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Abstract

In this work we deal with set-valued functions with values in the power set of a separated
locally convex space where a nontrivial pointed convex cone induces a partial order relation.
A set-valued function is evenly convex if its epigraph is an evenly convex set, i.e., it is the
intersection of an arbitrary family of open half-spaces. In this paper we characterize evenly
convex set-valued functions as the pointwise supremum of its set-valued e-affine minorants.
Moreover, a suitable conjugation pattern will be developed for these functions, as well as
the counterpart of the biconjugation Fenchel-Moreau theorem.
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1 Introduction

Evenly convex sets (e-convex in brief) were introduced by Fenchel [8] in R" as those sets
which can be expressed as the intersection of an arbitrary (possibly empty) family of open
half-spaces. He initiated the study of this kind of sets defining a natural polarity operation
and mentioning some of their properties. Later, they appeared in some works related to
quasiconvex programming (see [16, 17, 22] and [23]) and mathematical economics [18]. E-
convex sets are the solution sets of linear systems of either weak or strict inequalities, and
from this point of view, their properties have been studied in [9] and [10], whereas some
important characterizations of e-convex sets in terms of their sections and projections were
given in [14]. Finally, some properties of this class of sets in locally convex spaces can be
found in [1].

In a natural way, the concept of even convexity was applied to an extended real-valued
function defined on R” in [24], where a function is said to be e-convex if its epigraph
is e-convex. In that work, the main properties of these functions, which extend the class
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of convex and lower semicontinuous functions, were studied. In particular, some charac-
terizations were provided. Later, in [20], the notion of e-convex function was considered
for extended real-valued functions defined on locally convex spaces, and proper e-convex
functions were characterized as the pointwise supremum of their e-affine minorants. This
characterization allowed, also in [20], the definition of a suitable conjugation scheme for
e-convex functions. This pattern is called c-conjugation, and it was inspired by a survey
written by Martinez-Legaz [19] where generalized convex duality theory is applied to qua-
siconvex programming. As it is shown in [20], the c-conjugation scheme allowed to set
forth the e-convex counterpart of the well-known Fenchel-Moreau theorem. Recently, some
works have been developed around duality theory in evenly convex optimization [2, 4-7],
building different c-conjugate dual problems by means of the perturbation approach and
obtaining regularity conditions expressed in terms of the even convexity of the perturbation
function. A monograph presenting the state-of-art on even convexity in finite dimensional
spaces has been published very recently (see [3]).

In this paper we extend the notion of even convexity to set-valued functions which map a
separated locally convex space X into the power set P(Z) of another separated locally con-
vex space Z, assuming that there exists a partial order in Z induced by a pointed convex cone
K C Z. Every concept and result from the even convexity scalar theory can be translated
in the field of set-valued functions by choosing appropiate definitions of properness, e-
affine set-valued minorants, set-valued c-conjugate function, etc, and, moreover, extending
operations, like the meaning of pointwise supremum or infimum. We will assume the same
framework as in [12], where a characterization for proper closed convex set-valued func-
tions by its continuous affine minorants and an appropiate Fenchel conjugate are provided.
Also in that paper introduction section, different approaches which have been developed for
conjugation patterns suitable for closed convex set-valued functions are highlighted.

The layout of this work is as follows. Section 2 contains preliminary results on set-valued
functions, as well as fundamental definitions and results on e-convex sets and extended
real-valued functions to make the paper self-contained. Section 3 is dedicated to character-
izations of set-valued proper and e-convex functions in terms of different kinds of affine
minorants. Section 4 is devoted to a suitable conjugation pattern for set-valued e-convex
functions, which will provide a biconjugation theorem.

2 Preliminaries

Let X and Z be nontrivial separated locally convex spaces, we denote by X* and Z* their
respective topological dual spaces, and by (-, -) the duality product in both cases: (x, x*) =
x*(x) for all x € X,x* € X* (analogously in Z and Z*). In this paper we will deal
with set-valued functions f : X — P(Z), where P(Z) is the set of all the subsets of Z,
including the empty set. The algebraic structure of P(Z) is determined by the Minkowski
sumA+ B ={a+b:a € A,b € B}, forall A, B € P(Z), and the product with a
nonnegative real number tA = {ta :a € A}. Weset A+ =0+ A =0, forall A € P(2),
td =@, forallt € R\ {0}and 04 = {0}. We write A+ {z} = A+z, A+{—z} = A—z. We
set,for A #@orA #Z,(—1)A=—-A={—a:ae€ A}, whereas —Z = and —() = Z.
Finally, we write A + (—B) = A — B.

In [13] several order relations which are used in order to formulate corresponding solu-
tion concepts for a set-valued optimization problem are introduced, allowing more practical
comparisons among values of the set-valued objective function. Let K C Z be a convex
cone with {0} & K & Z. Then K induces in Z a quasiorder (reflexive and transitive binary
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relation) in the following way: x <g y ifandonly if y — x € K, forall x, y € Z. More-
over, K also induces a quasiorder relation in P(Z) as A <k Bifandonlyif B C A + K,
see [15, Definition 2.1], called lower set less order relation in [13, Definition 2.6.9]. If we
consider the subset of P(Z)

Pr(Z) ={AeP(Z):A=A+K},

we will have that < induces a partial order (reflexive, antisymmetric and transitive binary
relation) in Pg (Z), in fact, for A, B € P4 (Z), A <k B if and only if A > B. With the
Minkowski sum and a little modification in the scalar product, 0A = K, forall A € ”Pl‘é (2),
we will have that P¢ (Z) is a partially ordered conlinear space (see [11] for the definition
and structural properties of conlinear spaces, also [12, Appendix] for a short introduction).
Moreover, (P%(Z), <k) is a complete lattice, where, for A S P%(Z), sup{A, <x} =
NacaA and inf{A, <g} = Uac4A. In the case A is empty, we put sup{A, <x} = Z and
inf{ A, <k} = @. The following definitions are well-known.
A set-valued function f : X — P(Z) is said to be proper if its effective domain

dom f :={x € X : f(x) # 0}

is nonempty and f(x) # Z, for all x € dom f. If f is not proper, we say that it is improper.
It is said to be convex (closed, resp.) if its graph

gph fi={(x,2) e X x Z:z € f(x)}

is a convex (closed with respect to the product topology, resp.) setin X x Z.

