❡ss ❢♦r ❛ ❝✐r❝✉❧❛r ❛r❝✿ (p1, p2, p3)✳ ❚❤❡s❡ ♣♦✐♥ts ❞❡✜♥❡ ❛ ✉♥✐q✉❡ ❝✐r❝❧❡ ♦♥ t❤❡
♦♥❡ ❤❛♥❞✱ ❛♥❞ ❢✉rt❤❡r♠♦r❡✱ s✐♥❝❡ t❤❡② ❛r❡ ♦r❞❡r❡❞ ✕ p2 ❜❡✐♥❣ ✐♥ t❤❡ ♠✐❞❞❧❡ ✕
t❤❡② ❞❡✜♥❡ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❡①tr❡♠❛ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❛r❝✳

❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❞✐r❡❝t ❛r❝ ❞❡t❡❝t✐♦♥ ❢r♦♠ ❬✹❪ ❛s t♦ ♣r♦❞✉❝❡
t❤❡ ❧❛r❣❡st ♣♦ss✐❜❧❡ s❡t ♦❢ ❛r❝ ❝❛♥❞✐❞❛t❡s t♦ ❜♦♦tstr❛♣ ♦✉r ❧♦❝❛❧✐③❛t✐♦♥ ♠❡t❤♦❞
✭❝❢✳ s❡❝t✐♦♥ ✷✮✳

✸✳✷ ▼❡r❣✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ❞❡t❡❝t✐♦♥s

❙✐♥❝❡ t❤❡ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ✉♥✜❧t❡r❡❞ ❤②♣♦t❤❡s✐s ❣❡♥❡r❛t✐♦♥✱ ✐t ❤❛s ❛ ❝❧❡❛r t❡♥✲
❞❡♥❝② t♦✇❛r❞ ♦✈❡r✲s❡❣♠❡♥t❛t✐♦♥✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ❜❡❤✐♥❞
❜❡✐♥❣ t♦❧❡r❛♥t t♦✇❛r❞s t❤✐s ♦✈❡r✲s❡❣♠❡♥t❛t✐♦♥ ✐s t♦ ❜❡ ❝♦♥✜❞❡♥t t❤❛t ✭❛❧♠♦st✮ ❛❧❧
✐♠❛❣❡ ♣✐①❡❧s ❜❡❧♦♥❣✐♥❣ t♦ ❛♥ ❛r❝ ❛r❡ ❝♦✈❡r❡❞ ❜② ❛t ❧❡❛st ♦♥❡ ✐♥✐t✐❛❧ ❛r❝ ❝❛♥❞✐❞❛t❡✳
▼❡r❣✐♥❣ ❛r❝s s❤♦✉❧❞ t❤❡r❡❢♦r❡ r❡s✉❧t ✐♥ ❛ ❢✉❧❧ ❝♦✈❡r❛❣❡ ♦❢ ❡❛❝❤ ❛r❝ ♦❢ t❤❡ ✐♠❛❣❡ ❜②
♦♥❡ ✉♥✐q✉❡✱ ❣❡♥✉✐♥❡ ❛r❝✳ ▼❡r❣✐♥❣ ❛r❝ ❝❛♥❞✐❞❛t❡s r❡♣r❡s❡♥t✐♥❣ t❤❡ s❛♠❡ ❝✐r❝✉❧❛r
❛r❝ ✐♥ t❤❡ ✐♠❛❣❡ r❡q✉✐r❡s t✇♦ ❞✐st✐♥❝t ♦♣❡r❛t✐♦♥s✿ ♠❡r❣✐♥❣ ❡st✐♠❛t❡s ❝♦✈❡r✐♥❣ t❤❡
s❛♠❡ ♣✐①❡❧s ❛♥❞ ♠❡r❣✐♥❣ ❛r❝ ❝❛♥❞✐❞❛t❡s ♥♦t s❤❛r✐♥❣ t❤❡ s❛♠❡ ♣✐①❡❧s ❜✉t ❜❡✐♥❣
♣❛rt✐❛❧ ❡st✐♠❛t❡s ♦❢ ❛ s❛♠❡ ✇✐❞❡r ❛r❝✳ ❚❤❡s❡ t✇♦ ♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞
❜② ✜rst ✐♥❝r❡❛s✐♥❣ t❤❡ ❛♣❡rt✉r❡ ♦❢ t❤❡ ❛r❝s ✭❝❢✳ s❡❝t✐♦♥ ✸✳✷✳✶✮✱ t❤✉s ♠❛❦✐♥❣ ❤②✲
♣♦t❤❡t✐❝❛❧ ❛r❝s s❤❛r❡ ♣✐①❡❧s✱ ❛♥❞✱ s❡❝♦♥❞❧②✱ ♠❡r❣✐♥❣ t❤❡ ❛r❝ ❝❛♥❞✐❞❛t❡s s❤❛r✐♥❣
♣✐①❡❧s ✭❝❢✳ s❡❝t✐♦♥ ✸✳✷✳✸✮✳ ❋♦r ♠❡r❣✐♥❣ ❛r❝s✱ ✇❡ ❞♦ ♥♦t ✉s❡ t❤❡ ❢✉❧❧ ❝✐r❝❧❡ ✐♠❛❣❡✱
❜✉t t❤❡ ✐♠❛❣❡ s❦❡❧❡t♦♥ ❬✻❪✳

