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Numerical study of a family of dissipative KdV equations

J-P. Chehab*& G. Sadaka'

February 21, 2011

Abstract

The weak damped and forced KdV equation on the 1d Torus on [0, L] have been analyzed by
Ghidaglia[12, 13] Goubet[14, 15], Rosa and Cabral [4] and asymptotic regularization effects have been
proven and observed numerically. In this work, we consider a family of dampings that can be even
weaker, particularly it can dissipate very few the high frequencies. We give here numerical evidences
that point out dissipation of energy, regularization effect, and presence of special solutions that char-
acterize a non trivial dynamics.

1 Introduction

The modeling of the damping of asymptotic models for water wave is a very important challenge. In [23],
Ott and Sudan have proposed a damped KdV equation as a model of Landau damping for ion acoustic
wave, the (linear) damping being nonlocal, and in [24] they have presented different models of damping
with the operator L as

U + @y + Qolgry + agLiu] = 0,2 € Q,t > 0,

where 2 C IR and where L is the linear damping operator which satisfies
/ uLlu]dz > 0,
Q

and the L? norm of the solution is damped as

1d 9
55/@ dm—l—ag/QuL[u]dx—O.

Several authors have studied damped KdV equation, but anyway the literature is not so extensive and
particularly relatively very few works have been done on the numerical simulation of these models.

The damping model that have been considered are mainly of the form
Llu] = |D|"u,
where |D| = v/—A, leading to the dissipative KdV equation

Ut + Ugge + | D] u + uuy = 052 € Q,t > 0, (1)
’LL(QZ‘,O) = ’LL(](ZE), (2)

with @ € [0,2]. A mathematical analysis have been done by S. Vento [29, 30] when Q2 = IR, particularly
asymptotic estimates of norm decreasing for large time and, recently, in [22] when Q = T(0, L), the torus
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on [0, L]; D. Dutykh [11] has considered the case « = 2 as a model of dissipative Tsunami wave (with

the addition of an nonlocal damping in time). Many questions are open, particularly the long time

behavior in the periodic case. We here propose to explore numerically some questions related to the

time regularization, the asymptotic speed of norm-decreasing and also numerical implementation feature,

particularly when using spectral Fourier or highly accurate finite differences for the spatial discretization.

For that purpose, we restrict ourselves to the periodic case and consider the family of nonlocal dampings
2itkx

Lyl = > ylipe™ =
keZ

Here v, are positive real numbers in such a way we have

/ L, [uludz > 0.
Q

This expression of the damping allows to recover number of situations that have been studied, e.g, the
(0%
choice v, = ’%’ corresponds to L. [u] = |D|“u. However, more general cases can be considered and

the sequence v can be chosen in such a way to vary the damping by band of frequencies.

When khT Y = 400, (e.g. v = k? for a parabolic damping [11]), the equation is regularizing at
—+00

finite time. When ~;, is constant, say L[u] = yu, the damping is said to be "weak" and is not regularizing
at finite time but, as proved by Ghidaglia [12, 13] and Goubet [14, 15], it allows the equation to have a
finite dimensional attractor which is in a more regular space than the initial data: this is the asymptotic
regularization property. Rosa and Cabral in [4] pointed out a non trivial long time dynamics for mild
values of v, they computed numerically time periodic solutions of various cycle length.

Let T be the torus built on [0, L]. Let f be a function depending only of the space variable . The
aim of the present work is to investigate numerically the long time behavior of the forced damped KdV
equation

Ut + Uggy + LoyJu] +uuy = f, x € T, t >0, (3)
u(x,0) = up(x), (4)

for different type of sequences v with a special focus when khT vt = 0: this gives rise to a damping
——+00

which is more weak than those mentioned before. Since the analysis seems very tricky, we first look on
the numerical side. We address in particular the following points

e computation of the damping rates for different sequences v

« numerical measure of the Sobolev regularity

e computation of steady state solution

Finally, in the appendix, we consider also KdV equations with nonlocal damping in time,

1/t w(s
agus + a1y + a2Upyy +\/V - ﬁ /0 \/%ds + azuty — aqUge =0

and

vg 1 [t ug(s)
apus + a1y + A2Ugzy — T m o mds + azuuy — aquze = 0,

as proposed in [6, 11] respectively and for which we study numerically the rate of damping.



The paper is organized as follows: in Section 2, we give some properties of the equation for general
damping operators L. Then, in Section 3, we present the discretization schemes and establish some of
their properties. Finally, in Section 4 we present number of numerical results with a special focus on the
rate of damping, the Sobolev regularization and the computation of special solutions (steady states, time
periodic solutions).

2 A model of Damped KdV Equations

2.1 Problem setting

When u € L%(T), we can consider its Fourier expansion and write

u(z,t) = 3 ap(t)e T
keZ
We define the nonlocal damping (or dissipative) term as

N 2inkx
Lou= Z YU (t)e L
keZ

For obvious symmetry arguments, we will assume in the sequel of the paper that vy, € IR and that the
relations v, = y_j are satisfied for each k in ZZ.
The damped KdV equation we consider here is then

Ut + Upgy + Lyu +uuy, = f,o e T, t >0, (5)

ulw, 0) = o (x). (6)

As stated in the introduction, we do not address here to the study of the Cauchy problem. The presence
of the damping enforces the regularity properties of the solutions and we will have at least the same
properties of the Cauchy problem for the non damped KdV problem. The main problem will be the study
of the gain of regularity carried by the damping according to the asymptotic behavior of the sequence .

Due to the particular form of the damping, we need to use some adapted energy space family, we
introduce the following notations

Notations:

o Hy={ueL?Y wlix]> <+oo}.
rez

« H,={ue H,/ [} udr =0} ={ue H,/ ag =0}

o Let (7)x and (0)x be two sequences of positive real numbers. We will note v < § when v < 0, Vk.

The associated norm is |ul, = | Z Vi | Qg |2
keZL

Finally, we will denote by < .,. > the standard L? product.

Remark 1. Let v be a sequence of strictly positive real numbers. It is easy to prove that H., is a Hilbert

space endowed with the scalar product (u,v), = Z Yeldx and of induced norm |.|y = \/(.,.)5-
keZ

Let o > 3 then H, — Hpg, with continuous injection.
We have also the inequality

<u,v>< \quu]%, Vu € Hy,Vv € H%

3



Sl

where we have set for convention ( 0 ;
else

1 .
)k:{ W >0
Remark 2. When u € L*(T) and when the sequence i, is in {* the term L.u can be identified to the
Fourier serie of the convolution product
Lou(z) = Axu,

with A(x) = Z yke%im.
keZ

2.2 Damping properties

When the KdV equation is nor forced nor damped, it possesses an infinite number of invariants, the first
ones being

L L
o The mass : Ip(u) :/0 u(z, t)dx :/0 uo(z)dz.
L L
e The L? norm : I1(u) :/0 (u(z,t))*dz :/0 (up(z))?dz.

o z—= [ (u(z t))3de.

8u(m,t)>2d 1 L
6 Jo

L
o The Energy : Is(u) :/ (
0

It is then natural to study the effect of the damping on these quantities (the two first in practice). We
begin with the mean Ip(u). We have the

1 L
Lemma 3. For every sufficiently regular function v (e.g. v is H3(T) in space), we set v(t) = T / v(z,t)dr.
_ 0
Assume that f(t) =0 then u(t) = e~ 7°%u(0)
Proof. We have

1

L L
/ Ugze(z,t)dx = 0 and / wug(z, t)dr = —/ —u*(z,t)dx = 0.
0 0 2 0 X

Hence integrating each term of the equation on space on the interval [0, L], we get

L rou
/0 (E —I-L,Yu) dr = 0.

