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Deomposition of high-order statistisRemi Abgrall, Pietro Maro Congedo, Gianlua Gerai,Gianlua IaarinoProjet-Team BahusResearh Report n° 8193 � Deember 19, 2012 � 37 pages
Abstrat: ANOVA analysis is a very ommon numerial tehnique for omputing a hierarhyof most important input parameters for a given output when variations are omputed in terms ofvariane. This seond entral moment an not be retained as an universal riterion for rankingsome variables, sine a non-gaussian output ould require higher order (more than seond) statistisfor a omplete desription and analysis.In this work, we illustrate how third and fourth-order statisti moments, i.e. skewness and kurtosis,respetively, an be deomposed. It is shown that this deomposition is orrelated to a polyno-mial haos expansion, permitting to easily ompute eah term. Then, new sensitivity indies areproposed basing on the omputation of the kurtosis. An analytial example is provided with theexpliit omputation of the variane and the skewness. Some test-ases are introdued showingthe importane of ranking the kurtosis too.Key-words: high-order statistis, skewness, kurtosis, Unertainty Quanti�ation.



Déomposition des statistiques d'ordre élevéRésumé : L'analyse ANOVA est une tehnique numérique pour alulerune hiérarhie des paramètres les plus importants pour une sortie spéi�quequand les variations sont alulées en terme de variane. La variane ne peutpas être onsidérée omme un ritère universel pour lassi�er les variables, vuqu'une sortie non-gaussienne pourrait demander des statistiques d'ordre plusélevé pour une desription et une analyse omplètes. Dans ette étude, nousillustrons omment les moments statistiques d'ordre trois et quatre peuventêtre déomposés. De plus, on montre que ette déomposition est orrélée avele développement du Chaos Polynomial, e qui permet de aluler failementhaque terme. Ensuite, des indies de sensibilité nouveaux sont proposés qui sebasent sur le alul du kurtosis. Un exemple analytique est fourni ave le alulexpliite de la variane et de la skewness. D'autres as-tests sont introduits quipermettent de montrer l'importane du kurtosis.Mots-lés : statistiques d'ordre élevé, skewness, kurtosis, quanti�ation desinertitudes



Deomposition of high-order statistis 31 IntrodutionOptimization and design in the presene of unertain operating onditions, ma-terial properties and manufaturing toleranes poses a tremendous hallenge tothe sienti� omputing ommunity. In many industry-relevant situations theperformane metris depend in a omplex, non-linear fashion on those fatorsand the onstrution of an aurate representation of this relationship is dif-�ult. Probabilisti unertainty quanti�ation (UQ) approahes represent theinputs as random variables and seek to onstrut a statistial haraterizationof few quantities of interest. Several methodologies are proposed to takle thisissue, most of all foused on stohasti spetral methods [1, 2, 3, 4, 5℄, that anprovide onsiderable speed-up in omputational time when ompared to MonteCarlo (MC) simulation. In realisti situations however, the presene of a largenumber of unertain inputs leads to an exponential inrease of the ost thusmaking these methodologies unfeasible [6℄. This situation beomes even morehallenging when robust design optimization is takled [7, 8℄.Several UQ methods have been developed with the objetive of reduingthe number of solution required to obtain a statistial haraterization of thequantity of interest, suh as Sparse grid tehniques or adaptive mesh genera-tion. These tehniques an lead to a dramatial redution of the quadraturepoints for moderate dimensional problem, provided that the funtion has someregularity. Classial sparse grids [9℄ are onstruted from tensor produts ofone-dimensional quadrature formulas. Some Galerkin-based methods deals withmulti-resolution wavelet expansions [10, 11℄, domain deomposition in the ran-dom spae [12℄, adaptive h-re�nement [3℄ for dealing with arbitrary probabilitydistributions.Among the olloation-based stohasti spetral methods, in [13℄ they pro-posed the use of sparse grid quadrature for stohasti olloation. Older stud-ies show the errors and e�ieny of sparse grid integration and interpolation[14, 15℄, Smolyak onstrutions based on one-dimensional nested Clenshaw-Curtis rules [14, 16℄ and the integration error of sparse grids based on one-dimensional Kronrod-Patterson rules [17℄.An alternative solution for reduing the ost of the UQ method is based onapproahes attempting to identify the relative importane of the input uner-tainties on the output. If some dimensions ould be identi�ed as negligible, theyould be disarded in a redued stohasti problem. If the number of unertain-ties ould be redued, a better statisti estimation ould be ahieved with alower omputational ost.Conerning the omputation of the most in�uent parameters, it is importantto determine the unertain inputs whih have the largest impat on the variabil-ity of the model output. In literature, Global sensitivity analysis (GSA) aimsat quantifying how unertainties in the input parameters of a model ontributeto the unertainties in its output (see for example [18℄), where global sensitiv-ity analysis tehniques are applied to probabilisti safety assessment models).Sometimes, GSA lassi�es the inputs aording to their importane on the out-put variations and it gives a hierarhy of most important ones.Traditionally, GSA is performed using methods based on the deompositionof the output variane [19℄, i.e. ANOVA. The ANOVA approah involves split-ting a multi-dimensional funtion into its ontributions from di�erent groupsof subdimensions. In 2001, Sobol used this formulation to de�ne global sen-RR n° 8193



Deomposition of high-order statistis 4sitivity indies [19℄, displaying the relative variane ontributions of di�erentANOVA terms. In [20℄, they introdued two High-Dimensional Model Redu-tion (HDMR) tehniques to apture input-output relationships of physial sys-tems with many input variables. These tehniques are based on ANOVA-typedeompositions.Sine it requires a large number of funtion evaluations, several tehniqueshave been developed to ompute the di�erent so-alled sensitivity indies at lowost [21℄. In [22, 23, 24℄, generalized Polynomial Chaos Expansions (gPC) areused to build surrogate models for omputing the Sobol's indies analytiallyas a post-proessing of the PC oe�ients. In [6℄, they ombine multi-elementpolynomial haos with analysis of variane (ANOVA) funtional deompositionto enhane the onvergene rate of polynomial haos in high dimensions and inproblems with low stohasti regularity. In [25℄, the use of adaptive ANOVAdeomposition is investigated as an e�etive dimension-redution tehnique inmodeling inompressible and ompressible �ows with high-dimension of randomspae. In Sudret [26℄, sparse Polynomial Chaos (PC) expansions are introduedin order to ompute sensitivity indies. An adaptive algorithm allows to builda PC-based metamodel that only ontains the signi�ant terms whereas the PCoe�ients are omputed by least-square regression.Other approahes are developed if the assumption of independene of theinput parameters is not valid. New indies have been proposed to address thedependene [27, 28℄, but this attempts are limited to a linear orrelation. In [29℄,they introdue a global sensitivity indiator whih looks at the in�uene of inputunertainty on the entire output distribution without referene to a spei�moment of the output (moment independene) and whih an be de�ned also inthe presene of orrelations among the parameters. In [30℄, a gPC methodologyto address global sensitivity analysis for this kind of problems is introdued.A moment-independent sensitivity index that suits problems with dependentparameters is reviewed. Reently, in [31℄, a numerial proedure is set-up formoment-independent sensitivity methods.The ANOVA-based analysis reate a hierarhy of most important input pa-rameters for a given output when variations are omputed in terms of variane.A strong limitation of this approah is the fat that it is based on the varianesine the seond entral moment an not be onsidered like a general indiatorfor a omplete desription of output variations. For example, any Gaussian sig-nal is ompletely haraterized by its mean and variane. Consequently the 3rdorder moment of a Gaussian signal is zero. Unfortunately, many signals enoun-tered in pratie have non-zero high-order statistis, but seond-order statistisontain no phase information. As a onsequene of this, phase signals annot beorretly identi�ed by a 2nd-order tehnique. Remark also that many measure-ment noises are Gaussian, and so in priniple the high-order statistis are lessa�eted by Gaussian bakground noise than the 2nd order measures. For welldesribing the omplexity of engineering systems, omputation of Higher-Order(HO) statistis are of primary importane, for example the third order, theskewness (measure of the non-symmetry of the distribution, i.e. any symmetridistribution will have a third entral moment of zero), and the fourth order,the kurtosis (measure of whether the distribution is tall or short, ompared tothe normal distribution of the same variane). Now, let us imagine to omputethe more in�uential parameters for a given output. The hierarhy of importantparameters based on 2nd-order statistial moment (like in ANOVA analysis)RR n° 8193



Deomposition of high-order statistis 5is not the same if a di�erent statisti order is onsidered. Depending on theproblem, a n-order deomposition ould be of interest. It seems of primaryimportane to ollet the set of hierarhies obtained from n-order statistialmoment deomposition, for a orret ranking of all the unertainties.For omputing HO statistis, the most di�used methods are related to MonteCarlo and quasi-Monte Carlo approahes. Very few papers exist showing theappliation of polynomial-haos tehniques to the omputation of HO statistis[32, 33℄.First objetive of this paper is to provide a general method in order to om-pute the deomposition of high-order statistis, then to formulate an approahsimilar to ANOVA but for skewness and kurtosis. The idea is to ompute themost in�uential parameters not only for the variane but also for higher orderspermitting to improve the sensitivity analysis. This is a fundamental step in or-der to formulate also innovative optimization methods for obtaining very robustdesigns by taking into aount a omplete desription of the output statistis.Seond objetive is to illustrate the orrelation between the high-order funtionaldeomposition and the PC-based tehniques, thus displaying how to omputeeah term from a numerial point of view.The paper is organized as follows. Setion �2 illustrates some de�nitionsfor high-order statistis. In setion �3, funtional deompositions for variane,skewness and kurtosis are presented. In setion �4, the orrelation betweenthe funtional deomposition and a Polynomial Chaos framework is depited.Setion �5 extend some sensitivity indies to high-order deomposition. Then,Setion �6 presents several results showing the importane of onsidering skew-ness in robust design problems and of omputing kurtosis sensitivity indieswhen ranking a set of unertainties. In setion �7, onlusions and perspetivesare drawn.2 High-order statistis de�nitionLet us onsider a real funtion f = f(ξ) with ξ a vetor of random inputs
ξ ∈ Ξd = Ξ1 × · · · × Ξn (Ξ ⊂ R

d) and ξ ∈ Ξd 7−→ f(ξ) ∈ L2(Ξd, p(ξ)), where
p(ξ) =

∏d

i=1 p(ξi) is the probability density funtion of ξ.We an de�ne the entral statistial moment of f of order n as
µn(f) =