We associate to any set-valued function f : X — P(Z) the set-valued function
Ik : X = Pg(2), fx(x) = f(x) + K. )]

Definition 1 Let f : X — P(Z) be a set-valued function. A set-valued minorant of f is
g : X — Py (Z) veritying that, forall x € X, g(x) <g f(x),ie., fx(x) C gk (x).

Definition 2 [13, page 26] A set-valued function f : X — P(Z) is said to be K-convex if
the set-valued function fx defined in (1) is convex.
Therefore, K -convexity means that the K-epigragh of f,
epix f i ={(x,2)€eXxZ:ze fx)+K})=gphfx CX xZ
is a convex set, or, equivalently, for all 7 € (0, 1), and x1, xp € X
faxi+ A —=0x2) =k tf(x1) + (1 — 1) f(x2).

It is easy to see that, if f : X — P(Z) is K-convex, fx(x) is a convex set in Z, for all
x € X, and we can reduce the images space of fx to

Q% (Z2):={A € P(Z): A=conv(A + K)},

which is a partially ordered conlinear subspace of P (Z). Hence, for a set-valued function
f: X = P(2), its K-convex hull

K-conv f : X - Q% (2),

defined by z € (K-conv f)(x), for x € X and z € Z if and only if (x, z) € conv(epig f),
ie.,

epig (K-conv f) = gph(K-conv f) = conv(epig f),
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is (unique) well-defined. Moreover, K-conv f is the largest K -convex minorant of f, since
denoting by G = {g : g is a K-convex minorant of f}, then

(K-conv f)(x) = sup {gk (x) : g € G}.

In the following closed set-valued function definition [12, Definition 3], like in Defini-
tion 2, we have also specified that the closedness of the function is related to the convex
cone K, for the sake of consistency.

Definition 3 A set-valued function f : X — P(Z) is said to be K-closed if the set-valued
function fx is closed, i.e., epig f is a closed set with respect to the product topology on
X x Z.

It is not difficult to prove that, if f : X — P(Z) is K-closed, fx (x) is a closed setin Z,
for all x € X, and we can reduce the images space of fx to

Pr(Z):={AeP(Z): A=cl(A+K)},
which is a partially ordered conlinear space if we consider the modified Minkowski sum
A® B :=cl(A+ B),

and the modified scalar product 0A :=cl K.
Hence, for a set-valued function f : X — P(Z), its K-closed hull

K-clf: X — Pi(2),
is defined by z € (K-cl f)(x), for x € X and z € Z if and only if (x, z) € cl(epig f),i.e.,
epig (K-cl f) = gph(K-cl f) = cl(epig f).
Clearly, the K -closed K -convex hull of a set-valued function f : X — P(Z),
K-clconv f : X — Q% (2),
is defined by z € (K-clconv f)(x), for x € X and z € Z if and only if (x,z) €
clconv(epig f),1i.e.,
epig (K-clconv f) = gph(K-clconv f) = clconv(epig f),
where
Q% (Z):={A € P(Z): A=clconv(A + K)},
which is a partially ordered conlinear subspace of Pk (Z).

We will use the following standard notation (see, for instance, [25]) for open half-spaces
in locally convex spaces, either in X or Z, for y* € X* (z* € Z*)andx € R (§ € R):

H, ={xeX:(x,y") <al, H_*,B ={z€Z:{z,z") <P}

Yo z
In what follows, we denote by K* the negative polar cone of K, i.e.,
K*={z*eZ":(z,z*) <0, forall z € K},
and, for _(x*, 7)€ X* x (K*\ {0}), we will use the following set-valued functions,
Seer 24y, Serzry ¢ X — Q‘;((Z), with open and closed half-spaces in Z as images,
respectively,
Sire,zn(x) :={z € Z: (x,x¥) + (z,2") <0}, @)
Seren(x) ={z € Z: {x,x*) + (z,2%) < O}
As it was said in the introduction, Fenchel defined an e-convex set C € R” as a set
which can be expressed as the intersection of an arbitrary family of open half-spaces. In [1]
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this kind of sets are defined in locally convex spaces in the following equivalent way, which
will be very useful in the sequel.

Proposition 1 A set C C X is e-convex if for every point xo ¢ C, there exists x* € X* such
that (x — xg, x*) < 0, forall x € C.

For a set C C X, the e-convex hull of C, e-conv C, is the smallest e-convex set in X
containing C. For a convex subset C € X, it always holds C C e-convC < clC. This
operator is well defined because the class of e-convex sets is closed under arbitrary inter-
sections. Since X is a separated locally convex space, X* # {0}. As a consequence of the
Hahn-Banach theorem, it also holds that X is e-convex and every closed or open convex set
is e-convex as well.

Definition 4 [24] A function f : X — R := R U {Foo} is e-convex if its epigraph
epi f ={(x,@): f(x) <a}ise-convex in X x R.

Clearly, any lower semicontinuous convex function f : X — R is e-convex, but the
converse does not hold, as the following example shows.

Example I Let f : R — R,

x2 ifx <0,

+00 otherwise.

fx) = {

Its epigraph is an e-convex set, since we can find, for any point not belonging to epi f, a
hyperplane passing through the point but with empty intersection with epi f. Nevertheless,
the convex set epi f is not closed.

