Set-Valued and Variational Analysis (2022) 30:1011-1029
https://doi.org/10.1007/511228-022-00631-6

ORIGINAL RESEARCH e

®

Check for
updates

A Direct Proof of Convergence of Davis-Yin Splitting
Algorithm Allowing Larger Stepsizes

Francisco J. Aragén-Artacho’ © . David Torregrosa-Belén’

Received: 31 July 2021 / Accepted: 7 February 2022 / Published online: 26 February 2022
© The Author(s) 2022

Abstract

This note is devoted to the splitting algorithm proposed by Davis and Yin (Set-valued Var.
Anal. 25(4), 829-858, 2017) for computing a zero of the sum of three maximally monotone
operators, with one of them being cocoercive. We provide a direct proof that guarantees its
convergence when the stepsizes are smaller than four times the cocoercivity constant, thus
doubling the size of the interval established by Davis and Yin. As a by-product, the same
conclusion applies to the forward-backward splitting algorithm. Further, we use the notion
of “strengthening” of a set-valued operator to derive a new splitting algorithm for comput-
ing the resolvent of the sum. Last but not least, we provide some numerical experiments
illustrating the importance of appropriately choosing the stepsize and relaxation parameters
of the algorithms.

Keywords Monotone inclusion - Resolvent - Splitting algorithm - Forward-backward -
Strengthening
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1 Introduction

When a problem has certain structure, it is normally useful to take advantage of it. Following
the divide-and-conquer paradigm, splitting algorithms iteratively solve simpler problems
which are defined by separately using some parts of the original problem. A particular
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subfamily are projection methods (see, e.g., [10, Chapter 5]), which can be used to find
a common point in the intersection of sets, based on projections of points defined in the
iterations into each of the sets. These methods are usually variations of classical iterative
schemes for finding fixed points of certain type of nonexpansive operators. Monotone oper-
ator theory [7] permits to generalize these algorithms to tackle the far more general problem
of finding a zero of the sum of maximally monotone operators by using their resolvents
instead of the projectors (see Definitions 2.2 and 2.4).

There are many different splitting algorithms for computing a zero of the sum of two
maximally monotone operators (see, e.g., [7, Chapter 26]). Theoretically, one can always
transform any splitting algorithm for computing zeros of the sum of two operators into
a splitting algorithm for computing zeros of the sum of finitely many operators (see,
e.g., [7, Proposition 26.4]), thanks to Pierra’s product space reformulation [26]. Neverthe-
less, numerical experience shows that this theoretical trick usually slows down the resulting
algorithm (see, e.g., [1, Section 6.1]), especially when the number of operators is large (see,
e.g., [2, Section 4] and [8, Section 5]). To alleviate this problem, various schemes requiring
one space less in the product space have been recently proposed [9, 14, 23].

Only recently, three-operator splitting algorithms have been developed [18, 21, 27-29].
This note is devoted to one of them, which was introduced by Damek Davis and Wotao
Yin in [18], and is commonly referred as Davis-Yin splitting algorithm. The algorithm is
designed for solving the problem

find x such that0 € (A + B + T)(x), (€9

where all three operators involved are maximally monotone and act on a Hilbert space, and
T is also cocoercive (see Definition 2.1). Davis and Yin defined the operator

DY, :=Jypo (2Jya —1d—yT o Jya) +1d—Jya, 2)

where J,4 and J,p denote the corresponding resolvents, and proved that DY), is a-

averaged for a = 4ﬁ27i/ when y € ]0,28[, where 8 > 0 is the cocoercivity constant

of T. Then, they defined their splitting algorithm through the standard Krasnosel’skii-Mann
iteration

Xkl = (L= Apxx + DYy (x), k=0,1,2,..., 3)

with A € ]0, 1/ satisfying the assumptions of [7, Proposition 5.16], from which its con-
vergence to a fixed point x of DY), follows. Further, the shadow sequence (J, A (xk))keN
weakly converges to a solution to (1), and convergence is strong under additional assump-
tions. Three well-known splitting algorithms can be obtained as a particular instance of
Davis—Yin’s, namely the Douglas—Rachford [22] (when T = 0), the forward-backward [22,
25] (when A = 0) and the backward-forward [3] (when B = 0).

In this note we provide a direct proof of the convergence of the iterative method (3)
without relying on the averagedness of the operator DY, (see Theorem 3.3). Our proof has
two key advantages: (i) it permits to simplify the assumptions on the relaxation parameters,
and (ii) it allows to choose the stepsize y in ]0, 48[ instead of ]0, 28[. Observe that the
operator DY), does not need to be averaged when y > 2 (for instance, take A = B = 0,
T the identity, and apply DY, to the points x = 1 and z = —1). As a by-product, this
shows that the stepsize in the forward-backward and the backward-forward algorithms can
be also chosen in ]0, 48[. In addition, we derive in Theorem 3.7 a strengthened version of
Davis—Yin splitting algorithm which permits computing the resolventof A + B + T.
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Right before submitting this manuscript, we learnt about a recent preprint by Dao-Phan,
which now has been published [17]. Using the notion of conically averaged operators intro-
duced in [5], the authors prove in [17, Corollary 4.2] that the operator (1 — 1) Id +ADY,, is
2)B/(4B — y)-averaged when y € ]0, 48[, from which the convergence of (3) for a fixed
M = A follows.

