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t❡r✈❛❧s ♦❢ t❤❡s❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts✳ ❚❤✐s ♣❛♣❡r ✇✐❧❧ ♣r♦♣♦s❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t
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❡t ❞é❢♦r♠é❡s✮✱ ♦❜t❡♥✉s à ♣❛rt✐r ❞❡s ♠❡t❤♦❞❡s st♦❝❤❛st✐q✉❡s s♦♥t s✉❥❡t à ❞❡s
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❝♦rr❡s♣♦♥❞❛♥ts✳ ❈❡ ❝❛❧❝✉❧ ❡st ❢❛✐t ♣♦✉r ✉♥❡ ❝❧❛ss❡ ❞✬❛❧❣♦r✐t❤♠❡s s♦✉s ❡s♣❛❝❡s
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❚❤❡ ❞❡s✐❣♥ ❛♥❞ ♠❛✐♥t❡♥❛♥❝❡ ♦❢ ♠❡❝❤❛♥✐❝❛❧ str✉❝t✉r❡s s✉❜❥❡❝t t♦ ♥♦✐s❡ ❛♥❞ ✈✐✲
❜r❛t✐♦♥s ✐s ❛♥ ✐♠♣♦rt❛♥t t♦♣✐❝ ✐♥ ♠❡❝❤❛♥✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣✳ ■t ✐s ❛♥ ✐♠♣♦rt❛♥t
❝♦♠♣♦♥❡♥t ♦❢ ❝♦♠❢♦rt ✭❝❛rs ❛♥❞ ❜✉✐❧❞✐♥❣s✮ ❛♥❞ ❝♦♥tr✐❜✉t❡s s✐❣♥✐❝❛♥t❧② t♦ t❤❡
s❛❢❡t② r❡❧❛t❡❞ ❛s♣❡❝ts ♦❢ ❞❡s✐❣♥ ❛♥❞ ♠❛✐♥t❡♥❛♥❝❡ ✭❛✐r❝r❛❢ts✱ ❛❡r♦s♣❛❝❡ ✈❡❤✐❝❧❡s
❛♥❞ ♣❛②❧♦❛❞s✱ ❝✐✈✐❧ str✉❝t✉r❡s✮✳ ❘❡q✉✐r❡♠❡♥ts ❢r♦♠ t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥ ❛r❡❛s ❛r❡
♥✉♠❡r♦✉s ❛♥❞ ❞❡♠❛♥❞✐♥❣✳ ▲❛❜♦r❛t♦r② ❛♥❞ ✐♥✲♦♣❡r❛t✐♦♥ t❡sts ❛r❡ ♣❡r❢♦r♠❡❞ ♦♥
t❤❡ ♣r♦t♦t②♣❡ str✉❝t✉r❡✱ ✐♥ ♦r❞❡r t♦ ❣❡t s♦✲❝❛❧❧❡❞ ♠♦❞❛❧ ♠♦❞❡❧s✱ ✐✳❡✳✱ t♦ ❡①tr❛❝t
t❤❡ ♠♦❞❡s ❛♥❞ ❞❛♠♣✐♥❣ ❢❛❝t♦rs ✭t❤❡s❡ ❝♦rr❡s♣♦♥❞ t♦ s②st❡♠ ♣♦❧❡s✮✱ t❤❡ ♠♦❞❡
s❤❛♣❡s ✭❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs✮✱ ❛♥❞ ❧♦❛❞s✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ✉s❡❞ ❢♦r ✉♣✲
❞❛t✐♥❣ t❤❡ ❞❡s✐❣♥ ♠♦❞❡❧ ❢♦r ❛ ❜❡tt❡r ✜t t♦ ❞❛t❛✱ ❛♥❞ s♦♠❡t✐♠❡s ❢♦r ❝❡rt✐✜❝❛t✐♦♥
♣✉r♣♦s❡s ✭❡✳❣✳✱ ✐♥ ✢✐❣❤t ❞♦♠❛✐♥ ♦♣❡♥✐♥❣ ❢♦r ♥❡✇ ❛✐r❝r❛❢ts✮✳

❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ♠♦❞❛❧ ♣❛r❛♠❡t❡rs ♦❢ str✉❝t✉r❡s ❝❛♥ ❡❛s✐❧② ❜❡ ❝❛rr✐❡❞ ♦✉t
❜② ✉s✐♥❣ ❙t♦❝❤❛st✐❝ ❙②st❡♠ ■❞❡♥t✐✜❝❛t✐♦♥ ♠❡t❤♦❞s ♦♥ s❡♥s♦r ♠❡❛s✉r❡♠❡♥ts✳ ❬✸❪
♣r♦✈❡❞ t❤❛t t❤❡ ■♥str✉♠❡♥t❛❧ ❱❛r✐❛❜❧❡ ♠❡t❤♦❞ ❛♥❞ ✇❤❛t ✇❛s ❝❛❧❧❡❞ t❤❡ ❇❛❧❛♥❝❡❞
❘❡❛❧✐③❛t✐♦♥ ♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r ❡✐❣❡♥str✉❝t✉r❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ❛r❡ ❝♦♥s✐st❡♥t ✐♥ ❛
♥♦♥st❛t✐♦♥❛r② ❝♦♥t❡①t✳ ❋r♦♠ t❤❛t ♦♥✱ t❤❡ ❢❛♠✐❧② ♦❢ s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠s ❤❛s
❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✭s❡❡ ✐♥ ❬✾✱ ✶✹❪✮ ❛♥❞ ❤❛s ❡①♣❛♥❞❡❞ r❛♣✐❞❧②✳ ❚❤❡r❡ ❛r❡
❛ ♥✉♠❜❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ st✉❞✐❡s ♦♥ s✉❜s♣❛❝❡ ♠❡t❤♦❞s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡
❬✻✱ ✷✱ ✶✱ ✺❪✮ t♦ ♠❡♥t✐♦♥ ❥✉st ❛ ❢❡✇ ♦❢ t❤❡♠✳ ❚❤❡s❡ ♣❛♣❡rs ♣r♦✈✐❞❡ ❞❡❡♣ ❛♥❞
t❡❝❤♥✐❝❛❧❧② ❞✐✣❝✉❧t r❡s✉❧ts ✐♥❝❧✉❞✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✳ ❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦
❞❡r✐✈❡ s✐♠♣❧❡ ❢♦r♠✉❧❛ ❢♦r s✉❝❤ s❡♥s✐t✐✈✐t✐❡s✳ ❙❡♥s✐t✐✈✐t✐❡s ❢♦r t❤❡ ❛❧❣♦r✐t❤♠s
❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ❊❘❆✱ ❛r❡ ♥♦t ❛❞❞r❡ss❡❞ ❜② t❤♦s❡ ♣❛♣❡rs✳

