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FIRST ORDER TWO-SCALE PARTICLE-IN-CELL NUMERICAL
METHOD FOR VLASOV EQUATION

EMMANUEL FRENOD' 2, MICHAEL GUTNIC? AND SEVER A. HIRSTOAGA?

Abstract. The aim of this work is to build an accurate numerical method for the simula-
tion of the long time evolution of the Vlasov solution f€ with an electric field E® = Eg+eF
for small €. To this purpose, we use the Two-Scale Convergence theory to determine a first
order approximation F + eF} of f¢ then particle approximations to build an algorithm to
obtain a numerical approximation of F' + eF}.

Résumé. On cherche a construire une méthode numérique pour 1’évolution en temps
long de la solution f¢ de ’équation de Vlasov avec un champ électrique E° = Ey + ¢F1
pour € petit. A cet effet, on utilise la théorie de la convergence deux échelles pour obtenir
une approximation d’ordre un F'+¢F; de f€ puis une méthode particulaire pour construire
I'algorithme d’approximation numérique de F' + €Fi.
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1. INTRODUCTION

In this paper, we are interested in the solution f¢ to the following Vlasov problem set in a
bi-dimensional phase space

afe g@fs e T af
315 +5 a'r' +<E 5) 3@ _07 (11)

fet=0,r,v) = fo(r,v).
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where f€: (t,r,v) — fe(t,r,v), for t € [0,T), r € RT and v € R. In (1.1), let
t t
E(t,r) = Eo(t,f,r> o (t,f,r>, (1.2)
£ £

where E;—o1 : (¢t,7,7) — E;j=01(t, 7,7) are regular and 2m-periodic with respect to 7. Our purpose
is to build a numerical method which is efficient for simulating the long time evolution of f¢ in the
limit € — 0.

In Section 2, we use Two-Scale Convergence theory to determine a first-order approximation
of f¢, that is fe(¢,r,v) = F(t,t/e,r,v) + € F1(t,t/e,r,v) where F : (t,7,r,v) — F(t,7,r,v) and
Fy: (t,7,r,v) — F(t,7,7r,v) are 2w-periodic functions with respect to 7 € R.

We first show in Section 2.1 that, for the zero order term, there exists a function G : (¢,q,u) —
G(t,q,u) solution of an initial boundary condition partial differential problem such that F'(¢, 7,7, v) =
G(t,R7(r,v)), where R" is the 2D-rotation of angle 7. In Section 2.2, we handle first order term and
show that there exists two functions Gy : (¢,q,u) — Gi(t,q,u) and W : (¢, 7,q,u) — W(t,7,q,u)
such that Fy(¢,7,7,v) = G1(t,R7(r,v)) + W(t, 7, R7 (r,v)) where W can be computed from V, ,G
and (G is yet the solution of an initial boundary condition partial differential problem.

In Section 3, we introduce a PIC based approximation to build a numerical algorithm which will
allow us to solve numerically the problems satisfied by G and G as well as to compute a numerical
approximation of W.

2. ON TwO-SCALE CONVERGENCE STATEMENTS

The concept of Two-Scale Convergence was introduced at the end of the 80’s by Nguetseng [5,6]. In
1992, Allaire gave a very understanble proof of this result [1]. Then several authors used this theory
to build numerical methods called Two-Scale Numerical Methods (e.g. Frénod and Sonnendriicker
[3], Frénod, Salvarani and Sonnendriicker [2], or Mouton [4]). For more details about Two-Scale
Convergence theory, we refer to these authors and their references.

Let us here only recall the definition of the Two-Scale Convergence.

Definition 2.1. A function f€: (t,r,v) € [0,T) x R? s f¢(t,r,v) Two-Scale converges as e — 0 to
a function F: (t,7,7,v) € [0,T) x R x R? s F(t,7,7,v) 2n-periodic in T, if:

T T r2n
/ fe(t, o) [ (¢, r,v)drdvdt — / / / F(t,r,r,v) ¢(t, 7,7r,v) dr dvdrdt, (2.1)
0 JR? 0Jo JR2?

for all ¢ € C° where C* := C? ([O,T); C’;(R; C’i(RQ))) fori=0,1.

