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Resonant leading order geometric optics expansions for
quasilinear hyperbolic fixed and free boundary problems

JEAN-FRANCOIS COULOMBEL? OLIVIER GUES! MARK WILLIAMS?

September 27, 2010

Abstract

We provide a justification with rigorous error estimates showing that the leading
term in weakly nonlinear geometric optics expansions of highly oscillatory reflecting
wavetrains is close to the uniquely determined exact solution for small wavelengths (¢).
Waves reflecting off of fixed noncharacteristic boundaries and off of multidimensional
shocks are considered under the assumption that the underlying fixed (respectively, free)
boundary problem is uniformly spectrally stable in the sense of Kreiss (respectively,
Majda). Our results apply to a general class of problems that includes the compressible
Euler equations; as a corollary we rigorously justify the leading term in the geometric
optics expansion of highly oscillatory multidimensional shock solutions of the Euler
equations. An earlier stability result of this type [21] was obtained by a method that
required the construction of high-order approximate solutions. That construction in
turn was possible only under a generically valid (absence of) small divisors assumption.
Here we are able to remove that assumption and avoid the need for high-order expansions
by studying associated singular (because they involve coefficients of order %) fixed and
free boundary problems. The analysis applies equally to systems that cannot be written
in conservative form.
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1 Introduction

In this paper we study highly oscillatory solutions of quasilinear hyperbolic fixed and
free boundary problems for a general class of equations that includes the compressible
Euler equations. Several natural (fixed) boundary conditions for the compressible Euler
equations are discussed in Example 1.7. Two free boundary problems are those associated
with the construction of multidimensional shocks [13, 12] and vortex sheets [1]; here we
treat the case of shocks. Our main objective is to construct leading order weakly nonlinear
geometric optics expansions of the solutions (which are valuable because, for example, they
exhibit important qualitative properties), and to rigorously justify such expansions, that is,
to show that they are close in a precise sense to true exact solutions. The analogous problem
for oscillatory solutions of initial-value problems in free space was solved by Joly, Métivier,
and Rauch in [8]. The present paper, together with the companion paper [23], arose from an
attempt to understand the obstacles in applying the methods of [8] to boundary problems.

Weakly nonlinear geometric optics expansions for oscillating multidimensional shocks
were constructed formally in [14] and then rigorously justified in [21]. For shocks in one
space dimension a justification was provided in [4, 19]. The method used in [21], which
applies also to the easier case of fixed boundaries, required the construction of high-order
expansions involving profiles U7 of amplitude ¢/, j = 0,..., M, for M large (along with
a similar expansion for the function defining the shock front). The construction of the
profiles U7, j > 1, depended on the assumption that the perturbing boundary frequency (3
in (1.2)) was chosen to avoid the occurrence of small divisors (see Remark 2.26). However,
the construction of the leading profile ° does not require such an assumption. The small
divisor assumption, although valid for “generic” (3, is difficult to check for any given (5.
Since the leading profile already contains all the important qualitative information that one
hopes to obtain from geometric optics, it is preferable to have a rigorous justification of
leading term expansions that requires no small divisor assumption.!

! Another advantage to working with leading term expansions is that it is no longer necessary as in [21]
to work with carefully chosen “adapted bases” for the space of phases.



The method we use here to justify leading term expansions involves replacing the original
system (1.2) with an associated singular system (1.5) involving coefficients of order 1 and
a new unknown U,(z,0y) periodic in 6y. Exact solutions U, to the singular system yield
exact solutions to the original system by a substitution

(1.1) ue(z) = U. <:c <z5o(a:’)> .

€

Both the singular system and the system of profile equations satisfied by the leading profile
U°(x,0o,&4), which is almost periodic in (g, &), are solved by Picard iteration. The error
analysis is based on “simultaneous Picard iteration”, where the idea is to show that for
every n, the n-th profile iterate %" (z, 0y, %‘i) converges as € — 0 in an appropriate sense
to the n-th exact iterate U(z, 6p), and to conclude therefrom that U°(z, 6y, £2) is close to
Uc(z,0) for € small. Below we describe what is involved in adapting this method, which

was first used by [8] for initial-value problems, to problems with boundaries.

1.1 Exact solutions and singular systems.

In order to study geometric optics for nonlinear problems with highly oscillatory solutions
it is important first to settle the question of whether exact solutions exist on a fixed time
interval independent of the wavelength (e in the notation below). A powerful method for
studying this problem, introduced in [8] for initial value problems and extended to boundary

problems in [23], is to replace the original system with an associated singular system.

On @iﬂ ={z = (2 2q) = (t,y,xq) = (t,2") : 4 > 0} consider the N x N quasilinear

hyperbolic boundary problem:

d
ZAJ(Ue)aije = f(ve)

=0
/ .
b(Ue)|xd:0 =go+ eG <$/7 l?ﬂ)

ve =ug in t < 0,

(1.2)

where x¢ = t is time, G(z, 0y) € C®(R? x T', RP) is periodic in #y with supp G C {zg > 0},
and the boundary frequency 3 € R?\ 0. Here the coefficients Aj € C’OO(RN,RNQ), f e
C=(RN,RN), and b € C°(RY,RP).

Looking for v, as a perturbation v, = ug+ €eu of a constant state ug such that f(ug) =0,
b(up) = go, we obtain for u. the system (with slightly different A;)



d
(a) P(eue, O ZA] €Ue) Oz ue = F(eue)ue on xqg > 0
7=0

(1.3)

€

R
(c)ue=01int <0,

where B(v) is a C* p x N real matrix defined by

(1.4) b(ug + eue) = b(ug) + B(eue)eu,

and F is defined similarly. We assume that the boundary {z; = 0} is noncharacteristic,
that is, A4(0) is invertible. The other key assumptions, explained in section 1.2, are that
P(0,0;) is hyperbolic with characteristics of constant multiplicity (Assumption 1.1) and
that (P(0,0;), B(0)) is uniformly stable (Assumption 1.6).

For any fixed ¢y > 0 the standard theory of hyperbolic boundary problems (see e.g.,
[3, 9]) yields solutions of (1.3) on a fixed time interval [0,7,] independent of € > .
However, since Sobolev norms of the boundary data blow up as € — 0, the standard theory
yields solutions u of (1.3) only on time intervals [0,7¢] that shrink to zero as ¢ — 0.
In [23] exact (and necessarily unique) solutions to (1.3) of the form u.(x) = Uc(z, xlf )

were constructed on a time interval independent of € € (0, ¢o] for €y sufficiently small, where
z'-B )
€

Ue(x,09) is periodic in 0y and satisfies the singular system derived by substituting U, (z,
into (1.3):

d d 1

> Aj(eU) 0y, Ue + = ZA (€Ue) 308, Ue = F (U,
(1.5) i=0 =

B(eUe)(Ue)|zg=0 = G(l‘/v 0o),

U.=0int < 0.

Let us compare (1.5) to the singular system studied in [8]. Consider the initial value
problem obtained by posing (1.3) on R4*! and replacing (1.3)(b) and (c) by the initial
condition ue(0,z") = H(z", O"f”), where H(z",w) is periodic in w. Looking for a solution
of the form uc(t,2") = V.(t, 2", &% ) where V,(t,2”,w) is periodic in w, one obtains

d d
L6) ZAJ (eVe)Ou, Ve + — ZA (eVo)a;0,Ve = F(eVe) Ve,
. =0 j 1

(0) Ve\t:o = H(2",w).

Under the assumption that the matrices A; were symmetric (and Ay = I), [8] proved
existence of V, on a fixed time interval independent of € by an argument based on an L?



estimate (really an estimate of |Ve|c( 12(2v ) derived in the usual way by pairing (1.6)(a)
with V. and integrating by parts. The key observation is that the singular terms of size
O(%) cancel out due to the symmetry hypothesis. Higher derivative estimates of norms
\Velo(t, 5 (27 ) are then readily obtained (in the coherent case of linear phases considered
here) by commuting ,fj,,w derivatives through the equation and initial condition. For s >
41 the space CO(t, H*(2",w)) contains L> and is a Banach algebra, and so by a standard
Picard iteration one obtains solutions of (1.6) in C(t, H**!(z” w)) on a fixed time interval
independent of € € (0, ¢).

Attempts to apply this approach to the singular boundary problem (1.5) encounter
serious obstacles. Even if one assumes that the matrices A; are symmetric (as we do
not here), there is no way to obtain an L? estimate uniform in e by a simple integration by
parts because of the boundary terms that arise.? Moreover, while the spaces C(t, H* (2", w))
work well for initial-value problems and suggest that one should try the analogous spaces
C(zq, H*(2',6p)) for the boundary problem (1.5), the blow-up examples of [22] show that
for certain boundary frequencies (3 it is impossible to estimate solutions of (1.5) uniformly
with respect to € in C'(z4, H*(2',6p)) norms, or indeed in any norm that dominates the L™
norm.>.

In [23] a class of singular pseudodifferential operators, acting on functions U(a/,6p)
periodic in Ay and having the form

(17) pS(Dx’,Go)U = Z /ei$,§,+i90mp <€V($‘/,90),f/ + Wzgvf}/) fj(flvm)dglv Y > 17
meEZ

was introduced to deal with these difficulties. Observe that after multiplication by Agl (eUe)
and setting A; := A;'A;, F = A;'F, (1.5) becomes

€

d—1 _ ,88
DU+ Aj(eU.) (axj L0 eo> U.
=0

B0y,

€

(1'8) = adee +A <€Uevaa:’ + ) Ue = F(EUe)Uea

B(EUG)(UE)‘:M=O = G(SU/’ to),
U=0int <0,

BE?’) is a (differential) operator that can be expressed in the form

where A (eUe, Oy +

(1.7). Kreiss-type symmetrizers rs(D, g,) in the singular calculus can be constructed for
the system (1.8) as in [23] under the assumptions given below. With these one can prove

2The class of symmetric problems with maximal strictly dissipative boundary conditions provides an
exception to this statement, but that class is too restrictive for our purposes; for example, the free boundary
problem for multi-D shocks does not lie in this class.

3The problem occurs only for § in the glancing set (Definition 1.3), as the examples of [22] together with
the results of [23] show.



L?(xq, H3(2',600)) estimates uniform in e for the linearization of (1.8). To progress further
and control L* norms, the boundary frequency § must be restricted to the complement of
the glancing set (Definition 1.3). With this extra assumption the singular calculus was used
in [23] to block-diagonalize the operator A <6U€, Oy + % 2

uniform with respect to € in the spaces

) and thereby prove estimates

(1.9) E§ = C(zq, Hi(2',00)) N L2 (xg, H3 (2, 00)).

These spaces are algebras and contain L*° for s > d+1 For large enough s, as determined

by the requirements of the calculus, existence of solutlons to (1.8) in E5 on a time interval
[0, T] independent of € € (0, o] follows by Picard iteration (see Theorem 1.13).

Although the singular calculus will not be used in this paper, the spaces E7 and the
associated estimates, which are recalled in Proposition 2.23 for fixed boundaries and in
Proposition 3.15 for shocks, play an essential role.

Other approaches to justifying nonlinear geometric optics expansions on domains with
boundary are used by Lescarret [11], who considers dispersive media, maximally dissipative
boundary conditions, and possibly characteristic boundaries, and Marcou [15], who treats a
maximally dissipative boundary condition for which the uniform Lopatinski condition fails
in the elliptic region.

1.2 Assumptions and main results.

Before continuing with an overview of the strategies for constructing profiles and for
showing that approximate solutions are close to exact solutions, we pause to give a precise
statement of our assumptions and main results.

We make the following hyperbolicity assumption on the system (1.3):

Assumption 1.1. The matriz Ay = I. For an open neighborhood © of 0 € RY, there

exists an integer ¢ > 1, some real functions Ai,...,\q that are C* on O x R4\ {0} and
homogeneous of degree 1 and analytic in &, and there exist some positive integers vy, ..., Vg
such that:
d q
(1.10) det |71+ & Aj(u)] = H T+ A, )
j=1 k=1

foru € O, &€ = (&1,...,&) € RT\ {0}. Moreover the eigenvalues A1 (u,&),. .., A\g(u, &)
are semi-simple (their algebraic multiplicity equals their geometric multiplicity) and satisfy
M (u, &) < - < Ag(u, €) for allu € O, € € RE\ {0}.

We restrict our analysis to noncharacteristic boundaries and therefore make the follow-
ing:

Assumption 1.2. For u € O the matriz Aq(u) is invertible and the matriz B(u) has
mazximal rank, its rank p being equal to the number of positive eigenvalues of Ag(u) (counted
with their multiplicity).



In the normal modes analysis for the linearization of (1.3) at 0 € O, one first performs
a Laplace transform in the time variable ¢t and a Fourier transform in the tangential space
variables y. We let 7 — iy € C and € R%! denote the dual variables of ¢ and y. We
introduce the symbol

d—1

(111)  A(Q) = =i AZ"0) | (T —in) T+ > mj A;(0) | , (= (r—iy,n) € Cx R
j=1

For future use, we also define the following sets of frequencies:

[1]

= {(T—i’y,n)ECXRdil\(O,O):’yZO}, Y= {CEE:TQ—i—’yQ—HmQ:l},
EO::{(r,n)eRde—l\(o,o)}:Em{yzo}, S = SN .

Henceforth we suppress the u in Ag(u, &) when it is evaluated at u = 0 and write A\ (0,§) =
Ai:(€). Two key objects in our analysis are the hyperbolic region and the glancing set that
are defined as follows:

Definition 1.3. e The hyperbolic region H is the set of all (1,m) € Zo such that the
matriz A(T,n) is diagonalizable with purely imaginary eigenvalues.

o Let G denote the set of all (1,€) € R x R? such that € # 0 and there exists an integer

ke{l,...,q} satisfying:
O
=—&)=0.
e ©

If 7(G) denotes the projection of G on the d first coordinates (in other words 7w(1,§) =
(1,61, ..,€4-1) for all (1,€)), the glancing set G is G := w(G) C Eo.

We recall the following result that is due to Kreiss [9] in the strictly hyperbolic case (when all
integers v; in Assumption 1.1 equal 1) and to Métivier [17] in our more general framework:

T+ A (€)

Proposition 1.4 ([9, 17]). Let Assumptions 1.1 and 1.2 be satisfied. Then for all { €
=\ Eo, the matriz A(C) has no purely imaginary eigenvalue and its stable subspace E*(()
has dimension p. Furthermore, E® defines an analytic vector bundle over E\ Eg that can be
extended as a continuous vector bundle over =.

For all (1,n) € Zy, we let E5(7,n) denote the continuous extension of E® to the point
(1,m). The analysis in [17] shows that away from the glancing set G C =y, E*(¢) depends
analytically on (, and the hyperbolic region H does not contain any glancing point.

Next we define the hyperbolic operator

(1.12) L(0x) =0y + > Aj(0)0s,

and recall the definition of uniform stability [9, 3]:



Definition 1.5. The problem (1.3) is uniformly stable at u = 0 if the linearized operators
(L(0z),B(0)) at w =0 are such that

(1.13) B(0) : E*(1,n) — CP is an isomorphism for all (1,m) € 3.
Assumption 1.6. The problem (1.3) is uniformly stable at v = 0.

It is clear that uniform stability at v = 0 implies uniform stability at nearby states.
Thus, there is a slight redundancy in Assumptions 1.2 and 1.6.

Example 1.7 (Euler equations). Consider the isentropic, compressible Euler equations in
three space dimensions on the half space {x3 > 0}, where the unknowns are density p and
velocity u = (uy,ug,ug):

P pul pu2 pus 0

(1.14) 0 A pui + p(p) n puLUL P UL U3 _ |0
. t pU 1 PUusy T2 pu% + p(p) T3 puss 0
pus3 puzuy PUIU2 pug + p(p) 0

The hyperbolicity assumption is satisfied in the region of state space where p > 0, ¢? =
P’ (p) > 0, where p(p) is the pressure. The eigenvalues A\, (p,u,§) are then

(1.15) AM=u-&—cl], a=u-§ A3 =u-§+cl|, with (vi,v2,v3) = (1,2,1).

The boundary is noncharacteristic for the system obtained by linearizing around any con-
stant state (p,u) (which now corresponds to the state denoted ug in (1.2)) with ug ¢
{0,¢,—c}.

To discuss Assumption 1.6 we consider the following cases. In each case the boundary
condition chosen is the natural “residual boundary condition” that arises in the small vis-
cosity limit of the compressible Navier-Stokes equations with Dirichlet boundary conditions.
We refer to [6], section 5 for complete proofs and a full discussion of the statements below.

(a)Subsonic outflow: us < 0, |ug| < c. In this case the number of positive eigen-
values of As(p,u) is p = 1, so we need one scalar boundary condition. Taking ¢ in (1.2)
to be ¢(p,u) = us, we have B(0) = [O 00 1], and this boundary condition satisfies
Assumption 1.6.