❚❤❡ ✉♥❝❡rt❛✐♥t② ♦♥ ♠♦❞❛❧ ♣❛r❛♠❡t❡rs ❛♣♣❡❛rs ❢♦r ♠❛♥② r❡❛s♦♥s✱ ❡✳❣✳ ✜♥✐t❡
♥✉♠❜❡r ♦❢ ❞❛t❛ s❛♠♣❧❡s✱ ✉♥❞❡✜♥❡❞ ♠❡❛s✉r❡♠❡♥t ♥♦✐s❡s✱ ♥♦♥st❛t✐♦♥❛r② ❡①❝✐✲
t❛t✐♦♥s✱ ♥♦♥❧✐♥❡❛r str✉❝t✉r❡✱ ♠♦❞❡❧ ♦r❞❡r r❡❞✉❝t✐♦♥✱✳✳✳✱ t❤❡♥ t❤❡ s②st❡♠ ✐❞❡♥✲
t✐✜❝❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❞♦ ♥♦t ②✐❡❧❞ t❤❡ ❡①❛❝t s②st❡♠ ♠❛tr✐❝❡s✳ Pr❛❝t✐❝❛❧❧②✱ t❤❡
st❛t✐st✐❝❛❧ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ ♦❜t❛✐♥❡❞ ♠♦❞❛❧ ♣❛r❛♠❡t❡rs ❛t ❛ ❝❤♦s❡♥ s②st❡♠
♦r❞❡r ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ s②st❡♠ ♠❛tr✐❝❡s✱ ✇❤✐❝❤ ❞❡✲
♣❡♥❞s ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜s♣❛❝❡ ♠❛tr✐①✳ ◆♦t ❦♥♦✇✐♥❣
t❤❡ ♠♦❞❡❧ ♦r❞❡r ②✐❡❧❞s t♦ ✉s❡ ❡♠♣✐r✐❝❛❧ ♠✉❧t✐✲♦r❞❡r ♣r♦❝❡❞✉r❡ s✉❝❤ ❛s t❤❡ st❛✲
❜✐❧✐③❛t✐♦♥ ❞✐❛❣r❛♠ ✭❬✶✵❪✮✱ ✇❤❡r❡ ♠♦❞❡s ♦❢ t❤❡ s②st❡♠ ❛r❡ ❛ss✉♠❡❞ t♦ st❛❜✐❧✐③❡
✇❤❡♥ t❤❡ ♠♦❞❡❧ ♦r❞❡r ✐♥❝r❡❛s❡s✳

■♥ ❬✶✷❪✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ ❤♦✇ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ♦❢ ♠♦❞❛❧ ♣❛r❛♠❡t❡rs ❝❛♥
❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ❝♦✈❛r✐❛♥❝❡s ♦❢ t❤❡ s②st❡♠ ♠❛tr✐❝❡s ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡s
♦❢ s✉❜s♣❛❝❡ ♠❛tr✐❝❡s✳ ❚❤❡ ❝✉rr❡♥t ♣❛♣❡r ✇✐❧❧ ❡①♣❛♥❞ ♦♥ t❤✐s ❛♥❞ ❝♦♠♣❛r❡ s❡♥✲
s✐t✐✈✐t✐❡s ❢♦r t✇♦ ♦✉t♣✉t✲♦♥❧② s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥ ♠❡t❤♦❞s✱ ♥❛♠❡❧② ♦✉t♣✉t✲♦♥❧②
❙t♦❝❤❛st✐❝ ❙✉❜s♣❛❝❡ ■❞❡♥t✐✜❝❛t✐♦♥ ✭❙❙■✮ ❛♥❞ ❊✐❣❡♥s②st❡♠✲❘❡❛❧✐③❛t✐♦♥✲❆❧❣♦r✐t❤♠
✭❊❘❆✮ ❙②st❡♠ ■❞❡♥t✐✜❝❛t✐♦♥✳ ❙✉❜s♣❛❝❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♠♣✉✲
t❛t✐♦♥ ♦❢ ♦♥❡ s✉❜s♣❛❝❡ ♠❛tr✐① ❢r♦♠ t❤❡ ❝♦rr❡❧❛t✐♦♥ t❛✐❧✳ ❯♥❧✐❦❡ s✉❜s♣❛❝❡ ❛❧❣♦✲
r✐t❤♠✱ ❊❘❆ ❝♦♠♣✉t❡s t❤❡ s②st❡♠ ♠❛tr✐❝❡s ✉s✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❜♦t❤ ✭❦✮✲
❛♥❞ ✭❦✰✶✮✲❧❛❣ ♦❢ s❤✐❢t❡❞ ❝♦rr❡❧❛t✐♦♥ t❛✐❧s✳

■♥ t❤✐s ♣❛♣❡r✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❧✐♥❡s ♦❢ ✭❬✶✷❪✮✱ ❛♥ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ❢♦r
❡st✐♠❛t✐♥❣ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ✐♥ ❊❘❆ s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ❚❤❡ ✉♥❝❡r✲
t❛✐♥t② ♦♥ st❛t❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ✐s ❞❡r✐✈❡❞✱ ❜❛s❡❞ ♦♥ t❤❡ ✉♥❝❡rt❛✐♥t✐❡s ♦❢ ✭❦✮✲
❛♥❞ ✭❦✰✶✮✲❧❛❣ s✉❜s♣❛❝❡ ♠❛tr✐❝❡s✳

❆ r❡❧❡✈❛♥t ✐♥❞✉str✐❛❧ ❡①❛♠♣❧❡ ✐s ❛♣♣❧✐❡❞ t♦ ❊❘❆ ❡st✐♠❛t❡s✳ ❚❤❡ ❡✣❝✐❡♥❝②
♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❛♥❞ ❧❛❣ ❡✛❡❝t ❛r❡ ❛❧s♦ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤
s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠ ❡st✐♠❛t❡s ✐s ❛❧s♦ ♣❡r❢♦r♠❡❞✳
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❯♥❝❡rt❛✐♥t② q✉❛♥t✐✜❝❛t✐♦♥ ✹

✷ ❙t♦❝❤❛st✐❝ ❙②st❡♠ ■❞❡♥t✐✜❝❛t✐♦♥

✷✳✶ ❚❤❡ ●❡♥❡r❛❧ ❙❙■ ❆❧❣♦r✐t❤♠

❚❤❡ ❞✐s❝r❡t❡ t✐♠❡ ♠♦❞❡❧ ✐♥ st❛t❡✲s♣❛❝❡ ❢♦r♠ ✐s✿
{

Xk+1 = AXk + Vk+1

Yk = CXk
✭✶✮

✇✐t❤ t❤❡ st❛t❡ X ∈ R
n✱ t❤❡ ♦✉t♣✉t Y ∈ R

r✱ t❤❡ st❛t❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① A ∈ R
n×n

❛♥❞ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♠❛tr✐① C ∈ R
r×n✳ ❚❤❡ st❛t❡ ♥♦✐s❡ V ✐s ✉♥♠❡❛s✉r❡❞ ❛♥❞

❛ss✉♠❡❞ t♦ ❜❡ ●❛✉ss✐❛♥✱ ③❡r♦✲♠❡❛♥✱ ✇❤✐t❡✳
▲❡t r ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ s❡♥s♦rs✱ p ❛♥❞ q ❜❡ ❝❤♦s❡♥ ♣❛r❛♠❡t❡rs ✇✐t❤ (p+1)r ≥

qr ≥ n✳ ❋r♦♠ t❤❡ ♦✉t♣✉t ❞❛t❛✱ ❛ ♠❛tr✐① Hp+1,q ∈ R
(p+1)r×qr ✐s ❜✉✐❧t ❛❝❝♦r❞✐♥❣

t♦ ❛ ❝❤♦s❡♥ ❙❙■ ❛❧❣♦r✐t❤♠✱ s❡❡ ❡✳❣✳ ❬✹❪ ❢♦r ❛♥ ♦✈❡r✈✐❡✇✳ ❚❤❡ ♠❛tr✐① Hp+1,q ✇✐❧❧
❜❡ ❝❛❧❧❡❞ ✏s✉❜s♣❛❝❡ ♠❛tr✐①✑ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❛♥❞ t❤❡ ❙❙■ ❛❧❣♦r✐t❤♠ ✐s ❝❤♦s❡♥
s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜s♣❛❝❡ ♠❛tr✐① ❡♥❥♦②s ✭❛s②♠♣t♦t✐❝❛❧❧② ❢♦r ❛ ❧❛r❣❡
♥✉♠❜❡r ♦❢ s❛♠♣❧❡s✮ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt②

