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INDIRECT STABILIZATION OF WEAKLY COUPLED
SYSTEMS WITH HYBRID BOUNDARY CONDITIONS

F. ALABAU-BOUSSOUIRA, P. CANNARSA, R. GUGLIELMI

ABSTRACT. We investigate stability properties of indirectly damped sys-
tems of evolution equations in Hilbert spaces, under new compatibility
assumptions. We prove polynomial decay for the energy of solutions and
optimize our results by interpolation techniques, obtaining a full range
of power-like decay rates. In particular, we give explicit estimates with
respect to the initial data. We discuss several applications to hyper-
bolic systems with hybrid boundary conditions, including the coupling
of two wave equations subject to Dirichlet and Robin type boundary
conditions, respectively.

Key words: indirect stabilization, energy estimates, interpolation spaces,
evolution equations, hyperbolic systems

1. INTRODUCTION

There is no doubt that the interest of the scientific community in the
stabilization and control of systems of partial differential equations has re-
markably increased, in recent years. This is probably due to the fact that
such systems arise in several applied mathematical models, such as those
used for studying the vibrations of flexible structures and networks (see [18]
and references therein), or fluids and fluid-structure interactions (see, for
instance, [8], [9], [16], [21], [26], [30]).

When dealing with systems involving quantities described by several com-
ponents, pretending to control or observe all the state variables might be
irrealistic. In applications to mathematical models for the vibrations of flex-
ible structures (see [3] and [7]), electromagnetism (see, for instance, [20]), or
fluid control (see [I7] and the references therein), it may happen that only
part of such components can be observed. This is why it becomes essen-
tial to study whether controlling only a reduced number of state variables
suffices to ensure the stability of the full system.

It turns out that certain systems possess an internal structure that com-
pensates for the aforementioned lack of control variables. Such a phenome-
non is referred to as indirect stabilization or indirect control (see [27]). An
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example of indirect stabilization occurs with the hyperbolic system

O#u—Au+du+av=0 in QxR
O2v—Av+au=0 in QxR (1.1)
u=0=v on 0N xR,

where Q is a bounded open domain of RY, and the ‘frictional’ term Ou
acts as a stabilizer. Indeed, a general result proved in [4] ensures that, for
sufficiently smooth initial conditions and |a| > 0 small enough, the energy
of the solution (u,v) of (LI]) decays to zero at a polynomial rate as t — co.
The above indirect stabilization property holds true for more general sys-

tems of partial differential equations, under the compatibility assumption
(LI0) below, see [4]. For applications to problems in mechanical engineer-
ing, however, it is extremely important to consider also boundary conditions
that fail to satisfy the assumption of [4]. This is the case of Neumann or
Robin boundary conditions, which describe different physical situations such
as hinged or clamped devices. For instance, let us change the boundary con-
ditions in (I.T)) as follows:

O#u—Au+du+av=0 in QxR

O2v—Av+au=0 in QxR (1.2)

u+%:0:v on 0N xR.
Then, as is shown in Proposition [£.4] below, the compatibility assumption
(LI0) is not satisfied. Nevertheless, in this paper we will prove polynomial
stability for system (L2]), using a new hypothesis which is specially designed
to handle boundary conditions as above—that we call hybrid.

More generally, in a real Hilbert space H, with scalar product (-,-) and
norm | - |, we shall study the system of evolution equations

u’(t) + Aju(t) + Bu/'(t) + av(t) =0 (13)
V" (t) + Agv(t) + au(t) =0 '

where

(H1) A; : D(A;) C H — H (i = 1,2) are densely defined closed linear
operators such that

for some wy,ws > 0,
(H2) B is a bounded linear operator on H such that

B =B*, (Bu,u) > Blul* VYueH

for some 8 > 0,
(H3) « is a real number such that

0<|al < Vo102

System (LL3]), with the initial conditions

{ w0) =4,  W(0) =ul, (1.4)
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can be formulated as a Cauchy problem for a certain first order evolution
equation in the product space

= D(AV?) x H x D(AY*) x H.
More precisely, let us define the energies associated to operators Ay, As by
1 1/2 1/2 .
Eiu,p) = 5 (|42 +1pP)  V(u,p) € D(A/*) x H (i=1,2), (1.5)
and the total energy of the system as
EWU) = E1(u,p) + E2(v,q) + ofu,v) (1.6)
for every U = (u,p,v,q) € H. Then, assumption (H1) yields, for i = 1,2,
2
[l < = Ei(u,p)  Vue D(A*), vpe H. (1.7)

(3

Moreover, in view of (H3), for all U = (u,p,v,q) € H
E(U) > I/(O[) El(uap) + EQ(’U,(]) ) (18)

where v(a) =1 — |a|(wiws) /2 > 0.
We define a bilinear form on H by
(U10) = (A0, A8 + (0, 5) + (AY 0, AY?0) + (0, @) + alu, D) + alv, )
for every U, U € H. Thanks to (L8) and since
(UlU)=2E(U) YU eH,

the above bilinear form is a scalar product on H, and H is a Hilbert space.

Let A: D(A) C H — H be the operator defined by

D(A) = D(A;) x D(AY?) x D(Ay) x D(AY?)
AU = (p, _Alu - Bp —av,q, _AQU - au) \V/U S D(A) .
Then, problem (3] takes the equivalent form

U'(t) = AU
{U(((;j)) =Uo :(Zt)(uo,ul,vo,vl), (1.9)

As will be proved in Lemmal£2] A is a maximal dissipative operator. Then,
from classical results (see, for instance, [25]), it follows that A generates a
Co-semigroup, e, on H. Also,
AUy = (u(t), p(t), v(t),q(1)),

where (u,v) is the solution of problem (L3)-(T4]), and (p,q) = (v/,0").