The e-convex hull of a function f : X — R, e-conv [, 1s defined as the largest e-convex
minorant of f. It holds that, if f is the lower semicontinuous convex hull of any function
f:X — R, then f(x) < e-conv f(x) < f(x),forall x € X.

Now we extend the concept of even convexity to set-valued functions. Like in convexity
and closedness definitions, we will give a general definition and another one depending on
the chosen convex cone K.

Definition 5 A set-valued function f : X — P(Z) is e-convex if its graph is an e-convex
setin X x Z.

Definition 6 A set-valued function f : X — P(Z) is K-e-convex if fx is an e-convex
function. It is equivalent to saying that its K-epigraph is an e-convex set in X x Z.

Remark 1 The definition of K-e-convex set-valued function collapses into the e-convex
function definition f : X — R if we consider a set-valued function f* : X — P(R), with
K = R, which can be associated to f, having the same epigraph, i.e., epi f = epig f*.
It is enough to take f*(x) = {f(x)}, when f(x) € R, f¥(x) = @ if f(x) = 400 and
ff(x) = Rif f(x) = —oo. It holds that f is e-convex if and only if f* is K-e-convex.
Indeed, we have

epig [P ={(x,2) 1z PO+ K}={(x,2): f(x) <z} =epif.
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The class of K-e-convex functions contains the class of K-closed K-convex functions,
but this inclusion is strict.
Example 2 Let f : R — P(R), with K = Ry,

L [xz, 2x2] ifx >0,
S = { Y otherwise.

We have that
epig f ={(x,2) 1x >0,z >x%},
which is an e-convex nonclosed set.

Proposition 2 If f : X — P(Z) is K-e-convex, then fg(x) is an e-convex set in Z for all
x e X.

Proof Let us show that, for x € dom f, f(x)4 K is e-convex (it is evident when x ¢ dom f
and f(x) + K = 0).

Take a point z ¢ f(x) + K. Then (x, 7) ¢ epig f which is e-convex, and according to
Proposition 1, there exists 0 £ (x*, z*) € X* x Z* such that

(x —%,x+{z—-2,7% <0,
for all (x, z) € epig f. Now, for any point z € f(x) + K, since (x, z) € epig f, we have
(z—=12,2") <0,

and it shows, again in virtue of Proposition 1, that f(x) + K is e-convex. O

According to the previous result, if f : X — P(Z) is K-e-convex, we can reduce the
images space of fx to

Ri(Z):={Ae€P(Z): A=-e-conv(A+ K)}.

Remark 2 Actually the set-valued functions S+ ) and S‘(x*, -+ introduced in (2) map X to
Rk (Z2).

In general, the Minkowski sum of two e-convex sets is not e-convex, see, for instance,

[9, Example 3.1]. Therefore, we consider the modified Minkowski sum

AH B :=e-conv(A + B),

Proposition 3 (R (Z), B) is a conmutative monoid with neutral element K .

Proof Being evident the conmutativity of the operation H and the neutrality of K in Rk (Z),
let us prove the associative property. It will follow from the fact that, for A, B € Z
nonempty sets,

e-conv(A + e-conv B) = e-conv(A + B). 3)
To show this equality, is enough to see that

e-conv(A + e-conv B) C e-conv(A + B).
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According to [10, Cor.2.1], 1
e-conv A + e-conv B C e-conv(A + B),
hence A +e-conv B C e-conv A +e-conv B C e-conv(A + B) and e-conv(A +e-conv B) C
e-conv(A + B).
Now let us take Ay, Ay, A3 € Rk (Z) nonempty sets (If at least one of them is the
emptyset, the equality is trivial). We have, applying (3) when it is necessary,
A1 H (A, H A3) = e-conv(A; + e-conv(Ay + A3z)) = e-conv(A| + (A + A3)) =

e-conv((Aj + Az) + A3) = e-conv(e-conv(A; + Az) + A3) = (A1 HA)HA; O

Therefore, considering the modified Minkowski sum H in Rg(Z) and the modified
scalar product
0A :=e-conv K,

we conclude that R x (Z) ia a partially ordered conlinear space.

Definition 7 For a set-valued function f : X — P(Z), its K-e-convex hull
K-econv f : X - Rk (Z),

is defined as the set-valued function whose graph is the e-convex hull of the K-epigraph of

I
epig (K-e-conv f) = gph(K-e-conv f) = e-conv(epig f).

Let us observe that the K -e-convex hull of a set-valued function is (unique) well-defined.
Moreover, K-e-conv f is the largest K-e-convex minorant of f, since denoting by G =
{g : g is a K-e-convex minorant of f}, then

(K-e-conv f)(x) = sup {gx (x), g € G},
forall x € X.

Remark 3 In Remark 1, we saw how a set-valued function f* : X — P(R), with K = R,
can be associated to any extended real-valued function f : X — R, having the same
epigraph, and f is e-convex if and only if f* is K-e-convex. Nevertheless the K-e-convex
hull of f* is not necessarily equal to the associated set-valued function of the e-convex hull
of f, even their epigraphs cannot be equal, as the following example shows.

Example 3 Let f : R — R U {400} defined as

+o0 ifx <0,
fx):=41 ifx =0,

x2  otherwise.

Then
] if x <O,
ffx)y=q {1} ifx=0,
{x2} otherwise

I'This result is established in a finite dimensional framework, and it can be easily extended to the locally
convex spaces context.
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and
? ifx <0,
(e-conv f)*(x) =1 {0} ifx =0,
{x2} otherwise,
but
] ifx <0,
(K-e-conv f*)(x) = { (0, +00) ifx =0,
[x2, +00) otherwise.
Moreover,
epig (e-conv f)* = {(x,2) : x > 0,2 > x?}
and

epig (K-e-conv f°) = gph(K-e-conv f*) = {(x,2) : x >0,z > x2} \ {(0,0)}.