Remark 2.1 (Notations). In the above definition and in the following of the paper, we introduce
the following general notations:

(i) Subscript # in space definition stands for 2m-periodicity in T.
(ii) Bracket []° stands for [ (t,r,v) := ¢(t,t/e,r,v) for any function ¢ depending of the four
variables (t,7,r,v) € [0,T) x R x R2.

Moreover, in the whole section we will use the 2D-rotation of angle 7 of a two-dimensional vector.

Definition 2.2. For all T € [0,27] and all (r,v) € R?, we define the 2D-rotation R™ of angle T by:
R (r,v) = (cpsr —SIHT) (r) _ (r cgs7—vsm7)_ (2.2)
SInT  COST v T SINT + VU COST

Its inverse in then given by R™7 whose first component is denoted by R, 7.
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Remark 2.2. Thanks to the above definition, we have that :

R (r,v)- (z) = (Z) SR (g, ). (2.3)

Theorem 2.1. Let (f¢). be a sequence of solutions to Vlasov problem (1.1) with the electric field
E? given by (1.2). Therefore there exists two functions F : (t,7,7,v) € [0,T) x Rx R* — F(t,7,7,0)
and Fy : (t,7,7,v) € [0,T) x R x R? — F(t,7,r,v) 2m-periodic with respect to T € R such that

t t
feit,ro)= F (Ls,r, v) +eFy (t,gﬂyv) , (2.4)

Moreover, regarding the zero order term, there exists a function G : (t,q,u) € [0,T) x R?
G(t,q,u) such that
F(t,r,rv) =G(t, R (r,v)), (2.5)

where R is the rotation defined in Definition 2.2 and G is solution to the problem

oG el B
E(ta q, ’LL) + % /0 RT (07 EO (t7 T, R’r (q’ u)))dT : VQ’U«G(ta q, U) = 0’
(2.6)

G(t = O7qau) = %fo(qvu)

Regarding the first order term, there exists two functions Gy : (t,q,u) € [0,T) x R? s G1(t,q,u)
and W : (t,7,q,u) € [0,T) x R x R? — W (t,7,q,u) such that

Fi(t,7,r,v) = G1(t, R7 (r,v)) + W(t, 7, R (r,v)), (2.7)

where on the one hand, W 1is given by

2
Wiran = |5 [ R0 (R ) do
s
; (2.8)
- [ ROOE (0. R ) do| - VGt g,
0
and on the other hand, G is solution to the problem
oG 1 [
71(1") Q7u) + 5= / R (07 EO (taT? R:T(Q7u)))d7 ' vq uGl(t7Qau) =
ot 27 Jo ’
1 2 T Y 8E0 Y
o ; { /0 R (0, W(t’U’RT (q,u))) do
o OFE° _
~ o ; R (O, W(t,a, R, (q,u))) da} dr -V, G(t, q,u) +
(2.9)

2 27
[4; Vg uR? (07 E° (t, o, R, % (q, u))) da/ R° (07 E° (t, o, R %(q, u))) do
0 0

1 2m

“a ), (Vq,uRT(o,Eo(t,r,R;T(q,u)))/o R”(O,Eo(t,a,R;U(q,u)))dg)dT]

VauG(t, q,u) dr.

G1(t=0,q,u) =0.



4 ESAIM: PROCEEDINGS

Remark 2.3. Note that the expression of W in (2.8) as well as problems (2.6) and (2.9) do not de-
pend on 1/e-frequency oscillations any more. The proof of Theorem 2.2 is given in the two following
sections.