∫

Ξd

(f(ξ)− E(f))np(ξ)dξ, (1)where E(f) indiates the expeted value of f
E(f) =

∫

Ξd

f(ξ)p(ξ)dξ. (2)In the following, we indiate with σ2, the variane (seond-order moment),with s the skewness (third-order), and with k the kurtosis (fourth-order). Wereall here some onvenient formulas for skewness s and kurtosis k (see A formore details). They an be omputed as follows
s = E(f3)− 3E(f2)E(f) + 2E(f)3

s = E(f3)− 3σ2E(f)− E(f)3,
(3)RR n° 8193



Deomposition of high-order statistis 6
k = E(f4)− 4E(f3)E(f) + 6E(f2)E(f)2 − 3E(f)4

k = E(f4)− 4sE(f)− 6σ2E(f)2 − E(f)4.
(4)These expressions are used for the funtional deomposition shown in thefollowing setions.3 Funtional deompositionLet us apply the de�nition of the Sobol funtional deomposition [19℄ to thefuntion f as follows

f(ξ) =

N
∑

i=0

fmi
(ξ ·mi), (5)where the multi-index m, of ardinality card(m) = d, an ontain only elementsequal to 0 or 1. Clearly, the total number of admissible multi-indies mi is

N+1 = 2d; this number represent the total number of ontributes up to the dth-order of the stohasti variables ξ. The salar produt between the stohastivetor ξ and mi is employed to identify the funtional dependenes of fmi
. Inthis framework, the multi-index m0 = (0, . . . , 0), is assoiated to the mean term

fm0
=
∫

Ξd f(ξ)p(ξ)dξ. As a onsequene, fm0
is equal to the expetany of f ,i.e. E(f). Let us assume, in the following, to order the N multi-indies mi inthe following way:

m1 = (1, 0, . . . , 0)

m2 = (0, 1, . . . , 0)...
md = (0, . . . , 1)

md+1 = (1, 1, 0, . . . , 0)

md+2 = (1, 0, 1, 0, . . . , 0)...
mN = (1, . . . , 1). (6)Exept the term m0, that should be the �rst in the series, the remaining Nmulti-indies mi should be lassi�ed with respet to a presribed riterion.However, this riterion does not a�et in any way the suessive ANOVA fun-tional deomposition.The deomposition (5) is of ANOVA-type in the sense of Sobol [19℄ if all themembers in Eq. (5) are orthogonal, i.e. as follows

∫

Ξd

fmi
(ξ ·mi)fmj

(ξ ·mj)p(ξ)dξ = 0 with mi 6= mj , (7)and for all the terms fmi
, exept f0, holds

∫

Ξd

fmi
(ξ ·mi)p(ξj)dξj = 0 with ξj ∈ (ξ ·mi) . (8)RR n° 8193



Deomposition of high-order statistis 7Eah term fmi
of (5) an be expressed as

fmi
(ξ ·mi) =

∫

Ξd−card(m̂i)

fmi
(ξ ·mi)p(ξ̄i)ξ̄i −

∑

mj 6=mi

card(m̂j)<card(mi)

fmj
(ξ ·mj),(9)where the multi-indexes, m̂i, have ardinality equal to the number of non-nullelements in mi and ξ̄i ontains all the variables not ontained in (ξ ·mi), i.e.

(ξ ·mi) ∪ ξ̄i = ξ.The funtional deomposition (5) is usually employed [19℄ to ompute theontribution of eah term to the overall variane, as shown in the next setion.3.1 Variane deompositionANOVA analysis is based on the variane deomposition in its onditional on-tributions. Variane an be written in terms of onditional expetany of f and
f2 as (see A for more details):

σ2 = E(f2)− E(f)2. (10)As a onsequene, the problem is to ompute E(f2), seeing that E(f) is knownand equal to fm0
. Starting from Eq. (5), it is easy to ompute

f2(ξ) =

N
∑

i=0

f2
mi

(ξ ·mi) + 2

N
∑

i=0

N
∑

j=i+1

fmi
(ξ ·mi)fmj

(ξ ·mj). (11)If the equation (11) is integrated in the stohasti spae and the orthogonalityproperty (7) is applied, variane an be deomposed as
σ2 =

N
∑

i=1

∫

Ξd

f2
mi

(ξ ·mi)p(ξ)dξ =

N
∑

i=1

∫

Ξ̂i

f2
mi

(ξ ·mi)p(ξ ·mi)d(ξ ·mi),(12)where the symbol Ξ̂i is employed to indiate Ξcard(m̂i) for brevity.Variane an be expressed as the summation of all the onditional ontribu-tions
σ2 =

N
∑

i=1

σ2
mi
. (13)So, a omparison with the equation (12) shows that

σ2
mi

=

∫

Ξ̂i

f2
mi

(ξ ·mi)p(ξ ·mi)d(ξ ·mi). (14)Then, the same type of analysis is applied to skewness and kurtosis.3.2 Skewness deomposition in onditional termsLet us extend the same proedure already presented in the previous setionto the omputation of the skewness. As shown in �2 (see A for more details),RR n° 8193



Deomposition of high-order statistis 8skewness depends on E(f), E(f2) and E(f3) (85). The skewness an be writtenin the following form
s =

N
∑

i=1

∫

Ξ̂i

f3
mi

(ξ ·mi)p(ξ ·mi)d(ξ ·mi)

+ 3

N
∑

i=1

N
∑

j=1
j 6=i

∫

Ξ̂ij

f2
mi

(ξ ·mi)fmj
(ξ ·mj)p(ξ ·mij)d(ξ ·mij)

+ 6
N
∑

i=1

N
∑

j=i+1

N
∑

k=j+1

∫

Ξ̂ijk

fmi
(ξ ·mi)fmj

(ξ ·mj)fmk
(ξ ·mk)p(ξ ·mijk)d(ξ ·mijk),(15)where Ξ̂ij = Ξcard(m̂ij) and Ξ̂ijk = Ξcard( ˆmijk).Here, a speial notation is introdued to ompute multi-indexes as mab···z ,

mab···z = ma⊞mb⊞· · ·⊞mz =







ma1 +mb1 + · · ·mz1
∣

∣

∣

∣

∣

∣ma1 +mb1 + · · ·+mz1

∣

∣

∣

∣

∣

∣

6=0

, . . . ,
mad

+mbd + · · ·+mzd
∣

∣

∣

∣

∣

∣mad
+mbd + · · ·+mzd

∣

∣

∣

∣

∣

∣

6=0






,(16)where the norm ∣

∣

∣

∣

∣

∣ ·
∣

∣

∣

∣

∣

∣

6=0
is de�ned as
∣

∣

∣

∣

∣

∣α
∣

∣

∣

∣

∣

∣

6=0
=

{

|α| if α 6= 0

1 if α = 0.
(17)Proof. Let us fous on the omputation of f3(ξ). Starting from (5), f3(ξ) anbe written as follows

f3(ξ) =

N
∑

i=0

f3
mi

(ξ ·mi) + 3

N
∑

i=0

f2
mi

(ξ ·mi)

N
∑

j=0
j 6=i

fmj
(ξ ·mj)

+ 6

N
∑

i=0

N
∑

j=i+1

N
∑

k=j+1

fmi
(ξ ·mi)fmj

(ξ ·mj)fmk
(ξ ·mk).

(18)The �rst term is split in
N
∑

i=0

f3
mi

(ξ ·mi) = f3
m0

+

N
∑

i=1

f3
mi

(ξ ·mi) (19)
RR n° 8193



Deomposition of high-order statistis 9and the seond term in
3

N
∑

i=0

f2
mi

(ξ ·mi)

N
∑

j=0
j 6=i

fmj
(ξ ·mj) = 3f2

m0
(ξ ·mi)

N
∑

j=1

fmj
(ξ ·mj)

+ 3fm0

N
∑

i=1

f2
mi

(ξ ·mi)

+ 3

N
∑

i=1

f2
mi

(ξ ·mi)

N
∑

j=1
j 6=i

fmj
(ξ ·mj).

(20)
For the third term, the mean ontribution is put in evidene

6

N
∑

i=0

N
∑

j=i+1

N
∑

k=j+1

fmi
(ξ ·mi)fmj

(ξ ·mj)fmk
(ξ ·mk) =

6fm0

N
∑

j=1

N
∑

k=j+1

fmj
(ξ ·mj)fmk

(ξ ·mk)

+6

N
∑

i=1

N
∑

j=i+1

N
∑

k=j+1

fmi
(ξ ·mi)fmj

(ξ ·mj)fmk
(ξ ·mk).