(b)Subsonic inflow: 0 < uz < c. Now p = 3 and the residual boundary condition is
o(p,u) = (pus,u1,uz). The linearized operator

(1.16) B(0)(p, ) = (pti3 + pus, 1, 1)

satisfies Assumption 1.6.

(c)Supersonic inflow: 0 < ¢ < uz. This is a trivial case where p =4 and B(0) is the
4 x 4 identity matriz, so Assumption 1.6 holds.

(d)Supersonic outflow: us <0, |us| > c¢. This is another trivial case where p =0, so
B(0) is absent and Assumption 1.6 holds vacuously.



If we take u = (uy, ug,us) with |ug| < c, the hyperbolic region is given by
(1.17) HZ{(T,??)ER?’: ’T+U1771+U/2772’> CQ—U% ’17’}

If luz| > ¢ then H = R3\ 0.
With obvious modifications the same statements hold for 2D FEuler which, unlike 3D
Euler, is strictly hyperbolic.*

Boundary and interior phases. We consider a planar real phase ¢g defined on the
boundary:

(1.18) do(t,y) :==7t+n-y, (1,n) €.

As follows from earlier works (e.g. [14]), oscillations on the boundary associated with the
phase ¢g give rise to oscillations in the interior associated with some planar phases ¢,.
These phases are characteristic for the hyperbolic operator L(0,) and their trace on the
boundary equals ¢g. For now we make the following:

Assumption 1.8. The phase ¢ defined by (1.18) satisfies (1,1) € H.

Thanks to Assumption 1.8, we know that the matrix A(z,7n) is diagonalizable with purely
imaginary eigenvalues. These eigenvalues are denoted i wy, ..., w,,;, where the w,,’s are real
and pairwise distinct. The w,,’s are the roots (and all the roots are real) of the dispersion

relation:
d—1

det [zl + Zﬂj A;(0)+wAy0) =0.
j=1
To each root w,, there corresponds a unique integer k,, € {1,..., ¢} such that 74+, (9, w,,) =
0. We can then define the following real® phases and their associated group velocities:

(119) Vm = 17'--)M7 ¢m(x) = ¢O(t7y)+gmmd7 Vm = vAkm(ﬂvgm)

Let us observe that each group velocity v,, is either incoming or outgoing with respect to the
space domain Ri: the last coordinate of v, is nonzero. This property holds because (z,7)
does not belong to the glancing set G. We can therefore adopt the following classification:

Definition 1.9. The phase ¢, is incoming if the group velocity v, is incoming (that is,
Oty My (1, Wy) > 0), and it is outgoing if the group velocity vy, is outgoing (Oc, Ak, (0, Wp,) <
0).

4The boundary conditions in Example 1.7 are, in fact, maximally strictly dissipative. The Rankine-
Hugoniot condition for shocks (more precisely, the reduced boundary condition after the front is eliminated
as in [13]) provides an example of a uniformly stable condition (Definition 3.1) that is not maximally
dissipative. Other examples are given in Chapter 14 of Benzoni-Serre [2].

°If (z,m) does not belong to the hyperbolic region H, some of the phases ¢,, may be complex, see e.g.
[20, 22, 11, 15]. Moreover, glancing phases introduce a new scale /€ as well as boundary layers.



In all that follows, we let Z denote the set of indices m € {1,..., M} such that ¢,, is
an incoming phase, and O denote the set of indices m € {1,..., M} such that ¢,, is an
outgoing phase. If p > 1, then 7 is nonempty, while if p < N — 1, O is nonempty. The
following well-known lemma, whose proof is recalled in [5], gives a useful decomposition of
E? in the hyperbolic region.

Lemma 1.10. The stable subspace E*(z,n) admits the decomposition:
(1‘20) ES(L ﬂ) = Bmez Ker L(d¢m) )
and each vector space in the decomposition (1.20) admits a basis of real vectors.

Main results. We will use the notation:

d

L(7,&) =71+ & A;(0),

j=1
B=(r,n), « =(ty), do(z) =05 2

For each phase ¢, d¢,, denotes the differential of the function ¢,, with respect to its argu-
ment x = (t,y,x4). It follows from Assumption 1.1 that the eigenspace of A((3) associated
with the eigenvalue i w,, coincides with the kernel of L(d¢,,) and has dimension vy, . The
next Lemma, proved in [5], gives a useful decomposition of CV and introduces projectors
needed later for formulating and solving the profile equations.

(1.21)

Lemma 1.11. The space C admits the decomposition:
(1.22) CN = aM_ Ker L(dgy,)

and each vector space in (1.22) admits a basis of real vectors. If we let Py, ..., Py denote
the projectors associated with the decomposition (1.22), then for allm = 1,..., M, there
holds Im Ay 'L(d¢y,) = Ker P,

For each m € {1,..., M} we let

(1.23) Tm k> k= 1,...,I/k

m

denote a basis of ker L(d¢y,) consisting of real vectors. In section 2.1 we construct an
approximate solution u? of (1.3) of the form

M Vi, ¢ M ¢
124)  wt@) =@+ 3 o ( m) P 1= w(a) + 3V, < m) ,
m=1 k=1 m=1

where the oy, (2, 0p,) are C ! functions periodic in 6,, with mean 0 which describe the prop-
agation of oscillations with group velocity v, (see Propositions 2.19 and 2.21). Observe
that if one plugs u? into P(euc, O)uc, the terms of order 1 vanish, leaving an O(1) error,

10



regardless of how v and the o, are chosen. The interior profile equations satisfied by
these functions are solvability conditions that permit this O(1) error to be (at least par-
tially) removed. Additional conditions on the profiles come, of course, from the boundary
conditions.

For use in the remainder of the introduction and later, we collect some notation here.

Notations 1.12. (a) Let @ = RT' x T!, Qp = Qn{-oc0 < t < T}, bQ = R x T,

b = bQ N {—00 < t < T}, and set wy = R N{—00 <t <T}.

(b) For s >0 let H® = H*(bQY), the standard Sobolev space with norm (V(z',00))s.

(c) L2H® = L?(xq, H*(bQ)) with |U(z,00)| 1255 = |Ulo,s-

(d) CH® = C(xq, H*(bQ)) with |U(z,00)|crs = sup,,>o |U(.; 24, )|gs = |Uloo,s (note
that CH® € L%H?).

(e) Similarly, H3 = H*(bQr) with norm (V)sr and L*H% = L*(zq, H3), CHS =
C(zq, H}) have norms Ul s 1, |Uloo,s,T Tespectively.

(f)When the domains of x4 and (z',00) are clear, we sometimes use the self-explanatory
notation C(xq, H(2',00)) or L*(zq, H*(2',00)).

(g) For r > 0 [r] is the smallest integer > r.

(h) Mo =2(d+2) + 1

(i) Given a periodic function f(x,0) of 0 € RF, we write f(x,0) = f(x)+ f*(x,0), where
f* has mean zero. B

Next, we recall the main result of [23], already described in section 1.1, which gives the
existence of exact solutions to (1.3) on a time interval independent of e:

Theorem 1.13 ([23]). (a) Under Assumptions 1.1, 1.2, 1.6, 1.8 consider the quasilinear
boundary problem (1.3), where G(x',60) € H*T1(bQ), s > [My + %] has compact support
in x' and satisfies

(1.25) supp G C {t > 0}.

There exist an €9 > 0, a Ty independent of € € (0,€0], and a unique Uc(z,0y) € CHf N
L2H%;r1 satisfying the singular problem

aachE +A <6U€7 az' + ﬁ : 890
€

> U, = F(eU)U,,

(1.26) B(eU) (U |aym0 = G(a', 6),

Us=01imt<O0,

and such that

is the unique C* solution of (1.3) on wr,.
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Remark 1.14. The regularity requirement s > [My + %5 in the above theorem is needed

in order to apply the singular pseudodifferential calculus introduced in [23].

We can now state the main result of this paper in the case of fixed boundaries. This
theorem is a corollary of the result for singular systems given in Theorem 2.22.

Theorem 1.15. Under the same assumptions as in Theorem 1.13, there exists Ty > 0 and
functions u € CHwr,), omr(®,0m) € CHQpy) satisfying profile equations (2.63),(2.64),
(2.66) and defining an approzimate solution u? as in (1.24) such that

(1.27) liH{l) ue —ug =0 in L=(Qp,),

where u. € CY(Qr,) is the unique exact solution of (1.3).

Theorem 1.15 can be recast in a form where oscillations originate in initial data at t = 0
and reflect off the boundary {x4y = 0}. This requires a discussion similar to that given
in section 3.2 to justify the reduction of the singular shock problem (3.27) to the forward
singular shock problem (3.39), so we omit that discussion here.

In section 3 we prove an analogous theorem for shock waves, Theorem 3.13. In that case
there is a separate expansion for the oscillating shock front:

0(,./
(1.28) ) ~ o0+ e () + e, S ).
The front 1. appears in the shock equations (3.25) only through its differential d, 1, so
one should seek an expansion of the front where the relevant error approaches zero in the
C! norm as € — 0 as in (3.84). Moreover, since x” has no 6y dependence, the combination
XO(2') + ext (2, %) should be viewed as the “leading term” in the perturbation of the
front.

1.3 From almost periodic profiles to mode-by-mode analysis.

In the fixed boundary case we shall now derive the form of the profile equations in terms
of almost periodic profiles that we must use for the simultaneous Picard iteration argument.
Theorem 1.13 suggests looking for approximate solutions to (1.3) of the form

(1.29) ué () = U (2, 00) g _o0-

€

Recalling that in the profiles oy, i (x,0;n) of (1.24), 6,, is a placeholder for

(1.30) bm(z) /€ = (o + wpnza)/6,

we see that (1.29) is compatible with the ansatz (1.24) if we introduce &; as a placeholder
for #4 and take

a _ 140 ﬂ
(1.31) Uz, 80) = U (x,@o, 6)

12



for some profile U°(x, 0y, &) that is periodic in 6y, but just almost-periodic in (6, &y). To
derive the profile equations we work formally for now and write 4° as a trigonometric series

(132) Z,{O(x’@(]’gd) = Z UH(ZL‘)emOGO-i_mdgd,
k=(Ko,kq)ELXR

Plugging (1.29) into P(eue, 8,)ue, we find that the terms of order 1 vanish if and only if
(1.33) L(Dgy, 0g, U° = 0, where L(0g,,0¢,) := L(do)dg, + L(dz4)0s,.

This in turn is equivalent to the family of equations

(1.34) iL(koB, kq)Uk(x) =0 for all k € Z x R.

These equations imply that the spectrum of 4%(z, -, -) is contained in the set of characteristic
modes

(1.35) C={k€ZxR:det L(koS,kq) = 0}.
Recalling the discussion below Assumption 1.8, we have

(1.36) C=uUM_,c,,, where C,, = {ro(1,w,,) : ko € Z}.
The condition (1.34) can now be reexpressed as

(1.37) m. U, = U, for all k € Z x R,

where

P, ifkeCn\0
(1.38) =<1, ifk=0 , for P, as in Lemma 1.11.
0,ifk¢C

For U° as in (1.32) if we now formally define the projector

(1.39) Eu° (z,00,&9) = Z .U (:C)emo00—‘:—1’;-;d§d7

k=(Ko,kq) ELZXR
we can rewrite the conditions (1.37) as
(1.40) EU°® = U°,

a condition that expresses both the polarization of Fourier components of 4° and the absence
of noncharacteristic modes in the Fourier expansion. Whenever (1.40) is satisfied, note that

13



(1.36) can be used to regroup the sum in (1.32) to recover the earlier expansion (1.24),
where

(1.41) v="Upand V(2,00 + w,€a) = Y Up(x)eofotinata,
KECM\O

Later we shall use this flexibility to represent the approximate solution u?(x) either in the
form (1.24) or in the form

(1.42) ul(z) = uo(x,eo,gdn%:%gd:% where EU® = U°.

Motivated again by the form of the singular system (1.26) and anticipating arguments
in section 2.5, we multiply through by Agl(eug) in (1.3) and write that system equivalently
as

P(ete, 0)ue :=
d—1 _ 5
O, Ue + Z Aj(€eue)Og;ue = A;l(eue)ﬂ:(eue)u6 := F(eue)ue, where A; := A;lAj
(1.43) j=0

,-
B(eue)te|py=0 = G (x’, z ﬁ)
€

ue = 0in xg < 0.

Notations 1.16. As in (1.43) we set A; = A1 A . Similarly, for L(9,) (resp. L£(0py, 0c,))
as in (1.12) (resp. (1.33)) we set

(1.44) L(9,) == Aq(0) " L(8,) and L(8gy, 0e,) := Aa(0) " L(Dpy, O,)-

The leading profile equations, that is, the transport equations that must be satisfied
by the functions oy, i (z,6,) appearing in (1.24), arise as solvability conditions when one
tries to improve the approximate solution u?(z) to a corrected approximate solution that
we shall denote ué(x):

(1.45) ul(z) == (U°(x, 00, &) + U (2,00, &a)) ‘QO:@’Ed:&i'

Here U is assumed to be of the form (1.32), but does not necessarily, and in fact will not,
satisfy B! = U'. Plugging u¢ as in (1.42) into (1.43) we find that the terms of order €”
cancel out if and only if

(1.46) L(8pys e, JU" + L(2)U° + MU°)DpyUt° = FOIU°,
where

d—1 ~
(1.47) MU = 9,A;(00U°B;.

j=0



Assuming that H(z, 0y, £4) has an expansion like (1.32), the problem £(dy,, 9, U' = H
is formally equivalent to the family of equations

(1.48) iL(koB3, kq)UL(x) = Hy(z) for all k € Z x R.

Using Lemma (1.11) and considering the cases k = 0, kK € C\ 0, kK ¢ C, we see that the
equations (1.48) are solvable if and only if

(1.49) mxH, =0 for all k € Z x R.

Equivalently, we have
Lemma 1.17. The equations (1.48) are solvable if and only if EH = 0.

This completes our formal derivation of the leading profile equations for problems with
fixed boundaries:

a) EU
b E( G )u%M(uO)agouO) — E(FO)U°)
B(0

)
¢) B(OU°|4,=0,6,-0 = G(a’,00)
d)U=0int < 0.

(1.50)

We make rigorous sense of these equations in Proposition 2.2. There we show that when
s> d%l + 1, all terms appearing in (1.50) are well-defined when U° € P3., the latter space
being defined as the closure of the space of trigonometric polynomials in

(151) 5'1% = {U(x,Gg,ﬁd) : sup |Z/{( ’ aéd)‘Eé < OO}

§a€R

for B3 as in (1.9). The shock analogue of (1.50) involves the extra unknowns x° and x*
and is given in (3.49).

Observe that the only nonlinear term in the profile equations (1.50) is the quadratic
interaction term E(M U°)9y,U), a vector whose components are sums of products involving
just two functions.

The almost-periodic profile equations presented in [8], Theorem 2.3.5, for the initial
value problem can be derived in a similar manner. With notation as in (1.6) the unknown
in [8] is a function V(¢,2”, 7, w), periodic in w but almost-periodic in (7,w), where 7 is now
a placeholder for % The equations have the same form as (1.50), except that the operators
in place of L(d,) and M(U°)dy, are symmetric, conditions (c¢) and (d) are replaced by an
initial condition at ¢t = 0,7 = 0, and in the definition of the operator E one has to use
projectors corresponding to the roots 7, of det L(7,a) = 0 instead of to the roots £ of
det L(B,&4) = 0.

In the context of [8], the operator acting on U° in (1.50) (including E) was symmetric
hyperbolic on the space of functions satisfying E/° = ¢4°, and this allowed the authors of [8]
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to prove energy estimates for the linearized problem by working directly on the profiles 4,
pairing the equation with &% and integrating by parts.® The matrix coefficients in our case
are not symmetric, and even if they were, the boundary condition would force us to adopt
a different approach. To treat the boundary terms that arise from integration by parts, we
must separate incoming from outgoing modes, and this forces us to do a mode-by-mode
analysis, where we reformulate (1.50) as a large system for the unknowns v(x), oy, 1 (2, 0,)
appearing in the ansatz (1.24).

In order to derive the large system we reformulate the almost periodic profile equations
in terms of periodic profiles VO(z, #), where @ = (01,...,0s) and V¥ has the form

M Vi,

(1.52) Vo(z,0) = v(z) + Z Zamyk(x, Om)rm, (recall (1.24)).

m=1 k=1

The equations, given in (2.16) for the fixed boundary case and in (3.60) for the shock
case, are expressed in terms of operators E' (2.15) which, like the operators E in (1.50), are
designed both to select characteristic modes (including resonances) and impose (via P,;,) the
polarization associated to those modes. Extra care is needed in defining E’ because, unlike
the set of phases {¢g, x4}, the set of phases {¢,,, m = 1,..., M} is not necessarily Q-linearly
independent. Because we are only concerned with quadratic interactions, the pairwise
independence of the ¢, allows us to define E’ as a map on the spaces H S§2(Riﬂ x TM)
(2.12) of H® functions periodic in # whose Fourier series involve exponentials depending on
at most two of the 6,,. In the shock case, in order to handle shock front-interior interactions
we must treat the boundary phase ¢g on an equal footing with the phases ¢,,, and so we
define 6 = (6,01, ...,00)".