2.1. Zero order approximation

Here, we briefly recall arguments developped in [2]. Let us consider the Vlasov equation for f¢
in problem (1.1). First, we multiply by f¢ and integrate over r € R™ and v € R to obtain:

L (15 )
2 dt -

(2.10)

which leads to the following estimate:

11 e (0, 7); 22 (R2)) < C- (2.11)

Then it is known that, up to a subsequence, (f¢). Two-Scale converges to some F : (t,7,7,v) —
F(t,7,r,v) with F' € L*® ([O,T);Lo#o(R,L2(R2))). Now, we multiply Vlasov equation in (1.1) by

[#]¢ with ¢ € C!, integrate over t € [0,T) and (r,v) € R? and then integrate by parts. Thus we show
that F' satisfies in a weak sense the following equation

OF v
a5 T ( > Ve =0, (2.12)

where we note that ¢ is not involved anymore. From (2.12), we deduce that F' is constant along the
characteristics associated to this advection equation, and deduce from Theorem 4.2 in [2] that there
exists a function G : (¢, q,u) € [0,T) x R? — G(t,q,u) such that (2.5) is satisfied with G is solution
to problem (2.6) of Theorem 2.1.

Remark 2.4. Let G : (t,q,u) € [0,T) x R? — G(t,q,u) be a given function and define the family
(F#) s by
[FIF(t,r,v) = G(t, RY¢(r,v)). (2.13)
Then
(i) Vr,
(i) 2

o[FIE(t,r,0) = R7YE(V, oG (t, RYE (r a))
] (t,r,v) —l—% (_Ur> Vow[FIE(t,rv) = ;( RV (r, v)).

2.2. First order approximation
We consider the zero order Two-Scale approximation F' of f€ introduced in section 2.1. Let us
define [F]¢ as in Remark 2.1(ii). Then thanks to Remark 2.4(ii)

a[;;]a(t,r,u) +% ( ! ) Vo [FIE(t, 7, 0) = 8; ( RY(r, U)) (2.14)

-

For the sake of simplicity in computations below, we introduce the notation E¢ = FEy(t,t/e,r) +
e E1(t,t/e,r) and omit the dependency of [F|¢ and its partial derivatives in (¢,7,v). First, we add
the term E° J[F]¢/0v on both sides of equation (2.14) to get (2.15). Then we rewrite the right-
hand-side to show up the term V. ,[F]¢ and get (2.16). Using Remark 2.4(i) then Remark 2.2, we
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obtain respectively (2.17) then (2.18).

ATy 1 (1) e e O

ot e \~ v
_ B ag]s + %f (LR 0) (2.15)
_ < > Flf af (R (r.v)) (2.16)
_ ( ) R (9, (R () ) + % (tRY(r,0)) (2.17)
= RY%(0, %) V,uG(t, RV (r,v)) + % (t,Rt/E(nv))- (2.18)

To handle the right-hand-side of (2.18), we introduce the function Y¢ such that

oG

e (m, r, v) = R7(0, E)- Vyu G (£, R7(1,0)) + 5 (6, R7(r,v). (2.19)
Then defining [Y¢]¢ as in Remark 2.1(ii), we can subtract (2.18) from (1.1) and multiply the result

by 1/e to obtain

2 (EIE) () () e (£ ey

Now, let a function W€ : (t,7,q,u) € [0,T) x R x R? — W#(t,7,q,u) be such that

owe

W(f,ﬂ RT(r,v)) = =Y (¢, 7,7,0). (2.21)

On the one hand, if we substitute Y by its expression in (2.19) and then consider equation (2.21)
in variables (q,u) = R"(r,v), we obtain

owe

“or —G(t,q,u). (2.22)

(t, 7,4, U) =-R" (07 E* (t7 T, RT_T(Qa U))) : Vq,uG(ta q, U) - %t

We substitute the time derivative of G in the right-hand-side of (2.22) by its expression in (2.6).
Integrating the result with respect to the second variable from 0 to 7 gives

T

2w
Wg(thv q, ’U,) = |:27T /0 RU (OvEO(t707 R;U(qau))) do

—/ R7(0,E%(t, 7, R " (q,u))) do| - VyuG(t,q,u) (2.23)
0
— 6/ R™(0, El (t,7,R; " (q,u))) do - VguG(t, q,u).