Hp+1,q = Op+1 Zq ✭✷✮

✐♥t♦ t❤❡ ♠❛tr✐① ♦❢ ♦❜s❡r✈❛❜✐❧✐t②

Op+1
def
=











C

CA
✳✳✳

CAp











✭✸✮

❛♥❞ ❛ ♠❛tr✐① Zq ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❡❧❡❝t❡❞ ❙❙■ ❛❧❣♦r✐t❤♠✳
▲❡t N ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ s❛♠♣❧❡s ❛♥❞ Yk ∈ R

r✱ {k ∈ 1, . . . , N} t❤❡
✈❡❝t♦r ❝♦♥t❛✐♥✐♥❣ t❤❡ s❡♥s♦r ❞❛t❛✳ ❚❤❡♥✱ t❤❡ ✏❢♦r✇❛r❞✑ ❛♥❞ ✏❜❛❝❦✇❛r❞✑ ❞❛t❛
♠❛tr✐❝❡s

Y+
p+1 =

1√
N − p − q











Yq+1 Yq+2 . . . YN−p

Yq+2 Yq+3 . . . YN−p+1

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

Yq+p+1 Yq+p+2 . . . YN











,

Y−
q =

1√
N − p − q











Yq Yq+1 . . . YN−p−1

Yq−1 Yq . . . YN−p−2

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

Y1 Y2 . . . YN−p−q











✭✹✮

❛r❡ ❜✉✐❧t✳ ❋♦r t❤❡ ❝♦✈❛r✐❛♥❝❡✲❞r✐✈❡♥ ❙❙■ ✭s❡❡ ❛❧s♦ ❬✸❪✱ ❬✶✵❪✮✱ t❤❡ s✉❜s♣❛❝❡ ♠❛tr✐①
H✭❝♦✈✮

p+1,q = Y+
p+1Y−

q
T ✐s ❜✉✐❧t✱ ✇❤✐❝❤ ❡♥❥♦②s t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt② ✭✷✮✱ ✇❤❡r❡

Zq ✐s t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♠❛tr✐①✳
❋♦r s✐♠♣❧✐❝✐t②✱ ❧❡t p ❛♥❞ q ❜❡ ❣✐✈❡♥✱ s❦✐♣ t❤❡ s✉❜s❝r✐♣ts ♦❢ Hp+1,q✱ Op+1 ❛♥❞

Zq✳ ❚❤❡ ❡✐❣❡♥str✉❝t✉r❡ ♦❢ t❤❡ s②st❡♠ ✭✶✮ ✐s r❡tr✐❡✈❡❞ ❢r♦♠ ❛ ❣✐✈❡♥ ♠❛tr✐① H✳
❚❤❡ ♦❜s❡r✈❛❜✐❧✐t② ♠❛tr✐① O ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ t❤✐♥ ❙✐♥❣✉❧❛r ❱❛❧✉❡ ❉❡❝♦♠✲

♣♦s✐t✐♦♥ ✭❙❱❉✮ ♦❢ t❤❡ ♠❛tr✐① H ❛♥❞ ✐ts tr✉♥❝❛t✐♦♥ ❛t t❤❡ ❞❡s✐r❡❞ ♠♦❞❡❧ ♦r❞❡r

❘❘ ♥➦ ✼✹✻✷



❯♥❝❡rt❛✐♥t② q✉❛♥t✐✜❝❛t✐♦♥ ✺

n✿

H = UΣV T

=
[

U1 U0

]

[

Σ1 0
0 Σ0

]

V T , ✭✺✮

O = U1Σ
1/2
1 . ✭✻✮

◆♦t❡ t❤❛t t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ✐♥ Σ1 ∈ R
d×d ♠✉st ❜❡ ♥♦♥✲③❡r♦ ❛♥❞ ❤❡♥❝❡ O ✐s ♦❢

❢✉❧❧ ❝♦❧✉♠♥ r❛♥❦✳ ❚❤❡ ♦❜s❡r✈❛t✐♦♥ ♠❛tr✐① C ✐s t❤❡♥ ❢♦✉♥❞ ✐♥ t❤❡ ✜rst ❜❧♦❝❦✲r♦✇
♦❢ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ♠❛tr✐① O✳ ❚❤❡ st❛t❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① A ✐s ♦❜t❛✐♥❡❞ ❢r♦♠
t❤❡ s❤✐❢t✐♥❣ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt② ♦❢ O✱ ♥❛♠❡❧② ❛s t❤❡ ❧❡❛st sq✉❛r❡s s♦❧✉t✐♦♥ ♦❢

O↑A = O↓, ✇❤❡r❡ O↑ def
=











C

CA
✳✳✳

CAp−1











, O↓ def
=











CA

CA2

✳✳✳
CAp











. ✭✼✮

❚❤❡ ❡✐❣❡♥str✉❝t✉r❡ (λ, ϕλ) r❡s✉❧ts ❢r♦♠

det(A − λI) = 0, Aφλ = λφλ, ϕλ = Cφλ, ✭✽✮

✇❤❡r❡ λ r❛♥❣❡s ♦✈❡r t❤❡ s❡t ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢ A✳ ❋r♦♠ λ✱ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝②
❛♥❞ ❞❛♠♣✐♥❣ r❛t✐♦ ❛r❡ ♦❜t❛✐♥❡❞✱ ❛♥❞ ϕλ ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦❞❡ s❤❛♣❡✳

❚❤❡r❡ ❛r❡ ♠❛♥② ♣❛♣❡rs ♦♥ t❤❡ ✉s❡❞ ✐❞❡♥t✐✜❝❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❆ ❝♦♠♣❧❡t❡
❞❡s❝r✐♣t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸❪✱ ❬✶✹❪✱ ❬✶✵❪✱ ❬✹❪✱ ❛♥❞ t❤❡ r❡❧❛t❡❞ r❡❢❡r❡♥❝❡s✳ ❆ ♣r♦♦❢
♦❢ ♥♦♥✲st❛t✐♦♥❛r② ❝♦♥s✐st❡♥❝② ♦❢ t❤❡s❡ s✉❜s♣❛❝❡ ♠❡t❤♦❞s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✹❪✳

✷✳✷ ❊❘❆ ✭❊✐❣❡♥s②st❡♠✲❘❡❛❧✐③❛t✐♦♥✲❆❧❣♦r✐t❤♠✮

❆♥♦t❤❡r ✈❛r✐❛♥t ♦❢ r❡❛❧✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s✉❜✲
s♣❛❝❡ ♠❛tr✐❝❡s ✐s ❝❛❧❧❡❞ ❊❘❆ ✭❊✐❣❡♥s②st❡♠✲❘❡❛❧✐③❛t✐♦♥✲❆❧❣♦r✐t❤♠✮ ✭s❡❡ ✐♥ ❬✽❪✮✳
■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❣❡♥❡r❛❧ r❡♠❛r❦ t❤❛t ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ s✉❜s♣❛❝❡ ♠❛tr✐① H
♥♦t ✉s✐♥❣ t❤❡ ✜rst ❧❛❣s ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ t❛✐❧✳ ❉❡✜♥✐♥❣ H(k) ❛s

H(k) =











Rk+1 Rk+2 . . . Rk+q

Rk+2 Rk+3 . . . Rk+q+1

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

Rk+p+1 . . . . . . Rk+p+q











, ✭✾✮

✐♥ ✇❤✐❝❤ t❤❡ ❝♦rr❡❧❛t✐♦♥s ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥

Rj
def
= E

(

Yl+j Y T
l

)