L L iz L
But / Lyu(z,t)de = / Z vrlige L dx = Lyylg = ’yo/ udz.
0 kEZ 0

Therefore 41 /L u(x, t)dr + 1 /L L-u(z,t)dx =0
dt L Jo ’ L Jo K ’ -

SO

du +vu =0
= i =
dt ’70 )
Hence the result. In particular, if w(0) = 0 then u(t) =0, V¢ > 0. O



2.2.1 The linear homogeneous equation

To derive estimates of the propagator associated to the damping, we first consider the linear equation

U + Ly [u] + Ugee = 032 € Q,8 > 0,
u(x,0) = ugp(x).

Assume that u(x,t) € L*(T)Vt > 0. Expanding it in Fourier serie, we get

dt

keZ keZ L

2inkx

By orthogonality of the trigonometric polynomial, we obtain directly

(1) = e~ O 0).

Hence

U inka 29 3
duk(t)e% n Z(% n < zk‘7r> Vi (e 22 — 0,

ulfe = > ) = > e 2|, (0).

keZ keZ

We can now derive bounds.

Proposition 4. Assume that v > 0,Vk € Z and that ug € Hi.

1
5

Then

—1
e
‘U’%z S Min (g"do’i, ‘UO’%Z) ,Vt > 0.
Yy

More generally, if uop € Hg,., then

< L fuof?
p =gy IM0IE

Proof. On one hand we have, taking the scalar product of the equation (7) with u in L?

dful? N
dtL2 + > ywla(t)? = 0.
keZ
Hence | ‘2
dlu
272 - 0
d — 7

therefore |u|%2 < |u0|%2. On the other hand we have, solving directly the equation (7), mode by mode,

mézsz%wW=ZWWmm%m@m

keZ keZ

The function
2vt

v — e
-1
is uniformly bounded by QQT on IRT*. Hence

2 e

L.
Julfe < - —lax(0)*.

The second inequality is obtained similarly starting from

Bulin(0) = ey O) = e (2

Hence the result.

k

().



More generally, using the same elementary proof, we can establish
Proposition 5. Assume that v € [0,1],Vk € Z and that ug € H1 . Then, for every s > 0
,YS
s S
lul2. < Min <e_5 (—) luol |u0|2L2> ,Vt > 0.
2t 8
Proof. By bounding uniformly the function v — y%e=27. O
This simple result means that a better decay in time is obtained with higher regularity of the initial
data.
2.2.2 The nonlinear homogeneous equation

We take the scalar product in L? of the equation
g + Ly [u] + tgpe + vty = 0;

and we obtain

1d|ul? R
Ldlule SR = 0. (12)
2 dt

kEX

We have [u|? = Z Y|t (t)|>. We can prove the
keZ

L
Proposition 6. Assume that v, > 0,Vk € Z and that ug € L*(T) wz’th/ uo(x)de = 0. Assume
0

that u € L*(T) N H.(T) for allt > 0. Then u = 0 is the only one critical point of the system and is
asymptotically stable. More precisely

i. tllgloo\u],;z =0.

i. In addition, if 3¢ > 0 such that v > ¢ > 0,Yk € Z then |u|p2 < e=ul2.

Proof. For the first assertion, we note that

d|u|%2
<0
e =7
hence |u(t)|r2 < |ug|rz,Vt > 0 and t — |u(t)|z2 is decreasing in time, consequently tlim lu(t)|2: = C. As-
—00
suming a sufficient regularity, we infer tlim |u(t)|%/ = 0. Now, since 7 > 0 then tlim iy, =0 and u =0 a.e.
—00 — 0
This implies C = 0.

Estimates [ii.] are obtained by a simple application of a Gronwall lemmas: v > ¢ > 0, then |u|, > c|u|7.
and we have
1 d|u|%2
2 dt

+clul3s <0,
so, by integration, we get directly

lul2: < e 2 ug|2, therefore tEI-‘Poo lu|z2 = 0.



Corollary 7. Assume that v, > 0,Yk € Z*, 49 = 0 and ug € L?. Then
. . 1k
tllgloou(t) =1y = E/o up(x)dx.

Proof. 1t suffices to introduce v = u — 4y and to combine Lemma 3 and proposition ?7. O

When the 7 are not bounded from below, the orbit converge to 0 in L? norm, but it can be at an
arbitrary slow velocity, it depends on how 7, converge to 0 as k goes to infinity.

The main difficulty comes out from the fact that, when -, converge toward 0 as |k| goes to infinity,
there is no injection from H., to L?. So, the ratio of the two associated norm of the solution plays an
important role as pointed out hereafter. We introduce the function

G : (u,t) — Gu,t) = [uly — ZkeZ’y’“mkP
. ’ ’ || 12 > kez ”ak’z 7

and in practice we shall use G(t) for G(u,t) when there will be no ambiguity.

Proposition 8. Let u(x,t) be a regular solution of the homogeneous equation (5). We assume that G(u,t)
is C' in t. Then we have the estimates

t
—/ G?(s)ds
o |u(t)|7. =e Jo Juo|7
L L
t
—/ G?(s)ds
o [u(®)]f = G*(t)e Jo |uo |72

In particular, . liIJ::l lulp2 =0 iff t — G(t) & L?(0, +c0).

Proof. As above, taking the scalar product of the equation (5) in L? with u, we get

Ldul?, 9
5 dt + |’LL|,Y = 0.
We have by definition of G : |u|g/ = G2(t)|ul?.. Hence
1 d|u|%2 9 9
ST G0 uf}s = 0,
from that we infer directly
t
—2/ G?(s)ds
u(t)fj2 = Jo |72 (13)

So tlim lulge = 0 iff t — G(t) & L?(0,+00). Estimate in H, norm follows directly with the definition of
G. We have

- tG2 s)ds
[u(t)l; = G*(t)e 2/0 ) |ug 7. (14)

t
—/ G?(s)ds
We deduce from the proposition 11 that, since tlim |uly = 0, then tlim G?(t)e Jo = 0. O
—00 — 00

The condition G(t) ¢ L?(0,+00) is of course automatically satisfied when H., C L? with continuous
injection or, equivalently when =y are uniformly bounded by below by a strictly nonnegative constant. In
such a case, G(t) is bounded from below and |u|r2 converges to zero at an exponential rate as ¢ tends to
infinity. In the opposite case, say when len;O v, = 0, according to the previous proposition, we still have

G(t) € L?(0,4+00) but we can not obtain a rate of convergence of |u|z2 to 0. These points are crucial for
proving the existence of bounded absorbing sets, see [27].



2.2.3 The nonlinear forced equation

Our goal here is to explore numerically the long time behavior of the solutions of the forced and damped

equation, and particularly to look to the possible nontrivial dynamics in that case.
First, and as before, we derive estimates in L? and H, norms:

Proposition 9. Assume that f belongs to H1 and that ug € L? NH,. Then
Yy

2

t t
- | G(s)ds t _/ G*(1)dr
o << h et [ S s
s

Proof. Taking the scalar product of the equation (5) in L? with u, we get

2 dt

+ulf =< fiu>.