0

When € goes to 0 in (2.23), we obtain the limit W of W¢ defined by (2.8) in Theorem 2.1.

On the other hand, let us introduce We define by we (t,7,7r,v) := We(t, 7, R™(r,v)). Therefore,
(2.21) is equivalent to

owe (

v NE g
5 t, 7,7, v) + (—r) VoW (t,T, T, v) = =T°(¢t,1,1,0). (2.24)
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Using Remark 2.1(ii), we note that 8,[W¢]° = [0,W¢]° + [9.W¢]¢ /e and GM[WE]E = [&’UWE]E S0

that considering (2.24) in 7 = t/e and multiply the result by 1/e leads to
—~ — g
owele owe 1 (v ~_ . 1
_ - . - __ TE E.
ot [ ot 1 T3 <T> VoW 5[ ]

Now, we subtract (2.25) from (2.20) and subtract from the both sides of the result the term

(2.25)

E* 0,[W¢]* to obtain
9 (fE —[FF [WE]E) n 2 ( v ) Vs <f€ *E[F]E B [W&]E)

ot € -r
+ Es % (fé‘_gmi _ [W&]E)
R L A T
- _l [“)t] — B (2.26)

We want to obtain an a priori estimate in order to prove convergence result. Therefore we multiply

e _[Fle .
(2.26) by Tl L i [W¢€]¢ and integrate by part. This leads to

€
1d fE — [F]E 1i7e1e ?
s
L2(R?)
g1t e P (2.27)
< H [at + (e ) Tl @ |[EE g o
L2(R?) ¢ L?(R?)
If the first factor on the right-hand-side of (2.27) is bounded, by Gronwall Lemma, we obtain the
following estimate
e _[FE .
foIEE [Wee <C. (2.28)
€ L= (0,7);L? (R?))
From this estimate, we deduce the following Two-Scale convergence result
(2.29)

I _E[F]E B [WS]E S W’

where W = W(t, 7, R"(r,v)) and W given by (2.8).
Now, we want to compute F;. Returning to (2.26), we multiply by ¢ € C* (see Definition 2.1),

integrate over ¢ € [0,7) and (r,v) € R? and then integrate by parts. We obtain

o () (5] e [5] ) e

€

_i/OT/RZ (f—[F] ~ Ws]s> (Bi]: (vr> .[Vm}(ﬁ]g) dr dv dt (2.30)

€
T owe]" 0 — ¢
— - RALA Ve W] ) 9] dravar.
L% - () fma] ) ara
Multiplying (2.30) by ¢ and passing to the limit using the Two-Scale convergence (2.29), we obtain

% (F1 _ W) n <_”r> Vo <F1 - W) —0, (2.31)
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in a weak sense. Thus, F; — W is constant along the characteristics so that there exists a function
Gy : (t,q,u) € [0,T) x R? = G4 (t,q,u) such that

Fi(t,m,rv) —W(t,T,rv) = Gi(t, R (r,v)), (2.32)

and therefore, thanks to the definition of W, we obtain the decomposition (2.7) of F; in Theorem
2.1. Now, let 7 : (t,q,u) € [0,T) x R? = ~(t,q,u) a function in C} ([0,T); C}(R?)) such that

o(t, 1, v) =~(t, R (r,v)). (2.33)

We consider (2.30) for this function ¢. Then, the second term on the left hand side cancels and we

obtain
/le—WT_WT>Q%]+ﬁ[?]>MMﬁ
/ /R< aWE] ( E0> [V ] )w drdv dt.