Once V is determined, the solution U° to the almost periodic profile equations (1.50)
is obtained by setting

(1.53) U (x,00,€q) := VO (2,00 +wi&a, - - -, 00 + wrsa)-

The fact that for s large enough solutions VO(z,0) € Hi™ (x,0) to (2.16) yield solutions
UO(z,00,&4) € Py to (1.50) in this way is proved in Proposition 2.9. The main step is to
establish a one-to-one correspondence between the resonances occurring in the two systems.
The large system for individual modes is equivalent to (2.16) and is obtained from it by
application of the projectors Ey, B, appearing in (2.47).

The large system in the fixed boundary case is a quasilinear, integro-differential system
that couples an N x N system (2.63) in which all terms have nonzero mean, to a system of
N = Zf\le vy, scalar equations (2.64), where each line has zero mean. Additional coupling
of the unknowns v(z), oy, x(x,0m) occurs in the boundary equations (2.66). The integrals
that appear in the interior equations are of two types. Each integral appearing in (2.63) or
in (2.64), line (b), defines the mean of a product of two periodic functions. The integrals

5This feature of their profile equations permitted the authors of [8] to construct profiles even in situations
where nonlinear interactions excite oscillations propagating in an infinite number of directions.
"Here we suppress =+; see Definition 3.8.
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such as Iﬁf,/lp,m in (2.64), line (c), which are defined in (2.58), are interaction integrals that
pick out resonances in the manner explained in Proposition 2.13. Resonances are generated

in products like o), 1 (z, %’)%Tar’k/ (z, %) whenever there exists a relation of the form

(1.54) Ngpq = Npdp + npop, where g € {1,..., M} \ {p,r} and ny, ny, n, € Z,

in which case we refer to (¢4, ¢p, ¢r) as a triple of resonant phases. This relation implies,
for example, that ¢, oscillations interact with ¢, oscillations to produce ¢, oscillations. Of
course, (1.54) also implies that ¢, oscillations interact with ¢, oscillations to produce ¢,
oscillations, and so on. In the large system for shocks (3.68), (3.69), (3.70), interaction
integrals of another type appear such as Sﬁo’n n, 0 (3.69), line (d), which describe the
creation of interior oscillations due to shock frgnt—interior interactions and are associated
to relations like

(1.55) nodo = ﬂpgzﬁp + nsps.

Example 1.18 (Euler resonances). On the half space {(t,x1,22) : x2 > 0} consider the
2D isentropic, compressible Euler equations in the variables (v,u), where v = % s specific
volume and velocity u = (u1,uz), linearized about a constant state (v,0,u2) with v > 0,
uz < 0, |ug| < ¢ (subsonic, outgoing). We have

0 —v 0 Ug 0 —w
(1.56) Ag=1I1, Ay =|-c/v 0 0|, Ay= 0 wu O
0 0 0 /v 0 up

The hyperbolic region is H = {(7,1) € R? : |7| > \/c2 — u2 |n|}, and we choose
(1.57) ¢o(t,x1) =t +x1m, wheren >0, 7= cn.

From (1.56) the corresponding interior phases are found to be ¢ (t,x1,x2) = Po(t,x1) +
W,T2, m=1,2,3, where
2M 1

WQZO,

(1.58) Wy = 1= 2 n, W W3 = i n

with M := *2 € (—1,0) the Mach number. The only incoming phase is ¢1.
To find resonances we look for (n1,na,n3) € Z3\ 0 such that n1¢; = nage + n3¢s, that
18,

T T T
(1.59) ni|{n|=na|lmn)+n3|n

ny = n9 + ns
=
wq Wo W3

niw; = Nawy + N3ws
Thus, the phases are in resonance if and only if

2M?
(160) Nng =nN1 —ng and nlm = —n3.
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Since M? € (0,1), we see that resonance occurs if and only if
2

1.61 -

€{geQ:q>0},
a countable set of allowable values.
Triples of resonant phases for 3D Euler may be computed similarly.

The solution of the large system is completed in Proposition 2.21, and is based on the
estimate of Proposition 2.19 for solutions to the iteration scheme (2.71),(2.72). The idea
is to combine a Kreiss-type estimate for the nonzero mean system (2.71) with an estimate
for the zero mean system (2.72) proved by taking the L?(dzdf),)-pairing with U”H(az 0p)
and integrating by parts. The integral terms in (2.72) are well-suited to such an estlmate,
since one can integrate by parts (before pairing) to pull f-derivatives off (n + 1)-st iterates.
However, sums like

(1.62) S o (2, 0,)08,07 5 (2. 0,), where BYF = 0,1+ B;(0uA;(0)rp )T,
7.k, k'

in the second line of (2.72)(a) present a potentially serious obstacle to proving an L? esti-
mate, since there is no obvious way to avoid having #-derivatives fall on (n + 1)-st iterates
after pairing with U;jl(a:ﬁp). This problem does not arise when the operator L(J;) is
strictly hyperbolic, since then the indices k, k/, and [ are absent (i.e., they only take the
value 1), and after pairing with o}t!(x,,) one can write

1
(1.63) o7 (2, 6)90,05 " (2,0,)0 " (@,6,) = 507 (. 6,), (o7 (x,6,))”

and then integrate by parts to move the derivative off the (n + 1)-st iterate. The difficulty
is overcome using Proposition 2.18, which implies that

(1.64) pr“ opr(x,0,) =0 unless k' = [.

Using (1.64) one can now pair the sum in (1.62) with U;;Ll(a;, 6p) and do the estimate as in
the strictly hyperbolic case. The proof of Proposition 2.18 is a variation on the argument
used by Lax [10] to show that ¢,, oscillations are transported with group velocity v,,.

Finally, traces of outgoing modes U"H, p € O are readily estimated since they occur
with a good sign after integration by parts traces of incoming modes can then be estimated
after using the uniform stability condition to express them in terms of G* and outgoing
modes as in (2.67).

1.4 Error analysis by simultaneous Picard iteration

The iteration schemes for the singular system (1.8) and the profile equations (1.50) are
written side by side in (2.104), (2.105). For s large and some Tp > 0 the proof of Theorem
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1.13 produces a sequence of iterates U (x,6y), bounded in EF, uniformly with respect to n
and €, and such that

(1.65) lim U =U; in E%;l uniformly with respect to € € (0, €],
n—oo

where U, is the solution of (1.8). On the other hand the construction of profiles in Proposi-
tions 2.19 and 2.21 yields a sequence of profile iterates U%"(x, 6y, £;) bounded in &z, (1.51)
and converging in 5%:1 to a solution U° of (1.50). By Lemma 2.25 this implies that the

functions U™ (x, 0p) := U™ (x, b, ) satisfy

(1.66) lim Y% = U0 in E:‘;gl uniformly with respect to € € (0, €.
n—oo

Thus, in order to conclude lim_oU°(x,80) = U(z, ) in E:SFO_1 and thereby complete the
proof of Theorem 1.15, it would suffice to show:

(1.67) for each n, limY>" = U in E5 1.
e—0 0

The statement (1.67) is proved by induction in section 2.5. It is natural to try to apply

the estimate of Proposition 2.23 to the difference Ut — UL but the problem is that

for any given n, U2 does not by itself provide a very good approximate solution to the
boundary problem (2.104) that defines U™+, Indeed, substitution of 42" into (2.104)(a)
yields an O(1) error, call it R.(z,6p), in E%O_I Since YUY satisfies (2.105), the error

satisfies
(1.68) Re(z,00) = R(x, 00, “2) with ER = 0.
€

Recalling the corrected approximate solution (1.45), one might hope to solve away the error
by using Lemma 1.17 to construct a corrector U (x, 6y, &4) € 5;0_1 such that

(1.69) L(Dgy, 0c,)U" = —R.

That is generally not possible, however, because of the small divisor problem discussed in
Remark 2.26. We remedy this using an idea of [8], which is to approximate UO" and YOt
by trigonometric polynomials and to construct a trigonometric polynomial corrector L{;.
For fixed § > 0, after taking trigonometric polynomial approximations with error < ¢ in

7,» We construct a corrector Z/I};€ which, though it does not solve away R, solves away “all
but O(0)” of R, in E:SFO_1 (see (2.129)). This then allows us to conclude

(1.70) lim Ut = UMt in B3

by an application of Proposition 2.23.

The error analysis is given in section 3.4 for the case of shocks, where the main new
point is to incorporate the free boundary into the argument. The two iteration schemes are
given in (3.89),(3.90), and now in place of (1.67) we show

1 07 — 1 07 17 j—
(1.711)  for each n, lgr(l) U — U, ”|E;51 =0 and g{l)(ve (x? — ("™ +ex "))}H%O =0,
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where V€ := 0, + po 90 Trigonometric polynomial approximations must now be taken for

U™ O I as Well as for the corresponding (n + 1)-st iterates. It turns out that only
an interior corrector Z/{;, and no front corrector, is needed. The limits in (1.71) for the case
n + 1 are then deduced by an application of the estimate in Proposition 3.15.

Remark 1.19. In the case of fixed boundaries we do not assume that the original system
(1.2) is expressible in conservative form, but in the case of shocks we only treat systems
of conservation laws (3.1). Conservative form is used only in formulating the “boundary”
condition, which is the usual Rankine-Hugoniot condition. It is clear that our results on
shocks extend to the case of nonconservative shocks if one uses the notions of generalized
Rankine-Hugoniot condition and uniform stability defined in [6].

2 Fixed boundary problems

Before studying the free boundary problem associated to multidimensional shocks, we
first carry out the program outlined above in the easier case of fixed boundaries.
2.1 Profile equations: formulation with almost-periodic profiles
Let us recall the almost periodic profile equations derived above:
a) EU® = y°
b ( (0)U° + M(u())agouo) = E(F(0)U°)

) E
C) ( )U ’l"d 0,£4=0 —G(l’,eo)
d)U’=0int<0.

(2.1)

To make rigorous sense of (2.1) we introduce the following spaces:

Definition 2.1. 1.) Fors > 0 let E5. := {U(z,00) € C(zq, H3(',00))NL2(2q, H3 (27, 600))}
with the norm

(2.2) 1U(,00)|ls,7 := |Uloo,s,7 + [Ulo,s+1,7-

2.) Let & i= {U(z,00,£0) : U1 = supe,exlUC, - Ellor < o0},

3.) We define a trigonometric polynomial in EF to be a finite sum of the form (1.32),
where the coefficients Uy () € C(xq, Hi(2')) N L2 (zq, HE ' (2")).

4.) Let P;. denote the closure in EF of the space of trigonometric polynomials.

d+1

The following Proposition shows when s > 3= 41 all the terms appearing in the profile

equations (2.1) are well-defined when U° € P3..

Proposition 2.2. a) For s > (d+ 1)/2 the spaces E;., £} and P are Banach algebras.
b) The projector E has a unique continuous extension from the subspace of trigonometric

polynomaials in 5% to an operator |E : 73% — 73% By restriction E maps P; — Pz for s > 0.

The norms of these operators are bounded uniformly with respect to T for 0 <T <Tj.
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Proof. Part a) is a consequence of Sobolev embedding and the fact that L (Q7) N H*(bQr)
is a Banach algebra for s > 0.

The proof of part b) is similar to the proof of Proposition 6.2.1 of [8]. Given a finite
sum U of the form (1.32) set

(2.3) Uy (2,Eq) = ZUHOM Jetrdta,
Thus,
(2.4) (BU ) o (2, £0) = Z TroysiaUnoea () €770,

{rka:(ko,kq)EC}
from which we obtain
(2.5) (EU)no (@, €)P <CM Y [Usga (@),
{ka:(ko,kq)EC}

Now from (2.2) we have
R .
(2.6) Ukory(z) = lim Rl/ Uy, (T, 5)e” "% ds,
0

which implies
2
(2.7)  |Ungug(z)* = [Jim R™2

R—o00

R . R
/ Uy, (T, 5)e"%ds| < lién inf R_l/ Uy, (z,5)|*ds.
0 —00 0

In view of (2.5) this implies

R
(2.8) (B (20> < OMliminf B! / U (2, 5)|2ds.
— 00 0
Applying Fatou’s Lemma to ZHO fx, we find
(2.9)
D EU) gy (2 4, €4) 32y < CM? lim inf R~ / Z\uﬁo ', x4, )72 (0 ds
K0

R—o00

R
= CM? hm inf R~ /0 U(x', 4,00, s)|%2(x,’90)ds < CM?sup |U (2, 24, 00, S)\%g(x,yao).

After similarly applying Fatou’s Lemmato ), [, and summing, we find [E/| g < VCM|U| €9,

and so E extends continuously from 73% to itself. The result for P7 follows readily by com-
muting through with 97, , .
O

Remark 2.3. The quadratic term M (U%)9,U° in (2.1)(b) describes the nonlinear interac-
tions that influence the leading profile U°. Tt is important for the error analysis in section
2.5 that, as a result of our taking A4(euc) = I, the term 8, Aq(0)U°0, U in (1.46) vanishes.

21



2.2 Profile equations: reformulation with periodic profiles

Next we derive the periodic form of the profile equations that we use for the construction
of profiles.
. 9 /pd+1 M . .
Functions V(z,6) € L*(R, " x T*) have Fourier series

(2.10) V(x,0) = > Valx)e™’.
acZM

Since only quadratic interactions are important in the problems studied here, for k£ = 1,2
we let

(2.11) ZM* = {a € ZM . at most k components of o are nonzero},

—d+1

and we consider the subspace H5¥(R} x TM) c H® (@Tl x TM) defined by

(212) H¥* R xTY) = {V(2,0) € BRY xTV) V(. 0) = Y Val(a)e™”
aEgZM:k

Clearly, multiplication defines a continous map

(2.13) HSYRIT x T) x HS'®E « TY) — BH2R®ET x TM)

for s > (d+1+2)/2.

Definition 2.4. Setting ¢ := (¢1,...,dn), we say a € ZMi? is a characteristic mode and

write a € C' if det L(d(« - ¢)) = 0. We decompose

(2.14) C'=UuM_c., whereC, = {a € ZM?: a ¢ =napm for some n, € 7}.

Since ¢; and ¢; are linearly independent for 7 # j, any o € ZM:2\ 0 belongs to at most

one of the sets C;,. We define the projector E’ : HS?2(@1+1 x TM) — HS;I(@‘i“ x TM) by
M .
(2.15) E =Ey+ Y E,, where BV =V and B,V = Y PpVa(a)e™ .
m=1 a€C, \0

Remark 2.5. To see that E’ has the stated mapping property note that for each n € Z,
the number of o € ], \ 0 such that n, = n is bounded by a number M that can be chosen
independent of n. Also, for every a € C}, \ 0 we have |n,| < Clal, for a C that can be
chosen independent of a. See Remark 2.10 for a related discussion of triples of resonant
phases.
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Consider next the following set of equations for V0(z,0) € H SQ(ﬁiﬂ

sufficiently large (and specified later):

x TM) for s

a) EV? = )"
10 b) E ( @)V + M (V)3 vO) = E/(F(0)V°) in 24 > 0
¢) BOW (2,0, 8,...,600) = G(2',60)
d)V=0int<0.
Here
< Iém
(2.17) M V)9V = Z M (V)8 VO, with M., (V) = Z 0V’ oz,

=0
Note that since Oy, ¢m = §; for all m, we have M, (V) = M(V°) for M as defined in
(1.47). Setting L'(dg) = Z%zl L(d¢y,)0s,, , we observe that for VO € H* Q(IRCIJrl ™),

d+1

(2.18) E'V? =V if and only if V* € H¥'(RY™ x T) and £'(99)V° =0,

and (2.18) in turn is equivalent to the property that V° has an expansion of the form

M Vi, M
(2.19) W= v(x) + Z Z Om,k (z,0m) Tmk ‘= v(z) + Z V%(:C, Om.)
m=1 k=1 m=1

for some real-valued functions o, . Our strategy then will be to obtain a solution U (xz,00,&,)
of (2.1) by first solving (2.16) for V°(z,0) € H%l(a:, 6), s sufficiently large, and then taking

(220) uO(:E, 907 é_d) = VO(:L'? 00 + Qléd’ cee 7‘90 + gMgd)

Remark 2.6. The derivation of the profile systems (2.1) and (2.16) was based on the system
(1.43) for u, in which the coefficients A;(euc) appear, rather than the original system (1.3)
in which the coefficients A;(euc) appear. If the system (1.3) is used instead, one obtains a
system of profile equations for V° that is identical to (2.16), except that (2.16)(b) must be
replaced by

(2.21) F' (L(OWV° + N (V) 9pV°) = F'(Aq(0)F(0)V°) in z4 > 0,
where

0P
oz’

(2.22) N (V)9pV° := ZN’ V8, VO, with N (V°) = Za Aj(O°

m=1

and the projector ' is defined just like E’ (2.15), except that P, is replaced by Q,,, the
projection onto A;(0)KerL(d¢,,) in the decomposition

(2.23) CN = @M_| Ay(0)Ker L(dpy,).
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It is perhaps not clear, especially since the definition of the matrix M’(V°) involves the
derivatives d,A4;(0), that the profile system with (2.21) in place of (2.16)(b) is equivalent
to the system (2.16), even though (1.43) is clearly equivalent to (1.3). The equivalence of
the two profile systems can be verified directly using the following observations:

(@) DA (0)w = A7 (0)(9uA; (0)w) — A7 (0)(DuAa(0)w) A7 (0)A,(0)

(2.24) (5) Quw = (b - A7 (0)w) Ag(0)rmye  (for £y, as in (2.43)).
k

To carry out the strategy of obtaining solutions U° of (2.1) from solutions V° of (2.16),
we first need to clarify the relation between the spaces Hj.(z,0;) and the spaces &£, Pi.