✸✳✷✳✶ ■♥❝r❡❛s✐♥❣ ❆♣❡rt✉r❡ ❚♦ ✐♥❝r❡❛s❡ t❤❡ ❛♣❡rt✉r❡ ♦❢ ❛♥ ❛r❝✱ ✇❡ ✜rst s❡t
❛ t❤r❡s❤♦❧❞ t♦ t❤❡ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ ♣♦✐♥t ❢r♦♠ t❤❡ ❞✐s❝r❡t❡ ❤②♣♦✲
t❤❡t✐❝❛❧ ❛r❝ ❛♥❞ t❤❡ ❝❧♦s❡st ♣✐①❡❧✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✱ ✇❤❡r❡ t❤❡ ❞✐st❛♥❝❡ ✐s
♠❡❛s✉r❡❞ ♦♥ t❤❡ ❧✐♥❡ ❣♦✐♥❣ t❤r♦✉❣❤ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❤②♣♦t❤❡t✐❝❛❧ ❛r❝ ❛♥❞ ❛
♣♦✐♥t ♦♥ t❤❡ ❤②♣♦t❤❡t✐❝❛❧ ❛r❝✳

❚❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❛♣❡rt✉r❡ ♦❢ ❛♥ ❛r❝ ✐s ❞♦♥❡ ❜② st❛rt✐♥❣ ❢r♦♠ t❤❡ ❡♥❞♣♦✐♥ts
♦❢ t❤❡ ❝❛♥❞✐❞❛t❡ ❛r❝ pl ❛♥❞ pr ❛♥❞ t❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ❛♣❡rt✉r❡ ♣✐①❡❧✲✇✐s❡✱ ❛s
❧♦♥❣ ❛s t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❝❧♦s❡st ♣✐①❡❧ r❡♠❛✐♥s ❜❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞✳

✸✳✷✳✷ ❋✐♥❞✐♥❣ ❲❤✐❝❤ ❆r❝s t♦ ▼❡r❣❡ ❖♥❝❡ t❤❡ s❡t ♦❢ ♠❛①✐♠❛❧ ❛r❝ ❝❛♥❞✐✲
❞❛t❡s ♦❜t❛✐♥❡❞✱ ♦✈❡r❧❛♣♣✐♥❣ ♦♥❡s ♦r t❤♦s❡ ❧②✐♥❣ ♦♥ t❤❡ s❛♠❡ ✐♠❛❣❡ ❝✉r✈❡ ♥❡❡❞
t♦ r❡s♣♦♥❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✐t❡r✐❛ ✐♥ ♦r❞❡r t♦ ❜❡ ♠❡r❣❡❞✿

✶✳ ❆ ♥♦♥✲❡♠♣t② ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❛r❝s ♠❡❛♥s t❤❛t t❤❡s❡ t✇♦ ❛r❝s ❛r❡
❧✐❦❡❧② ♣❛rt ♦❢ ❛ s❛♠❡ ❝♦✈❡r✐♥❣ ❛r❝✳ ❍♦✇❡✈❡r t✇♦ ❛r❝s ❤❛✈✐♥❣ ❝♦♠♠♦♥ ❝❧♦s❡st
♣✐①❡❧s ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② s✉❜✲❛r❝s ♦❢ ❛ s❛♠❡ ❛r❝ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳



❋✐❣✳ ✷✳ ●❘❊❈ ✷✵✵✼ ❝♦♥t❡st ✐♠❛❣❡s✿ ♦r✐❣✐♥❛❧ ✐♠❛❣❡ ✭❧❡❢t✮ ✕ ✜♥❛❧ s❡❣♠❡♥t❛t✐♦♥ ✭r✐❣❤t✮



❋✐❣✳ ✸✳ ●❘❊❈ ✷✵✵✾ ❝♦♥t❡st ✐♠❛❣❡s✿ ♦r✐❣✐♥❛❧ ✐♠❛❣❡ ✭❧❡❢t✮ ✕ ✜♥❛❧ s❡❣♠❡♥t❛t✐♦♥ ✭r✐❣❤t✮

❋✐❣✳ ✹✳ ❉✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ ♣♦✐♥t ♦❢ t❤❡ ❤②♣♦t❤❡t✐❝❛❧ ❛r❝ ❛♥❞ t❤❡ ❝❧♦s❡st ♣✐①❡❧✿ ✐♥ ❜❧✉❡
t❤❡ ❤②♣♦t❤❡t✐❝❛❧ ❛r❝❀ ✐♥ ●r❡②✱ ✐♠❛❣❡ ♣✐①❡❧s❀ ✐♥ ❣r❡❡♥✱ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ ♣♦✐♥t ♦♥ t❤❡
❤②♣♦t❤❡t✐❝❛❧ ❛r❝ ❛♥❞ t❤❡ ❝❧♦s❡st ♣✐①❡❧❀ ✐♥ r❡❞✱ t❤r❡s❤♦❧❞



✷✳ ❆r❝s ❤❛✈✐♥❣ ❝♦♠♣❛r❛❜❧❡ r❛❞✐✐ ❛r❡ ♠❡r❣❡ ❝❛♥❞✐❞❛t❡s✳ ❚❤✐s ✐s ❝❤❡❝❦❡❞ t❤r♦✉❣❤
❛ r❛❞✐✉s r❛t✐♦ ✇✐t❤ t❤❡ ❢♦r♠✉❧❛✿

|r1 − r2|

♠❛① (r1, r2)
< ❘❛t✐♦❘❛❞✐✉s❊rr♦r. ✭✺✮

❈❤❡❝❦✐♥❣ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❝✐r❝❧❡ ✐s ❧❡ss r♦❜✉st s✐♥❝❡ s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ ❝✉r✈❛✲
t✉r❡ ♠❛② ❜❡ ✈✐s✉❛❧❧② ✐♥s✐❣♥✐✜❝❛♥t✱ ❜✉t ❣❡♥❡r❛t❡ ❧❛r❣❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❝❡♥t❡r
♣♦s✐t✐♦♥✳