Now,
< o> | < Iflalub,

Hence, introducing G(t) and using Young’s inequality,

2 dt

1 € 1 €
G2 ul2, < —1F12 4 Slul2 = =112 + Sa2(0) ul2
FGWOlufe < oIFR + Sl = IR + 56 Oule,

for any € > 0. With € = 1 we obtain, by Gronwall’s lemma

t t
— | G*(s)ds t —/ G*(r)dr
o < wffe s [ b T s,
.

In a same way, we derive estimates in H,, by multiplying each term by G?(t)

t t
—[ G*(s)d — | G*(r)dr
w0k < e @Sw&wﬁfel T G s

We deduce immediately the following result:

Corollary 10. We make the assumptions of the previous proposition. In addition, we assume that the

function

t
t—/ G?()dr
F:tr—»/e s ds
0

is uniformly bounded in t. Then the equation possesses a bounded absorbing set in L>.

Notice that it is difficult to obtain bounds on = that garanties the existence of steady state, as proposed
in [4] for the case 7 = cste. Indeed, assume that the equation possesses a stationary solution v, we set

w = u — v and we find that
Wi + Lyw + Wege + vty — vv, = 0.

Hence, by taking the scalar product in L? with w

1djw]3
2 dt

LN A
—ley—kg/o vpw?dzr = 0.

8



When 7, = cste or vy, > ¢ > 0, the equation is (at least) weakly damped and Rosa and Cabral [4] have
pointed out non trivial dynamics (multiple stationary solutions, periodic solutions). In such a case,

]2 > cwlia,
hence, if there exists a strictly positive constant x such that
v
c+ 7:0 >k > 0,a.e. in [0, L],

then
lwlz2 < e |wolrz,

so v is the only one steady state and it is asymptotically stable.

When +;, converge towards 0 it is not possible to proceed as above because, |.|, and |.| are not equivalent

norms. However, when f is constant, u = % is a steady state of the equation and the only one steady

solution with mean equal to zero is u = 0.
The nontrivial long time dynamics occurs when the steady state u* is not unique. A uniqueness
condition is

2 Lt
|w|7+§/0 vew*dzr > 0.

We have

Setting 6 = vy, w?, we get

SO

~ —2imk _ . R

90 = Z I V_k <Z wk_nwn> .
keZ

Finally the decreasing condition reads as

D lagl?+ ) ik <Z w_k_n@n> > 0.

ke keZl nez

When bounding from above the second term with the Cauchy-Schwarz inequality, we obtain

> ot - X ol (X a2) 20

keZ keZ nezZ
Noting that
21]4:7('/\ 2ikmx 2k7T ~
oel = |32 20 B < 3 2 i,
keZ keZL

we see that the decreasing condition can be satisfied only when v are large enough.

3 Numerical schemes

3.1 Spatial discretization

Since the boundary conditions are periodic, it is natural to first consider a spatial Fourier-like approxi-
mation, in addition in that case the computation of the nonlocal damping terms will be easy. However,
we shall develop also a compact finite difference approximation scheme, to have a comparison, but also
to obtain a ground for the simulation when the boundary conditions can be non-periodic.



3.1.1 Fourier-like discretization

We set Q = [0, L]. Let N € IN* we consider the expansion of L-periodic function u as

N/2 ,
un(z) = Z age' L,
k=—N/2+1
2 (L 2kma
with 4 = Z/ u(:n)e_l%L dx.
In such a way, we can define
N2 2km\ | 2kma N2 i2km\?> j 2k
(UN)m = Z T uge L, (UN)xmv = Z I uge L.
k=—N/2+1 k=—N/2+1
The non local term |D|%upy(z) is defined via its Fourier serie as
N/2
2]{77'(' @ -2k
|D|“un(z) = Z — ukel%
k=—N/2+1

The nonlinear term is evaluated in the physical space, then transformed in the spectral one. More precisely,

setting v = u?,

O = Z/o u2(:13)e_’2kL dx.

Of course, in a computational point of view, it is preferable to consider interpolation values of the
truncated trigonometric expansion in such a way to use the FFT routines. To this end, we fix N points

of [0,L], z,, = m%, m=20,---,N — 1 and we compute approximations of Un(x,,) using the relations
N/2 o N/2 "
Un=Un(zm)= Y e 2 = > e~
k=—N/2+1 k=—N/2+1
and

N 2 Nl _Z-2k7rm
U = N E Um € N
m=0

these two sums being efficiently computed with FFT. Hence we have also, using the same notations,

N/2
IDI*un(zm) = NLp = > |25| age’™F
k=—N/2+1
and Vot
~ 2k7T 2 . - 2kmm
2 s 2 gk mm
O (u )k_Z<T>N Eume N
m=0
3.1.2 Finite differences discretization
As before, we give ourselves N regularly spaced discretization points z,, = m%, m=20,---,N and we

implement the periodicity with the relations

u(xm—l—kN) = u(xm)

10



In order to preserve the symmetry and the antisymmetry of the operators, we consider the following
family of schemes for the three first derivatives

p

Um+e — Um—¢

U () =) g (17)
. 201
p

Um0 — 2Up + Upy—p

uxx(xm) = Zﬂf 2 ) (18)
Z (h)
u _2(um+€ + um—é) + (um—l—é—l—l + um—@—l)
vz (Tm) = > 0 . 1

torelom) 2 2 B iy 1
(20)

Coefficients ay, 8 and 65 are chosen in such a way, for a given p, the scheme is of maximal order of
accuracy. If p = 1 then a3 = 5 = #; = 1 and the schemes are second order accurate, see appendix.
Notice that another possibility, not considered here consists in using compact schemes as presented e.g.
in [18].

3.2 Time marching schemes
We present hereafter 4 implicit/semi-implicit time marching schemes for the damped KdV equation:
e Backward Euler’s
e Crank Nicolson
e Sanz-Serna
e Strang Splitting

We write them considering only the semi discretization in time and give for 3 of them L? stability results
which remain valid when finite dimension approximation in space is considered: this is simply due to
orthogonality property of the interpolation trigonometric polynomials.

Finally, we need to solve numerically at each time step a fixed point problem. It can be done by using
the classical Picard iterate. In some situations, e.g. for Sanz-Serna, the Picard fixed point method needs
a small time step At to converge: this is artificial since the scheme is unconditionally L2-stable. Such
drawback can be overcome by using other fixed point solver which has a better stability, as proposed in
[1], see also subsection 3.2.5 below.

