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The degrees of freedom are the same as those of classical mixed finite elements. However,
in general, with this kind of finite elements, the resolution of second order elliptic problems
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parallelograms or parallelepipeds, we can notice that our method is conform and coincides
with the classical mixed finite elements on structured meshes.
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Eléments finis polynomiaux dans Hdiv pour des

maillages en quadrilatères et hexaèdres

Résumé : Le but de ce travail est de présenter une nouvelle classe d’éléments finis mixtes
pour des maillages en quadrilatères et en hexaèdres pour lesquels l’approximation est polynômi-
ale sur chaque élément K. Les degrés de liberté sont les même que ceux des éléments
finis mixtes classiques. Cependant, avec ce nouveau type d’élément fini, la résolution de
problèmes elliptiques du second ordre ne fournit pas, en général,une approximation con-
forme. Mais dans le cas particulier où les éléments sont des parallélogrammes ou des paral-
lélépipèdes, on peut remarquer que notre méthode est conforme est coincide avec les éléments
finis mixtes classiques sur des maillages structurés.
Dans une première section on présente les motivations de cette étude. Dans la section suiv-
ante, on présente et étudie des ’eléments finis mixtes pseudo-conforme. Et dans la dernìre
section on présente quelques tests numériques confirmant les résultats théoriques annoncés.

Mots-clés : Eléments finis mixtes, approximation polynômiale, approximation non con-
forme, maillage en quadrilatéres et hexaédres
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1 Introduction

Quadrilaterals and hexahedra are often used in meshers particularly in geophysical applica-
tions and in fluids mechanics. When the geometry and the medium are structured, regular
rectangular meshes are used. Otherwise general convex quadrilaterals or hexahedra are used.
Then, with mixed finite elements ([31],[9]), we must construct finite elements on the mesh
by using multilinear mappings noted F to a reference rectangle or rectangular solid.
The jacobian of these mappings leads to non polynomial basis functions on the elements of
the mesh and introduces non polynomial matrices in the partial differential operators and
the use of the Piola transform to work on the reference element is effective only when the
mapping is linear otherwise a loss of order of convergence is observed ([3]).
In this paper, we are interested in quadrilateral and hexahedral meshes. One way for ob-
taining polynomial basis functions is to cut the quadrilaterals into triangles (or hexahedra
into tetrahedra) and work with macro-elements ([21], [22], [23]). It is not our process. We
choose to build finite elements by considering quadrilaterals and hexahedra as distortions
of parallelograms and parallelepipeds. It is important to note here that the reserved vocab-
ulary is the one of mathematicians; therefore an hexahedron is an example of polyhedron
and its faces are plane. In the literature of the mechanics, usually an hexahedron denotes
the image of a cube by a Q1 transformation; commonly, the faces of a “trilinear hexahedral
element" (for instance, see [19]) are not plane; they are nappes of hyperbolic paraboloids.
Note that the inversibility of the transformation of a biunit cube into an hexahedron is still
open ([20], [36]). Clearly, the fact of considering flat faces is restrictive but we can notice
that non structured meshes in hexahedra (i.e. with plane faces) can be obtained and used in
non academic meshers ( see [29]). The generalization of the forthcoming analysis to “trilinear
hexahedra" shall be not tackled in this paper.

In the presented method, the basis functions are built under conditions of weak-continuity
of the unknowns between the elements. In the general case, the resulting mixed finite
element is not conforming but the conditions of weak-continuity are sufficient to ensure
the expected order of convergence. In the particular case of a parallelotope, the resulting
mixed finite element is conforming and coincides with the t classical mixed finite element on a
parallelotope. Returning to the general case, we call pseudo-conforming such a finite element.
The rest of the paper is organized as follow. The section 2 of the paper is devoted to the
finite elements geometry. The choosen approach allows us to describe jointly quadrilaterals
and hexahedra. In the section 3 we explain why the extension of the Raviart-Thomas finite
elements to general quadrilaterals and hexehedra is not suitable. The section 4 deals with
our pseudo-conforming finite elements; from a model problem we look at the conditions that
our finite element must satisfy to obtain the expected a priori error estimates. And then we
give solutions to built the finite element basis. Finally, in the last section, some numerical
simulations are presented. In this paper we use the following notations:
For a vector v ∈ Rn, |v| is the length of the vector v ; in matrix notation v is represented

by the column vector (v1, ..., vn)
T and then |v| =

{∑
1≤j≤n |vj |

2
}1/2

, the Euclidean norm
of the associated column vector. And for a square matrix B, ‖B‖ is the spectral norm.

RR n° 7466



4 Dubach, Luce & Thomas

For a triangle or a quadrilateral K, |K| is the area of K and if γ is a side of K, |γ| is
the lenght of γ; for a tetrahedron or an hexahedron K, |K| is the volume of K and if γ is
a face of K, |γ| is the area of γ.

For a polyhedral domain K, we note

Hm(K) =
{
v ∈ L2(K); ∂αv ∈ L2(K), for all α with |α| ≤ m

}

equipped with the norm and the semi-norm

‖v‖m,K =


 ∑

|α|≤m

∫

K

|∂αv|2dx




1/2

, |v|m,K =


 ∑

|α|=m

∫

K

|∂αv|2dx




1/2

.

We consider also the following norm and semi-norm

‖v‖m,∞,K = max
|α|≤m

{
ess sup

x∈K
|∂αv|

}
, |v|m,∞,K = max

|α|=m

{
ess sup

x∈K
|∂αv|

}
.

P (K) is the vectorial space {x ∈ K 7→ p(x); p ∈ P}, where P is a N variables polynomial
space and K is a domain in RN . For any integer k, Pk is the space of polynomial functions
of degree ≤ k, while Qk is the space of polynomial functions of degree ≤ k in each variable.

For each polyhedral K, hK denotes the diameter of K and ρK denotes the diameter of
the largest ball contained in K.

2 The geometry

2.1 Vertex and face numbering.

In RN with N = 2 or 3, let K be a convex non-degenerated quadrilateral when N = 2,
a convex non-degenerated hexahedron when N = 3. Let

{
ai ∈ RN , 1 ≤ i ≤ 2N

}
be the

vertices of K. We use hereafter the word "face" for 2D and 3D geometries with the following
vocabulary convention: for N = 2, a face of a quadrilateral K designates a side of K.
We designate by "edge" of K a side of K when N = 2, the intersection of two adjacent
quadrangular faces of K when N = 3.

Two vertices which do not belong to a same face of K are said opposite vertices. The
numbering of the vertices is shown on Figure 1 and Figure 2. Note that this vertex numbering
is such that

∀ i = 2, ..., 2N−1, [a1,ai] is an edge of K;
∀ i = 1, ..., 2N−1, ai and a2N+1−i are opposite vertices of K.

The center of a polyhedral is the isobarycenter of its vertices; we note a0 the center of K:

a0 =
1

2N

∑

1≤i≤2N

ai.

INRIA
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Figure 1: Numerotation (N = 2)

Figure 2: Numerotation (N = 3)

Let now
{
γm ⊂ RN , 1 ≤ m ≤ 2N

}
be the set of the faces of K. Two faces without

common vertex are said opposite faces. The face numbering is shown on Figure 1 and
Figure 2. This numbering is such that

⋂
1≤i≤N

γi = a1;

∀ m = 1, ..., N − 1, am+1 /∈ γm;
∀ m = 1, ..., N, γm and γ2N+1−m are opposite faces of K.

Last, let bm be the center of the face γm, for m = 1, ..., 2N, and let us introduce the vectors
em ∈ RN defined by

∀ m = 1, ..., N, em = a0 − bm (= b2N+1−m − a0) .

RR n° 7466



6 Dubach, Luce & Thomas

Since K is assumed to be a nondegenerated polyhedron, (e1, ..., eN ) is a basis of RN .

2.2 Affine-equivalent elements.

Let K̂ = [−1,+1]
N be the reference square whenN = 2, the reference cube whenN = 3. The

vertices of K̂ are denoted by âi, 1 ≤ i ≤ 2N and the faces are denoted by γ̂m, 1 ≤ m ≤ 2N.
We choose the following vertex numbering

for N = 2 : â1 =

(
−1
−1

)
, â2 =

(
+1
−1

)

for N = 3 : â1 =




−1
−1
−1


 , â2 =




+1
−1
−1


 , â3 =




−1
+1
−1


 , â4 =




−1
−1
+1




and

for N = 2 and N = 3 : âi = −â1+2N−i, 1 + 2N−1 ≤ i ≤ 2N .

The face numbering is defined by

∀ m = 1, ..., N, γ̂m =
{
x̂ = (x̂1, ..., x̂N )

T ∈ K̂; x̂m = −1
}
;

∀ m = 1, ..., N, γ̂2N+1−m = γ̂m.