Thanks to the Two-Scale convergence, we pass to the limit as e — 0 and integrate over 7 € [0, 27|

which leads to
2 a¢
Gy (t,R" (r,v ( ( > 'Vm,cb) dr dv drdt
[ [ aeron (2 (L

//zﬂ/ﬁ{fz( < ) Vrvw>¢>drdvd7dt.

Then substituting ¢ by its expression in terms of v and changing the variables (r,v) in (q,u) =
R7(r,v) that is (r,v) = R™7 (g, u) gives

[ [ evtan (50w

+R7 (O7 E° (t, 7, R, " (q, u))) -V uY(t, g, u)) dgdu drdt (2.36)

T 2w F5)0%
= 7ta7_a , U
LA L (Grnan

+R" (07 E° (t, 7, R " (q, u))) -V uW (7, ¢, u)) ~(t, q,u) dq du dr dt.

(2.34)

(2.35)

We finally deduce that G satisfies, in a weak sense, the following problem

oG 12 .
3t1 (t,q,u) + ﬂ/ 'RT(O,EO(t,T, R, (q,u)))dT - VguGi(t,q,u) =
L [ (ow (0. E° —r 2.37
_g ot (t T,q,U ) +R (Oa E (t7 T, Rr (qa u))) ' Vq,uw<t7 7,4, U) dr ( . )
G1(t=0,q,u) =0.
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To handle the right hand side of (2.37), we need to compute the partial derivatives of W. First from
(2.8), we have that

ow T (¥ __( OE°
W(t,ﬂq,u) = [%/0 R ( (t o, R, °(q, ))) do
T 0
/ R? <O, 3;1 t,o, R, 7 (q, ))) da} -V uG(t, g, )
. (2.38)
l o 0
+ [QW/O R7(0,E°(t,0,R, 7 (q,u))) do
T o 0 —0 oG
— R (O,E (t7O',RT (q,u)))da 'Vq,ua(t,q,u),
0
so that we can then replace 9;G by its expression in (2.6) to get
ow T [ __( OE°
W(tﬂ',q,u) = {2?/0 R <O 50 (t,0,R, (g, ))> do
T 0
—/0 ’RU<O 88E (t,0,R, (g, ))> da] - VouG(t, g, )
T 2T
+ [2/ R"(O,EO(L‘,U, R, %(q, u))) do
T
0 (2.39)

_ /OT R7(0,E°(t,0,R, (g, u))) da} .

2
. H;ﬂ' / Vg,uR? (O, E° (t, o, R, °(q, u))) da] VeuG(t, q,u)
0

27
+H‘17uG(ta q, u) % /O RU (07 EO (tv g, R;U(Qa u))) dCT:| 9

where H, ,, is the Hessian matrix with respect to variable ¢ an u. Next, from (2.8), we deduce that

T 27

VouW(t, 7, q,u) = {% VeuR7(0,E°(t,0,R; 7 (g, u))) do

; Vq uR"(O E° (t o, R, (q, ))) dcr] - VouG(t, g, u)

, (2.40)

7_ s

+ H,;.G(t,q,u) {%/ R”(O,Eo(t,o,’/%r_”(q,u)))da
0

_/T RU(O,EO(t,mR;a(q’u)))dg}

0

We consider the scalar product of (2.40) by vector R” (0, E° (t,r, R;T(q,u))), sum the result with
(2.39) and then integrate over 7 € [0,2n]. Using Fubini’s Theorem for the terms involving the
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Hessian matrix of G which is symmetric yields

2 8W T 0 —T
/ ﬁ(tﬂ',q, u) + R (O,E (t,T,RT (q,u)))-Vq7uW(t,T,q,u) dr
0

27 T 27 Y aEO L
—/0 |:27T/; R (078t(t,J,RT (q,u))) do
i OFE° _
—/ RS O,W(t,J,RT"(q,u)) do| - VguG(t,q,u)dr
0
27 T 27
+ / { VeuR7(0,E°(t,0,R; 7 (q,w))) do
0 27 Jo

