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Abstract. Recent advances in diffusion MRI make use of the diffusion
signal sampled on the whole Q-space, rather than on a single sphere.
While much effort has been done to design uniform sampling schemes
for single shell experiment, it is yet not clear how to build a strategy to
sample the diffusion signal in the whole Fourier domain. In this article,
we propose a method to generate acquisition schemes for multiple Q-
shells experiment in diffusion MRI. The acquisition protocols we design
are incremental, which means they remain approximately optimal when
truncated before the acquisition is complete. Our method is fast, incre-
mental, and we can generate diffusion gradients schemes for any number
of acquisitions, any number of shells, and any number of points per shell.
The samples arranged on different shells do not share the same directions.
The method is tested for Spherical Polar Fourier reconstruction of the
diffusion signal, and based on Monte-Carlo simulations, several preferred
acquisition parameters are identified.

1 Introduction

Diffusion MRI maps the intravoxel diffusion characteristics of water molecules,
in order to infer properties on the underlying tissue microstructure. The MR
signal attenuation, E(q), is related to the diffusion Ensemble Average Propa-
gator (EAP), P (r), through a Fourier transform. The diffusion tensor model [4]
is based on the assumption of multivariate Gaussian probability to model the
EAP. It is to date the most popular technique for clinical applications, because
it is described by only 6 parameters, and can be reconstructed from a small num-
ber of diffusion weighted images. Unfortunately it is unable to describe complex
tissue microstructure such as fiber bundle crossing in brain white matter. To
overcome the shortcomings of Gaussian assumption, several high angular resolu-
tion diffusion imaging techniques are used, such as Q-ball imaging [18], to map
the orientation distribution function. Recently, emerging reconstruction meth-
ods have been proposed [12, 1, 13, 2, 9] to make use of the diffusion signal in the



whole Fourier space, instead of on a unique sphere. These techniques require in-
tensive sampling in the q-space to reconstruct E(q), and the design of a sampling
strategy is crucial for the development of such methods,

Single shell experiment design have received much attention from the diffu-
sion MRI community [15, 14, 11, 16]. However we are aware of only one study [3]
on multiple shells acquisition design; yet it does not explicitly provide a method
to design acquisition protocols. In this context, we present in this paper a method
to design multiple shells sampling schemes. Similarly to what has been proposed
for single q-shell experiment design [6, 10, 8], our sampling is incremental, so as
to be able to make use of corrupted data or aborted scans. Our method is tested
using Monte-Carlo simulations on several synthetic diffusion models, for the re-
construction of the diffusion signal in the Spherical Polar Fourier (SPF) basis,
which was recently introduced to represent the 3D diffusion signal [3].

2 Method

We first present a method to design sampling protocols on several spheres in
q-space. The number of shells and the number of points per shell can be set to
any desired value. Then we review the SPF reconstruction technique ([3, 5]), and
present 4 synthetic diffusion models used in the next section for validation.

2.1 Multiple Shells experiment design

In this section, we propose a method to arrange a set of M points, on a set of
K spheres of given radii qk in R3. The method can generate any the number of
points M and spheres K, with the desired radius qk and number of points N(qk)
for each shell.

Electrostatic repulsion In single q-shell experiment design, the problem is to
uniformly distribute points on a sphere, keeping in mind that the signal is an-
tipodally symmetric, hence q and −q play the same role. The solution proposed
in [11] is to minimize:

J =
∑
i6=j

e(qi,qj),where e(qi,qj) =
1

|qi/qi − qj/qj |
+

1
|qi/qi + qj/qj |

. (1)

We propose a generalization of this electrostatic repulsion for multiple shells: E =
(1− λ)E1 + λE2, where E1 =

∑
k ωkJk is the weighted sum of the electrostatic

repulsion Jk on each shell of radius qk, and E2 =
∑

i 6=j e(qi,qj) is a coupling
term between shells.