We see that epiy (K-e-conv f*) C epi(e-conv f). The reason is that the definition of the
K-e-convex hull of a set-valued funtion as that function whose epigraph is the e-convex
hull of the epigraph of the function does not work for an extended real valued func-
tion. As it happens in this example, the e-convex hull of an epigraph is not necessarily
an extended real-valued function epigraph. For the function f, one has e-conv(epi f) =
{(x.2) :x > 0,2 > x?}\ {(0,0)}.

It is worthy to mention, for a better understanding of the next sections, that a set-valued
function f : X — P(Z) is K-convex (K-closed, K-e-convex, resp.) iff epig (K-conv f)
(epig (K-cl f), epig (K-e-conv f), resp.) is equal to epig f, or, equivalently, K-conv f =
fx, (K-cl f = fk, K-e-conv f = fk, resp.). Hence, the behaviour of this kind of hulls
differs from what is usually understood for a hull of any kind for an extended real-valued
function, in the sense that, for instance, a K -e-convex set-valued function is not necessarily
equal to its K -e-convex hull.

Finally, let us observe that, for all x € X,

(K-clconv f)(x) <k (K-e-conv f)(x) =g [f(x),

and the first inequality can be strict. For instance, in the previous example, we have

[} ifx <0,
[x2, +00) otherwise.

(K-clconv f*)(x) = [

3 Characterizing K-e-Convex Set-Valued Functions

It is a very well-known result that a proper convex lower semicontinuos function f : X —
R, where X is a locally convex space, is the pointwise supremum of its affine minorants,
and [12, Section 3] shows that this approach can be developed for set-valued functions with
a suitable definition of a set-valued affine minorant.

Again in the scalar case, in [20] different kinds of affine functions were defined, and
proper e-convex functions were characterized as the pointwise supremum of the differ-
ent sets of its affine minorants. Our aim in the following section is to characterize proper
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K -e-convex set-valued functions by means of its set-valued affine minorants. We will
define, like in [20], the sets of M s-affine, C r-affine and e-affine minorants of a set-valued
function.

Previous definitions have been linked to the chosen convex cone K, but in what follows,
we assume that this cone is fixed, so it is not included in the next definitions, in order to
avoid too long names.

Definition 8 Let C C X. A set-valued function a : X — P(Z) is C-affine if there exist
x* e X*, z* € K*\ {0} and 7 € Z such that

N S(X*,Z*)(x) +zifx eC,
alx) = { @ otherwise. @)
Remark 4 1t is easy to see that a(x) + K = a(x), for all x € C (trivially if x ¢ C), since
z € a(x) if and only if (x, x*) + (z — Z,z*) < 0, and z* € K*. Then, a C-affine function
maps any x € X toa(x) € P¢(Z),ie.,a: X — Pg(2).

In the next proposition we will use the fact that C, D € X are e-convex iff C x D is
e-convex. See [24, Proposition 1.2] for the proof in the finite dimensional case, which can
easily be generalized to locally convex spaces.

Proposition 4 Leta : X — P(Z) be a C-affine set-valued function. Then if C is e-convex,
a is K-e-convex. Moreover, in this case, a : X — Rk (Z).

Proof Let C be e-convex in (4). We have
epig a = {(x,2) : {x,x") + (z,2%) < (£, N {C x 2},

which is an e-convex set, since it is the intersection of e-convex sets. It follows immediately
that a(x) € Rx(Z), forall x € X. O

Remark 5 1t is well-known that if C € X is a convex set and 7 : X — Y is a linear
operator, (in this case, X and Y are real linear vector spaces), then 7 (C) is also a convex
set, and from this result one can derive that the effective domain of a K-convex set-valued
function is convex, also a well-known property. But this is not true, in general, either for
e-convex sets or for K-e-convex functions. See, for instance, [24, Example 2.4].

For a set-valued function f : X — P(Z) we denote by My = e-conv(dom f), and by
H ¢ the set of all the M ¢-affine minorants of f:

Hp={a:X — Rk(Z):ais My-affine and a(x) <gx f(x), forallx € X}.

Remark 6 Clearly, according to Proposition 4, every M y-affine minorant of f is K-e-
convex. Moreover, Hy = H f.

Remark 7 Let us see what happens with H ; is f is an improper set-valued function.
If f = @, then dom f = @ and Hy = {f}. On the other hand, if f(x) = Z, for
some x € X, in the case there exists a € Hf, it will follow that S+ .+ (X) + 2z =
Z with (x*,z*) € X* x (K* \ {0}) and Z € Z, and this is impossible, it must be
He=40.
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The proof of the following lemma is similar to the scalar case [20, Lemma 7].
Lemma 1 Let f : X — P(Z) be a set-valued function. Then H y = Hg e-conv f-

Lemma?2 Let f : X — P(Z) be a set-valued function. If K-e-conv f = Z then necessarily
Hr =0

Proof 1f there exists a € H y as it is described in Eq. 4, then a(x) <g (K-e-conv f)(x), for
all x € X, and a = Z, in particular, a(0) = Z, and it would imply that, taking into account
that z* # 0,

{z:(z,2") < (&, 7)) = Z. 0

Theorem 1 Let f : X — P(Z) be a set-valued function. The following statements are
equivalent:

i Hp#0
(ii) Either K-e-conv f is proper or f = 0.
(iii)  f has a proper K -e-convex minorant.