Lemma 2.7. For s € N suppose f(x,0;) € Clzg, H3(2',0;)) N L (zq, Hi (2/,6;)) and
that its Fourier series converges in H3(x',0;) uniformly with respect to xq > 0. Then
f(x,00,&0) = flx, 6 + w;éa) € Pp. In particular, this conclusion holds if f(x,0;) €
H5M (2,0;) and we then have

(2.25) Fleg < Ol s

Proof. The function f(z, ;) has a Fourier series
(2.26) F@,0;) = fulz)e™
nez

whose partial sums are bounded and converge in H% (2/, 6;) uniformly with respect to x4 > 0.
It suffices to show that the partial sums of f(x, 6y, £;) are bounded and converge in H5 (2!, 0p)
uniformly with respect to (z4,&4), and are bounded and converge in L?(zq4, Hit (', 6p))
uniformly with respect to &;. Since

(2.27) @ 0) s o0y = D D 100 (@) 72 (1 4+ In])>C7 1D,

nez|p|<s

it follows that for any integers My < My

M>
(2.28) 3 AR, 1S e
n=M; n=M

Thus, the partial sums of f(x, 6y, £4) are bounded and converge in H7.(2',60p) uniformly with
respect to (z4,&4). The condition involving L2(zq, Hi''(2',600)) is proved by integrating
(2.28) (with s + 1 in place of s) with respect to x4 and observing that the left side is
independent of £;. The final statement follows from (2.28) and Sobolev embedding since

(2.29) LA (@a, HE (2!, 0,)) 0V H (wa, Hi 2/, 0,)) © H3 (x,0;).
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Remark 2.8. It follows from Lemma 2.7 that if f(x,0;) € H%H(x,ej), then f(x,@o,fd) €
Pjsfl and 0., f € P;. Moreover, given § > 0 there exists a trigonometric polynomial f, of
the form (1.32) such that simultaneously

(2.30) | = Folgzss < 8 and 05, — Doy fylez. < 6.

The next Proposition justifies the strategy described above.

Proposition 2.9. Suppose s € N, s > % +1 and that V°(z,0) € H%H(:B, 0) satisfies the
profile equations (2.16). Then

(2.31) UO(:E, 0o, fd) = Vo(x, 0y + glﬁd, ..., 00+ ngd) € ,P%
satisfies the profile equations (2.1).

Proof. 1. Conditions (2.16)(c) and (d) for V immediately imply the corresponding condi-
tions for U°.

2. The condition E'V? = Y implies V* has an expansion of the form (2.19), where v(z) €
H: Y (x) and oy, (7, 00,) € HT (2,0,,) for all (m, k). Lemma 2.7 implies U°(x, 0o, &) €
Pt so EU® is well-defined. We have

(2.32) E(omk (2,600 + W la)rmk) = om k(2,00 + w,n&a)m k

so EUY = O, Similarly, we obtain
(233) E' (i(a)v0> (:U? 90 + ngda <o 790 + gM‘Sd) = E(i(a)uo)(xa 907 gd)

and the analogous statement for E'(F(0)V?).
3. It remains only to check the interaction term. We have 0y, 0y i (2, 0m) € Hi(z,0pm),
so Lemma 2.7 implies

(234) 69m0—m,k(xa 90 + Qméd)rm,k € P%_l

which is a Banach algebra by Proposition 2.2. Thus, M(U%)9p,U° € P5 ' and E (M (U°)0p,U°)
is well-defined. The term M (U°)9y,Uy involves products like Om,k,0p,1, Which in turn in-
volves products like

(2.35) (B0t &) gin' (Botw,a) — oil(n+n )60 (nie,u +1'0,)60) whore ! € 7.

Whenever nw,, +n'w, = (n + n')w, for some ¢ € {1,---, M} \ {m,p}, we say that a
resonance occurs in M(U")0p,U° since then (n +n')(1,w,) € C;. Similarly, we say that a
resonance occurs in M’ (V)9 V° whenever a product e™fm e™'%% appears with Nm +n'¢p =

(n+n')¢, for some ¢ as above, since then

(2.36) 0,...,m,0,...,0,n,0,...,0) € C; C ZM:2 (n in mth slot, n’ in pth slot).
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Clearly,

(2.37) nw,, + n'w, = (n+n')w, if and only if ngp, + n'¢p = (n+n')¢q,

so there is a one-to-one correspondence between the two kinds of resonances. Obvious
correspondences also hold for nonresonant products and products where m = p. In view of
the definitions of E and E’ and the fact that M., (V°) = M(V?) for all m, it follows that
for all m, p, k, I:

E (M(0mk7m k)00, 0p17p1) (2,00, €a) =

(2.38)
E' (MO km,k)00,0p17p,1) (€,00 + wi&a, - . -, 00 + wpréa)-

Incorporating also the products involving v(x) we conclude

(2.39)  E (MU0 U°) (z,00,84) =E (M (V°)3pV°) (2,00 + wia, - - ., 00 + wpsa)-
O]

Remark 2.10. 1. Resonances occur in M'(V?)95V" for each separate relation of the form

(2.40) Ngdq = Npdp + npop, where g € {1,..., M} \ {p,r} and ny, ny, n, € Z,

in which case we will refer to (¢4, ¢p, ¢r) as a triple of resonant phases. This relation implies,
for example, that ¢, oscillations interact with ¢, oscillations to produce ¢, oscillations. In
listing triples like (¢q, ¢p, ¢r) here and henceforth we use the ordering ¢ < p < r, and we nor-
malize so that n, > 0 and the greatest common divisor of the coefficients gcd(ng, ny, n,) = 1.
Since d¢, and d¢, are Q- (and R-) linearly independent, this normalization uniquely deter-
mines ng, np, n,y for any ordered triple (¢q, ¢p, ) of resonant phases. There may be no,
and there are clearly at most finitely many, triples of resonant phases. A given phase ¢;
can belong to more than one ordered triple of resonant phases.

2. Later when studying the case of shocks, we will also need to consider relations of the
form

(2.41)  nopo = npop + ngdy, where ng, ny,n, € Z, g.c.d.(ng,np,n,) =1, and ng > 0.

When (2.41) holds, shock surface oscillations with phase ¢¢ interact with interior ¢, oscil-
lations to produce new ¢, oscillations. Again, there are at most finitely many normalized
relations of this type.

2.3 The large system for individual modes.

To carry out a mode-by-mode analysis of the profile equations (2.16), we recall the de-
composition (2.15) of the projector E’

M
(2.42) E =Ey+ Y E.
m=1
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For each m € {1,..., M} we let

(243) €m7k, k= 1,...,I/k

m

denote a basis of real vectors for the left eigenspace of
d—1
(2.44) iAB) = AFN0) (T + > A;(0)n,)
§=0
associated to the eigenvalue —w,,, chosen to satisfy

(2.45)

’ 1, if m=m'and k =¥
T ot =
ok Tk 0, otherwise

For v € CV set
(2.46) P v = (b k- 0)Tm i (no complex conjugation here) .

We can now write

M Vi,

(2.47) E =Ey+ > > B,

m=1 k=1
where

(P Va)emefm o e Cl o\ 0

-that is, E. , = P, cE’ .
0, otherwise v Hmuk m,kSm

(248)  El, ,(Vae™?) = {

We will obtain a system of equations for the profiles v(z), oy, 1(,6,) appearing in (2.19)
by applying the projectors Ey, B, to (2.16)(b).

The following lemma, which is a variation on a well-known result [10], is included for
the sake of completeness:

Lemma 2.11. Suppose E'VY =V°. Then
(2.49) ;nk(f/(aw)vo) = (Xﬁ"mom,k)rm,k

where Xy, = is the characteristic vector field associated to ¢, :

d—1
(2.50) X, = Ory + 3 —0c,wm(3)0s,.
=0
Observe that since
2.51 Ocoom(B) = —————, Oc.om(f) = 2" —— j=1,...,d — 1,
( ) 0 ( ) 8§d)‘km (ﬂv Qm) % ( ) aﬁd)‘km (ﬂ’ gm)

Xo,, is a constant multiple of the vector field computed in Lax [10].
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Proof. For £ € H near 3, let —w;,, (&) be the eigenvalues i A(E') (2.44) and P, (&) the
corresponding projectors. Differentiate the equation

U

-1
(2.52) wm (ENT + ‘ A;(0)¢ | Pu(€)=0

I
<)

with respect to §;, evaluate at 3, apply P, on the left to obtain
Since Cys gt Py = 5m,m’€m’,k’ and Py, i = m k, With (2.45) this implies

=0, wm(T,n), it m=m'k=F

0, otherwise

(2.54) Emw . 121]‘(0)7‘7,%]g = {

O]

The map in the following definition will allow us to write down simple integrals that
pick out the resonances associated to relations like (2.40).

Definition 2.12. Consider an ordered triple (¢q, ¢p, ¢r) of resonant phases satisfying the
normalized relation (2.40):

(2.55) NqPq = Nphp + Nrdr-

For any f € Hj(x,0,) define f,, € Hj(x,0,) to be the image of f under the preparation
map

(2.56) [z, 0) = ka(x)eik% _ Zf’mq (I)eiknqeq'
keZ keZ

Suppose s > # + 1 and that o4y, o) are both in H%(@iﬂ x T). Consider the six

rearrangements of the equation (2.55):
nq¢q = np¢p + @y, nq¢q =Ny + npﬁbp, anbp = nq¢q — Ny Py,
np¢p = —n,¢, + nq¢q7 NypGr = nq¢q - np¢p7 NypGp = _np¢p + nq¢q-
To these equations we associate, in the same order, the sixz families of prepared integrals:

(2.58)
IR (x, Op) =

Ng,Mp,Nr

(2.57)

2
1 4 Ty

(0}17].3)”{1 <JZ’, @Gp + 9,~> 69Ta,,,k/(:c, QT)dGT, ke {1, e qu}a E e {1, L. 7Vkr}7

2 Jo ng Ng

*

I (x,0,) =

Nyr,—MNp,Nq

1 2

o (Ork)n, (a:, npﬁp + nqﬁq) 0p,0qk (x,04)d0y, k€ {1,.. S b K e {1, .. Uk}
0 Ny Ny
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The next Proposition makes precise the sense in which the prepared integrals (2.58) pick
out resonances associated to the ordered triple (¢q, ¢p, dr).

Proposition 2.13. Suppose s > d+3 +1 and that o4, or ) € HF (RdH x T) have Fourier
series
(2.59) oqk(z,0q) = Zaj(x)e”eq and o,y (z, 6;) Z b;(x)eor

JEZ JEZ
The prepared integral Inmnp ne (2,0,) (2.58) belongs to H3 ' (x,0,) and has Fourier series

(260) Isqknp,nr Z a]nq b-]nr ) . (_jnr)eijnpep (’L =V —1)

JEZ

Similar formulas hold for the other integrals in (2.58).

Proof. Observe that (o4 x)n, and 0y, 0., both belong to H%_l(@iﬂ x T2); their product

1> d+3

then lies in the same space since s — , and thus the partial sums of

(2.61) J(x,0p,0,) = (Gqk)m, (x g, + mer) 09, 01 (z, 0,)
Nq Ng

. _1 md+1
converge in Hi (R x

the partial sums of

T?). An application of the Cauchy-Schwarz inequality shows that

2m
(2.62) Ik (.0,) = 9 J(z,0,,0,)d0,
converge in H%*l(]RiH x T). The formula (2.60) follows by term-by-term integration of the
partial sums of J. I

We can now write out the large system for the profiles v(x), oy k(,6) appearing in
the expansion of V0.

Interior equations. We assume for the moment that there exists only one ordered
triple of resonant phases, say (¢q, ¢p, ¢r) . The following interior equations are obtained by
applying the projectors Eq, E ; to (2.16)(b):

Vkm
1

B M 21 ,
(2.63) L(ax)gf >N (/O T e (T, 0D,y T (2, O ) Ay >R§j; = F(0)v,
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(2.64)

d—1 Vkp
(a) X¢,0p1(x,0, —I—ZZ%” (v)0g, 0p 1 (2, 0p)+
7=0 k=1
d—1 Vkp Vkyp d—1 Vkp Vkp o
br (2, 0p) B, 0 o (1, 6) bk L[ (@.0,)0p. 0 4 (. 0,)d0,+
p,l,jO Pk 0p9p,k p,,jg7r p,k\Ls Up ) U0, Op k' \ X5 Up ) UUp
]=0k 1k/=1 =0 k=1 k'=1 0
d—1 Ykq Vg, d—1 Vi, Vkq
kK kK k! pk K
(C) ZZ CPJJ Ng,Mp,Nr I‘ 9 + Z Z dp7 l,j ”T —MNp,Ngq (x’ap)
§=0 k=1 k'=1 =0 k=1 k'—=1
Vkp

(d) = Z e];,lap,k (2, 6p)
k=1

together with additional equations beginning with Xy o, for the other (m,k). The
equations (2.63), (2.64) are explained further in the following Remark.

!

Remark 2.14. 1. The constant vectors Rj’m appearing in (2.63) are given by

(2.65) = Bi(0uA;(0) - T )i

The constant scalars bl’C K d® K ek . and the coefficients of the scalar linear function

pilsj? pl]’ P> pl

of v, a¥ p;(V), in (2.64) are given by similar formulas, but now involving dot products with
the Vector lpi.

2. The characteristic vector fields X4 were defined in (2.50). The second term in
(2.64)(a) describes the interaction between v and (WV)* = V0 — v.

3. The sum being subtracted in (2.64)(b) is the mean of the first sum. Each of lines
(a),(b),(c),(d) in (2.64) has mean zero.

4. The prepared integrals appearing in (2.64)(c) are the integrals associated to the first
and last equations in (2.57).

5. The equations in the system beginning with the terms Xy 041, X4, 07 are similar
0 (2.64). In particular, each equation involves two sums of prepared integrals similar to
those in (2.64)(c). The equations beginning with terms Xy, ok, m € {1,...,M}\{q,p,r}
involve no prepared integrals.

6. If there is more than one ordered triple (¢g, ¢p, ¢,) of resonant phases, more prepared
integrals will appear in the system. For example, if there is exactly one more ordered triple,
say (¢p, ¢s, Pt), containing ¢,, two additional sums of prepared integrals will appear in

(2.64)(c).
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Boundary equations. From the boundary equation (2.16)(c) we obtain

(a) B(0)v = G(2')
(b) BO)V** (2, 0,6, ..., 60) =

Vikm Vkm
B(0) <Z > ok, 0,00)rmE + > D omi(@,0, Go)rmk) = G* (', 0p).

meZ k=1 meO k=1

(2.66)

Lemma 1.10 implies that the set {ry,x : k € {1,...,v,,}, m € I} is a basis for E*(z,n).
By uniform stability, Assumption 1.6, we can therefore rewrite (2.66)(b) as

(O’m’k(SU/,O,Qo); meT, ke {1,...,I/km}> =

2.67
( ) B(G*(x’,@o),am,k(:c',o,60); meQO, ke {1,...,ukm}),

where B is a well-determined linear function of its arguments.

Remark 2.15. We point out here one of the differences between our profile equations (2.64)
and the profile equations derived in earlier works on geometric optics such as [14, 21] for
fixed and free boundary problems for systems of conservation laws. Profile equations were
derived in [14] under the assumption that the matrices A; appearing in the system (1.2)
satisfied

(2.68) Aj = dfj,

where the f; : RY — RY were fluxes in a system of conservation laws, by substituting the
approximate solution ansatz into (1.3). In that case for each j the N matrix components
of 0,A; are given by the Hessian matrices of the N components of f;. The symmetry of
those matrix components implied that the analogue of our equation (2.63) did not involve
any of the o, ;. Thus, the boundary problem satisfied by v decoupled from the other
equations and v could be determined first, independently of the o, ;. In this paper we do
not assume that the A; satisfy (2.68), so we do not obtain the same decoupling. In the
strictly hyperbolic case the equation (2.63) shows that decoupling occurs even without the
condition (2.68), since k = k' = 1 then and the integrals in (2.63) are zero.