As a simple motivating example of the importance of the algorithm parameters, consider
the problem of finding the minimum norm point in the intersection of two balls A and B in
the Euclidean space whose intersection has nonempty interior. The problem can be solved
with Davis—Yin splitting algorithm, taking A and B as the normal cones to the respective
balls, and T as the identity mapping. Since the resolvents of the normal cones are the pro-
jectors (see Example 2.7), which we denote by Py and Pp, the iterative scheme is given
by

Xk+1 = Xk — M Pa(o) + A Pp (2 — y) Pa(xg) —x1), k=0,1,2,...,

and (Pa(xg))ren converges to the minimum norm point in A N B (the normal cone sum
rule holds). Both the relaxation parameter 1 and the stepsize y have a big influence on the
behavior of the algorithm, as shown in Fig. 1.

In this example, since the cocoercivity constant 8 is equal to 1, [18, Theorem 2.1] guar-
antees the convergence when the parameter y is taken in ]0, 2[, while Theorem 3.3 allows
to take y € ]0, 4[. When the Davis—Yin splitting algorithm is applied to the same problem
with different starting points xp, it can behave very differently depending on the parameters,
as shown in Figs. 1 and 2.

In general, larger stepsizes are commonly believed to be associated with faster conver-
gence of algorithms, but this is not always the case, particularly when an algorithm has
several parameters. It is important to have in mind that the relaxation parameter A; of the
Davis—Yin splitting algorithm is upper bounded by 2 — zl and that its value has an impor-
tant effect. If y € ]0, 28[, overrelaxed steps (i.e., .y > 1) are allowed in (3), while only
underrelaxed steps can be taken when y > 2. The fact that both the stepsize and the relax-
ation parameters are important is especially apparent when one considers the particular case
of A= B =0and T = V f for a differentiable function f whose gradient is Lipschitz con-
tinuous with constant L = % In this case, the iteration (3) reduces to the gradient descent

\

Fig. 1 Behavior of Davis—Yin splitting algorithm for two starting points xo and Xy and two stepsize param-
eters y, with Ay = 0.99(2 — y/2). The solution s is obtained after projecting the fixed point onto
A

@ Springer



1014 F.J. Aragén-Artacho, D. Torregrosa-Belén

2.00

1000 1000

500
250
250
150 1005

100

suoes!
suopela)

50
75

50
20

30

1000

20

T T T T T 0.00 + T T T T T T T 5
00 05 10 15 20 25 3.0 35 40 00 05 10 15 20 25 3.0 35 40

Y Y

Fig.2 Number of iterations needed until the shadow sequence gets sufficiently close to the solution s (pre-
cisely, || Pa(xx) — s|| < 10719) for different values of y and A, = A, with starting points xo (left) and X
(right) shown in Fig. 1

scheme:
Xipl =Xk —YMV (), k=0,1,2,.... “4)
We observe in (4) that the stepsize of the algorithm is actually yAg, so the upper bound
— ZL on the relaxation parameters Ax entails yA; < 28 = % as expected.

Finally, it is important to recall that in practical applications only a lower bound of the
best cocoercivity constant § is usually known, and this can affect the performance of the
algorithms. For instance, consider again the application of the Davis-Yin algorithm with
starting point Xy shown on the right in Fig. 2 and imagine that we underestimate 8 to 8 =
0.65 < 1 = B. Then, we observe in Fig. 3 how the choice of a stepsize parameter y €
10, 23[ excludes better values like 7 € 128, 43[. A typical choice for the parameters of the
forward-backward algorithmis y = (2—¢)f and A = 1, for asmall ¢ > O (see, e.g., [13]).

Fig.3 Repetition of the experiment shown on the right of Fig. 2. When only an approximate value Eof the
cocoercivity constant is known, choosing the stepsize y € ]0, 28[ (shaded area) can exclude better choices
like 7
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This example shows that, when only an estimate Eof the best value of g is known, it can be
worth testing the performance of the algorithm with parameters y = (2+6)Eand A =1—¢
(i.e., with underrelaxation).

The remainder of this paper is structured as follows. In Section 2 we recall some prelim-
inary notions and results. In Section 3 we provide an alternative proof of convergence of the
Davis—Yin splitting algorithm and derive its strengthened version for computing the resol-
vent of the sum. In Section 4 we include some illustrative numerical experiments. We finish
with some conclusions in Section 5.

2 Preliminaries

Throughout this paper, H is a real Hilbert space equipped with inner product (-, -) and
induced norm || - ||. We abbreviate norm convergence of sequences in H with — and we
use — for weak convergence.

A set-valued operator is a mapping A : H = H that assigns to each point in H a subset
of H,i.e., A(x) € H for all x € H. In the case when A always maps to singletons, i.e.,
A(x) = {u} for all x € H, A is said to be a single-valued mapping and is denoted by
A : H — . In an abuse of notation, we may write A(x) = u when A(x) = {u}. The
domain, the range, the graph, the set of fixed points and the set of zeros of A, are denoted,
respectively, by dom A, ran A, gra A, Fix A and zer A; i.e.,

domA :={x e H:Ax) £ 0}, ranA:={ueH:IxeH:ueAkx)},

graA :={(x,u) e Hx H:u e A(x)}, FixA:={xeH :x € A(x)},

and zerA:={xeH:0ec A(x)}.

The inverse operator of A, denoted by A~!, is defined through x € A™'(u) <= u €
A(x). The identity operator is denoted by Id.