3.2.1 Backward Euler
As first numerical scheme, we propose
w1 _ ()

At

Here £ is the skew symmetric linear operator of the first spatial derivative or of its discretization. We
prove the following result:

+L¢N”U+£%N”U+%£W@Hh2=f. (21)

Proposition 11. Assume that u9 = ug € L? and f € Hi. Then the sequence u™ generated by the
Y

Forward Euler scheme is well defined, belongs in L? and

n n n ~(Mn n 1 A
DR 4 D) a2 AT fal YR < ™ Ay — (il
keZ kEXL

In addition if f =0, then lim |u(")|Lz =0.
n—-+00

11



Proof. Using the identity

< D) )t S _% (’u(n)‘% ) 2 ‘u(n-i-l)’%)

)

we obtain after usual computations

w12 4 D — 2 L oA < LY o) =03 424 < oY f > (22)
where
< Lﬁyu(n-l-l (n+1) Z e |u(n+1
keZ

At this point, we use the Young’s inequality

< D <& Z’Y’ ~(n+1) ‘2+ Z_‘ka

keZ ke%

for € > 0 that will be fixed later on. Hence

€ n n 1 1 2
T3 4 ) — ™3 2A 1 - )Yy Rlal" 12 < a3 4 20— 'Y_‘MQ’

2z 2¢ 7
Hence the result with € = 1.
If f =0, the identity (22) becomes
W D — w4 A = [u)B (23)

Hence, the sequence |u(™ |y is decreasing, limited from below (by 0), then convergent to C. It follows that

Therefore, since 7 > 0, we have lim 4y = 0 and then C' = 0. O

n—-4oo

We give also a discrete version of proposition ?7:

(n)
Proposition 12. Let ul™ the sequence generated by the backward Euler scheme. We set G = "u(n)"V
U
We have
\u(")]%z < ﬁ ; ‘UO’%Z.
— o\ 280602
In addition, if (GY))jen & 02, then liar_l ™|z = 0.
Proof. Taking the scalar product in L? with «("*t1) we obtain
1 n n n n n n
S (WO B = [ + ) — a2 4+ (G R , =0
Therefore
(L4 286G IR DR, 4 ) — a2, < [ul,.
Now, for At small enough we have
L 1
lo _ log(1 + 2At G(J ~ —2At
s (Jl;[l 1+ 2At(G(J))2) Z Bl ( Z
Hence, if GU) ¢ ¢% then 11111 [u™] 2 = 0. O

12



3.2.2 Crank-Nicolson Scheme
The classical Crank-Nicolson scheme writes as
u(n+1) — u(n) L u(n+1) + u(n) 3u(n+1) _|_ u(n)

1
r yy (n+1)\2 (m)\2) _ 24

with the notations as above. This scheme is second order accurate in time. Here we do not have

(n+1) 4 q,(n)
<£ ((u(n+1))2 + (u(n))2) 7 R 2+ il > =0,

so we can not derive uniform L? bounds for (™ from the scheme. However is practice, this scheme gives
satisfactory numerical results, see section 4.
3.2.3 Sanz-Serna Scheme

The Sanz-Serna scheme is second order accurate in time and corresponds to a mid point quadrature
formula in the evaluation of the vector field, see [26]. It writes here as

=/ (25)

(n+1) _ ,.(n) (n+1) (n) (n+1) (n) (n+1) (n)\ 2
u U U +u U +u 1. (u +u

with always the same the notations.

Proposition 13. Assume that ug € L? and f € L2ﬂH,Y. Then the scheme (25) is stable in L? for all
At > 0.

u(n+1) _|_ u(n)

Proof. We take the L? scalar product of each term of (25) with — and obtain
D12, — [ut™]3, + 1|u("+1) +uM=(7f 7u<n+l) )
2At 4 7 ’ 2

So, using duality and Young’s inequality, we have

n+1) ’%2 - ‘u(n) ‘%2

2At

Jul

4 i\ww +u®)

Finally, after the usual simplifications

At
’u(n+1)‘%2 + I‘u(n+1) + u(”)\?y < ]u(”)\%g + At\f@.

Hence the L? stability on every time interval [O,T]. O

The scheme (25) is indeed second order accurate and L? stable but we can not establish contraction
properties as for Backward Euler’s which is only first order accurate in time. Indeed, with f = 0 we only
obtain the relation

At
) 4 u(n)|3 — |u(n)|%2

4

which implies that |u(")|,2 is decreasing (then convergent) but we cannot conclude that the limit is 0. In
order to establish both accuracy and contraction properties we consider in the sequel a scheme based on
the Strang Splitting.

|u("+1)|%z +

13



3.2.4 A Strang splitting time scheme

The main idea of a time splitting scheme is to treat separately the time integration in the one hand of
pure dispersive part of the equation and the damped, and on the other hand of the damped part. Of
course this last one is less expensive in computations, so a natural approach is to apply the classical
Strang splitting as follows:

w(H1/3) — o=y (), (26)
(n+2/3) _ ,,(n+1/3)  q 1
U u
At L8 (w0 ) 2L (O ) =, (27)
WD) = =5 Ly (n+2/3), (28)

At .
Here, the operator S, = e~ 2 7 is for every u € L*(T) as
_ At N 2inkx
Syu = Z e 2 bwqpe L
keZ

When using an exact time integration, the Strang splitting is second order time accurate. Steps (26) and
(28) correspond to exact integration while (27) is a Sanz Serna’s which is second order accurate. The
resulting so, as we will check numerically. At this point we derive stability bounds

Proposition 14. Assume that v, > 0,k and u(® ¢ L?(T). Then the sequence u™ generated by the
scheme (26)-(27)-(28) is well defined and the scheme is unconditionnally stable in L*. If f = 0 then

lil}_l [u™] 2 = 0. We have in addition the following estimates
n—-+0oo

e ifdc >0, vx > ¢ > 0,Vk, then

1
™2 < 672 + Awmmy

with § = 6_%

e iful® € L2(T)NH1 and f =0 then
Y
-1

n e
‘u( ), < NAt’u(O)’

1.
>
Proof. We first assume that v, > v = cst,Vk € Z. We have then |Syu|;2 < 6_%‘U’L2 = Olulr2. We
obtain directly the relations

W3 5 < 8™ 2 and [u™TV] 2 < 823,
Taking the scalar product in L?(T) of each term of (27) with u("+2/3) 4+ 4 (+1/3) e get

,u(n+2/3)‘2L2 _ ‘u(n+1/3),%2 < At < fuPT) 4B S < Ay £ (,u(nJﬂ/i’»)‘L2 + \u("“/g)!Lz) 7

therefore
’u(n+2/3) ’LZ — ‘u(n+1/3) ‘LQ < At‘f‘LQ‘

Finally
[+ |2 < Sl |, < 6 (5|u(n)|L2 T At|f|L2) '

In summary
a2 < 62|ul| 2 + At S|,

14



and by induction we find
1

1 — §2

hence the uniform L? stability, the sequence u(™ is well defined in L2. Also, we infer from the previous
relation that if f = 0 then lil}_l [u™ |2 = 0.
n—-+oo

™|z < 82w 2 + Ats |flr2,

Let us now study the general case v; > 0, with possibly khT vt = 0. We first need to show that
—+00

. N .
kEI-ll-loo ’SFY U‘LQ =0

for any v € L?(T). We have the following result

Lemma 15. Let v € L*(T). Then

. N .
N1—1>H+100 1S5 v 2 = 0.

In addition, if v € L*(T) N Hi we have the estimate
ol

6_1

NAt

1SN |2 <2 1.
vy

Proof. Since v € L?(T), for a given ¢ > 0, there exists N7 € IN such that

3
YN >Ny, Y o] < ——.
‘k|>N1 \/§M

where we have set M = |v|;2. Now, we write SVv as

SNufT, = 3T e NEM G+ YT e VA,
|k|<N1 |k|>N1

2
The second part is bounded by §2— Now, since Ny is fixed, we define v as v = |kl\2§\f vt > 0. We can write
IVl

Z e—NAt’yk |®k;|2 S e_NAt1M2.
|k|<N1

2
~NAl o €70 Summing these

Finally for the same € > 0 there exists N such that for every N > Ny, e
inequalities, we obtain the result. Notice that we do not have any estimate of the rate of convergence;

the rate depends on both v and 7.