The large system. The interior equations (2.63),(2.64) together with the boundary
equations (2.66) and the initial conditions,

(2.69) v=0and 0,,; =0int <0 for all m, k,

defined a forward, quasilinear, integro-differential, initial boundary-value problem for the
unknowns

(2'70) v, (Um,k)me{l,..A,M},ke{l,...,ukm}~

This large system is equivalent to the problem (2.16). The solution can be obtained by an
iterative argument based on an a priori estimate for a suitable linearization described in
the next section.
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2.4 Solution of the large system.

The iteration scheme and the linearized problem for solving the large system can be
presented simultaneously as follows. Letting (v", O';L%k) denote the n-th iterate and taking
(0%, 60 ) =0, we define the (n + 1)-st iterate as the solution to the coupled, linear, initial
bounda’ry—value problems

(2.71)
d—1 M Vg,

@200 =352 35 L ([ e 0.0, b 0,008, ) B+ F 0"

7=0m=1kk'= 1
(b) B(O)y" =G
()" =0int<0

and
(2.72)
d—1 Vkp
()X¢p Y(2,0,) +ZZ%U ppk,(xe)
§=0 k'=1
1 Vkp Vkp d—1 Vkp Vkp o

on Bk 1 n n
Z Z bp7 l,j pk Z, 0 )aep P, k’ Z Z p,l,7 27T / O-p7k;(’1"7 ep)aepop’zll(x79p)d0p+

§=0 k=1k'=1 §=0 k=1 k'=1

d—1 Ykq Vi,

2
ok n n _
PIDIP BN QW/ (Uq,k)nq< g, 4 o )69,« ot (@, 0,)db,+

§=0 k=1k'=1
—1 Vky k?q kk T Vkp
! 1
zzz b ) e (55720 2000 o i = Y o),
Jj= 1k'=1
Vkm Vkm
(Z ZU"H 2',0,00)rm i + Z ZU"H T ,0,90)rm7k> = G*(2',0p)
meZ k=1 meO k=1
(c) Ugfkl =0int <0 for all m, k,

where the remaining interior equations in (2.72)(a) are added following the prescriptions of
Remark 2.14, parts 5 and 6.

Remark 2.16. As we will see below in the proof of Proposition 2.19, the terms involving
integrals in the interior equations of (2.71) and (2.72) present no obstacle to obtaining
L? estimates for the coupled systems. However, the sum in the first line of (2.72)(a) and
the first sum in the next line would present a serious obstacle if it were not possible to
rewrite them in a symmetric form. The next Proposition shows there is a symmetry in the
coefficients that appears after regrouping. In preparation we note that

(2.73) O = b1+ B (DuA;(0)rp k) rpi-
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Expanding v" = Zp ) Up xTpk We can rewrite
n
(2.74) p l J Z bp, Li Yp.k

with the same coefficients bk K L

Definition 2.17. For u near 0 let —w,,(u) be the eigenvalues of
. L —1 — .
(2.75) iAu, B) = A7 (u) [ 2T + Z Aj(u)n, |

and Pp,(u) the corresponding projectors.

The functions w,,(u) and P,,(u) are C* for u near 0 since [ then belongs to the
hyperbolic region of A(u,¢").

Proposition 2.18. Let w € RY be expanded as w = Y opk WpkTpk = >, Wp and define

d—1"Y d—1
kK 1
(276) ngk’ Z Z bp l ]wp, gp,l Z ﬁ] (8UA](0) : wp)rpvk"
§=0 k= §=0
Then
—Ouw,(0) - wy, k' =1
2.77 B, (w) = =P P
( ) l’k( ) {0, otherwise
Proof. The proof is quite similar to that of Lemma 2.11. We differentiate the equation
-1
(2.78) wp(u)I + ) BiAj(u) | Pyu) =0
§=0

with respect to u in the direction wy, evaluate at u = 0, and apply P, = P,(0) on the left
to obtain

d—1
(2.79) P> 5 (auAj(o) . wp) Py = (—0uw, (0) - wy) By,
=0
The second equality in (2.76) and (2.79) imply (2.77). O

Spaces of profiles. Set bQp := {(2/,00) : —00 < t < T,6p € T} as before and let
Qrg = {(2,0) : —oo <t < T,z4 > 0,0 € TM}. For m € {0,1,2,...}, T >0 and v > 0
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define

={U(z,0) : Ul = Z 026U L2(0r,9) < 00}

|| <m
Hm: V( ,(9)<V> — |aa V| < }
(2.80) 7 =1{V(z'.00) : m,T - ' 00 ¥ 1L2(bQr,9,) < X
loe|<m
M = {U(,0) ¢ Ul = Y 4™ 1Me™02 U 120,) < 00}
|| <m

and H'p is defined similarly on 0Qp. We set |U(z,0)|w := |U(z,0)|1(qy. ) and define

(2.81) Wi ={U(2,0) : [Ul1oo == Y 102U |10 (0p) < 0}
<1

Estimates for the coupled systems. We can now state the main existence result for
solutions

M Vi,
(2.82) VOl 9) = " (z) + Z ZU”H (@, 0m) Tk
m=1 k=1

of the coupled linear systems (2.71)-(2.72).

Proposition 2.19. LetT > 0, m > %jtl and suppose that G(z',00) € H? and VO™ € H
both vanish in t < 0. The coupled system (2.71)-(2.72) has a unique solution VO € H
vanishing in t < 0. Moreover, there exist increasing functions, vo(K) and C(K), of K =
VO, such that for v > vo(K) we have

VD,n—i—l VO’” G
(283) PO, o T Imar Vlnoa | (Cna),

val Y val

Proof. 1. L? estimate. Anticipating the extra forcing terms that arise in the higher
derivative estimates, we first prove an L? a priori estimate for the coupled systems in the
case where forcing terms F(x) and fp,;(x,0,) are added to the right sides of (2.71)(a) and
(2.72)(a) respectively. Setting F(x,0) := F(x) + >, 1 fpk(x,0p)rpr We have

SC(K)<

VO,n—l—l F VO,n G
(2.84) |V0,n+1 o + { >0,%T < C(K’) (’ ’Q%T + | |07%T + { >0,%T> :
NGl g Nal
where
(2.85) K" := max ([0" 1,00, [0 1|10, [ (078 ) 11,00)

the max being taken over all (p, k) and over all prepared profiles appearing in the system
(2.72)(a). Observe that K’ is finite since, for example,

(2.86) (07 k)ne 100 < ClO ), I < CHOTR) lma < OV |z
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With Yontl — yntl 4 (PO-)ntl the estimate (2.84) follows immediately by adding the
intermediate estimates

(2.87)
("

Vo) o1 |Eloqyr | [0 st | (Goqr
( ) |,UTL+ ’O’yT‘i_ |( ) | 777 + |7| Y + |7 | ;Y + <*> 7Y .

Y Y Y ﬁ
* 0,%\n *

07,1 < C(K’) <|F ’Q%T + (V™) ‘O,W,T I (G >0,’y,T>
Y y \ﬁ

L < C(K') (
)n+1>
Nal

and absorbing terms from the right.

After integrating by parts in the sum on the right side of (2.71)(a), one obtains (2.87)(a)
directly from the standard Kreiss estimate [9, 3] for the uniformly stable problem (L(9,), B(0)).
To obtain (2.87)(b) we first integrate by parts in all the terms of (2.72)(a) involving inte-
grals to switch the 0y, (or dy, or 9p,) onto the n-th iterate. Next use Proposition 2.18 to
rewrite the sum of the second and third terms in (2.72)(a) as

1y
f
B [0 g+ L

l/kp

(2.88) ZB o™+ (VO)) 9g, 0, 6p).

ppl

Observe that e (V0*)"*1 satisfies a system just like (2.72), except that 9; in X, is re-
placed by (9;+7), and G* is multiplied by e~7t. Multiply equation (2.72)(a) by e™7* g;rl(x 0p)
and integrate dzdf),. In the case when ¢, is incoming, using (2.88) and integration by parts

we obtain straightforwardly (see Remark 2.20)

7|Jn+1 (2),7,T < Cpo n+1>0 T T C(K)|(V” *)n+1|0 v.rloy, 7 Hoqrt

(2.89) ) .
V") oy rlop

04,1 + | fpiloqrloy T |0,7,T»

where C}, > 0 since ¢, is incoming. When ¢, is outgoing, C, < 0 so we obtain a similar
estimate but with the boundary term |Cp|<ap,l>%7%T on the left. When ¢, is incoming, we
can use (2.67) to estimate (with obvious notation)

(2.90) (o Do < C({((V)oiNoqr + (G oqr) -

Inserting this in (2.89), summing over all modes, and absorbing terms in the usual way by
taking v > vo(K') large enough, we obtain (2.84).

2. Higher derivative estimates. We return to the coupled systems (2.71)-(2.72), in
their original form except for the simplification (2.88), and apply the L? estimate to the
problem satisfied by the tangential derivatives y™ |a|8"‘ VO "+l where |a| < m. The new
source terms coming from commutators can be estlmated and absorbed using the following
two observations:

A. Suppose m1 + mg > 2 , m; > 0. The product (a(z,6),0,),b(x,0,,6,)) — a-bis
continuous from HI'' x HJ'? — HY.
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B. Suppose |a1| + |az| < || < m. Then
(291) ,.)/m—|o¢‘’e_'Yta;’il@U,(;(},9)“012‘/11 < ]u\m,%T.

For example, the commutator ’ym_‘a|

{Bfl (Vo) o2 , ] 0o, 0 "H‘O . is dominated by a
7 ’ g

sum of terms of the form

(2.92) (052 BY, (vovn))(W*‘alag,fepaapagjl)

0777T7
where |a1| + |a2| = |a| and |ai| > 1. By A (with m; = m — |ay|, m2 = |a1| — 1) and B we
have
(2.93) (292) < CV*" | rloy iy < CKlopt

The remaining commutators are estimated similarly. Derivatives involving 0,, are esti-
mated in the customary way using the tangential estimates and the fact that x4 = 0 is
noncharacteristic for L(d) and Xy p=1,..., M.

3. Existence and uniqueness. Uniqueness follows from the L? estimate (2.84).
Using the notation of (2.16) and setting V%"*! = W for now, we note that the coupled
systems (2.71)-(2.72) are equivalent to the problem

a) EW=Ww
b) E (~( W+ M (VO")agw) E (F0)V%") in 24 > 0

)E
C) ( ) (1‘ O 90,...,90) :G({L'/,eo)
d)W=0int <0.

(2.94)

The procedure by which one uses the a priori estimate (2.83) to obtain a solution of (2.95)
is mostly standard, but we provide a sketch of the argument. A similar argument with more
detail is given in [8], p. 83.

We keep n fixed throughout this discussion and approximate 0y by finite difference
operators

(2.95) o =(95,....00 ), h>0.

Let (2.94);, denote the system (2.94), where dp and W are replaced by 0 and W" respec-
tively. For fixed h we solve (2.94); by the following Picard iteration in the index /:

a)E W£+1 W?H
_ T/ 0,n 1(7,0,n\ 9hyrsh
. D) E (L@)Wh ) = B (FOV" = MO 0hw)
C) B( )W£+1(95 0 00, ..,0 ) G(SE’,HQ)
d) WP, =0int<O0.
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To find Wy, , we again use the projectors Ef, B, (2.47). The problem for Wi is a
standard Kreiss-type problem, while the problem for the components of the mean zero part
ngl is governed by a diagonal operator with the vector fields Xy, (repeated as necessary)
on the diagonal. Data for incoming modes at x4 = 0 is prescribed using (2.67). Since the
operator M’ (Vom)@g is bounded on H, iteration yields a solution Wwh e HIP of (2.94),.
Next one repeats the proof of (2.83) to obtain estimates uniform in h:

h 0,n G
(2.97) |Wh’m,y,T 4 M < C(K) (’V s + ( >m,%T> _
val ol V7

Passing to a subsequence with hy — 0 finally yields a solution W = V0" +! satisfying (2.83).
O

Remark 2.20. In deriving (2.89) we rewrote the term (Jp, Jgjl)agjl, which appeared after

multiplying (2.88) by e_"/tagfl, as %8917(0;71)2, and then integrated by parts to move the

derivative onto V%", If Proposition 2.18 had not first provided (2.88), we could not have
avoided 6),-derivatives of (n + 1)-st iterates on the right side of (2.89).

Next we show convergence of the iterates V*" to a short time solution of the nonlinear
profile equations (2.16).

Proposition 2.21. Consider the profile equations (2.16), where G € H', m > % + 1,
and vanishes in t < 0. For some 0 < Ty < T the system has a unique solution V° € H7, .

Proof. 1. The iteration scheme (2.71)-(2.72) defines a sequence (V") in HZ. Fixing
K > 0 we claim that for 7% > 0 small enough,

(2.98) VO + (V™) e < K for all n.
First observe that
(299) ‘U|m,'y,T < C1|u’m,T < CZ€VT‘U|m,'y,T

and fix v > max(yo(K),2C(K)C1) for yo(-) and C(-) as in Proposition 2.19. Assuming
(2.98) holds for n < ng, we find that it holds for ng+ 1 after shrinking 7™ if necessary, using
the estimate (2.83) and the fact that G vanishes in ¢ < 0. This new choice of 7™ works for
all n.

2. Convergence of the iterates in H%O to some VY for a possibly smaller Ty > 0 now fol-
lows from (2.98) by applying (2.83) when m = 0 to the problem satisfied by (V07+! —10m),
In view of (2.98) and a classical argument involving weak convergence and interpolation,
we thereby obtain a solution V¥ € H7, with, in fact, a trace that lies in Hyy. This argument

shows that the iterates V%" converge to V in ]I-]Ig?o_l.
O
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Having constructed V°(z,0) € H7 for m sufficiently large (as specified below) and
defining U%(z, 0, £q) € P™ ! asin (2. 20) we define the approximate solution u? appearing
in Theorem 1.15 by

(2.100) u®(z) = Uz, qio Tdy

€ €
2.5 Error analysis

Now we are ready to prove Theorem 1.15, which shows that the approximate solution
u?(x) converges in L> to the exact solution u. of Theorem 1.13 as € — 0. In this section
we prove the following more precise Theorem, which implies Theorem 1.15 as an immediate
corollary.

Theorem 2.22. For My =2(d+2)+1 and s > 1+ [My + %] let G(z',00) € Hi™ have
compact support in ¥’ and vanish in t < 0. Let Uc(x,0y) € E7, be the exact solution to the
singular system (1.26) for 0 < € < eq given by Theorem 1.183, let V° € Hrﬁl be the profile
given by Proposition 2.21, and let U° € P, be defined by
(2.101) Uo(x, 0, fd) = Vo(x, 0o + wi&d,...,00 + ngd).
Here 0 < Ty < T is the minimum of the existence times for the quasilinear problems (1.26)
and (2.16). Define
(2.102) U (x,00) = U (x, 6o, -2).

€
The family U is uniformly bounded in Ef, for 0 < e < e and satisfies

(2.103) U —1,12|E;0_1 — 0 ase— 0.

The proof of Theorem 2.22 will use the strategy of simultaneous Picard iteration first
used by Joly, Métivier, and Rauch in [8] to justify leading term expansions for initial value
problems on domains without boundary. Consider the iteration schemes for the quasilinear
problems (1.26) and (1.50):

d—
@) 0u, U + Z (@) (o, + H2 YUzt = Pz
(2.104) =0
b) B(eU?)(Uﬁ“)\xd:o = G(',60),
) UM =0int <0,
and
CL) Euo n+l _ uO,n—i—l
b NUOTL £ MUO™) D, U T) = E(F(0)UO"
(2.105) VE (L0 G ) = E(F(OU"")
C) ( )uO n+1|xd 0,64=0 = G($ 790)

d)U>™ ! =0int <0,
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where U%™ (2, 0p, &y) = VO (2,00 + wi€q, - - -, 00 + wp &q) for VO™ as constructed in Propo-
sition 2.19. Setting

(2.106) U (&, 0p) = U (, 60, ),
€

we observe that to prove (2.103) it suffices to prove boundedness of the family 2 in Ef,
along with the following three statements:

(a) lim U =U. in Eiio_l uniformly with respect to € € (0, €]

n—oo
(2.107) (b) lim U>" =U? in E%O_I uniformly with respect to e € (0, €]
n—oo

(c) For each n lgr(l) Ul — UB’”]E;O_l =0.

The first statement, together with uniform boundedness of the families U, Ue in E7,,
is proved in [23], Theorem 7.1 by showing convergence of the scheme (2.104) using the
following linear estimate.

Proposition 2.23 (23], Cor. 7.2). Let s > [My + 2] and consider the problem (2.104),
where G € H%H has compact support and vanishes in t < 0, and where the right side of
(2.104) (a) is replaced by F € E5. with supp F C {t > 0,0 < zg < E}. Suppose U € EF.
has compact x—support and that for some K > 0, 1 > 0 we have

(2.108) ‘U:"E% + |€ade2|Loo < K forec€ (0, 61].