Definition 2.1 We say that an operator T : H — H is

(i) L-Lipschitz continuous for L > 0 if
ITx) =TI < Llx =yl Vx,yeH;
(i1) B-cocoercive for B > 0 if

(x =y, Tx)=T) = BITE) —TWI* Vx,yeH.

Note that, by the Cauchy—Schwarz inequality, any B-cocoercive mapping is %—Lipschitz
continuous. When the operator is the gradient of a convex function, the Baillon-Haddad
theorem states that both notions are equivalent, see [4, Corolaire 10].

Definition 2.2 Let A : H = H be a set-valued operator.

(i) A s said to be n-monotone for n € R if
(x —you—v) = nllx = ylI* VY(x,u), (y,v) € graA.

Furthermore, an n-monotone operator A is said to be maximally n-monotone if there
exists no n-monotone operator B: H = H such that gra B properly contains gra A.
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(i) A is said to be uniformly monotone with modulus ¢ : Ry — [0, +oo[ if ¢ is
increasing, vanishes only at 0, and

(x=y,u—v) = ¢(lx —yll) VY, u),(y,v) € graA.

An operator is monotone (in the classical sense) if it is O-monotone and it is n-strongly
monotone (in the classical sense) if it is n-monotone for n > 0, in which case it is uniformly
monotone with modulus ¢ (¢) = ntz, fort € R;.

Definition 2.3 We say that an operator T : H — H is demiregular at x € H if for all
sequences (xx)reN With xy — x and T (xx) — T (x), we have x; — x.

The resolvent operator, whose definition is given next, is one of the main building blocks
of splitting algorithms.

Definition 2.4 Given an operator A: H = H, the resolvent of A with parameter y > 0 is
the operator J, 4 : H = H defined by J, 4 := (Id +yA)~L.

The following result is a consequence of Minty’s theorem [24].

Proposition 2.5 (Resolvents of n-monotone operators) Let A : H = H be n-monotone
and let y > O such that 1 + yn > 0. Then

(1)  Jya is single-valued,

(ii) domJ,4 = H if and only if A is maximally n-monotone.

Proof See [15, Proposition 3.4]. O

Example 2.6 Let f : H —]— 00, +00] be a proper, lower semicontinuous (Isc) and convex
function. Then, the subdifferential of f, which is the operator af : H = H defined as

fx)={ueH: f&x)+{u,y—x) < f(y), Yy e H},

is a maximally monotone operator. Furthermore, it holds that J, 57 = prox, s : H — H,
where prox,, ’ is the proximity operator of f (with parameter y) defined at x € H by

1
Prox, ; (x) := argmin (f(u) aEvi u||2) ,

see, e.g., [7, Theorem 20.25 & Example 23.3]. Some functions are prox-friendly, which
means that their proximity operator is easy to compute, see [11] for various examples. This
is the case for the £{-norm, whose proximity operator is the result of applying the soft
thresholding function:

prox,, .y, (x) = sign(x) © [|x] — y 1+,

where © denotes element-wise product and [ - ] and | - | are applied element-wise. That is,
its i-th component is given by

xi +vy, ifx; <—y,
prOXyH."l(x)i =30, %f x| <y,
xi —y, if x; >y,

fori =1,2,...,n.
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Example 2.7 Given a nonempty set C < H, the indicator function of C, 1c : H —
] — 00, o0], is defined as
Lo (x) ::{0, %fxeC;
400, ifx ¢ C.
When C is a convex set, (¢ is a convex function whose subdifferential becomes the normal
coneto C, Nc : H = H, given by

{ueH:{u,c—x)<0, VeeC}, ifx € C,
]

dic(x) = Ne(x) == { otherwise.

When C is nonempty, closed and convex, the normal cone N¢ is maximally monotone.
Furthermore, Jy. = Pc, where Pc : i — H denotes the projector onto C, which is
defined at x € H by
Pc(x) := argmin ||x — c||,
ceC

see, e.g., [7, Example 20.26 & Example 23.4].

Fejér monotonicity is a key property in fixed point theory (see, e.g, [7, Chapter 5]). It will
allow us to derive weak convergence of the sequence generated by the Davis—Yin splitting
algorithm.

Definition 2.8 Let C be a nonempty subset of H and let (x,),<N be a sequence in . Then
(Xn)neN 18 Fejér monotone with respect to C if forall x € C

IXn+1 — x| < llxp — x|l VneN.
Proposition 2.9 Let C be a nonempty subset of H and let (x,)neN be a sequence in H.

Suppose that (x,)nenN is Fejér monotone with respect to C and that every weak sequential
cluster point of (xp)nen belongs to C. Then (x,),eN converges weakly to a point in C.

Proof See [7, Theorem 5.5]. O

3 Davis-Yin Splitting Algorithm
Let A, B : ‘H = H be two maximally monotone operators and let 7 : H — H be
cocoercive. Consider the problem

find x € H such that0 € (A 4+ B 4+ T)(x). (5)

The following lemma characterizes the set of zeros of the latter sum of operators in terms
of the set

2, =[x eM:Jya@) = Jyp(2Jya(x) —x — yT(Jya(x))}, (©)
with y > 0, and shows that £2,, = Fix DY, where
FixDY, ={u+yy:uczer(A+B+T),y € (—Bu) —T ) NA)}, 7

as proved in [18, Lemma 2.2].