(21)
Moving some terms to the left side and integrating on the whole stohastispae Ξ, we obtain

∫

Ξ

f3(ξ)p(ξ)dξ − f3
m0

− 3fm0

N
∑

i=1

∫

Ξ̂i

f2
mi

(ξ ·mi)p(ξ ·mi)d(ξ ·mi) =

N
∑

i=1

∫

Ξ̂i

f3
mi

(ξ ·mi)p(ξ ·mi)d(ξ ·mi)

+ 3

N
∑

i=1

N
∑

j=1
j 6=i

∫

Ξ̂ij

f2
mi

(ξ ·mi)fmj
(ξ ·mj)p(ξ ·mij)d(ξ ·mij)

+ 6

N
∑

i=1

N
∑

j=i+1

N
∑

k=j+1

∫

Ξ̂ijk

fmi
(ξ ·mi)fmj

(ξ ·mj)fmk
(ξ ·mk)p(ξ ·mijk)d(ξ ·mijk),(22)where the underlined terms of the equations (20) and (21) are equal to zero,beause of the orthogonality, and beause fm0

does not depend on ξ.If we onsider that the variane omputed by the ANOVA funtional deom-position
σ2 =

N
∑

i=1

∫

Ξ̂i

f2
mi

(ξ ·mi)p(ξ)dξ, (23)that ∫Ξd f
3(ξ)p(ξ)dξ = E(f3(ξ)), and that f3

m0
= E(f)3, the left side of Eq.(22) is exatly equal to the skewness, s, as desribed in Equation (15).RR n° 8193



Deomposition of high-order statistis 10The number of terms that form the skewness an be estimated as Ts = N +N(N − 1) +
(

N
3

).If we onsider that N +1 = 2d, we an ompute the number of terms as a fun-tion of the stohasti dimension d
Ts = 2d(2d − 2) + 1 +

(

2d − 1

3

)

, with d ≥ 2. (24)In Table 1, the numbers of terms for an inreasing dimension up to �ve arereported ompared to the number of terms (2d − 1) allowing the omputationof the variane. Dimension Variane Skewness2 3 103 7 844 15 6805 31 5456Table 1: Number of terms in the funtional deomposition for the skewnessConerning the skewness, identifying eah onditional term beomes moredi�ult, with respet to the lassial deomposition of variane, beause of someterms depending from di�erent multi-indexes. However, it is possible to use anadditive form as follows
s =

N
∑

i=1

smi
, (25)where eah of the onditional term an be expressed as

smi
=

∫

Ξ̂i

f3
mi

(ξ ·mi)p(ξ ·mi)d(ξ ·mi)

+ 3
∑

mp

N
∑

mq 6=mp

mp⊞mq=mi

∫

Ξ̂i

f2
mp

(ξ ·mp)fmq
(ξ ·mq)p(ξ ·mi)d(ξ ·mi)

+ 6
∑

mp

∑

mp

q≥p+1

∑

mpqr=mi

r≥q+1

∫

Ξ̂i

fmp
(ξ ·mp)fmq

(ξ ·mq)fmr
(ξ ·mr)p(ξ ·mi)d(ξ ·mi),(26)with mpqr = mp ⊞mq ⊞mr.

RR n° 8193



Deomposition of high-order statistis 113.2.1 Kurtosis deomposition in onditional termIn this setion, we illustrate the deomposition of the kurtosis. The funtionaldeomposition based on the funtional Sobol form (Eq. (5)) is equal to
k =

N
∑

i=1

∫

Ξ̂i

f4
mi

(ξ ·mi)p(ξ ·mi)d(ξ ·mi) + 4

N
∑

i=1

N
∑

j=1
j 6=i

∫

Ξ̂ij

f3
mi

(ξ ·mi)fmj
(ξ ·mj)p(ξ ·mij)d(ξ ·mij)

+ 6

N
∑

i=1

N
∑

j=i+1

∫

Ξ̂ij

f2
mi

(ξ ·mi)f
2
mj

(ξ ·mj)p(ξ ·mij)d(ξ ·mij)

+ 12

N
∑

i=1

N
∑

j=1
j 6=i

N
∑

k=j+1
k 6=i

∫

Ξ̂ijk

f2
mi

(ξ ·mi)fmj
(ξ ·mj)fmk

(ξ ·mk)p(ξ ·mijk)d(ξ ·mijk)

+ 24

N
∑

i=1

N
∑

j=i+1

N
∑

k=j+1

N
∑

h=k+1

∫

Ξ̂ijkh

fmi
(ξ ·mi)fmj

(ξ ·mj)fmk
(ξ ·mk)fmh

(ξ ·mh)p(ξ ·mijkh)d(ξ ·mijkh)(27)Proof. The expetany of f4 (see �2) is needed. The term f4(ξ), based on thefuntional deomposition (Eq. (5)), an be omputed as the summation of �veterms:
f4(ξ) =

N
∑

i=0

f4
mi

(ξ ·mi) + 4

N
∑

i=0

f3
mi

(ξ ·mi)

N
∑

j=0
j 6=i

fmj
(ξ ·mj)

+ 6

N
∑

i=0

f2
mi

(ξ ·mi)

N
∑

j=i+1

f2
mj

(ξ ·mj)

+ 12

N
∑

i=0

f2
mi

(ξ ·mi)

N
∑

j=0
j 6=i

fmj
(ξ ·mj)

N
∑

k=j+1
k 6=i

fmk
(ξ ·mk)

+ 24
N
∑

i=0

fmi
(ξ ·mi)

N
∑

j=i+1

fmj
(ξ ·mj)

N
∑

k=j+1

fmk
(ξ ·mk)

N
∑

h=k+1

fmh
(ξ ·mh).(28)In the following, eah of the above terms is manipulated to isolate the kur-tosis expression (see (88)).The �rst term of Eq. (28) an be written as

N
∑

i=0

f4
mi

(ξ ·mi) = f4
m0

(ξ ·m0) +

N
∑

i=1

f4
mi

(ξ ·mi). (29)If it is integrated on the domain Ξd with a probability density funtion p(ξ), weobtain
N
∑

i=0

∫

Ξd

f4
mi

(ξ ·mi)p(ξ)dξ = f4
m0

+
N
∑

i=1

∫

Ξ̂i

f4
mi

(ξ ·mi)p(ξ ·mi)d(ξ ·mi).(30)RR n° 8193



Deomposition of high-order statistis 12The seond term of Eq. (28) an be expressed as follows
4

N
∑

i=0

f3
mi

(ξ ·mi)
∑

j=0
j 6=i

fmj
(ξ ·mj) = 4f3

m0

N
∑

j=1

fmj
(ξ ·mj) + 4

N
∑

i=1

f3
mi

(ξ ·mi)
∑

j=0
j 6=i

fmj
(ξ ·mj)

= 4f3
m0

N
∑

j=1

fmj
(ξ ·mj) + 4

N
∑

i=1

f3
mi

(ξ ·mi)fm0

+ 4

N
∑

i=1

f3
mi

(ξ ·mi)

N
∑

j=1
j 6=i

fmj
(ξ ·mj). (31)Integrating the above expression, it follows that

4

N
∑

i=0

∑

j=0
j 6=i

∫

Ξd

f3
mi

(ξ ·mi)fmj
(ξ ·mj)p(ξ)dξ = 4f3

m0

N
∑

j=1

∫

Ξ̂j

fmj
(ξ ·mj)p(ξ ·mj)d(ξ ·mj)

+ 4fm0

N
∑

i=1

∫

Ξ̂i

f3
mi

(ξ ·mi)p(ξ ·mi)d(ξ ·mi)

+ 4

N
∑

i=1

N
∑

j=1
j 6=i

∫

Ξ̂ij

f3
mi

(ξ ·mi)fmj
(ξ ·mj)p(ξ ·mij)d(ξ ·mij)

= 4fm0

N
∑

i=1

∫

Ξ̂i

f3
mi

(ξ ·mi)p(ξ ·mi)d(ξ ·mi)

+ 4

N
∑

i=1

N
∑

j=1
j 6=i

∫

Ξ̂ij

f3
mi

(ξ ·mi)fmj
(ξ ·mj)p(ξ ·mij)d(ξ ·mij),(32)where the barred term is equal to zero.The third term of Eq. (28) ould be deomposed as

6

N
∑

i=0

f2
mi

(ξ·mi)

N
∑

j=i+1

f2
mj

(ξ·mj) = 6f2
m0

N
∑

j=1

f2
mj

(ξ·mj)+6

N
∑

i=1

f2
mi

(ξ·mi)

N
∑

j=i+1

f2
mj

(ξ·mj).(33)When integrated on Ξ, we obtain
6

N
∑

i=0

N
∑

j=i+1

∫

Ξd

f2
mi

(ξ ·mi)f
2
mj

(ξ ·mj)p(ξ)dξ = 6f2
m0

N
∑

j=1

∫

Ξ̂j

f2
mj

(ξ ·mj)p(ξ ·mj)d(ξ ·mj)

+ 6

N
∑

i=1

N
∑

j=i+1

∫

Ξ̂ij

f2
mi

(ξ ·mi)f
2
mj

(ξ ·mj)p(ξ ·mij)d(ξ ·mij).(34)RR n° 8193



Deomposition of high-order statistis 13The double underlined term of Eq. (34) an be expressed as follows usingEq. (23)
6f2

m0

N
∑

j=1

∫

Ξ̂j

f2
mj

(ξ ·mj)p(ξ ·mj)d(ξ ·mj) = 6E(f)2σ2. (35)The fourth term of Eq. (28) requires more manipulations
12

N
∑

i=0

f2
mi

(ξ ·mi)

N
∑

j=0
j 6=i

fmj
(ξ ·mj)

N
∑

k=j+1
k 6=i

fmk
(ξ ·mk)

= 12f2
m0

N
∑

j=1

fmj
(ξ ·mj)

N
∑

k=j+1

fmk
(ξ ·mk)

+12

N
∑

i=1

f2
mi

(ξ ·mi)

N
∑

j=0
j 6=i

fmj
(ξ ·mj)

N
∑

k=j+1
k 6=i

fmk
(ξ ·mk)

= 12f2
m0

N
∑

j=1

fmj
(ξ ·mj)

N
∑

k=j+1

fmk
(ξ ·mk) + 12fm0

N
∑

i=1

f2
mi

(ξ ·mi)

N
∑

k=1
k 6=i

fmk
(ξ ·mk)

+12

N
∑

i=1

f2
mi

(ξ ·mi)

N
∑

j=1
j 6=i

fmj
(ξ ·mj)

N
∑

k=j+1
k 6=i

fmk
(ξ ·mk).(36)When integrated, it an be written as follows

12
N
∑

i=0

N
∑

j=0
j 6=i

N
∑

k=j+1
k 6=i

∫

Ξd

f2
mi

(ξ ·mi)fmj
(ξ ·mj)fmk

(ξ ·mk)p(ξ)dξ

= 12f2
m0

N
∑

j=1

N
∑

k=j+1

∫

Ξ̂jk

fmj
(ξ ·mj)fmk

(ξ ·mk)p(ξ ·mjk)d(ξ ·mjk)