In order to introduce our asymptotic analysis of system (L3))-(L4)—or,
equivalently, (I.9))—let us observe that, as is explained in [4], no exponential
stability can be expected. Therefore, weaker decay rates at infinity, such as

polynomial ones, are to be sought for. Polynomial decay results for (L3)
were obtained in [4] assuming that, for some integer j > 2,

|Au| < c|A3%u]  vue DAY (1.10)

Similar decay estimates for the case of boundary damping (that is, when
operator B is unbounded) were derived in [2]. Also, we refer the reader to
[13], [14] and [29] for indirect stabilization with localized damping, and to [6]
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for the study of a one-dimensional wave system coupled through velocities.
Following this, in [10], resolvent estimates and spectral analysis were used
to prove polynomial decay for (I3]), covering some of the examples treated
in [4]. For related results that can be deduced by a Riesz basis approach,
see [22]. The optimality of spectral-analysis-derived decay rates was shown
n [II] and [15], taking into account the asymptotic behaviour of the resol-
vent on the imaginary axis. In concrete examples, however, such resolvent
estimates might be hard to obtain. Finally, we refer to [] for general results
for localized or boundary dampings and noncoercive couplings.
In this paper, we will replace (LI0]) by

D(4y) Cc D(AY?)  and  |AY%u| < c|Asu| Vue D(Ay),  (1.11)

which is satisfied by a large class of systems including (L.2]) as a special case
(see Section Bl below). Under such a condition we will show that any solution
U of (IL9) satisfies the integral inequality

/5 dt<c125 VT >0, Upe DAY, (1.12)

Moreover, since the energy of solutions is decreasing in time, (LI2]) implies,
in turn, the polynomial decay of order n of &£, that is,

EUE) <N eWw®(0) V>0 (1.13)

for all n > 1 and Uy € D(A*") (see Corollary B3] below). Notice that ((LI3)
yields, in particular, the strong stability of e

Passing from polynomial to a general power-like decay estimate is quite
natural, once (LI3]) has been established. Indeed, in Section [, using inter-
polation theory, we obtain the fractional decay rate

EWU®) < tnMZS Yt >0 (1.14)

for all n > 1 and Uy € D(A"™) (see Corollary 5] below). Moreover, taking
initial data in (#, D(A")),, for any 0 < 6 < 1, we deduce the continuous

decay rate

Cn,0
HU( )H tn9/4 ” OH%H,D(.A”))972 Vt>0. (1.15)

In particular, for n = 1, (ILI4) implies that, for every Uy € D(A), the
solution U of problem (L9)) satisfies
c
Ei(u(t), v (t)) + Ea(v(t),v'(t)) < WHUOH%(A) Vi >0, (1.16)
and there exists ¢; > 0 such that
||Uo\|%(A) < (|A1u0|2+ |A}/2u1|2+ | 42002 + |A;/2vl|z) .

Furthermore, we would like to point out that not only can interpolation
techniques be applied to systems satisfying (LII]), but they yield stronger
results in the framework studied in [4] as well. We describe such applications
in Section [l where we show how to deduce power-like decay rates from the
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energy estimates of [4], thus recovering, in a more general set-up, related
asymptotic estimates that can be obtained by spectral analysis.

This paper is organized as follows. Section [2] recalls preliminary notions,
mainly related to interpolation theory which is so relevant for most of this
paper. Section Blis devoted to our polynomial decay result and its proof. In
Section Ml we complete the analysis with estimates in interpolation spaces.
In Section Bl we describe several applications to systems of partial differential
operators. Finally, in Section [6] we show how to improve the results of [4]
by interpolation.

2. PRELIMINARIES

In this section, we introduce the main tools required to deal with inter-
polation theory between Banach spaces. For a general exposition of this
theory the reader is referred to [28] and [24]. Interesting introductions are
also given in [12] from the point of view of control theory, and [23] for the
specific case of analytic semigroups.

In this section (X,| - |x) stands for a real Banach space. Let (Y,| - |y)
be another Banach space. We say that Y is continuously embedded into X,
and we write Y — X, if Y C X and

lz|x < clz|y VxeY

for some constant ¢ > 0.

We denote by L(Y; X) the Banach space of all bounded linear operators
T:Y — X equipped with the standard operator norm. If Y = X, we refer
to such a space as £(X). For any given subspace D of X, we denote by T|p
the restriction of T to D.

Definition 2.1. Let (D,| - |p) be a closed subspace of X. A subspace
(Y,| - |y) of X is said to be an interpolation space between D and X if

(a) D—=Y < X, and
(b) for every T' € L(X) such that Tip € L(D), we have that T}y € L(Y).

Let X, D be Banach spaces, with D continuously embedded into X. For
any a € [0,1], we denote by J, (X, D) the family of all subspaces Y of X
containing D such that

lzly < clz|® x|k Yz €D
for some constant ¢ > 0.
Let us introduce, for each z € X and t > 0, the quantity

K(t,z,X,D):= inf (lalx +t[b|p). (2.1)
aeX teD

Let 0 < 6 < 1 be fixed. We define
—+o00
(X, D)2 = {:U €eX: / |t_0_%K(t,CC,X,D)|2 dt < —|—oo} (2.2)
0
and
+oo 1
|x|3’2 = / t= 02K (t,z, X,D)|*dt.
0

The space (X, D)y 2, endowed with the norm | - |92, is a Banach space.
The reader is referred to [24] for the proof of the following results.



6 F. ALABAU-BOUSSOUIRA, P. CANNARSA, R. GUGLIELMI

Theorem 2.2. Let X1, Xo, D1, Dy be Banach spaces such that D; is con-
tinuously embedded in X;, for i =1, 2. If T € L(X1; X2) N L(D1; D3), then
T € L((X1,D1)g,2; (X2,D2)g2) for every 6 € (0,1). Moreover,
1-0 %)
HTHL((XI7D1)9,2§(X27D2)9,2) < HTHL(Xl;Xg) ||TH£(D1;D2)‘
Consequently, the space (X, D)y 2 belongs to Jy(X, D) for every 6 € (0,1).
Let a € [0,1] and denote by K, (X, D) the family of all subspaces (Y, | - |y)
of X containing D such that
K(t,z,X,D)
sup —————— < +00.
>0,zcy  t¥zly
Theorem 2.3 (Reiteration Theorem). Let 0 < 0y < 61 < 1. Fiz 6 € ]0,1]
and set ¢ = (1 — 0)0y + 66;.
1) If E; € Kgi(X,D), 1=0,1, then (E07E1)972 C (X7D)¢’2 .
2) IfEZ S Jgi(X, D), 7= 0, 1, then (X,D)QQ - (EQ,El),g,Q.
Consequently, if E; € Jp,(X,D) N Ky, (X, D), i =0, 1, then we have that
(Eo, E1)g2 = (X, D)g 2, with equivalence between the respective norms.