Lemma 3.1 Forevery y > 0, it holds
zer(A+ B +T) = J,a(82y).
In particular, zer (A+ B+ T) #0 <= $2, # (. Further, 2, = Fix DY,,.
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Proof Observe that
uezer(A+B+T7T) —yTu) e (YA+yB)(u)
S @AxeH) x—ueyAlw), u—x—yTu) € yBu)
S @xeH) u=J,a(x), 2u—x—yTu) e dd+yB)(u)
S @ExeH) u=J,ax), u=J,pQu—x—yT()),
from where the first claim follows. Further, we have
xe2y o Queczer(A+B+T)) u=J,a(x), u=J,gQu—x—yT))
S @Juezer(A+B+T) x—ueyAw), x—uec(—yBu) —yT))
S Juezer(A+B+T), 3ye(—Bu) —Tw)NAwm), x=u+yy,
and thus, 2, = Fix DY, by (7). O

Using a technique similar to the one employed in [1, Theorem 8], we can provide a direct
proof of the convergence of Davis—Yin splitting algorithm with the additional advantages of
both allowing a larger stepsize and having a simpler condition on the relaxation parameters
than [18, Theorem 2.1]. The proof makes use of the following technical lemma.

Lemma 3.2 Let A, B : H = H be two maximally monotone operators and T : H — H.
Letx, X € Handy > 0, and setu := Jya(x), h := Jp, (%), v := J,pQu —x — yT (u))
and ¥ := J, g2l — X — yT (@)). Then, it holds

0<(x—% @—v)—@—0)——v)—@—)|*—y(Tw—T@,v—10). (8

Further, if A (respectively B) is uniformly monotone with modulus ¢, then (8) holds with 0
replaced by y ¢ (|lu — it|)) (respectively y¢(|lv — 9|))).

Proof Since x —u € yA(u) and X — it € y A(i1), monotonicity of y A yields
0<{(x—u)— @& —0),u—u). 9
Likewise, since 2u—x—y T (u)—v € y B(v) and2u—x—y T (it)—0 € y B(0), monotonicity
of y B implies
0<{(Qu—x—yTw)—v)—QRa—x—yT{@) —0),v—10)
= ((ﬁ—ﬁ)—(v—u),v—ﬁ>—((x—u)—(ﬁ?—ﬁ),v—fﬁ—J/(T(u)—T(ﬁ),v—fi)d
Summing together (9) and (10), we obtain o
0 < ((x—u)—E&—u),u—v)—(@—17)
HO—@) — (v —u),v—0) —y(Tw) —T(@),v— )
=x—R@—v)—@—0)— |u—v)—@—D)*—y(Tw) - T@,v—19),
which proves (8). The last assertion easily follows from the definition of uniform mono-
tonicity. O

Theorem 3.3 (Davis—Yin splitting) Let A, B : H = H be two maximally monotone opera-

torsand T : H — H be a B-cocoercive operator, with B > 0, suchthatzer (A + B+ T) #
@. Set a stepsize y € 10, 48[ and consider a sequence of relaxation parameters (Ag)keN
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A Direct Proof of Convergence... 1019

in 10,2 — y/(2B)] such that ) .y Ak (2 - % — kk) = +o00. Given some initial point
xo € H, consider the sequences defined by

U = JyA(xk)
v = JypQug — xx — y T (ug)) (11)
Xk+1 = Xk + A (vk — ug).

Then, the sequence (xp)reN is Fejér monotone with respect to the set §2,, given in (6).
Moreover, the following assertions hold:

@) xp =X €82y, up = u, vg = ut, vg —ug —> 0and T (ux) — T (u) with
U=Jax)=JpQRu—-x—yTu) czer(A+B+T). (12)

Further, T (zer(A+ B+ T)) = {T (u)}.

(i) If either A or B is uniformly monotone on every bounded subset of its domain, or T
is demiregular at every point in zer (A + B + T), then (uy)reN and (v)keN converge
stronglytou € zer(A+ B+ T).

Proof Define the sequences
(Vk e N) 2k =y T (ug) and Wy = Vg — Uk
and note the following relations that (11) yields
(ug, xx —ur) € grayA and (vk,2up —xx — 2x — Vx) € gray B. (13)

Pick any x € §2,, and denote u := J, o(x). By definition of £2,,, we have u = J, p(2u —
x — yT(u)). Applying Lemma 3.2 to x and X := x, observing that # = uy, v = u and
0 = vy, yields

0 < (x — xp, w) — llwill® = (T @) — T (ug), u — vg). (14)

The first two terms in (14) multiplied by 2A; can be expressed as

2 (= s we) = wil?) = 208 = . et — 66) = g

15)
= bk = 201 = lxegr = 201 + G — 2) .
Now, using the S-cocoercivity of 7', the last term in (14) can be expressed as
—y(T@) = T(up), u —vk) = =y(T W) — T (up), u — ug)+y (T @) — T (ur), wg) (16)

< —BYIT W) — TlI* + (T () — T (uy), w).

Using Cauchy—Schwarz and Young’s inequalities, the last term in (16) can be estimated as

Y (T (@) = Tur), we) < By IT @) — Twp)ll* + ﬁuwk 1%, (17)
Combining (14)—(17), we have
ka1 — XN + A2 = A lwell® < e — x[|* + %nwknz.
As a result, we reach the expression
et — x12 + (2 - % - Ak) el < e — x> (18)
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Since Ax < 2 — y/(2pB), (18) implies that (xz)ken is Fejér monotone with respect to £2,,
and thus, bounded. Since resolvents are nonexpansive and 7 is +-Lipschitz continuous (by
Cauchy—Schwarz), it follows that (uj)reN, (zk)keN and (vk)keN are bounded.