Assume now that v € L?(T) N H1. Proceeding exactly as in Proposition 4, we find

1.
5

-1
N e
< — .
1Syl = gl

This achieves the proof of the lemma. O

Let us now turn back to the time marching scheme. We have the relations

u(n+1/3) _ S«,u("), (29)
[+ < D] 1 A ], (30)
u(n-i—l) — Svu("ﬂ/?’). (31)

15



Hence,
D] < At f] + | Sul™).

The L2-stability follows by induction since |S,u(™ |12 < [u(™]| 2. Now, if f = 0, we have directly
™2 < [8"u |
and we conclude with the previous lemma. O

This splitting scheme combines thus both second order accuracy in time (as Crank-Nicolson’s or Sanz-
Serna’s) and good L? stability properties (as Backward Euler’s). We illustrate these properties in the
numerical simulations.

Remark 16. The Strang-type splitting scheme

u(n+1/3) — u(n)

Az T LY =0, (32)
(n+2/3) _ ,,(n+1/3) 1
u Atu L3203 §£(u(n+2/3))2 —f, (33)
(n+1) _ , (n+2/3)
: At72 + L) =0, (34)

allows to recover comparable L? stability properties. However, it is only first order accurate (see numerical
tests), the first and all the three steps being only first order accurate in time.
3.2.5 Implementation

The schemes presented above are implicit or semi implicit and a fixed point problem must be solved at
each iteration that can be written as

u™ ) = (AL, u™ | ), (35)

where the definition of ® depends on the chosen time marching scheme. The simplest method to solve
(35) is Picard’s iterate:

For n=0 ---

Set IO
while [|¢(At,u™ v(™) —um)]| > ¢
pm+l) — @(At,u("),v(m))
m=m-++1
End while

Set u(tl) = ¢(m)

End for

Here € > 0 is a small parameter fixed, e.g. ¢ = 1.e — 12.

Following [1], we underline that, even when the time marching scheme is stable, and sometimes uncon-
ditionally stable, a numerical blow up can be observed because the Picard iterates do not converge if
At is not small enough. In such a case an artificial restriction on the time step destroys the interest of
the numerical method. This occurs here, e.g., when using Sanz-Serna scheme. A way to overcome this
drawback is to implement more stable fixed point schemes such as Lemarechal or Marder-Weitzner, see
[1] and the references therein for more details.
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4 Numerical results

The results presented here have been obtained using Matlab software. We have used the Crank-Nicolson
scheme together with the standard Picard iterate to solve the fixed point at each step. The other time
schemes (Euler’s, Sanz-Serna, Splitting) give comparable results.

4.1 Long time behavior : measure of the numerical Sobolev regularity, special solu-
tions

As said in the introduction, one of the aims of the present work is to observe an asymptotic regularization
of the solutions. This have been done for the so-called weak damping (7% = ¢), but it remains to be done
for v — 0 . To this end we capture the discrete smoothing by analyzing the convergence of the truncated
Fourier expansion of the solution. More precisely if, for a fixed time ¢, we expand u(z,.) as

+o0
u(z,.) = Z Upwy(x), (36)
k=1

where wo(x) = sin(2krz) , k>1 , wopii(x) = cos(2kmx) , k> 0.
The smoothness of the function u(x) shows on the decay of the high frequency modes. As in [1], we follow
[20] starting from the fact that a function u that is in L? belongs to H*, s > 0 iff

“+oo
3 NE Y u - uy| 22 < oo, (37)
N=1

where

uy = Z u(k)ex(x). (38)

|k|>N

Of course, in practice, this formula will be applied with a finite number of Fourier modes. If we use two
levels of approximations, the fine one uy which will play the role of w in (37) and the coarse one Un/2
which will play the role of uy in (37), we have to compute s such that

N/2 N
>R <Z \akF) < +00.

k=1 l=k

The numerical Sobolev exponent is computed by considering the queue of the spectral energy of the
solution. More precisely, we look to a linear behavior of the high frequencies Fourier coefficients as

N
. C

Z |'LL[|2 ~ ﬁ’ fOI' k > 1,

l=k

or equivalently

N
vp =In Y _|ig|* ~ In(C) — 2sInk, for k> 1.
l=k

It suffices then to compute s by a linear regression (least square fitting). In practice, we will select a few
number (m) of 4. Hence s (and k = In(C)) are computed as minimizers of

N

Z (v — (K — 2s1n(k))?.

k=N-—m

We now apply this technique to the forced damped KdV equation for different sequences v and more
precisely
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e Constant damping v = 1, Vk.
o Band limited damping: Vi = Xk, <k<ko-

1if k is even

e Comb-like damping: v, = { 0 otherwise

2@7rk‘

Z uk nun

neZ

In that case we have 9,u?2y,

Hence, if tiop41 = 0, for p € 7 then ¥ 1 = 0. Therefore, it is easy to show that if iy and f have
only even nonzero frequency, then the sequence generated by the different schemes enjoy of the same
property. Consequently a comb damping supported by even frequency will damp all the solution
while a comb-damping supported only by odd frequency will have no damping effect. Indeed let
u € L? such that llopy1 = 0,Vk € Z. We set v = O,u?. We have

o 2@7rk‘ . ik . . . R

uk nUn = § U —2nU2p + § Uk—2n—1U2n+1 |-

L
neZ ne ne

If £k =2p+ 1, we have

2imk
Vp+1 =~ Z U2p41—2nU2n + Z Ugpt1-2n—1U2n+1 | = 0.
neZ neZ

More generally, we can prove the following result

Lemma 17. Let u,v € L>®(T). Assume that tog1 = Oo+1 = 0. Then

’l/J:’l\)gk+1 =0, keZ.

It follows by induction that if g1 = 0, then a8, , = 0.

e v, > 0 with RETOO% =0, such as v = W, with « =1/4,1,2,---

4.2 The numerical tests

We first illustrate the effect of the damping for different sequences 5 on both the linear and the nonlinear
equation.

At first, we illustrate the damping effect in the two energy norms |.|2 and |.|,. We see in particular
that, as expected, when 7;, > 0 the solution of the homogeneous equation converges toward 0 in L? H,.

However, when klim v = 0 the rate of convergence depends on uy and on its Fourier decomposition.
— 400

When v = 0 on a band frequency, the solution do not automatically converge to 0; it depends on both
the Fourier decomposition of the initial data and of the right hand side.

In Figures 1 to 18 we observe a perfect agreement with the results established above: when v > 0,Vk
the solution converges to 0 in L? and H, norms, however, when kEI—ll—loo vk = 0 the rate (slope in log

scale) depends both on the initial data ug and on ~g; in the case of a bandpass, i.e., when 7 = 0 for
Ny < |k| < Na, we observe according to the cases convergence to 0 if enough frequencies are damped but
this is not the case when the damping is not sufficient.

