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Abstract

In this project we deal with random holomorphic polynomials py. Specifically,
we study the relationship between zeros and critical points of py considering two
different probabilistic models. The first one is based on chosing independently and
with uniform probability N random points that will be the zeros of our polynomial
pn. The second model is that of the so-called parabolic Gaussian Analytic Function.
In this second model, the distribution of points is more rigid, and the striking
phenomenon continues to be observed: zeros and critical points appear, with high
probability, in pairs.

Resum

En aquest treball tractem polinomis holomorfs aleatoris py. En concret, estudiem la
relacié entre els zeros i els punts critics de py considerant dos models probabilistics
diferents. El primer es basa en escollir independentment i amb probabilitat uniforme
N punts aleatoris que seran els zeros del nostre polinomi py. El segon model és el
de I'anomenada Funcié Analitica Gaussiana parabolica. En aquest segon model, la
distribucié de punts és més rigida, i se segueix observant el sorprenent fenomen: els
zeros i els punts critics apareixen, amb alta probabilitat, aparellats.

2020 Mathematics Subject Classification. 30B20, 30C15, 60G99
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Introduction

In this project we study the relationship between zeros and critical points of certain
random holomorphic polynomials py(z). This problem is more easily understood if
we think of py as a meromorphic function defined in the Riemann sphere S? ~ CP!.

The main probabilistic model we consider is the following. Given N € N, let
N, ...,ny €S? be N random points chosen independently and with uniform prob-
ability. Let & = 7(n;) € C, where 7: S — C is the stereographic projection, and
define a polynomial that has ; as zeros, that is

N
pn(z) = H(Z —&)-

J=1

Since the projection (push-forward) of the normalized Lebesgue measure in S? is
v (2) dm(z)
v(2) = ———
(1 + |2]2)*
independently in C according to the probability measure dv.

one can equivalently think that the zeros in py(z) are chosen

The second model we consider is that of the so-called parabolic Gaussian Analytic
function. Consider the monomials

N )
e;(z) = (,)zj, j=0,...,N.

These are just the usual monomials, but normalised so that

[ <N+1>/C%du<z>:1.

This is a natural norm for polynomials of degree at most N.

Consider then the random polynomial
N
pn(z) = aje;(2),
=0

where a; € C are independent and identically distributed (i.i.d.) standard Gaus-
sians N¢(0, 1).

It is known that the zeros of py, i.e. the set

Z(py) ={2€C : py(2) =0} ={&, ..., &N}

is distributed, in average, uniformly on the sphere (i.e. the number of points
7 1(&;) = n; € S? lying in a region U C S? is expected to be N times the area of U).

However, in this second model, the distribution of points is more rigid, in the



2 Introduction

sense that the fluctuations around the expected value are smaller than in the first
model. In particular there is a local repulsion phenomenon: it is less likely to find
two close zeros.

The main goal of this work is to study the following striking phenomenon: ze-
ros and critical points appear, with high probability, in pairs.

Figure 1: Zeros (black disks) and critical points (blue squares) for a degree 50 parabolic Gaussian
Analytic polynomial. (Boris Hanin)

We wonder why this pairing occurs. If we choose a zero deterministically, with
what probability can we be sure that there is a critical point around it and how far
away will it be? Why does this pairing break down in some places?

Observe that the expected separation between N points chosen randomly on S?
would be of order 1/ V/N. However, it turns out that, for both models, the prob-
ability of finding a critical point near a given zero is of order 1/N with very high
probability. Moreover, this critical point near a given zero is aligned with the zero.

We will see this in the Theorems (Chapter [2) and (Chapter [3)).

The main part of the work is devoted to state and proof the theorem for the first
model. For the GAF model, we explain its set-up, its main properties and state the
theorem. The proof of this result is out of our scope.

Probably the best-known result relating zeros and critical points of holomorphic
polynomials is the Gauss-Lucas theorem: the critical points of a given holomorphic
polynomial py(z) lie inside the convex hull of its zeros.

The phenomenon we study here is of different nature, and it can be understood
with the help of the following electrostatic interpretation.
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Write, as before,
N

pv(z) =[]z - &)

J=1

where the zeros ; are chosen with uniform distribution in S?, i.e., if A C S? and
n; = 7 (&) € S?, then P(n; € A) = o(A), where o is the area measure on S?
normalized with o(S?) = 1.

Consider the function of one complex variable (random electrostatic potential)

N

g(w) =log [px(w)[* =Y [log(w — &) + log(w = &)] .

J=1

Then, we have, for w ¢ {&;}}L,

|pN

Given py(w), the critical points (Ipy(w) = ;2 py(w) = 0) are therefore solutions
of the equation

En(w) = Z L _ 0. (1)

= v —&

We note that Ey(w) is the electric field at w given by positive charges of value +1
located at each point §;. Thus, the critical points can be viewed equilibrium points
of this electric field.

We interpret this on S?. We think of py as a meromorphic function (with pole
of order N at infinity) on S%.. Then

Ag = Alog |py|* = —Ndu + Z d¢;
£:pn(§)=0

where the Laplacian A is understood in the distributional sense and d., d¢; are the
Dirac delta measures. This is interpreted as an electrostatic field on the Riemann
sphere generated by N positive charges located at the zeros of the random polyno-
mial and a negative charge of weight N at the north pole, which corresponds to the
point at infinity.

This expression of Ag comes out of writing w = 1/z (that is, taking the chart
at 0o0) and writing
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Let now & be a fixed zero and write

1 N—
PN,g("w)Z—N — Hw &),

with the remaining zeros §;, 7 = 1,...,N — 1, i.i.d. uniformly distributed on the
Riemann sphere. Strictly speaking, we would have &; to be the inverse of zeros of py
uniformly distributed on S?, but the distribution of &; and 1/¢; is equally uniform
at S2.

With this factorization, the electrostatic field becomes

N 1 =
j=1 J

(2)

A critical point of the polynomial corresponds to a point where the gradient of the
electrostatic potential cancels out, i.e., to a point of equilibrium of this electrostatic
field. At a point of equilibrium, three types of forces act and must be compensated:

(i) The force of the negative charge of the infinity point, which is proportional
to the degree of the polynomial (number of zeros) N.

(ii) The force of the positive charge of the nearest random particle. It is propor-
tional to 1/d, where d is the distance to the particle. If we choose w with
|lw —&| =~ 1/N, then wL—g is of order N.

(iii) The force of the other charges. These are uniformly distributed around the
equilibrium point, and the central limit theorem allows us to see that this
force is proportional to v/ N with high probability, i.e. negligible with respect
to the force of the charge coming from the point of infinity.

By the uniform distribution of each §;, we have that E ( > = 0, and thus
w=g;
N N—1
=0.
(g > j=1 (w 5.] >
Therefore, generically
N 1
Bx(w) » — 4+ —— = ElEx(w)]

If £ ¢ {0,00} (i.e. north and south poles of the sphere), we have E[Ex(wye)] =0

in precisely the point
1\ !
wN,g = f 1 — N .

Therefore, there is a point wy¢ at distance of order 1/N from & where the mean
electrostatic field cancels out.
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This means is that to compensate all the charges, it is necessary that the posi-
tive charge closest to the critical point is at a distance 1/N and, approximately, in
the segment that joins the critical point and the origin.

Near the origin (at the South pole on the Riemann sphere) this reasoning does
not work, since the force exerted by the North pole charge is zero, by isotropy. As
a consequence, the pairing of zeros and critical points breaks down near the origin.

A final word on the structure of the memoir. In the first chapter we introduce
(or recall) the necessary elements to write the statements and proofs of the fol-
lowing chapters. Chapter [2 is devoted to study in detail the model of N points
chosen independently and uniformly in S?. Finally, in Chapter [3| we discuss the
GAF model.
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Chapter 1

Preliminaries

1.1 The Riemann sphere, topology and chordal
metric

Stereographic projection and properties

It’s useful to consider that rational functions take values (and are defined on)
C = CU {occ} = CP!, the extended complex plane or Riemann sphere. Topo-
logically it’s just S? (unit sphere in R?).

N =00 =(0,0,1)

(z1,72,23)

Figure 1.1: The stereographic projection

We consider in C a topology that induces in C the usual topology. This is de-
fined by fixing a basis of open sets of each point of C:

(i) If a € C, the basis is {D(a,r)},>o.

(i) The basis for oo is C\ {D(0,7)}rs0.

We recall this well-known fact.
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Proposition 1. C with this topology is homeomorphic to the unit sphere of R3,
S?* = {(x1, 79, 73) € R® : 2% + 23 + 235 = 1},
with the topology induced by R3.

Proof. Set N = (0,0,1) € S? the north pole. Identify C with the equatorial plane
T3 = 0, i.e., R? x {O} = {(le,xz,xg) S R3 : T3 — 0}

Consider the stereographic projection w: S? \ {N} — C given in the following

way: if z € S?\ {N}, n(z) is the point of intersection with the plane x3 = 0 of the
line determined by N and z.