(i) The Fejér monotonicity of (xg)reny implies that the sequence (|lxx — x|)ren is
nonincreasing and convergent. Telescoping (18), we obtain

3 (z— = —Ak) lwil® < llxo — x|,

keN

which implies liminf;_ o |wi|| = O, since ZkeN M (2 — % — )\-k) = +o0. To prove
that wy — 0, it suffices to show that the sequence (||w||)ren 1s nonincreasing. Applying
Lemma 3.2 with x := x;41 and X := x; yields

0 < (X1 — X Wk — Wit) — it — wiel® = ¥ (T @r) — T (), et — k).
The first two terms multiplied by 2 can be expressed as
2 (hewie, wie — i 1) =2l w1 —well* = AL Iwil* = llwir — w1 = lwer —wie+ w12,
while the third term is equal to

YT (1) — T (ug), Viy1 — vk)
= —Y(T (ugs1) — T (up), w1 — wi) — YT (1) — T (ug), ugpqq — ug)

< ¥BIT (urq1) =T i) | +—ﬂ||wk+1 —wi 2= yBIT (k1) — T (ur) |1

= 7||wk+l — wil?,

4p

where we have used again Young’s inequality and the cocoercivity of 7. Therefore, we
deduce

0 < Aflwell® — llwest — wie + Awi|* + (% —~ 1) lwerr — wil?
= Mllwkll® = AZwill + 2Ak (Wi — we, —wy) + (% - 2) lwigr — wil®
= Mellwell® = Aillwig1 1 + (ﬁ -2+ kk) kg1 — will?,
that is,
Mellwi 7 < Aellwgll* — (2 ~% xk> ks — well® < A llwell?,

so (|lwkll)ken is nonincreasing, since Ay > 0. Hence, we have proved that w; — O.

Let (x, u, 7) be a weak sequential cluster point of the bounded sequence (xi, ug, Zk)keN-
Hence, there is a subsequence of (xy,, ux, , Zk,)neN Which is weakly convergent to (X, i, 7).
Now, consider the operator § : H> = H? given by

(yA)~! 00 —-Id
S=|lyD'|+[0 0 -1d],
vB IdId 0
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which is maximally monotone, because it is the sum of a maximally monotone operator and
a skew-symmetric matrix (see, e.g., [7, Example 20.35 & Corollary 25.5(i)]). From (13), it
follows that

uk}l - Uk’l xk}l - ule
U, — Vi, | €8 Zky,
Uk, — Uk, Uk,

As the graph of a maximally monotone operator is sequentially closed in the weak-strong
topology (see, e.g., [7, Proposition 20.38]), taking the limit as n — oo and observing that
Xk, — Uk, — X — i and vg, — u (since wy, = vk ur, — 0), we deduce that

n n

0 (yA)! 00 —1Id X—i
olelloyD']+|00—-1d z
0 yB Idld O 7}
The latter inclusion is equivalent to
u=Jyax), z=yT@ and u=J,pgQu—x—72), (19)

which implies x € £2,. Therefore, every weak sequential cluster point of (xg)ken is con-
tained in £2,, and Proposition 2.9 implies that (xi)ren is weakly convergent to a point
X € £2,. Then (19) shows that it = J,, 4(x) and z = y T () are the unique cluster points of
(ur)ren and (zx)keN, respectively, and hence uy — u, vy — u and z; — Z.

Moreover, since x was arbitrarily chosen in £2), (14) and (16) also hold with u replaced
by i and x replaced by x. From the resulting inequalities, we obtain

By T (@) — T (ui)|* < (% — xg, wg) + (ug — it, wy)
+ (i — v, w) + (T (@) — T (up), w),

and thus 7' (uz) — T (u). Now, by Lemma 3.1, we know that iz € zer (A + B + 7).
Finally, pick any i € zer(A+ B + T). By Lemma 3.1, there is X € £2,, such that
u = Jya(X). Setting x = X at the beginning of the proof, (20) becomes

(20)

By IT (@) =T i) 1> < (% —xx, i)+ (g — it wie) +(i — v, wie) + Y (T (@) — T (ug), wi).

Since x; — X, up — u, vy — u, wy — 0and T (ur) — T (u), the inequality above implies
T (u) = T (). This proves that T (zer(A + B + T)) = {T (u)}.

(i1) Assume first that A is uniformly monotone. Since the sequence (uy)kcN is bounded,
the set {u#} U {ux,k > 0} C domA is bounded. Thus, using uniform monotonicity in
Lemma 3.2 with x := X and X := xj, we obtain the stronger inequality

¢l — ugll) < (% = xe, wi) — llwgl* = y(T @) = T(ug), it — i), 2D

which entails y¢ (||lu — ur|]) — 0. Since ¢ is increasing, we deduce that uy — u, which
implies vy — #. When B is uniformly monotone, the result similarly follows.