In a second time, we consider the forced and damped equation. We give a special focus to the
computation of special solutions as steady states and periodic solutions.
We report in figures 1 and 2 the different damping sequence v that we will consider. Then in figures 3 to
15, we compare all the numerical schemes (Backward Euler’s, Crank-Nicolson’s, Sanz-Serna’s and the two
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Strang-splitting time schemes). All the scheme display comparable results and, as expected, we observe
that Euler’s and the second Strang-splitting are first order accurate while the others are second order
accurate in time. After that all the computation have been realized with the Crank-Nicolson scheme. In
figures 16 to 24, we illustrate the damping effects for the homogeneous equation. The results agree with
propositions 6 and 8. Then, we consider a non zero source term in such a way we can obtain a non trivial
dynamics and observe regularization effects. At first, figure 25 to 51, we compute the time evolution of
different norm of the solution; in particular, we look to the time evolution of the (exponential) factors
of Proposition 9 and observe that they behave like in the case of the presence of an absorbing set in
L? (when 7 > 0). After that, in figures 52 to 63, we compute non trivial steady states when varying
v, f and ug. In Figures 64 to 70, implementing the technique presented in section 4.1, we point out

numerically regularization effects even when klil}rl v = 0: the numerical Sobolev regularity increases
— T 00

with the time. Finally, in figures 71 to 83, we point out numerically, via phase plots, the existence of

time-periodic solutions, as in [4], but for sequences 7 such that Wlim vt = 0. This result traduces a
— 400

non trivial dynamics for large times.

For simplicity we will use the following notation ug(x) = S1 =3 -c¢- sech(%(:n —p- L))?, where
c=1, ¢=0.16, p =04, p = 0.5, is the soliton; ug(z) = S2 corresponds to the crennell ug(z) = (0.4xL <
x)* (x < 0.6 x L); up(x) = S3 is the sine data ug(z) = sin(2rz/L); finally ug(x) = S4 = 50xz>xsin(4z)
is the initial datum to compute time-periodic solutions.

Unless specified, for all the numerical simulations, we work with L = 100, N = 22 and At = 0.005.

4.2.1 Profiles of v and gy

109,(05) 109,(%)

Table 1: Energy spectrum of various initial data.
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1 T T T T T 1 T T T T T T T
o % T %0 ™ F) » ry w . w 1w » prm
k
v = 1,Vk v = 1if |k| < kg = N/8 else 0,
. 109,40 109,4(%)
»
1 L L L L L 2 L L L L L
10 50 100 « 150 200 250 0 50 100 150 200 250
k
e = 1 e = 1
k= kD72 AAEPE
log, (%) log, (%)
10°

50 100 150 200 250 o 50 100 150 200 250
k k
Ve = TERDT Tk = AR
log, 4(v,) Y
) ]
05
1
. :

v, = 1if k is even , 0 if k is odd

Table 2: Various frequency damping profiles.
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Figure 1: Comparison of the rate of the accuracy of the schemes for v =1

4.3 Homogeneous damped and forced KdV
4.3.1 Damping for different ~;
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Rate of convergence in loglog scale , vk=ll\k\
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Figure 2: Comparison of the rate of the accuracy of the schemes for v = ﬁ
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Figure 14: ug(z) = S3,v = =—~777, f(x) =0
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Figure 15: ug(z) = S3,y, = m, flz)=0
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Figure 19: ug(z) = S1 ,y; = abs(f ft(exp(—(k — L/2)?/0)), 0 = 1/4; f(x) =0
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Figure 20: ug(w) = S2 v, = abs(f ft(exp(—(k — L/2)%/0)),0 = 1/4; f(x) =0
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Figure 21: ug(z) = S3 , v = abs(f ft(exp(—(k — L/2)%/0)),0 =1/4; f(x) =0
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Figure 22: ug(x) = S1 v, = abs(f ft(exp(—(k — L/2)*/0)),0 = 1; f(x) =0
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Figure 24: ug(z) = S3 , v, = abs(f ft(exp(—(k — L/2)?/0)),0 = 1; f(z) =0
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4.3.2 Forced KdV
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Figure 25: ug(x) = S1 y, = 1,Vk, f(z) = sin(2rz/L)
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Figure 26: Sanz-Serna, ug(z) = S1 v, = 1,Vk, f(z) = sin(27z/L)
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Figure 27: Euler-Explicite, ug(z) = S1 ;v = 1,Vk, f(x) = sin(2nz/L)
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Figure 28: ug(x) = S2, v, = 1,Vk, f(z) = sin(2rz/L)
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Figure 29: ug(z) = S2, v = 1,Vk, f(z) = sin(2wz/L)
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Figure 30: Sanz-Serna, ug(x) = S2, v = 1,Vk, f(z) = sin(2wz/L)
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log, (") ol T=9.2100; =0.0005 \ogw(uuuj) at T=9.2100; ¢t=0.0005
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Figure 31: Euler-Explicite, ug(z) = S2, v, = 1,Vk, f(x) = sin(2nz/L)
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Figure 32: ug(x) = S3 , v = 1,VEk, f(x) = sin(2rx/L)
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Figure 33: Sanz-Serna, ug(z) = S3 , v, = 1,Vk, f(z) = sin(27rz/L)
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Figure 34: Euler-Explicite, ug(x) = S3 , v, = 1,Vk, f(x) = sin(2rx/L)
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Figure 35: ug(z) = S1 v = 1if |[k| < kg = N/8 else 0, f(z) = sin(2rx/L)
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Figure 36: ug(x) = S3 , = 1if |k] < ko= N/8 else 0, f(z) = sin(27x/L)
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Figure 38: ug(z) = 52, v = W, f(z) = sin(2rx/L)

41
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Figure 39: ug(x) = S3, 1 = REE f(z) = sin(2rx/L)
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Figure 40: ug(x) = S1, v = (1+—1|k‘), f(z) = sin(2rx/L)
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Figure 41: ug(x) = S2, v, = T f(z) =sin(2rz/L)
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Figure 42: ug(x) = S3 , 1 = (1+1|k‘), f(z) = sin(2rx/L)
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Figure 43: ug(z) = S1 ,yx = abs(f ft(exp(—(k — L/2)?/0)), 0 = 1/4; f(x) = sin(2rx/L)

44



gl a =19.050;=0.0050 \ogm(uu\@ a T=19.0500; dt=0.0050

T T 10 T T
W
0]
0}
1 1 1 1 1 1 1 1 1 100 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 L W B 18 2 0 2 4 6 8§ W L W B 18 2N
{ {
o 0 log (G7erp-25 G5 at T=19.050; 800050
05 T T 10 T T T T
7 Mt
04
10°
035
03
025 1 1 1 1 1 1 1 1 1 10-10 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 1 W 1§ 18 N 0 2 4 6 8 10 12 W 1§ 18 N
{ {