Let b̂m be the center of the face γ̂m, for m = 1, ..., 2N. The canonical basis (ê1, ..., êN ) of
RN can be simply express with the vectors b̂m

êm = −b̂m

(
= b̂2N+1−m

)
, 1 ≤ m ≤ N.

Let BK be the change of basis matrix given by

BK êm = em, 1 ≤ m ≤ N..

and F ♯
K be the invertible affine mapping

F ♯
K : x̂ ∈ RN → F ♯

K (x̂) = a0 +BK x̂

This mapping F ♯
K is the unique affine mapping such that

F ♯
K(b̂m) = bm, 1 ≤ m ≤ N.

It is a bijection between K̂ and its image

K♯ = F ♯
K

(
K̂
)
.

INRIA
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As image of the reference parallelotope by an invertible affine mapping, K♯ is a parallelotope.
The associated parallelotope of K being by definition the parallelotope which has the same
face centers than K. We see that K♯ is the associated parallelotope of K and we have K♯

=K if and only if K is a parallelotope. Let

K∨ = (F ♯
K)−1 (K) .

The parallelotope associated to the polyhedron K∨ is the reference parallelotope K̂. For
the analysis of quadrangular and hexahedral finite element, it is useful to precise how the
element K is distorted.

2.3 Distortion parameters

When N = 2, let d be the vector of R2 given by

d =
1

4
(a1 − a2 − a3 + a4) . (1)

We can interpret 2d as the vector whose extremities are the mid-points of the diagonals of
the quadrilateral K. This means that the quadrilateral K is a parallelogram if and only
if d = 0. It is easy to see that the vertices of K♯ (the parallelogram associated to the
quadrilateral K), are given by

a
♯
i = ai − si d, 1 ≤ i ≤ 4

where
s1 = s4 = +1, s2 = s3 = −1. (2)

When N = 3, let d0, d1, d2 and d3 be the vectors of R3 given by




d0 =
1

8
(a1 − a2 − a3 − a4 + a5 + a6 + a7 − a8) ,

d1 =
1

8
(a1 + a2 − a3 − a4 − a5 − a6 + a7 + a8) ,

d2 =
1

8
(a1 − a2 + a3 − a4 − a5 + a6 − a7 + a8) ,

d3 =
1

8
(a1 − a2 − a3 + a4 + a5 − a6 − a7 + a8) .

(3)

These four vectors dm are chosen for the hexahedron K to be a parallelepiped if and only if
d0 = d1 = d2 = d3 = 0. The vertices of K♯ (the parallelepiped associated to the hexahedron
K) are

a
♯
i = ai −

∑

0≤m≤3

si,m dm, for 1 ≤ i ≤ 8

RR n° 7466



8 Dubach, Luce & Thomas

Figure 3: Distortion parameters of quadrilateralss

Figure 4: Distortion parameters of hexahedra

where

(si,m) =




+1 +1 +1 +1
−1 +1 −1 −1
−1 −1 +1 −1
−1 −1 −1 +1
+1 −1 −1 +1
+1 −1 +1 −1
+1 +1 −1 −1
−1 +1 +1 +1




(4)

INRIA



Pseudo-conforming Hdiv polynomial finite elements on quadrilaterals and hexahedra 9

From the equality ∑

1≤i≤8

|
∑

0≤m≤3

si,mdm|2 = 8
∑

0≤m≤3

|dm|2 ,

we deduce that:
∑

0≤m≤3

si,mdm = 0 for 1 ≤ i ≤ 8 =⇒ dm = 0 for 0 ≤ m ≤ 3.

Thus as announced, the hexadron K is a parallelepiped if and only if dm = 0 for 0 ≤ m ≤ 3.
We resume the results for 2D and 3D geometries in the following proposition:

Proposition 2.1 Let N∗ =
(
2N −N − 1

)
N ; there exist a vector d ∈RN∗

and matrices
Si, 1 ≤ i ≤ 2N , with N rows and N∗ columns and which entries are ±1, such that the vertex
ai of K and the vertex a

♯
i of K♯ are linked by the relation

ai = a
♯
i + Si d, 1 ≤ i ≤ 2N . (5)

More precisely, for N = 2, d ∈ R2 is given by (1) and the matrices Si are square matrices of
order 2 satisfying Si = siI, where si are scalars given by (2).

For N = 3, d =
(
dT
0 , dT

1 , dT
2 , dT

3

)T
is identified to a vector of R12, its coordinates dm are

given by (3) and the matrices Si := (s0,iI, s1,iI, s2,iI, s3,iI) are 3 rows and 12 columns
matrices. The scalars si,m are given by (4).

From (5) we deduce

d =
1

4N−2
Si

T (ai − a
♯
i), 1 ≤ i ≤ 2N .

We have K = K♯ if and only if d = 0 in RN
∗

.

Definition 2.2 The vector d is named the distortion vector of K.

Let us now introduce the N∗ numbers δm defined by:

d =
∑

1≤m≤2

δm em when N = 2,

dl =
∑

1≤m≤3

δm+3l em, 0 ≤ l ≤ 3 when N = 3.
(6)

where we recall that em is given by em = a0 −bm. These parameters are invariant by affine
mapping; in particular for the distortion vector d∨ of K∨ we have if N = 2

d∨ =
∑

1≤m≤2

δm êm

and if N = 3
d∨
l =

∑

1≤m≤3

δm+3l êm, 0 ≤ l ≤ 3

RR n° 7466



10 Dubach, Luce & Thomas

Definition 2.3 The numbers (δm)1≤m≤N∗ are said the distortion parameters of K.

Since the mapping F ♯
K is invertible affine, K is a convex polyhedron if and only if K∨ is a

convex polyhedron. So we see that the convexity of K and the face planarity when N = 3
can be expressed by a set of constraints on the distortion parameters only. For N = 2, it is
easy to show that K is a convex quadrilateral if and only if we have

|δ1|+ |δ2| < 1.

For N = 3, we can write a set of 6 equations and 18 inequations on the 12 distortion
parameters which means that K is a convex hexahedron; but we cannot use this set of
non-linear constraints.

From now on, we shall assume for N = 3 as for N = 2 that
∑

1≤m≤N∗

|δm| < 1 (7)

holds . Then K∨ contains B(0, 1/
√
N) the ball centered at the origin and of radius 1/

√
N

and K∨ is contained in the cube [−2,+2]N . The polyhedron K is contained in the paral-
lelotope

K2♯ = F ♯
K

(
[−2,+2]N

)

This element K2♯ is homothetic to K♯ with a ratio equal to 2. Then, we have the inequality

hK ≤ 2hK♯ .

Last, we note that the Euclidean norm of the distortion vector of K satisfies

1

2N


 ∑

1≤m≤N♯

|δm|


 ρK♯ ≤ |d| ≤ 1

2


 ∑

1≤m≤N♯

|δm|


hK♯ .

3 R.T. FE extension to quadrilaterals and hexahedra

The convergence results in H(div) of RT, BDM or BDFM finite elements on meshes with
parallelepipeds are well known ([32],[31], [9],...). But it is only enough recently that the loss
of convergence order on general quadrilaterals or hexahedra was revealing ([2],[3]).
Let us look at the origin of the problem. Let Sh be a space of approximation supposed
included in H(div,Ω). each p ∈ Sh verifies the fluxes reciprocity. (i.e. p · n) on each
internal face of the elements ([31], [9], [27], [26]). As the reciprocal image by FK of the
normal n at a face of K is not normal to the corresponding face of K̂, we must use the piola
transform ([31]) on the vectorial variables to obtain the fluxes reciprocity:

p(x) =
1

JFK

DF(x̂)p̂(x̂).

INRIA



Pseudo-conforming Hdiv polynomial finite elements on quadrilaterals and hexahedra 11

where DF is the jacobian matrix of the transformation FK and JFK
is determinant (supposed

to be positive). And we have the following relations:
∫

∂K

p · nu ds =
∫

∂K̂

p̂ · n̂ û dŝ
∫

K

divpudx =

∫

K̂

divp̂ û dx̂

We remark that: K is a parallelepiped if and only if DF is constant.
Let k be an integer, we note Sh =

{
ph ∈ H(div,Ω)/p̂|K̂ ∈ RTk(K̂)

}
and Πhp an interpo-

lation operator in Sh and we have the well-known results

Proposition 3.1 if K is a parallelepiped then we have the following interpolation errors:

‖p− ph‖0,Ω ≤ Chk+1|p|k+1,Ω

‖div(p− ph)‖0,Ω ≤ Chk+1|div(p)|k+1,Ω

Let us consider the case of a finite element of lowest degree (i.e. k = 0), and examine what
are the interpolation erros when K is not a parallelepiped. The Piola transform give us:

p̂(x̂) = M(x̂)p(x) (8)

M is the transposed cofactor matrix of DF.
We note Π̂p̂ the interpolate of p̂ in RT0(K̂).
First let us consider the case N = 2.
The transformation FK is bilinear and we have:

FK : x̂ ∈ R2 → FK (x̂) = a0 +BK x̂+
1

4
x̂1x̂2d,

DF(x̂) =
1

2

(
m1 +

1

2
x̂2d|m2 +

1

2
x̂1d

)

and

JFK
(x̂) =

1

4

(
m1 ·m⊥

2 +
1

4
m1 · d⊥x̂1 +

1

4
d ·m⊥

1 x̂2

)
.