+12fm0

N
∑

i=1

N
∑

k=1
k 6=i

∫

Ξ̂ik

f2
mi

(ξ ·mi)fmk
(ξ ·mk)p(ξ ·mik)d(ξ ·mik)

+12

N
∑

i=1

N
∑

j=1
j 6=i

N
∑

k=j+1
k 6=i

∫

Ξ̂ijk

f2
mi

(ξ ·mi)fmj
(ξ ·mj)fmk

(ξ ·mk)p(ξ ·mijk)d(ξ ·mijk),(37)where the �rst term is zero due to the orthogonality.
RR n° 8193



Deomposition of high-order statistis 14The last term of Eq. (28), �rst, is split into
24

N
∑

i=0

fmi
(ξ ·mi)

N
∑

j=i+1

fmj
(ξ ·mj)

N
∑

k=j+1

fmk
(ξ ·mk)

N
∑

h=k+1

fmh
(ξ ·mh)

= 24fm0

N
∑

j=1

fmj
(ξ ·mj)

N
∑

k=j+1

fmk
(ξ ·mk)

N
∑

h=k+1

fmh
(ξ ·mh)

+24
N
∑

i=1

fmi
(ξ ·mi)

N
∑

j=i+1

fmj
(ξ ·mj)

N
∑

k=j+1

fmk
(ξ ·mk)

N
∑

h=k+1

fmh
(ξ ·mh).(38)When integrated on Ξ, we obtain

24

N
∑

i=0

N
∑

j=i+1

N
∑

k=j+1

N
∑

h=k+1

∫

Ξ̂ijkh

fmi
(ξ ·mi)fmj

(ξ ·mj)fmk
(ξ ·mk)fmh

(ξ ·mh)p(ξ ·mijkh)d(ξ ·mijkh)

= 24fm0

N
∑

j=1

N
∑

k=j+1

N
∑

h=k+1

∫

Ξ̂jkh

fmj
(ξ ·mj)fmk

(ξ ·mk)fmh
(ξ ·mh)p(ξ ·mjkh)d(ξ ·mjkh)

+24

N
∑

i=1

N
∑

j=i+1

N
∑

k=j+1

N
∑

h=k+1

∫

Ξ̂ijkh

fmi
(ξ ·mi)fmj

(ξ ·mj)fmk
(ξ ·mk)fmh

(ξ ·mh)p(ξ ·mijkh)d(ξ ·mijkh).(39)The underlined term of the previous equations, (32), (37) and (39), an besummed up and olleted into the term
4fm0

(

N
∑

i=1

∫

Ξ̂i

f3
mi

(ξ ·mi)p(ξ ·mi) + 3

N
∑

i=1

N
∑

j=1
j 6=i

∫

Ξ̂ij

f2
mi

(ξ ·mi)fmj
(ξ ·mj)

+6

N
∑

i=1

N
∑

j=i+1

N
∑

k=j+1

∫

Ξ̂ijk

fmi
(ξ ·mi)fmj

(ξ ·mj)fmk
(ξ ·mk)

)

= 4E(f)s,(40)where fm0
= E(f) and the equation (95) is employed.Now, if Eq. (28) is integrated on the stohasti domain Ξ, if some termsare moved to the left side and Eqs. (30), (32), (34), (37) and (39) are used, the�nal form of the kurtosis expressed in term of its funtional deomposition (27)is obtained.The number of terms in the ase of the kurtosis deomposition in its ondi-tional terms is equal to
Tk = N +N(N − 1) +

(

N

2

)

+N

(

N − 1

2

)

+

(

N

4

)

. (41)The number of terms an be expressed as a funtion of the stohasti dimensionRR n° 8193



Deomposition of high-order statistis 15
d of the problem, employing N + 1 = 2d as follows
Tk =















1 + (2d − 2)

(

2d + 2d−1 −
1

2
+

1

2
(2d − 1)(2d − 3)

)

, with d = 2

1 + (2d − 2)

(

2d + 2d−1 −
1

2
+

1

2
(2d − 1)(2d − 3)

)

+

(

2d − 1

4

)

, with d ≥ 3.(42)Table 2 is obtained from Table 1 by adding the values for the kurtosis.Dimension Variane Skewness Kurtosis2 3 10 153 7 84 2104 15 680 30605 31 5456 46376Table 2: Number of terms in the funtional deomposition for variane, skewnessand kurtosisAlso in this ase, kurtosis (27) an be written using an additive form asfollows
k =

N
∑

i=1

kmi
, (43)where eah term kmi

an be omputed as
kmi

=

∫

Ξ̂i

f4
mi

(ξ ·mi)p(ξ ·mi)d(ξ ·mi) + 4
∑

mp

∑

q 6=p
mp⊞mq=mi

∫

Ξ̂i

f3
mp

(ξ ·mp)fmq
(ξ ·mq)p(ξ ·mi)d(ξ ·mi)

+ 6
∑

mp

∑

q 6=p
mp⊞mq=mi

∫

Ξ̂i

f2
mp

(ξ ·mp)f
2
mq

(ξ ·mq)p(ξ ·mi)d(ξ ·mi)

+ 12
∑

mp

∑

mq 6=mp

∑

mpqr=mi

r≥q+1

∫

Ξ̂i

f2
mp

(ξ ·mp)fmq
(ξ ·mq)fmr

(ξ ·mr)p(ξ ·mi)d(ξ ·mi)

+ 24
∑

mp

∑

mq

q≥p+1

∑

mr

r≥q+1

∑

mpqrt=mi

t≥r+1

∫

Ξ̂i

fmp
(ξ ·mp)fmq

(ξ ·mq)fmr
(ξ ·mr)fmt

(ξ ·mt)p(ξ ·mi)d(ξ ·mi),(44)where obviously mpqr = mp ⊞mq ⊞mr and mpqrt = mp ⊞mq ⊞mr ⊞mt.4 Correlation with Polynomial Chaos FrameworkThis setion is devoted to show how formulas of variane, skewness and kurtosisfrom the funtional deomposition are orrelated with the polynomial haosframework. If a polynomial haos formulation is used, an approximation f̃ ofthe funtion f is provided
f(ξ) ≈ f̃(ξ) =

P
∑

k=0

βkΨk(ξ), (45)RR n° 8193



Deomposition of high-order statistis 16where P is omputed aording to the order of the polynomial expansion n0 andthe stohasti dimension of the problem d

P + 1 =
(n0 + d)!

n0!d!
. (46)Eah polynomial Ψk(ξ) of total degree no is a multivariate polynomial formwhih involve tensorization of 1D polynomial form by using a multi-index αk ∈

R
d, with ∑d

i=1 α
k
i ≤ n0:

Ψk(ξ ·m⋆,k) =

d
∏

i=1
m

⋆,k

i
6=0

ψαk
i
(ξi) (47)where the multi index m⋆,k = m⋆,k(αk) ∈ R

d is a funtion of αk: m⋆,k =

(m⋆,k
1 , . . . ,m⋆,k

d ), with m⋆,k
i = αk

i /
∣

∣

∣

∣

∣

∣
αk
i

∣

∣

∣

∣

∣

∣

6=0
.Remark that, for eah polynomial basis, ψ0(ξi) = 1 and then Ψ0(ξ) = 1.Then, the �rst oe�ient β0 is equal to the expeted value of the funtion, i.e.

E(f). The polynomial basis is hosen aordingly to the Wiener-Askey shemein order to selet orthogonal polynomials with respet to the probability densityfuntion p(ξ) of the input. Thanks to the orthogonality, the following relationholds
∫

Ξ

Ψi(ξ)Ψk(ξ)p(ξ)dξ = δij〈Ψi(ξ),Ψi(ξ)〉 (48)where 〈·, ·〉 indiates the inner produt and δij is the Kroneker delta funtion.The orthogonality an be advantageously used to ompute the oe�ientsof the expansion in a non-intrusive PC framework
βk =

〈f(ξ),Ψk(ξ)〉

〈Ψk(ξ),Ψk(ξ)〉
, ∀k. (49)4.1 Variane deompositionFirst, we ompute the term E(f2) as follows

∫

Ξd

f(ξ)2p(ξ)dξ =

∫

Ξd

(

P
∑

k=0

βkΨk(ξ)

)2

p(ξ)dξ. (50)This term an be omputed easily due to the orthogonality :
∫

Ξd

(

P
∑

k=0

βkΨk(ξ)

)2

p(ξ)dξ =
P
∑

k=0

β2
k〈Ψ

2
k(ξ)〉. (51)As a onsequene, variane an be easily omputed as

σ2 = E(f2)− E(f)2 =

P
∑

k=1

β2
k〈Ψ

2
k(ξ)〉. (52)Finally, an expliit orrelation between the last expression and the Eq. (12)is found. As done for the the funtional deomposition of the variane (seeRR n° 8193



Deomposition of high-order statistis 17�3.1), let us ompute eah onditional term of the variane. Remembering theequation (13), eah onditional term an be omputed as
σ2
mi

=
∑

k∈Kmi

β2
k〈Ψ

2
k(ξ)〉, (53)where Kmi

represent the set of indexes in assoiated to the variable ontainedin the vetor (ξ ·mi):
Kmi

=
{

k ∈ {1, . . . , P} |m⋆,k = m⋆,k(αk) = mi

} (54)4.2 Skewness deompositionIn this setion, the onditional terms assoiated to the skewness are omputedstarting from the polynomial haos formulation. This proedure is the sameusually followed for the variane.After many manipulations (reported in B.1), the �nal expression for theskewness is given by
s =

P
∑

k=1

β3
k〈Ψ

3
k(ξ)〉

+ 3

P
∑

i=1

β2
i

P
∑

j=1
j 6=i

βj〈Ψ
2
i (ξ),Ψj(ξ)〉

+ 6

P
∑

i=1

P
∑

j=i+1

P
∑

k=j+1

βiβjβk〈Ψi(ξ),Ψj(ξ)Ψk(ξ)〉,

(55)
that is onstituted by the summation ofmonadi, dyadi and triadi interationsbetween the terms of the polynomial haos approximation. Remark that thisexpression has the same struture than that one obtained by means of thefuntional deomposition (see Eq. (15)).The number of terms omposing the skewness an be estimated by using
T = P + P (P − 1) +

(

P

3

). Then, onsidering that P + 1 = (n0+d)!
n0!d!