Then there exist constants To(K) and €o(K) < €1 such that for 0 < e < ¢y and T < Ty we
have

(2.109) ‘UEnJrl’E% + \/T(U?Jrl)S_Hj < C(K, E)\/T (|-7:’E% + <G>3+17T) .

Remark 2.24 (Finite propagation speed). By Assumption 1.6 (95, + A(v, 0y ), B(v)) is
uniformly stable for v € RY with |v| < R sufficiently small. A classical consequence of
this and Assumptions 1.1 and 1.2 is that solutions w vanishing in ¢ < 0 to the boundary
problem defined by (s, + A(v, 0,r), B(v)) for |v| < R exhibit finite propagation speed (e.g.,
[3], Chapter 7). It is shown in [23], Proposition 7.1 that if « is an upper bound for the
propagation speed of (0, + A(v, 0,r), B(v)) for |v| < R, then « is also an upper bound for
the propagation speed of solutions to (2.104) when |eU|p~ < R.

The boundedness of U0 in E%, and (2.107)(b) follow from the next Lemma.

Lemma 2.25. (a) For m > 0 suppose V(z,0) € H?H, E'V =V, and set U(x,00,&3) =
V(CE7 00 + £1€d7 s 790 + QMgd) Then

(2.110) |U’g}n < C‘V|H;n+1.
(b) Form >0 and U as in (a), set Uc(x,00) = U(x,00, %L). Then
(2.111) Uy < Uley.
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Proof. a. Since E'Y =V, V has an expansion of the form (2.19). Thus, (2.110) follows from
Lemma 2.7.
b. Clearly,

(2.112) U, 00) (g, 55 (27 00)) < SUP U a, 00, E0) |0 (g, 2. (27 ,00)) -
T

&d

Since E'Y = V), to finish it suffices to consider f(x,6,&q) = f(z, 00 + w;&a) for f(x,0;) €
H5 (2,0;) and show that for any &;:

/ Ldy 2 Vo 2
(2113) ‘f(x y Ldy 607 ?) L2(xd,H‘%+l(z’,90)) - |f(.73 s Ldy 00’gd)‘LQ(zd,H;+1(z’,00))'

Using (2.27) and (2.28) we see that each side of (2.113) is equal to |f (2, zq4, 0]-)@2

(wa, H5)

Proof of Theorem 2.22. 1. The boundedness of the families U and U. in Ef, and the
statement (2.107)(a) were proved in [23], Theorem 7.1.
2. Since the family V" is bounded in HST? and converges to V' in H7, , the boundedness

of U™ in E7, and the limit (2.107)(b) follow directly from (2.110) and (2.111).
3. Strategy for proving (2.107)(c). Assuming that (2.107)(c) holds for n, we will
show that it holds for n 4 1. One could prove this using the estimate (2.109) if

-0
(a) ‘ (axd + A(eU, Oy + M)) (U€n+1 - Lleo’”ﬂ) —0ase—0
€ E;_l
0

(2.114)

(b) |B(eU?) (UM —UP"™ ) |y=0| e — 0 as e — 0.
To

It is easy to check (see below) that (2.105)(c) implies (2.114)(b), but the norm in (2.114)(a)
is only O(1) as e — 0 as a consequence of (2.105)(a), and remains O(1) even if (2.105)(b) is
taken into account. Thus, it is natural to seek a corrector U' similar to the one introduced
earlier in (1.42) and satisfying a condition like (1.46). As we saw in Lemma 1.17, in such
an argument the profile equation (2.105)(b) should play the role of a solvability condition.
Difficulties with small divisors (see Remark 2.26) force us to approximate /%" and /%" +!
by trigonometric polynomials Z/{S’n and Ug’nﬂ before constructing a corrector Z/{;, and to
prove estimates weaker than (2.114). Fortunately, these estimates will be strong enough to
imply (2.107)(c) for n + 1.

4. Fix § > 0. Since EYO" = YO" and EYO" ! = YO+ we can use Remark 2.8 to
choose trigonometric polynomials Z/{S "™ and Z/{]? 1 such that

(2.115)
(a) BUY™ = U™ and BU"™H = 1"+,

0, 0, 0,n+1 0,n+1 0,n+1 0,n+1
(0) " = Uz, < 6, O™ — U ey <5, and (05, U = O Uy gpr < 6.
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We smooth the coefficients of MS’” and US’“H to be H*> and so that (2.115) still holds.
(2.115).
The boundedness of the family U in Ej, together with the induction assumption

(2.116) \Uf—MEv"]E%l —0ase—0

imply

(2.117) |F(eU™)(UT) — F(O)US’"|E;71 —0ase—0.
0

In view of (2.115) and (2.111) this implies

(2.118) [F(eUS)(UL) — F(O)US;SIEF < 05 + cle),
where c¢(e) — 0 as € — 0.

5. Define
(2.119) gp — i(ax)ug,n-‘rl +M(U£?”)8€OZ/{£’”+1.

We claim that

(2.120) IEG, — E(F(O)ug")\gr = 0(9).

Indeed, from (2.115)(b) and the continuity of E on P! spaces (Prop. 2.2) we have
0,n 0,n _
(2.121) IE (FO)U>"™ — F(0)U,™) 5, = 0(9).

But E(F(0)14°") is given by the left side of (2.105)(b), so (2.120) follows by observing that
(2.115)(b) and Proposition 2.2(a) imply

1L(0:) @O = U™ ) |gsr = O(9)

(2.122)
| MU0 U — MUY™)DgoUhy ™| et = 0(6).

6. Next define the operator

1-
(2.123) Lo = L(0s) + —L(d¢o)p, + MU Dy

which is an approximation to the operator appearing on the left side of (2.104)(a) that will
allow us to use Lemma 1.17 to construct a corrector Z/{}}. Indeed, we claim

(2.124) LoU™t — F(eUM U pi1 < Co+cle),
0
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where ¢(e) — 0 as € — 0. This follows from (2.104)(a) and

(2.125)
|A;(eUM 0y, UM — A;(0)0,, UM By = 0(e)

1= 1 ~
s onurt - (Lo oA 008U )| =00
E;g
OuA;O)(U7 ~Up)Bs00, U7,y < CIUT — Uy s < ele) + O(0).
0
7. Construction of the corrector. First observe that since £(9y,, O d)I/IZ(,) =0 we
have
(2.126) Loyt = Gpe
and thus
Loy = FOUYT = Gpe — FOUT =

(2.127) . (0 = Gy = O,

(E(Gy, — FOU™) .+ ((I = E)(G, — FO)U™))..

The first term on the right is O(§) in E%O_:l by (2.120) and (2.111), but the second term
is not small, so we construct U[} to solve (most of) it away. By Lemma 1.17 there is a
trigonometric polynomial Ll; € &7, such that

(2.128) L(0gy, 0, Uy = —(I —E)(G, — FO)U™).
We have
(2.129) Lo Uyt +ed) ) — F(o)ug;g\EEl < C§+ K(8)e,

This is a consequence of (2.127), (2.128), and
(2.130) Lo(elly,c) = (L (8o, 0, Up)e + L(O) (elhy o) + MUyt ) gy (ehy, ),

since the sum of the last two terms on the right is < K(d)e in E%;l Using (2.118), (2.124),
and (2.129), we obtain

(2.131) Lo (U™ = Upe™ + elhy )

o1 S C+c(e) + K(d)e,
To

where ¢(e) — 0 as € — 0 and C' is independent of ¢ and .
8. Instead of (2.114) we claim that the following estimates hold:

(2.132)
(a)

9
(axd AU Dy + 5690)> (U — U+ dh)| < 5t ele) + K(0)e

(b) | B(eUy™) (UM — Uyt + e ) < C6 + c(e) + K(d)e,

H S
To
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where ¢(¢) — 0 as ¢ — 0 and C is independent of ¢ and e. Indeed, (2.132)(a) follows
from (2.131) by estimates similar to (2.125), while (2.132)(b) is a simple consequence of
(2.104)(b) and (2.105)(c). Applying Proposition 2.23 we find

(2.133) Pt — @t + eu;&)\E;gl < CO6 4 c(e) + K(6)e,

and thus

(2.134) jurtt 0l \E%l < Co+cle) + K(8)e.

This completes the induction step and the proof of Theorem 2.22. O

Remark 2.26. (Small divisors). If the right side of (2.128), call it H(z, 6p,&4), were an
infinite trigonometric series instead of a trigonometric polynomial, one could still solve the
equations

(2.135) iL(kof, kqg)UL(x) = He(z), K= (Ko,kq) € Z X R,

where H,; denotes a Fourier coefficient of H. However, the possibility of there being infinitely
many noncharacteristic modes x ¢ C for which det L(ko/3, kq) ~ 0 generally prevents con-
vergence of U(x,00,&4) = 3., Uyx(z)ei0%Fikatd in any reasonable space. This is why it is
not always possible to construct higher than leading order geometric optics expansions.

3 A free boundary problem: highly oscillatory shocks

Consider the system of conservation laws

d
(3.1) > 0 fi(uw) =0
j=0

on R4*! where the fi : RY — RY are C* functions. Set x = (2/,z4) = (t,y,74) and let S
be a noncharacteristic surface for (3.1) defined by x4 = 1 (z’), where ¢ is C'. Suppose u is
a O function up to S on each side of S whose restrictions u* to 4(xq — 1 (2)) > 0 satisfy
(3.1). Then u is a multidimensional shock if, in addition, u™ satisfy the jump condition

d—1
(3.2) Dl ()] = [fa(w)] =0 on 8.
j=0

Functions u as above satisfying (3.1) on each side of S are weak solutions of (3.1) in R¥+!
if and only if (3.2) holds. Equations (3.1) and (3.2) constitute a hyperbolic free boundary
problem for the unknowns (u®, ). This problem was solved by Majda [13] under an
appropriate stability hypothesis, with several improvements by Metivier [16, 18] .
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We reduce to a problem with fixed boundary by making the change of variables 7’ = 2/,
Tq = x4 —¥(2'), and putting 4* (%) = u*(x). Setting

(3‘3) -A (U d ”ﬂ wa]

and dropping the tildes, we obtain the equations

d—1
(3.4)  PE(uF, dpp)Opu® = Aj(uF)0p,u + Ag(uF, dpt))0p,ut =0on £24>0
j=0

(3.5) Gu®,dy) = Zw% [fj(w)] = [fa(u)] = 0 on x4 = 0.
We will study oscillatory perturbations of a planar shock solution (u®,oxg) of (3.4) and
(3.5). A planar shock is given by constants (u*, o) satisfying

(3.6) olfow)] = [fa(w)] =

3.1 Assumptions.

The assumptions we make for shocks are small modifications of those made in the fixed
boundary case. We set

(3.7) Aj(u) = Ag(u) A (u) for j =1,...,d
and make the exact analogue of Assumption 1.1 where (1.10) is replaced by
d . qi n
(3.8) det [T 1+Y ¢ Aj(ui)] = [ (= + At )%
j=1 k=1

and u* € OF, a neighborhood of u*. In place of Assumption 1.2 we assume that Ag(u®,w)
is invertible for u™ € OF and w € R? near d(oxy). We define the hyperbolic regions H* as
in Definition 1.3, where now

(3.9) AE(Q) == —i A (uF, dy (ow0)) | (7 — i) Ao(u) + Z njA

For ¢ € 2\ Ey let ET(¢) denote the stable subspace of AT(¢) and E~(¢) the unstable
subspace of A~ ({); and use the same notation for their continuous extensions to Z. As-
sumption 1.6 is replaced by the assumption that the planar shock (gi, oxg) is uniformly
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stable in the sense of Majda [13]. To define this consider the linearization of (3.5) about
the planar shock:

d—1

(3.10) B(u*, dyr (0w0)) (v, dur ) i= Y B [f(w)] = [Aa(u, dy (:20) )],

=0

Definition 3.1. The planar shock (u™, cxg) is uniformly stable if and only if for all ¢ €
the map

(vT,v7,\) = B(ut,d r((f:co))(vjE () =
3.11
(311 A (7= iv)[fo(u +Zm fi@)]) = [Aa(u, di(020))0]
is an isomorphism from E¥(¢) x E7(¢) x C onto CV.

The uniform stability condition implies that dim (E*(¢) x E~(¢)) = N —1, and therefore
that (u,ox) is a Lax shock.
Next we define the boundary and interior phases. In place of (1.12) we set

d—1
(3.12) LE(0,) = 0+ Aj(wh)0a, + A, do (020))a,
7=1
and define 5\;: (&) by
gt N
(3.13) det L*(7,8) = [[ (7 + A (€)™
k=1

In place of Assumption 1.8 we now fix once and for all
(3.14) B=(r,n) e H NH™

and define the boundary phase ¢o(z') = 8- 2.8 Let wt, m = 1,..., M*, be the distinct
roots of the dispersion relation

(3.15) det L*(r, n,w) = 0.

To each (necessarily real) root w there corresponds a unique k= € {1,...,¢"} such that

8The intersection in (3.14) is nonempty since it contains a neighborhood of (1,0), for example.
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Definition 3.2. We define real characteristic phases
(3.16) pE(x) =32 +wizy, m=1,..., M+

The phase ¢, is said to be incoming to {xg > 0} if 8&1:\% (n,w;k,) > 0 and to be outgoing
from {zq > 0} if 85(1:\2':5 (n,wy) < 0. Phases ¢, incoming to x4 < 0 and outgoing from
xq < 0 are defined similarly (but with signs reversed on the derivatives). We let

(3.17) {¢E,m 1}, resp. {¢F,m € O}

denote the sets of phases that are incoming to either g > 0 or xg < 0, respectively outgoing
from either xg > 0 or xq < 0.

The kernel of L*(d¢L) has dimension yfctm and for each m € {1,..., M*} we let
(3.18) re e k=1, v
denote a basis of ker L*(d¢;:) consisting of real vectors. We let P, m = 1,..., M*, denote

the projectors associated to the decompositions
(3.19) CN = @M ker LE(dg).

Example 3.3 (Euler shocks). Consider again the 3D isentropic, compressible Euler equa-

tions in variables (p,u), a planar shock (Bi,gi), x3 = oxg, and define \g(p,u,§&) as in

(1.15). The functions ;\;t(f) as in (3.13) are

(3.20) S\?E(g) = \(pF,uF,€) — 063, j=1,2,3, where vi=vi=1, v =2

The noncharacteristic condition is, with e3 = (0,0,1), the condition 5\%(63) #0,j=
1,2,3, or equivalently:

(3.21) uf —o ¢ {0,¢",—cT} andug — o ¢ {0,c¢7,—c"}, where ¢t = p'(p*).

Euler shocks are always extreme shocks, that is, they are always associated to either the
smallest eigenvalue A1 or the largest A3 (a 1-shock or 3-shock, respectively). For example,
a planar 8-shock (u™, o) satisfies

M (e3) <0< Ag(es), Ay(e3) <0, that is,

3.22
( ) g}f+c+—a<0<yg+0_—a, ug —o <0.

This implies

(3.23) ui —o| >ct and lu; — o] < c_,
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so the relative normal speed changes from supersonic to subsonic (and density increases) as
fluid passes from the + to the — side. The hyperbolic region is H = Ht N H™ = H~, since
in this case

(3.24)
Ho={(rn) €R®: |7 +uim +uymp| > \/(C‘)2 — (uz — )% |nl} and H* =R*\ 0.

For a given ¢g = (3 - x' with 3 € H, one can now easily construct triples of resonant phases
(containing ¢o or not) on either the + or — side as in Example 1.18.

In Majda [13], Chapter 3, explicit criteria for Euler shocks to be uniformly stable are

given in terms of flow quantities (Mach numbers, compression ratios, etc.). In particular,
for isentropic flow of an ideal gas with equation of state p(p) = Ap”, v > 1, all shocks are
uniformly stable. The criteria imply also that for nonisentropic flow of an ideal gas with
equation of state p(p,S) = exp(%)p”’, v > 1, all shocks are uniformly stable.
Remark 3.4. We will refer to assumptions made for shocks using the labels of their fixed
boundary analogues. So, for example, Shock Assumption 1.1 now refers to the modification
described above of the fixed boundary Assumption 1.1. Shock Assumptions 1.1, 1.2, 1.6,
1.8 are in force throughout the remainder of the paper.