Figure 44: ug(z) = S2 v, = abs(f ft(exp(—(k — L/2)%/0)),0 = 1/4; f(x) = sin(27z/L)
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Figure 45: ug(w) = S3 , v, = abs(f ft(exp(—(k — L/2)?/0)),0 = 1/4; f(x) = sin(2rz/L)
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Figure 46: ug(z) = S1 /v, = abs(f ft(exp(—(k — L/2)%/0)),0 = 1/4; f(x) = sin(27z/L)
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Figure 47: ug(z) = S2 v, = abs(f ft(exp(—(k — L/2)?/0)),0 = 1; f(z) = sin(2rx/L)
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Figure 48: ug(x) = S3 , v, = abs(f ft(exp(—(k — L/2)%/0)),0 = 1; f(x) = sin(2rx/L)
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Figure 49: ug(x) = S1 v =1 if kis even , 0 if k is odd; f(z) = sin(2wx/L)
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Figure 50: ug(z) = S2 v =1 if k is even , 0 if k is odd; f(z) = sin(27x/L)
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Figure 51: ug(x) = S3 , v =1 if k is even , 0 if k is odd; f(z) = sin(27z/L)
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4.4 Steady state Solutions
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Figure 52: Computed steady states with different i, ug(x) = S3, f(x) = sin(2wz/L)
\ogm(”du/dtufz) at T=10.55 [sec] ; dt=0.0050
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Figure 53: Computed steady states for v, = 1,Vk, f(z) = sin(27z/L), various ug(z) : evolution of || 2|2,
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Figure 54: Computed steady states for v, = W, f(x) = sin(2wz/L), various ug(z) : evolution of
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Figure 55: Computed steady states for v, = W, f(z) = sin(27x /L), various ug(x) : evolution of
[EAlF
dt 1112
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log, ((lldu/dt||?) at T=2.0650; dt=0.0050

solution at T=2.0650
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Figure 56: ug(z) = S1 v = 1,Vk, f(x) = sin(27z/L)
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10 1
10 h ] 08F 1
0.6 1
107} 9
0.4 e
a
w0 3 o2f g
107 4 of 4
100 ] -0.2F 1
-0.4r b
10°F q
-0.6 B
7
w0 3 -0.8} g
107 -1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 0 10 20 30 40 50 60 70 80 90 100
t x
Figure 57: ug(z) = S3 , v = 1,Vk, f(z) = sin(2nx/L)
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Figure 58: ug(z) = S1 = 1if |k| < kg = N/8 else 0, f(z) = sin(27x/L)
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Figure 59:

up(z) =83, v, =11if |k| < ko= N/8 else 0, f(z) = sin(2rx/L)
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log, ((lldu/dt||?) at T=3.6900; dt=0.0050
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Figure 60: ug(x) = S1, % =

log, ((lldu/dt||?) at T=3.2700; dt=0.0050
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Figure 61: ug(x) = S3, 1 =

log, ((lldu/dt||?) at T=46.8800; dt=0.0050
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4.5 Sobolev regularity

solution at T=7250.3500

Order of Sobolev regularity at T=7250.35; dt=0.00500
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Figure 64: 4 (0) = 1/(1 + |k|) if k is even, 0 if k is odd, 7, = 1 if k is even , 0 if k is odd, T'= 35, f(z) =
sin(27z/L)
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solution at T=0.2750 Order of Sobolev regularity at T=0.28; dt=0.00500
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Figure 65: ug(z) = S1 v, = 1,Vk, f(x) = sin(2wz/L)
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Figure 66: ug(z) = S2 v = 1,Vk f(x) = sin(2wz/L)
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Figure 67: ug(z) = S1 v = 1if |[k| < kg = N/8 else 0, f(z) = sin(27x/L)
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Figure 68:

1.5

0.5

-0.5

-1.5

15

-1.5

solution at T=0.2950

20 40 60 80

Order of Sobolev regularity at T=200.00; dt=0.05000

oo

o.8s

osf

o 20

20 ) B0 100 120 140 160
t

up(z) =82 i, = 1if |k| < ko= N/4 else 0, f(z) = sin(2rx/L)

Order of Sobolev regularity at T=0.29; dt=0.00500

0.1 0.2

Figure 69: ug(z) = S1 3 = W, f(z) = sin(2rx/L)

solution at T=32.2600

20 40 60 80

Figure 70: ug(z) = S2 ¢ =

1
(1+[K[)

95

Order of Sobolev regularity at T=32.26; dt=0.00500

6

5.5

7z else 0,

10 15 20 25

f(x) =sin(27wz/L)

30



4.6 Periodic solution in time
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Figure 71: ug(x) = S4 y, = 2.7,Vk, f(z) = sin(2wz/L)
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solution at T =811
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solution at T =811
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solution at T =811
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solution at T =811
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solution at T =811
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solution at T =811
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solution at T =811
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solution at T =811
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5 Concluding remarks and perspectives

The family of weak damped KdV equation we have presented here allows to consider damping weaker
than those studied in [12, 13, 14, 15] in the sense that, when v, — 0 as |k| — +o0,

Je > 0s.t. |uly < clu|2Yu € L and #d > 0 s.t. dluly > |u|p2Vu € L?,

for which an asymptotic regularization property was proved. The numerical illustrations show that a
damping is still present in energy norm, the main problem being that we do not have a uniform control
on the rate of damping. Anyway, and as in the weak damping case considered by Cabral and Rosa ([4])
(see also [2]), we pointed out by numerical evidence, the existence of steady states and of time-periodic
solutions, which means a nontrivial long time dynamics. As possible perspectives of the present work, we
propose:

1. The rough mathematical analysis of the long time behavior of (5) still remain to be done; it presents
technical difficulties due to the non embedding of H., in L? when khT vt = 0, it is then helpful to
—+00

produce first numerical evidences.

2. We can consider such damped KdV equations when the boundary conditions are not periodic. It
suffices to expand the solution in a proper (Hilbert) orthogonal polynomial basis pi with respect to
a weighted L? scalar product (.,.),,. We have then

wlet) = S wpi(a).
k=0

(uapk)w

where 4 = e
Y w

and we define the damping linear operator L, as

Ly (u) = i Vi Apr ().
k=0

More widely, the study of the long time behavior of equations as

ou
En + Lyu+ F(u) =0,
with Re(F(u),u), = 0 and L, defined as above can be addressed following the same approach. For

example damped Nonlinear Schrodinger equations as presented in [1] can be considered.

3. In a numerical point of view, the damping when treated implicitly in a numerical marching scheme,
has a stabilization property. The Fourier expression of L, allows to study in a accurate way the effect
of the damping by band of frequency: this can be a first step before building filtering operators for
stabilizing numerical scheme without deteriorating the consistency, as done e.g. in [5] for nonlinear
parabolic equations.

4. Another weak damping can be considered: it consists in a local damping in the physical space and
reads as
Lu = X[qpu
where X4 is the characteristic function of [a,b] C [O, L] as studied in the perspective of the
stabilization of KdV equations, see [17, 25]; of course one can replace X[a,p] DY @ smooth function
with compact support in [a, b], see annex.

We hope to develop these topics in a near future.
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6 Annex

6.1 Non local time damped KdV

We consider the two problems

o NLTKdV1, see [6]

1 t
agUy + a1y + Aolgpe + /U - ﬁ /0

ds 4+ aguu; — agly, = 0,
— 8

o NLTKdAV2, see [11]
[vg 1 /t Uz ()
T rrr - T = d T zrx — Y,
apgus + a1y, + asu hVE o Vies s + asuu, aqsu 0

3
Whereal:h'\/%7a2:%’\/%aa3:g’\/%anda4:2l/.

The time and space discretizations of these equations are presented below.

6.1.1 The problem NLTKDV1

We here describe the time and space discretization of the problem

1t
agUy + a1y + Aolgze + /U - ﬁ /0

ds 4+ aguu, — aqz, = 0.
— 5

1l
ﬁ 0 t—s

Spatial discretization

According to Dubois [9], ( 1/2 === 2A Zgﬁl i = ,/% . Zgn+1_juj where g; are the Gear
5=0

coefficients computed in [8].
Taking the Fourier serie of each term we have

() i (Y s (2
aj -1 I a -1 I a4 I

TL TNL

We set G1/2 (t) = ds.

d
aod—uk +Vv- G1/2uk +

k
WenowsetC’—% TL =C- (al'i—ag-i'02+a4-0) and TNL =a3-i-C.