One can remark that the lines of the matrix M belong to RT0(K̂). The usual technic to
estimate the interpolation error is to remark that (P0)

2 ⊂ RT0(K̂), then we have

‖p̂− Π̂p̂‖0,K̂ ≤ C|p̂|1,K̂ . (9)

To come back to the element K we use the relation (8) and for instance we have

∂p̂1

∂x̂1
= m11

∂p1

∂x̂1
+m12

∂p2

∂x̂1
+
∂m11

∂x̂1
p1 +

∂m12

∂x̂1
p2.

RR n° 7466



12 Dubach, Luce & Thomas

When the transformation FK is not affine, the partial derivatives of mij are a priori different
of 0 and from (9) we are not able to obtain better than:

‖p−Πhp‖0,Ω ≤ C‖p‖1,Ω

but by noticing that the space :

W =

{
p̂ ∈ (P1(K))2;

∂p̂1

∂x̂2
= 0,

∂p̂2

∂x̂1
= 0,

∂p̂1

∂x̂1
+
∂p̂2

∂x̂2
= 0

}
⊂ RT0(K̂),

we have more precisely

‖p̂− Π̂p̂‖0,K̂ ≤ C

(
‖∂p̂1

∂x̂2
‖0,K̂ + ‖∂p̂2

∂x̂1
‖0,K̂ + ‖∂p̂1

∂x̂1
+
∂p̂2

∂x̂2
‖0,K̂

)
.

And by using the properties of the lines of M one have:

‖p−Πhp‖0,Ω ≤ Ch|p|1,Ω

Furthermore, the Piola transform gives us the following relation on the divergence:

1

JFK

divp̂(x̂) = divp(x)

We have div(RT0(K̂)) = P0(K̂) and if JF (x̂) is a constant function, we deduce that

div(Πhp) = Π
(0)
K (div(p)

where Π
(0)
K is the L2- projection operator on K ([31]). but, in the case of some quadrilateral,

JFK
is affine and this property is lost. On the other hand, it is always true on K̂

‖div(p̂− Π̂p̂)‖0,K̂ = ‖div(p̂)−Π
(0)

K̂
div(p̂)‖0,K̂ ≤ C|div(p̂)|1,K̂

and
∇̂div(p̂) = JFK

∇̂div(p) + div(p)∇̂JFK
(10)

then
|div(p̂)|1,K̂ ≤ C (hK |div(p)|1,K + ‖div(p)‖0,K) ,

and finaly we are not able to obtain better than

‖div(p−Πhp)‖0,Ω ≤ C‖div(p)‖1,Ω

In the 3D case, the transformation is trilinear:

FK : x̂ ∈ R3 → FK (x̂) = a0 +BK x̂+ x̂1x̂2d3 + x̂1x̂3d2 + x̂2x̂3d1 + x̂1x̂2x̂3d0,

INRIA
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and

DF(x̂) = BK + (x̂2d3 + x̂3d2 − x̂2x̂3d0|x̂1d3 + x̂3d1 − x̂1x̂3d0|x̂1d2 + x̂2d1 − x̂1x̂2d0) .

JFK
∈ Q2 ∩ P4, and its expression is very complicate. Just as previously, the lines of M

belong to RT1. As ∂mij

∂x̂k
are of order 1 in hK , we are able to obtain better than

‖p−Πhp‖0,Ω ≤ C‖p‖1,Ω

We also have ∇̂JFK
of order 1 in hK then

‖div(p−Πhp)‖0,Ω ≤ C‖divp‖1,Ω

And these results can be confirmed by numerical tests (see section 5).

4 Pseudo-conforming finite element in H(div)

There are many studies on non conforming finite elements in H1 ([37], [8],[34],[39], ...). But
in our knowledge, there are very few works on non conforming finite elements in H(div).
Let us recall the conformity requirements of the space H(div,Ω) ([27]): Flux reciprocity on
each face.
If a function ph : Ω → RN satisfies

1. ph|K ∈ H1(K)N for each K ∈ Th,

2. for each face γ jointly to 2 elements of Th , i.e. γ = K1 ∩K2 the normal traces γ of
ph|K1 and ph|K2 are the same, i.e. ph|K1 · n = ph|K2 · n where n is a normal at the
face.

then ph ∈ H(div,Ω). And reciprocally if ph ∈ H(div,Ω) and if 1. is satisfied then 2. is
satisfied.
Remark: There is an important difference between the conformity in the space H1 and
H(div) . The trace of H1 function belongs to H1/2 while the normal trace of H(div) function
belongs to H−1/2. this explains the definition previously given where we must suppose that
the function is most regular than H(div) (i.e. H1) on each element. And it is going to have
an important consequence on the "test patch"; to control the non conformity error we must
not only impose the mean joins of the normal traces but also the mean joins of the momenta
of order 1 of the normal traces .

4.1 The model

We consider the second order elliptic model problem:
{

−div(Agradu) = f in Ω,
u = 0 on Γ.

(11)
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14 Dubach, Luce & Thomas

where A = (ai,j) is a symmetric matrix satisfying

∀x ∈ Ω̄, ∀ξ ∈ R2, c
2∑

i=1

ξ2i ≤
2∑

i,j=1

ai,j(x)ξiξj ≤ c−1
2∑

i=1

ξ2i ,

and Γ := ∂Ω is the boundary of a polyhedral domain Ω ⊂ RN . Let Th be a triangulation
of Ω into quadrilaterals. Let ∂Th denotes the set of the edges of the elements of Th and
∂Th\∂Ω denotes the set of interior edges. For each element γ of ∂Th\∂Ω, there exist K+

and K− in Th such that K̄+∩ K̄− = γ. The unitary outward normal of K+ is noted n+ and
the normal of a face is defined by n = n+. For each subset γ of ∂Ω, n denotes the unitary
outward normal of Ω.
The classical mixed variational formulation ([31], [9]) for (11) is: find u ∈ L2(Ω) and p ∈
H(div,Ω) such that

∫

Ω

divp vdx−
∫

Ω

fvdx = 0 ∀v ∈ L2(Ω), (12)
∫

Ω

A−1p.q−
∫

Ω

u div q dx = 0 ∀q ∈ H(div,Ω). (13)

We consider
Mh =

{
vh ∈ L2(Ω); vh|K ∈ P0∀K ∈ Th

}
,

LTh
=
{
q ∈ (L2(Ω))N ; q|K ∈ H(div,K)∀K ∈ Th

}

and
Lh =

{
qh ∈ (L2(Ω))N ; qh|K ∈ PN

K ∀K ∈ Th
}
,

where PK is a polynomial space.
Where p ∈ H(div,Ω) + LTh

,we define

‖p‖2Hdiv(0,h) =
∑

K∈Th

‖p‖2H(div,K).

We can remark that Mh is defined as usual, and that LTh
* H(div,Ω).Then, we are only

interesting by the non conformity approximation of q.
For each (u,p,q) ∈ L2(Ω)×H(div,Ω)×H(div,Ω) + L2(Ω)× LTh

× LTh
we define

ch(u,p,q) =
∑

K∈Th

∫

K

A−1p.q−
∑

K∈Th

∫

K

u div q dx.