Proof (i) = (ii) According to Remark 7 and Lemma 1, (K-e-conv f)(x) # Z forall x €
X, and therefore, in the case K-e-conv f is improper, it would be dom(K-e-conv f) = ¢,
and then

¥ = (K-e-conv f)(x) <k f(x),
for all x € X, which means that f = (.
(ii) = (iii) K-e-conv f will be a proper K-e-convex minorant of f in one case, and if
f =@, any proper K -e-convex set-valued function will be a minorant of f.
(iii) = (@) If f = ¥ then Hy = {f}. Now, consider the case where dom f # ¢. Let
g be a proper K-e-convex minorant of f. Take a point xo € dom g and zg € Z such that
(x0,z0) ¢ epig g. Since it is an e-convex set in X x Z, by Proposition 1, there exists
(x*, z%) € (X* x Z*) \ {0} such that

{x0, X*) + {z0, 2%) > (x, x¥) + (2, 2%), ®)
for all (x, z) € epig g, hence z* # 0. In particular, for any fix point z; € g(xp) and for all
kekK,

(x0, x™) + (20, %) > {(x0, x™) + (21 + k, 2%)
and z* € K*\ {0}. We consider a point z € Z such that (z, z*) > (xp, x*) 4+ (z0, z*) and take
) S y(x) +Z ifx € My,

a(x) = { Y otherwise.

Since epig f C epig g, we will have, for all (x, z) € epig f, (x, x*) + (z,z*) < (Z,2%),
according to (5), and z — Z € S(x ;%) (x), then for all x € dom f, f(x) —Z € Sgex 74y (x)
anda € Hy. O

Taking into account that K-e-conv f = fx whenever f is K-e-convex and f = 0 is
equivalent to fx = #J, the following corollary comes directly.

Corollary 1 Let f : X — P(Z) be a K-e-convex set-valued function. Then H r # @ if and
only if fx is proper or fx = .
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We recall that, if f : X — P(Z) is a set-valued function and {a; : i € I} is an arbitrary
collection of set-valued functions where a; : X — P(Z), for all i € I, saying that f is the
pointwise supremum of {a; : i € I},

Jf(x) + K = sup{a;(x) + K, <k},
I

means that f(x) + K = ();{a;(x) + K}, for all x € X. It is clear that we can also take a
collection {a; : i € I} where a; : X — P (2).

Remark 8 Let us observe that f is the pointwise supremum of {a; : i € I} if epig f =
(), epig a;.

Theorem 2 Let f : X — P(Z) be a set-valued function. The following statements are
equivalent:

(1)  f is the pointwise supremum of its M ¢-affine minorants.
(i) f is K-e-convex and either fx proper, fx =0 or fx = Z.

Proof (i) = (ii) In the case H y = ¥, then fx = Z (recall that the supremum of an empty
collection of sets in P (Z) is Z). Clearly, epiy f = X x Z, which is e-convex.

Otherwise, if Hy # ¥, since epig f = [y ; epig a and it is an e-convex set (recall
Remark 6), then f is K-e-convex, and by Corollary 1, either fx is proper or fx = .

(ii) = (i) If fx = Z, by Remarks 6 and 7, H s = ¥ and f is the pointwise supremum of
an empty family of minorants.

If fx = ¥, then H; = {f}. Finally, assume that f is K-e-convex, with fx proper.
According again to Corollary 1, Hy # #. Since a(x) <k f(x),forallx € X,a € Hy, it
follows epig f < ﬂH s epig a. For the converse inclusion, we will show that if (xg, zo) ¢
epig f, then there exists a € H ¢ such that (xo, zo) ¢ epig a.

We can assume that xo € M ¢, otherwise a(xo) = @, foralla € H.

Since epig f is e-convex, according to Proposition 1, we can find (x*, z*) € (X* x Z*)\
{0} such that

(x0, X*) + (20, 2%) > (x, x%) + (z,2%), (6)

for all (x, z) € epig f. We ensure that z* € K* \ {0}.

Firstly, we will see that z* # 0. If not, (xg, x*) > (x, x*), for all x € dom f, and it
follows that xo ¢ M.

Now, if z* ¢ K*, it would exist ky € K such that (ko, z*) > 0, and considering that, for
all (x, z) e epix fand A > 0O, (x, z4+XAko) € epig f,inequality (6) will not hold for A large
enough, which leads us to conclude that z* € K*\ {0}. We consider now a point 7 € Z such
that (Z, z*) = (xo, x*) + (20, z*) and take

_ S(x*yz*)(x) +zifx e Mf,
a(x) = { %) otherwise.

It is easy to check that a € H 7, nevertheless,
(x0, x™) +(z0 — 2, 2%) = 0,

and zo ¢ a(xo), hence (xo, z0) ¢ epig a. O
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Corollary 2 Let f : X — P(Z) having a proper K-e-convex minorant. Then, forall x € X,

(K-e-conv f)(x) = sup{a(x), <k}
Hr

Proof By Theorem 1, either K-e-conv f is proper or f = (. In the first case, taking into
account that K-e-conv f = (K-e-conv f)g, by Theorem 2, K-e-conv f is the pointwise
supremum of its Mg_e.cony f-affine minorants, which is the same set as the set of the M ¢-
affine minorants of f, according to Lemma 1.

In the case f = @, f is K-e-convex, hence K-e-conv f = fx = f and moreover

Hf:{f}. O

Definition 9 Let C be the set of all e-convex subsets in X. We say that a set-valued function
a: X — Rk (Z) is C-affine if there exists C € C such that a is C-affine.

For a set-valued function f : X — P(Z), we will denote by C the set of all its C-affine
minorants.

Theorem 3 Let f : X — P(Z). The following statements are equivalent:

(1)  f is the pointwise supremum of its C-affine minorants.
(ii) f is K-e-convex and either fx is proper, fx =@ or fx = Z.

Proof (i) = (ii) Itis clear that f is K-e-convex. Now, if C;y = @, then fx = Z. In the case
Cr # 9,if fx # ¥, it must be proper, otherwise there would exist x € dom fx satisfying
fx(x) = Z and hence for all a € Cf it would be a(x) = Z and it is not possible (we can
use the same reasoning than the one used in Remark 7 for H r).