The first term E1 guarantees a uniform coverage of each single shell, while
E2 ensures that the global angular coverage is also approximately uniform. Note
that for λ = 0, the minimization of E would be underconstrained, as any rotation
of a shell with respect to the other does not modify the energy E1. In order for
the number of points on shell k to be proportional to N(qk) (where the choice of
the function N is driven by the diffusion problem), it can be shown that taking
the weights should be chosen as ωk = 1/N(qk).



Incremental construction of an optimal arrangement Some recent work
on single shell acquisition design [6, 10, 8] are about the interest of incremental
sampling sequences, for which an interruption at any point would result in an
approximately optimal design. Such designs are useful to process data from pre-
maturely aborted acquisitions, as well as to process data online. In the sequel we
adapt the approach proposed in [8] to the problem of multiple q-shells design.
To find a nearly optimal design for M points, M iterations are required. At
each iteration i, we find the point qi minimizing E, while the qj , j < i remain
fixed. The minimization is done by an exhaustive search among a set of 10000
pseudo-random points uniformly distributed on each sphere. As shown in the
results section, this method provides a good approximation of the solution, with
a huge gain in efficiency.

2.2 Synthetic data and reconstruction

The reconstruction with our experiment designs are tested for different diffusion
models: one fiber (Gaussian diffusion), 2 fibers (mixture of Gaussian) with a
90◦ and a 60◦ crossing angle. Beyond these classical models, we also tested on
a restricted diffusion model within a cylinder, for which the diffusion signal was
computed according to [17], to test different radial behaviour. For the Gaussian
models, the diffusion tensor was chosen with eigenvalues λ1 = 1.7mm2.s−1, and
λ2 = λ3 = 0.2mm2.s−1. The cylinder dimensions are L = 5mm and ρ = 5µm.

1 fiber 2 fibers 90◦ 2 fibers 60◦ Restricted in cylinder

Fig. 1. Diffusion signal (top) and diffusion propagator (bottom) for the 4 models se-
lected for synthetic data generation. They are displayed in the x, y-plane.

The diffusion signal E(q) is reconstructed in the spherical polar Fourier
(SPF) basis {Bnlm;n ≤ N, l ≤ L, |m| ≤ l}, recently introduced in [3]. The func-
tions are defined as Bnlm(q u) = κn(ζ) exp(−q2/2ζ)L1/2

n (q2/ζ)Ylm(u), where κn



is a constant, Ylm is the modified spherical harmonic basis for real and symmet-
ric functions, and L

1/2
n is the generalized Laguerre polynomial. It can represent

the diffusion signal in the whole 3D space, using few coefficients [3]. Besides, a
method called SPF imaging [5] was recently introduced to represent the EAP in
a dual basis, with the same coefficients anlm. In our experiments, the SPF basis
was truncated at radial and angular orders N = 3 and L = 4 respectively, as
suggested in [3, 5], which corresponds to 60 coefficients to estimate. The recon-
struction error we computed to evaluate the accuracy of the reconstruction ânlm

is the relative root mean squared error (RMSE) to the ground truth:

RMSE =

√∑
nlm |ãnlm − ânlm|2∑

|ãnlm|2
(2)

and the ground truth coefficients ãnlm are estimated from 10000 samples uni-
formly distributed in the q-space.

3 Results

The minimization of E with respect to {qi, i = 1 . . .M} was implemented. In
the sequel we present the sampling schemes generated, and evaluate them for
diffusion MRI measurement.

3.1 Multiple shells experiment design

We have constructed incremental point sets minimizing the energy E. We plot in
Fig. 2 the results for a number of points on shell k proportional to N(qk) = q2k,
which corresponds to a uniform arrangement of points. The construction of a
set of M = 120 points took 4s on a laptop with a 2.8GHz Intel R© CoreTM 2
Duo processor and 4GB memory, with a python implementation. An optimal
arrangement of 120 points on 3 q-shells is presented in Fig. 2, for N(q) = q2 and
λ = 0.1. The angular density of each shell is approximately optimal, as well as
the global angular coverage.