If v = (x1,79,23) € S\ {N}, x3 # 1, then, 7(z) = (0,0,1) + Xz, 29,23 — 1) =

(a,b,0) and A\ = —L = L Therefore, a = £, b = —22- and
r3—1 1—z3 ) 1—xz3”’ 1—x3
I . T2
m(x) = m(xy, 29, x3) = +i :
1-— ZT3 1-— T3

an expression that gives us the continuity of .

We note that 7 is bijective, because if m(x) = z = a + b, with a = 133 and
b= {*2-, then
p—
2 _ 2 2 _ l+as : : _ =21
(a) [z]* = a® +b* = {32 and, in particular, x5 = TP
_ _ _ 20 __  z+z
(b) @1 =a(l —3) = 135p = 745
2b _ 1 2—%
(c) @2 = THzP — 142

These calculations give us, for z € C,

W_1<Z):< z+Zz 1 2-% |z|2—1)' (1.1)

L+ [227 i 1422 14 |22

Note that 771(2) # N, so 7! is continuous. We have then that 7: S*\ {N} — C is
a homeomorphism and, in particular, C is topologically equivalent to S*\ { N'}. Since
lin]lv |7(z)| = 400, if we define 7(IV) = oo, we also have that 7 is a homeomorphism
T—

between S? and C. To see that 7 is continuous at the point N observe that if
o — N| < 8, then |r(z)| > M, ie. m(D(N,8)) C (C \ D0, M)) U {oo}. O

Some well-known properties that come out from the definition of stereographic
projection are:

Observation 1. e The southern hemisphere projects on the unit disk.

e The stereographic projection is conformal, i.e., it preserves angles and orien-
tations. (see |[Shu2l])
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o The push-forward in C of the Lebesque measure in S* by the stereographic
projection 7 is (see [HKPV0Y] for more details)

i (z) = dm(z)

L Sh A C.
ENFEEANE

Chordal distance

The Euclidian distance in R? restricted to the sphere projected to C by the stereo-
graphic projection 7 induces a natural distance in C.

Definition 1.1.1. (Chordal distance). The cordal distance between z,w € C is

2|z — w|

VI EPYTE P

We justify that the chordal distance has this form. Let us call z = z + iy and
w = u + iv. By the stereographic projection, 77!(2) = (2,72, z3) and 7 (w) =
(y1,Y2,y3). Since 27+ 23+ 25 = 1 and 4% + y3 + y3 = 1 we have, from the definition

do(z,w) = |77 (2) — 77 H(w)|gs

do(z,w)* = (z1 — y1)* + (22 — ¥2)° + (z3 — y3)* = 2(1 — B1y1 — Tayo — T3y3)

Using Equation (?7) of 7~

dru+ dyv + (|22 = 1) (Jwl* — 1)) A2+ [w]? = 22u — 2yv)

dolecu =2 (sF + ([ + 1) (= + (TP + 1)

Using that |z — w|* = |2]* + |w|? — 2z2u — 2yv,

4]z — w|? 2|z — w|
T+ P+ ep) ) =

VTR [P

dC(’Za 'U))2 =

If w=o00and z € C,

o ~1
do(evwf = 4+ (= 1P =201 -0 =2 (1= F 1)

then
2

VIR

The Euclidean distance in R? is invariant by rotations of the sphere, and therefore
the chordal distance is invariant as well. For the Riemann sphere, it is the one point
compactification of the plane. So, (C,d¢) is a compact metric space.

de(z,w) =

If a € C and r > 0, then the chordal disk of center a and radius r will be de-

noted as
D.(a,r) ={z € C : do(z,a) < r}.

Finally, we compute the natural area of the chordal disk of center a and radius r,
which will be used often.
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Proposition 2. Ifa € C and r > 0, then

2

r
v(D.(a,r)) = et
Proof. Using polar coordinates, we have that:
dm(z)
v -Dc a,r - / dv(z) = / _
( ( )) Dc(a,r) ( ) Dc(ar (1 + | |2)2
2m It p
——— dfdp = — ——=d
/ / P= o (1+p%)? ’

2(1+7"2) 1+7~2

Rotations in S?

The transformations we consider are the rotations of S?, through m, which are seen

as
i 2= A

= I )\667 VRS O,Q .

pro(z) =€ e [0, 27)

We note that the point A = 7(n) goes to 0 = 7(S); i.e. in S? that is the rotation
that takes n to the .S pole.

We shall denote simply by ¢, the canonical transformation corresponding to 6 = 0.

The area in S? is invariant by rotations, so the measure dv is invariant by these
transformations. Let us check for the sake of completeness:

Corollary 1.1.1. The measure dv is invariant by @xg, for all X € C, 6 € [0, 27).

Proof. We have to see that for all z € C, § € [0,27), dv(prg(2)) = dv(z2):

| 2

dm(pae(2)) [#50(2)
dv(pre(2)) = ’ 2)2 ~ ’ i)
: (L+HA)2(1+]2[?)?
T(1+loae(2)[?)? s
(1H[A[2)?
i dm(z)
_ dm(z) = g = d(2).
(L+A[2)2(1+]=[%)2 ?)?
r (NP PP (14 |z]?)
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1.2 The Gamma and Beta functions

Further calculations will require these two classical special functions.

Definition 1.2.1. The Gamma function of parameter p > 0 is defined as
I'(p) :/ P~ te " da.
0

Some properties of this function are:
1. T(1) = 1.

2 Tp)=p-DI'(-1),p>1.

3. f peNand p>1, then I'(p) = (p — 1)
4. T(1/2) = /7.

Definition 1.2.2. The Beta function of parameters p > 0 and q > 0 is defined as:
1
B(p.q) =/ 21— x)" da.
0

The most relevant properties of this function are:

L. B(p,q) = B(q,p)-

2. B(1,9) = %-

3. B(p,q) = %ﬁ(p%— 1,g—1), for all p > 0 and ¢ > 1.
I'(p)I'

4. B(p.q) = —F((Z) +(§)) :

1.3 Complex Gaussian distribution

This section will be used thoroughly Chapter

Throughout this section, we shall encounter complex Gaussian random variables.
As conventions vary, we begin by establishing our terminology. By N(u,o?), we

mean the distribution of the real-valued random variable with probability density

1 _ew? _ )
e~ 22 where u € R and 02 > 0 are the mean and variance respectively.

oV 2T

Our goal in this section is define and study the univariate complex normal dis-
tribution.
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Definition 1.3.1. A complex random variable X can be written as
X =U+1V,

where U and V' are the uniquely determained real random variables corresponding to
the real and the imaginary parts of X, respectively.

When we consider complex random variables, three operators are important.
The complex random variable space (where we will define the operators) is given
by

L(C) = {X|X is a complex random variable and E(XX) < oo},

where E denotes the expectation operator of a real random variable.

Observe that £(C) is the vector space of complex random variables having finite
square length: writing X = U 4 ¢V we can see that
E(XX) =E(U? + V?) =E(|X]?).

Definition 1.3.2. Let X = U 4 iV be a complexr random variable. We define the
expectation operator of X, E : L(C) — C as

E(X) = E(U) + iE(V).

Definition 1.3.3. Let X and Y be complex random variables. The covariance
operator of X an'Y, Cov(X,Y) : L(C) x L(C) — C is defined as

Cou(X,Y) =E ((X “EX)Y — E(Y)))
In the case where X =Y it is called the variance operator. This provides us
with the following definition.

Definition 1.3.4. Let X be a complex random variable. The variance operator of
X, Var(X) : L(C) — Ry is defined as

Var(X) = Cov(X, X) =E <(X ~E(X))(X — JE(X))) —E(|X]) - [E(X))

Observe that the complex conjugate is necessary in the variance operator as we
requiere the variance to be a nonnegative real number.

Property 1. Let X = U 411V be a complex random variable. Then,
Var(X) = Var(U) + Var(V).
Proof. This property follows immediately from the definitions above:

Var(X) = E ((X — E(X))(X — E(X))) =E (IX — E(X)P?) =

=E(|U+iV —EU+iV)P) =E (U +iV —E(U) —iE(V)]*) =
=E((U - E(U))*) + E(V —E(V))?) = Var(U) + Var(V).
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We say that X has a univariate standard complex normal distribution (with
mean zero and variance one) if and only if

1. X has a bivariate normal distribution on R2.

2. X has a complex covariance structure.
3. E(X) =0 and Var(X) = 1.

Remark 1. Let us discuss these conditions:

2. Let X = U+1V be a complex random variable. The 2-dimensional real random
vector X = (U, V) is said to have a complex covariance structure if

_(x =€
Var(X) = (f Z)’
where 3,6 € R. Since a real variance matriz is symmetric it follows that

Cou(U,V') = 0 and it implies that U and V' are independent with Var(U) =
Var(V).