(i) = (i) In the case fx = Z, we will have Cy = @ and f is the pointwise supremum
of an empty family. On the other hand, in the cases fx proper or fx = @, we will have
@ # Hy < Cy, and by Theorem 2, we obtain

epig f = ﬂepika ) ﬂepika D epig f.
Hy Cr N
Definition 10 We say that a function a : X — R (Z) is e-affine if

_ S0 +Z i (x, y") <@,
a(x) = { % otherwise,

for some x*, y* € X*,z* € K*\ {0}, Z € Z and @« € R. For a set-valued function
f X = P(Z), we will denote by & the set of all the e-affine minorants of f.
Theorem 4 Let f : X — P(Z) a set-valued function. The following statements are

equivalent:

(1) f is the pointwise supremum of its e-affine minorants.
(i) f is K-e-convex and either fx is proper, fx =W or fx = Z.

Proof (i) = (ii) The proof is similar to the proof of (i) = (ii) in Theorem 3. Just change
Cf by gf.
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(i) = (i) Inthe case fx = Z we have &5 = . Let us assume then that either fx is proper
or fx = Z. By Corollary 1 we have # # H; S C; and by Theorem 3, ﬂcf epixga =

epig f. Now, take any function a € Cy, and write doma = () H, expressing this e-
convex set as an intersection of open half-spaces. We define, for all ¢ € T,

| Ser () +z ifx € H,
a(x) = { ) otherwise,

where x*, z* and Z are the data defining the function a. It is easy to check that epig a =
(r, epix a; and then, denoting by S = Ucf{a,, t€T,},wehave S C Ef andso Ef # 0
and

epin:ﬂ ﬂepiKat :ﬂepikagﬂepikagepikﬁ
Cy T, S Er O

Remark 9 Let us observe that, as a result of the above proof, £ # @ whenever f is K -e-
convex and fx is proper.

Corollary 3 Let f : X — P(Z) be a set-valued function having a proper K -e-convex
minorant. Then K -e-conv f is the pointwise supremum of its e-affine minorants.

Proof The proof of £; = Ek.e-conv s 18 similar to that one of H ; = Hg-c-conv f (We recall
Lemma 1). Now, according to Theorem 1, either K-e-conv f = (K-e-conv f)g is proper or
f = 0. In the first case, by Theorem 4 it follows that K-e-conv f is the pointwise supremum
of its e-affine minorants. On the other hand, if f = @, it would be f = fx = K-e-conv f
with & = { f}. O

4 C-Conjugating Set-Valued Functions

We will generalize the conjugation pattern for extended real-valued functions, described
in [20], suitable for e-convex functions. It is based on the generalized convex conjugation
theory introduced by Moreau [21]. We give a brief description of it. Let us consider the
space W := X* x X* x R with the coupling functionsc : X xW — Rand¢’ : Wx X — R
given by

(x, x*) if (x, ¥y") < «,

E * ./ * *k o
etx, (%, y% ) = ¢ (@7 y", @), x) 1= { +o00  otherwise.

Given two functions f : X — @gnd g : W — R, the c-conjugate of f, f¢: W — R, and
the ¢’-conjugate of g, g : X — R, are defined

FOEr v a) = sug{C(x, o*, y5 @) — f(0)}, @)
X€E
) = sup [ (O @), x) — g,y ), ®)
(x*, y*,a)eW

respectively, with the conventions (+00) + (—00) = (—=00) + (+00) = (+00) — (+00)
= (—00) — (—00) = —o0.

The counterpart of the Fenchel-Moreau theorem for e-convex functions derives imme-
diately from [19, Corollary 6.1], and a function f : X — R U {+o0} is e-convex iff

=
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We can rewrite (7) as

—infyex {f(x) + (—x,x*)} ifdom f € H. ,
+00 otherwise,

f{'.(_x*’ y*7a) - {

for all (x*, y*, @) € W. This formula inspires the generalization of c-conjugacy to set-
valued functions. As in the previous section, we assume that the convex cone K is fix.

Definition 11 Let f : X — P(Z) be a set-valued function. We define the c-conjugate of
f (respectto K), f¢: X* x X* x (K*\ {0}) x R — P(Z) as

—e-conv [Uy{f (¥) + See, o0y (—=0)}] if dom f € H,
@ otherwise.

‘f(,‘(x*7 y*,z*7a) = {

For a set-valued function g : X* x X* x (K*\ {0}) x R — P(Z), its ¢-conjugate (respect
to K), g : X — P(Z) is defined, if x € Hy_ for all (x*, y*, z*, @) € dom g:

*

gC/(X) = m {S(X*,z*)(x) — g(x*, y*, Z*,Ol)},

dom g

and g“/ (x) := @ otherwise.
Remark 10 Actually,

inf{{f (x) + Seer. 2 (=0}, <k} = [ JIF &) + Sev.oy (=)} and
X

sup {{S(ee. o (¥) — g(r*, ¥*, 2% @aomg <k} =[] {Sewren(0) — g(x*, y*, 2% )}
dom g

in the previous definitions, since S‘(x*,z*)(—x) + K = S(x*yz*)(—x), forallx € X.

Definition 12 The function oy : X* x X* x Z* xR — R defined as

SUPepi, 7 {(¥, %) + (z,2")} if dom f C H,

% * ES . v o
or(x*, vy, 75, a) = . o
r&y ) { +00 otherwise.

is called the support function of the K -epigraph of the set-valued function f : X — P(Z)
relative to open half-spaces.

Remark 11 Let f : X — P(Z) be a set-valued function and let us consider the indicator
function of epig f, depi, 1 X X Z —> R,

| [0 ifze f)+K,
Sepi f (X, 2) = { +00 otherwise.

c

It is easy to check that ‘Sepi,(

f(x*, 25, 9%,0,0) = o (x*, y*, 2%, a).