Finally, suppose that the demiregularity assumption holds. By (i), we know that uy — u
and T (ux) — T (i), so the demiregularity of T at u implies that uy — u. Since vy —ux — 0,
we also obtain that vy — . O

Remark 3.4 (i) The stepsize y in [18, Theorem 2.1] is assumed to be in ]0, 28¢[, with
e € 10, 1[, while Theorem 3.3 allows to take stepsizes in the interval ]0, 48[, which is twice
larger. Note that our assumption is required to guarantee that 2—y /(28) > 0. The relaxation
parameters (Ax)xen in [18, Theorem 2.1] must be taken in ]0, 2 — g[, while the interval
given in Theorem 3.3 1is 10,2 — y/(2B)]. If y € 10,2B8¢[, we have 2 — ¢ < 2 — y/(28).
Thus, Theorem 3.3 additionally allows to take some of the relaxation parameters equal to
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1022 F.J. Aragén-Artacho, D. Torregrosa-Belén

2 —y/(2pB) (but not all of them, as we need ), . Ak <2 - % - Ak) = +00, unless either
A or B is uniformly monotone). Finally, unlike [18, Theorem 2.1], we do not require the

assumption infgey Ax > 0.

(i) In Theorem 3.3(ii), even when D, .y Ak (2 - % — kk) < 400, we have proved that the

sequence (uy)reN (respectively (vx)ren) is strongly convergent to i when A (respectively
B) is uniformly monotone.

(iii) Observe that it is also possible to prove x; — X € £2, using the notion of conically
averaged operators recently introduced in [5], not only for a fixed relaxation parameter
Ak = A, as it was done in [17, Corollary 4.2]. Indeed, by [17, Theorem 4.1], the operator
DY, in (2) is conically (2 — y/ (Zﬂ))_l—averaged, so [5, Proposition 2.9] can be applied to
deduce the convergence of the Krasnosel’skii-Mann iteration (3) to a fixed point of DY,,
which belongs to £2,, by Lemma 3.1.

As a corollary, we obtain the following convergence result for the forward-backward
splitting algorithm that allows doubling the range of the stepsizes assumed in [7, Theo-
rem 26.14] (which is a particular case of [12, Proposition 4.4]). Although this wider range
of the stepsizes has been shown before in [19-21], it has not yet become widely known in
the literature.

Corollary 3.5 Let B : H = ‘H be a maximally monotone operator and T : H — H be a
B-cocoercive operator, with B > 0, such that zer (B + T) # (. Set a stepsize y € 10, 48]
and consider a sequence of relaxation parameters (Ag)ien in 10,2 — y/(2B)] such that
ZkeN Y (2 — ﬁ — Ak> = 4o00. Given some initial point xo € H, consider the sequences

defined by

e = xk — y T (xk)
Xkl = X + A (Jy B (V1) — X1)-

Then, the following assertions hold:

(1) (xx)ken converges weakly to a point x € zer (B + T) and (T (xi))reny converges
strongly to the unique dual solution T (X).

(ii) If either B is uniformly monotone on every bounded subset of its domain, or T is
demiregular at every point in zer (B 4+ T), then (xi)reN converges strongly to X €
zer(B+T).

Proof Apply Theorem 3.3 with A = 0. By Theorem 3.3(i), T (x) — T (x) and T (zer(B +
T)) = {T (x)}, which is the solution to the dual problem, see [7, Proposition 26.1(iv)]. [

We conclude this section by deriving a splitting algorithm for computing the resolvent of
A + B + T. To this aim, we use the systematic framework developed in [1], based on the
notion of strengthening of an operator.

Definition 3.6 Let & > 0,0 € R and let w € H. Given A: H = H, the (0, o)-
strengthening with inner perturbation w of A is the operator A7 % = H defined
by
0,0) ._
A% = Ao (@1d—w) +o1d.
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Theorem 3.7 (Strengthened-Davis—Yin splitting) Let A, B : H = H be maximally a4-
monotone and o g-monotone operators, respectively, and let T : H — H be a S-cocoercive
and maximally a-monotone operator, with B > 0. Let 0 > 0, 04, 0p € Rand o > 0 be
such that

oa+op+or >0 and (Ooaas+oa,00p +op,0ar +or) € Ri_ \ {03}. 22)
Let p := (0/B + o7)~' and y € 10,4ul. Consider a sequence of relaxation param-
eters (Mken in 10,2 — y/Qu)] verifying Y ren M (2 — ﬁ — Ak) = +o00. Suppose

q € ran (Id+ (A+ B+ T)). Given any xo € H, consider the sequences

UA+GB+0

1
=7 -
ug yo (1 o (xx + )/UAq)>

I+yoy A

(23)

ve=1J_y_p (L((2 —vyor)ux — xx — Oy T (ux) +y(op + GT)‘]))
THyop 1+ vyop
Xg+1 = Xk + M (Vg — ug)-
Then (up)ren and (vi)keN are weakly convergent to JﬂAweBMT (A+B+T) (q), and (xp)keN is
weakly convergent to x, with

1
— (X +yo =J .
v 4 (1 +]/UA( Y ACI)> %(A.’.B.}.T)(q)

T+yohy optopto
Further, if 6ap + o4 > 0 (respectively Opa + op > 0) then the convergence of (uy)keN
(respectively (v)keN) is strong, even when ZkeN A (2 — ﬁ — )\-k) < +o00.

Proof Set Xy := %(xo — ¢q) and consider the sequences
Uy = JyA(ffA)()?k)
A N ~ 0, ~
Oy = JyB(ffB) (2uk — Xp — yT_(qUT)(uk)) (24)
Rpy1 = Xk + M (D — i1g).