Remark 2.4. Since (X, D)y 2 is contained in Jp(X, D)NKy(X, D), for every
0 < 6p,0; <1 we have

(X, D)go,2: (X, D)y 2)g 0 = (X, D) (1-0)00+601 2 (2.3)

Since X € Jyo(X,D)NKy(X,D) and D € J;(X,D)NK;(X, D), we also have
(X, (X, D)o, 2)p5 = (X, D)gg, 2 and (2.4)

(X, D)go,2: D)o = (X, D) (1-0)00+0,2 - (2.5)

2.1. Interpolation spaces and fractional powers of operators. Let
(H,(-, -)) be areal Hilbert space, with norm | - |. Let A: D(A)C H - H
be a densely defined closed linear operator on H such that

(Az,z) > 8z, Ve D(A) (2.6)

for some & > 0. We denote by A? the fractional power of A for any § € R
(see, for instance, [12, Chapter 1 - Section 5]).

Denoting by A* the adjoint of A, we call A self-adjoint if D(A) = D(A¥)
and (Az,y) = (x, Ay) for every x, y € D(A). For the proof of the following
result we refer to [24, Theorem 4.36].

Theorem 2.5. Let A be a self-adjoint operator satisfying (2:6)). Then, for
every 0 € (0,1), o, B € R such that B > a >0,

(D(A%), D(A%))g2 = D(AN-00+0%) (2.7)

In particular,
(H,D(A%))p2 = D(AP). (2.8)

We say that A is an m-accretive operator if

(Az,z) >0 Vz € D(A) (accretivity)
(M + A)D(A) = H for some A >0 (mazimality)
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Notice that, if there exists some A > 0 that satisfies the maximality condi-
tion, then the same condition is verified for every A > 0. Moreover, we say
that A is m-dissipative if —A is m-accretive.

We refer the reader to [24] Section 4.3] for the proof of the next result.

Proposition 2.6. Let (A, D(A)) be an m-accretive operator on a Hilbert
space H, with A~' bounded in H. Then for every o, B € R, f > o > 0,
0 €(0,1), A satisfies 210) and 2.8). In particular,

D(A%) = (H,D(A))po Y0O<6O<1. (2.9)

Corollary 2.7. If A is the infinitesimal generator of a Cy-semigroup of
contractions on H, with A™1 bounded in H, then D(A™) = (H,D(A¥))g
for every k € N, 6 € (0,1) such that m = 0k is an integer.

2.2. An abstract decay result. We recall an abstract result obtained in
[1] in a slightly different form, and in [4, Theorem 2.1] in the current version.
Let A: D(A) C H — H be the infinitesimal generator of a Cy-semigroup of
bounded linear operators on H.

Theorem 2.8. Let L : H — [0,+00) be a continuous function such that,
for some integer K > 0 and some constant ¢ > 0,

T K
/ L(e"*z)dt < ¢ L(A*z) VT >0, Vze DAY). (2.10)
0 k=0

Then, for any integer n > 1, any x € D(A™) and any 0 < s < T

T tA (t B S)n_l n n—1 & sA sk
L(e" ) NCEEa dt < c"(1+K)"1 ) L(e**AFx) . (2.11)
s ’ k=0

If, in addition, L(et x) < L(e*4x) for any x € H and any 0 < s < t, then
nl nk

L(ez) < (1 + K)" 1 m > L(AFz) V>0 (2.12)
k=0

for any integer n > 1 and any x € D(A™).

3. MAIN RESULT

We are now ready to state and prove the polynomial decay of solu-
tions to weakly coupled systems. In addition to the standing assumptions
(H1),(H2),(H3), we will assume that

D(4y) C D(AY?)  and  |AY%u| < c|Ayu| Yue D(4y)  (3.1)

for some constant ¢ > 0. Condition (B.1) can be formulated in the following
equivalent ways.

Lemma 3.1. Under assumption (H1) the following properties are equiva-
lent.

(a) Assumption BI]) holds.
(b) A2A" e £(H).
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(¢) For some constant ¢ > 0
(A, v)| < e Agv|(Aju, u)*/? Vu € D(Ay), Yv € D(As). (3.2)

Proof. The implications (a)<(b)=-(c) being straightforward, let us proceed

to show that (c)=-(a). Consider the Hilbert space Vi = D(A}ﬂ) with the
scalar product

(wo)v; = (A1, 4%0)
and recall that D(A;) is a dense subspace of V. Let v € D(Ag) and define
the linear functional ¢, : D(A;) — R by
¢u(u) = (A1u, v) Vu € D(A;).

Owing to (c), ¢, can be extended to a bounded linear functional on V; (still
denoted by ¢, ) satisfying ||¢, || < ¢|Agv|. Therefore, by the Riesz Theorem,
there is a unique vector w € V; such that

do(u) = (A 2u, AV?w)  Vuewn.

Hence, (Aju, (v —w)) =0 for all uw € D(A;), and so v = w € V since A; is
invertible. Moreover, |A}/2v| = |wly, < c|lAgv|. O

The main result of this section is the following.

Theorem 3.2. Assume (H1),(H2),(H3) and BJ). If Uy € D(A%), then
the solution U of problem (L9) satisfies

4
/ TE(U(t))dt < ) EUW0) VT>0 (3.3)
0 k=0

for some constant c; > 0.

The proof of Theorem will be given in several steps. First, let us
recall that, as showed in [4, Lemma 3.3], system (LL9) is dissipative. Indeed,
under the only assumptions (H1) and (H2), the energy of the solution U =
(u,u’,v,v") of problem (L) with Uy € D(A) satisfies

d
—E(U(t) = B2/ () vt>o0. (3.4)
In particular, ¢t — E(U(t)) is nonincreasing on [0,00). Thanks to (3.4,
Theorem [3.2] and Theorem 2.8, we deduce the next result.
Corollary 3.3. Assume (H1),(H2),(H3) and (31)).