3. This condition standarizes the mean and the variance of the real and imag-
inary part of the complex random variable: using E(X) = E(U) + iE(V),
Var(X) = Var(U) + Var(V') and Var(U) = Var(V) we get

EU)=E(V)=0;  Var(U) = Var(V) = %

The three conditions lead to the following definition.

Definition 1.3.5. (The standard complex Gaussian distribution) A complex ran-
dom wvariable X has a (univariate) complex Gaussian distribution with mean zero
and variance one if

This is denoted by L(X) = Nc(0,1).

Proposition 3. Let X be a complex random variable with L(X) = N¢(0,1). The
density function of X with respect to Lebesque measure on C is given as

fe(z) = 2e ¥, ec. (1.2)

™

Proof. From the bivariate real normal distribution we know that, when L£(X) =
1
N (O, §Id2), then the density of X with respect to Lebesgue measure on R? is

given as

N[

fx([2]) = (2m) " det (%Idz)_ o 3lal” (31d2) " fal

1
= —e R 2] e R2,
m
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Using the one-to-one correspondence between the univariate complex standard
Gaussian distribution and this bivariate normal distribution established by the iso-
morphism between C and R2, the density function of X with respect to Lebesgue
measure on the complex plane C is identical to the density function of X with
respect to Lebesgue measure on R%. Then,

1 . 1 2

fx(z) == ==,
™ s

zeC.

i

We have proved that it’s equivalent to define the standard complex Gaussian

with the probability density (1.2]) and with X = U + iV, where U and V are i.i.d.
1
N (O, 5) random variables.

For future use we compute the moments of the standard complex Gaussian.

Property 2. Let X be a complex random variable with £L(X) = N¢(0,1) andn > 1.
Then,

a) E(X") = 0.
b) E(JX[") =T (g + 1).

Proof.  a) By definition and the density ((1.2)),

E(X") = /C 2" fx(2) dm(z) = /C Zn%em

Integrating in polar coordinates

27 1 2r e
E(X™) / / " zn9 —e " pdpdh = / et dﬁ/ p e dp = 0
T Jo 0

because, for n > 1,

2 ] 1 .
ezne do = ._eznG
0 m

b) Again, using polar coordinates and Definition |1.2.1| (with p = g +1>0):

2
E(X|™") /]z\”—e" W dm (= / / —e ~pdpdh
= —/ d@/ p”“e_p2 dp:2/ p”+16_p2 dp
T™Jo 0 0

27
:/ thetdt =T <ﬁ+1)
. 2

2

dm(z)

0=2m 1

=0 m
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In Chapter [3| we shall study holomorphic functions whose Taylor series coeffi-
cients are Gaussians (or multiples of Gaussians). The following result is important
when studying the convergence of such series.

Proposition 4. Let a, be complex random independent variables with L(a,) =
Nc(0,1). Then |a,|Y™ converges almost surely towards 1

lim sup |a,|"/" =1 a.s.
n—o0

Proof. We are going to use Borel—Cantelli lemma. First note that |a,|? is an
exponential variable with parameter 1, because

1 _.p VI
P (Ja,)* <z) = / —e 1 dz = / / —e "rdrdd=1—e". (1.3)
{ 0 o T

2€Ci|z|2<2} T

Seeing that |a,|'/™ converges almost surely towards 1 is equivalent to prove that

P (limsup la, |V < 1) =P (limsup |a, |V > 1) = 0.

n—oo n—oo

By definition:

1imsup|an|1/" <1<= 3¢ >03dng € NVn>n |an|1/” <1l-—¢

n—oo

<= Je>03dng e NVn>ng |a,| < (1—¢)".

Let’s consider

A=limsup A, = ﬂ U Ag,

n—roo n>1k>n

where
Ap={w : |a,(w)]* < (1-e)*} k=0,1,2,...

We observe that P(A;) = 1 — e~ (179" (by Equation , and using the Taylor’s
approximation 1 — et & t for t ~ 0, we obtain
S Py =3 [1 - e,(l,s)%] ~ > (1-e)%* < +oo.
k k k

Applying Borel-Cantelli’s lemma, we conclude that

P (limsup la, |V < 1) = 0.

n—o0

i

Finally, we write a property of a sequence of independent Gaussians that we will
use when computing the covariance kernel of a GAF (Section [3.4):
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Proposition 5. If ay ~ Nc(0,1) i.i.d., then

1 if n=m

E(a"@):{ 0 if n#m ~

Proof. If n = m, then, by Property @ with n = 2 (or because |a,|* is an expo-
nential variable with parameter 1)

E(a,ay) = E(jan|?) =T (; + 1) —T(2) = 1.

Otherwise, if n # m, then, by the independence of (a)x, we have that

E(anam) = E(an)E(@m) = 0.



Chapter 2

Probabilistic model: roots of the
polynomial

2.1 Polynomials on the sphere

Let Py[C] be the space of polynomials of degree at most N € N. By the Funda-
mental Theorem of Algebra, py € Py[C] has a factorization

pv(z)=clz=&) (2= &) =c][(z = &)
i=1
where each root & appears as many times as its multiplicity.

One of the nice reasons for studying polynomials on the Riemann sphere is that
we can naturally see them as meromorphic functions py: C — C in the extended
complex plane C (specifically, they have a single pole of order N and at o). To
study py at co we have to study f(z) = py(1/2) at z = 0. A more general result is
the following: (for all the details, see [Tail6])

Proposition 6. A function is meromorphic on the Riemann sphere if and only if
it is a rational function.

There is a relationship between the location of the zeros of py and its critical
points (the zeros of p/y). This is precisely what we want to explore, in the case that
the polynomials are random.

By Rolle’s theorem, if a real polynomial py has all its roots real, then all the
roots of its derivative are in the smallest closed interval containing all the roots of
pn. Let’s see a beautiful extension of this result to C, the classical Gauss-Lucas
theorem.

Theorem 2.1.1. (Gauss-Lucas) The critical points of a polynomial in one complex
variable lie inside the convex hull of its zeros, that is, in the smallest convex polygon
containing the zeros.

17
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Proof. Let &1,&,...,&, € C be the zeros of the complex polynomial py € Py[C].

Let 8 be a zero of py. If 5 is a zero of py, then § is automatically in the con-
vex hull of the points &, ...,&,. So, we suppose that [ is not a zero of py.

By equation in the introduction, we know that the critical points that are
not zeros are the points where

This is equivalent to

which is

1
Z 5\2_ﬁ2\z—5\2

we get

Letting ¢ = Z f 2

" P

So [ is a linear combination of the roots & by non-negative coefficients adding up
to 1. This proves that 3 is a convex combination of the &;. O

A nice consequence of this theorem is the following: if the polynomial has real
zeros, then the derivative must have real roots.

2.2 Electrostatic Interpretation of Zeros and Crit-
ical Points

From the introduction, we consider the polynomial

N—-1
1
pre(2) = w_N(w - [ (w-¢),
j=1
where § is a fixed zero and §;, j = 1,..., N — 1 are the remaining zeros i.i.d. uni-

formly distributed on the Riemann sphere.

The polynomial py ¢ generates the electric field given by equation (2)):
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The first term is the contribution from the —N charges at co and is of order N.
The second term is the contribution from the 41 charge at &, which is also of order
N if jw — &| &~ N~1. Since the zeros &,...,&y_1 by assumption are distributed
uniformly, for large N, the third term has generically order v/N, by the central
limit theorem. Let’s see this:

N-1
Proposition 7. The random term Z

=1 TS

has order /N with high probability.

Proof. We note that E ( ) =0 forall j =1,...,N — 1, by the spherical

w =g
NoT
symmetry. Thus, E Z = 0.
iy
1
Letting X; = ———, the central limit theorem yields
w =g
Xyt +Xno1
— 0 N-1
X1+ + Xy = N]lgl : \/NUNNR(O,D\/NU
and therefore X; + --- 4+ Xy_; has order v/N with very high probability. O
No1
In the formula 1| we have that E (Z ¢ ) = 0, and therefore the expected
w J— .
=1 !
critical point wy ¢ is the one that results from solving the equation
Nl ueme(1-L) (2.1)
-t — = WNe = - = ) )
w o ow-—E§ N N

We want to use Rouché’s Theorem and the concentration of these variables around
the mean to justify the existence of a true critical point (a zero of Ey) near the
zero of the expectation.

If we find a curve I'y¢ of index 1 around wy ¢ with:
i) |En(w) — E[Ex(w)]| < [E[Ex(w)]] weTng,
11) dc(w,wNé) 5 1/N w e FN{

we will have, by Rouché’s theorem,

#{zeros of En(w) — E[En(w)] closed by 'y} =
= #{zeros of E[Ey(w)] closed by I'y¢} =1
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That is, there will be a single critical point x,¢ of py in the region bounded by I'y .
By the second condition, we will have

do (€, xe) < d(§,wne) + d(wn g xe) S 1/N

In summary, we will have that x. is a small perturbation of wy ¢, with very high
probability.

2.3 Statement and proof of main result

To write this section I followed [Hanl16].