A non conforming mixed finite element method for problem (??) is: find uh ∈ Mh and
qh ∈ Lh such that

∑

K∈τh

∫

K

vh div ph dx−
∑

K∈τh

∫

K

fvhdx = 0 ∀vh ∈Mh, (14)

∑

K∈τh

∫

K

A−1ph.qh −
∑

K∈τh

∫

K

uh div qh dx = 0 ∀qh ∈ Lh. (15)
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If the following inf − sup condition is satisfied:

inf
{vh∈Mh;‖uh‖0,Ω=1}

sup
{qh∈Lh,‖qh‖Hdiv(0,h)=1}

b(uh,qh) ≥ β > 0, (16)

where b(uh,qh) =
∑

K∈τh

∫
K
uh div qh dx, then the problem (14),(15) admits a unique

solution and we have the a priori error estimate

‖p− ph‖Hdiv(0,h) + ‖u− uh‖0,h ≤

c

(
inf

vh∈Mh

‖u− vh‖0,h + inf
qh∈Lh

‖p− qh‖Hdiv(0,h) + sup
0 6=qh∈Lh

|ch(u,p,qh)|
‖qh‖0,h

)
. (17)

Remark: In (17) we can use the norm of qh in H(div) rather than L2 but this is not useful
in this context.
Using the Green formula :

∫
K
u div(qh)dx = −

∫
K
gradu · qhdx +

∫
∂K

uqh · ndσ we prove
that:

ch(u,p,qh) =
∑

γ∈∂Th

∫

γ

u[qh.n]dσ.

4.2 Local error estimates

4.2.1 Interpolation error in H(div)

let ΨK = PN
K a vectorial space of vectorial polynomial functions on K. One suppose that

the set

ΣK =

{
w → 1

|γm|

∫

γm

w.n dσ; 1 ≤ m ≤ 2N

}

is ΨK-unisolvant. The basis functions of the mixed finite element (K, ΨK , ΣK) are noted
by ψm,K and the interpolation operator associated (i.e. Withney opetator) is denoted by
ΠW

K . For each function p such that
∫
γm

p.n dσ; 1 ≤ m ≤ 2N exists, we have :

ΠW
K p =

∑

1≤m≤2N

1

|γm|

∫

γm

p.n dσ ψm,K .

The basis functions ψm,K and all the functions of ΨK can be extended to K2♯.

Proposition 4.1 Supposed that the parameter distortion of K satisfy (7) and that the in-
clusion P0(K)N ⊂ ΨK holds then for each function p ∈ (H1)N (K) we have

∥∥p−ΠW
K p
∥∥
0,K

≤ 4hK♯


 ∑

1≤m≤2N

‖ψm,K‖0,∞,K2♯


 |p|1,K . (18)
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16 Dubach, Luce & Thomas

Moreover, if we suppose that div(ΨK) = P0(K) and div(ΠW
K p) = 1

|K|

∫
K
div(mathbfp)dx

, there exists a constant c independent of K such that for each function p satisfying p ∈
(H1)3 (K) and div(p) ∈ H1 (K) we have

‖div(p−ΠW
K p)‖0,K ≤ chK♯ |div(p)|1,K . (19)

Proof. Let be ξ ∈ γi. Using the Taylor expansion with integral residue, for each x ∈ K we
have

p(ξ) = p(x) +

∫ 1

0

(1− θ)Dp(x+ θ(ξ − x))(ξ − x)dθ.

consequently

1

|γm|

∫

γm

p(ξ) · nmdσ =

p(x) · nm +
1

|γm|

∫

γm

(∫ 1

0

(1− θ)Dp(x+ θ(ξ − x))(ξ − x)dθ

)
· nmdσ,

and

ΠW
K p(x) =

∑

1≤m≤2N

p(x) · nmψm,K(x)

+
∑

1≤m≤2N

1

|γm|

∫

γm

(∫ 1

0

(1− θ)Dp(x+ θ(ξ − x))(ξ − x)dθ

)
· nmdσψm,K(x)

Using the assumption: P0(K)N ⊂ ΨK we have:
(
p−ΠW

K p
)
(x) =

−
∑

1≤m≤2N

1

|γm|

∫

γm

(∫ 1

0

(1− θ)Dp(x+ θ(ξ − x))(ξ − x)dθ

)
· nmdσψm,K(x)

and

|
(
p−ΠW

K p
)
(x)| ≤

hK
∑

1≤m≤2N

1

|γm|

∫

γm

(∫ 1

0

(1− θ)‖Dp(x+ θ(ξ − x))‖dθ
)
dσ|ψm,K(x)|

where ‖Dp‖ is the spectral norm of the matrix Dp.
For x a.e. in K, we note g(x, ξ) =

∫ 1

0
(1− θ)‖Dp(x+ θ(ξ − x))‖ and we have

‖p−ΠW
K p‖20,K ≤ h2K

∑

1≤m≤2N

1

|γm|2
∫

γm

∫

K

g(x, ξ)2dxdσ

∫

K

|ψm,K(x)|2dx.
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Since K is a star domain towards each point ξ, we have
∫
K
g(x, ξ)2dx ≤ ‖Dp‖20,K . So one

obtain

‖p−ΠW
K p‖0,K ≤ hK


 ∑

1≤m≤2N

‖ψm,K‖0,∞,K


 |p|1,K .

and a fortiori

‖p−ΠW
K p‖0,K ≤ 4hK♯


 ∑

1≤m≤2N

‖ψm,K‖0,∞,K2♯


 |p|1,K .

The interpolation error of the divergence does not raise problem because we supposed
div(ΨK) = P0(K). This corresponds to the classical situation where the interpolate of
the divergence is the orthogonal projection of div(p) on P0(K) equipped with the scalar
product of L2(K). Consequently, we have

‖div(p−ΠW
K p)‖0,K ≤ chK |div(p)|1,K .

and a fortiori there exists a constant c such that

‖div(p−ΠW
K p)‖0,K ≤ chK♯ |div(p)|1,K .

Proposition 4.2 Suppose that there exists an integer r sufficiently big so that ΨK ⊆ PN
r (K)

Then, for each q ∈ ΨK there exist a constant cr that depends only on r such that

|q|1,K2♯ ≤ cr
1

ρK♯

‖q‖0,K2♯ (20)

Proof. For each integer r there exists a constant ĉr depending only on de r such that

∀q ∈ PN
r (K̂) |q|1,K̂ ≤ ĉr‖q‖0,K̂

Using the invertible affine transformation from K̂ on K2♯, we obtain the following inequality

∀q ∈ PN
r (K2♯) |q|1,K2♯ ≤ ĉr

2
√
N

ρK♯

‖q‖0,K2♯ .

The announced inequality (20) is obtained with cr = 2
√
Nĉr.

4.2.2 error estimations on the faces

Proposition 4.3 Suppose that the distortion parameters of K satisfy (7). Then, there
exists a constant C, independent of the geometry of K, such that: ∀u ∈ H2 (K) and ∀m
with 1 ≤ m ≤ 2N , we have

∥∥u− π1
γm
u
∥∥
0,γm

≤ C h
3/2

K♯

(
hK♯

ρK♯

)1/2

|u|2,K (21)
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18 Dubach, Luce & Thomas

Proof. let u ∈ H1(K) and γm be a face of K. The best approximation of the trace of u on
γm in L2(γm) by a P1(γm)-polynomial satisfies:

∥∥u− π1
γm

(u)
∥∥
0,γm

= inf
p∈P1(γm)

‖u− p‖0,γm
.

We denote by γ∨m the reciprocal image of γm by the application F ♯
K , u∨ = u ◦ F ♯

K and
p∨ = p◦F ♯

K . We remark that p∨ ∈ P1(γ
∨
m). As for each p ∈ P1(γm) (u−p)◦F ♯

K = u∨−p∨,we
deduce that

‖u− p‖0,γm
≤
∥∥B−1

K♯

∥∥(N−1)/2 ‖u∨ − p∨‖0,γ∨

m
.

each p∨ ∈ P1(γ
∨
m) can be considered as the restriction of a polynomial p∨ ∈ P1(K

∨).
Then,using Lemma ??,there exists a constant C such that

‖u∨ − p∨‖0,γ∨

m
≤ C ‖u∨ − p∨‖1,K∨ .

and consequently we have

inf
p∨∈P1(γ∨

m)
‖u∨ − p∨‖0,γ∨

m
≤ C inf

p∨∈P1(K∨)
‖u∨ − p∨‖1,K∨

and
inf

p∨∈P1(γ∨

m)
‖u∨ − p∨‖0,γ∨

m
≤ C

∥∥u∨ − π1
K∨(u∨)

∥∥
1,K∨

To continue, we introduce Π∨
K a P1-Lagrange P1 interpolate on K∨. Using a Taylor expan-

sion of u∨ with integral residue, we prove that there exists a constant C such that

‖u∨ −ΠK∨(u∨)‖1,K∨ ≤ C|u∨|2,K .

consequently ∥∥u∨ − π1
K∨(u∨)

∥∥
1,K∨

≤ C|u∨|2,K
and equally

|u∨|2,K∨ ≤ ‖BK‖N/2+1 |u|2,K .
From the previous inequality we deduce that

∥∥u− π1
γm

(u)
∥∥
0,γm

≤ C
∥∥B−1

K

∥∥(N−1)/2 ‖BK‖N/2+1 |u|2,K∨ .