(a) If Uy € D(A*™) for some integer n > 1, then the solution U of
problem ([L9) satisfies

EU®) < =Y eWM(0)  vE>0 (3.5)

for some constant ¢, > 0.
(b) For every Uy € H we have

EUM)—=0 as t— oo.
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We now proceed with the proof of Theorem Hereafter, C' will denote
a generic positive constant, independent of . To begin with, let us recall
that, thanks to [4, Lemma 3.4}, the solution of (L.9) with Uy € D(.A) verifies

/ £ dt</ 1/ (8)2dt + C EU(0)) (3.6)

for some constant C' > 0 and every 1" > 0. Hence, the main technical point
of the proof is to bound the right-hand side of ([B.6]) by the total energy of
U (and a finite number of its derivatives) at 0.

Lemma 3.4. Let U = (u,u/,v,v") be the solution of problem (L9) with
Up € D(A). Then

/T AT Pdt < c/T Ay 2uf2dr + € cwo) +ewo)]. @)
0 0 (0%

Proof. Rewrite (I9]) as system (I3]) to obtain

T T
/<u”+A1u+Bu’+av,A1‘1v>dt—/ (v + Agv+ au, Ay 'u)dt = 0.
0 0

Hence, by straightforward computations,

R L
a/ |A] / v[2dt§a/ |Ay / ul?dt
0 0

T T
_/0 (Bu',Al_lv>dt+/O [(v”,Az_lm - <u”,A1_1v>]dt.

Integration by parts transforms the last inequality into
T i Ty P 1/2
a/ |A] / v[2dt§a/ |Ay / u\th—/ (Ay / Bu', A7 / v)dt
0 0 0
T 12 ,1/2 1/2 1/2
+/ (A7 0, A2 ANy — (ATl AP0 ) de
0
1 1,117
+ [, A7t — o, A7) (38)
We now proceed to bound the right-hand side of ([B.8]). We have

T T T
/ <A1_1/2Bu’,A1_1/21)>dt < g\/ ’A;1/20‘2dt+g/ \Bl/Qu/Pdt_
0 4 Jo a Jo

Similarly, thanks to assumption (B.1]) and the fact that B is positive definite,

T T T
(A7 o, A A ar < @[ a7 Poa+ € [ BV Rar
0 1 1 2 4 0 1 a fy

Also,

T i ~1/2 a [T i C (T 1w
/ (A2 4 v>dt‘ < —/ ATV dt+—/ B2y Pt
0 4 Jo a Jo

Finally, observe that the last term in (B.8]) can be bounded as follows

‘ [(v', A ) — (v, A;lu'ﬁj

< CEW(0)).
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Combining the above estimates with (3.8]), we obtain
T T
/ AT P02t < c/ 145 e+ SeU(0)
0 0 @

T
+ %/ [|Bl/2ul|2 + |Bl/2u”|2]dt.
0

The conclusion follows from the above inequality and the dissipation identity
(B4) applied to u and v’ O

Lemma 3.5. Let U = (u,u/,v,v") be the solution of problem (L9) with
Up € D(A). Then

T T C 3
/ wdtgca?/ w2t + S5 g M (0)). (3.9)
0 0 & =

Proof. Since (v 4+ Ayv + au, Ay 'v) = 0, integrating over [0, T] we have

T T T
/ ]v[2dt:—a/ (v,A51u>dt—/ WA Y)dE. (3.10)
0 0 0

The last term in the above identity can be bounded using assumption (B.1)
and Lemma [B] as follows

T
'/ <v",A211)>dt' =
0
1 T ) T 12 )
< Z/ |v] dt+C/ |A] 750" |Pde . (3.11)
0 0

Now, applying (3.7 to v" and (B4 to v/, we obtain

T
/0 <A11/2v",A}/2A21v>dt'

T T
/0 |A;1/2v/l|2dt < C/O |A;1/2u/l|2dt+ %[E(U/I(O)) +5(U/I/(0))]

< CEWU'(0)) + % [E(U"(0)) +£WU™(0))] . (3.12)

On the other hand,

T 1 T T
a/ (v, Ay tu)dt| < —/ lv|?dt + C’a2/ lu|dt . (3.13)
0 4 0 0
The conclusion follows combining (3.10),. . . ,(3.13). O
Let us now complete the proof of Theorem

Proof of Theorem[3.2. To prove ([B.3) it suffices to apply ([3.9) to v’ and use
the resulting estimate to bound the right-hand side of (B.6). Since B is
positive definite, the conclusion follows by the dissipation identity (3.4). O

Remark 3.6. Similar results can be obtained for systems of equations cou-
pled with different coefficients, such as

u"(t) + Ayu(t) + Bu'(t) + aqv(t) =0
{v"(t) + Agu(t) + agu(t) = 0. (3.14)

In this case, (H3) should be replaced with
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(H3’) aq, g are two real numbers such that 0 < e < ¢10s.
Let us explain how to adapt our approach to the case of a; # as, when aj,
ag > 0. The total energy is defined by
EWU) == azE1(u,p) + a1 E2(v, q) + araz{u,v) ,

where E; and Ey are the energies of the two components, defined in (L.35]).
Moreover, for each U € H,

EWU) > v(ag,a9) [agEl(u,p) + a1 Es(v, q)] )

with v(ap, az) =1 — (ayaz)/?(6102) 71/ > 0. Finally, for each Uy € D(A),
the solution U (t) = (u(t),p(t),v(t), q(t)) of the first order evolution equation
associated with system (B.I4]) satisfies

d

—EWU(1) = —a|BY2d ()2 vE>o. (3.15)
In particular, ¢ — E(U(t)) is nonincreasing on [0,00). From this point,
reasoning as in the above proof, the reader can easily derive the conclusion
of Theorem

4. RESULTS WITH DATA IN INTERPOLATION SPACES

We now show how to improve Corollary B.3] when the initial data belong
to an interpolation space between H and the domain of a power of A.

Theorem 4.1. Assume (H1),(H2),(H3) and BI). IfUy € (H, D(A™))g2
for somen >1 and 0 < 0 < 1, then the solution U of problem ([L9) satisfies

C 0
IUOI: < S 100t pasnyy,, V8> 0 (4.1)
for some constant c, g > 0.