✸✳ ❆r❝s ❤❛✈✐♥❣ ♦♣♣♦s❡❞ ♥♦r♠❛❧ ✈❡❝t♦rs ✭❝❢✳ ❋✐❣✉r❡ ✺✮ ❛r❡ ♥♦t ❡❧✐❣✐❜❧❡ ❢♦r ♠❡r❣✲
✐♥❣✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡② ♠❛② ♦✈❡r❧❛♣✳ ❚❤✐s ❝r✐t❡r✐♦♥ ✐s ✈❡r✐✜❡❞ ❜② ❝❤♦♦s✐♥❣ ❛
♣♦✐♥t I ❢r♦♠ t❤❡ ♦✈❡r❧❛♣♣✐♥❣ ♣❛rt ♦❢ t✇♦ ❛r❝s✱ ❛♥❞ ❝♦♥str✉❝t✐♥❣ ❛ ✈❡❝t♦r
−−→
IO1 t❤❛t ♦r✐❣✐♥❛t❡s ❢r♦♠ I ❛♥❞ ✜♥✐s❤❡s ❛t O1 t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✜rst ❛r❝✱ ❛♥❞

❞❡✜♥✐♥❣ s✐♠✐❧❛r❧② ❛ ✈❡❝t♦r
−−→
IO2✳ ❲❡ t❤❡♥ ❝♦♠♣✉t❡ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ t❤❡s❡

✈❡❝t♦rs✿
−−→
IO1 ·

−−→
IO2 = |

−−→
IO1||

−−→
IO2| cos θ ✭✻✮

■❢ t❤❡ s✐❣♥ ♦❢ t❤❡ ♣r♦❞✉❝t ✐s ♣♦s✐t✐✈❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ t✇♦ ❛r❝s st❡♠
❢r♦♠ t❤❡ s❛♠❡ ❝♦✈❡r✐♥❣ ♦♥❡✳

O1O2 I

❋✐❣✳ ✺✳ ■♥t❡rs❡❝t✐♦♥ ♦❢ ❛r❝s ✇✐t❤ ♦♣♣♦s❡❞ ❝✉r✈❛t✉r❡ s✐❣♥s ♦r ✇✐t❤ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t
r❛❞✐✐

❖♥❝❡ t❤❡s❡ ❝r✐t❡r✐❛ ❛r❡ ✈❡r✐✜❡❞✱ t❤r❡❡ ❞✐✛❡r❡♥t ❝♦♥✜❣✉r❛t✐♦♥s ♠❛② ♦❝❝✉r ❢♦r
♠❡r❣✐♥❣✳ ❚❤❡② ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳ ■♥ ❝♦♥✜❣✉r❛t✐♦♥ ❆ t❤❡ t✇♦ ❛r❝s ❛r❡
✏❛❞❥❛❝❡♥t✑ s❤❛r✐♥❣ s♦♠❡ ♣✐①❡❧s✱ ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❇ ♦♥❡ ❛r❝ ✐♥❝❧✉❞❡s ❛♥♦t❤❡r ❛♥❞
✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❈ t❤❡ t✇♦ ❛r❝s ❛r❡ ✏❡①♣❧❡♠❡♥t❛r②✑✳ ❚❤❡ ❝♦✈❡r✐♥❣ ❛r❝ ✐s ❢♦r♠❡❞ ❜②
❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ t✇♦ ❛r❝s ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❝✐r❝❧❡✳ ❚❤❡r❡❢♦r❡ t❤❡ r❡s✉❧t✐♥❣
❛r❝ ✐s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ t✇♦ ❛r❝s ❛s ✐❢ t❤❡② ❤❛❞ t❤❡ s❛♠❡ ❝❡♥t❡r ❛♥❞ t❤❡ s❛♠❡
r❛❞✐✉s✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛r❝✬s ❛♥❣❧❡ ❛♥❞ ❛♣❡rt✉r❡ ✐s ❜❛s❡❞
♦♥ t❤❡ ❛♥❣❧❡s ❛♥❞ ❛♣❡rt✉r❡s ♦❢ t❤❡ t✇♦ ❛r❝s✳

✸✳✷✳✸ ▼❡r❣✐♥❣ ❆r❝s ❚❤❡ ❧❛st ♣❤❛s❡ ❝♦♥s✐sts ♦❢ ❝r❡❛t✐♥❣ t❤❡ ✜♥❛❧✱ ❣❡♥✉✐♥❡
❛r❝s ❜② ♠❡r❣✐♥❣ t❤❡ s❡❧❡❝t❡❞ ❝❛♥❞✐❞❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡✲
s❝r✐❜❡❞ ❝r✐t❡r✐❛✳ ❚❤❡ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ❤❡r❡ tr✐❡s t♦ ✜♥❞ t❤❡ t❤r❡❡ ♣♦✐♥ts ♦❢
t❤❡ ❡q✉✐❧❛t❡r❛❧ tr✐❛♥❣❧❡ ✇❤✐❝❤ ✐s ❝✐r❝✉♠s❝r✐❜❡❞ ❜② t❤❡ ♠❡r❣❡❞ ❛r❝ ❝✐r❝❧❡✳ ❚❤✐s
✐♥❝r❡❛s❡s t❤❡ ♦❞❞s ♦❢ ❤❛✈✐♥❣ t❤❡ ❜❡st ✜tt✐♥❣ ❝✐r❝❧❡ ❛s ✇✐t❤ t❤✐s ♠❡t❤♦❞ ✇❡ ❛✈♦✐❞
❝❤♦♦s✐♥❣ ❡✐t❤❡r ♥♦✐s② ♦r ♥✉♠❡r✐❝❛❧❧② ✐♥st❛❜❧❡ ♣♦✐♥ts✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ❜❡❣✐♥s ❜②



❋✐❣✳ ✻✳ ■♥t❡rs❡❝t✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥s ✭t♦♣✮ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦✈❡r✐♥❣ ❛r❝s ✭❜♦tt♦♠✮✳
❈♦♥✜❣✉r❛t✐♦♥s ❛r❡ ❧❛❜❡❧❡❞ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✿ ❆✱❇ ❛♥❞ ❈✳