Then we use (7), it is sufficient to remark that

‖BK‖ ≤ 1

2
hK♯ et

∥∥B−1
K

∥∥ ≤ 2
√
N

ρK♯

to conclude the demonstration of the proposition.
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4.3 Convergence

Suppose that the solution u of (11) is regular (i.e u ∈ H2(Ω) et div(p ∈ H1(Ω)) and the
mesh too.

Proposition 4.4 inf − sup condition
Suppose that

1. for each K , ΣK is ΨK-unisolvent,

2. for each qh ∈ Lh, div(qh) belongs to Mh.

3. the basis functions ψm,K of ΨK satisfy ∃C > 0 ‖ψm,K‖0,∞,K2# < C

Under these three assumptions the inf − sup condition (16) holds..

Proof. Since the domain Ω is regular, the inf − sup condition on the continuous problem
(cf [31], [9]) gives :
For each u ∈ L2(Ω), there exists p ∈ H1(Ω) such that div(p) = u and the estimate ‖p‖1,Ω ≤
C‖u‖0,Ω holds with a constant C independent of the mesh.
Therefore, this property is true for each uh ∈ Mh. Let ph = ΠW

h p be the Withney-
interpolant of p in Lh and we want to prove that ‖ph‖Hdiv(0,h) ≤ C‖uh‖0,Ω. Using the
assumption 2, we have div(ph) = div(p) on each K.
Furthermore, for each x in K, we have

|ph(x)| ≤
∑

1≤m≤2N

1

|γm| |
∫

γm

p.n dσ| |ψm,K(x)|

then
‖ph‖0,K ≤

∑

1≤m≤2N

‖p.n‖0,γm

∑

1≤m≤2N

‖ψm,K‖0,∞,K

and using lemma ?? and the assumption 3 we obtain

‖ph‖0,K ≤ C‖p‖1,K .

Equally, for each x in K, we have

|div(ph(x))| ≤
∑

1≤m≤2N

1

|γm| |
∫

γm

p.n dσ| |div(ψm,K(x))|,

since div(ψm,K(x)) is constant on K, we deduce

‖divph‖0,K ≤ C‖p‖1,K .

Finally we have
‖ph‖Hdiv(0,h) ≤ C‖p‖1,Ω ≤ C‖uh‖0,Ω.
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We notice that b(uh,ph) = ‖uh‖20,Ω and conclude that

inf
{vh∈Mh;‖uh‖0,Ω=1}

sup
{qh∈Lh,qh 6=0}

b(uh,qh)

‖qh‖Hdiv(0,h)
≥ inf

{vh∈Mh;‖uh‖0,Ω=1}

b(uh,ph)

‖ph‖Hdiv(0,h)

≥ 1

C
> 0.

Proposition 4.5 Approximation error
Let be the following assumptions:

1. K, ΣK is ΨK-unisolvent,

2. ∃r > 0 ∀K P0(K)N ⊂ ΨK ⊂ (Pr(K))N ,

3. div(ΨK) = P0 and div(ΠW
K p) = 1

|K|

∫
K
div(mathbfp)dx

4. the basis functions ψm,K of ΨK satisfy ∃C > 0 ‖ψm,K‖0,∞,K2# < C.

Under these 4 assumptions we have

inf
qh∈Lh

‖p− qh‖Hdiv(0,h) ≤ Ch (|u|2,Ω + |div(p)|1,Ω) .

Proof. Since p = Agradu and using Proposition 4.1 , we have immediately the result.
(
∑

K∈Th

∥∥p−ΠW
K p
∥∥2
H(div,K)

)
≤ Ch2

(
|p|21,Ω + |div(p)|21,Ω

)
.

where C does not depend on the mesh.
Remark: The approximation error on uh does not raise problem and is bounded by Ch|u|1,Ω.

Proposition 4.6 Consistency error
If the Patch Test conditions are satisfied, namely

∀qh ∈ Lh, ∀γ ∈ ∂Th, ∀p ∈ P1(γ)

∫

γ

p [qh · n]dσ = 0,

then
|ch(u,p,qh)| ≤ ch|u|2,Ω‖qh‖0,h.

Proof. Let γ be in ∂Th\∂Ω. From the Patch Test, for each polynomial p ∈ P1(γ) we have
∫

γ

u[qh · n]dσ =

∫

γ

(u− p)[qh · n]dσ
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consequently

|
∫

γ

u[qh · n]dσ| ≤ ‖u− π1
γu‖0,γ‖[qh · n]‖0,γ

From Propositions ??, 4.3 et 4.2 we deduce that

|
∫

γ

uq+
h · n+dσ| ≤ ch2‖q+

h ‖1,K+ |u|2,K+

≤ ch‖q+
h ‖0,K+2♯ |u|2,K+

and finally

|
∫

γ

u[qh · n]dσ| ≤ ch
(
‖q+

h ‖0,K+2♯ |u|2,K+ + ‖q−
h ‖0,K−2♯ |u|2,K−

)
.

Then we sum on all the face γ. In the right hand side of the inequality an element K appears
at most 2N times, so we have

|
∑

γ∈∂Th

∫

γ

u[qh.n]dσ| ≤ ch

(
∑

K∈τh

‖qh‖0,K2♯

)
|u|2,Ω

≤ ch‖qh‖0,Ω|u|2,Ω.

Consequently, the pseudo-conforming mixed finite element converges with order 1.

4.4 Polynomial mixed finite elements

To build a pseudo-conforming finite element, two approach can be considered. In the first
approach, we use the finite element BDM1 ([9])which is adapted to our problem in dimension
2 and 3. In the second approach, we use a hierarchical basis built from a pseudo-conforming
finite element in H1.

4.4.1 The quadrilateral case

Our goal is to build WK a space of polynomial functions on K of dimension 8 in order
to impose the mean value of the flux and to control its first momentum on each face. We
suppose that P 2

0 ⊂ WK and div(WK) = P0.
For each function w belonging to P 2

0 ⊕ xP0 we have

∀p ∈ P1,

∫

γm

pw.n dσ =
1

|γm|

∫

γm

p dσ

∫

γm

w.n dσ.

The result is obvious for w belonging to P 2
0 . Moreover, it still true for w = x since x.n is

constant.
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Consider now the following vectorial space of polynomial functions:

ΨK = {w ∈ WK ; for 1 ≤ m ≤ 4 , ∀p ∈ P1,∫

γm

pw.n dσ =
1

|γm|

∫

γm

p dσ

∫

γm

w.n dσ

}
.

with the following set of degrees of freedom:

ΣK =

{
w →

∫

γm

w.n dσ; 1 ≤ m ≤ 4

}

First approach Let us recall the definition of the spaces BDM[k] for k ≥ 1

BDM[k] =
{
w∨ | w∨ = v(x∨1 , x

∨
2 ) + r curl(x∨1

k+1
x∨2

k
)

+s curl(x∨1
k
x∨2

k+1
),v(x∨1 , x

∨
2 ) ∈ (Pk)

2
}

We denote br BDMK
[1] the space:

BDMK
[1] =

{
PK∨ ◦w∨ ◦

(
F ♯
K

)−1

;w∨ ∈ BDM[1]

}

where PK∨ is the Piola transform defined by:

w∨ −→ 1

detBK
BKw∨.

Obviously we have P 2
0 ⊆ ΨK et div(ΨK) = P0. So, we have the following Proposition:

Proposition 4.7 For each quadrilateral K convex, (K,ΨK ,ΣK) is a finite element of
Raviart-Thomas type.

Proof. For each polynomial w we set :

Îm(w) =

∫

γ̂m

ŵ.n dσ 1 ≤ m ≤ 4, Îm(w) =

∫

γ̂m−4

σ ŵ.n dσ 5 ≤ m ≤ 8,

and

I∨m(w) =

∫

γ∨

m

w∨.n dσ 1 ≤ m ≤ 4, I∨m(w) =

∫

γ∨

m−4

σw∨.n dσ 5 ≤ m ≤ 8.

Next, we introduce the polynomials rj ∈ BDM[1] satisfying:

Îm(rj) = δm,j , 1 ≤ m, j ≤ 8.
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The polynomials rj exist since they correspond to the basis functions of the finite element
BDM[1]. Consider now the square matrix T of order 8 satisfying Tm,j = I∨m(rj). A symbolic
(or direct) calculus gives

detT =
(
1− δ1

2
) (

1− δ2
2
) (

1− (δ1 + δ2)
2
)(

1− (δ1 − δ2)
2
)
.