Remark 12 Let us observe that, if f is K-e-convex and fx # Z, epig f is a proper e-
convex subset of X x Z and hence it can be expressed as the intersection of a nonempty
family of open half-spaces, being nontrivial at least one of them. Denote one of these half-
spaces by H = {(x,2) € X x Z : {x,x*) + (z, z*) < B}. Since epig f C H, we will have
that or(x*,0,z*, ) <P < +oo, forall« > 0 and domo s # .
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Definition 13 Let C C X x Z be a nonempty set. We define the function n¢ : X* x Z* —
{0, 1} as

", 2% = 0 if (x, x*) + (z, 2%) < supe {{x, x*) + (z, z")} forall (x, 2) € C,
M2 =11 otherwise.

Lemma 3 Ler f : X — P(Z) be a set-valued function. Then, for all (x*, y*,z*, a) €
X*x X* x (K*\ {0}) x R,

{z€Z:(z,2") <op(x™, ¥y, 2% @)} if nepiy p(x*,2%) =0,
{ze€Z:(z,2%) <op(x*, y*, 2% )} if nepiy, r(x*,2°) = 1.

_fC(x*’ y*’ 2*70[) — {

Consequently, dom f¢ = domoy.

Proof Take any point (x*, y*, z*, @) € X* x X* x (K*\ {0}) x R.
In first place, the equality holds trivially in the case dom f ¢ H_. ,
or(x*, y*, 2%, a) = oo and — f€(x*, y*, z*, &) = Z (recall that we set —) = Z).
Hence, let us suppose that dom f C Hy_*ﬂ. We denote

because

Dy={z€Z:(z,7") <oy(x*, y*, 2%, @)},

Di={z€Z:(z,7") <op(x*, y*, 2% a)}.

In the case nepi, r(x*, z*) = 0, take any pointx € dom f,z; € f(x)andz; € .S_’(x*,z*)(—x).
Then
(21 +22,2%) <o, y*, 2% ),

and z1 + z2 € Dy, which means that, for all x € dom f,

F () + Seev 29y (—x) C Do,
and Dy an e-convex set, implying that — < (x*, y*, z*, a) C Dy.

For the converse inclusion, take z € Dy and (X, 2) € epig f verifying that

(z,2") < (X, x%) + (2, 2%).

Then, since Z = z; + k, for some z; € f(x) and k € K, we have
(=X, x") +(z —z1.2") < (k, 2%) <0,

and z — 71 € S(y* ;%) (—X%), obtaining Dy C — f€(x*, y*, z*, &). The proof is similar for the
case epi), f(x*, z*) = land Dy; the inclusion — f“(x*, y*, z*, &) C Dy can be shown anal-
ogously, whereas the converse inclusion holds if we take a point (X, Z) € epig f verifying
that

(z,2%) < (X, x") 4+ (2, 27).

Finally, we have that (x*, y*, z*, ) € dom f¢ iff — f(x*, y*, z*, @) # Z, which means
that o (x*, ¥*, 2%, &) < 400, ie., (x*, y*, z*, @) € domoy. O

Lemmad Ler f : X — P(Z) a set-valued function. Then, if x € dom f“/,

£ = Naomeo, 2 € Z 0 (6, x%) 4 (2,2%) < 0p (8%, y*, 2%, @) Mepiy £ (%, 27) =0,
(x, x*) + (2, 7%) S op(x*, ¥%, 2%, @), Nepi £ (X*, 2) = 1}

€))
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Consequently, f“'/ (x) is an e-convex set in Z, for all x € X, and f“'/ X > Rig(Z)isa
K -e-convex set-valued function. Moreover, f(x) C [ (x) and then fg(x) C [ (x), for
allx € X.

Proof Take x € dom f <’ and denote by

D = Ngomo, {2 € Z (X, x™) + (2, 27) < o (6", y*, 2%, @), Mepiy 7 (x*,2) =0,
(X, x*) +(z, %) < op(x*, ¥*, 2%, @), Nepi £ (x*, 2) = 1}

Take now (x*, y*, z*, @) € domoy. Name
Dy={z€Z:{x, i+ {z,7") < Gf(f*, ¥, 75, a)l,

Dy={z€Z:(X,¥") 4+ (z.Z") <oy (X*,¥". 2", @)}.

From the definition of the ¢’-conjugate function, and taking into account that, according
to Lemma 3, dom f¢ = domoy, it holds

@ = ) Baran@ — £Ga%y* 25 ).

domoy

Take Z € f°(%) and suppose nepi, 7(¥*,Z*) = 0. Since (¥*, *,7*,&) € domoy, we
have 7 € S@»z(X) — fC(X*, y*, 2%, @) and Z = z) + z2, where z; € S(+ z+)(X) and
72 € —fO(x*, y*, 2%, &). Therefore

(¥, X*) + (21, 7%) <0,

and, by Lemma 3,
(22, 7%) < op (X%, 3", 2%, @).

Then (x, x*) 4 (2, 2%) < of(x*, y*, 2%, &) and 7 € Dy. Analogously, it can be shown that,
if nepiy, F(X*,2%) =1, f“'/(i) C Dj. Then f""’()?) C D.

For the converse inclusion, take 7 € D and (x*, y*,z*, @) € domoy = dom f*. In the
case Nepi, £ (X*, z*) = 0, we denote by

B=op(", y*, 2" @) — (X,x") = (z,Z") > 0.

Chooge 722 € Z such that — < (X, x*) + (z2,2*) < 0,and Z = (Z — 22) + z2, with
z2 € S(z+,7+)(¥) and, according to Lemma 3,z — zp € — f(x*, y*, 2%, @).

In the case nepi, 7(X*, z2*) = 1, we can follow the same steps than in the previous proof,
choosing zp € Z such that (x, x*) + (z2, %) = 0.

Hence, if x € dom f°¢, then f“ (x) = D.