❝❤♦♦s✐♥❣ ❡✐t❤❡r t❤❡ ❛r❝ ✶ ♦r ✷✱ ❛♥❞ t❤❡♥ ❝♦♠♣✉t❡s t❤❡ ❡❞❣❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✐r❝✉♠✲
s❝r✐❜❡❞ ❡q✉✐❧❛t❡r❛❧ tr✐❛♥❣❧❡

❡❞❣❡▲❡♥❣t❤ = 2ri sin
π

3
, ✭✼✮

✇❤❡r❡ ri ✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❝✐r❝❧❡✳

◆♦✇✱ ❧❡t Ri ❜❡ t❤❡ s✉❜s❡t ♦❢ ✐♠❛❣❡ ❝✉r✈❡ ♣♦✐♥ts ✭Q✮ ✇❤✐❝❤ ❛r❡ ❝❧♦s❡ t♦ t❤❡
❛r❝ ❝❛♥❞✐❞❛t❡ Ci

R = {p ∈ Q|δ (C, p) < ❘s❞❊rr (Q, C)} . ✭✽✮

❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ ❛ ♣❛rt✐t✐♦♥✐♥❣ ♦❢ t❤❡ ♣♦✐♥ts ✭D1 ❛♥❞ D2✮ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡
t✇♦ ❛r❝ ❝❛♥❞✐❞❛t❡s✱ ❛s ✇❡❧❧ ❛s t❤❡✐r ✐♥t❡rs❡❝t✐♦♥ I

I = R1 ∩R2,D1 = R1\R2,D2 = R2\R1. ✭✾✮

❲❡ t❤❡♥ ❞❡✜♥❡ p3 ❛♥❞ p1 s✉❝❤ t❤❛t

p3p1 = ♠✐♥
pi∈I,pj∈D2

|❡❞❣❡▲❡♥❣t❤− pipj | ✭✶✵✮

❛♥❞ ✜♥❞ p2 s✉❝❤ t❤❛t

p2p3 + p2p1 = ♠❛①
pi∈D2

(pip3 + pip1). ✭✶✶✮

■❢ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ✐♥✐t✐❛❧ ❛r❝s ❜❡❧♦♥❣ ❡✛❡❝t✐✈❡❧② t♦ t❤❡ s❛♠❡ ❝✐r❝❧❡✱ t❤✐s
♠❡t❤♦❞ ❝♦♥str✉❝ts t❤❡ ❡q✉✐❧❛t❡r❛❧ tr✐❛♥❣❧❡ ❛♥❞ ❣✐✈❡s t❤r❡❡ ♣♦✐♥ts ♦❢ ❛ s❛♠❡ ❝✐r❝❧❡✳
❚❤❡ ♠♦r❡ t❤❡ t❤r❡❡ ♣♦✐♥ts ❛r❡ ❞✐st❛♥t ❢r♦♠ ❡❛❝❤ ♦t❤❡r✱ t❤❡ ♠♦r❡ ❛❝❝✉r❛t❡ t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♥❡✇ ❝✐r❝❧❡ ✐s✳

■♥ ❢❛❝t✱ ✇❡ ❛r❡ ❧✐❦❡❧② t♦ ✜♥❞ ❛ ❜❡tt❡r ❞✐str✐❜✉t❡❞ s❡t ♦❢ t❤r❡❡ ♣♦✐♥ts ♦✈❡r ❛
❝✐r❝❧❡ ✐❢ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ D1 ❛♥❞ D2 ✇❡ ✉s❡ R1 ❛♥❞ R2✳



✹ ❊①♣❡r✐♠❡♥ts

■♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❊✳ ❇❛r♥❡② ❙♠✐t❤ ❬✶✵❪ ✇❡ ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t✐♥❣ ❛♥ ❡①❤❛✉s✲
t✐✈❡ s✉r✈❡② ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ✐♥t❡r♥❛❧ ♣❛r❛♠❡t❡rs ❛♥❞ ❡①t❡r♥❛❧ ♥♦✐s❡
✈❛r✐❛t✐♦♥s ♦♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❛r❝ ❞❡t❡❝t✐♦♥✳ ❋✉❧❧ ❛♥❛❧②s✐s ❛♥❞ r❡♣♦rt ♦❢ t❤✐s
✇♦r❦ ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r ❛♥❞ ✇✐❧❧ ❜❡ ♣✉❜❧✐s❤❡❞ s❡♣❛r❛t❡❧②✳ ❋✐❣ ✼
s❤♦✇s s♦♠❡ s❛♠♣❧❡s ♦❢ ✉s❡❞ s②♥t❤❡t✐❝ ❞❛t❛ ❢♦r ❛ss❡ss✐♥❣ t❤❡ q✉❛❧✐t② ❛♥❞ ♣r❡❝✐s✐♦♥
♦❢ ♦✉r ❛♣♣r♦❛❝❤✳

❋✐❣✳ ✼✳ ❱❛r✐♦✉s ❉❡❣r❛❞❡❞ ❙②♥t❤❡t✐❝ ❈✐r❝❧❡s ❛♥❞ ❙❡❧❡❝t❡❞ ❩♦♦♠s

❚❤❡ ♦✈❡r❛❧❧ ♣r❡❝✐s✐♦♥ ✐♥ ❝✐r❝❧❡ ❞❡t❡❝t✐♦♥ ✐s ❡①tr❡♠❡❧② ❤✐❣❤✳ Pr❡❝✐s✐♦♥ ✇❛s
♠❡❛s✉r❡❞ ✉s✐♥❣ t❤r❡❡ ❞✐✛❡r❡♥t ♠❡tr✐❝s✿

❈✐r❝❧❡ ❈❡♥t❡r Pr❡❝✐s✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ♠❡❛s✉r✐♥❣ t❤❡ ❡✉❝❧✐❞✐❛♥ ❞✐st❛♥❝❡ ♦❢
t❤❡ ❞❡t❡❝t❡❞ ❛r❝ ❝✐r❝❧❡ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝✐r❝❧❡ ❝❡♥t❡r✳