Since |δ1|+ |δ2| < 1 we have detR > 0 . That concludes the demonstration.
Remarks

• if d = 0 (i.e. K is a parallelogram) then (F ♯
K)−1(ΨK) = RTK

[0] =
{
q∨ ◦ (F ♯

K)−1;q∨ ∈ RT[0]

}
.

• The basis function on K∨ can be calculated explicitly even if it is certainly more
efficient to calculate then numerically. We note

φ1 =

(
1
0

)
, φ2 =

(
0
1

)
, φ3 =

(
x∨1
x∨2

)
, φ4 = curl(ωK),

where

ωK (x∨1 , x
∨
2 ) =

3δ1δ2(
1− (δ1 + δ2)

2
)(

1− (δ1 − δ2)
2
) (1− (x∨1 )

2 − (x∨2 )
2
)

−
(
1− 2δ21 − 2δ22 + δ41 + 7δ21δ

2
2 + δ42 − 3δ21δ

4
2 − 3δ41δ

2
2

)

(1− δ21) (1− δ22)
(
1− (δ1 + δ2)

2
)(

1− (δ1 − δ2)
2
) x∨1 x∨2

+
δ2
(
1 + δ21 − 2δ22 − 2δ41 + δ21δ

2
2 + δ42

)

(1− δ21) (1− δ22)
(
1− (δ1 + δ2)

2
)(

1− (δ1 − δ2)
2
) (x∨1 )2x∨2

+
δ1
(
1− 2δ21 + δ22 + δ41 + δ21δ

2
2 − 2δ42

)

(1− δ21) (1− δ22)
(
1− (δ1 + δ2)

2
)(

1− (δ1 − δ2)
2
)x∨1 (x∨2 )2.

With these notations the basis functions are

ψ∨
1,K (x∨1 , x

∨
2 ) =

1

8
(2− δ2)φ1 −

1

8
δ1φ2 +

1

8
φ3 +

1

8
(δ21 − (1− δ2))

2φ4

ψ∨
2,K (x∨1 , x

∨
2 ) = −1

8
δ2φ1 +

1

8
(2− δ1)φ2 +

1

8
φ3 −

1

8
(δ22 − (1− δ1))

2φ4

ψ∨
3,K (x∨1 , x

∨
2 ) =

1

8
(2 + δ2)φ1 −

1

8
δ1φ2 +

1

8
φ3 +

1

8
(δ21 − (1 + δ2))

2φ4

ψ∨
4,K (x∨1 , x

∨
2 ) = −1

8
δ2φ1 −

1

8
(2 + δ1)φ2 +

1

8
φ3 −

1

8
(δ22 − (1 + δ1))

2φ4

Proposition 4.8 Suppose that there exists a constant α > 0 such that for each K ∈
Th, |δ1|+ |δ2| ≤ 1− α, then the assumptions of Propositions 4.5 and 4.6 are satisfied.

Proof. The 3 first assumptions of 4.5 are clearly satisfied and since |δ1| + |δ2| ≤ 1 − α,
1

| detT | are bounded, the ψi,K are bounded on K2#. And finally, by construction, the Patch

Test is satisfied.
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Second approach We search the space W∨
K as W∨

K = RT0⊕Z∨
K where Z∨

K is a vectorial
polynomial space of dimension 4 whose the functions basis are noted (r∨j ; 5 ≤ j ≤ 8). Since
div(RT0) = P0, we can impose div(r∨j ) = 0 for j = 5, ..., 8. As we want a hierarchical basis
the r∨j must verify ∫

γ∨

m

r∨j+4 · n∨
mdσ = 0 pour j,m = 1, ...4.

To built these basis functions, we introduce

λ∨1 (x
∨
1 ,x

∨
2 ) = δ2x

∨
1 − (δ1 − 1)x∨

2 − (δ1 − 1)

λ∨2 (x
∨
1 ,x

∨
2 ) = (δ2 − 1)x∨

1 − δ1x
∨
2 + (δ2 − 1)

λ∨3 (x
∨
1 ,x

∨
2 ) = (δ2 + 1)x∨

1 − δ1x
∨
2 − (δ2 + 1)

λ∨4 (x
∨
1 ,x

∨
2 ) = δ2x

∨
1 − (δ1 + 1)x∨

2 + (δ1 − 1)

When λ∨m vanishes, it corresponds to the equation of the straight lines passing by the two
vertices of the edge m. So the functions r∨4+i =

∏4
j=1,j 6=i λ

∨
i , 1 ≤ i ≤ 4 vanish on 3 edges and

we are going to prove that r∨j+4 = curl(r∨j+4); 1 ≤ j ≤ 4 satisfy the previous conditions.
On the face γ∨m, for m 6= j, an explicit calculus gives:

r∨j+4 · n∨
m =




4∏

k=1,k 6=j,m

λ∨k


 curl(λ∨m) · n∨

m + λ∨mcurl




4∏

k=1,k 6=j,m

λ∨k


 · n∨

m = 0 on γ∨m

because curl(λ∨m) is perpendicular at n∨
m and λ∨m = 0.

As div(r∨j+4) = 0 we have
∫

∂K∨

r∨j+4 · n∨dσ = 0 et donc
∫

γj

r∨j+4 · n∨
j dσ = 0.

We have to show that the W∨
K-unisolvency can be obtained from RT0-unisolvency.

{
w∨ → 1

|γ∨m|

∫

γ∨

m

w∨ · n∨ dσ,w∨ → 1

|γ∨m|

∫

γ∨

m

σw∨ · n∨ dσ; 1 ≤ m ≤ 4

}

Each element of w∨ can be written w∨ = w∨
1 + w∨

2 with w∨
1 ∈ RT0 et w∨

2 ∈ Z∨
K . From

the construction Z∨
K , w∨

2 is the curl of a function q∨2 that vanishes at the quadrilateral’s
vertices. So the tangential gradient of q2 vanishes at least at one point on each face. Let us
remark that ∇q∨2 · tm = w∨

2 · nm. If we suppose that w∨
1 = 0, then w∨

2 verifies on each face
γ∨m:

∫

γ∨

m

w∨
2 · n∨

mdσ = 0,

∫

γ∨

m

σw∨
2 · n∨

mdσ = 0, (22)

∃σ0 ∈ γ∨m;w∨
2 (σ0) · n∨

m = 0.
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As the restriction of w∨
2 · nm at the face γ∨m belongs to P2, it is obvious that (22) implies

w∨
2 · nm = 0 on γ∨m. On the other hand, for each q∨ we have the following green formula:

∫

K∨

div(w∨
2 )q

∨dx−
∫

K∨

w∨
2 · ∇q∨dx =

∫

∂K∨

w∨
2 · ndσ

then ∫

K∨

w∨
2 · ∇q∨dx = 0.

and finally w∨
2 = 0.

4.4.2 Hexahedron case

We consider now WK a space of polynomial functions on K of dimension 18 in order to
impose the mean value of the flux and to control its 2 first momenta on each face. We
suppose that P 3

0 ⊂ WK and div(WK) = P0.

As in dimension 2, for each function w in P 3
0 ⊕ xP0 we have

∀p ∈ P1,

∫

γm

pw.n dσ =
1

|γm|

∫

γm

p dσ

∫

γm

w.n dσ.

Next we consider the following vectorial polynomial space:

ΨK =

{
w ∈ WK ; pour 1 ≤ m ≤ 8 , ∀p ∈ P1,

∫

γm

pw.n dσ =
1

|γm|

∫

γm

p dσ

∫

γm

w.n dσ

}
.

(23)
and the following set of degrees of freedom:

ΣK =

{
w →

∫

γm

w.n dσ; 1 ≤ m ≤ 6

}

.

First approach Let us recall the space BDM in dimension 3:
BDM[k] = {w = v(x∨

1 ,x
∨
2 ,x

∨
3 )

+
k∑

i=0

ricurl(0, 0,x
∨
1 x

∨
2
i+1

x∨
3
k−i

) +
k∑

i=0

sicurl(x
∨
2 x

∨
3
i+1

x∨
1
k−i

, 0, 0)

+
k∑

i=0

ticurl(x
∨
3 x

∨
1
i+1

x∨
2
k−i

, 0, 0), v(x∨
1 ,x

∨
2 ,x

∨
3 ) ∈ (Pk)

3
, ri, si, ti ∈ R

}

And we note BDMK
[1] the following space:

BDMK
[1] =

{
PK∨ ◦w∨ ◦

(
F ♯
K

)−1

;w∨ ∈ BDM[1]

}
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. We have dim(BDMK
[1]) = 18 and we choose WK = BDMK

[1].
Obviously we have P 3

0 ⊂ ΨK and div(ΨK) = P0. For each polynomial w we impose :

Îm(w) =

∫

γ̂m

w.n dσ , Îm+6(w) =

∫

γ̂m

σ1 w.n dσ, Îm+12(w) =

∫

γ̂m

σ2 w.n dσ 1 ≤ m ≤ 6.

and

Ǐm(w) =

∫

γ̌m

w.n dσ, Ǐm+6(w) =

∫

γ̌m

σ1 w.n dσ, Ǐm+12(w) =

∫

γ̌m

σ2 w.n dσ 1 ≤ m ≤ 6.

where σ1 and σ2 are the curvilinear abscissa of the face.
We consider the basis {rj}j=1,...,18 of the finite element BDM[1] (i.e. Îm(rj) = δm,j , 1 ≤
m, j ≤ 18 and the square matrix T of order 18 such that Tm,j = Ǐm(rj). T can be written
T = I + B where B is matrix depending only on the distortion parameters. We deduce
easily the following propositions:

Proposition 4.9 For each hexahedron K such that ‖B‖ ≤ 1, (K,ΨK ,ΣK) is a finite ele-
ment of Raviart-Thomas type..