3.2 The singular shock problem

The perturbed shock (uZ, ) is the solution to an initial-transmission problem on R4*!
with oscillatory initial data:

(a) PE(uF,dptpe)0pu =01in £ 24> 0
(b) G(uZ,dp1pe) =0 on 24 =0
(3.25) (c) uf = u* + ewE (2", x4, 90)|90:[3i’ onzg =0
(d) e = ox0 + €xe(, 90)|90:Lz’ with xe = 0 on 9 = 0,
where wk (z”, x4, 00) and x.(z',0) satisfy appropriate corner and phase compatibility con-
ditions, and wZ is chosen to introduce oscillations that reflect transversally off the shock.
One can look for solutions to (3.25) of the form

ug () = UZ (2, 00)l 5 _ssr

(3.26) , , ‘
Ye(2') = Ve(z 790”90:&’7

€

where (UF, U,) satisfies the singular shock problem (here V¢ = 0, + 68690 )E
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d—

%)
(a) PE(UE, V), 5, U = z(:) A;(UE,Vew,) (axj + ﬂjé"“) Uf=0
d—1 ﬁ 9
(327)  (b) G(UE, V) Z (ax] + 90) U, — [f4(U)] =0 on zg =0
=0

(c) UF = o™ + ew? (a: ,Zq,00) on xg =0
(d) ¥, = 0w+ Xxe(2',00) = 0 with x. = 0 on zp = 0,
where
(3.28) Aj (U, V) = Aa(Ue, Vo) 1 4;(U), j=0,...,d — 1.

Corner compatibility conditions guarantee that smoothness only fails at the shock, and
will also allow us to replace (3.27) by an equivalent forward problem (3.39) with data equal
to zero in xg < 0. Phase compatibility conditions prevent the appearance of phases not in
the allowed set {¢, m=1,..., M*}.

A simple way to construct a phase-compatible wZ (z”,z4,6p), for example, is to first
choose a phase ¢b+ from the set (3.16) that is outgoing from x4 > 0 and use single-phase
geometric optics [7] to construct an exact solution v} (z) to the pure initial value problem

on @TO = [—TD,TO] X Rd:
P (u" + ev),dy(00))0:vF =0 on O,
+

=V ($,/a$dae+) |6+_¢;' on rg = Oa

€

(3.29)
P €
where v is supported in x4y > 0 and vanishes to high order at 4 = 0. Provided v+

satisfies appropriate phase compatibility conditions, the construction of Gues [7], Theorem
1, produces an exact solution of (3.29) of the form

(3.30) vt (@) = (WO (@, 0) + W @ 0))) | | + €l @),

b e

where W9 and Wt are CK in (z,6;") for K large, periodic in 6;", and
(3.31) 0% wt (2)] < M, for k < K, e € (0, €).

We now define

+ Wt
W, (x,6) = WOT <:c,60 + 2 xd) +ewlt (ac By + =214 ) + Ewl (z),
€ €

wj(x",xd,%) = Wj(m,@o)]%:o.

(3.32)

Similarly, we construct w_ (2", z4,6p), where for example WO~ (x, 0o + @) Nnow appears

in the leading term of W (z,6p) and ¢, is outgoing from x4 < 0.°

€

9The uniform stability condition implies that the total number of outgoing phases is N + 1, so there is
at least one outgoing phase for each choice of sign.
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Remark 3.5. Observe that W (x, ) satisfy the singular initial-value problems
(3.33) (a) P (@i + eWei, Vé(ox0))0s 0 (u + Wi) =0 on O,
. (b) WE = w (2", 24,60) on g = 0.

Corner compatibility for (3.27) is guaranteed by the high order vanishing of w¥ at x4 = 0
and this, together with (3.33), insures for kg large that

(3.34) &2, Ge(a',0p) = 0 at 29 = 0 for 0 < j < ko, where
(3.35) €Ge(2',60p) = G(uT + W=, V<(ox0)).
Letting

gea zo 2 0
3.36 Ge(2',00)c = ;
(3.36) (@', 6o) {0’ 20 < 0

we see that by taking K (3.31) and ko large enough we can guarantee that for any so,
(3.37)
(a) {(WZ,€d,,WE) : € € (0, €]} is bounded in C(zg, H (', 60)) x C(xq, H* (', 6p))
(b) {(G)e: € € (0,¢€0]} is bounded in H* (2, 6p)
We refer to Appendix A of [21] for an explanation of how to choose simultaneously corner-

and phase-compatible data in the more general case where the initial data w(z”, x4, 6p)

does not vanish at x4 = 0.

If we now look for a solution to (3.27) of the form
(3.38) UE(x,00) = ut + eWE(z,00) + U (x,00)
U (z,00) = oxg + exe(2, 00),

we can use (3.33) to rewrite (3.27) as a problem for (UX, x¢) on (—oo, Ty] x R? with data
equal to zero in o < 0:

(3.39)

d—

0,

a) 0y, UE + Z u + W + eUF V(o0 + €xe)) <8IJ + bi 90) Ut =
7=0

d—1
(A 4+ W 4 U2 Vo + ex0) — Ayl + W, V(a0)) (0, + 22 w2
€
§=0
-1 , . .
(b) Z </ [fj(u+ eWe+ seUe)]d3> (axj + 1660> Ye—
j=0 /0

1
/ [Ag (u+ eWe + seUc, V(omg + sexe)) Ulds = —Ge (2, 0p).
0

(¢) Us=0and xc=0in 29 < 0.
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Below we say that
(3.40) Udx,00) € B < UF € BEf and U (-, —14,-) € ES
for E7, as in Definition 2.1, and define
(3.41) Ue(,00) |55, = U (x,00)| 3, + U (2, 60)| .-

The spaces £7 and P7 and their norms are defined similarly in the shock context. The
following existence theorem for (3.39) is proved in [23].

Theorem 3.6 ([23], Theorem 9.4). Let s > [My + %E1] and set s) = s + 1. Consider the
singular shock problem (3.39) and the associated nonsingular problem (3.25). Assume W
is chosen as in (3.32) with compact x—support and so that (3.37) holds with so = s + 1.
There exist an €9 > 0, a Ty independent of € € (0, €], and a unique (Ue, xe) € B, X H;j'l
satisfying the singular problem (3.39) and such that for UL, U (2',0y) defined by (3.38)

uE(x) = U(z.00)|, _or

(3.42) , /
Ye(2') = Ve(z ’90”90:%/’

satisfies the original problem (3.25).

3.3 Profile equations

To derive the analogue of the almost-periodic profile equations (1.50) for shocks, we look
for a corrected approximate solution of (3.25) of the form

uf () = (u® + W (@, 00, 8a) + U (2, 00, 8a) + el (2,00,60))) g b0 ¢, _za
(343) | 0 ="
17Z}6 (l',) =o0rp+€ (XO('T/7 HU) + €X1(33,a 00)) |90:‘L07

€

where with slight abuse we have set W (z, 69, £4) = WO (z, 0y + w; &4) for WO (z, 6)") as
in (3.30), x/(2/,6p) are periodic in 6y, and U+ have expansions like

(3.44) U (2,00, &4) = > U (z)eirofotiraga,

k=(K0,kq)ELXR
In place of (1.35) we now define the sets of characteristic modes
(3.45) C* = {k € Z x R : det L*(koB, kq) = 0},
which can be decomposed as

(3.46) CE = UMZ cE | where CE = {ko(1,w) : ko € Z).

m»
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Setting

Pt ifkeCt\0
(3.47) rE={1I ifk=0
0, if Kk ¢ C*
we define the projectors
(3.48) E:I:UO:I: (x, 90’ gd) = Z 7rf€t U:: (:L,)ein()@o-l—mdgd.

k=(kKo,kq)EZLXR
In writing the profile equations we use the following notation.

Notations 3.7.
1. L2(02) = 0, + Y020 A5 (uF, do (00)) s,
2. L*(py,0e,) = LE(depo)dg, + LE(dwa)Oe, = e, + > 1=0 Aj(wF, dor (00)) 8500,
3. MEU™ )y, = (z;l—ga Aj(ut, dy (0m0)) -uﬂiﬁj) D, -
4. With Aj(u*, dptp) = Aj(u™, w)|w=d o define

M3 (dorX°, Doy x") 09y = (Za 2 (020)) - (derx® + B0y x )ﬁ)@eo (see (3.50)).

The almost-periodic profile equations for the unknowns U%F (z, 6o, &4), x°(2', 6p), and
x'(2',0) are derived by the procedure used in section 2.1. We write them here suppressing
all superscripts =+:

(3.49)
(a) BY® = 14"

(b) E (E(ax)uo + MV 4+ U U° + Mo (dpr°, aeoxl)aeouo) -

—E (Ml(uo)ﬁgowo + M2(dm/X0’ 690X1)890W0)
d—1

() G(8)3 X" := D _[f(w)]B0,x"° = 0

J=0

(d) G(8)sx" + D _[f5(w)]0e; x° + [(0 Ao (w) — Aa(w)U°] = [(Aa(u) — o Ao(w)) V).
j=0
(e)U’ =0, x*=0, and x' =0in ¢ < 0.
Observe that uniform stability and (3.49)(c) imply

(3.50) Agex" =0,
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so henceforth we write x* = x%(2’). We also have
(3.51) L(9gy,0e,)U° =0 = EU® =U".
In deriving (3.49) we have used the fact that

EW? =W°

(3.52) E (E(ax)wo + M1(W0)890W0> —0,

a consequence of (3.29),(3.30) or, alternatively, the construction of [7].

In order to write down the equivalent periodic profile equations we must treat the phase
$p on an equal footing with the phases ¢; (3.16). It is possible that ¢q already belongs to
one or both of the sets ST = {(;5 ,m=1,.. .,Mi}. We shall consider the generic case
where ¢y does not belong to either of the sets S*. The other cases require only minor
changes.

d+1

Recall the notation ZM#* H¥kRI™ x TM) introduced in (2.11), (2.12).

Definition 3.8. Let
(3.53) 0F = (00,0F,...,00,) e TM

be a placeholder for %qbi = (gf)o, "”Wﬁﬁ)' We say a® € ZM*+12 s g characteristic
mode and write a* € C'* if det Li(d( +.9%)) =0. We decompose

/j: M. /j:
™= Umilcm ’

(3.54) ,
where C,T = {aF € ZMEFL2 G ¢F = no= = for some nyx € Z}.

For V(z,0%) =3 ot Va(z)el?" e HS?Q(@iJrl x TM™+1) define the projector

M
(355)  ET=Ej+ > Ef, where EfV =Voand E; [V = > PiVa(z)e=n,

aEC;;r\O

The projector E'~ is defined similarly on periodic functions V(z,07). Setting £ (9y+) =
Z%:O Eﬂd%)f}% (here ¢¢ = ¢), we note that

d+1

(3.56) E*+VY =V if and only if V € H¥ 'R ']I‘M++1) and £ 7 (9y+)V =0,

a condition that is equivalent to the property that V(x,0") has an expansion of the form

M+ Vk M+
(3.57) VYN onk (@.05) 1k = (@) + D Vi, 65).
m=1 k=1 m=1
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We let

ME [d—
M V)9, Z Z (uF, d(ox0)) - VO£3; Dp:
m=0 \ j=0
3.58
(3.58) it
M (dwx°, 09X ) D= = D Z (u™, d(owo)) - (darX” + BOayx")Bs | Dy,
m=0 \ j=0
and with abuse we define WO* (z, §%) by
(3.59) WO (z,67) = VVO+($ 0 ); WO (2,07) = W (2,6]) (recall (3.32)).

Suppressing all superscripts &, we can now write the periodic profile equations for the
unknowns V0(z,0), x°(z',0), and x' (2, 0p):

(3.60)
(a) EVO =)°

(8) B (L(@)V° + MOV £ V)05V + Mi(drx”. 05,1 )0pV°) =
— B (M (07°)0pW" + Mi(darx”, 93, X1 )9pV")

d—1
(c) G(ﬁ)aeoXO = Z[fj(y)]ﬁjﬁgoxo =0
=0
d—1
(d) G(B)Dgox" + Y 15 (w)]0;x° + (0 Ao(w) — Aa(w)V] = [(Aa(w) — o Ag(w)) WV’
7=0

()W =0, x"=0, and x' =0in 29 <0.

The terms involving M) describe interior-interior interactions, some of which now involve
the wave W° which generates the perturbation. The terms involving M) describe shock
surface-interior interactions.

As in the fixed boundary case we will construct (U, x°, x!) satisfying (3.49) by con-
structing (W9, x?, x!) satisfying (3.60) and then setting

(3.61) U (2,00, £q) = VO (00, 00 + wia, - . ., 00 + wi s €a).
Moreover, with abuse we define
(3.62)  W(x,00, &) == W (2,00 + wya)s WO (@, 00, €a) := WO (2,00 + w,ba)

for W as in (3.32).
The large system in the shock case. We shall write out the large system for the
unknowns x°(2'), x'(2’,6p) and the terms v*(z), o)  (x,0;%) appearing in the expansion

M+ Vk

(3.63) VO (z,07) = )+ Z Z‘ka (z,0.)r mk
m=0 k=1
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Even though W°* depends just on the single phase qﬁ;’, we can avoid enumerating some
cases by denoting W similarly:

M+ Vk
(3.64) Wt (x,0%) = )+ Z Zam (2,00 m i, Where &:{Z’k =0 unless m = b.
m=0 k=1

We shall consider an illustrative situation where there are precisely two ordered triples of
resonant phases among the ¢, m =0,..., M™:

() nf 6 = i} +nt o

3.65
(3:65) (8) it b0 — o + o

In addition to the prepared integrals Iﬁf;lp,nr (x,0,) describing YO+ /Y0 interactions defined
previously (2.58), we now need similar integrals describing interactions of W%+ with Y0+
(suppress T and ignore superscripts n, n + 1 for now):

1 [ n
vk (,0,) = /0 (Gok)ng ( T, 4+ 2 - -0 ) 0,00t (,6,)d6,,
q

2
(3.66) " "

ke 1 2m N n
Lo (T:0p) = / (0g k)nq < np0 + nq@ ) Do, 0y 1 (x, 0,)d0,..

o q

We also need new integrals describing shock-interior interactions:

1 2
SSO n MNs (SL’ 01’) 27T / (890X17n)n0 (xlv 7p0 + 0 ) 80502,?:1(557 as)des
(3.67) noo o

1 27 n ~
Sso ,,,Ms (:L',Hp) = 27T/0 (890X17n)n0 (m/’ pe + 09 ) 69508716(1"05)d03

no
Applying the projectors Ef, IE;;? to (3.49)(c), we obtain (suppress T):

o Z </ ke + Tm k) (2, 0m) g, o1t (2, O ) O, >Rf,’fl -

]mkk/

1 2 . i ,
R Z 27T</0 Um’k(x’9m)a9m0m,k’($a9m)d9m> R?,fz.

Jymok,k!

(3.68)
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(3.69)
(a) Xy,0 "H(az 6p) + Za];:ljj(w+yn)59pag’;1(x,9p)+
5.k

b) D OB (G + o) (x, 0,)Dp, 07 (. 0) —
7,k.k’

kE ( FkK kK kEk ( 5k,K kK
(C) Z Cp,l,j (Inq,np,nr + Inq,np,nr) ('7}7 9]7) + Z dp7 1,7 (InT,fnp,nq + Inr,fnp,nq ('7}7 Hp)_'_
Jk.K Jkk

) Ze];,ll,j(az’x07 )) pk’ €, 0 +Zf£l] no,gp,ns(w 017) -

Ik gk

1

27
o /0 (previous sum) df,+

5 1
(e) — Z bp7 Lo, 0p) 0,6 4 (2, 6,) — o

2m
/ (previous sum) df,
4.k K 0

k! koK ke k!
(f) o CPJJ Intbnpan'r‘ Z dpl,g nr,—np,nq (:C,Hp)
Jik, K g,k k!

> i QX (@)pu (. 0p) + D F135mm, m, (@4 6p)

gk 7.k

Remark 3.9. In cases where more triples of resonant phases than those in (3.65) are present
on the plus side, additional prepared integrals similar to those in lines (3.69)(c),(f) appear
for each triple that does not include ¢g, while additional integrals like those in (3.69)(d),(g)

appear for each triple that includes ¢g. The formulas for the vectors Rffn/ and the scalars

k/ b
ap,l,j(w + v) bplj’
case. There is a similar collection of equations involving the unknowns XO, Xl, and v,
o, . on the — side, quite possibly with a different number (which can be zero) of prepared

integrals.

etc., appearing above are quite similar to those in the fixed boundary

The interior equations on the plus and minus sides are coupled by the following trans-
mission conditions on x4 = 0, which we separate into parts with nonzero mean and zero
mean:

d—1
a) Y 1 @)]0e, X" + [(0Ao(u) — Aa(w)o™ '] = [(Aa(u) — 0 Ao(w))w],
(3.70) 20
(b) G(B)Dpy "1 + [(-Aowr) — Aa(w))VO ™) = [(Ag(u) — o Ag(w)) W],

Parallel to the fixed boundary case, uniform stability implies that (3.70)(b) can be rewritten
as

’mk

- (890X1*,n+1 :l:n-i-l(g;/’(),@o); mel ke {1,...,yf€tm}) =
3.71
(WO*, iz+1($/70’00); meQ, ke {1, .. .,I/kim}) ,
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where B is a well-determined linear function of its arguments.
In stating the main estimate for the profile iteration scheme, we use the same notation
. . + .
for spaces and norms introduced in (2.80), except that now #* € TM™*! and we write

(3.72) V(x,0) € HF < VT € H™(Qpg+) and VO (, —x4,-) € H™(Qpg-).