❈✐r❝❧❡ ❘❛❞✐✉s Pr❡❝✐s✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ♠❡❛s✉r✐♥❣ t❤❡ ❛❜s♦❧✉t❡ ❞✐✛❡r❡♥❝❡ ❜❡✲
t✇❡❡♥ t❤❡ ❞❡t❡❝t❡❞ r❛❞✐✉s ❛♥ t❤❡ t❤❡♦r❡t✐❝❛❧ r❛❞✐✉s✳

❖✈❡r❧❛♣♣✐♥❣ ✐s ❛ ♠❡tr✐❝ ❝♦rr❡❧❛t✐♥❣ t❤❡ t✇♦ ♣r❡✈✐♦✉s ♦♥❡s✱ ❛♥❞ ❡①♣r❡ss❡s t❤❡
♦✈❡r❧❛♣♣✐♥❣ s✉r❢❛❝❡ r❛t✐♦ ♦❢ ❜♦t❤ ❝✐r❝❧❡s✳ ■t ✐s ♥♦r♠❛❧✐③❡❞ t♦ [0, 1]✱ ✇❤❡r❡ 1
s✐❣♥✐✜❡s ♣❡r❢❡❝t❧② ✐❞❡♥t✐❝❛❧ ❝✐r❝❧❡s✱ ❛♥❞ 0 ♣❡r❢❡❝t❧② ❞✐s❥♦✐♥t ❝✐r❝❧❡s✳

❚❡st❡❞ ♦✈❡r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❛r❛♠❡t❡rs ✭τ ♦✉t❧✐❡r q✉❛♥t✐❧❡✱ r❡q✉✐r❡❞ ❝♦✈❡r❛❣❡
r❛t❡s ✕ ❝❢✳ ♥❡①t s❡❝t✐♦♥ ✕ ✳✳✳✮ ♦✉r ♠❡t❤♦❞ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿

❲♦rst ❈❛s❡ ❇❡st ❈❛s❡

❆✈❣✳ ❈❡♥t❡r Pr❡❝✐s✐♦♥ ❊rr♦r ✭♣✐①❡❧s✮ ✵✳✻✼ ✵✳✸✽
❙t✳❉❡✈✳ ❈❡♥t❡r Pr❡❝✐s✐♦♥ ❊rr♦r ✵✳✼✶ ✵✳✺✷
❆✈❣✳ ❘❛❞✐✉s Pr❡❝✐s✐♦♥ ❊rr♦r ✭♣✐①❡❧s✮ ✵✳✶✶ ✵✳✵✶
❙t✳❉❡✈✳ ❘❛❞✐✉s Pr❡❝✐s✐♦♥ ❊rr♦r ✵✳✸✼ ✵✳✶✷
❆✈❣✳ ❖✈❡r❧❛♣♣✐♥❣ ✭✪✮ ✾✽✳✷ ✾✾✳✷
❙t✳❉❡✈✳ ❖✈❡r❧❛♣♣✐♥❣ ✭✪✮ ✻✳✵ ✷✳✸

❚❤✐s tr❛♥s❧❛t❡s ✐♥t♦ ❡st✐♠❛t✐♦♥ ❡rr♦rs ✉♣t♦ ❛ ♣✐①❡❧ ❢♦r ❝❡♥t❡r ❛♥❞ r❛❞✐✉s✳
❈♦✈❡r❛❣❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♠✐❣❤t s❡❡♠ ❤✐❣❤ ❢♦r t❤❡ ❛♥♥♦✉♥❝❡❞ ❞❡t❡❝t✐♦♥ ♣r❡✲
❝✐s✐♦♥s✱ ❜✉t ❝♦♠❡s ❢r♦♠ s✐t✉❛t✐♦♥s ✇❤❡r❡ ✇❡ t❡st❡❞ ♦♥ s♠❛❧❧ ❝✐r❝❧❡s ✭r❛❞✐✉s ✽



♣✐①❡❧s✮ ✇❤❡r❡ ❛ s✐♥❣❧❡ ♣✐①❡❧ s❤✐❢t ❛❝❝♦✉♥ts ❢♦r ❛ s✐❣♥✐✜❝❛♥t ♣r♦♣♦rt✐♦♥ ♦❢ ♥♦♥
♦✈❡r❧❛♣♣✐♥❣✳

❋✐❣✉r❡s ✷ t♦ ✸ s❤♦✇ r❡s✉❧ts ♦♥ t❤❡ ●❘❊❈ ✷✵✵✼ ❛♥❞ ✷✵✵✾ ❝♦♥t❡st ✐♠❛❣❡s✳
❚❤❡ ✐♥✐t✐❛❧ ✐♠❛❣❡s ❛r❡ ✐♥ ❜❧❛❝❦✱ ✇❤✐❧❡ ❞❡t❡❝t❡❞ ❛r❝s ❛r❡ ✐♥ ●r❡② ✭r✐❣❤t ❝♦❧✉♠♥✮✳

✹✳✶ P❛r❛♠❡t❡rs ❛♥❞ t❤❡✐r ■♥✢✉❡♥❝❡

❆❧❧ ♣❛r❛♠❡t❡rs ♠❡♥t✐♦♥❡❞ ❤❡r❡ ❛r❡ ❡✐t❤❡r ❞✐r❡❝t tr❛♥s♣♦s✐t✐♦♥s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠
❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ♦r ❛r❡ ❞✐r❡❝t ❝❛❧❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s♦❢t✇❛r❡ ❛✈❛✐❧❛❜❧❡
❢♦r ❞♦✇♥❧♦❛❞ ✭❝❢✳ ♥♦t❡ ❜❡❧♦✇✮✳