, the totalnumber of terms depends on both the total degree of the polynomial expansion
n0 and the stohasti dimension d. In Table 3, the numbers of terms for aninreasing dimension up to �ve and an inreasing polynomial order n0 up to �ve,are reported ompared to the number of terms (P ) allowing the omputation ofthe variane.

d \ n0 2 3 4 52 (5;35) (9;165) (14;560) (20;1540)3 (9;165) (19;1330) (34;7140) (55;29260)4 (14;560) (34;7140) (69;57155) (125;333375)5 (20;1540) (55;29260) (125;333375) (251;2667126)Table 3: Couple of terms (σ2; s) for several ombinations of stohasti dimension
d and total degree of approximation n0.In this ase, the identi�ation of eah onditional term beomes more di�-ult due to high-order interations between the polynomial terms of the basis.RR n° 8193



Deomposition of high-order statistis 18Remembering the equation (25), we an express eah onditional term as
smi

=
∑

k∈Kmi

β3
k〈Ψ

3
k(ξ)〉+ 3

∑

p∈Kmp

β2
p

∑

q∈Kmq−{p}

mp⊞mq=mi

βq〈Ψ
2
p(ξ),Ψq(ξ)〉

+ 6
∑

p∈Kmp

∑

q∈Kmq

q≥p+1

∑

r∈Kmr
mpqr=mi

βpβqβr〈Ψp(ξ),Ψq(ξ)Ψr(ξ)〉,
(56)where, as usual, mpqr = mp ⊞mq ⊞mr.4.3 Kurtosis deompositionThe onditional terms for the kurtosis are presented in this setion.Employing several manipulations (detailed in B.2), the equation (98) an bereast to reover the kurtosis, as it is written in Eq. (87)

k =

∫

f4(ξ)p(ξ)dξ − 4E(f)s− 6σ2E(f)2 − E(f)4

=
P
∑

k=1

β4
k〈Ψ

4
k(ξ)〉+ 4

P
∑

i=1

β3
i

P
∑

j=1
j 6=i

βj〈Ψ
3
i ,Ψj〉+ 6

P
∑

i=1

β2
i

P
∑

j=i+1

β2
j 〈Ψ

2
i ,Ψ

2
j〉

+12

P
∑

i=1

β2
i

P
∑

j=1
j 6=i

βj

P
∑

k=j+1
k 6=i

βk〈Ψ
2
i ,ΨjΨk〉+ 24

P
∑

i=1

P
∑

j=i+1

P
∑

k=j+1

P
∑

h=k+1

βiβjβkβh〈ΨiΨj,ΨkΨh〉.(57)The total number of terms to ompute is equal to
Tk = P + P (P − 1) +

(

P

2

)

+ P

(

P − 1

2

)

+

(

P

4

)

, (58)where the number of terms P depends from both the total degree of the ap-proximation n0 and the stohasti dimension of the system d: P + 1 = (n0+d)!
n0!d!

.The single onditional terms assoiated to the multi-index mi an be om-puted as
kmi

=
∑

k∈Kmi

β4
k〈Ψ

4
k(ξ)〉+ 4

∑

p∈Kmp

β3
p

∑

q∈Kmq−{p}

mp⊞mq=mi

βq〈Ψ
3
p,Ψq〉

+6
∑

p∈Kmp

β2
p

∑

q∈Kmq−{p}

mp⊞mq=mi

β2
q 〈Ψ

2
p,Ψ

2
q〉

+12
∑

p∈Kmp

β2
p

∑

q∈Kmq−{p}

βq
∑

r∈Kmr

r≥q+1
mpqr=mi

βr〈Ψ
2
p,ΨqΨr〉

+24
∑

p∈Kmp

∑

q∈Kmq

q≥p+1

∑

r∈Kmr

r≥q+1

∑

t∈Kmt

t≥r+1
mpqrt=mi

βpβqβrβt〈ΨpΨq,ΨrΨt〉.

(59)
In the next setion the sensitivity indexes are de�ned extending the lassialframework [19℄ based on the variane.RR n° 8193



Deomposition of high-order statistis 194.4 Numerial example on a toy-funtion: omputationand deomposition of high-order statistisIn this setion, an analytial example is provided with the exat omputationof the variane, skewness and kurtosis, showing the orrelation between the PCframework and the funtional deomposition.Let us onsider a funtion of total degree equal to two
f(ξ) = ξ21 + ξ1ξ2 + ξ22 , (60)with ξi ∼ U(0, 1). The exat solution for the expeted value E(f), the variane

σ2, the skewness s and kurtosis k are equal to
E(f) =

11

12

σ2 =
283

720

s =
5203

30240

k =
543521

1209600
.Moreover, the ANOVA funtional expansion is omputed as follows

f(ξ) = f0 + fξ1 + fξ2 + fξ1ξ2 , (61)where
f0 =

∫

Ξ2

f(ξ)p(ξ)dξ =
11

12

fξ1 =

∫

Ξ

f(ξ)p(ξ2)dξ2 − f0 = ξ21 −
1

2
ξ1 −

7

12

fξ2 =

∫

Ξ

f(ξ)p(ξ1)dξ1 − f0 = ξ22 −
1

2
ξ2 −

7

12

fξ1ξ2 = f(ξ)− fξ1 − fξ2 − f0 = ξ1ξ2 −
1

2
ξ1 −

1

2
ξ2 +

1

4
.

(62)
The overall variane σ2 an be omputed by means of the ANOVA expansionas

σ2 = σ2
ξ1

+ σ2
ξ2

+ σ2
ξ1ξ2

, (63)where
σ2
ξ1

=

∫

Ξ

f2
ξ1
p(ξ1)dξ1 =

139

720

σ2
ξ2

=

∫

Ξ

f2
ξ2
p(ξ2)dξ2 =

139

720

σ2
ξ1ξ2

=

∫

Ξ2

f2
ξ1ξ2

p(ξ)dξ =
1

144

(64)In this ase (d = 2), the number of terms to ompute for the skewness is 10.Considering the following nomenlature
fξ1 = fm1

fξ2 = fm2

fξ1ξ2 = fm3 ,

(65)RR n° 8193



Deomposition of high-order statistis 20the equation (15) an be written as follows
s =

∫

Ξ

f3
ξ1
p(ξ1)dξ1 +

∫

Ξ

f3
ξ2
p(ξ2)dξ2 +

∫

Ξ2

f3
ξ1ξ2

p(ξ)dξ

+ 3

(

∫

Ξ2

f2
ξ1
fξ2p(ξ)dξ +

∫

Ξ2

f2
ξ1
fξ1ξ2p(ξ)dξ +

∫

Ξ2

f2
ξ2
fξ1p(ξ)dξ

+

∫

Ξ2

f2
ξ2
fξ1ξ2p(ξ)dξ +

∫

Ξ2

f2
ξ1ξ2

fξ1p(ξ)dξ

∫

Ξ2

f2
ξ1ξ2

fξ2p(ξ)dξ

)

+ 6

∫

Ξ2

fξ1fξ2fξ1ξ2p(ξ)dξ.

(66)
Looking for an additive form for the skewness, i.e.

s = sξ1 + sξ2 + sξ1ξ2 ,the onditional skewness an be omputed as follows
sξ1 =

∫

Ξ

f3
ξ1
p(ξ1)dξ1 =

571

15120

sξ2 =

∫

Ξ

f3
ξ2
p(ξ2)dξ2 =

571

15120

sξ1ξ2 =

∫

Ξ2

f3
ξ1ξ2

p(ξ)dξ

+ 3

(

∫

Ξ2

f2
ξ1
fξ2p(ξ)dξ +

∫

Ξ2

f2
ξ1
fξ1ξ2p(ξ)dξ +

∫

Ξ2

f2
ξ2
fξ1p(ξ)dξ

+

∫

Ξ2

f2
ξ2
fξ1ξ2p(ξ)dξ +

∫

Ξ2

f2
ξ1ξ2

fξ1p(ξ)dξ

∫

Ξ2

f2
ξ1ξ2

fξ2p(ξ)dξ

)

+ 6

∫

Ξ2

fξ1fξ2fξ1ξ2p(ξ)dξ =
139

1440
.