Proposition 4.10 Moreover if we suppose that there exists a real α > 0 such that for each
K ∈ τh we have ‖B‖ ≤ 1− α then the assumptions of Propositions 4.5 and 4.6 are verified.

And finally we have the expected convergence in O(h) of the solution obtained by using our
pseudo-conform finite element.
Remark: It is difficult to characterise in another way what are the admissible hexahedra
(i.e. hexahedra such that (K,ΨK ,ΣK) is a finite element). However numerically one can
verify the class admissible hexahera is large, for instance the figure 5 shows some examples
of admissible hexahedra obtained by deformations of the cube.

Second approach Here we decompose W∨
K = RT0 ⊕ Z∨

K where Z∨
K is a vectorial poly-

nomial space of dimension 12. These functions are denoted (r∨i+6; 1 ≤ i ≤ 12).
To built the basis functions, we proceed as in 2 case by introducing the functions:

λ∨m(x∨
1 ,x

∨
2 ,x

∨
3 ) = det

(
x∨ − b∨

m|b∨
m,3 − b∨

m,2|b∨
m,4 − b∨

m,1

)

When λ∨m vanishes, it corresponds to the equation of the plan passing by the 4 vertices of
the face m. And we consider

r∨i+8 =

6∏

j=1,j 6=i

λ∨i , 1 ≤ i ≤ 6

For each face γ∨m, we note t
(1),∨
m and t

(2),∨
m a basis of tangent vectors at the face γ∨m (for

instance we can take the medians of the face) and we define for 1 ≤ m ≤ 6

r∨2m−1+6 = curl(r∨m+8t
(1),∨
m ) et r∨2m+6 = curl(r∨m+8t

(2),∨
m ),

and we have the following proposition:
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[example 1] [example 2]

[example 3] [example 4]

Figure 5: Examples of admissible hexahedra
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Proposition 4.11

∫

γ∨

m

r∨i+6 · n∨
mdσ = 0 1 ≤ i ≤ 12, 1 ≤ m ≤ 6.

Proof. We have curl(r∨mt
(j),∨
m ) = ∇r∨m ∧ t

(j),∨
m and for k 6= m we obtain

∇r∨m =




6∏

j 6=i,k

λj


∇λ∨k + λ∨k∇




6∏

j 6=i,k

λ∨j




and

curl(r∨mt(j),∨m · n∨
k =






6∏

j 6=i,k

λ∨j


∇λ∨k


 · n∨

k +


λ∨k∇




6∏

j 6=i,k

λ∨j




 · n∨

k = 0 sur γ∨k ,

because ∇λ∨k is perpendicular at the face γ∨k and λ∨k vanishes on γ∨k .
As the divergence of the functions r∨i+6 are 0

∫

∂K∨

curl(r∨m+8t
(j),∨
m ) · n∨dσ = 0

then ∫

∂γ∨

m

curl(r∨m+8t
(j),∨
m ) · n∨

mdσ = 0

We have to show that the W∨
K-unisolvency for the degrees of freedom

{
w∨ → 1

|γ∨m|
∫
γ∨

m
w∨ · n∨ dσ,w∨ → 1

|γ∨m|
∫
γ∨

m
σ1w

∨ · n∨ dσ,

w∨ → 1

|γ∨m|
∫
γ∨

m
σ2w

∨ · n∨ dσ; 1 ≤ m ≤ 6

}

can be obtained from RT0-uni solvency. Each w∨ can be decomposed w∨ = w∨
1 +w∨

2 with
w∨

1 ∈ RT0 and w∨
2 ∈ Z∨

K . From the definition of Z∨
K , we have w∨

2 = curl(q∨2 t
(j),∨
m ) =

∇q∨2 ∧ t
(j),∨
m where q∨2 vanishes on the edges and is of constant sign on each face of the

hexahedron. Suppose that w∨
1 = 0, then w∨

2 verify on each face γ∨m
∫

γ∨

m

w∨
2 · n∨

mdσ = 0,

∫

γ∨

m

σ1w
∨
2 · n∨

mdσ = 0, (24)
∫

γ∨

m

σ2w
∨
2 · n∨

mdσ = 0.
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As
w∨

2 · n∨
m = ∇q∨2 · t(j),∨m ∧ n∨m = ∇q∨2 · (αt(1),∨m + βt(2),∨m ) (α, β ∈ R).

we have ∫

γ∨

m

(ασ1 + βσ2)∇q∨2 · (αt(1),∨m + βt(2),∨m )dσ = 0 (α, β ∈ R).

By integration by part and taking account that q∨2 vanishes on ∂γ∨m we obtain
∫

γ∨

m

q∨2 dσ = 0.

As q∨2 is of constant sign, we deduce that it vanishes on γ∨m as well as w∨
2 ·n∨

m. On the other
hand, for each polynomial q∨ we have:

∫

K∨

div(w∨
2 )q

∨dx−
∫

K∨

w∨
2 · ∇q∨dx =

∫

∂K∨

w∨
2 · nq∨ dσ

then ∫

K∨

w∨
2 · ∇q∨dx = 0.

and finally w∨
2 = 0.

Two propositions analogous at 4.9 et 4.10 can be expressed.

5 Some numerical tests

We take Ω = (]0, 1[
Nand the exact solution is u(x) =

∏N
i=1 sin(πxi).

Our goal is to test our pseudo-conforming finite elements on general quadrilateral and hexa-
hedra (i.e. non parallelepipedic or asymptotically parallelepipedic when the mesh is refined).
Consequently, we chose meshes constituted by a pattern whose the shape is the same for
all the refined meshes used. We considered two types of mesh, In 2D, the first mesh is a
mesh in chevron given in [3] and the second is a mesh in honeycomb, In 3D the fisrt mesh is
constituted of truncated pyramid and the second is a 3D-generalisation of mesh in chevron
When we used the RT0 finite element extended to general quadrilaterals or hexahera (i.e.

with a non-linear Piola transform), the numerical tests confirm the lost of convergence of
the solution in Hdiv (see Figures 8 and 9)

Concerning our new pseudo-conforming mixed finite elements, the results are numerically
the same by using the two different approaches to build the basis functions. The convergence
curves on Figure 10 correspond to the choice of ΨK given by (22) and as expected uh (resp.
ph) converges in L2 (resp. Hdiv) with the order 1.

5.0.3 Hexahedron case

The convergence curves on Figure 11 corresponds to the choice of ΨK given by (23) and as
in the 2d case uh (resp. ph) converges in L2 (resp. Hdiv) with the order 1.
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Figure 6: Meshes in honeycomb and chevron

Figure 7: Meshes in truncated pyramid and chevrons

6 Conclusion

One of the motivations of this work refers to the loss of convergence problem when using
classical mixed finite elements on quadrilaterals and hexahedra. The pseudo-conforming
finite elements are a good answer to this problem and the theoretical part of this paper
allows us to build pseudo-conforming finite elements of higher order without any particular
difficulty. We can also notice that the Raviart-Thomas finite elements are often used in a
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Figure 8: 2D convergence curves of extented RT0-FE on meshes in chevron

posteriori error estimates (see for instance [25], [18], [1]) and our pseudo-conforming mixed
finite can be used when the quadrilateral or hexahedron meshes are considered.

References

[1] L. El Alaoui , A. Ern , M. Vohralik , Guaranteed and robust a posteriori error estimates
and balancing discretization and linearization errors for monotone nonlinear problems,
Comput. Methods Appl. Mech. Engrg., DOI 10.1016/j.cma.2010.03.024

[2] (1898739) D. N. Arnold, D. Boffi and R. S. Falk, Approximation by quadrilateral finite
elements, Math. Comp., 71 (2002), 909–922.