Proof. Let n > 1 and t > 0 be fixed, and consider the operator Ay : H — H
defined by

U' =AU
U(0) = U
for each Uy € H. Since Ay € L(H) N L(D(A*™);H), we can apply Theo-

rem to conclude that A; € L((H,D(AM))g2;H) for every 6 € (0,1).
Moreover,

A(Uy) =U(t) € H where {

[Aell 2, DAty 1) < HAtHZfl) ||At||§:(D(A4n);H)- (4.2)
Since [|U(t)|l3x < ||Uoll3 for each Uy € H, we have |[A¢]|z3) < 1. Moreover,
by @), |Atllzpearmy ) < Vn/tV? for all t > 0. Then, 2] yields the

conclusion. O

Although (H, D(A*))g 5 is usually difficult to identify explicitly, we can
single out important special cases where such an identification is possible.
We need a preliminary result.

Lemma 4.2. The operator A : D(A) — H is invertible, with A~' bounded.
Moreover, A is m-dissipative (thus, A generates a Cy-semigroup of contrac-
tions on H ).
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Proof. For any U = (u,p,v,q), U= (4, p,0,q4) € H, the identity AU = U is
equivalent to

p=u, —-Awuw—Bp—av=p, ¢q=0, —Aw—au=4g.

Hence, p =1 € D(Al/z) q=10€ D(A1/2) So, in order to compute A~! it
suffices to solve the system

{Alu—i—av:f (4.3)

Ayw+au=g,

for suitably chosen f, g € H. Since I — a2A1_1A2_ Lis invertible thanks to
(H3), it is easy to check that (43]) admits the solution

{ = (I - 0247141 T ATH(f — adylg) € D(AY)

ST ]

= A5 (g — au) € D(As).
Thus, A is invertible, and A~! is bounded.
Moreover, A is dissipative, since
(AU|U) < —=(Bp,p)g < —Blpl5 <0 VYU € D(A).

In addition, it is easy to check that there exists A > 0 such that the range
of A\I — A equals H. Thus, from Lumer-Phillips Theorem (see [25, Theo-
rem 4.3]), A generates a Cp-semigroup of contractions on H. O

Applying Corollary 2.7] we obtain the following result.
Corollary 4.3. If 0k = m, for some 0 < 0 <1 and k, m € N, then
D(A™) = (H, D(A*))g 5. (4.4)
Remark 4.4. In particular, for k = 4n, n > 1, we obtain (%, D(A""))g, 2 =

D(AY) for j = 1,...,4n — 1, choosing 0; = ﬁ. Applying Theorem E.1] to

these values of 0}, one can show that, if Uy € D(A’), then the associated
solution U(t) of problem (L.9)) satisfies

U@ < tj/4||UoHD(AJ) Vi >0

for some constant ¢, ; > 0. On the other hand, we claim that ¢, ; can be
chosen independent of n. Indeed, if j # 4n, then one can choose the smallest
nj > 1 such that j < 4n;, and use the identity D(A7) = (H,D(A"))g, 2
with 0; = j/(4n;). Hence, ¢y, ; = c;.
Corollary 4.5. Assume (H1),(H2),(H3) and (3J).

i) If Uy € D(A™) for some n > 1, then the solution of (L9) satisfies

EU()) < tn/4 Zs vt >0 (4.5)

for some constant ¢, > 0.
ii) If Uy € (H,D(A"))gz2 for some n > 1 where 0 < § < 1, then the
solution of (L) satz’sﬁes

U@l < tn9/4 7100, o (An))g,  VE>0 (4.6)

for some constant c, 9 > 0.
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iii) If Up € D((—A)?) for some 0 < 6 < 1, then the solution of problem
(TA) satisfies

Co
[V, < ool ey V>0 47
for some constant cg > 0.

Proof. Points i) and i) derive from Corollary B3] and following the proof
of Theorem (4.1l thanks to Remark 4l In order to prove point i), first
we deduce from Lemma that —A is invertible with bounded inverse.
Moreover, it is m-accretive on H, hence (2.9) yields

(H, D(A))g2 = (H, D(~A))g2 = D((—A)’)

for every 0 < 6 < 1. Thus, the conclusion follows applying point ii) with
n=1. U

Under further assumptions, the norm in (#, D(A))g 2 can be given a more
explicit form. For this purpose, for each k > 0 consider the space

M, = D(AF2) 5 D(AY?) x DAY« D(AY?)
We recall the following result (see [4, Lemma 3.1]).
Lemma 4.6. Assume (H1), and (H2). Let n > 1 be such that

BD(AFTV2) « DAk’ (4.8)
D(AFDTY DAk (4.9)
DAY« pak/?) (4.10)

for every integer k satisfying 0 < k < n — 1. (no assumption is made if
n=1). Then Hy C D(A*) for every 0 < k < n.

It is also shown in [4] that Hy = D(AF) for every 0 < k < n, provided
(#9) and (£I0) are replaced by the stronger assumptions

U <
D(A, ) C D(A77)

Let 0 < # <1 and k > 1 be fixed. As a direct consequence of Theo-
rem 2.2] choosing appropriate spaces and operator 1T', one can show that,

if Hy, is contained in D(A*), then (H,Hy)g2 is contained in (H, D(A*))g ..
Moreover, (H,Hy)o,2 equals
M = (DAY, DALY )0 x (H, DALz
1/2 1)/2 2
X (D(Ay), DAY 2))g0 x (H, D(A5"))g2
Notice that, since A4; is self-adjoint and (2.6]) holds for i = 1, 2, applying
Theorem 2.5 we have for every 0 < a < 8,i=1, 2,

(D(A2), D(AD))g5 = D(AL-D+5)

forevery 0<k<n-—1.

1, kp kg 1, kp kg
Therefore, Hj g equals D(A7 2") x D(A} ) x D(A3 2) x D(A3").
Observing that, for initial data in H, g, we can bound (above and below)
the norm of Uy by the norms of its components, we have the following.
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Corollary 4.7. Assume (H1),(H2),(H3) and (31)).
1) If H,, € D(A™) for some n > 2, then for each Uy € H,, the solution U

of problem (L9) satisfies

2 Cn
U@ l5 < i

10l ve>0 (4.11)
for some constant ¢, > 0, where
02 12 02 12
’D(Agn+l)/2) + ”U, ‘D(A’?/?) + ”U ’D(Agn+l)/2) + ‘U ‘D(A;/Q) .
2) Let n > 1 and 0 < 6 < 1 be fized. If H,, C D(A"™), then for every
Up € Hpp the solution U of (L9) satisfies

1Tl3, = |u

2 Cn,0 2
0@ < 7l vt>0 (4.12)
for some constant cno > 0, where
‘|U0||’27"[n’9 = |UO|%(A51+n9)/2) + |U1|§)(A?9/2) + |UO|§)(A21+7L9)/2) + |Ul|§)(A;e/2) )

where < stands for the equivalence between norms.