= CAjG ✭✶✵✮

✇✐t❤ t❤❡ ❝r♦ss✲❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ st❛t❡ ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ ♦✉t♣✉ts G =
E [Xl Y T

l ]✳
❚❤❡♥✱ ❛ ❙✐♥❣✉❧❛r ❱❛❧✉❡ ❉❡❝♦♠♣♦s✐t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ♦♥ H(k) ❛s

H(k) =
[

U1 U0

]

[

Σ1 0
0 Σ0

] [

V T
1

V T
0

]

✭✶✶✮

❚❤❡ st❛t❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❛s

A =
(

O†
1

)

H(k+1)
(

Z†
1

)

, ✭✶✷✮

❘❘ ♥➦ ✼✹✻✷



❯♥❝❡rt❛✐♥t② q✉❛♥t✐✜❝❛t✐♦♥ ✻

✇❤❡r❡ † ♠❡❛♥s ▼♦♦r❡✲P❡♥r♦s❡ ♣s❡✉❞♦✲✐♥✈❡rs❡✱ ❛♥❞

O†
1 = (Σ1)

− 1
2 UT

1 , ✭✶✸✮

Z†
1 = V1 (Σ1)

− 1
2 . ✭✶✹✮

■❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ ❝r♦ss s♣❡❝tr❛✱ t❤❡ ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞
◆❊❳❚✲❊❘❆❀ ❜✉t ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✐t ✐s ❥✉st ❛ss✉♠❡❞ t❤❛t t❤❡ ❝♦rr❡✲
❧❛t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t✐♠❡ s❛♠♣❧❡s✳ ❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ A r❡❧❛t❡s t♦ t❤❡
❞✐♠❡♥s✐♦♥s ♦❢ U1,Σ1, V1✳ ❆♥❞ ❛s s✉❝❤✱ ❛ st❛❜✐❧✐③❛t✐♦♥ ❞✐❛❣r❛♠ ✐s ♦❜t❛✐♥❡❞ ❜②
♣❡r❢♦r♠✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ A ❢♦r ♠✉❧t✐♣❧❡ ♠♦❞❡❧ ♦r❞❡rs ❛♥❞ ❦❡❡♣✐♥❣ ❛s st❛❜❧❡
♣♦❧❡s t❤❡ ♠♦❞❡s ✇❤✐❝❤ r❡♣❡❛t ♦✈❡r ♠✉❧t✐♣❧❡ ♠♦❞❡❧ ♦r❞❡rs✳

✸ ❈♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s

✸✳✶ ❉❡s❝r✐♣t✐♦♥s ♦❢ ❙❙■ ❈♦♥✜❞❡♥❝❡ ■♥t❡r✈❛❧s ❛❧❣♦r✐t❤♠

❚❤❡ st❛t✐st✐❝❛❧ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ ♦❜t❛✐♥❡❞ ♠♦❞❛❧ ♣❛r❛♠❡t❡rs ❛t ❛ ❝❤♦s❡♥ s②st❡♠
♦r❞❡r ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ s②st❡♠ ♠❛tr✐❝❡s✱ ✇❤✐❝❤
❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜s♣❛❝❡ ♠❛tr✐① H✳ ❚❤❡ ❧❛tt❡r
❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❜② ❝✉tt✐♥❣ t❤❡ s❡♥s♦r ❞❛t❛ ✐♥t♦ ❜❧♦❝❦s ♦♥ ✇❤✐❝❤ ✐♥st❛♥❝❡s ♦❢
t❤❡ s✉❜s♣❛❝❡ ♠❛tr✐① ❛r❡ ❝♦♠♣✉t❡❞✳ ❙♦✱ t❤✐s ♦✛❡rs ❛ ♣♦ss✐❜✐❧✐t② t♦ ❝♦♠♣✉t❡ t❤❡
❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ♦❢ t❤❡ ♠♦❞❛❧ ♣❛r❛♠❡t❡rs ❛t ❛ ❝❡rt❛✐♥ s②st❡♠ ♦r❞❡r ✇✐t❤♦✉t
r❡♣❡❛t✐♥❣ t❤❡ s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ■♥ ❬✶✷❪✱ t❤✐s ❛❧❣♦r✐t❤♠ ✇❛s ❞❡s❝r✐❜❡❞ ✐♥
❞❡t❛✐❧ ❢♦r t❤❡ ❝♦✈❛r✐❛♥❝❡✲❞r✐✈❡♥ ❙❙■✳ ❚❤❡ ✉♥❝❡rt❛✐♥t② ∆A ❛♥❞ ∆C ♦❢ t❤❡ s②st❡♠
♠❛tr✐❝❡s A ❛♥❞ C ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ s✉❜s♣❛❝❡ ♠❛tr✐①
t❤r♦✉❣❤ ❛ ❏❛❝♦❜✐❛♥ ♠❛tr✐①

[

vec∆A

vec∆C

]

= JA,C vec∆H, ✭✶✺✮

✇❤❡r❡ vec ✐s t❤❡ ✈❡❝t♦r✐③❛t✐♦♥ ♦♣❡r❛t♦r✳ ❚❤❡♥✱ t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ ♠♦❞❛❧
♣❛r❛♠❡t❡rs ✭♥❛t✉r❛❧ ❢r❡q✉❡♥❝② f ✱ ❞❛♠♣✐♥❣ r❛t✐♦ d ❛♥❞ ♠♦❞❡ s❤❛♣❡ φ✮ ✐s ❞❡r✐✈❡❞
❢r♦♠

∆fµ = Jfµ

[

vec∆A

vec∆C

]

, ∆dµ = Jdµ

[

vec∆A

vec∆C

]

, ✭✶✻✮

❛♥❞

∆φµ = Jφµ

[

vec∆A

vec∆C

]

. ✭✶✼✮

❚❤❡ ❏❛❝♦❜✐❛♥s Jfµ
✱ Jdµ

❛♥❞ Jφµ
❛r❡ ❝♦♠♣✉t❡❞ ❢♦r ❡❛❝❤ ♠♦❞❡ µ✳ ❋✐♥❛❧❧②✱ t❤❡

❝♦✈❛r✐❛♥❝❡s ♦❢ t❤❡ ♠♦❞❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ♦❜t❛✐♥❡❞ ❛s

cov(fµ) = Jfµ
JA,C cov(vec H) JT

A,C JT
fµ

cov(dµ) = Jdµ
JA,C cov(vec H) JT

A,C JT
dµ

cov(φµ) = Jφµ
JA,C cov(vec H) JT

A,C JT
φµ

✭✶✽✮

❘❘ ♥➦ ✼✹✻✷



❯♥❝❡rt❛✐♥t② q✉❛♥t✐✜❝❛t✐♦♥ ✼

✇❤❡r❡ cov(vecH) ✐s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✈❡❝t♦r✐③❡❞ s✉❜s♣❛❝❡ ♠❛tr✐①✳ ❆❢t❡r
r❡tr✐❡✈✐♥❣ t❤❡ ✉♥❝❡rt❛✐♥t✐❡s ♦♥ t❤❡ s②st❡♠ ♠❛tr✐❝❡s A ❛♥❞ C✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢
t❤❡ ✉♥❝❡rt❛✐♥t✐❡s ♦♥ t❤❡ ❢r❡q✉❡♥❝② ❛♥❞ ❞❛♠♣✐♥❣ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❍♦✇❡✈❡r✱
❢♦r t❤❡ ♠♦❞❡ s❤❛♣❡✱ t❤❡r❡ ✐s ❛♥ ✐ss✉❡ ♦❢ ♥♦r♠❛❧✐③❛t✐♦♥ ❛s ❡❛❝❤ ♦♥❡ ✐s ❞❡✜♥❡❞ ✉♣
t♦ ❛♥ ✉♥❦♥♦✇♥ ❝♦♥st❛♥t✳ ❚❤✐s ✇❛s ❛❞❞r❡ss❡❞ ✐♥ ❬✼❪✳