— /O ’ VeuR7 (0, E° (t,0,R; % (q,w))) da} R™(0, E°(t,7,R; 7 (g, u)))

2
_ 1 Vo uR? (O,E0 (t,a, R;”(q,u))) do
27T 0 ’
) (2.41)
T ™
— R7(0,E°(t,0,R, (¢, u))) do
2 0

— /OT R7(0,E°(t,0, R, (g, u))) doH - V,uG(t, q,u) dr

2w

2w
— | HeuG(t,q,u) [; / R7(0, B°(t,0, R (q,))) do
0 T Jo

_ /OT R7(0,E°(t,0,R (g, u))) da]-

1 ar o 0 —0
[%/0 R (O,E (t7U7Rr (q,u)))da

—R7 (O, E° (t, 7, R, " (q, u)))} dr.

For both last factors on the right hand side of (2.41), we remark that the second one is the exact
derivative of the first one with respect to 7. Since the Hessian matrix is symmetric and does not
depend on 7, we can take it out of the integral. Thus, the remaining integrand is the exact derivative
of a quadratic form with respect to variable 7, so that integrating over a period in 7 gives 0. Moreover,
we can perform an integration by parts in the first part of the second term on the right hand side



10 ESAIM: PROCEEDINGS

of (2.41). We obtain

27
/0 (%V;/(L T, q,u) + R” (0, E° (t, 7, R, (q, u))) Ve uW(t, 7,4, u)) dr

2w - 27 aEO
= L (0, == (t,0, R d
/0 _271_ 0 R (07 ot ( 7JaRr (qa U))> o

T OFEY _
- R\ 0, e (t, o, R, (q, u)) do| - Vi.G(t,q,u)dr
0

o [ 27
*/ {1 / VouR (0, E°(t,0, R, (q,u))) do
0 2m 0

~VauR7 (0, E°(t, 7, R (g, u)))] / R7(0,E°(t,0,R, (g, u))) do
0
1 27

N Ve,uR7(0,E°(t,0,R; 7 (q,w))) do
271' 0

(2.42)

T

[QW /02” R7(0,E°(t,0,R, (g, u))) do

- /OT R7(0,E°(t,0,R, (g, u))) daH - Vg,uG(t,q,u) dr.

In the second term on the right hand side of (2.42), we remark that first and last products cancel.
Moreover, 7/27 is the only factor depending of 7 in the third product, integration of which over
[0,27] gives m. Substituting the right-hand side of equation in problem (2.37) by its expression in
(2.42) finally leds to problem (2.9)

3. NUMERICAL ALGORITHM

To build our numerical algorithm, we use a Particle-in-Cell (PIC) method, that deals with
macroparticles rather than directly with the distribution function.

Theorem 2.1 tells that, provided that problem (2.6) is solved and space derivatives of G can be
computed, then we can compute W from (2.8) and source term in problem (2.9). Then it remains
to solve problem (2.9) to obtain Gy. From G, G; and W, we finally get the Two-Scale first order
approximation of f¢ thanks to (2.4), (2.5) and (2.7). Thus, the main steps of the algorithm are the
following.

Mains steps of the algorithm

(i) Compute a particle approximation of G, that is push the macroparticles with respect to the

advection operator associated to the partial differential equation in problem (2.6) as in [2].

(ii) Compute an approximation of the gradient V, , G from the particle approximation of G which
is compatible with the desired particle approximation of W.

(iii) Compute a particle approximation of W from equation (2.8).

(iv) Compute a particle approximation of the source term of the partial differential equation in
problem (2.9), and then a particle approximation of G by solving problem (2.9) with the same
advection operator than in problem (2.6).