Theorem 2.3.1. (Pairing of a Zero and a Critical Point). Let n € S*\ {0,000} be
fized and let & = w(n) € C, i.e. & is the projection of point n € S*. Let py¢ be a
random polynomial as described above: the zero & fixed and the remaining N — 1
zeros & = w(n;) are chosen in S* with uniform probability. Fizr > 0 and define

FN = {’UJ € C : dc(w,wN’O = N},

where wy ¢ 15 defined in the equation . Suppose that & ¢ T'y for all N > 1.
Then, for any 6 € (0,1), there exists C' = C(r,0) > 0 such that for all N > 1

d C
P(EI!wEDC (wN,g,%> with %(w): )Zl—m.

Observation 2. The £ ¢ {0,00} condition is not a drawback of this method. At
&€ =0 (south pole) the contribution of the N charges to the opposite pole is not felt,
because of isotropy. Thus, near 0 in the field En dominates the part of the zeros,
which has statistical fluctuations that cannot be neglected now.

Remark 2. The theorem holds equally well if we replace I'y¢ by a curve with
winding number 1 around we n that does not pass through & and satisfies:

(i) There exists ¢; > 0 such that

inf |E [0log |pne(w)|*]| = erN.

’LUGFNyg

This means that inf |E[Eyx(w)]| > ¢1N, and this is the condition that allows

’LUEFN,g
us to obtain

|En(w) — E[En(w)]| < [E[Ex(w)]]  w € Tng

and then apply Rouché’s Theorem.
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(ii) There exists co > 0 such that for all N

Co
sup de(w,§) < .
wEFN@ N

This is the condition that allows us to conclude that the critical point (zero of
En(w) —E[En(w)]) is at distance S 1/N from wye (zero of E[En(w)]).

Observation 3. The order of growth 1 —C - N0 is optimal, in the sense that, due
to the uniformity and independence of the zeros

(s (e t)) =L o3

and if such a zero exists it will distort the presence of the critical point.
Now, we justify equation .' we define the variables

Xy :=9HE& : & € Dela, 1)}
forr > 0. Then

(i) X, does not depend on a (center of the disk).

(i1) X, follows a binomial distribution with parameters N—1 andp = v (D.(a,r)) =

2
——, by Proposition .
1472 y b

We consider X,y to be a binomial with parameters as described above: N —1 and
1 1
p:V<DC <€,N>) ﬁm Then,

P(35 €D (6 ) ) = Pl > 0) = 1= Py =0)

Proof. (of Theorem [2.3.1])

We work in coordinates centered at co and we fix £ € S*\ {0,00}. Let py¢ and
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we, n =: we be as described in Equation (2.1)). Let also be the equation obtained in

2)

N-1

s*zlw &

J

S

Recall that a critical point is a zero of Ey(w), and that

B[ (wg)] =~ + —

+ — 0.
we  we —§

The curve I'y satisfies
(i) There exists ca = co(r, &) > 0 such that

sup lw—¢| < —=
weFNI =+

This follows directly from the triangular inequality

_ £l <l — — ol = Ly — -
w =& < |w —wel + [we — w] = w —we| + 7

and the condition of I'y. In the chordal metric, since w and £ are nearby

lw = ¢| lw=¢ 1N
I+ wP/T+IER L+[EP STy €1*

dC(w7 5) =

(ii) There exists ¢; = ¢1(r, &) > 0 such that

inf
wel' N

N 1
——+——| = N.
wo ow—¢

This follows from the fact that, by (i), there exists ¢ such that

N 1/N 1 1/N 1
et - oo
w—¢ lw|  Jw —¢| |w|
It is now sufficient to choose r so that
1
Tl cr| > e3(r,§) >0 forwely
w

We note that this is equivalent to |1 — cr|w|| > cs|w|, i.e.

1> (et enlwl ;| < —
C Cr)lw N w
= \"3 ’ ~ ey +or
or 1
(cr—c)fw| >1 ; Ju|>
cr — 3

We can always choose c¢3 and r that fulfills this.
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By the way, these two conditions (i) and (ii) are precise those in Remark

Let

=z

EN(w) = Ex(w) — E[Ex(w)] = ._ w i 3

J

be the random part of Ey(w). It will be enough to see the following.

Lemma 1. Fiz 6 > 0. There exists v = y(c1,¢2,6) > 0 and C5 = Cs(cq, ¢, 0) such
that
Cs

EN(w)’ < N1‘7> >1-

P ( sup
wEFN

As soon as we prove this, in the event that sup EN(w)‘ < N'™ we have, for

wel'y
w € Iy (for (ii) and N > Ny)
[Bn(w)| < ' < aN < [B[Ex(w)]],
and by Rouché’s Theorem
#Z(Ex)NTy = #Z(E[EN]) NTS = #{we} = 1,

where I'}, = D, (wN@, %) denotes the region closed by I'y.

That is, there is a (unique) critical point of pyg¢ inside I'y with probability at
least 1 — C3 - N77, as desired.

The proof of Lemma (1] is not sophisticated, but it is a bit technical. Before giving
the details we give a brief outline.

1. sup |Ey(w)] is not simple to estimate directly, since it fluctuates a lot. We
wel' N

will estimate the fluctuations of Ey(w) — EN(wg) and EN(wg) separately
considering that

En(w) = Ex(w) — Ex(we) + Ex(we).

2. To estimate Ey(w) — EN(IUg) we will use that |w —w¢| = 1/N to discard the
contribution coming from the zeros that are far from £ (and therefore from w
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and from we, since w € I'y). To see this, estimate

2 (wiﬁj

‘5j—§|>m

>

|§j—§|>m

2.

|§j—§|>m

Nl—é
NN #{fj S

N1—5

N
1-5

sup
wel' N

1
)
We — 5]' wel'y

~ sup
wel' N

IN

(N—1)

=

This shows that the contribution of the &; with |¢;

|we — w

lw — & |we — &

1/N

— ¢ >N

N—(1/2-3/2) N—(1/2-5/2)

1
—¢&l > N1/2—5/2}

(zeros that

are far from &) is negligible. That is, fixed 6 > 0, the contribution of these is

at most of order N*—9,

En(w,8) =

1
> e

1
|§*§j\§m

. It remains to estimate the sum corresponding to the zeros §; near §. Let

To prove Lemmait is enough to see that there exist constants v = y(¢q, ¢2,d) >

0, Ky = K2<01,62,5) > 0 and K5 = K3(01,02,5) > 0 such that
- ~ . K,
P sup |En(we,d) — EN(w,é)‘ >N < No (2.3)
wel'
and K
~ _ 3
P (‘EN(wg)‘ > N'T) < = (2.4)
With this, since
Ex(w) = En(w) — Ex(we) + Ex(w)
we see that
{ sup EN(w)’ < 2N1_7} ) { sup |Ey(w) — EN(wg)) < Nl_V}ﬂ
wel' N wel'y
{[pive] <3}
and therefore
P < sup ‘EN(w)‘ < 2N1_7> P ( sup ‘EN E’N(wg)‘ < Nl_“’) .
wel'n wel' N
P (|Bvtwg] < 1)
(K> + K3)

v

() (-

e
N )= 1-

N? ’
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as desired.

There are two reasons to believe that (2.3) and (2.4)) hold. First, if | —&;| ~

1/N for some j, then both Ey(w) and Eyn(we) will be generically of order NV,

because of the w+ (or wgl—g) term. But this occurs with very small prob-
J

&j _ ~ ~
ability. Therefore, we will not have large Ey(wg,d) or Eyx(w,d) — En(we,6)
because there is a large summand (except in cases of small probability).

The other way to make these terms large is for there to be more than N1/2+9/2

zeros & with |&; —&| < <7377 then each w+£] term in EN(wg, d) will be large,

of size minus N'/279/2 and all added together can produce an Ey(w, §) of size
N1/248/2 N1/2-6/2 N But this grouping of zeros has also very small proba-
bility.

In order to quantify all this and prove the steps outlined above, we consider
the random variable explained in Observation

N(& R) = Xp=#{jldc(§,§) < R}.

Observe that N (&, R) is a binomial variable with parameters N — 1 and
= v(D.(&;, R)) and the distribution of N'(§, R) does not depend on £. Propo-
sition [2] yields
R2
1+ R?
Next lemma follows from the properties of the binomial random variable and
it will be crucial in our estimates.

p:

Lemma 2. Fix n € (0,%) and k > 0. There exist K = K(n) > 0 and

K' = K'(k,0) > 0 so that
: 1 K
(Z) P <N ('LU&,W) > 1) Nl o
K/

i 1 0+k
(i1) P(/\/(wg,m) 2N+)§W-

For the estimates, we will want to use Chebyshev’s inequality and so we want
to estimate the variance.