✸✳✷ ❉❡r✐✈❛t✐♦♥ ♦❢ ❊❘❆ ❈♦♥✜❞❡♥❝❡ ■♥t❡r✈❛❧s

■♥ t❤✐s s❡❝t✐♦♥✱ ❢♦r ❊❘❆✱ ✐t ✐s ✐♥✈❡st✐❣❛t❡❞ ❤♦✇ t❤❡ ❝♦✈❛r✐❛♥❝❡s ♦❢ ♠♦❞❛❧ ♣❛r❛♠✲
❡t❡rs ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦❢ s✉❜s♣❛❝❡ ♠❛tr✐❝❡s t❛❦✐♥❣ ❝❛r❡ ♦❢ t❤❡
✉♥❝❡rt❛✐♥t✐❡s ♦❢ ♦❜s❡r✈❛❜✐❧✐t②✱ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ s②st❡♠ ♠❛tr✐❝❡s✳

❋✐rst❧②✱ t❤❡ ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ s②st❡♠ ♠❛tr✐① A ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡♥s✐t✐✈✲
✐t✐❡s ♦❢ H(k+1)✱ O†

1 ❛♥❞ Z†
1 ✿

∆A = ∆
[ (

O†
1

)

H(k+1)
(

Z†
1

) ]

=
[

∆
(

O†
1

) ]

H(k+1)
(

Z†
1

)

+
(

O†
1

) [

∆H(k+1)
] (

Z†
1

)

+
(

O†
1

)

H(k+1)
[

∆
(

Z†
1

) ]

. ✭✶✾✮

❚❤❡ ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ ✈❡❝t♦r✐③❡❞ s②st❡♠ ♠❛tr✐① A ✐s r❡✇r✐tt❡♥ ❛s

vec∆A =
((

Z†
1

TH(k+1)T
)

⊗ Id

)

vec
(

∆
(

O†
1

))

+
(

Z†
1

T ⊗O†
1

)

vec∆H(k+1)

+
(

Id ⊗
(

O†
1H(k+1)

))

vec
(

∆
(

Z†
1

))

, ✭✷✵✮

✇❤❡r❡ Id ✐s ✐❞❡♥t✐t② ♠❛tr✐① ✇✐t❤ ❞✐♠❡♥s✐♦♥ d✳ ⊗ ✐s t❤❡ ❑r♦♥❡❝❦❡r ♣r♦❞✉❝t✳
❚❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ H(k+1) ❝❛♥ s✐♠♣❧② ❜❡ ❡st✐♠❛t❡❞ ❜② ❝✉tt✐♥❣ t❤❡ s✐❣♥❛❧s✳

❚❤❡ ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ ♣s❡✉❞♦✲✐♥✈❡rs❡ ♦❢ ♦❜s❡r✈❛❜✐❧✐t② O1 ❝❛♥ ❜❡ ❞❡✜♥❡❞
❞✐r❡❝t❧② ❢r♦♠ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ❛♥❞ s✐♥❣✉❧❛r ✈❡❝t♦rs ❜②

∆
(

O†
1

)

= ∆
(

Σ
− 1

2
1 UT

1

)

=
[

∆
(

Σ
− 1

2
1

) ]

UT
1 + Σ

− 1
2

1 ∆
(

UT
1

)

= −1

2
Σ

− 3
2

1 (∆Σ1) UT
1 + Σ

− 1
2

1 ∆
(

UT
1

)

✭✷✶✮

❚❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ O†
1 ✐s ♥♦✇ ✈❡❝t♦r✐③❡❞ ❛s

vec
(

∆
(

O†
1

))

=

(

U1 ⊗
(

−1

2
Σ

− 3
2

1

))

vec∆Σ1

+
(

I(p+1)r ⊗ Σ
− 1

2
1

)

vec
(

∆
(

UT
1

))

=

(

U1 ⊗
(

−1

2
Σ

− 3
2

1

))

vec∆Σ1

+
(

I(p+1)r ⊗ Σ
− 1

2
1

)

PU1
vec∆U1 ✭✷✷✮

❘❘ ♥➦ ✼✹✻✷



❯♥❝❡rt❛✐♥t② q✉❛♥t✐✜❝❛t✐♦♥ ✽

✇❤❡r❡ PU1
✐s ❛ ♠❛tr✐① t❤❛t ❝❛♥ ♣❡r♠✉t❛t❡ vec∆U1 t♦ vec

(

∆
(

UT
1

))

✳
❙✐♠✐❧❛r❧②✱ t❤❡ ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ ♣s❡✉❞♦✲✐♥✈❡rs❡ ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② Z1 ❝❛♥ ❜❡

❞❡s❝✐❜❡❞ ❛s

∆
(

Z†
1

)

= ∆
(

V1Σ
− 1

2
1

)

= (∆V1) Σ
− 1

2
1 + V1∆

(

Σ
− 1

2
1

)

= (∆V1) Σ
− 1

2
1 + V1

(

−1

2

)

Σ
− 3

2
1 ∆Σ1 ✭✷✸✮

❛♥❞ r❡❝♦♥str✉❝t✐♥❣ ✐t ✐♥ ✈❡❝t♦r✐③❡❞ ❢♦r♠ ❧❡❛❞s t♦

vec
(

∆
(

Z†
1

))

=
(

Σ
− 1

2
1 ⊗ Iqr

)

vec∆V1

+

(

Id ⊗
(

−1

2
V1Σ

− 3
2

1

))

vec∆Σ1. ✭✷✹✮

❚❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❧❡❢t s✐♥❣✉❧❛r ✈❡❝t♦rs ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ✉♥❝❡rt❛✐♥t②
♦❢ s✉❜s♣❛❝❡ ♠❛tr✐① H(k) ✭s❡❡ ✐♥ ❬✶✶❪✮

vec∆U1 = L1d







B
†
1C1

✳✳✳
B

†
dCd






vec∆H(k) ✭✷✺✮

✇✐t❤ ❛ s❡❧❡❝t✐♦♥ ♠❛tr✐① ❞❡✜♥❡❞ ❜②

L1d = Id ⊗
[

I(p+1)r O(p+1)r×qr

]

✭✷✻✮

❛♥❞

Bj =

[

I(p+1)r −H(k)

σj

− (H(k))T

σj
Iqr

]

, ✭✷✼✮

Cj =
1

σj

[

vT
j ⊗ (I(p+1)r − uju

T
j )

(uT
j ⊗ (Iqr − vjv

T
j ))P

]

, ✭✷✽✮

P =

(p+1)r
∑

k1=1

qr
∑

k2=1

E
(p+1)r×qr
k1k2

⊗ E
qr×(p+1)r
k2k1

, ✭✷✾✮

✇❤❡r❡ σj ✐s t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❛t s②st❡♠ ♦r❞❡r j {j ∈ 1, . . . , d}✱ uj ✭r❡s♣✳ vj✮ ✐s

❝♦❧✉♠♥ ♥✉♠❜❡r j ♦❢ U ✭r❡s♣✳ V ✮✳ E
(p+1)r×qr
k1k2

✐s ❛ (p + 1)r × qr ♠❛tr✐① ✇❤♦s❡
❡❧❡♠❡♥t ✐s ✶ ❛t ♣♦s✐t✐♦♥ (k1, k2) ❛♥❞ ③❡r♦ ❡❧s❡✇❤❡r❡✳

❚❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✐s ❛❞❞r❡ss❡❞ ❛s ✭s❡❡ ✐♥ ❬✶✶❪✮

vec(∆Σ1) = S3d







(v1 ⊗ u1)
T

✳✳✳
(vd ⊗ ud)