The system to be solved is then:

d w2
a0 =+ V- G/*0, + TL - @y, + TNL - Tk — 0,
ur(z,0) = Uk (0).
We will set for the sequel U(z,t) = u(z,t) — up(x), so
d - . U + ug)?
a0 20+ Vv G20, + TL- (Uk+f0) +TNL-% — 0,
Uk(z,0) = 0.
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Time discretization

For simplicity, we consider the following explicit scheme

ﬁn+1 ﬁ n+1)2
QOTIf + Gl/zUn+1 +TL- (Un+l —H/LB) + TNL - % =0
Uk(w 0) =0

n+1
We have \/E'Gi/z( "+1 =\ \V 2Az Zgn-i-l U =V \ 3z (9 n+1+zgn+1 ]Uj)

Therefore, we obtain

~ BuAt O . . /n+\12
Ug"'l = |:— 3V2 'Zgn+1_jU]+a0'U,?—At- (TL’L/LB—FTNL%)] /Ml
=0

Up(2,0) =0

3vAL

where M1 = ag + At - TL + 5

* 90

6.1.2 The problem NLTKDV?2
We here describe the time and space discretization of the problem NLTKDV2 [11].

vg 1 [t u(s)
apUs + a1ty + aoUpyy — 7 \/_E A \/mds + azuty — gy, = 0,

h3
Whereal:h‘\/%,a2=€'\/%,a3=g'\/%anda4=2u.

Space discretization

Considering the Fourier serie of each term of the equation, we get

ootbi 28 L[ B0 2h i (Y 40y (21 W(@)@_O
0 k ay L 2 L 4 L k 3 L 2 — U
———
tl/2ak TL TNL
21k

WesetC:T,TL:C-(al-i—ag-z’-C’2+a4'C) et TNL=uag-7-C.
The time scheme reads as

)

aodtuk—z C- 1/ D1/2A + TL - up + TNL - Tk:O,
ty(x,0) = ug(0
. d 1/2.- | N 1 rtd . ds
We have D}/a, /”’“ Dpizg - L _/_ ,
e have \/_ = 0 T uk(O)—F\/?_T ; dsuk(s)m
1/2~
Gt UL
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/ _ [3 & ;
From [9] (G 1/2A 2A Z gj+1ﬁz AL Z gn+1—;U;, where g; are the Gear coefficients
j=0

given in [8].
It follows that

Dt1/2ﬂZ+1 t1/2A" + At ( 1/ Zgnﬂ Juk) with D1/2Ak = 0.

Time discretization

aptt —ap TNL——
gk ( iC- 1/ D1/2+TL) A S =0,

At
ty(z,0) = ug(0).
artt iAt-C - ,/ D1/2A”+At L '@k(O)—F\/i'ig +1—'@j + apu
o h Vrt 20t TR k

TNL ——
~AL | /M

ug(z,0) = ug(0)
where M1 = ag + At - TL.

6.1.3 Numerical results for NLTKdV1

We hereafter represent the solution at different times when varying a and v.

Initial data
—— Exact KdV-Solution
computed KdV-solution
“““ @=0.1v=0.1

< 0=0.1y=0.0
= = -0a=0.0v=0.1

0.05—

230 235 240 245 250 255 260 265 270 275 280

Figure 84: T =10, N =2499,0 < z < 500,a9 = 1,a; = 1l,a9 = 1,a3 = 6,a4 = @, f(z,t) =0
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6.1.4 Numerical results for NLTKdV?2

. . . . u(t L2
We here display on FIG.85 and FIG.86 the time evolution of the ratio w
[[uol 22
x10° T=0.2500; dt=0.0001; €=0.02; ¢1=1.02; x0=-1.5 and 1 =0.25
20
\ \
18- =
16— =
U4~ =
12+ =
S w0 B
Ef
2
8 |
ol |
i |
oL |
oL
! ! ! !
0 0.05 01 0.15 0.2 0.25

2
Figure 85: w is zero mean,||u(t)]|/||uo||; uo = 2(616_1) lsech (%(z +x0)) ] ; Here: N = 2499,0 <

x < 500,g = 9.8,h = 3600, = 1073, f(z,t) = 0
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x10° T=0.2500; dt=0.0001; £=0.02; ¢1=1.02; x0=-1.5 and 1 =0.25
20 T T

181~ —

161 *

14~ =

12

=
o

lul}/|uo]

0 0.05 0.1 0.15 0.2 0.25

2
Figure 86: w is non zero mean,||u(t)|/||uoll;uo = 2(015_1) lsech (%(m—l—x())) ] ; Here: N =

2499,0 < z < 500, g = 9.8, h = 3600, = 1073, f(z,t) = 0

6.2 KdV with local damping in the physical space

We give hereafter a first illustration. Such a damped equation will be studied more widely in a forthcoming
work. We consider the damped KdV equation

Uy + €Ugry + Llu] + uuy =0
where the (linear) damping is defined by
Lu= Xa,b] ¥

We can say that this is a weak damping, in the sense that the term < w, L[u] > is controlled by |u[%,.
This was studied in the perspective of the stabilization of KdV equations, see [17, 25].

We take 8th order finite differences for the discretization in space as follows writing the finite differences
discretization schemes for the 3 first derivatives in space with periodic boundary conditions with centered
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stencils:

p
Ut — Um—s
g (T ~ ZQZHHQij

Um0 — 2Upy + U —g

u:c:c(xm) = Zﬁ@ (Eh)2 )

P2 Ut — Uy Um, — Uppy—
(o) = 30 (Um-+e (42);];)2 120 2)

Here u,, stands for u(z,,) or an approximation of it. The non null coefficients ay, §¢, 6, are computed
such that these schemes are 2p order accurate and given below. As time scheme we have implemented

Op. | p=1 |p=2 p=3 p=4

Op |au=1 0412%70422 a1=§76¥2=—l

»-lk{“p

Q

w

Il
Ooiﬁoo

o

w

Il

|
2

1 1
1 —+ 3 3 10 8 T
0w |P1=1|bi=3.bb=—3 |fi=5,b=—3%50=1 |fi=l=—rF=3.0=—35
1 3 1
3

Ouwe | 01 =1 | 01 = 3.0, = 0=5,60=—2,0,= 5.0, = =

Table 3: Coefficients of the finite difference schemes for the space derivatives

RK34, see [7]. To illustrate the damping, we hereafter display the evolution in time of the mean value,
the L? and the L> norms. Here At = 0.005, N = 256, L = 1 and we take as initial data the soliton

u = A(sech(B(z — x0))?),
with L =1, A=10.8, C = 2463, B = % -4/ g We observe that after a transient time, the damping to
zero is at an exponential rate (linear decreasing in log scale). In the figure (87), we see that the solution

is damped uniformly. Does it mean that after a transient time, the solution is damped in a same way as
a weak damping of type x[o,z) can do, say exponentially on the whole domain ?

) mean value vs time ) L2 norm vs time
10 ‘ ‘ \ \ 10
10—10 10—10
107 : : : : 10 : : : :

0 200 400 600 800 1000 0 200 400 600 800 1000
t t

. infinite norm vs time
10
10°
10—10

0 200 400 600 800 1000

Figure 87: [a,b] = [0.4L,0.6L)]
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