By (22) and [16, Proposition 2.1], the operators A(e oa) B(e 78) and T(e 1) are max-

imally monotone, and by [1, Theorem 1(iii)], (0 UT)

g € ran (Id + (A+ B+ T)), and thus (22) and [1, Proposition 3] imply that

is p-cocoercive. By assumption,

0A +03 +or

zer (A0 + BUW + TG0 = {é (JWWT i@ — )} )
By Theorem 3.3(i), éiy — # and 0 — @, with
i € zer (A(_G(’I"A) + B 4 T_(Z’”T)) ,
and x; — X, where X satisfies

i =000 (R) € er (A% 4 BEow 4 7). (26)
q
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If ap + o4 > O (respectively Oap + op > 0), then ity — i (respectively Uy — i) by
Theorem 3.3(ii), even if D . Ak (2 - ﬁ - Ak) < +4o00. Thanks to [16, Proposition 2.1],
we may rewrite (24) as

6
ou =J —x
et q 1+VVHUAA (1+J/UAXk+q>

0
00 =J — (20 — xx — y (T (Ot i
Vg +¢q 1+yy€733<1+y03 (2 — xx — v (T( uk+Q)+0Tuk))+6I>

Further, by (26), (25) and [16, Proposition 2.1],

0
J =6J op (X =J —X .
A Fo5ToT (1) (@) yalw (¥) +4 e A (1 tyoa * q)

The result follows by making the change of variables (xi, ug, vg) = (0 + ¢, 0ux +

q,00; + q) for all k € N and ¥ := 60X + g. The final assertion is a consequence of
Remark 3.4(ii). O

Remark 3.8 Another way of computing the resolvent with parameter u > 0 of A+ B+ T
at ¢ € H is applying the Davis—Yin splitting algorithm to A, B and T := i(ld —-q)+ T,
where T is (,3_1 + u_l)fl—cocoercive, by [1, Theorem 1(iii)], and B is the cocoercivity
constant of 7. Note that this is a particular instance covered by Theorem 3.7, taking o7 = %,
op=o0op=0andb = 1.

4 Numerical Experiments

In this section we provide some numerical examples of the algorithms developed in the
previous section. These experiments aim not to be exhaustive and only intend to show
the importance of appropriately choosing the stepsize and the relaxation parameters of the
algorithms.

4.1 AFeasibility Problem with Hard and Soft Constraints

Let A, B, C C R” be three closed and convex sets with nonempty intersection of the relative
interiors of A and B. Suppose A and B are hard constraints, which need to be satisfied,
and C is a third soft constraint, which does not necessarily need to be fulfilled, but whose
violation we want to reduce as much as possible. Imagine that, at the same time, we would
like to find a point in A N'B as close as possible to a point ¢ € R”. This problem can be
written as

. 1, 14 2
2 + 20— g2, 2
ar%ggrrwlﬁ Zd @, ©) 2”x a1 @7

where d*(x, C) := |lx — Pc(x)||? and p > 0 is a regularization parameter specifying the
importance of remaining close to the point g. Problem (27) can be reformulated as

1 1
argmin 14 (x) + (x) + = ||lx — ¢|I* + —d*(x, C),
xeRn 2 20
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whose solution is given by prox )(q). The subdifferential sum rule (see,

ta+B+55d2(,0)
e.g., [7, Corollary 16.50(v)]) guarantees the equality

prOX(LA+L]B+ﬁd2(~,C))(q) - J(azﬁalwv(ﬁﬁ(.,@))(q) - J(NA+NB+%(ld—P¢;)) @),

and thus, solving (27) boils down to computing the resolvent at g of the sum of the three
maximally monotone operators A := Na, B := Ng and T := % (Id —Pc), with T being

L _cocoercive (see, e.g., [7, Corollary 12.31]).

To illustrate on the problem (27) the behavior of the Davis—Yin algorithm and its
strengthened version derived in Theorem 3.7, we retake our simple introductory example
of two balls A and B centered at (—1.6, —0.75) and (—0.35, 0.12), with radii 0.55 and
1, respectively. We chose these values to make the problem slightly challenging. We now
add a new third ball C with center (1, —1) and radius 0.5, the point ¢ := (—1.75, 1.5)
and take p := 1. Observe that any combination of 04 > 0, op > 0 and or > 0 such
that & := o4 + op + or > 0 satisfies the hypotheses of Theorem 3.7. Although find-
ing the best values is beyond the scope of this work, for comparison, we tested the result
of running the algorithm (23) with (o4,0p,07) = (0,0,1/1) (which corresponds to
Davis—Yin splitting, see Remark 3.8) and (o4, 0, o7) = (0, 1, 1), using as starting point
xo := (0.7, 1.7). In accordance with Theorem 3.7, the stepsize y must be chosen so that

% € 10,4[, for u = ((ca + op + o7)p + o7)~". In Fig. 4 we have represented the iter-

ates for Ay = 0.99(2 — ﬁ) and for two values of %, namely 1.5 (overrelaxation) and 2.5
(underrelaxation).