As ¢; are independent and E (w—§> = 0 for all &, we have

e [[Bvtof | = ver [Butw)] - gvar(w 5)- ZELw o)

Each E (ﬁ)
grable with respect to the area.

term is infinite, since the singularity of order 2 is not inte-
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But the conditional variance given N (w, 51 ) = 0 (no zeros £ in D, (w, 1))
is quite small and allows us to get a good estimate on the tail probability in
(2.4). This is the content of the following lemma.

Lemma 3. Fizn € (O, %) and write A for the event

N—-1
> N2(1_77) .
{ et |w£ €J|2

There exists K = K(n) such that

log N
P(A) < KN1—277'
Observation 4. This implies that for any € > 0 with probability at least
N-1
1 - ﬁ we have Z < N2U= " In this situation we will be

[y — &[?

able to use Markov cmd Chebyshev inequalities.
Now, we are going to give all the details. We start with Lemma [2]
Proof. (of Lemma

(i) Recall that if X follows a binomial of parameter (M, p), then
P(X =k)= (A]f)pk(l —pM* k=0,...,M.
Here We2 have variable X = AN (w, R) with parameters M = N — 1 and
R
1+ R*
Thus,

p:

P(N(w, N ") >1)=1—P(N(w, N ") <1)
=1—v(D.(0, N~""))

=1-(1-p)"*
=p[l-p)" 7+ +1]
<p(N-1)= ! N = !

N2—27] N1—2n
since for R small (here R = 1/N'™"), v(D.(¢, R?)) ~ wR* by Proposition

(ii) Since for a binomial X of parameters (M, p), Var X = Mp(1 — p), we have

Var (7 (w5 44)) m (v - ) (i) (1 (i) )

1
~N-N'N° (1 - Nlé) < N°.
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Then by Chebyshev’s inequality,

Var (./\f <w,N‘é+g>> NO
(N(S—f—ﬁ)Q < N25N2m'

P (N <w,N’%+%> > NW) <

Proof. (of Lemma [3)) Define the event
B ={w : N(we, Nt = 0},
which has probability

o= (7 oo o )

because
1
 NO-m)2 1
4= T 7 Nz
L+ Faae

Observe that:
—log P(B) = —(N — 1)log (1 .

c c 1

N2—2n) ~ (N - 1)]\72—277 ~ Ni-2n°

So, with a suitable constant c,
c

N1-2n°

We now study the variance on Ey (we) under this event. We have

N—-1 1 N—-1 1
E —|B| = E {— B]
JZI [we — &1 le lwe — &2

Rotating the sphere so that we = 0 (south pole) and computing in polar coordinates,

we have
B} E[ N(0, N1 = 0]
€517

/ 1 dm( )
|2|>N—1+n ’Z| m(1+]z2)2

———d
/]\7 1+n 7”2 1 —|—7”2 "
/ 2+2n 1 +t
_/1 dt +/°° dt
Tyt 02 ) (1 1)2
- /1 dt N < dt
- N—2+2n t 1 t

1

1 1

P(B) > e ¥ > 1 -

1
2 oer
|w§ £J|2
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Therefore

——|B

< (N -1) {2(1 —n)log N + %]
<c¢(1—=n)- NlogN. (2.5)

With this and by Lemma , we deduce that

P(ANB
P(4) — P(AIB)| = |P(AN B) + P(An By — ZANDB)
P(B)
1
< P(ANB) ‘1— W} + P(AN BY)
1 - P(B)
———= + P(B°
< ~pm) PP
cN—H2 142
B —1+2n
~—1—cN-1+2m el
< 3eN M
By Markov’s inequality and by the definition of A
[N—1 1
P(A|B) =P ——— > N¥="|pB
AB) =P |Y o—gp
TN-—1
1
E B
1 |wy = &2
< L
- N2(1-n)
c(l —n)Nlog N C(l —n)log N
— N2—27 - N1-2n :
Then, finally
log N 3¢
P(A) < P(A|B) + |P(A) = P(A|B)] = (1 = )37, + wriay
log N
<K- N2’
as desired. U

Proof. (of estimate [2.3])

Recall that

- 1
En(w,d) := > s
&< 57 !
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By definition, and by the condition sup |w —¢&| < /N, for w € T'y
wel' N

Exlwe,d) = En(w,0)| =| >

VAN
|<3
[\)

—~

S

)

|

L

~— —

—

S

|

L

N—

|f—£j|§N%
We split
1 - 1 I B
(we —&)(w—¢&) (we—&)w—8&) (we—§&)*  (we—§)?
1 L],
Cwe—& lw—§&  we—§&]  (we—§)?
1 We — W 1

we— & (we — &) w—§) | (we —&)?

As Jwe — w| < ¢3/N and (we — w) does not depend on the summation index

N B 2 1
By(we,8) — Ex(w.8)] < 2 *
N (we, 0) N (w )’ N2 |§—§j|z§: . (we — &)*(w — &)

1-9
N 2

Co 1
N 2 (we — &5)?

1
[€=&1<—=5
N 2

Iterating this procedure, for every [ > 1, adding and subtracting (we —&;) ", we get

~ ~ ct 1
En(we,8) — Ex(w,d)| < =% 2.6
N( 13 ) N( )’ Nl Zl (wg—fg)l(w—fj) ( )
|€_£J|S #
-1
Cy 1
2SN D ey B
k=1 le-&5l<—s !

We note that w appears only in the first summand; the second summand only we
comes out. We choose [ large enough so that
[+1

5 -
<1+s
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in order to be able to achieve a bound of (2.6)).

By Lemma [2] there exists C' = C'(§) > 0 such that, except perhaps for an event of
probability at most C/N?, we have

1 1
N(U)g,w) =0 and N(w&W) < N2§,

Then, since under this event (by assumption (ii))

1 1

w =& = [wj — & = [we —w[ = N1/2+6/2 N

1 1 C
= N2tz 1- N1/2-5/2 = N1/2+6/2°

we can bound the terms of the first summand ({2.6]):

1
N~ < N°!
Z lwe — &' |lw — &5 Z

1
|w£_§j\§m

|’I»Ug_§j|§N1/21,§/2
_ 146 146
< N lN25Nl 5 N 2

1456

- NUENEE - N,

with 5 5 5 5
1-— 1+5 1 1-— 1-5
=1 — = —(1— >
v +1 ) i 2( 59) +1 52
because(5<l+—1.
[+5

"

This occurs with probability at least 1 — and therefore with this high proba-

mv
bility we have the first summand (7) bounded by CN'™7,

Now we bound the other summand (term (8)).

1-6 1 - 1
By Lemma H with n € (T’ 5) we have E ———— < N?077) with probabil-
; J

) log N i
ity 1 — KW or higher.

We also use this well-known inequality for ¢P-norms: if {z;}; is a sequence in
Cand 1 <p<gq< oo, then

) (5

We use this with p = 2 and ¢ = kK + 1 > 2. Then, with probability at least
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log N

1=K

_ _ 1
S ) M B SR

k=1 lwe —&;|<N—1/2+8/2 we—&1<——
N 2
-1 -1
< ' Z kaN(Qan)% _ C/len ZkaJr(lfn)k
k=1 k=1
-1 1 k 00 1 k
vy (w) =% ()

1
— Nl—n N7 ~ Nl—?n

l— 57
As 2n < 1, there is a § > 0 with N'=27 < N9, O

1
Proof. (of estimate 1) We set n = 5(1 —§) and consider, as before, the event

146

) =0},

Recall that A (see Observation is a Bernoulli with parameter p = v(D.(we, N~ 72 )) =

B={w : N(we, N =0} = {w : N(we, N~

N—(1+6)
11 N+ ~ N-(1+9) by Proposition [2l Therefore
N-1 C
P(B)=(1-p)"" 21- 45, (2.8)
because
—log P(B) = —(N —1)log(1 —p) < Np~ N7°
that is

_c C
P(B) <e w° %1—m.
Then, by the independence of the £ 7=1,...,N — 1, and by the inequality
S
given on the proof of the 1emma (1—n=12
TN—1

E“EN(wf)r’B}:E > 1 .,f‘B

1
_E —‘B
Z::!ws—fﬂz

1496
< C’%Nlog]\f.
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C
From 1} P(B°) < No and therefore
C

P <|EN(w§)| > N1‘7> <p <|E'N(w§)| > N177| B) +

Using Markov’s inequality and the above estimate,

N L E[IBv@oP|B] ¢
P (1By(w| > N'0) <~
NlogN C
N NG
log N C

<C

1—90
Taking v € (O, T) we have 1 — 2y > ¢ and therefore

log N

lim N2

N—oo 1 - 0

Then,

This completes the proof of the estimate (2.4) and therefore the Theorem. [J



Chapter 3

Probabilistic model: coefficients of
the polynomial (GAFSs)

3.1 Local repulsion of this model

We begin this chapter by explaining informally why it is reasonable to expect local
repulsion of the zeros of polynomials with random coefficients. Before going into
this, we look at the following figure. All the three samples shown are portions of
certain translation invariant point processes in the plane, with the same average
number of points per unit area. Nevertheless, they visibly differ from each other
qualitatively, in terms of the clustering they exhibit.