It is clear that, for all x € X, f (x) is an e-convex set in Z. Moreover, epig f“ is the
intersection of the epigraphs of all the K-e-convex set-valued functions

aO(x) = {Z S Z . (X,X*) + (Zv Z*) < Gf(X*v y*7 Z*va)} lf nepik f(-X*v Z*) = 07
ai(x) ={z€Z:{x,x") +(z,2") <oy, y*, 2% @)} if nepi, p(x™, 2%) =1,

for all (x*, y*, z*, @) € domoy, and f“/ is K-e-convex.

Is is evident also from (9) that f“/ x)+K < f cc! (x), for all x € X, therefore
e-conv(f< (x) + K) € f(x), forall x € X, and f¢¢ : X — Rg(Z). The inclusions
fx) C f“"(x) and fx(x) C f“"(x), for all x € X, are trivial. O
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Next we will give the biconjugation theorem.

Theorem 5 Let [ : X — P(Z) be a set-valued function. Then it is K -e-convex if and only
if £ (x) = fx(x), forall x € X.

Proof Letus assume that f is K-e-convex. If fx = Z, from Lemma 4, we have fx = f e’
In the case f = #, it will be 0y = —oo and again applying Lemma 4, f «’ = (. Hence, if
either fx = Z or f = @, it follows that f¢¢ = f.

Suppose that fx # Z and dom f # @. According to Lemma 4, it is enough to prove
that f e’ (x) € fk(x), for all x € X. In first place, let us observe that, according again to
Lemma 4, # # dom f C dom f o’ and, moreover, recalling Remark 12, domo s # #, and

for all x € dom f“/, f“/ (x) # Z and f“‘/ is proper. Since fx(x) C fe¢'(x), forall x € X,

and fx # 0, fk is also proper.
Applying Theorem 4 to both functions, f and £, we have £ r#0,E rec # 0 (see the

proof of Theorem 4) and
epig f = ﬂepiKa and epig e = ﬂ epig a.
Ef 5/‘,“/

We will show that £ C £ e Take any e-affine function a € &,

_ ] Sereny () + 20 (x, yY) <«
a(x) = { @ otherwise.
Then f(x) € a(x), for all x € X, and it holds, for all x € dom f C Hy_*’a,
F(x) € Sgex 2 (x) + 2.

Taking into account that S(X*,Z*)(—x) + Sex, 2 (x) © Seex, 2+ (0), we will obtain, for all
x € dom f,

fx)+ S(x*,z*)(_x) - S(x*,z*)(o) +2Z.
Clearly S(x* ;+)(0) + Z is an e-convex set, hence

— O,y 2N @) © Six 4 (0) + 2, (10)

and (x*, y*, z*, @) € dom f°.
Now, if for some point x € X, f° (x) = @, then f (x) C a(x) and a(x) <g f (x).
Then, assuming that f e’ (x) # @, from (10) and Definition 11 we conclude that
@ c Ser,z) (X) 4 S,z (0) + 2 S S(er, ) (X) 4 2 = a(X),

anda € Ef”/. Hence, epig f“/ C epig f and f“/(x) C fx(x),forall x € X. O

Theorem 6 Let f : X — P(Z) be a set-valued function. Then f e’ = K-e-conv f.

Proof By Lemma 4, fCC/(x) <k f(x), for all x € X, hence f“/(x) <k K-e-conv f(x),
for all x € X, since f ¢’ js a K -e-convex minorant of f.

Now we will show that K-e-conv f(x) <g f“'/ (x),1i.e. f”"’ (x) € K-e-conv f(x), for all
x € X.

Since f(x)+K < K-e-conv f(x),forall x € X, in particular,dom f € dom K-e-conv f.
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Take (x*, y*,z*, @) € X* x X* x (K* \ {0}) x R, such that dom f C H);,a. Then, by
Definition 12,

op(x*, y*, 2% @) = sup {(x,x") +(z.2)} < sup  {(x,x")+(z,2")} AD

epig f epig K-e-conv f
Therefore, if dom f C H_,
Gf(X*a v, 2 a) < UK—e—convf(x*y y*, 5, Q).

On the other hand, if dom f & Hy_*’a, dom K-e-conv f & Hy_*’a either, and hence,

or(x*, y*, 2%, ) = Okeconv F(x*, ¥*, 2%, ) = +o00. According to Lemma 4, for all
x € X, fCC/ (x) € (K-e-conv f )“’ (x) = K-e-conv f(x), the last equality follows from
Theorem 5. O

Example 4 Let us consider a well-known extended real-valued function, the indicator
function of aset C € X, 8¢ : X — R,

0 ifx € C,
+00 otherwise.

bc(x) = {

We will have that C is e-convex iff §¢ is e-convex. On the other hand, denoting by &7, the
Fenchel conjugate of §c, we have that the c-conjugate of §, §¢ : X* x X* x R — R, is

.o s _
s,y oy = | D E E Hye
+o0o  otherwise,

where 87 (x*) = oc(x*) is the well-known support function of C. Moreover, 880/ =
ae—conv C-

Coming back to the set-valued functions framework, with K a convex cone and taking
into account that e-conv K +K = e-conv K, let us consider the set-valued indicator function
ofasetC C X,Ac: X - Rk (2),

e-conv K ifx € C,
Aclx) = { ] otherwise,

which is K-e-convex iff C is e-convex. We calculate its c-conjugate (respect to K),

— e-conv [UC{S(X*YZ*)(—X)}] if C C H,

y*,a

AC x*’ *’ Z*, o) =
cty ) ] otherwise.

Making a comparison with the (convex) conjugate set-valued function of Ac suggested in
[12, Section 4], A% : X* x (K*\ {0}) — P(2),

cx*, ") = —cl |:U{§(x*,z*)(_x)}:| :
c

we deduce that, if C C H , we could have A (x*, y*, 2%, a) & AL (x*, z*), this is not
the case in the scalar framework but recall that also K-convex hull concept is tighter in the
set-valued context than in the scalar one. Finally, we also have that ACCC = Ae-convC-
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