The electrostatic energy Jk is calculated for each shell, and normalized to
the minimum energy, of the optimal arrangement (as provided with the Camino
toolkit [7]). As reported in Fig. 2, it remains very close to 1; this means that
the electrostatic energy of our approximate optimum is very close to the global
minimum. We also check the minimum angle between any two points, which is a
metric used to check the uniformity of a sample distribution [14]. As expected,
the approximate solution contains slightly closer points than the optimal solu-
tion, but both remain within the same range.

3.2 Reconstruction in SPF basis

Because there is a large number of degrees of freedom in q-space experiment
design, we organize our investigations as follows. First, for a given number of
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Fig. 2. (top left) Multiple q-shell experiment design: 120 points on 3 shells, with N(q) =
q2. (top right) Points reprojected on the unit sphere. The distribution of points on
each shell is uniform, as well as the global angular density. (bottom left) Normalized
electrostatic energy. (bottom right) Minimum angle between any two points.

samples and a given number of shells, we analyze how to best distribute the
points between shells (choice of the function N(qk)). Then we evaluate the in-
fluence of the number of shells K on the reconstruction. Finally, we evaluate
the influence of the correlation of sampling directions between shells. The pro-
posed acquisition strategies are tested without noise, and in presence of Rician
noise in the measurements. Unless explicitly modified, the SNR was set to 30
for all experiments. The shells radii are distributed linearly between qmin and
qmax =

√
bmax/4π2τ , with a maximum b-value bmax = 5 000s · mm−2 and a

diffusion time τ = 20.8ms. The reconstruction in SPF basis is a regularized least
squares estimation of the coefficients [3, 5], and the radial and angular regular-
ization weights are λn = λl = 10−8.

Number of points per shell With no prior knowledge on the signal charac-
teristics, the intuition would be to arrange the samples uniformly in the q-space,
thus choosing a number of points N(qi) on the i-th shell proportional to q2i .
However, it is known that the radial behaviour of the signal is Gaussian-like,
which means that the energy is concentrated near the origin. So it might be that
N(qi) = q2i is not the best sampling strategy.
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Fig. 3. Effect of the number of points per shell N(qi) on the reconstruction accuracy.
The number of measurements was set to 120, constrained on 3 q-shells, with q1, q2, q3

linearly arranged. (left) no noise, (right) various SNR values, for the 2 fibers 90◦ model

Interestingly, the results in Fig. 3 suggest that a number of points on shell i
proportional to qi gives best results. This corresponds to weighting the natural
solution N(qi) = q2i by a factor 1/qi, giving more importance to the measure-
ments at low q. This result is shared by the 4 diffusion models of interest, as
well as for a wide range of SNRs.

Number of shells The effect of changing the number of shells is investigated,
for various diffusion models and total number of points (Fig. 4). It is clear that 3
shells give the best reconstruction, whatever the diffusion model or the number
of measurements. When one changes the radial truncation order N of the SPF
basis, the optimal number of shells changes accordingly (results not reported
here).

Coherence between shells The second term E2 in the repulsion energy we
propose in 2.1 tends to separate the point directions from one shell to another. As
a means of comparison, we designed a sampling scheme with the same number of
points per shell, but with coherent directions (see Fig. 5). Choosing incoherent
directions between shells allows a better reconstruction in SPF basis. The dif-
ference increases with the number of shells: for the coherent directions strategy,
the total number of separate directions decreases, while it remains stable for the
incoherent shells acquisition design.
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Fig. 4. Effect of the number of shells on the reconstruction, for various diffusion models
(left) and total number of measurements M (right)

4 Discussion and conclusion

In this article, we have proposed an original approach to the design of sampling
schemes for multiple q-shells acquisition. The method is fast, and can provide
sampling schemes, with any arrangement for which the number of points on shell
k is proportional to an arbitrary function N(qk). Different sampling strategies
were tested for the reconstruction of SPF coefficients. A remarkable result is the
advantage of using separate diffusion directions between shells, instead of reusing
the same directions. Also, the optimal number of shells seems to be equal to 3,
for the reconstruction in the SPF basis truncated at radial order 3.
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