5. APPLICATIONS TO PDESs

In this section we describe some examples of systems of partial differential
equations that can be studied by the results of this paper, but fail to satisfy
the compatibility condition (L.I0). We will hereafter denote by 2 a bounded
domain in RY with a sufficiently smooth boundary I'. For i = 1,..., N we
will denote by 0; the partial derivative with respect to x; and by 0; the
derivative with respect to the time variable. We will also use the notation
H*(Q), H}(Q) for the usual Sobolev spaces with norm

where we have set DP = 9" --- RN for any multi-index p = (p1,...,pnN).
Finally, we will denote by Cq > 0 the largest constant such that Poincaré’s
inequality
2 2
Callullgo < [Vullga (5.1)

holds true for any u € H&(Q) In the following examples we take
H=1%%Q), B=pI.
Example 5.1. Let 8, A > 0, « € R, and consider the problem

azu—Au—{—B@tu—}—)\u—}—av:O .
{820 C Av+tou—0 in 2 x (0, +00) (5.2)
: =
with boundary conditions
0
8—1;(-,t):00nf, v(,)=0onT Vt>0 (5.3)

and initial conditions

u($,0) = uo(x) UI(QT,O) — ul(x)
{v(%O) =1z) /(z,0) z €. (5.4)
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The above system can be rewritten in abstract form taking

ou
_ 2 27 - _
D(A)) = {u € H°(Q): £y 0 on F} , Aiu Au+ du, (5.5)
D(As) = H* Q)N HN(Q), Aw=—Av.
Notice that, in order to verify assumption (H3), we shall choose « such that
0 < |a| < (Ca(Ca + A)Y2. Then,

/Vqudx—{—)\/uvdx
Q Q

1/2 1/2 1/2 1/2
< </ \Vu]de> </ |Vo? dac) +A (/ u2dx> (/ vzdx>
) ) Q )

< C(Alu,u>1/2 |Agv],

where we have used the coercivity of Ay and the well-known inequality

[(Aru, v)| =

Q Q

Since condition (B2 is fulfilled, we get the following conclusions.
i) T (u0,ul, 0%, 0!) € D(A;) x D(AY?) x D(A3) x D(AY?), then the
solution U of problem (5.2)-(5.3)-(5.4) satisfies
c
B (u(t), ' (t)) + E2(v(t),v'(t)) < WHUOH%)(A) Vt>0 (5.6)
for some constant ¢ > 0. Moreover, there exists ¢; > 0 such that
100l < e1 (Il + '3 0+ 10 B + 41 )

i1) By point i) of Corollary A5 if Uy € (H, D(A™))g,2 for some 0 < 6 < 1,
n > 1, then the solution of (5.2))-(E.3)-(5.4]) satisfies

Cn,
El(u(t)’ ul(t)) + E2(’U(t)’ ’U/(t)) < tnT/o:lHUOH%'H,D(A"))Q,Q (57)

for every ¢ > 0 and some constant ¢, g > 0. Moreover, point 4ii) of Corol-
lary 5] ensures that, if Uy € D((—.A)?) for some 0 < § < 1, then

B (u(t), o (1)) + Ba(u(t),0' (1)) < %HUOH%((_A)Q) VE>0  (5.8)

for some constant cg > 0.

Example 5.2. Another interesting situation occurs while coupling two
equations of different orders. Let 8 > 0, a € R, and consider the system

{Gfu + A%u + B+ av =0

in 2 x (0,4 5.9
O2v — Av+au =0 o (0, +00) (5.9)

with boundary conditions
0Au
v
and initial conditions (5.4]). Define

Au(-,t) =0= (wt)on T, v(wt)=0onT Vt>0  (5.10)

Dida) = {u € HY(Q): Au=0= o on F} . A= A%u,
v

D(Ay) = H*(Q)NH(Q), Ayw=—Av.
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Suppose 0 < |a] < CQC;Z/Z, as required by (H3). Observing that

[(Aru, v)| =

1/2 1/2
< (/ \Au!Qdﬂv> (/ |Avl? dac) < ¢ (A, u)Y? | Ay,
) )

we conclude that condition (3.2)) is fulfilled. So, for every Uy € D(A), the
solution U of problem ([5.9)-(5.10)-(5.4) satisfies

Ei(u(t), v (t)) + Ex(v(t),v'(t)) < t1/4 HUOHD Vi >0 (5.11)
for some constant ¢ > 0. Moreover, there exists ¢; > 0 such that
100l By < e1 ([ullia + lu'lzn + 00150 + 0 1%0) -

Example 5.3. Let 8 > 0, a € R, and consider the problem

/ AulAv dx
Q

0?u — Au+ Boyu + av =0 .
Q x (0, 5.12
{OEU—AU—}—au:O o (0, +o0) ( )
with boundary conditions
ou
(5 * “) (58) =0onl gy g (5.13)

v(,t) =0onTl
and initial conditions (B.4]). Let us define

ov
D(Ay) = H*(Q) N H(Q), Ayv = —Av,

and assume 0 < |a] < Cq. Observe that

ou
_ 2 . — E——
D(Al)—{ueH Q) : +u—00nf} , Aju = —Au, (5.14)

[{(Aru, v)| =

/ VuVoudx
Q

1/2 1/2
< (/ |Vu|2dx> (/ |Vol? dm) < C(Alu,u>1/2 |Agv],
Q Q
since

(Alu,u>:/ ]Vu\zdx—i—/]u\zdS, /\Vv\zdxgc/ |Av|? dz .
Q r Q Q

Thus, condition (31 is fulfilled. So, the energy of the solution of problem

ET12)-(EI3)- (54) satisfies
Ei(u(t), v (t)) + Ex(v(t),v'(t)) < t1/4 HUOHD Vi >0 (5.15)
for some constant ¢ > 0. Moreover, there exists ¢; > 0 such that

||Uo\|%(A) < (|A1u0|2+ |A}/2u1|2+ | 42002 + |A;/2v1|2) .