. .. e * v . . . .
L . o %t . . * * . e e .
. L] . * . e
P . ds o . . * . . . .
[ ] - L ] - L]
Pe . . L ] . . .« LI
. . e * . . M .
... - . [ ] . . . . g L ] -
P . . e o * * e * *
P T s * . . . e . . s . * .
. . % " L i) . . e
.
- - . - L] . - . . .
. * . . ., - . . . .
. . ..o % . . . . . . A P
o'-i." * . * . ¢ * * ’ ¢ ‘. 1
™ ‘.l.! . . * L] °
™ . . e * . .. ., . . . . ® . . .
- . d . * . . *
L] * L] L] .
o LR -’ % . * P ® . o . -’
. * . . . o . . . . . .
. . . e * o
.. ... ‘e . . . * . " o : . * .. *
.
. . : h P . . ‘. . . N ..
.. * * * o-. .. * ..O $° . . * * ..
.
b . a --- . ® L a * L3 * et b

Figure 3.1: The figure on the left corresponds to the model in Chapter [2] and the figure on the
right corresponds to the model in Chapter (3| (J. Ben Hough)

We try to understand the phenomenon of local repulsion observed in the central

33
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figure above. A heuristic explanation is as follows: consider a polynomial

N-1
= g akzk + 2N
k=0

where the coefficients are random variables and let us see how the random roots of
pn are distributed. This is just a matter of looking at the change from coefficients
to the roots.

,’:]2

Lemma 4. Let py(z (z — &) have coefficients a, 0 < k < N — 1,

k=1
p(2) =2 + a1 2N 4 ayz Fag.
Then the transformation T: C" — C" defined by
T, ..., ¢n) = (an—1,---,0a0),

has real Jacobian determinant H & — &7
i<j

Proof. Let us consider the Jacobian matrix J, constructed by the transformation
T(&1,89,&5,...,&n). Tt has the following form:

dan_1 dan_1 dany—1 . Odan_1 Oan_:1
06 0&2 0¢3 96N —1 N
an_2 an 2 dan_o an_2 Odan_2
(31 02 03 0EN—1 N
dan_3 dan_3 dan-_3 . Oan—3 Oan_3
J’ — &1 partial&a 0¢&3 OEN_1 0EN
day Qa1 dar |, dax Har
&1 082 3 OEN—1 OEN
9ag daq fag | dag Hag
31 &2 3 OEN—1 0N

To compute the coefficients, we consider the polynomial

p(2) =2 a2V M+ Fag
N

:H(Z—fk)
Zék N4 Y &gz DY YT GGy

1<i j<n 1<t sin <N

where we used Vieta’s formula for computations. This gives an expression of the a;
in terms of the ¢;.
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Compute the derivatives:

dan_1 _ dan_y L dan_1 _
851 852 85]\7 ’
dan 2 .
= ) 1 = ]_, cey N
da '
a; = (=D Z Eir+ Cinoa i=1,...,N
’ 1<iy,myin—1<n
i #i

As we can see from computations of derivatives, det(.J) is a polynomial in the vari-
N(N —-1)

ables &,...,&y. Itsdegreeis 1 4+2+---+ N —1= 5

By the symmetry in ¢;’s it follows that if § = ; for some j # i, then the ith
and jth column are equal and the determinant det(.J) vanishes. Thus, the deter-

minant is divisible by 1_[(5Z —¢;). Since the degree of the polynomial is equal to
i<j
N(N —-1)

5 , we have:

det(J) = C TJ(& - &)

i<j
We conclude that C = (—1)NW+D/2 Thus, we get:
[det()* =[] 1& - &P,
i<j

because we are looking for the real Jacobian determinant |det(J)[?. O

The Lebesgue measure of the coefficients is pulled back to the measure

(H 16 — @-\2> dm(¢),

1<j

which is small near the zeros {{;}. Thus, given a fixed zero ¢, it is unlikely to find
another one nearby. That is, there is negative correlation between the zeros.

This makes the probability of finding multiple zeros zero and the probability of
finding zeros very close to each other very small, since the coefficients of the poly-
nomials are random variables and locally the probability measure is uniform in the
coefficients.
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3.2 (aussian analytic functions

For this section we have used the references [HKPVQ9], [Fell13], [NS10] and [Sod04].

A Gaussian analytic function (GAF) is a random element of the space of analytic
functions on a certain domain in the complex plane. Given a domain 2 C C let
H(Q) be the space of analytic functions with the topology of uniform convergence
on compact subsets of €2.

Definition 3.2.1. (GAF) Let H C H(2) be a Hilbert space and let {ex(z)}r be an
orthonormal system in H with Z ler(2)]? < 400 uniformly on compact subsets of

k
H. Then a Gaussian Analytic Function (GAF) is a function of the form:

F(z) = Z arer(z)

where ay, ~ N¢(0,1) i.i.d.

Remark 3. As a; ~ Nc(0,1) ii.d., for any fized z € Q the value F(z) is a
linear combination of zero mean Gaussians, and therefore F(z) follows a normal
distribution with mean 0.

Example 1. The Complex Plane: Let 2 = C and L > 0. Consider the Segal-
Bargmann space of weight L > 0

M= {7 € HO) < 11, =7 [ IR dm(z) < +o}.

This is a Hilbert Space with inner product

i, = = [ £ dm(2)

and the functions ep(z) = ﬁzk form an orthonormal basis of Hr. Then if

an ~ Ng(0,1) (ii.d.), a GAF in the complex plane is
F(z)= Zak\/ sz
k=0
This is the canonical example; the so-called planar GAF.

We can prove that F is a GAF on C using Proposition[fl The radius of convergence
of the series above is given by

1 1
r— - = — =00 a.S.
Ln n . 1 1 2n
lim sup |a,, V/Llim sup |a,|" ot
n—00 n! n—0o0 \_;1-/ n.
—0

We have that F is analytic on the entire plane. Also, it converges uniformly on
compact subsets.
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Example 2. The Hyperbolic Plane: Let Q =D = {z € C : |z| < 1} (unit disk)
and L > 1. Consider the weighted Bergman space

Bu={f e HO) : Il = == [ 1P~ 121" dm(z) < +oo},

™

This is a Hilbert Space with inner product

(e === [ 10~ )" dm(

L(L+1)---(L -1
It can be checked that the functions eg(z) = \/ (L+1) k;'( k >zk = (LJr;:*l) P

form an orthonormal basis of Br.Hence, if ap, ~ N¢(0,1) (i.i.d.), a GAF in the unit

disk is
> L(L+1)---(L+k—1
F<Z):Zak\/ (L+1) k;'( ) k.
k=0 ’

Again, we can prove that F is a GAF on D using again Proposition [f]: the radius
of convergence r of the serie above is given by

1
n

1 L(L+1)---(L -1
— = limsup an\/ (L+1)---(L+n—1)
r n—00 n!
1
1 (L(L+1)---(L -1\
:limsup|an|'11< (L+1)-(L+n )) =1 as.
Thusr =1 a.s.

We have that F' is analytic on the unit disk.

3.3 Covariance kernel of a GAF

F(z) is Gaussian of mean 0, and therefore all the probabilistic properties are deter-
mined by Var[F(z)], or more generally, by Cov[F(z), F(w)].

Definition 3.3.1. The covariance kernel of a GAF F on §) is

K(z,w) = Cov[F(2), F(w)] = E [F(Z)F(w)] —E[F(2)|E[F(w)]

=E [F(z)m] : z,w € €.
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A formula that will be very important for next computations is:

(o) (57)

> ianen ak nCk— n( )]
— i ZE [anen(z)m}

_ Z en(2)er—n(W)Ela, @]

K(z,w)=E [F(z)m] =

Mg

o

8
e

— Zek (3.1)

by Proposition [3]

Observation 5. If F'(z) is a Gaussian (linear combination of Gaussians), we have
that E[F(2)] = 0 and Var{F(2)] = E[|F(2)])] — (E[F(2)])? = E[F(2) - F(2)) =
K(z,z). Then,

F(z)—0 _ F(z) ~ Ne(0,1)

Var(F(2)] K(z,z) ’

Example 3. Let’s compute the covariance kernel of the planar and the hyperbolic
GAFs.

Lk
The Complex Plane: by definition and since ex(z) = T 2",

o0 o0 Lk Zw
=D _ex(2ex T E )
k=0

k=0
using FEquation .

The Hyperbolic Plane: similarly, the covariance function (or kernel) is

K(rw) =Y HEFL 'l;:!(L R Gt = (1 — )t

=17

Remark 4. If F is a GAF on ), then for any z1,...,2z, € Q we have that
(F(21), .-y F(2n)) ~ NE(0,X) where ¥ = (83,);, and Sj =: K(2j,2,). As such
the covariance function (kernel) K(-,-) determines all finite dimensional marginals
of F, then K(-,-) on Q x Q determines distribution of F. F is Gaussian, and
therefore is determined by their mean and covariance.
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3.4 GAFs on the sphere

For any N > 1 consider the space

Py — {p e Py[C] : |Ipl|3 = (N + 1)/ Ip(2)]? dm(z) < +oo}.

c (L4 2PN w1+ 2[2)2

d
This norm is natural: the measure (17_7:—("2)‘2)2 = dv(z) is area measure in S? pro-
s z
2
jected in C, and the term M measures the size of p normalized by the
L+ [

degree.