(67)
The kurtosis an be omputed as

k =

∫

Ξ

f4
ξ1
p(ξ1)dξ1 +

∫

Ξ

f4
ξ2
p(ξ2)dξ2 +

∫

Ξ2

f4
ξ1ξ2

p(ξ)dξ

+ 4

(

∫

Ξ2

f3
ξ1
f2
ξ2
p(ξ)dξ +

∫

Ξ2

f3
ξ1
f2
ξ1ξ2

p(ξ)dξ +

∫

Ξ2

f3
ξ2
f2
ξ1
p(ξ)dξ

+

∫

Ξ2

f3
ξ2
f2
ξ1ξ2

p(ξ)dξ +

∫

Ξ2

f3
ξ1ξ2

f2
ξ1
p(ξ)dξ +

∫

Ξ2

f3
ξ1ξ2

f2
ξ2
p(ξ)dξ

)

+ 6

(

∫

Ξ2

f2
ξ1
f2
ξ2
p(ξ)dξ +

∫

Ξ2

f2
ξ1
f2
ξ1ξ2

p(ξ)dξ +

∫

Ξ2

f2
ξ2
f2
ξ1ξ2

p(ξ)dξ

)

+ 12

(

∫

Ξ2

f2
ξ1
fξ2fξ1ξ2p(ξ)dξ +

∫

Ξ2

f2
ξ2
fξ1fξ1ξ2p(ξ)dξ +

∫

Ξ2

f2
ξ1ξ2

fξ1fξ2p(ξ)dξ

)

,(68)RR n° 8193



Deomposition of high-order statistis 21where the onditional indexes are equal to
kξ1 =

∫

Ξ

f4
ξ1
p(ξ1)dξ1 =

17701

241920

kξ2 =

∫

Ξ

f4
ξ2
p(ξ2)dξ2 =

17701

241920

kξ1ξ2 =

∫

Ξ2

f4
ξ1ξ2

p(ξ)dξ

+ 4

(

∫

Ξ2

f3
ξ1
f2
ξ2
p(ξ)dξ +

∫

Ξ2

f3
ξ1
f2
ξ1ξ2

p(ξ)dξ +

∫

Ξ2

f3
ξ2
f2
ξ1
p(ξ)dξ

+

∫

Ξ2

f3
ξ2
f2
ξ1ξ2

p(ξ)dξ +

∫

Ξ2

f3
ξ1ξ2

f2
ξ1
p(ξ)dξ +

∫

Ξ2

f3
ξ1ξ2

f2
ξ2
p(ξ)dξ

)

+ 6

(

∫

Ξ2

f2
ξ1
f2
ξ2
p(ξ)dξ +

∫

Ξ2

f2
ξ1
f2
ξ1ξ2

p(ξ)dξ +

∫

Ξ2

f2
ξ2
f2
ξ1ξ2

p(ξ)dξ

)

+ 12

(

∫

Ξ2

f2
ξ1
fξ2fξ1ξ2p(ξ)dξ +

∫

Ξ2

f2
ξ2
fξ1fξ1ξ2p(ξ)dξ +

∫

Ξ2

f2
ξ1ξ2

fξ1fξ2p(ξ)dξ

)

=
366511

1209600
.(69)The use of the polynomial haos expansion permits to obtain the same re-sults. In this ase, we need to ompute all the oe�ients appearing in theLegendre polynomial basis. The number of terms of the polynomial haos ex-pansion is equal to P + 1 = 6 for a total order of 2 and for two dimensionsin the stohasti spae. Then, in this ase, a tensorization of the �rst threemonodimensional Legendre basis is demanded, i.e.

P0(ξ) = 1

P1(ξ) = 2ξ − 1

P2(ξ) = 6ξ2 − 6ξ + 1.The six terms of the PC basis are
α0 = (0, 0), m⋆,0 = (0, 0) → Ψ0(ξ ·m⋆,0) = 1

α1 = (1, 0), m⋆,1 = (1, 0) → Ψ1(ξ ·m⋆,1) = 2ξ1 − 1

α2 = (0, 1), m⋆,2 = (0, 1) → Ψ2(ξ ·m⋆,2) = 2ξ2 − 1

α3 = (1, 1), m⋆,3 = (1, 1) → Ψ3(ξ ·m⋆,3) = (2ξ1 − 1)(2ξ1 − 1)

α4 = (2, 0), m⋆,4 = (1, 0) → Ψ4(ξ ·m⋆,4) = 6ξ21 − 6ξ + 1

α5 = (0, 2), m⋆,5 = (0, 1) → Ψ5(ξ ·m⋆,5) = 6ξ22 − 6ξ + 1.

(70)
Eah oe�ient of the series an be omputed using the orthogonality property(Eq. (49) is reported here for onveniene)

βk =

∫

Ξ f(ξ)Ψk(ξ) p(ξ)dξ
∫

Ξ
Ψ2

k(ξ) p(ξ)dξ
, ∀kobtaining

β0 =
11

12
, β1 = β2 =

3

4
, β3 =

1

4
, and β4 = β5 =

1

6
. (71)RR n° 8193



Deomposition of high-order statistis 22Remark that the oe�ient β0 is the mean and the variane an be omputedas shown in the equation (96)
σ2 =

P
∑

i=1

β2
kΨ

2
k(ξ) =

283

720
.In order to ompute the skewness, 35 terms should be omputed for d = 2and n0 = 2. We an split Eq. (55) to obtain all the onditional terms

sξ1 = β3
1〈Ψ

3
1〉+ β3

4〈Ψ
3
4〉+ 3β2

1β4〈Ψ
2
1,Ψ4〉+ 3β2

4β1〈Ψ
2
4,Ψ1〉 =

571

15120

sξ2 = β3
2〈Ψ

3
2〉+ β3

5〈Ψ
3
5〉+ 3β2

2β5〈Ψ
2
2,Ψ5〉+ 3β2

5β2〈Ψ
2
5,Ψ2〉 =

571

15120

sξ1ξ2 = β3
3〈Ψ

3
3〉+ 3β2

1

(

β2〈Ψ
2
1,Ψ2〉+ β3〈Ψ

2
1,Ψ3〉+ β5〈Ψ

2
1,Ψ5〉

)

+ 3β2
2

(

β1〈Ψ
2
2,Ψ1〉+ β3〈Ψ

2
2,Ψ3〉+ β4〈Ψ

2
2,Ψ4〉

)

+ 3β2
3

(

β1〈Ψ
2
3,Ψ1〉+ β2〈Ψ

2
3,Ψ2〉+ β4〈Ψ

2
2,Ψ4〉+ β5〈Ψ

2
2,Ψ5〉

)

+ 3β2
4

(

β1〈Ψ
2
4,Ψ1〉+ β2〈Ψ

2
4,Ψ2〉+ β3〈Ψ

2
4,Ψ3〉+ β5〈Ψ

2
4,Ψ5〉

)

+ 3β2
5

(

β1〈Ψ
2
5,Ψ1〉+ β3〈Ψ

2
5,Ψ3〉+ β4〈Ψ

2
5,Ψ4〉

)

+ 6β1β2

(

β3〈Ψ1Ψ2,Ψ3〉+ β4〈Ψ1Ψ2,Ψ4〉+ β5〈Ψ1Ψ2,Ψ5〉

)

+ 6β1β3

(

β4〈Ψ1Ψ3,Ψ4〉+ β5〈Ψ1Ψ3,Ψ5〉

)

+ 6β1β4β5〈Ψ1,Ψ4Ψ5〉

+ 6β2β3

(

β4〈Ψ2Ψ3,Ψ4〉+ β5〈Ψ2Ψ3,Ψ5〉

)

+ 6β2β4β5〈Ψ2,Ψ4Ψ5〉

+ 6β3β4β5〈Ψ3,Ψ4Ψ5〉 =
139

1440
.For the kurtosis, employing the relation (59), the onditional terms an be
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Deomposition of high-order statistis 23obtained by PC as follows
kξ1 = β4

1〈Ψ
4
1〉+ β4

4〈Ψ
4
4〉+ 4β3

1β4〈Ψ
3
1,Ψ4〉+ 4β1β

3
4〈Ψ1,Ψ

3
4〉+ 6β2

1β
2
4〈Ψ

2
1,Ψ

2
4〉 =

17701

241920

kξ2 = β4
2〈Ψ

4
2〉+ β4

5〈Ψ
4
5〉+ 4β3

2β5〈Ψ
3
2,Ψ5〉+ 4β2β

3
5〈Ψ2,Ψ

3
5〉+ 6β2

2β
2
5〈Ψ

2
2,Ψ

2
5〉 =

17701

241920

kξ1ξ2 = β4
3〈Ψ

4
3〉

+ 4β3
1

(

β2〈Ψ
3
1,Ψ2〉+ β3〈Ψ

3
1,Ψ3〉+ β5〈Ψ

3
1,Ψ5〉

)

+ 4β3
2

(

β1〈Ψ
3
2,Ψ1〉+ β3〈Ψ

3
2,Ψ3〉+ β4〈Ψ

3
2,Ψ4〉

)

+ 4β3
3

(

β1〈Ψ
3
3,Ψ1〉+ β2〈Ψ

3
3,Ψ2〉+ β4〈Ψ

3
3,Ψ4〉+ β5〈Ψ

3
3,Ψ5〉

)

+ 4β3
4

(

β2〈Ψ
3
4,Ψ2〉+ β3〈Ψ

3
4,Ψ3〉+ β5〈Ψ

3
4,Ψ5〉

)

+ 4β3
5

(

β1〈Ψ
3
5,Ψ1〉+ β3〈Ψ

3
5,Ψ3〉+ β4〈Ψ

3
5,Ψ4〉

)

+ 6β2
1β

2
2〈Ψ

2
1,Ψ

2
2〉+ 6β2

1β
2
3〈Ψ

2
1,Ψ

2
3〉+ 6β2

1β
2
5〈Ψ

2
1,Ψ

2
5〉+ 6β2

2β
2
3〈Ψ

2
2,Ψ

2
3〉

+ 6β2
2β

2
4〈Ψ

2
2,Ψ

2
4〉+ 6β2

3β
2
4〈Ψ

2
3,Ψ

2
4〉+ 6β2

3β
2
5〈Ψ

2
3,Ψ

2
5〉+ 6β2

4β
2
5〈Ψ

2
4,Ψ

2
5〉

+ 12β2
1

(

β2β3〈Ψ
2
1,Ψ2Ψ3〉+ β2β4〈Ψ

2
1,Ψ2Ψ4〉+ β2β5〈Ψ

2
1,Ψ2Ψ5〉

+ β3β4〈Ψ
2
1,Ψ3Ψ4〉+ β3β5〈Ψ

2
1,Ψ3Ψ5〉+ β4β5〈Ψ

2
1,Ψ4Ψ5〉

)

+ 12β2
2

(

β1β3〈Ψ
2
2,Ψ1Ψ3〉+ β1β4〈Ψ

2
2,Ψ1Ψ4〉+ β1β5〈Ψ

2
2,Ψ1Ψ5〉

+ β3β4〈Ψ
2
2,Ψ3Ψ4〉+ β3β5〈Ψ

2
2,Ψ3Ψ5〉+ β4β5〈Ψ

2
2,Ψ4Ψ5〉

)