To deal with the first step, we introduce the following particle approximation of function G

Np
k=1
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where ¢ is the Dirac mass, N, is the number of macroparticles and (Qx(t), U(t)) is the position in
phase space of macroparticle k¥ which moves along a characteristic curve of the equation in (2.6).
Hence our problem is reduced to compute the location of macroparticles at the next time step from
their positions at the previous time step, as the solution of the following dynamical system

d 1 2
dt(gﬁ) = o /0 R7(0, E°(t, 7, R, " (Qk, Ux)) ) dr. (3.2)

The main difficulty to solve coupled problem (3.2) lies in the fact that we need to approximate the
integral term. A solution to this problem is described in section 5.1 of [2].

Once the macroparticles are pushed along the characteristics, we can compute G at the next
time step. Applying the ad hoc rotation, we then obtain a particle approximation of F from (2.5).
Finally, evaluating this approximation in 7 = t/e gives the zero order approximation of f¢.

For the second step of the algorithm, we need to recover an approximation of the space derivatives
of G thanks to the particle approximation of G. Therefore, a regularization of approximation (3.1)
is needed. To this purpose, we introduce a regular function v¢ with support included in the intervall

0, ], and such that the function v¢ : (q,u) — ¢ q— Qr(t))? + (u— Ug(t))?) has an integral
k

over ¢ and u with worth 1. Thus a regularization of (3.1) is given by

Glt,qu Zwm (V=@ +w=-0:07) . (3.3)

Thus we can compute numerical approximations of the space derivatives of G.

Now we can handle the third step of the algorithm. Indeed, in (2.8), we can compute an approx-
imation of the right hand side which has the following shape

Np
> Bt 0,0) () (Vg — QuOP + (= Tx(0)?) (3.4)
k=1

In order to get W, we need to distribute the above approximation over the macroparticles. Let the
particle approximation of W be given by

W(t,7.q,u Zﬁk t,7)6(g = Qx(t)) 6(u = Ug(t)), (3-5)

which can be regularized by

NP
Wit = > Belt.m) " (Ve = Q) + (w=Te®)) - (3.6)
k=1

Then we want that all the integrals of the sums in (3.4) and (3.6) over each subdomain of the phase
space are almost equals. From the numerical point of view, we want to verify this proximity only
for the support C; of functions ~{* that is

/Zﬂktmk o) dgdu = | S Bu(t )28 0v) d (3.7)

Ci =1 Ci =1
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which writes again

j@(t,r)/ a0 dgdu= [ S Bu(t og.) 27 0 da (3.5)
k=1

Zkl

Therefore we can determine the coefficient Bk of the particle approximation of W up to the solution
the linear system (3.8).

Finally, we consider the last step of the algorithm. We want to build a particle approximation
of G; from problem (2.9). We first note that in this problem, the advection operator is exactly the
same than in problem (2.6). Therefore the macroparticles to approximate G can be chosen as being
localized exactly at the same phase space locations as the ones used to approximate G. Thus G, is
approximated by

Z

Gi(t.q.u) = ) wi(t)8(g = Qu(t)) d(u = Uk(t)), (3.9)

1

~
Il

where the weights w,i now depend on time ¢, which allows to take into account the effect of the
source term on the right-hand side of the equation in (2.9). Once more, we can regularize this
approximation by

1t g Zwk 7 (Vg = Q)7+ (w=T(®)?) . (3.10)
Then we handle the right hand side of equation in problem (2.9) exactly as for W. Indeed, approx-
imation of this term has the following shape

Np

et 0,0) () (V(a = @u(0) + (w— O(0)?) (3.11)
1

k=

Therefore in order to distribute this approximation on the macroparticles, we want to determine 7
such that

/antka g u dqdu—/ antrq, )k (g, w) dq du, (3.12)

Ci =1 Ci p=1

which writes again

Mz

77 (t,7) / (g, u dqdu-/ anth, (g, u) dg du. (3.13)

k=1 Ci =1

Therefore we can determine the coefficient 7, up to the solution the linear system (3.13). Since G
is solution to problem (2.9), we finally have that

dw},
—= = 3.14
a2 (3.14)

that needs to be numerically solved to get the full approximation of G;.
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