❖♥❡ ♣❛r❛♠❡t❡r t❤❛t ❤❛s ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ ❞❡t❡r♠✐♥✐♥❣ ✇❤❡t❤❡r t✇♦ ❛r❝s ❛r❡
♣❛rt✐❛❧ ❡st✐♠❛t❡s ♦❢ ❛ s❛♠❡ ❣❧♦❜❛❧ ❛r❝ ✐s ❘❛t✐♦❘❛❞✐✉s❊rr♦r ✭❝❢✳ s❡❝t✐♦♥ ✸✳✷✳✷✮✳
❚♦ ❝♦♠♣❛r❡ t❤❡ r❛❞✐✐ ♦❢ t✇♦ ❛r❝s✱ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t ❛ ✈❛❧✉❡ ♦❢ 64% ❢♦r
❘❛t✐♦❘❛❞✐✉s❊rr♦r♠❛❦❡s t❤❡ ♠❡r❣❡ ♣♦ss✐❜❧❡ ❢♦r ♠♦st ❛r❝s ❤❛✈✐♥❣ ❝♦♠♠♦♥ ❜❧❛❝❦
♣✐①❡❧s ❛♥❞ ❛✈♦✐❞s ♠❡r❣✐♥❣ ❛r❝s ✇✐t❤ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t r❛❞✐✐ ❛s s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✽✳ ❋♦r t❤❡ ✐♠❛❣❡ ✐♥ ❋✐❣✉r❡ ✽ 65% ✇❛s t♦♦ ❤✐❣❤ ❛♥❞ r❡s✉❧t❡❞ ✐♥ ❛ ❧♦ss ♦❢
♣r❡❝✐s✐♦♥ ❛s s❤♦✇♥ ✇✐t❤✐♥ t❤❡ r❡❝t❛♥❣❧❡✳

❋✐❣✳ ✽✳ ❘❛t✐♦❘❛❞✐✉s❊rr♦r t✉♥✐♥❣❀t❤❡ ♦r✐❣✐♥❛❧ ✐♠❛❣❡❀✻✹✪ ✜❧t❡r❀ ✻✺✪ ✜❧t❡r

❚❤❡ ❢✐❧t❡r❈♦✈❡r❛❣❡ ♣❛r❛♠❡t❡r ✐s ✉s❡❞ t♦ ❦❡❡♣ ♦♥❧② t❤♦s❡ ❛r❝ ❝❛♥❞✐❞❛t❡s
t❤❛t ❤❛✈❡ ❛ s✉✣❝✐❡♥t ♣❡r❝❡♥t❛❣❡ ♦❢ ♣✐①❡❧s ❡✛❡❝t✐✈❡❧② ❧②✐♥❣ ♦♥ ♣✐①❡❧s ♦❢ t❤❡ ✐♠❛❣❡✳
❚❤✐s ♣r♦❝❡ss ✉s❡s t❤❡ ♦r✐❣✐♥❛❧ ✐♠❛❣❡ ✐♥st❡❛❞ ♦❢ t❤❡ s❦❡❧❡t♦♥ ✐♠❛❣❡✳ ❚❤❡ ❝♦✈❡r❛❣❡
♣❡r❝❡♥t❛❣❡ ♦❢ ❢✐❧t❡r❈♦✈❡r❛❣❡ ✐s s❡t t♦ 89% t♦ ❡♥s✉r❡ ❦❡❡♣✐♥❣ ♦♥❧② ❛❝❝✉r❛t❡
❡st✐♠❛t❡s✳

♣r❡❋✐❧t❡r❈♦✈❡r❛❣❡ ❝❤❡❝❦s ✐❢ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♣✐①❡❧s ♦❢ t❤❡ ❞✐s❝r❡t❡ ❡st✐♠❛t❡
♦❢ t❤❡ ❣✐✈❡♥ ❛r❝ ❧②✐♥❣ ❡✛❡❝t✐✈❡❧② ♦♥ ❜❧❛❝❦ ♣✐①❡❧s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✐♠❛❣❡✱ ♦✈❡rst❡♣s
❛ ❝♦✈❡r ♣❡r❝❡♥t❛❣❡ ❛♥❞ r❡t✉r♥s ❛ ❜♦♦❧❡❛♥✳ ❚❤✐s ♣r♦❝❡ss ✉s❡s t❤❡ ♦r✐❣✐♥❛❧ ✐♠❛❣❡
✐♥st❡❛❞ ♦❢ t❤❡ s❦❡❧❡t♦♥ ✐♠❛❣❡✳ ❚❤❡ ❝♦✈❡r ♣❡r❝❡♥t❛❣❡ ♦❢ ♣r❡❋✐❧t❡r❈♦✈❡r❛❣❡ ❝❛♥
❜❡ ❧♦✇❡r t❤❛♥ t❤❡ ❝♦✈❡r ♣❡r❝❡♥t❛❣❡ ❞❡✜♥❡❞ ❢♦r ❢✐❧t❡r❈♦✈❡r❛❣❡✱ ❛s s♦♠❡ ✐♥t❡r✲
♠❡❞✐❛t❡ ❛r❝s t❤❛t ❞♦ ♥♦t ✇✐t❤st❛♥❞ t❤❡ ❝♦✈❡r ♣❡r❝❡♥t❛❣❡ ♦❢ ❢✐❧t❡r❈♦✈❡r❛❣❡