T






vec∆H(k), ✭✸✵✮

❘❘ ♥➦ ✼✹✻✷



❯♥❝❡rt❛✐♥t② q✉❛♥t✐✜❝❛t✐♦♥ ✾

✐♥ ✇❤✐❝❤ S3d ✐s ❛ s❡❧❡❝t✐♦♥ ♠❛tr✐①

S3d =

d
∑

s=1

Ed2×d
(s−1)d+s,s ✭✸✶✮

❚❤❡ s❡♥s✐t✐✈✐t② ♦❢ r✐❣❤t ❡✐❣❡♥✈❡❝t♦rs ✭s❡❡ ✐♥ ❬✶✶❪✮ ✐s t❤❡♥ s♣❡❝✐✜❡❞ ❜②

vec∆V1 = L2d







B
†
1C1

✳✳✳
B

†
dCd






vec∆H(k) ✭✸✷✮

✇✐t❤ s❡❧❡❝t✐♦♥ ♠❛tr✐①

L2d = Id ⊗
[

Oqr×(p+1)r Iqr

]

. ✭✸✸✮

❊s♣❡❝✐❛❧❧②✱ vec∆H(k) ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ ❛ ❜❧♦❝❦✲st♦r✐♥❣
♠❛tr✐① M (k)

vec∆H(k) = S
(k)
4 vec∆M (k) ✭✸✹✮

✇❤❡r❡

M (k) =











R1

R2

✳✳✳
Rp+q+k











✭✸✺✮

S
(k)
4 =













Ir ⊗ S
(k)
5,1

Ir ⊗ S
(k)
5,2

✳✳✳

Ir ⊗ S
(k)
5,q













✭✸✻✮

S
(k)
5,t =

[

O(p+1)r×(t−1+k)r I(p+1)r O(p+1)r×(q−t)r

]

✭✸✼✮

❋✐♥❛❧❧②✱ t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ s②st❡♠ ♠❛tr✐① A ❝❛♥ ❜❡ s❤♦✇♥ ✐♥ ✈❡❝t♦r✐③❛t✐♦♥
❢♦r♠

vec∆A = JA vec∆M (k), ✭✸✽✮

✐♥ ✇❤✐❝❤ JA ✐s ❛ ❏❛❝♦❜✐❛♥ ♠❛tr✐①

JA = N1







(v1 ⊗ u1)
T

✳✳✳
(vd ⊗ ud)

T






S

(k)
4

+N2







B
†
1C1

✳✳✳
B

†
dCd






S

(k)
4

+
(

Z†
1

T ⊗O†
1

)

S
(k+1)
4 ✭✸✾✮

❘❘ ♥➦ ✼✹✻✷



❯♥❝❡rt❛✐♥t② q✉❛♥t✐✜❝❛t✐♦♥ ✶✵

✇✐t❤ t❤❡ ♠❛tr✐❝❡s

N1 =
((

Z†
1

TH(k+1)T
)

⊗ Id

)

(

U1 ⊗
(

−1

2
Σ

− 3
2

1

))

S3d

+
(

Id ⊗
(

O†
1H(k+1)

))

(

Id ⊗
(

−1

2
V1Σ

− 3
2

1

))

S3d,

✭✹✵✮

N2 =
((

Z†
1

TH(k+1)T
)

⊗ Id

) (

I(p+1)r ⊗ Σ
− 1

2
1

)

PU1
L1d

+
(

Id ⊗
(

O†
1H(k+1)

)) (

Σ
− 1

2
1 ⊗ Iqr

)

L2d.

✭✹✶✮

▲✐❦❡✇✐s❡✱ t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ ✈❡❝t♦r✐③❡❞ s②st❡♠ ♠❛tr✐① C ✐s

vec∆C = JC vec∆M (k) ✭✹✷✮

✇✐t❤ ❏❛❝♦❜✐❛♥ ♠❛tr✐①

JC = (Id ⊗ SC) (Bd + Cd) S
(k)
4 , ✭✹✸✮

✇❤❡r❡

SC =
[

Ir Or×pr

]

, ✭✹✹✮

Bd =

(

Id ⊗
(

1

2
U1Σ

− 1
2

1

))

S3d







(v1 ⊗ u1)
T

✳✳✳
(vd ⊗ ud)

T






✭✹✺✮

Cd =
(

Σ
1
2
1 ⊗ I(p+1)r

)

L1d







B
†
1C1

✳✳✳
B

†
dCd






. ✭✹✻✮

❋✐♥❛❧❧②✱ t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ s②st❡♠ ♠❛tr✐❝❡s ❝❛♥ ❜❡ ❥♦✐♥❡❞ t♦❣❡t❤❡r

[

vec∆A

vec∆C

]

=

[

JA

JC

]

vec∆M (k)

= JA,C vec∆M (k) ✭✹✼✮

❚❤❡♥✱ t❤❡ ❝♦✈❛r✐❛♥❝❡s ♦❢ t❤❡ ♠♦❞❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ♦❜t❛✐♥❡❞ ❛s

cov(fµ) = Jfµ
JA,C cov(vec M (k)) JT

A,C JT
fµ

cov(dµ) = Jdµ
JA,C cov(vec M (k)) JT

A,C JT
dµ

cov(φµ) = Jφµ
JA,C cov(vec M (k)) JT

A,C JT
φµ

✭✹✽✮

❘❘ ♥➦ ✼✹✻✷



❯♥❝❡rt❛✐♥t② q✉❛♥t✐✜❝❛t✐♦♥ ✶✶

✹ ◆✉♠❡r✐❝❛❧ ❊①❛♠♣❧❡s

❚❤❡ ❙✶✵✶ ❜r✐❞❣❡ ✭❬✶✸❪✮ ❝♦♥♥❡❝t❡❞ ❙❛❧③❜✉r❣ ✲ ❱✐❡♥♥❛ ❝❛rr✐❛❣❡ ✇❛② ✐♥ ❆✉str✐❛✳
❚❤❛t ✐s ❛ ♣♦st✲t❡♥s✐♦♥❡❞ ❝♦♥❝r❡t❡ ❜r✐❞❣❡ ✇✐t❤ ♠❛✐♥ s♣❛♥ ♦❢ ✸✷ ♠✱ s✐❞❡ s♣❛♥s
♦❢ ✶✷ ♠✱ ❛♥❞ t❤❡ ✇✐❞t❤ ♦❢ ✻✳✻ ♠✳ ❚❤❡ ❞❡❝❦ ✐s ❝♦♥t✐♥✉♦✉s ♦✈❡r t❤❡ ♣✐❡rs✳ ❚❤✐s
❜r✐❞❣❡✱ ❝♦♥tr✉❝t❡❞ ✐♥ ✶✾✻✵✱ ❤❛s ❜❡❡♥ ❛ t②♣✐❝❛❧ ♦✈❡r♣❛ss ❜r✐❞❣❡ ✐♥ ❆✉str✐❛ ♥❛t✐♦♥❛❧
❤✐❣❤✇❛②✳ ■♥ t❤❡ ❝✉rr❡♥t ♣❛♣❡r✱ t❤❡ ❛♠❜✐❡♥t ✈✐❜r❛t✐♦♥ ❞❛t❛ ✐s ❝♦❧❧❡❝t❡❞ ♦♥ ✶✺
s❡♥s♦rs✳ ❚❤❡ ♦r✐❣✐♥❛❧ s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② ✐s ✺✵✵ ❍③ ✇✐t❤ ✶✻✺✵✵✵ t✐♠❡ s❛♠♣❧❡s
❛✈❛✐❧❛❜❧❡✳ ❚❤❡ ❞❛t❛ ✐s ❞❡❝✐♠❛t❡❞ t♦ ✸✺✳✼ ❍③ ❛♥❞ ♦♥❧② ✜✈❡ ♠♦❞❡s ❛r❡ t❛❦❡♥ ✐♥t♦
❛❝❝♦✉♥t✳