Our next result show that the operators in Example [5.3] do not fulfill the
compatibility condition (LI0).
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Proposition 5.4. Let Ay, As be defined as in (5.I4]). Then for every k € N,
k>2, D(A];/Q) is not included in D(A7).

Proof. Since D(A%) D(A§/2) for every k € N, it is sufficient to prove that
D(AE) is not included in D(A;) for every k € N, k > 1. For this purpose,
let us fix £ € N, k > 1, and consider the problem

(=4) 0 =1 (5.16)
vo=0=Avy=---=AF 1y, onl. ’
Define the sequence v, vo, ...,v5_1 by
—AUO =1 —Avk_g = Vk—1 —Avk_l =1 (5 17)
UO\F =0 /Uk'—Q‘r‘ =0 ’Uk?—l‘r‘ =0.

We will argue by contradiction, assuming D(AK) € D(A;). Since vy belongs
to D(A2)ND(A), we have vg. = 0 = Moreover, from the first system

|F
in (5I7), it follows that

/vldx—/( Avg)dr = — /%dS

Hence, / vidx = 0. Let us prove by induction that
Q

/ Vu_iVuode =0 Vi=1,2,...,k—1. (5.18)
Q
For 7 = 1 we have

/Vvk_1Vv1dx:/(—Avk_l)vldx:/vldaz:(),
Q Q Q

since vp—1, = 0 = vy . Now, let ¢ > 1 and suppose

/ Vogp_;Vu;dr =0.
0
Then,
0= / Vg—i(—Av;)dx = / Vg—iVir1dT
0 Q
= /(—Avkil)?}i+1d.%' = / Vvk_(iH)Vledx .
0 0
Thus, (5.18) holds for ¢ + 1. Moreover, from (5.I8)) follows that
/ VhoiViadr =0 Yi=1,2.. . k-1, (5.19)
0
since
/ Vg iVir1de = / Vgp—i(—Av;)dx = / Vup_;Vuider =0.
0 0 0

Now, let k be even, say k = 2p, p € N*. Then, by (5I8]) with ¢ = p we
obtain

/Q |Vu,|?dz =0, whence v, =0.
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So, by a cascade effect,

Upt1 = —Avy, =0=vppo = —Avpy1 =0= - = 11 = —Avp_2 = 0.
Since —Awvr_1 = 1, we get a contradiction. If, on the contrary, k is odd, i.e.
k = 2p + 1, then, applying (5.19]) with ¢ = p, we conclude that

/Q lup11|de = 0, whence v, 11 =0.

Finally, we have that v,41 = vpy2 =+ =vp_1 = 0. Since —Av,_1 =1, we
get a contradiction again. Therefore, D(A%) is not included in D(A4;). O

Example 5.5. Given 8 > 0, a € R, let us now consider the undamped
Petrowsky equation coupled with the damped wave equation,

0?u — Au+ Bou+ av =0 .
{820 A% ow = 0 in © x (0, +00) (5.20)
: =
with boundary conditions
ou
Y “) (51 =0onT gy oy (5.21)

v(,t) = Av(,t) =0onT
and initial conditions (5.4]). Define

o

D(A;) = {u € H*(Q) : oy
D(Ay) = {v€H4(Q):v:Av:0onF} . Ay =A%,

Once again, we have

/ VuVoudx
Q

1/2 1/2
< (/ \Vu]zdx> (/ |Vol? dac) < ¢ (A, u)? | A .
Q Q

Thus, condition (31 is fulfilled and, for 0 < |a| < C%/?, the polynomial
decay of the solution to (5:20)-(521)-([E.4]) follows as in Example B.11

Example 5.6. Let 8 > 0, a € R, and consider the system

O2u — Au+ Bou+ av =0
v+ A% +au=0

—|—u:OonF}, Aju = —Au,

[(Aru, v)| =

in © x (0, +00) (5.22)
with boundary conditions
<%+u (wt) =0onT
v 4 vt >0 (5.23)
v(-,t) = 5(-,& =0onT
and initial conditions (5.4]). Let us define
D(Ay) = {u € H*(Q): Ou +u=0o0n F} , Aju=—Au,
v

B
D(Az):{veH“(Q):v:%:()onr}, Agv = A%,
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We have

[{(Aru, v)| =

/ VuVoudx
Q

1/2 1/2
< (/ |Vu|2dx> (/ |Vol? dm) < C(Alu,u>1/2 |Agv] .
Q Q

Thus, condition ([B1]) is verified and, for 0 < || < C3? | the solution U of

problem (5.22)-(5.23)-(54)) satisfies the conclusions as in Example (.11 so
that £ decays polynomially at oc.

Example 5.7. Another interesting situation occurs when an operator fulfills
different boundary conditions on proper subsets of I'. For instance, let I'g be
an open subset of_I’ (W_lth respect to the topology of I') and set I'y = I'\I'p.
We assume that Ty N Ty = 0. Let 8 > 0, « € R, and consider the problem

{afu —Au+ Bou+av =0

in Q x (0, 5.24
O2v—Av+au=0 o (0, +o0) (5:24)

with boundary conditions

ou
u(-,t) =0on Iy, 5(-,1&):001&1’\1’0 Vi >0 (5.25)
v(,t) =0onT
and initial conditions (B.4]). Let us set
9 ou
D(A1)=Sue H(Q):u=0o0nTy, E:OOHF\FO ,
Alu = —Au,
D(A5) = H* Q)N HN(Q), Aw=—Av.
Then,
[(Aju,v)| = / VuVodz
Q

1/2 1/2
< (/ |Vu|2dx> (/ |Vol|? dm) < C(Alu,u>1/2 |Agv].
Q Q

So, for 0 < |a| < Cgq, condition BI)) is fulfilled, and the same conclusions
as in Example [5.1] hold for problem (5.24])-(5:25])- (54]).