♠✐❣❤t ❜❡ ♠❡r❣❡❞ ✇✐t❤ ❛♥♦t❤❡r ❛r❝ r❡s✉❧t✐♥❣ ✐♥ ❛♥ ❛r❝ t❤❛t ❞♦❡s ✇✐t❤st❛♥❞ t❤❡



❝♦✈❡r ♣❡r❝❡♥t❛❣❡ ♦❢ ❢✐❧t❡r❈♦✈❡r❛❣❡✳ ❚❤❡ ♣❡r❝❡♥t❛❣❡ 89% ♣r♦✈❡❞ t♦ ❜❡ ❛ ❣♦♦❞
✈❛❧✉❡ ❢♦r t❤❡ ❝♦✈❡r ♣❡r❝❡♥t❛❣❡ ♦❢ ♣r❡❋✐❧t❡r❈♦✈❡r❛❣❡✱ ✇❤✐❧❡ 90% r❡♠♦✈❡❞ s♦♠❡
❣♦♦❞ ❝✐r❝❧❡s✳ ❚❤✐s ✐s ♦❢t❡♥ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✐♥ r❡❛❧✐t②✱ t❤❡ ✐♠❛❣❡s ❤❛✈❡ s❧✐❣❤t
❞❡❢♦r♠❛t✐♦♥s✱ ❛♥ ♣❡r❝✐❡✈❡❞ ❝✐r❝❧❡s ❛r❡ ❛❝t✉❛❧❧② ❡❧❧✐♣s❡s✳

❚❤❡ ♠❡r❣✐♥❣ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❛♣❡rt✉r❡ ♦❢ t❤❡
❛r❝s ✏✈✐rt✉❛❧❧②✬✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❡❛❝❤ ❛r❝ ❤❛s t✇♦ ❛♥❣❧❡s ❛♥❞ t✇♦ ❛♣❡rt✉r❡s✳ ❚❤❡
✏✈✐rt✉❛❧✑ ❛♥❣❧❡ ❛♥❞ ❛♣❡rt✉r❡ ❛r❡ t❤♦s❡ ✇❤✐❝❤ ❛r❡ ✐♥❝r❡❛s❡❞ ❛♥❞ ✉s❡❞ t♦ ❝❤❡❝❦ ✐❢
t✇♦ ❛r❝s ❤❛✈❡ t♦ ❜❡ ♠❡r❣❡❞✳ ❚❤❡ ❛❝t✉❛❧ ❛♥❣❧❡ ❛♥❞ ❛♣❡rt✉r❡ ❛r❡ ♥♦t ❝❤❛♥❣❡❞✳ ■♥
❢❛❝t✱ ✇❤✐❧❡ ✐♥❝r❡❛s✐♥❣ t❤❡ ❛❝t✉❛❧ ❛♣❡rt✉r❡✱ t❤❡ ❞✐s❝r❡t❡ ❛r❝ ♦❢ ❛♥ ❡st✐♠❛t❡ ♠✐❣❤t
♥♦ ❧♦♥❣❡r ✇✐t❤st❛♥❞ t❤❡ ♣r❡❋✐❧t❡r❈♦✈❡r❛❣❡ ♣r♦❝❡ss✐♥❣✱ ❛s ✐t ✐s ❧✐❦❡❧② t♦ ❤❛✈❡
♠♦r❡ ♣✐①❡❧s t❤❛t ❛r❡ ♥♦t ❜❧❛❝❦✳ ❚❤✉s ❜② ❦❡❡♣✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❛♥❣❧❡ ❛♥❞ ❛♣❡rt✉r❡
✉♥❝❤❛♥❣❡❞ ✇❡ ♠❛✐♥t❛✐♥ ❛r❝s t❤❛t ✇❡r❡ ♥♦t ♠❡r❣❡❞✳ ▼♦r❡♦✈❡r ✇❤❡♥ ♣❡r❢♦r♠✐♥❣
t❤❡ ♠❡r❣❡✱ t❤❡ ♣♦✐♥ts ✉s❡❞ t♦ ❝♦♥str✉❝t t❤❡ ♥❡✇ ❛r❝ ❛r❡ ❢r♦♠ t❤❡ ❝❧♦s❡st ♣♦✐♥ts
♦❢ t❤❡ ❛❝t✉❛❧ ❛r❝✱ ✇❤✐❝❤ ✐s ♠♦r❡ ❛❝❝✉r❛t❡ ❡s♣❡❝✐❛❧❧② ✐❢ ✇❡ ❝❤♦♦s❡ t❤❡ ♣♦✐♥ts ❢r♦♠
t❤♦s❡ ✇❤♦ ❜❡❧♦♥❣ ❛s ✇❡❧❧ t♦ t❤❡ ❜❧❛❝❦ ♣✐①❡❧s ♦❢ t❤❡ ✐♠❛❣❡✳ ❚❤❡ ✏✈✐rt✉❛❧✑ ✐♥❝r❡❛s❡
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✇✐t❤ ❊✳ ▼❛❣❛❣♥✐♥✳ ❇✳ ▲❛♠✐r♦② ✇❛s ❛ ✈✐s✐t✐♥❣ s❝✐❡♥t✐st ❛t ▲❡❤✐❣❤ ❯♥✐✈❡rs✐t② ❛t
t❤❡ t✐♠❡ ♦❢ ♣✉❜❧✐❝❛t✐♦♥ ♦❢ t❤✐s ❛rt✐❝❧❡✳

❆❝❝❡ss t♦ ❙♦✉r❝❡ ❈♦❞❡

❚❤❡ s♦✉r❝❡ ❝♦❞❡ ♦❢ t❤✐s ✇♦r❦ ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r ❞♦✇♥❧♦❛❞ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ✉♥❞❡r
▲●P▲ ❛t ❤tt♣✿✴✴❣❢♦r❣❡✳✐♥r✐❛✳❢r✴♣r♦❥❡❝ts✴✈✐s✉✈♦❝❛❜✴✳



❘❡❢❡r❡♥❝❡s

✶✳ ❖❧s♦♥✱ ❈✳❋✳✿ ❈♦♥str❛✐♥❡❞ ❍♦✉❣❤ ❚r❛♥s❢♦r♠s ❢♦r ❈✉r✈❡ ❉❡t❡❝t✐♦♥✳ ❈♦♠♣✉t❡r ❱✐s✐♦♥
❛♥❞ ■♠❛❣❡ ❯♥❞❡rst❛♥❞✐♥❣ ✼✸✭✶✮ ✭▼❛r❝❤ ✶✾✾✾✮ ✸✷✾✕✸✹✺