This is a Hilbert space with inner product given by

(p, Q>7>N =

N + 1/ p(z )q(z) dm(z)
™ (L4 2N (1 + |2[2)?

— (N + 1)/ 1 iﬁ%N dv(z), p,q € Py

Lemma 5. The monomials

form an orthonormal basis of Py .

Proof. Tt is clear that {e;}4_, generate all Py, because Py has dimension N + 1
and e are, up to a constant, the standard monomials.

Let us see that these functions are orthonormal. By definition

_ N1 dm()i
(e nles /\/ \/ T+ 77 0+ 47

| )N
+oo  pmAnitl 10(n m)

dr df
(1 4+ r2)N(1 + r2)2
Since
271 .
/ ei(nfm)H de — { 0 lf n 7é m
0 27 if n=m
then

(en,em)py =0, if n#m.
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Also, for the case n = m, substituting > = u and =t and using the functions

+u
I' and  seen in the Preliminaries, we get

< > _5 N+1 N /-I—oo ,r2n+1 p
€n; Cn)Py = 4T T n 0 (1+T2)N(1+T2)2 r
N—f—l(N)l/J“X’ u'"
= - du
o (1+uw)N(+u)?
( ) (1—t)"-tN"at
< ) N—-n+1n+1)

( ) n+1;ﬁ5n+n

(N —n)!
(N+)w;an'(N+n

1
= — ':
N!XN' 1.

g

Definition 3.4.1. The Gaussian Analytic Function (GAF) in the sphere is the

random polynomial
Y (N
= k ~ 1) i.i.d.
2) kgoak <k>z . ag ~Ng(0,1) i

An important feature of this GAF is that its zeros are distributed proportionally
to the area of the sphere. This is actually the reason for the normalization we have
chosen.

In order to understand the probabilistic properties of py let us compute the co-
variance kernel of py using Equation (3.1)):

Observation 6. Using Observation [5, we have that

pn(2) — pn(z S22 LA ‘
Taon ! (2)(1+ [2]7) c(0,1)
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In the rest of this subsection we will see that the distribution of the zero set of
the above defined function on S? is invariant under the transformations ¢y con-
sidered in Section [T.1]

For other results about invariant zero sets see [HKPV09).
Proposition 8. The zero set of py is invariant in distribution under the automor-
phisms of the form

1422
Proof. Let py as in Definition and let A € C and 0 € [0,27). We define
G = py o px g, which is a GAF over S2.

prp(z) =€ AEC, 0el0,2n).

We need to prove that
(€S pu(2) =0 L {2 €% : G(2) =0}

where (d) means that the two sets have the same distribution.

The covariance kernel of G is:

2 — A W=\ =X w—A1\"
K —E i 2 1 io — (1 /
a(z,w) <pN (e 1+)\z)pN (e 1+/\w)> ( +1+)\zl+>\u‘1)
B ((1+\>\]2)(1+zw)>N

(14 Xz)(1 + o)
Therefore, we have that

{2 €$* : py(2) =0} @ {2682 : G(2) <(1+#|22>_2 —O}.

1+ A2)
N
. L+ A2\ 2
If we denote by Kg(z,w) the covariance kernel of H(z) := G(2) | ———
(1+Az)2
we have:
LopENE e\t
Ky(z,w) = Kg(z,w) (Lj) <L_|)
(14 Az)? (14 \w)?
B ((1+|A|2>(1+zw)>N< 14 A2 )‘N
(14 X2)(1 + o) (14 A2)(1 4 \w)
— (12 = Ky (2,w).
: 1+ A2
Notice that H and G have the same zeros because the factor ————— does not
(1+ Az2)?

vanish. By Remark (4| we have that H @ pn. The function H differs from G by a

multiplication with a nowhere vanishing function, then

(€S2 :G() =0 ={zeS: H(z) =0} 2 (€S : px(2) = 0.
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3.5 GAPF’s zeros. The empirical measure

In this section we want to prove that the zeros of the GAF are distributed, in av-
erage, as in the model considered in the previous chapter.

Let py € Py be a GAF on the sphere.

Definition 3.5.1. The empirical measure [i,, is the discrete measure

N
Hpn = Z 3
=1

where & are the zeros of py counted as many times as their multiplicity, and 0, is
the Dirac delta on &;.

If A is a set of C, we consider the random wvariable counting the number of ze-
ros of py in A

gy (A) = #(Zp (1 A) = / Qi

This random variable is the analog of the binomial of parameters N and p = v(A)
considered in the previous chapter.

It is well-known that the empirical measure coincides, in the sense of distributions
with the Laplacian of log |py|. Let us recall this briefly.

Definition 3.5.2. Let Q C C be a region and let pu be a finite measure over K C (),
where K is compact. A function g € L}, () is a solution of Ag = p on Q in a
distributional sense if

/Q 9(2) A6 (2) dim(z) = / b= du(z) Vo eCE(Q).

Proposition 9. Let py be a holomorphic polynomial and let p,, be the empirical

measure of its zeros. Then
1

Al
5-Alog IpN ],

Hpy =

in the distributional sense.

For more details, see [HKPVQ9] (chapter 2) and [BCO§| (empirical measure).

The average behaviour of Z(py) is described by the following measure which, in a
sense, is the average of the empiric measure g, .

Definition 3.5.3. The first intensity of the GAF py is the measure p defined by
<1u7 ¢> = E [(HPN’ ¢>] ) ¢ € C((:)O(Q)

In terms of integrals,

[oan=6([odu.). sccz@.
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The formula gives the measure that counts the average number of zeros of a GAF
in a set. In other words, the counting measure that maps a set S to the average
number of zeros of a Gaussian analytic function contained in the set S.

Theorem 3.5.1. (Edelman-Kostlan formula) (see [HKPV09], p. 23) Let
NY .
pn(2) = Zaj ( ) 2, aj ~ Ng(0,1) d.i.d.

3=0 J

be the GAF in S* and let p,, denote its empirical measure.

Then the first intensity is given by the formula

u(z) = iAlog K,,(z,2) = Ndv(z), (3.2)

47

where the Laplacian A is understood in distributional sense and K, (z,z) is the
covariance kernel of py.

1 1
Observation 7. By formula the expectation of 2—A log [pn| is 2—A log E(|pn|),
T T
since E(|pn|?) = Kpy (2, 2).

Before proving Theorem [3.5.1] let us compute the first intensity for a GAF on
the sphere.

Then, since K, (z,w) = (1 + 2w)"Y and A = 499, we have

0 0
Alog (Kpy(z,2)) = 4N&£ [log(l + |z|2)}

0 z AN
0z (1+|Zl2) (14 [2]%)%

and the first intensity is

1 N dm(z)
= —Alog K, = ——-5=Nd
M(Z) 47T 0og pN(sz) T (1_|_ |Z|2)2 v,
where dv(z) corresponds to the invariant measure of the sphere.

This shows that the average number of zeros of the GAF in a region of the sphere
is proportional to the area of the region in SZ.

Proof. By Proposition [9] for any smooth function ¢ compactly supported in €

/Q 6(2) ditgy (=) = / AG(z) - log |px(2)] din(z).

21
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Taking expectations, we get

B | [ 6 e)| ~E| [ a0:) - s ool dm2)

= [ 20(:)5-Bllog px (2] am(:) 3.3

by Fubini’s theorem. Now we are going to justify the application of this theorem
seeing that
e|
Q

| [ 186015 Hog ()l dmn(:)| = [ 1805 & [Hog ()] dm).

A9(=) 5 logpx ()| dm(2)

}<—|—oo.

We note that

For a fixed z € Q, py(2) is a complex Gaussian random variable with mean zero and
variance K, (z, z). Therefore, by observation @ if a is a standard complex Gaussian
variable

E[llog|pn(2)[]] = % ‘ +log |/ Kpy (2, 2)
:E[|1Og|a||] +1Og KPN(ZVZ)

|22

= [ 1oz i1 dm(:) + oz Ky (2,2
= /000 2p| log(p)|e ™" dp + élog | Kpy (2, 2)]
= [ logtr)le " dr+ 5 log Ky 2,2
= C+ %log | Kpy (2, 2)];

for a finite constant C.

Then we can apply Fubini’s theorem to obtain Equation (3.3]).