6. IMPROVEMENT OF PREVIOUS RESULTS

In this section we apply interpolation theory to extend the polynomial
stability result of [4] to a larger class of initial data. We will denote by j > 2
the integer for which (LI0) is satisfied. As is shown in [4, Theorem 4.2],
under assumptions (H1), (H2),(H3) and (LI0), if Uy € D(A™Y) for some
integer n > 1, the solution U of problem (9] satisfies

nj
W) < E_Z Y ew®o)  vt>o0 (6.1)
k=0
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for some constant ¢, > 0. We recall that assumption (LI0) covers many si-
tuations of interest for applications to systems of evolution equations. Indeed
(see [4, Section 5] for further details), this is the case for
i) (A1,D(A1)) = (A2, D(A3)), where (ILI0) is fulfilled with j = 2;

11) D(Al) = D(AQ), with j = 2;

iii) (As, D(A2)) = (A%, D(A?)), again with j = 2;

iv) (A1,D(A1)) = (A3, D(A2)), with j = 4.
The following result completes the analysis of [4], taking the initial data in
suitable interpolation spaces.

Theorem 6.1. Assume (H1),(H2),(H3) and (LI0), and let 0 < 6 < 1,
n > 1. Then for every Uy in (H, D(A™))g 2, the solution U of ([L9) satisfies

Cn,0
OO < 25 100llGe peansyy,, — ¥¢>0 (6.2)

for some constant Cno > 0.

Reasoning as in Remark [4.4] one can derive estimate (6.I]) also for Uy €
D(AF), for every k =1,...,nj — 1, with decay rate k/j.
Corollary 6.2. Assume (H1),(H2),(H3) and (IL10).
i) If Uy € D(A™) for some n > 1, then the solution of (I.9) satisfies
2 <
oI <
for some constant ¢, > 0.
ii) If Uy € (H,D(A"))g,2 for some n > 1 and 0 < 6 < 1, then the
solution of (I.9) satisfies

Cn,0
0O < 5751001 peany,, V>0 (6.4)
for some constant c, 9 > 0.
iii) If Up € D((—A)?) for some 0 < 6 < 1, then the solution of problem

(TA) satisfies
Co
B < oVl aey >0 (65)

1Uolpany — VE>0 (6.3)

for some constant cg > 0.

In particular, the previous fractional decay rates can be achieved for initial
data in H, or in H, 9, whenever H, C D(A"), as in Corollary 7l This
happens, for instance, if any of the following conditions is satisfied:

i) (A1, D(A1)) = (A2, D(Az));
iii) (A27 D(AZ)) = (A%v D(A%))
Let us apply Corollary to two examples from [4].

Example 6.3. Given 8 > 0, k > 0, a € R, let us study the problem

{ 0?u — Au+ Bou + ku + av =0

8?1) —Av+rkv+au=0 mn Q x (O’ +OO) (6'6)

with boundary conditions

u(-,t) =0=w(-1t) on I' Vi>0 (6.7)
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and initial conditions

w(z,0) = ul(z),  u(x,0) =ul(z)
{ v(x,0) = v%(z), V' (z,0) = vl (z) x €. (6.8)

Let H = L?(Q), B = BI, and A; = Ay = A be defined by
D(A) = H*(Q)N HY(), Au=—-Au+ru Yue D(A).

Notice that (TI0) is fulfilled with j = 2, and condition 0 < |a| < Co+k =: w
is required in order to fulfill (H3).

As showed in [4, Example 6.1], if u®,v° € H2(Q)NH (), ut,v! € H} (),
then

/ (|(9tu|2 + |Vaul® + |0v]* + |Vv|2>dx
Q
c
< E(I Mo+ o+ 10Ba +I'1) Ve 0.
Moreover, if u®,v° € H"*1(Q) and u!,v' € H"(Q) are such that

W= . =ALELY—0=0=... = ALY on T,

n—1

UIZZA[RTA]UIZUIZZA[T]UIZO on F’
then
/ <|(9tu|2 + |Vul? + |0sv]? + |Vv|2)dx
Q
c
< (I iro+ 0o+ 101200 + 0 IE)  vE>o0.
Furthermore, applying Corollary [6.2] we conclude that if Uy belongs to
Hno = (H,D(A"))g2 for some 0 < 6§ < 1, n > 1, then the solution to

(6.6)- ([©70)- ([6.8]) satisfies
Cn0
/Q <\3tu’2 + |Vul? + |0w]* + \V@\Q)dm < JT/QHUOH%LM Vt>0 (6.9)
for some constant ¢, g > 0, with

2 - [,,012 12 02 12
00,0 = 1R yog 0T 0 41602 g W

(A1 ) D( 1

0)'

N3

Example 6.4. Taking 5 > 0,0 < |o| < 03/2, and the same operators A
and A as in Example 5.2] but with different boundary conditions, we can
consider the system

{ OPu+ Au+ Bou +av =0

v — Av +au =0 in  Qx(0,+00) (6.10)

with boundary conditions
v(,t) =u(-,t) = Au(-,t) =0 on I' Vi>0 (6.11)
and initial conditions as in (6.8). Let us set H = L%*(Q), B = I, and

D(A) ={uec HY Q) : Au=0=uonT}, Au=A%,
D(Ay) = H(@) " (), Aw = —Au.
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In this case, since A; = A2, condition (LI0) holds with j = 4. Consequently,
as is shown in [4, Example 6.4], for initial condition Uy € D(A%)

C
/ <|8tu|2 + |Au|2 + |8tv|2 + |Vv|2)dx < ?HU()H%)(AA;) vVt >0,
Q

for some constant C' > 0. By point ¢) of Corollary [6.2] we can generalize
this result to initial data Uy € D(A") for some n > 1. Indeed, in this case

the solution to (6.10)-(E.11])- (6.8]) satisfies
Cn

for some constant ¢, > 0. Moreover, thanks to point i) of Corollary 6.2] if
Uop € (H,D(A™))g,2 for some n > 1 and 0 < 6 < 1, then

Cn,0
/g\2 (‘atuP + ’A’LLF + ‘at’l}‘2 + ‘V’UP)d(L’ < WHUO”%’H,D(ATL))Q,Q Vt > O

for some constant ¢, > 0. Furthermore, thanks to point i) of Corol-
lary [62] if Uy belongs to Hy g = D((—A)?) for some 0 < § < 1, then the
solution to (6.10)-(6.11)-(6.8]) satisfies

C

for some constant cg > 0, with
2 - 1,02 12 12
10l p((—ay0y = I ND(A%+%9)‘%IU ND(A 1ige T 107 0. -

1o +’U0’2 1
DAy 27) D(A3 ")

1
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