❋✐❣✉r❡ ✶✿ ❙✶✵✶ ❜r✐❞❣❡ ✐♥ ❘❡✐❜❡rs❞♦r❢✱ ❆✉str✐❛

✹✳✶ ▼♦❞❛❧ ❛♥❛❧②s✐s

❋♦r t❤❡ ♦✉t♣✉t✲♦♥❧② ♠♦❞❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛♠❜✐❡♥t ✈✐❜r❛t✐♦♥ ❞❛t❛ ♦❢ t❤❡ ❙✶✵✶
❜r✐❞❣❡✱ s✐♠✐❧❛r ♣❛r❛♠❡t❡rs ❢♦r ❜♦t❤ s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ❊❘❆ ❛r❡ ❡♠♣❧♦②❡❞✳
✻✹ ❝♦rr❡❧❛t✐♦♥s ✭p + 1 = q = 32✮ ❛r❡ ✉s❡❞✱ ❧❡❛❞✐♥❣ t♦ ❍❛♥❦❡❧ ♠❛tr✐❝❡s ✇✐t❤ ✸✷
❜❧♦❝❦ r♦✇s ❛♥❞ ❝♦❧✉♠♥s✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠✉❧t✐✲♦r❞❡r ❞✐❛❣r❛♠s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥
❋✐❣✉r❡ ✷ ❛♥❞ ❋✐❣✉r❡ ✸✳

❘❘ ♥➦ ✼✹✻✷



❯♥❝❡rt❛✐♥t② q✉❛♥t✐✜❝❛t✐♦♥ ✶✷

❋✐❣✉r❡ ✷✿ ❙t❛❜✐❧✐③❛t✐♦♥ ❞✐❛❣r❛♠ ✇✐t❤ s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠ ✭♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ✈s✳
♠♦❞❡❧ ♦r❞❡r✮

❋✐❣✉r❡ ✸✿ ❙t❛❜✐❧✐③❛t✐♦♥ ❞✐❛❣r❛♠ ✇✐t❤ ❊❘❆ ✭♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ✈s✳ ♠♦❞❡❧ ♦r❞❡r✮

❚❤❡ s✉♠♠❛r② ♦❢ t❤❡ ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❞❛♠♣✐♥❣ r❛t✐♦s ♦❢ t❤❡ ✜✈❡ ✐❞❡♥t✐✜❡❞
♠♦❞❡s ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶ ❛♥❞ ❚❛❜❧❡ ✷✱ ❢♦r ❜♦t❤ s✉❜s♣❛❝❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞
❊❘❆✳ ❊❘❆✲✢ ✐s t❤❡ ❊❘❆ ✇❤✐❝❤ ✉s❡s ✜rst✲❧❛❣ ❛♥❞ s❡❝♦♥❞✲❧❛❣ s✉❜s♣❛❝❡ ♠❛tr✐❝❡s✱
❊❘❆✲s❧ ✐s t❤❡ ❊❘❆ ✇❤✐❝❤ ✉t✐❧✐③❡s s❡❝♦♥❞✲❧❛❣ ❛♥❞ t❤✐r❞✲❧❛❣ s✉❜s♣❛❝❡ ♠❛tr✐❝❡s✱
❊❘❆✲t❧ ✐s t❤❡ ❊❘❆ ✇❤✐❝❤ ❡♠♣❧♦②s t❤✐r❞✲❧❛❣ ❛♥❞ ❢♦✉rt❤✲❧❛❣ s✉❜s♣❛❝❡ ♠❛tr✐❝❡s✳

❚❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ♦❜t❛✐♥❡❞ ❢r❡q✉❡♥❝✐❡s ❜❡t✇❡❡♥ s✉❜s♣❛❝❡ ✐❞❡♥t✐✜❝❛t✐♦♥
❛♥❞ ❊❘❆ ❛r❡ s♠❛❧❧✱ ❧❡ss t❤❛♥ ✵✳✺%✱ ❢♦r ❛❧❧ ✜✈❡ ♠♦❞❡s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❞❛♠♣✐♥❣
r❛t✐♦s✱ t❤❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ❜✐❣❣❡r ❜❡❝❛✉s❡ ♦❢ ❤✐❣❤❡r ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ❡st✐♠❛t✐♦♥
♦❢ ❞❛♠♣✐♥❣ r❛t✐♦s✳

❘❘ ♥➦ ✼✹✻✷
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▼♦❞❡ ❋r❡q✉❡♥❝② ❢ ✭❍③✮
❙✉❜s♣❛❝❡ ❊❘❆✲✢ ❊❘❆✲s❧ ❊❘❆✲t❧

✶ ✹✳✵✸✾ ✹✳✵✸✽ ✹✳✵✸✼ ✹✳✵✸✼
✷ ✻✳✷✽✷ ✻✳✷✽✸ ✻✳✷✽✹ ✻✳✷✽✸
✸ ✾✳✻✽✷ ✾✳✻✽✹ ✾✳✻✽✸ ✾✳✻✽✹
✹ ✶✸✳✷✽✹ ✶✸✳✷✽✸ ✶✸✳✷✾✵ ✶✸✳✸✵✼
✺ ✶✺✳✼✷✶ ✶✺✳✼✷✵ ✶✺✳✼✻✸ ✶✺✳✻✸✵

❚❛❜❧❡ ✶✿ ■❞❡♥t✐✜❡❞ ❢r❡q✉❡♥❝✐❡s ✇✐t❤ s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ❊❘❆

▼♦❞❡ ❉❛♠♣✐♥❣ ❘❛t✐♦ ❞ ✭✪✮
❙✉❜s♣❛❝❡ ❊❘❆✲✢ ❊❘❆✲s❧ ❊❘❆✲t❧

✶ ✵✳✼✺✾ ✵✳✼✺✹ ✵✳✼✻✷ ✵✳✼✺✻
✷ ✵✳✻✶✼ ✵✳✻✵✽ ✵✳✺✽✽ ✵✳✺✼✸
✸ ✶✳✶✾✸ ✶✳✶✽✾ ✶✳✶✽✺ ✶✳✷✷✽
✹ ✶✳✹✸✻ ✶✳✹✷✹ ✶✳✸✵✾ ✶✳✶✸✺
✺ ✶✳✻✸✽ ✶✳✾✻✻ ✷✳✸✻✵ ✷✳✹✼✺

❚❛❜❧❡ ✷✿ ■❞❡♥t✐✜❡❞ ❞❛♠♣✐♥❣ r❛t✐♦s ✇✐t❤ s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ❊❘❆

✹✳✷ ❈♦♥✜❞❡♥❝❡ ■♥t❡r✈❛❧s

❋♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ♦♥ ♠♦❞❛❧ ♣❛r❛♠❡t❡rs✱ ✷✹ t✐♠❡ ❧❛❣s✱
❧❡❛❞✐♥❣ t♦ p+1 = q = 12✱ ❛♥❞ ✹✵ ♠♦❞❡❧ ♦r❞❡rs ❛r❡ ✉t✐❧✐③❡❞ ❞✉❡ t♦ t❤❡ ❧✐♠✐t❛t✐♦♥
✐♥ ❝♦♠♣✉t❡r ♠❡♠♦r②✳

▼♦❞❡ ❋r❡q✉❡♥❝② ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ✭✪✮
❙✉❜s♣❛❝❡ ❊❘❆✲✢ ❊❘❆✲s❧ ❊❘❆✲t❧