+ 12β2
3

(

β1β2〈Ψ
2
3,Ψ1Ψ2〉+ β1β4〈Ψ

2
3,Ψ1Ψ4〉+ β1β5〈Ψ

2
3,Ψ1Ψ5〉

+ β2β4〈Ψ
2
3,Ψ2Ψ4〉+ β2β5〈Ψ

2
3,Ψ2Ψ5〉+ β4β5〈Ψ

2
3,Ψ4Ψ5〉

)

+ 12β2
4

(

β1β2〈Ψ
2
4,Ψ1Ψ2〉+ β1β3〈Ψ

2
4,Ψ1Ψ3〉+ β1β5〈Ψ

2
4,Ψ1Ψ5〉

+ β2β3〈Ψ
2
4,Ψ2Ψ3〉+ β2β5〈Ψ

2
4,Ψ2Ψ5〉+ β3β5〈Ψ

2
4,Ψ3Ψ5〉

)

+ 12β2
5

(

β1β2〈Ψ
2
5,Ψ1Ψ2〉+ β1β3〈Ψ

2
5,Ψ1Ψ3〉+ β1β4〈Ψ

2
5,Ψ1Ψ4〉

+ β2β3〈Ψ
2
5,Ψ2Ψ3〉+ β2β4〈Ψ

2
5,Ψ2Ψ4〉+ β3β4〈Ψ

2
5,Ψ3Ψ4〉

)

+ 24β1β2β3β4〈Ψ1Ψ2,Ψ3Ψ4〉+ 24β1β2β3β5〈Ψ1Ψ2,Ψ3Ψ5〉+ 24β1β2β4β5〈Ψ1Ψ2,Ψ4Ψ5〉

+ 24β1β3β4β5〈Ψ1Ψ3,Ψ4Ψ5〉+ 24β2β3β4β5〈Ψ2Ψ3,Ψ4Ψ5〉 =
366511

1209600
.RR n° 8193



Deomposition of high-order statistis 24Remark that PC and ANOVA are analytially equivalent, but the PC pro-vides more �exibility from a numerial point of view with respet to MonteCarlo methods, as it is shown in the setion �6.5 Introduing more sensitivity indiesAs introdued by Sobol [19℄, sensitivity indexes for variane an be omputedfor eah onditional ontribution following Eq. (13):
σ2,SI
mi

=
σ2
mi

σ2
. (72)Here, we introdue new sensitivity indexes, basing on the deomposition ofkurtosis and using the de�nition of the onditional term in (43), as follows

kSImi
=
kmi

k
. (73)If a total sensitivity index is needed, i.e. it is neessary to ompute the overallin�uene of a variable, it an be omputed summing up all the ontributions inwhih the variable is present

TSIj =
∑

ξj∈(ξ·mi)

σ2,SI
mi

TSIkj =
∑

ξj∈(ξ·mi)

kSImi
.

(74)Remark that some indexes ould be introdued also for the skewness, but inthis ase the positivity of eah term is not guaranteed.6 Some numerial results6.1 Importane of Skewness in deompositionThis paragraph is devoted to show how important is to ontrol the skewness dur-ing an optimization proess. Let us onsider the following polynomial funtion:
f = a (xz + xy) + b

(

x2 + z2
)

+ (cba) y2 (75)where x, y and z vary between 0 and 1 with an uniform pdf. Parameters a, band c are design parameters that vary between −5 and 5. For this funtion, it ispossible to ompute analytially high-order statistis, as funtions of the designparameters. Basing on Eqs. (2), (84) and (86), formulas for mean, variane andskewness an be omputed exatly
µ =

1

3
cba+

1

2
a+

2

3
b, (76)

σ2 =
8

45
b2 +

1

4
ab+

5

36
a2 +

1

12
cba2 +

4

45
c2b2a2, (77)RR n° 8193



Deomposition of high-order statistis 25
s =

11

120
ab2 +

13

120
a2b+

32

945
b3 +

1

24
a3 +

1

24
cb2a2

+
17

360
a3cb+

1

60
c2b2a3 +

16

945
c3b3a3.

(78)The skewness an be deomposed (see Eq. (15)), in onditional ontribu-tions, as follows
sx =

1

15

(

1

2
+

1

2
b

)2

b+
1

3780
b3

sy =
1

15

(

1

2
cba+

1

4
a

)2

cba+
1

3780
c3b3a3

sz =
1

15

(

1

4
a+

1

2
b

)2

b+
1

3780
b3

sxy =
1

45
a2b+

31

720
a3cb+

1

48
a3 +

1

24
cb2a2

sxz =
1

360
a2b+

(

1

6

(

1

2
a+

1

2
b

))(

1

4
a+

1

2
b

)

a

syz = 0

sxyz = 0

(79)
In order to show the importane to take into aount also the high-orderstatistis in the robust optimization, di�erent types of optimization are per-formed using several objetive funtions.First, a lassial bi-objetive optimization is performed, where the mean ofthe funtion (Eq. (76)) is maximized and its variane (Eq. (77)) minimized.The Pareto front is reported in Figure 1. No measures of skewness have beenused during the optimization proess, then the Pareto front is onstituted byvarious designs displaying a very large variation of skewness.Now, let us onsider a three-objetives optimization, i.e. onsisting in themaximization of the mean (Eq. (76)), the minimization of the variane (Eq.(77)) and the minimization of the absolute value of the onditional skewness

sxy (Eq. (79)). In this ase, the Pareto front is no more onstituted by a urve,but by a surfae in a 3D plan. The Pareto front is represented by means of 2Drepresentation in the Figures 1 and 2 with projetions on the plans µ-σ2, µ-sxyand σ2-sxy, respetively. As shown in Figure 2, designs belonging to the Paretofront display a large variation of the onditional skewness.Now, let us ompare the results obtained with both optimizations. In Figure1, we show Pareto fronts in the plan µ − σ2. Designs obtained with the three-objetives optimization are dominated (with respet to only µ and σ2) by thedesigns oming from the bi-objetives optimization. This is reasonable seeingthat designs from bi-objetive optimization are not in�uened by the skewness
sxy during the optimization.In Figure 3, urves assoiated to the three-objetives optimization are ob-tained by the 3D Pareto front regarding only the designs having a skewness lowerthan 0.0001. Remark that individuals of this Pareto front take values of µ lowerthan 3.2 and values of σ2 lower than 4.4. Moreover, they ould be dominatedRR n° 8193
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Figure 1: Pareto front in the plan µ − σ2 for the bi-objetives and three-objetives problem.
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Figure 2: Pareto front in the plan µ − sxy (on the left) and σ2 − sxy (on theright) for the three-objetives optimization.in terms of µ and σ2 by some individuals of the Pareto front obtained fromthe bi-objetives optimization. Here, the interest is to get a Pareto front thatis not sensitive to large variation in the skewness, sine designs obtained frombi-objetive optimization ould present large skewness values. This displays thegreat interest to estimate high-order statistis during optimization.6.2 Ranking unertainties with respet to high-order sta-tistial momentsRanking unertainties play a prominent role for managing large set of uner-tainties problem. Here, we present a very simple test-ase, for showing howRR n° 8193
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Figure 3: Pareto front in the plan µ− σ2 for the three-objetives optimization(extrated by the omplete one onsidering only skewness inferior to 0.0001)and the bi-objetive optimization.variane-based deomposition (suh as Anova) ould lead to wrong analysis anddeisions. As a onsequene, high-order deompositions are needed for an a-urate and omplete ranking analysis. Let us onsider the following polynomialfuntion:
f = acx2 + bxy + cby2 + ay, (80)where x and y are two random variables with an uniform distribution between

0 and 1 and a, b and c are real design parameters.Basing on Eqs. (2), (84) and (88), mean, variane and kurtosis are
µ =

1

3
cb+

1

4
b+

1

2
a+

1

3
ac

σ2 =
1

4
cba+

4

45
c2b2 +

1

12
cb2 +

1

12
ab+

4

45
a2c2 +

7

144
b2 +

1

12
a2

k =
37

1440
cb4 +

11

480
b3a+

17

480
b2a2 +

1

40
ba3 +

16

945
c4b4 +

16

945
a4c4 +

2

45
a4c2

+
163

3780
c2b4 +

37

1260
c3b4 +

11

90
cb2a2 +

1

18
a3bc2 +

1

18
c3b2a2 +

11

120
cba3 +

32

675
c4b2a2

+
149

1260
c3ba3 +

49

480
b3ca+

5009

37800
b3c2a+

4

35
b3c3a+

41

189
c2b2a2 +

143

19200
b4 +

1

80
a4(81)Considering di�erent sets for (a, b, ), appreiable variations of σ2,SI

mi
and

kSImi
an be observed. In C, formulas for these indies are reported. In Figure4, eah ontribution σ2,SI

mi
and kSImi

are reported for a = −42.204, b = −66.655,
c = 2.9687. The �rst-order e�ets on x and y explain more than 99.0% of thevariane. The funtion stohasti model is of additive form with negligible inter-ation e�ets onerning the variane. Conerning the kurtosis deomposition,the interation term is more predominant than the �rst-order terms. RemarkRR n° 8193



Deomposition of high-order statistis 28also that the variane sensitivity index for the variable x, i.e. σ2,SI
x , is nearly�ve times higher than kurtosis sensitivity index, i.e. kSIx . As a onsequene,

σ2,SI
x > σ2,SI

xy while kSIx < kSIxy, then the ranking based on sensitivity indexeshanges if variane or kurtosis are onsidered.Let us reall the total sensitivity indexes, de�ned in (74). For the funtiondesribed in (80), these indexes are equal to
TSIx = σ2,SI

x + σ2,SI
xy

TSIy = σ2,SI
y + σ2,SI

xy

TSIkx = kSIx + kSIxy

TSIky = kSIy + kSIxy.