✷✳ ❈❤❡♥✱ ❚✳❈✳✱ ❈❤✉♥❣✱ ❑✳▲✳✿ ❆♥ ❊✣❝✐❡♥t ❘❛♥❞♦♠✐③❡❞ ❆❧❣♦r✐t❤♠ ❢♦r ❉❡t❡❝t✐♥❣ ❈✐r✲
❝❧❡s✳ ❈♦♠♣✉t❡r ❱✐s✐♦♥ ❛♥❞ ■♠❛❣❡ ❯♥❞❡rst❛♥❞✐♥❣ ✽✸✭✷✮ ✭❆✉❣✉st ✷✵✵✶✮ ✶✼✷✕✶✾✶

✸✳ ❙❛♥♥✐t✐ ❞✐ ❇❛❥❛✱ ●✳✿ ❲❡❧❧✲❙❤❛♣❡❞✱ ❙t❛❜❧❡✱ ❛♥❞ ❘❡✈❡rs✐❜❧❡ ❙❦❡❧❡t♦♥s ❢r♦♠ t❤❡ ✭✸✱✹✮✲
❉✐st❛♥❝❡ ❚r❛♥s❢♦r♠✳ ❏♦✉r♥❛❧ ♦❢ ❱✐s✉❛❧ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ■♠❛❣❡ ❘❡♣r❡s❡♥t❛t✐♦♥
✺✭✶✮ ✭✶✾✾✹✮ ✶✵✼✕✶✶✺

✹✳ ❘♦s✐♥✱ P✳▲✳✱ ❲❡st✱ ●✳❆✳✿ ❙❡❣♠❡♥t❛t✐♦♥ ♦❢ ❊❞❣❡s ✐♥t♦ ▲✐♥❡s ❛♥❞ ❆r❝s✳ ■♠❛❣❡ ❛♥❞
❱✐s✐♦♥ ❈♦♠♣✉t✐♥❣ ✼✭✷✮ ✭▼❛② ✶✾✽✾✮ ✶✵✾✕✶✶✹

✺✳ ❍✐❧❛✐r❡✱ ❳✳✱ ❚♦♠❜r❡✱ ❑✳✿ ❘♦❜✉st ❛♥❞ ❆❝❝✉r❛t❡ ❱❡❝t♦r✐③❛t✐♦♥ ♦❢ ▲✐♥❡ ❉r❛✇✐♥❣s✳
■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ P❆▼■ ✷✽✭✻✮ ✭❏✉♥❡ ✷✵✵✻✮ ✽✾✵✕✾✵✹

✻✳ ▲❛♠✐r♦②✱ ❇✳✱ ●❛✉❝❤❡r✱ ❖✳✱ ❋r✐t③✱ ▲✳✿ ❘♦❜✉st ❈✐r❝❧❡ ❉❡t❡❝t✐♦♥✳ ■♥✿ Pr♦❝❡❡❞✐♥❣s
♦❢ ✾t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❉♦❝✉♠❡♥t ❆♥❛❧②s✐s ❛♥❞ ❘❡❝♦❣♥✐t✐♦♥✱ ❈✉r✐t✐❜❛
✭❇r❛③✐❧✮✳ ✭✷✵✵✼✮ ✺✷✻✕✺✸✵

✼✳ ❋✐s❝❤❧❡r✱ ▼✳❆✳✱ ❇♦❧❧❡s✱ ❘✳❈✳✿ ❘❛♥❞♦♠ ❙❛♠♣❧❡ ❈♦♥s❡♥s✉s✿ ❆ P❛r❛❞✐❣♠ ❢♦r ▼♦❞❡❧
❋✐tt✐♥❣ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s t♦ ■♠❛❣❡ ❆♥❛❧②s✐s ❛♥❞ ❆✉t♦♠❛t❡❞ ❈❛rt♦❣r❛♣❤②✳ ❈♦♠✲
♠✉♥✐❝❛t✐♦♥s ♦❢ t❤❡ ❆❈▼ ✷✹✭✻✮ ✭✶✾✽✶✮ ✸✽✶✕✸✾✺

✽✳ ❘♦✉ss❡❡✉✇✱ P✳❏✳✱ ▲❡r♦②✱ ❆✳▼✳✿ ❘♦❜✉st ❘❡❣r❡ss✐♦♥ ❛♥❞ ❖✉t❧✐❡r ❉❡t❡❝t✐♦♥✳ ❲✐❧❡②
❙❡r✐❡s ✐♥ Pr♦❜❛❜✐❧✐t② ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✳ ❏♦❤♥ ❲✐❧❡② ❛♥❞ ❙♦♥s ✭✶✾✽✼✮

✾✳ ❇❡r♠❛♥✱ ▼✳✿ ▲❛r❣❡ ❙❛♠♣❧❡ ❇✐❛s ✐♥ ▲❡❛st ❙q✉❛r❡s ❊st✐♠❛t♦rs ♦❢ ❛ ❈✐r❝✉❧❛r ❆r❝
❈❡♥t❡r ❛♥❞ ■ts ❘❛❞✐✉s✳ ❈♦♠♣✉t❡r ❱✐s✐♦♥✱ ●r❛♣❤✐❝s ❛♥❞ ■♠❛❣❡ Pr♦❝❡ss✐♥❣ ✹✺ ✭✶✾✽✾✮
✶✷✻✕✶✷✽

✶✵✳ ❙♠✐t❤✱ ❊✳❍✳❇✳✿ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✐♠❛❣❡ ❞❡❣r❛❞❛t✐♦♥ ❝❛✉s❡❞ ❜② s❝❛♥♥✐♥❣✳ P❛tt❡r♥
❘❡❝♦❣♥✐t✐♦♥ ▲❡tt❡rs ✶✾✭✶✸✮ ✭✶✾✾✽✮ ✶✶✾✶✕✶✶✾✼