✶ ✵✳✶✶✺ ✵✳✶✶✵ ✵✳✶✷✷ ✵✳✶✵✵
✷ ✵✳✵✾✷ ✵✳✵✾✸ ✵✳✵✾✷ ✵✳✵✽✾
✸ ✵✳✶✸✸ ✵✳✶✸✹ ✵✳✶✺✻ ✵✳✶✺✾
✹ ✵✳✹✼✶ ✵✳✸✵✵ ✵✳✷✹✼ ✵✳✺✼✸
✺ ✶✳✶✹✽ ✶✳✽✷✺ ✷✳✹✽✺ ✶✳✹✹✷

❚❛❜❧❡ ✸✿ ❋r❡q✉❡♥❝② ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ✇✐t❤ s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ❊❘❆

▼♦❞❡ ❉❛♠♣✐♥❣✲r❛t✐♦ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ✭✪✮
❙✉❜s♣❛❝❡ ❊❘❆✲✢ ❊❘❆✲s❧ ❊❘❆✲t❧

✶ ✶✼✳✼✾✶ ✶✼✳✽✶✾ ✶✼✳✼✺✼ ✶✻✳✸✺✷
✷ ✶✾✳✸✽✸ ✶✾✳✷✸✾ ✷✵✳✹✵✶ ✶✾✳✾✵✵
✸ ✶✻✳✽✹✺ ✶✸✳✸✵✷ ✶✶✳✸✸✷ ✶✶✳✾✻✵
✹ ✷✽✳✾✶✾ ✶✺✳✵✶✷ ✺✻✳✼✼✼ ✻✺✳✵✶✾
✺ ✻✵✳✺✷✷ ✼✵✳✽✵✵ ✶✻✶✳✼✹✾ ✶✸✵✳✻✾✶

❚❛❜❧❡ ✹✿ ❉❛♠♣✐♥❣✲r❛t✐♦ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ✇✐t❤ s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ❊❘❆

■♥ ❚❛❜❧❡ ✸ ❛♥❞ ❚❛❜❧❡ ✹✱ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ♦❢ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝✐❡s
❛♥❞ ❞❛♠♣✐♥❣ r❛t✐♦s ♦❢ t❤❡ ✜✈❡ ♠♦❞❡s ❛r❡ ♣r❡s❡♥t❡❞✱ r❡s♣❡❝t✐✈❡❧②✳ ❈♦♥✜❞❡♥❝❡
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❯♥❝❡rt❛✐♥t② q✉❛♥t✐✜❝❛t✐♦♥ ✶✹

✐♥t❡r✈❛❧s ♦❢ t❤❡ ❢r❡q✉❡♥❝✐❡s ❛r❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤♦s❡ ♦❢ ❞❛♠♣✐♥❣ r❛t✐♦s✳ ❚❤✐s
✐s ❝♦❤❡r❡♥t ✇✐t❤ st❛t✐st✐❝❛❧ t❤❡♦r②✱ s✐♥❝❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❣✐✈❡♥
❜② ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① ✐s s♠❛❧❧❡r ❢♦r t❤❡ ❢r❡q✉❡♥❝✐❡s t❤❛♥ ❢♦r t❤❡ ❞❛♠♣✐♥❣
r❛t✐♦s✳ ❇❡s✐❞❡s✱ ❢♦r t❤✐s ❛♣♣❧✐❝❛t✐♦♥✱ ❝♦♥✜❞❡♥❝❡ ❜♦✉♥❞s ♦♥ ♠♦❞❛❧ ♣❛r❛♠❡t❡rs
♦❢ ❊❘❆ ❛r❡ r❡❧❛t✐✈❡❧② s✐♠✐❧❛r ❛s t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠✳
❲❤✐❧❡ s❤✐❢t✐♥❣ t❤❡ ❧❛❣s ♦❢ ❊❘❆✱ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✢✉❝t✉❛t✐♦♥s s❡❡♠ t♦ ❜❡
st❛❜❧❡✱ ❛♥❞ t❤❡ ❊❘❆✲✢ ♠❛② s✉♣♣❧② t❤❡ ♠♦st ❝♦♠♣❛r❛❜❧❡ r❡s✉❧ts t♦ s✉❜s♣❛❝❡
✐❞❡♥t✐✜❝❛t✐♦♥✳

✺ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ♦✉t♣✉t✲♦♥❧② s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ♦♥
♠♦❞❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❞❡r✐✈❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r ❜♦t❤ s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠
❛♥❞ ❊❘❆✳ ❆❧❧ t❤❡ ♠❡t❤♦❞s ✇❡r❡ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ ❛♥❞ t❡st❡❞ ♦♥ t❤❡ ❛♠❜✐❡♥t
✈✐❜r❛t✐♦♥ ❞❛t❛ ♦❢ t❤❡ ❙✶✵✶ ♦✈❡r♣❛ss ❜r✐❞❣❡✳

❚❤❡ s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ❊❘❆ ❣✐✈❡ ❝♦♠♣❛r❛❜❧❡ r❡s✉❧ts✳ ❚❤❡ q✉❛❧✐t② ♦❢
st❛❜✐❧✐③❛t✐♦♥ ❞✐❛❣r❛♠s ❛s ✇❡❧❧ ❛s ❢r❡q✉❡♥❝✐❡s ♦❢ s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ❊❘❆ ❛r❡
❛❧♠♦st s✐♠✐❧❛r✳ ❚❤❡ ❞❛♠♣✐♥❣ r❛t✐♦s ❛r❡ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❞✉❡ t♦ ❛♥ ❡①♣❡❝t❡❞❧②
❤✐❣❤❡r ✉♥❝❡rt❛✐♥t② ♦♥ ❡st✐♠❛t✐♦♥✳

❚❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ♦♥ ♠♦❞❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❛❧s♦ ❝♦♠♣✉t❡❞✳ ■t ✐s ♦❜✲
s❡r✈❡❞ t❤❛t t❤❡ ✉♥❝❡rt❛✐♥t② ❢♦r ❊❘❆ ✐s r❡❧❛t✐✈❡❧② s✐♠✐❧❛r ✇✐t❤ t❤❛t ❛ss♦❝✐❛t❡❞ t♦
s✉❜s♣❛❝❡ ❛❧❣♦r✐t❤♠✳ ❲❤❡♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧❛❣ ❡✛❡❝t ❢♦r ❊❘❆✱ ❊❘❆✲✢
s❡❡♠s t♦ ❜❡ t❤❡ ♠♦st r❡❛s♦♥❛❜❧❡ s❡❧❡❝t✐♦♥ ❢♦r t❤❡ ❞❡s✐❣♥❡rs ❞❡❛❧✐♥❣ ✇✐t❤ ❊❘❆✳
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❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✸

✷ ❙t♦❝❤❛st✐❝ ❙②st❡♠ ■❞❡♥t✐✜❝❛t✐♦♥ ✹

✷✳✶ ❚❤❡ ●❡♥❡r❛❧ ❙❙■ ❆❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✷✳✷ ❊❘❆ ✭❊✐❣❡♥s②st❡♠✲❘❡❛❧✐③❛t✐♦♥✲❆❧❣♦r✐t❤♠✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✸ ❈♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ✻

✸✳✶ ❉❡s❝r✐♣t✐♦♥s ♦❢ ❙❙■ ❈♦♥✜❞❡♥❝❡ ■♥t❡r✈❛❧s ❛❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻
✸✳✷ ❉❡r✐✈❛t✐♦♥ ♦❢ ❊❘❆ ❈♦♥✜❞❡♥❝❡ ■♥t❡r✈❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
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