If we denote by a a standard complex Gaussian, we deduce that
pn(2)

+log /Ky, (2, 2)
KPN(’Z?Z)

1
= E[log |a|] + 5 log K, (2, 2)

1
=v+ 5 log K, (2, 2)

Ellog [pn(2)[] = E |log
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where 7 is a constant independent of z. Thus:

B | [ 061 ()] = [ - 8log By (e 20602) (),

and by the definition of the first intensity we have
1
u(z) = EAlog K,,(z, z).
O

We have just seen that the mean distribution is like the area of the sphere, and is
therefore invariant by rotations of S$? (or the transformations ¢, 4 in C). In Propo-
sition [§] we have seen that not only the expectation is invariant.

Now, we present the result of Sodin that two GAFs having the same first inten-
sity are essentially equal. In particular we get the remarkable conclusion that the
distribution of the zero set is completely determined by its first intensity! We first
name a standard fact from complex analysis that will be used in the proof of the
Theorem.

Lemma 6. Let K(z,w) be analytic in z and anti-analytic in w (i.e., analytic in W)
for zxw e Qx Q. If K(z,2) =0 for all z € Q, then K(z,w) =0 for all z and w
from 2.

Sodin discovered the following result and related it to Calabi’s rigidity theorem
in complex geometry (see [HKPV09], Chapter 2).

Theorem 3.5.2. (Calabi’s rigidity). Suppose f and g are two GAF's in a region )
such that the first intensity measures of Z(f) and Z(g) are equal.

Then there exists a nonrandom analytic function ¢ on € that does not vanish any-
where, such that, with probability 1,

In particular,

Corollary 3.5.1. The random power series of the GAF on S? described above is,
the only GAFs [up to multiplication by deterministic nowhere vanishing analytic
functions] whose zeros are isometry-invariant under the automorphism oy, A € C.

3.6 Fluctuations of the zero set of an S GAF

This section is based in the references [Buclh] and [Arr19).

Here we are going to measure the rigidity of this point process by evaluating the
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variance of some counting random variables.

Let A C C and consider the counting random variable

ni(A) = #(Z(F) N A) _/duF.

A

To see how fluctuates ng(A) we compute its variance using this general result:

Theorem 3.6.1. (see [Arrl9], p. 33) Let F' be a GAF on a Hilbert space H C H(2)
and let A be a subset of Q with C* boundary. Let np(A) = #(Z(F)N A). Then

vl s [ it () e (i) o

where Kp(z,w) denotes the GAF covariance kernel and

_ |Ke(zw)?
I(z,w) = Krp(z,2)Kp(w,w)

Our goal is to compute the general formula for the S? GAF. For simplicity, we
consider A = D.(a,r) to be a chordal disk of radius > 0 and center a € C. Due to
the invariance under rotations on S?, the distribution of np(D,(a,)) is independent
of a, so we can just take ng(D.(0,7)).

Proposition 10. Let F be an S*-GAF. For a chordal disk D.(a,r), a € C and
r >0, we have:

2

N2 r o (1—s)Y s 1
Varing(De(a,r))] = gm/o 1-(1-s)N1—s \/1 (1 +r2)2 ds.
42

S

We comment a little this formula (without doing the computations): when N —
oo, we have that

=(5) 5 1_(2)2> 1+o0(1),  (34)

where ( is the Riemann zeta function, i.e.

Var[ng(D.(a,7))] = (W <3>

((s) = Zn’s, Re(s) > 1,

and o(1) is a term tending to 0 as N — +oo. The formula (3.4) comes out of
looking at the dominant term in the integral.

Fixed 7 > 0, Var[np(D.(a,7))] ~ v/N, and that this is much less than in the
other case, which is what we will see now.
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Let’s compute the variance of ng(D.(a,r)) in the first model: fixed an r > 0,
we have that the random variable ng(D.(a,r)) follows a binomial distribution with
2

parameters N and p = v(D.(a,r)) = 11; 5
”
Varnp(De(a,r))] = Np(1 - p)

7’2

=N (3.5)

Comparing Equations (3.4) and . we see that the GAF case gives a variance
of the order of VN, Wthh is much smaller than the variance in the first model
which is of the order of N. The GAF zeros, despite having the same average as the
uniform model, have more rigidity.

Now we prove Proposition [I0]
Proof. Since F is an §* GAF, we have that Kr(z,w) = (1 + zw)".

Then

|Kp(z,w)]* 1 +zw |1+ zw*Y

I(z,w) = Kp(z,2)Kp(w,w) — (1+22)N1+ww)N (14 [2)V(1 + [w]2)V

Computing the derivatives that appear in the formula of Theorem [3.6.1}

0z \ Kp(z,2)) 02 \(1+ [N A R
0 (Kelew)) 0 (UYL (et
ow (Kp(w,w)) ow <<1+’w’2)N) N( )(1—|—]w’2)N+1‘

Also,
1 _ (142N + [w[*)Y
L—1I(z,w)  (L+ [N+ Jw)N — |1+ 2wV
Taking polar coordinates, for a given r > 0 and denoting z = re? and w = re®, for
all 0, ¢ € (0,2m):

Var[ng(

/ / 11+ 202V 2(2 — w)? T
zZdw
~4n? Jop Jop (U 2PN [wP)NH =1+ 2wV (1 + [22)(1 + [w]?)

/27’1’/271' |1+7, 6 1(0—9) |2N 2(7”619 Tezd)) |D( )| d9d¢
471'2 1_’_702 2N+2 _ |1+7’2€Z9 ?) ’2N( +7r )

where |D(6, ¢)| denotes the determinant of the Jacobian matrix:

—ire " 0
‘D<07 (b)’ - H 0 _Z're—zkz)

‘ _ ‘_r267i(9+¢>)‘ — p2pmi(0+0)
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Using the change of variables ¢t = 6 — ¢, we obtain:

Var[ng(D, (
B / /27r |1 4 61(9 ?) |2N 2( 2i0 _ 9t i(0+¢) + e2z¢) —i(0+9)
o 47?2 _Hn2 2N+2 _ ‘1 1 r2ei(0—0) ’2N(1 i 7.2)

N2p4 2r 19 i(0—¢)|2N=2(i(0—¢) _ 9 i(p—0)
_ ] + rle \ (e +e ) d0do
A2 1 +T2 2N+2 ’1 +T2€'L (60— ¢)‘2N(1 + 2)2

N24 1 210¢2N21_ 0—¢)|2
_ // 10PN o

471'2 1_{_7~2 2N+2 __ |1_|_7a2619 ¢)|2N( + 2)2

d0de

‘1—|—7” ezt|2N 2|1 zt|2
B 47T2 U+ (L 22N — 1+ 2eipy] @

B N2 7,.4 /27r |1 + T2€Zt|2N |1 1t|2
C2m (L4122 g (41D — |1+ 22N |1 + r2eit |2
Observe that

11+ 72> = (14 1%cost)? + (r’sint)? = 1 + 2r? cost + r*

272
—————(1 —cost
| )
1 —¢"? = (1 —cost)? + (sint)> = 1 — 2cost + cos’t +sin’t = 2(1 — cost).

= (14+7%)? = 2r*(1 — cost) = (1 + r?)? [1 _

Therefore

Vafur (D, 1) = - (11 ) [ gyt - »

1— [1 - %(1 —cost)r

X dt

22 N
T (1 —cost)}

1 =
oo 1472 0 92

N
1-— |:1 — m(l — COSt):|
1-— t
% _ COS dt
2r
— —(1 n 7’2)2(1 — cost)

because the integrand is an even function. Substituting the variable

212

= m(l — cost),
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we get
2 2
ds = —— sintdt
(1+12)2
2r2 1472 \/ + 7
1- sdt
(1 +72)2 Vs
1+ 2\[\/ sl
Also s(0) =0 and s(m) = m so we obtain the final formula for the variance
r
2
2N? ro\* [aee (1—s)V (HT Po1+2 1
Vi D.(a, =— —
1
X ds

1 2\2
Q)
4r2

r2
CN? /uirzﬂ 1—sN s 1
S 2m 142 1—(1—3)N1—s\/ (1+12)?
1—+——"s
4r2

ds.

3.7 Pairing of zeros and critical points

In this section we state Boris Hanin’s result on pairing of zeros and critical points
for the GAF.

Let py be a GAF in S? and let the set of critical points

Clpn) = Z(py) = {z € C : piy(2) = 0}
Theorem 3.7.1. (Theorem 1 in [HanI5l)]) Let py be a GAF in S?, and suppose

that it is conditioned to have py(§) = 0 for a fized ¢ € C\ {0}. Then, for all
e € (0, %) the probability that there exists a unique critical point in the annulus

1 1
An: (&) = {ZE(C : i <|lz=¢l < le}

1
and no critical points closer to & s at least 1 — o (W)

More formally: let the events
Eno(§) = {w : #C(pn) N An.(§) = 1},
B30 = {u s #0m)n D (& 5 ) =0},
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Then there exists C' > 0 independent of N such that
C

P (O NER(9) 21— —

The exponent N~%/2 shows that the pairing probability is significantly higher

than the previous model (N~° § < 1). This is in accordance with the fact that
GAF is more rigid.
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