(82)Referring to Figure 4, TSIj and TSIkj are obviously di�erent for eah j, butthe ranking is not in�uened, i.e. TSIx < TSIy and TSIkx < TSIky .In Figure 5, a di�erent set of oe�ients is onsidered (a = 15.611, b =
92.919, c = 5.4995). As seen earlier, �rst-order e�ets are predominant for thevariane also in this ase(explaining more than 99.5%). On the ontrary, totalsensitivity index for the variane hanges onsistently for x with respet to thekurtosis one (3 times more), i.e. TSIkx ≈ 3TSIx. This means that the variable xould be onsidered potentially negligible for the variane, but this hypothesisould be false when looking at the kurtosis.This shows how muh it an be dangerous to rank the variables with respetto the variane only.
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a = −42.204, b = −66.655, c = 2.9687.7 ConlusionsThis paper deals with the deomposition of high-order statistis, i.e. suh asskewness and kurtosis. The main ontributions are the following:RR n° 8193
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a = 15.611, b = 92.919, c = 5.4995.� A orrelation was found between the funtional deomposition, as depitedby Sobol, and the polynomial haos development. This permitted to iden-tify learly eah term of the deomposition, drawing also a pratial wayto ompute all these terms.� Computing skewness was shown to be of great importane for an exhaus-tive and omplete stohasti analysis.� Sensitivity indies bases on kurtosis deomposition were introdued. Theimportane of ranking the predominant unertainties in terms not only ofthe variane but also of higher order moments (then extending the ANOVAanalysis also to higher order statisti moments), was demonstrated withan algebrai funtion, where all the deomposition terms an be alulatedanalytially.Future works will be oriented towards adaptive strategies for the redution ofthe global omputational ost.8 AknowledgementsRemi Abgrall has been partially supported by the ERC Advaned Grant AD-DECCO N. 226316, while Gianlua Gerai has been fully supported by the ERCAdvaned Grant ADDECCO N. 226316. Gianlua Gerai also aknowledge thesupport of the Assoiated Team 'AQUARIUS' whih provided the �nanial sup-port for a fruitful visit at the Stanford University at the end of 2011.
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σ2 =

∫

Ξd

(f(ξ)− E(f))2p(ξ)dξ. (83)As a onsequene, it an be easily omputed as
σ2 = E(f2)− E(f)2. (84)Starting from the de�nition of the skewness, we an obtain the followingformula

s =

∫

Ξd

(f(ξ)− E(f))3p(ξ)dξ

=

∫

Ξd

(

f3(ξ)− 3f2(ξ)E(f) + 3f(ξ)E(f)2 − E(f)3
)

p(ξ)dξ

= E(f3)− 3E(f2)E(f) + 3E(f)E(f)2 − E(f)3

= E(f3)− 3E(f2)E(f) + 2E(f)3.

(85)Then, skewness, as de�ned in Eq. 85, depend only from the expeted values ofthe funtion f , f2 and f3. Using the formula for E(f2) obtained from Eq. 84,equation 85 beomes
s = E(f3)− 3E(f2)E(f) + 2E(f)3

= E(f3)− 3σ2E(f)− 3E(f)3 + 2E(f)3

= E(f3)− 3σ2E(f)− E(f)3.

(86)Following the same proedure, kurtosis an assume the following form
k =

∫

Ξd

(f(ξ)− E(f))4p(ξ)dξ

=

∫

Ξd

(

f4(ξ)− 4f3(ξ)E(f) + 6f(ξ)2E(f)2 − 4E(f)3f(ξ) + E(f)4
)

p(ξ)dξ

= E(f4)− 4E(f3)E(f) + 6E(f2)E(f)2 − 4E(f)4 + E(f)4

= E(f4)− 4E(f3)E(f) + 6E(f2)E(f)2 − 3E(f)4. (87)RR n° 8193



Deomposition of high-order statistis 33Using the value of E(f)3 from Eq. 86 and the value of E(f2) from Eq. 84the formula of the kurtosis beomes
k = E(f4)− 4E(f)s− 6σ2E(f)2 − E(f)4. (88)B Computation of skewness and kurtosis deom-position in a PC frameworkB.1 SkewnessFirst of all, the following term should be omputed

∫

Ξd

f(ξ)3p(ξ)dξ =

∫

Ξd

(

P
∑

k=0

βkΨk(ξ)

)3

p(ξ)dξ (89)This expression is equal to the sum of three terms:
∫

Ξd

(

P
∑

k=0

βkΨk(ξ)

)3

p(ξ)dξ =
P
∑

k=0

β3
k〈Ψ

3
k(ξ)〉+ 3

P
∑

i=0

β2
i

P
∑

j=0
j 6=i

βj〈Ψ
2
i (ξ),Ψj(ξ)〉

+ 6

P
∑

i=0

P
∑

j=i+1

P
∑

k=j+1

βiβjβk〈Ψi(ξ),Ψj(ξ)Ψk(ξ)〉.(90)Let us analyze more in detail the three terms. The �rst summation an be splitas follows
P
∑

k=0

β3
k〈Ψ

3
k(ξ)〉 = β3

0 +

P
∑

k=1

β3
k〈Ψ

3
k(ξ)〉. (91)The seond summation of equation 90 requires some further manipulations
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β2
i
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+ 3
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β2
i

P
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j=0
j 6=i

βj〈Ψ
2
i (ξ),Ψj(ξ)〉.

(92)Remark that the �rst term on the right side of the equation 92 is equal to zerobeause of the orthogonality, i.e. 〈Ψ2
0,Ψj〉 = 〈Ψ0,Ψj〉 = 0.The seond term on the right side of the equation 92 an be split in thefollowing way
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Deomposition of high-order statistis 34The last term of the 90 an be written in the following way
6

P
∑

i=0

P
∑

j=i+1

P
∑

k=j+1

βiβjβk〈Ψi(ξ),Ψj(ξ)Ψk(ξ)〉 =

6β0
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βjβk〈Ψj(ξ),Ψk(ξ)〉+ 6
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i=1

P
∑

j=i+1

P
∑

k=j+1

βiβjβk〈Ψi(ξ),Ψj(ξ)Ψk(ξ)〉,(94)where the �rst term on the right side is equal to zero beause of the orthogonalityproperty of the polynomial basis.The last step in order to obtain the �nal form of the skewness is to movesome terms to the left of the equation 89
∫

Ξd

f(ξ)3p(ξ)dξ − β3
0 − 3β0

P
∑

i=1

β2
i 〈Ψ

2
i (ξ)〉 =
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∑
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i
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+ 6
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i=1
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j=i+1

P
∑

k=j+1

βiβjβk〈Ψi(ξ),Ψj(ξ)Ψk(ξ)〉(95)and reognize that β0 = E(f) is the expeted value of f and the term
P
∑

i=1

β2
i 〈Ψ

2
i (ξ)〉 = σ2 (96)is the variane of f omputed by the PC expansion.The left hand side of the equation 95 an be re-written as

∫

Ξd

f(ξ)3p(ξ)dξ − β3
0 − 3β0

P
∑

i=1

β2
i 〈Ψ

2
i (ξ)〉 = E(f3)− E(f)3 − 3E(f)σ2 (97)that is exatly the skewness as de�ned in the equation 86.
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Deomposition of high-order statistis 35B.2 KurtosisFirst, the term ∫

f4(ξ)p(ξ)dξ should be omputed as follows
∫

Ξd
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βh〈ΨiΨj,ΨkΨh〉. (98)The �ve terms must be analyzed more in details. The �rst term an be writtenas
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k(ξ)〉. (99)The seond term requires adding manipulations
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i ,Ψj〉. (100)The �rst term at the right hand side is zero due to the orthogonality while theseond an be further deomposed as
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(101)The third term of the equation (98) an be manipulated as
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Deomposition of high-order statistis 36Manipulating the fourth term of the equation (98), we obtain
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i ,ΨjΨk〉.(103)The �rst term at the right side is zero due to the orthogonality and then theseond one an be deomposed as
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i ,ΨjΨk〉.(104)The �fth term of the equation (98) should be split as follows
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βiβjβkβh〈ΨiΨj,ΨkΨh〉.(105)The boxed term in the equation (99) is equal to E(f)4, while the underlinedterms in the equations (101), (104) and (105) an be summed
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.(106)Employing the equation (55), we an identify the skewness in the term be-tween parenthesis so
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Deomposition of high-order statistis 37Moreover in the double underlined term of the equation (102) the expressionfor the expetany and the variane (96) an be reognized
6β2

0
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β2
j 〈Ψ

2
j〉 = 6E(f)2σ2. (108)Replaing every term in Eq. (98), Eq. (57) is obtained.C Computation of sensitivity indiesHere, we provide the variane and kurtosis sensitivity indies for the funtiondesribed in Eq. (80). Basing on formulas (12), (15) and (27), sensitivity indexesan be easily omputed from Eqs. (72) and 73 as follows
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1

2
(
1

2
b+ a)cb+

2

3
(−

1

4
b−

1

2
a−

1

3
cb)cb+

1

3
(
1

2
b+ a)2

+ (−
1

4
b−

1

2
a−

1

3
cb)(

1

2
b+ a) + (−

1

4
b−

1

2
a−

1

3
cb)2]/σ2

σ2,SI
xy = (

1

144
b2)/σ2

kSIx =

(

16

945
a4c4 +

37

1260
c3ba3 +

5

252
c2b2a2 +

1

160
b3ca+

1

1280
b4
)

/k

kSIy = (
16

945
c4b4 +

37

1260
c3b4 +

5

252
c2b4 +

1

160
cb4 +

1

160
b3a+

3

160
b2a2 +

1

40
ba3

+
37

630
b3c3a+

5

63
b3c2a+

5

63
c2b2a2 +

3

80
b3ca+

3

40
cb2a2 +

1

20
cba3 +

1

1280
b4 +

1

80
a4)/k

kSIxy = (
2

45
a4c2 +

22

945
c2b4 +

7

360
cb4 +

1

60
b3a+

1

60
b2a2 +

113

19200
b4 +

89

756
c2b2a2 +

32

675
c4b2a2

+
287

5400
b3c2a+

1

18
c3b2a2 +

4

45
c3ba3 +

1

18
a3bc2 +

1

18
b3c3a+

7

120
b3ca+

17

360
cb2a2 +

1

24
cba3)/k(109)where formulas for σ and k are given in Setion 6.2.
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