[3] (2139400) D. N. Arnold, D. Boffi and R. S. Falk, Quadrilateral H(div) finite elements,
SIAM J. Numer. Anal., 42 (2005), 2429–2451.

RR n° 7466



32 Dubach, Luce & Thomas

Figure 9: 3D convergence curves of extented RT0-FE on meshes in chevron

[4] C. Bardos, Problèmes aux limites pour les équations aux dérivées partielles du pre-
mier ordre à coefficients réels; théorèmes d’approximation; application à l’équation de
transport, Ann. Sci. Ecole Norm. Sup., IV (1970), pp. 185–233.

[5] A. Bermúdez, P. Gamallo, M.R. Nogueiras, R. Rodriguez Approximation properties of
lowest-order hexahedral Raviart-Thomas finite elements C.R.M. 340 9 (2005) 687–692.

[6] A. Bermúdez, P. Gamallo, M.R. Nogueiras, R. Rodriguez Approximation of a structural
acoustic vibration problem by hexahedral finite elements I.M.A J. of Num. Ana. 2 (2006)
391–421.

[7] (1827293) D. Braess, “Finite Elements, Theory, Fast Solvers, and Applications in Solid
Mechanics," Second edition, Cambridge University Press, Cambridge, 2001.

[8] (1894376) S. C. Brenner and L. R. Scott, “The Mathematical Theory of Finite Element
Methods," Second edition, Springer-Verlag, New York, 2002.

INRIA



Pseudo-conforming Hdiv polynomial finite elements on quadrilaterals and hexahedra 33

Figure 10: Convergence curves: Meshes in chevron (left), Meshes in honeycomb (right)

Figure 11: Convergence curves: Meshes in chevron (left), Meshes in truncated pyramid
(right)

[9] F. Brezzi, M. Fortin, “Mixed and Hybrid Finite Element Methods", Springer-Verlag,

RR n° 7466



34 Dubach, Luce & Thomas

Berlin, 1991.

[10] (1930132) P. G. Ciarlet, “The Finite Element Method for Elliptic Problems," Classics
in Applied Mathematics, SIAM, Philadelphia, 2002. Reprint of the edition published
by North-Holland, Amsterdam, 1978.

[11] (1115237) P. G. Ciarlet, Basic error estimates for elliptic problems, in “Handbook of
Numerical Analysis, Vol. 2,"(eds. P. G. Ciarlet and J. L. Lions), Elsevier, (1991), 17–
351.

[12] Ciarlet, P.G. & Lions, J.L. [1991] Finite Element Method. Handbook of Numerical
Analysis Vol II. North-Holland

[13] Ciarlet, P.G. [1988] Mathematical Elasticity, North Holland, Amsterdam.

[14] Chapelle, G. & Bathe, K.J. [2003] The Finite Element Analysis of Shells Fundamentals,
Springer, Berlin

[15] R. Dautray and J.-L. Lions, “Analyse mathématique et calcul numérique pour les sci-
ences et les techniques", Masson, Paris, 1984.

[16] E. Dubach; R. Luce; J.M.Thomas, Pseudo-conforming polynomial finite element on
quadrilaterals. International Journal of Computer Mathematics, Vol. 80, I 10-11, pp
1798-1816 october 2009

[17] E. Dubach, R. Luce, J.M. Thomas. Pseudo-conform polynomial Lagrange finite elements
on quadrilaterals and hexahedra Communications on Pure and Applied Analysis, 8, pp.
237-254. January 2009

[18] A. Ern, M. Vohralik, Flux reconstruction and a posteriori error estimation for discon-
tinuous Galerkin methods on general nonmatching grids C. R. Acad. Sci. Paris, Ser. I
347 (2009).

[19] (1008473) T. J. R. Hughes, “The Finite Element Method, Linear Static and Dynamic
Finite Element Analysis," Prentice-Hall, Englewood Cliffs, New Jersey, 1987.

[20] (2014327) P. Knabner, S. Korotov and G. Summ, Conditions for the invertibility of the
isoparametric mapping for hexahedral finite elements, Finite Elements in Analysis and
Design, 40 (2003), 159–172.

[21] (1997159) Y. Kuznetsov and S. Repin, New mixed finite element method on polygonal
and polyhedral meshes, Russian J. Numer. Anal. Math. Modelling, 18 (2003), 261–278.

[22] (2130150) Y. Kuznetsov and S. Repin, Convergence analysis and error estimates for
mixed finite element method on distorted meshes, J. Numer. Math., 13 (2005), 33–51.

[23] A. Sboui, J. E. Roberts and J. Jaffré, A Composite Mixed Finite Element for General
Hexahedral Grids, SIAM Journal in Scientific Computing 31 (2009), pp. 2623-2645.

INRIA



Pseudo-conforming Hdiv polynomial finite elements on quadrilaterals and hexahedra 35

[24] C. Johnson, “ Solution of Partial Differential Equations by the Finite Element Method",
Cambridge University Press, Cambridge-Lund, 1987.

[25] R. Luce and B. Wolhmuth. A local a posteriori estimator based on equilibrated fluxes.
SIAM J. Numer. Anal., 42(4):1394–1414, 2004.

[26] P. Monk, “Finite element methods for Maxwell’s equations." Numerical mathematics &
scientific computation, Oxford Science Publications (2003)

[27] (2000261) P. Šolin, K. Segeth and I. Doležel, “Higher-Order Finite Element Methods,"
Chapman and Hall/CRC Press, Boca Raton, FL, 2003.

[28] (2000261) P. Šolin, “Partial Differential Equations and the Finite Element Method"
Wiley Interscience, Pure and Applied Mathematics, 2005.

[29] M. L. Staten, R. A. Kerr, S. J. Owen, T. D. Blacker, M. Stupazzini and K. Shimada
Unconstrained plasteringâHexahedral mesh generation via advancing-front geometry de-
composition, Int. J. Numer. Meth. Engng 2010; 81:135â171

[30] (0443377) G. Strang and G. J. Fix, “An Analysis of the Finite Element Method,"
Prentice-Hall, Englewood Cliffs, New Jersey, 1973.

[31] J. E. Roberts, J.-M. Thomas “ Mixed and hybrid methods, " In Handbook of Numerical
Analysis, VOL.II, Finite Element Methods (Part 1), Elsevier Science Publishers B.V.
(North-Holland), Amsterdam (1991) (1977) 523-639.

[32] J.M. Thomas “Sur l’analyse numérique des mÃ©thodes d’éléments finis hybrides et
mixtes ." Thèse d’Etat, Université Pierre et Marie Curie (Paris 6)(1977).

[33] J.M. Thomas & D. Trujillo, Mixed finite volume methods’, International Journal for
Numerical Methods in Engineering, 46, pp 1351-1366 (1999).

[34] M. Wang, On the necessity of sufficiency of the patch test for convergence of noncon-
forming finite elements Siam J. Numer. Anal., Vol. 39, No2 (2001), 363–384

[35] M. Vohralik flux-based a posteriori error estimates for finite volume and related locally
conservative methods, Numer. Math., 111 (2008), pp. 121-158.

[36] S. Zhang, Invertible Jacobian for hexahedral finite elements. Part 1. Bijectivity,
preprint, University of Delaware.

[37] O.C. Zienkiewicz R. L Taylor , The finite element patch test revisited. A computer test
for convergence, validation and error estimates, Comput. Methods Appl. Mech. Engrg.,
149 (1994), 223–254.

[38] S. Zhang, On the nested refinement of quadrilateral and hexahedral finite elements and
the affine approximation, J. Numer. Math., 98(3) (2004), 559–579.

RR n° 7466



36 Dubach, Luce & Thomas

[39] Zhong-Ci Shi, The F.E.M-Test for convergence of non conforming finite elements,
Mathematics of Computation, Vol 38, No180 (1987), 391–405.

[40] G. Zhou, How accurate is the streamline diffusion finite element method?, Math. Com-
put., 66 (1997), pp. 31–44.

INRIA



Unité de recherche INRIA Futurs
Parc Club Orsay Université - ZAC des Vignes

4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)

http://www.inria.fr

ISSN 0249-6399


	Introduction
	The geometry
	 Vertex and face numbering.
	Affine-equivalent elements.
	Distortion parameters 

	 R.T. FE extension to quadrilaterals and hexahedra
	 Pseudo-conforming finite element in H(div)
	The model
	Local error estimates
	Interpolation error in H(div) 
	error estimations on the faces

	Convergence
	Polynomial mixed finite elements
	The quadrilateral case
	Hexahedron case


	Some numerical tests 
	Hexahedron case

	Conclusion