Proposition 3.10. Let T > 0 and m > % + 1. Suppose that (Vo’”,xo’”,xl’”) vanishes
mt <0 with

(3.73) (VO X0 € FIR x HP Y, Ogo " € HY,
and suppose that WO € H:,"}H has compact x-support with
(3.74) H(2',00) == [(Aa(w) — 0 Ao (w))WV’]elw=0 € HE-

The coupled system (3.68),(3.69),(3.70) has a unique solution (VO +1 yOntl \1Intl) yan-
ishing in t < 0, with the same regularity as in (3.73), and such that x*"*1(x,0y) has mean
zero. Moreover, there exist increasing functions, vo(K) and C(K), of

(3.75) K =V

m,T + <d:r’X07na aGOXLn)m,T
such that for v > vo(K) we have

<V0,n+1’ dm/XO’nJrl, aeoxl,n+1>m’%T
Nei <
Wo’n‘m,%T + (dr’XO’n7690X1’n>mmT n <H>mmT>
v NaEAa
Proof. The proof is very close to that of Proposition 2.19, but we will point out the new

features.
1. The analogue of the critical Proposition 2.18 continues to hold as stated for the

Wo’nH .y, +

(3.76)

e

constants b];’f;. appearing in (3.69)(b), and this allows us in the proof of the L? estimate to
treat lines (3.69)(a) and (b) just as in Proposition 2.19. In the proof of Proposition 2.18
the matrix A(u, ) should now be replaced by

(3.77) AE(u*, B) i= —i A (u*, dy (0w0)) | (TAo(u®) + ) Aj(u)

2. Again we obtain L? estimates for the problem where forcing terms F and F* are
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added to the right sides of (3.68) and (3.69) respectively. In place of (2.87) we have now
< n+1 d ’XO n+1>

Nal
(V)" oy | |Floqyr | V) oqyr | (Hoqr
v * v * 8l * Nal
<(V07*)n+1’ 890X17n+1>0’y T
() [V oy r + 2T
Y \/,Ty
0T [(VO) 04,1 + (darX®™, Do X )omT 4 <H*>0’%T>

Y v Nal

where (3.78)(a) follows from the uniform stability of (L(8), B(u®, dy (c20)) by applying the
Majda [13] estimate to (3.68), (3.70)(a). In proving (3.78)(b), as before an integration by
parts should first be done in integrals in which a 6-derivative falls on an n + 1-st iterate.
The estimate of dp, x>+ in (3.78)(b) follows from the estimate for outgoing modes using
(3.71). The terms involving x%", x"™ on the right of (3.78)(b) arise from line (g) of (3.69).
The estimate (3.76) for m = 0 (with forcing F') follows from (3.78).

3. Higher tangential derivative estimates are proved by applying the L? estimate to the
problem satisfied by 4™~1192, , (V01 d,/\ 07 F1 9g x 1" +1) and again depend on observa-
tions A and B in the proof of Proposition 2.19. For example, differentiating the prepared
integral in (3.69)(d) leads to new forcing terms

(3.79) A7l /

where |a1| + |az] = |a, 1| > 1. Applying A with m; = m — ||, me = |aq| — 1 together
with B, one finds

0,7, T

(@) 0" oqr + <

e
(3.78)

£

e

aal’G p) a‘%XLn)no < ' 7p9 + > 8&2,’9]0)3930'?7;1(%05) d@s
no 0,,T

(3.80) (3.79) < C{Aao X" ™ )m,rl o5 mw < CKlo L, o, m-

Normal derivatives are estimated as before yielding (3.76).

4. Uniqueness follows from the L? estimate, the support condition, and the condition
that x""*! has mean zero. It is now straightforward to mimic the finite difference argument
of Proposition 2.19 to obtain existence. ]

The estimate of Proposition 3.10 implies convergence of the iteration scheme by the
argument used to prove Proposition 2.21, giving:

Proposition 3.11. (a) Consider the profile equations (3.60), where the perturbing wave
WO e H?Jrl, m > % + 1, has compact x-support with

(3.81) H(z',00) = [(Aq(w) — 0 Ag(w))W°]c|z,=0 € HI.
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For some 0 < Ty < T the system has a unique solution (V°(x,0), x°(2), x' (2, 00)) vanishing
mt <0 with

(3.82) V0, xX°) e HE x HE', 0g,x' € HE,
and such that x' € Hi has mean zero.

(b) The iterates VO are bounded in HT, and converge to WO in ngfo_l. The iterates

(dex®™, Opy X b™) are bounded in HF! and converge to (dr X, Oy x1) in H%_l.

Defining 4%* by (3.61) and writing the corresponding iterates as %" we now have a
solution (U°(x, 0y, £4), X°(2), x' (2, 0p)) of the almost-periodic profile system (3.49). Propo-
sition 3.11(b) and Lemma 2.25 imply:

(3.83) the iterates U™ are bounded in 55%_1 and U%" — U in 5}”0_2

Remark 3.12. The condition (3.81) is satisfied provided corner compatibility (3.34) holds
for kg large enough.

3.4 Error analysis

In this section we justify the leading order expansion of the solution (u, ) to the
perturbed shock problem (3.25). In its simplest form the main result is:

Theorem 3.13. The exact solution (uc, ) of the perturbed shock problem (3.25) satisfies
on [0, Tp] x R:

lim ug (x) — ut B <WOj:(I7 po(z’) : ﬂ) JruO:I:(x’ po(z') ’ %)) —0

e—0 € € € € € CO(ZL‘)
(3.84) , '

lim Wel@) —oz0) _ <X0(:E') + ext (2, o) ))> =0,

e—0 € € 01($/)

where WOF is the leading profile of the perturbing wave and U°F,x°, x') are the profiles
constructed in section 3.3.

/
One can, of course, use (3.61) to rewrite U%*(z, M, ) in terms of vt Uik as in

€
(1.24). For WO (z, M £d) one can use (3.64). Theorem 3.13 is an immediate corollary

of (3.32) and the following result.

Theorem 3.14. Let My = 2(d+2)+1 and s > 1+ [My+ %4£L]. Choose the perturbing wave
W as in Theorem 3.6, where W° in (3.32) is taken such that (3.81) holds with m = s+ 1.
Let (Ue(z,60), xe(2',00)) € EF, % H:SF;I be the exact solution to the singular system (3.39)
for 0 < e < ¢y given by Theorem 3.6, let (V°(x,0),x°(2"), x* (z',00)) € H‘;jorl X H%:Q X H%jl
be the profiles given by Proposition 2.21, and let U° € Pi, be defined by

(3.85) U (x, 60, 1) = VO (x, 00,00 + w1l - - -, 00 + wirra)-
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Here Ty > 0 is the minimum of the existence times for the quasilinear problems (3.39) and
(3.60). The family

(3.86) U (x, B0) = U (x, 69, —2)
€

is uniformly bounded in Ef, for 0 < € < €y and satisfies

(3.87) |Ue — Z/{€0|E;51 — 0 ase— 0.

ﬂaeo

Moreover, with V¢ = 0, + , the family V¢(x° + ex') is bounded in H%;H and

(3.88) IVE (xe — (X" + ex)) |, — 0 ase— 0.

The proof of Theorem 3.14 by simultaneous Picard iteration has much in common with
the proof of Theorem 2.22 for the fixed boundary case, but now we must incorporate the
free boundary and its profiles into the argument. For easy comparison we now write out
the iteration schemes for solving the exact singular shock and shock profile problems:

(3.89)
d-1 5.9
(a) amdUE"H ZA (u+ eWe + €U, V(oxo + X)) <8wj + ]667()) UG”+1 =
§=0
d—1
A n € n A € ﬁjaeo
(Aj (u+ €W, + €U, V(omo + ex™)) — A;(u+ eW,, V (omo))) Ou; + L2 W,
7=0
d—1 1
(/ [fj(u+ eWe + seUl)]d > <3xj + 5]?90> xett -
JZO 0

1
/ (Aa (u+ W, + 5eUT, V(00 + sex)) Un*]ds = —G(a’, fo)e on 24 = 0,
0
(¢) UM =0 and x"™ =0 in 29 <0,

and
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(3.90)
(a) Eu(),n—i—l _ uO,n—H

(b) E (E(ax)uo,n+1 + Ml(WO +u0,n)800u0,n+1 + Mg(dmlxo’n,890X1’n)aeouo’n+1> _

— B (M1 (U*™)9gW° + Ma(du X", gy x ") gy W°)
i1
(c) G(B)Dap X" = 3 _[f3(w)]B 000X = 0

=0

d—1

(d) G(B)Da X"+ [ ()]0, x> + [(0 Ao (u) — Ag(u))U*™ ] = [(Aa(u) — 0 Ao (w)) V],
§=0

(e) UO™t =0, O =0, and x*" ™ =0 in ¢ < 0.

The iteration schemes are initialized by taking U? = 0, ¥ = 0, 4*° = 0, x*° =0, and

¥ = 0. The induction step in the simultaneous Picard iteration will be completed by

applying the estimate in the next Proposition.

Proposition 3.15 (23], Cor. 9.1). (a) Let s > [Myk%] and consider the problem (3.89),
where W, is chosen as in Theorem 3.6 and where the right sides of equations (3.89)(a)
and (b) are replaced by F(z,00) and G(z',00) respectively. We assume G € H3™ with
supp G C {t < 0} and F € E5. with supp F C {t > 0,0 < zq < E}. Suppose x! € H:SF‘*'1
has compact x'—support and that VX" € H;H. Suppose U € Ef. has compact x—support
and that for some K > 0, ¢ > 0 we have

(3.91) U | eg, + 1€02,U Lo + (VX )s10 < K for € € (0, €]

Then there exist constants To(K) and eo(K) < €1 such that for 0 < e < ey and T < Ty we
have

(3.92)
U s + VT{U! ) 1.0 + VI(VXE T sp10 < C(K, EWT (|F|gs + (G)ssrr) -

(b) The estimate (3.92) continues to hold if one assumes for W, the same properties
that are assumed for U".

Proof of Theorem 3.14. 1. Assertions (3.87) and (3.88) of Theorem 3.14 are a consequence
of the following three statements:

(a) The families {U, US}EE(O,EO],nE{O,IQ,...} and {V°xe, VEX?}EE(O,EO],TLG{O,I,2,...} are bounded
in B, and H:sro+1 respectively and

(3.93) Ul — UEIE;A — 0 and (VS(X! — Xe))s 1o — 0 as n — 00
0

uniformly with respect to € € (0, .
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(b) The families {U/2, U "Yee(.e0)nef0,1,2,... y and {V(x +ex!), VXU +ex ™) bee(0,c0mef0,1.2,...
are bounded in E7, and H. 8: respectively and

(3.94) O — UEOIE;;l — 0 and (VS (x"" + ex™™) = V(X" + ex'))s, — 0 as n — oo
0

uniformly with respect to e € (0, .
(c) For each n

lim |U? — U>™| o1 = 0 and
e—0 Ty

3.95
( ) lg}%<ve (X? _ (XO,n + EXl’n))>s,To =0.

Statement (a) is proved in [23], Theorem 9.4, by using the estimate of Proposition 3.15
to show convergence of the iteration scheme (3.89). Statement (b) follows directly from
Proposition 3.11, (3.83), and (2.111). We now assume that (c), which holds trivially for
n = 0, holds for a fixed n, and then show it holds for n + 1.

2. Fix 0 > 0 and choose trigonometric polynomials L{g o, u}j M with H> (x) coefficients
such that (2.115) (reinterpreted in the shock context) holds. Similarly choose trigonometric
polynomials with H°(z) coefficients such that

(3.96) ((darxp™s Daoxp™) — (darX™™, Do X)) 1,1 < 0.

0,n+1

Note that XO ™ and yp are just H*(2') functions. Finally, choose Wz? such that

0 0
(3.97) W —Wple;, < 6.

We choose all trigonometric polynomials to have compact support in their spatial arguments
x or .
3. Let us set

(3.98)
-1 550
Py = 0,0 + ZAJ (u+ Wpe + ey, V(om0 + (0" + ex; ™)) (8% " j590> ’
—0
d—1 1 08;0
SN I — ey
J= 0 ‘

1
/0 [Ag (u+ eWO + seugf, Vé(oxo + se(xg’” + exll;"))) v]ds

We will construct a trigonometric polynomial corrector L{Z} such that

(3.99)
(a) |7)? (Uen+1 (Z/{O n+1 + 62/{1 ))

Es 1 <C(5+C( )+K(6)6

(b) (B (U — (ug,gﬂ n 6“;75)7 ve ( el (\Ontl 6X1,n+1)))>s m, SCO+ cle) + K(d)e.

)
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An application of Proposition 3.15 yields

(3.100)

|U€’"‘+1 _ (Z,{:g:en‘f‘l + eu;7€)|E;gl + <v€ (X?-l-l _ (XO,n-i—l + €X17n+1))>s,To <6+ C(E) + K((S)G,
where ¢(e) — 0 as € — 0 and C is independent of ¢ and e. The estimate (3.100) implies
(3.95) for n + 1, since |€UZ}7€|E%51 < K(8)e and [0 — ui(’),’gH‘E;O_l < C6.

4. Let us denote the right side of (3.89)(a) by Fe(W,, U, x7) and set
(3.101) FOVLUI™ X", xp™) 1= My (U™ 09 Wy + Mo (derXO™, Oy X ™) Do Wy

After Taylor expanding A; about (u,d,(oxg)) and using (3.32), the approximation esti-
mates of step 2, and the induction assumption, we find (parallel to (2.118)) that

(3.102) |Fe(We, U, X2) — FONV) . UY™ XO™, X;v”)eyE;gl < 06 + c(e).

p>'p

For example, a typical estimate leading to (3.102) is

(0 o)) - evx2) (0, + 220 )
(3.103) €

(ang (, do (00)) - (dor X" + ﬁaeoxl’”)> 309, W, = c(e) in B,

where the term being subtracted is the j—th term in the sum defining My (dy x*™, 9, x"™) g, WP.
Replacing the arguments in the subtracted term by their trigonometric polynomial approx-
imations introduces another error of size C'§ in E%gl.

5. Define

(3104) Gy = L(@u)y™ "+ My Wy + U™y ™+ Mo(darxy™, O™ ooty ™.
As in step 5 of the proof of Theorem 2.22 we use (3.90)(b) to show

(3.105) IEG, — EF(ONVS, US™, x0™, X;ly’n)|g;;1 = 0(9).

p>-p

6. Define the following approximation to the operator P! appearing in (3.99)(a):

1-
(3.106) Lo = L(9,) + EL(d%)a@O + MWy + U )Do, + Ma(der X" Oao Xp™) Oy -
Using (3.89)(a) and estimates similar to (3.103) and (2.125), we find (parallel to (2.124))
(3.107) ILoU™ — F.(W,,U", X ps-1 < €8 + c(e).
0

7. Construction of the corrector. As in (2.128) we construct a trigonometric
polynomial Z/IZ} such that

(3.108) L(B00: 0, Uy = —(I —E) (G = EF W, 1" 3™ ™)) -
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Consequently,

p>-p

(3.109) Loy + ety ) — FOV) U™ X" xp™)e \E;gl < C6+ K(8)e,
by the argument that gave (2.129). From (3.102), (3.107), and (3.109) we obtain

(3.110) Lo (UM = UM + eldy ) | et < CO+c(e) + K(d)e.
0

By Taylor expanding the coefficients /Nlj in P about (u,d, (0xo)) and doing estimates

€

similar to (3.103) and (2.125), we deduce (3.99)(a) directly from (3.110).

8. Boundary terms. We compare the terms in the exact boundary equation (3.89)(b)
to the corresponding terms in the profile boundary equation (3.90)(d). By the induction
assumption we have for j =0,...,d — 1:

(3.111)
<[fj<u+ewe+sevs>1 (awﬁ] 90) L[ )] (0 O+ 550 0x1"+1>> < c(e).

s,To

Since Ag4(v,dy o) = Ag(v) — Z?;é ¢z; Aj(v) and Vx¢ is bounded in HF, (in fact, in H%;rl),
we find

(3.112)
<[.Ad (w+ eWe + seU, V(oo + sex?)) UE”H] —[(Ag(u) — dAp(u ))Z/{O ”+1]>s T < O(e).

Moreover, since o|fo(u)] = [fq(w)] and Ge(z',6p) = %(U[fo(qu eWo)] — [fa(u+ eWe))), it
follows that

(3.113) (Ge(a',60)c — [(0 Ao (u) — Ad(g))WO]c%,TO = O(e).

Taking into account the O(e) + O(d) errors introduced by, for example, replacing W, by

Wge, we see that the above three estimates imply
(3.114) (B (UM =y v (3 = (O 4 et ”*1)))>S 7 < C8 +cle).

Finally, since (e} )s 1, < K(6)e, the estimate (3.99)(b) follows. This completes the proof
of Theorem 3.14.
O
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