In order to obtain the best combination of the stepsize and relaxation parameters, we run
the algorithms for every possible value of (Zp A) on a grid with 4950 points in ]0, 4[x]0, 2[.
The algorithms were stopped when the norm of the difference between the shadow sequence
P4(xr) and the solution to the problem was smaller than 1078, The solution, which is
approximately equal to (—1.227559, —0.3452923), was computed in Maple by numerically
solving the KKT conditions with high precision. A contour plot representing the number of
iterations is shown in Fig. 5. The minimum number of iterations for Davis—Yin was 17 and
it was attained at (%, A) = (3.11, 0.43), and for the strengthened-Davis—Yin was 16 and

Je Je

Fig.4 Behavior of the iterates of the Davis—Yin (left) and the strengthened-Davis—Yin (right) splitting algo-
rithms for the problem (27) for two stepsize parameters y and Ay = 0.99(2 — y/(2w)). Since o4 = 0, the
solution is obtained after projecting the fixed point onto the set A
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2.00

suonesay
suonesdl

0.25 0.25

0.00 17 0.00 16
00 05 10 15 20 25 3.0 35 40 00 05 1.0 15 20 25 30 35 40
v Y

n 0

Fig.5 Number of iterations needed until the shadow sequence is sufficiently close to the solution s when the
Davis—Yin (left) and the strengthened-Davis—Yin (right) splitting algorithms are applied for different values
of y and A; = A, with the experiment setting shown in Fig. 4

it was reached at three pair of values of % and A, namely % = 2.34, 1 € {0.79,0.81} and

Y _ —
o= 239,12 =0.79.

4.2 Image Recovery Via £1 Regularization

The restoration of blurred images using £; regularization has become a standard applica-
tion in the literature to test the performance of forward-backward algorithms, see [6]. This
consists in solving a minimization problem of the form

. 1
argmin pl|x||y + = || Mx — b|3, (28)
xeR? 2

where M € R™*" b € R™ is the observed blurred image (the vectorization of the two-
dimensional matrix) and u > 0 is a regularization parameter. Setting B = 9 (|| - [|1)
and T = M7 (Mx — b), this problem can be reformulated as finding a zero of the sum
B 4 T of two maximally monotone operators. Since T is Lipschitz continuous, we can
employ the forward-backward algorithm (i.e., Davis—Yin with A = 0), to solve (28). Note
that the proximity operator of the £;-norm is the well-known soft thresholding function
from Example 2.6. As pixel values must be in [0, 1], it is more realistic to solve instead the
problem

1
argmin X —|Mx —b 2,
rgmin -l + 1M — bl

Setting A = Njo,1» and B and T as above, this problem can be solved without much
additional effort using the Davis—Yin splitting algorithm.

For our tests we replicated the wavelet-based restoration method in [6, Section 5.1.],
including the additional constraint x € [0, 1]". We also ran our experiments without this
constraint (applying thus forward-backward) and the results were basically the same, so we
do not include them for brevity. We employed as observed images the widely-used 256 x256
pixels cameraman image and a picture of a symbol from the University of Alicante: the
sculpture “Dibuixar 1’espai” (by Pepe Azorin), with a resolution of 600 x 800 pixels. The
images, shown in Fig. 6, were subjected to a Gaussian 9 x 9 blur with standard deviation 4,
followed by an additive zero-mean Gaussian noise with standard deviation 10~3. We chose
M = RW, where R is the matrix representing the blur operator and W is the inverse of the
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Fig. 6 Original (left), observed blurred (middle) and restored (right) images, showing the cameraman at
the top and the sculpture “Dibuixar 1’espai” at the bottom. The Davis—Yin algorithm was applied for 200
iterations with y = 1.98 and A = 0.99, using as starting point the observed blurred image

three stage Haar wavelet transform. The regularization parameter was taken as & = 2-107>.
The Lipschitz constant of T is the spectral radius of MT M, which is equal to 1. Thus, T is
1-cocoercive and the stepsize in the Davis—Yin algorithm can be chosen in the interval ]0, 4[.
For values of (y, 1) on a grid with 4950 points in ]O, 4[x]0, 2[, we performed 200 iterations
of the algorithm taking as initial image the observed blurred image. Figure 7 shows the
value of the objective function in the final iteration. We observe a symmetry with respect to
the diagonal. The lowest values of the objective function were 0.349 for the cameraman and
2.684 for the sculpture, and they were both attained at (y, 1) = (1.98, 0.99).

2.00

20.00 30.00

1.75

10.00
10.00

1.50 5.00

8.00
1.25 2.00

2 1.00 6.00

1.00

4.00

anjeA aanda(qo
anjen aandalqo

0.75

0.50

0.25 2.80

0.00
00 05 10 15 20 25 3.0 35 4.0 00 05 10 15 20 25 30 35 40

Y Y

2.68

Fig. 7 Objective function value after 200 iterations of the forward-backward algorithm applied to the cam-
eraman (left) and the sculpture “Dibuixar 1’espai” (right), for different values of y and A, and taking as
starting point the observed blurred image
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5 Conclusions

We have presented an alternative proof of convergence for the Davis—Yin splitting algorithm
without requiring the Davis—Yin operator (2) to be averaged. The proof was solely based on
monotone operator theory and has the additional advantage of allowing larger stepsizes, up
to four times the cocoercivity constant of the single-valued operator, doubling thus the range
of values allowed in [18]. As a consequence, the same conclusion applies to the forward-
backward splitting algorithm. We have also derived a strengthened version of the algorithm
for computing the resolvent of the sum, based on the framework developed in [1]. The
numerical experiments included show the importance of appropriately selecting the stepsize
and relaxation parameters. In most of our tests, the behavior of the algorithm with respect
to the parameters was symmetric, as the one shown in Fig. 7. Selecting the best parameters
is not a simple task, but even so, it is clear that having more freedom in the choice of the
stepsize parameter can be advantageous.
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